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Abstract

In 1962, Rosser and Schoenfeld [21] asked whether there were infinitely many n € N for
which n/@(n) > e¥loglogn. This question was answered in the affirmative in 1983 by
Jean-Louis Nicolas [17], who showed that there are infinitely many such » both in the case
that the Riemann Hypothesis is true, and in the case that the Riemann Hypothesis is false.
Landau’s theorem naturally generalizes to the scenario where we restrict our attention to
integers whose prime divisors all fall in a fixed arithmetic progression. In this thesis, I will
discuss the methods of Nicolas as they relate to the classical result, then turn my attention
to answering the relevant analogue of Rosser and Schoenfeld’s question for this restricted
set of integers. It will be shown that, for certain arithmetic progressions, Nicolas’ answer
generalizes to a setting where the Generalized Riemann Hypothesis on a particular set of

L-functions is concerned.
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Chapter 1

Introduction

Number theory is useful,
since one can graduate with it.

—E. Landau

1.1 Analytic Number Theory

This thesis is an expression of the philosophy that analytic number theory is a game
of translation. The constituent languages of this game are arithmetic (spoken with primes
and integers) and analysis (spoken with complex-valued functions). Historically, demon-
strations of this philosophy appear at least as early as Euler’s 1737 proof of the infinitude
of primes which, unlike the strictly arithmetic proof of Euclid in his Elements, established
this fact using the tools of analysis and infinite series. The maturation of number theory
introduced more challenging questions and more powerful methods in the vein of Euler’s
proof. At the forefront of this development were investigations into the density of primes.

One such example is Mertens’ theorem.

Theorem (Mertens [13]). Let x > 2, then

n(-5)~
p<x p logx

as x — oo, where e = 2.718... is Euler’s number and C = 0.5772... is Euler’s constant.

The proofs of such theorems use the methods of Euler and other techniques of real anal-



1.1. ANALYTIC NUMBER THEORY

ysis in order to study the behavior of functions over primes. Later, complex analysis was
ushered into the fray, spurred on by the monumental work of Riemann, Ueber die Anzahl

der Primzahlen unter einer gegebenen Grisse'

. Key among the tools included in Rie-
mann’s paper was the Riemann zeta function {(s), a meromorphic function whose behavior
was closely tied to the behavior of primes. The value of complex analysis in the study of
the density of primes comes into full display in the independent proofs by Hadamard and

de la Vallée-Poussin of the prime number theorem, who appeal to the behavior of {(s) to

establish the asymptotic size of the prime counting function.

Theorem ([3, Theorem 6]). Let (x) be the number of primes less than x. Then,

X

as x —» oo,

Riemann’s zeta function is a wellspring of utility in analytic number theory and it is not
surprising that one of the most important unsolved problems in 21st century mathematics,
the Riemann hypothesis (see Conjecture 2.8), regards the behavior of this function. Nat-
urally, just as the behavior of analytic objects can inform our understanding of arithmetic
objects, so can the behavior of arithmetic objects better inform our understanding of ana-
lytic objects. A relevant example of this mindset is the 1983 work of Jean-Louis Nicolas
[17], who provides an equivalence between the Riemann hypothesis and a statement about

the behavior of Euler’s totient function

o) =n]T(1--)

pln p

which counts the natural numbers less than and coprime to n. Specifically, Nicolas proved

the following.

YOn the Number of Primes Less Than a Given Magnitude



1.2. RESULTS

Theorem ([17, Theorem 2]). (i) If the Riemann hypothesis is true, then for all primorials

Ny = Hf:l pi, we have
N,
k > e
@ (Ni) loglog Ny

where p; is the i-th prime.

(ii) If the Riemann hypothesis is false, then there are infinitely many primorials for which
the above inequality holds, and also infinitely many primorials for which the above

inequality does not hold.

This theorem is discussed in detail in Chapter 2. Here, observe that € is the reciprocal
of the constant arising in Mertens’ theorem. Nicolas’ work, as with other work providing
equivalence between the properties of the Riemann zeta function and various arithmetic
objects, perfectly captures the connection between the realms of the analytic and the arith-

metic.

1.2 Results

In this thesis, the aim will be to generalize the work of Nicolas, replacing the primes
with primes in arithmetic progressions. In 1837 Dirichlet showed that there are infinitely
many primes in appropriately chosen arithmetic progressions, mirroring the 1737 result of
Euler. Subsequent work in this direction unearthed analogues for the results of Chebyshev
and Mertens, as well as the prime number theorem, building upon the analytic methods
surrounding Riemann’s zeta function through the introduction of the analogous Dirichlet
L-functions. Unsurprisingly, analogues of the Riemann hypothesis exist in this context as
well, for which it is similarly valuable to examine the behavior of primes in arithmetic
progressions in order to illuminate the behavior of Dirichlet L-functions.

The primary achievement of this thesis is the procurement of arithmetic-analytic equiva-
lences analogous to those obtained by Nicolas where {(s) is replaced with a set of Dirichlet

L-functions and the primorials are replaced with products over the first k primes in an arith-
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metic progression gk + a, where g and a are fixed and coprime. However, as is often the
case, the act of generalization introduces new features which must be considered. These
features are discussed in detail in Chapter 3. In particular, we require the introduction of
a conjecture which is effectively a weakening of the generalized Riemann hypothesis, and
in fact is equivalent to the generalized Riemann hypothesis (on a set of L-functions) when
a = 1. Precisely, denoting for a Dirichlet character ¥ its associated L-function L(s,X), the

following conjecture will often be considered.

Conjecture (Conjecture 3.17). Let ¢ and a be fixed coprime integers. If there exists a

nontrivial zero p of L(s,X) for some x modulo ¢ for which R(p) is neither O nor %, then

Y. X(a)my(x) =0, (1.1)
)

X (mod g

where m, (x) is the multiplicity of the zero p of L(s,x).

More information regarding this conjecture can be found in Section 3.3.

We also must observe that, as we shift to primes in arithmetic progressions, the analogue
of Mertens’ theorem (Theorem 3.5) will have a different constant than e €. For fixed, co-
prime ¢ and a, we can denote this constant by C(q,a). Finally, we must include a condition
regarding the zeroes of L-functions along the real line segment (0, 1), as captured by the

function

N
g(S;q7a) = Z X(a)z<S7X)
X (mod g)

In Nicolas’ case, such a condition is satisfied for {(s), so no direct reference to it was
required. In practice, this condition can be verified by computation. These adjustments

provide the main result of Chapter 5.

Theorem (Theorem 5.7). Let g < 400,000 and a be fixed coprime natural numbers. Write

k
Nk = Hﬁiv
i=1

4
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where p; is the i-th prime in the arithmetic progression generated by q and a.
If Conjecture 3.17 is false, then there are infinitely many k € N for which
N, 1
k (1.2)

1 > )
@ (Ny)(log(@(gq)logNy)) *@ C(q,a)

and also infinitely many k € N for which (1.2) does not hold.

This theorem corresponds to the second half of Nicolas’ theorem [17, Theorem 2]. In
Chapter 6, an analogue for the first half is established. With the additional notation that x’

denotes a primitive Dirichlet character which induces the Dirichlet character x and
Z(x) ={p=B+iyc€C;L(p,x) =0,B >0and p # 0},

Chapter 6 establishes the following assertion.
Theorem (Theorem 6.4). Fix g and choose a for which the congruence x* = a (mod g) has

a solution. Suppose the following are true.

(i) Conjecture 3.17 holds.

(ii)
¥y 3
<z,
Y 12
b?=a (mod q)
where
1
Fa=)
X pez(X) p(l - p)
R(p)=3
Then there are at most finitely k € N for which
N, 1
k <

is satisfied.
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We may combine both of the preceding theorems to establish an equivalence.

Theorem (Theorem 6.5). Fix g and choose a for which the congruence x* = a (mod q) has

a solution. If
Fq

— <
Y=g (mod q) 1

| W

and £ (s;q,a) has no singularities on the segment (0, 1), then the following are equivalent

(i) Conjecture 3.17 holds.

(ii) There are at most finitely k € N for which

Ny _ !

(Vo) (log(p(g) logNy))#a ~ C(4:4)

Finally, the conditions of Theorem 6.5 are verifiable for specific choices of ¢ and a
under the assumption of the Generalized Riemann Hypothesis on the set of L-functions
corresponding to Dirichlet characters modulo ¢ (GRH,). It becomes a matter of computa-

tion to determine the following concrete statements.

Theorem. For q € {2,3,4,5,6,8,10,12}, GRH, is true if and only if there are at most

nitely many primorials n in S, 1 for which
y y P q;

n 1

o(n)(log p(g)logm)#@ ~ C(@:1)

Theorem. Let (¢,a) € {(3,1),(4,1),(5,1),(5,4),(6,1),(8,1),(10,1),(10,9), (12,1)}. If

GRH, is true, then for all but finitely many primorials n in Sy 4, we have

n S 1
C(g,a)

@ (n)(1og p(g)logn) 79

If Conjecture 3.17 is false, then there are infinitely many primorials in Sy, for which the
above inequality holds, and infinitely many primorials in Sy , for which the above inequality

does not hold.



Chapter 2

Background

...nothing at all takes place
in the universe in which some rule
of maximum or minimum does not appear...

— L. Euler

2.1 Euler’s Function

The arithmetic object that our discussion will be framed around is Euler’s totient func-

tion, this thesis’ namesake function, which is defined as follows.

Definition 2.1. Let n € N. Euler’s totient function is the multiplicative function

@ (n) :nH(l—l—lj) (2.1)

pln
which counts the natural numbers less than » that are coprime to n.

Figure 2.1 gives a visualization of ¢ (n) for n < 235. This and all subsequent point plots
were generated using Maple™ 2 [1].

Many properties of Euler’s function are natural consequences of this definition. Since
no natural number other than 1 is coprime to itself, we know that, for n > 1, @(n) <n—

1. Furthermore, if p is a prime, then by definition ¢@(p) = p — 1, so this upper bound is

achieved. Consequently, the following proposition holds.

2Maple is a trademark of Waterloo Maple, inc.



2.1. EULER’S FUNCTION

Proposition 2.2 ([3, Theorem 326]). limsup,,_,, o) _

n

The proof follows immediately upon considering the sequence of primes.

200
150
phi(n)

100

50 .. . . - . . .o . . . ®

T T T T T T
50 100 150 200
n

[« prime O primorial |

Figure 2.1: Special Values of Euler’s Function. Here we have highlighted the maximal
behavior along the sequence of primes, as well as the minimal behavior along the sequence
2,6,30,210..., a.k.a. the primorials.

In the case of minimal values of Euler’s function (in the sense that they are small relative
to n), the theorem that best captures the behavior of Euler’s function in is the 1909 result of

Landau.

Theorem 2.3 ([3, Theorem 328]). Let e be Euler’s number and C be the Euler-Mascheroni

constant. Then,

limsup ———— = ¢C.
Hesos ¢ (n)loglogn




2.1. EULER’S FUNCTION

5000 10000 15000 20000 25000 30000

Figure 2.2: Visualization of Theorem 2.3. Points represent (n, o Points are

lZg logn ) ’
highlighted where n is a primorial.

That is, for any fixed € > 0, there are at most finitely many n such that m >
€ +e.
This behavior is discussed in a more explicit manner in the celebrated paper of Rosser

and Schoenfeld [21], where they prove the following explicit bound.

Theorem 2.4 ([21, Theorem 15]). Forn > 2,

n 0, 250637
@ (n)loglogn — (loglogn)?

In the same paper, Rosser and Schoenfeld remark that they do not know if there are an
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infinite number of natural numbers satisfying

. n C
( )1 ] >e . (2.2)
2.2 Nicolas’ Theorem

In his 1983 paper “Petites valeurs de la fonction d’Euler[17], Jean-Louis Nicolas
attributes the preceding remark to Rosser and Schoenfeld in the form of the following ques-

tion.

Question 1 ([17, p. 375]). Do there exist infinitely many n € N for which (p?n) > eCloglogn?

In the same paper, Nicolas resolves this question by proving the following theorem.

Theorem 2.5 ([17, Theorem 1]). There exist infinitely many n € N for which

. > ¢Cloglogn.

¢(n)

The method of proof which Nicolas employs here is particularly interesting, but requires
the introduction of two concepts, one arithmetic and one analytic. On the arithmetic side,
one may observe that the value ﬁ is, by the definition of ¢(n), equal to [y p%l. From
here, we see that the value of the left hand side in (2.2) is the same for any two natural
numbers which have the same prime divisors. Moreover, the value of p%l is always greater
than 1, however this value is strictly decreasing as p increases. Since the right hand side of
(2.2) increases as n increases, Nicolas [17, p. 376] observes that the best method of attack-
ing Question 1 will be to choose natural numbers which are squarefree and whose prime

divisors are as small as possible. More directly, Nicolas considers the set of primorials.

Definition 2.6. The k-th primorial, denoted Ny, is the product of the first k primes. That is,

k
Ne=[1ri;
i=1

3«Small values of Euler’s function”

10



2.2. NICOLAS’ THEOREM

where p; is the i-th prime.

In Nicolas’ proof, primorials are the arithmetic object and make up the infinite set of
natural numbers referred to in Theorem 2.5. On the analytic side, he considers the Riemann

zeta function.

Definition 2.7. The Riemann zeta function {(s) is the (meromorphic) continuation to the

whole complex plane of the infinite series

which is defined for R(s) > 1.

The Riemann zeta function has a pole at s = 1 and trivial zeroes at s = —2,—4,—6....
Its nontrivial zeroes, denoted p = 3 4 iy, are those found in the critical strip, the region
for which 0 < o < 1. For our purposes it is important to recall the following conjecture

regarding the nontrivial zeroes of {(s).

Conjecture 2.8 (The Riemann hypothesis). If p = 3 4 iy is a nontrivial zero of the Rie-

mann zeta function, then = 1/2.

Nicolas establishes Theorem 2.5 in two ways. Without reference to Conjecture 2.8, he
obtains his result by appealing to an oscillation result of Landau. Second, he strengthens
this result, proving that the claim that there are infinitely many natural numbers (in fact,
primorials) which satisfy (2.2) is independent of the Riemann Hypothesis. That is, whether
or not Conjecture 2.8 holds true, we can determine that there are infinitely many primorials

which satisfy (2.2).

Theorem 2.9 ([17, Theorem 2]). If the Riemann Hypothesis is true, then for all primorials

Ny, we have
N,
k > eC
®(Ni)loglog Ny

11



2.3. THE STRUCTURE OF THIS THESIS

If the Riemann Hypothesis is false, then there are infinitely many primorials for which the
above inequality holds, and infinitely many primorials for which the above inequality does

not hold.

One should note, in particular, that this is stronger than Theorem 2.5. The first statement
of Theorem 2.9 automatically implies that there are only finitely many primorials which do
not satisfy (2.2), and the second statement of Theorem 2.9 is equivalent to the statement
“If there are only finitely many primorials which do not satisfy (2.2), then the Riemann

Hypothesis is false”. In this way, Theorem 2.9 implies the following equivalence.

Theorem 2.10. The Riemann Hypothesis is true if and only if there are only finitely many

primorials Ny for which
Ne < €.
@ (Ni) loglog Ny

Theorem 2.10 establishes a bridge between the world of the arithmetic, as represented
by the behavior of Euler’s function evaluated at primorials, and the world of the analytic,
as represented by the behavior of the Riemann zeta function. It is the aim of this thesis to
use this equivalence as a template. We will follow the work of Nicolas, albeit in a more
general setting, with the hope of establishing bridges of the same quality, but with different

arithmetic and analytic objects on their ends.

2.3 The Structure of This Thesis

Before we can have any hope of generalizing Theorem 2.10, we will need to convince
ourselves that there exists a context where doing so makes sense. This will be the main task
of Chapter 3. There we aim to mirror the results of Landau in this chapter, but replacing
primes with primes in arithmetic progressions. Theorem 2.3, which was the precursor to
Question 1, will be found to generalize neatly in this new setting, as evidenced in Theorem
3.8. Using that success as an inspiration, we will implement and discuss the appropriate

generalization of primorials in the context of arithmetic progressions. On the analytic side,

12



2.3. THE STRUCTURE OF THIS THESIS

it is natural that we discuss Dirichlet L-functions at this point as well, including a variety of
conjectures related to the Riemann Hypothesis in this setting.

From here, we may turn our attention towards the generalizations themselves. In Chap-
ter 4, we establish a function, f(x;¢,a) which captures information about the behavior of
¢@(n) at a generalization of primorials. From there we introduce some important upper and
lower bounds on log f(x;q,a), in anticipation of generalizing Theorem 2.9. Finally, the
upper bounds of this chapter, coupled with an oscillation technique will provide us with
generalized versions of the statement “There are infinitely many primorials which satisfy
(2.2)”, without having made reference to Conjecture 2.8.

After having established unconditional results, Chapter 5 will focus on theorems which
require us to assume the relevant generalization of the Conjecture 2.8 is false. From this as-
sumption we will be able to prove an analogue of the statement “If the Riemann Hypothesis
is false, then there are infinitely many primorials for which (2.2) holds, and also infinitely
many primorials for which it does not hold”. In contrast, Chapter 6 will focus on assuming
that the conjectural information is true, leading to results reminiscent of “If the Riemann
Hypothesis is true, then there are finitely many primorials for which (2.2) is false”. These
two chapters will form a proof that Theorem 2.10 can be generalized in certain cases, as

desired.

13



Chapter 3

Primes in Arithmetic Progressions

When things get too complicated,
it sometimes makes sense to stop and wonder:
have I asked the right question?

— E. Bombieri

The primary goal of this chapter is to provide evidence that it, in fact, makes sense to
generalize the results of Nicolas [17]. As discussed in Chapter 2, we particularly wish to
replace the primorials and the Riemann zeta function with objects that make sense in our
new setting. In order to justify a generalization of Nicolas’ theorem, we need to return
to Landau’s Theorem, that is, Theorem 2.3. There are three crucial elements involved in
the proof: the primorials, Mertens’ Theorem [3, Theorem 429], and the Prime Number
Theorem [3, Theorem 6]. A key observation is that all of these elements have analogues
when we move from discussing primes (insofar as they are used to construct primorials)

and discuss instead primes in arithmetic progressions.

3.1 Generalizing Landau’s Theorem

Definition 3.1. Fix g,a € N. Take ag to be the least natural number for which ay = a

(mod g). Then the sequence

ao, ap+q, ap+2q, ..., a0+kq, ...

14



3.1. GENERALIZING LANDAU’S THEOREM

is called the arithmetic progression a (mod g). If a prime p can be written in the form
p = ao + kq for some k € N, then we say p is a prime in the arithmetic progression a

(mod q).

By Dirichlet’s theorem [14, Corollary 4.10], we know that if g and a are coprime, then
there are infinitely many primes in the arithmetic progression a (mod ¢), and therefore the
discussion of this chapter will be meaningful.

In Theorem 2.3, the limit superior of ) was taken over all natural numbers.

___n
loglogn

Here, in order to favor primes which fall into a chosen arithmetic progression we wish to
restrict our attention to a smaller set, whose elements avoid prime divisors from outside the

chosen progression. Precisely, we have the following definition.

Definition 3.2. For ¢,a € N, let

Sga={neN;p|n = p=a(modgq)}.

Example 3.3. e Note that §; ; = N.
e Similarly, > ; is the odd natural numbers.
e For a nontrivial example, consider S5, = {1,2,4,7,8,14,16,17,28,32,...}.

Recall that in Chapter 2, the expression ﬁ was largest relative to the size of n when
n was squarefree and had many small prime divisors. If we restrict ourselves to S, 4, the
only admissible prime divisors of n become those which are in the progression a (mod g).
In this setting, we can still consider n squarefree, but now the prime divisors must be both
small and fall into the progression a (mod ¢). We can therefore capture the appropriate

generalization of the primorials as follows.

Definition 3.4. Let g and a be coprime natural numbers. Then the k-th primorial in S, 4,

15



3.1. GENERALIZING LANDAU’S THEOREM

denoted Ny, is the product of the first k primes in the progression a (mod ¢). That is,
- def k
N = Nq,a(k) = Hﬁi?
i=1

where P; is the i-th prime in the arithmetic progression a (mod g).

Throughout this thesis, g and a will generally be fixed. For notational compactness, we
often suppress reference to ¢ and a and use Ny. Note that for g = a = 1, we have Ny = Nj.

In Figure 3.1, we consider ¢ (n) on the sets Ss , for all a coprime to 5.
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Figure 3.1: Euler’s Function on S5 ,. The highlighted points represent primorials in S5 4.

A generalization of Mertens’ theorem for primes in arithmetic progressions was pro-

vided by Williams [22]. However, here we draw upon the work of Languasco and Za-
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3.1. GENERALIZING LANDAU’S THEOREM

ccagnini ([7], [8], [9]) because they have focused on providing an explicit form for the
constant appearing in the generalized Mertens’ theorem, C(q,a), and additionally in [8]

have done significant work accurately computing these constants .

Theorem 3.5 ([7, p. 46]). Let x > 2 and q,a € N be coprime. Then,

0 (1))~ ot

p<x p logx) ®@

p=a (mod q)

as x — oo, where

and

¢(g)—1 if p=a (modg),
a(p;q,a) =
—1 otherwise.

We may note that, in agreement with the classical Mertens’ theorem, C(1,1) is e

since o(p; 1,1) = O for all primes p.
The final ingredient needed to generalize Landau’s theorem is an analogue of the Prime
Number Theorem in the context of primes in arithmetic progressions. For technical reasons,

it benefits us to weight the counting of primes in the following manner.

Definition 3.6. Let g,a € N be coprime. The first Chebyshev function will be denoted
0(x;q,a) and be defined by

8(x;q,a)= ), logp.

pP<x
p=a (mod q)

This definition allows us to state the following version of the Prime Number Theorem

for Arithmetic Progressions, first proved by Landau.

17



3.1. GENERALIZING LANDAU’S THEOREM

Theorem 3.7 ([16, Theorem 6.8]). Let x > 2 and q,a € N be coprime. Then,

as x — oo,
With these elements in place, we can establish a generalization of Theorem 2.3.

Theorem 3.8. Let q,a € N be coprime. Then

n 1
limsu = ,
wes, @(n)(log(@(q)logn)) /94 — C(g,a)

where C(q,a) is defined in Theorem 3.5.

Proof. Forn € S, 4, let r be the number of prime divisors of n that are larger than ¢ (g)logn.

Writing n = p{' p3?... p.*, we have (¢(g)logn)” < n and thus,

< logn
-
log(¢(q)logn)

Employing the above bound for r yields

k —1 -1

1 1 1

- 10-5) =0 L, (7))

e(n) i pi ¢ (q)logn p<e(q)logn p
pln

1 Toxle (o oz 1\ !
og (¢ (q)logn
<(1——l ) I1 (1——) . 3.
¢ (q)logn p<@(q)logn p
p=a (mod q)

The first factor on the right of (3.1) tends to 1 as n — oo. Invoking Theorem 3.5 for the latter

product, we conclude that

18



3.1. GENERALIZING LANDAU’S THEOREM

1
—logn @(n)
(1 o ;)71%(@1(510‘%) H (1 o l)fl ~ (log((P(CI) logn)) P , (32)
(P(C[) IOgI’L pS(p(q) logn p C(Qaa)
p=a (mod q)
as n — oo, From (3.1) and (3.2), we deduce
n 1

limsu < .
wes,) @(n)(log(@(q)logn)) /9@ ~ C(g,a)

To establish a sequence which attains this bound, consider Ny, the k-th primorial in S, 4.

Then, by Theorem 3.5

Yo (1_1)1 (log ) *7
©(Ny) 55, p C(g,a)
p=a (mod q)

as k — oo. Next, we apply Theorem 3.7 to obtain

log(¢(q)logNy) = log(¢(q)8(py;a,q)) ~ logpy,

as k — . Hence, we have

as k — oo. That is,

) Nk 1
Iim —— — = .
k= @(Ni)(log(@(g)logNy))/*@)  C(q,a)

This concludes the proof. 0

It is interesting to note that this version of Theorem 2.3 introduces some new features,
particularly the two instances of ¢ (g) in the left-hand expression. The power ﬁ exists as

a direct consequence of the same power appearing in the statement of Theorem 3.5. When

19



3.1. GENERALIZING LANDAU’S THEOREM

g = 1, this is moot, since @ (1) = 1. Indeed, because C(1,1) = ¢~ C, we recover Theorem
2.3 exactly. Figure 3.2 visualizes Theorem 3.8 for ¢ = 5. In each fixed set S5 ,, one can

observe behavior congruous with the behavior in Figure 2.2.
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Figure 3.2: Visualization of Theorem 3.8 for ¢ = 5 and a coprime to 5.

It seems reasonable at this point to see how far we can extend this generalization, along

the line of study begun by Nicolas. A generalization of Question 1 is natural.

Question 2. Let g,a € N be coprime and consider the inequality

n 1
T~ ~ (3.3)
@(n)(log @(g)logn)*@ C(ga)
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3.2. DIRICHLET L-FUNCTIONS

Are there infinitely many n € S, , for which 3.3 is satisfied?

To facilitate the discussion of this question in contexts where g, a are fixed, we define

the following notations.

Definition 3.9. Let g and a be coprime natural numbers. Call the statement of the inequality

Ny 1
— > (3.4)

(Vo) (log o(q)logN)e@  C(a:4)

the Nicolas inequality for the progression a (mod g) at k, denoted A (k).

If NG q(k) is true, then we say the corresponding Nicolas inequality is satisfied.

Under this framework, we can refine Question 2 so that we are only focused on primo-

rials in S, 4.

Question 3. Let g,a € N be coprime. Are there infinitely many k for which N[ ,(k) is true?

3.2 Dirichlet L-functions

The aim of the remainder of this thesis is to establish a criteria for resolving Question 3
using tools and methods from analysis analogous to those used by Nicolas. Where Nicolas
establishes his result by appealing to the behavior of the Riemann zeta function under op-
posing conjectural conditions, we will need to distinguish the appropriate analytic object(s)
to replace the Riemann zeta function in the context of primes in arithmetic progressions
and provide a corresponding analogue for the Riemann hypothesis (Conjecture 2.8). It is
natural to expect that the appropriate replacement will be the Dirichlet L-functions. We
begin by covering the definition of Dirichlet characters (see [14, pp. 115-119, 282-285] for

an in-depth discussion).

Definition 3.10. Fix ¢ and let § be a group homomorphism from (Z/gZ)™ to C*. The
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3.2. DIRICHLET L-FUNCTIONS

extended function x : Z — C* defined by

>’\((a0) if (Cba) = 17
x(a) =
0 otherwise,

where aj is the least natural number for which ap = a (mod q), is called a Dirichlet char-

acter modulo q.

One may observe that the set of Dirichlet characters modulo g forms a group under
pointwise multiplication and this group is isomorphic to (Z/qZ)™ [14, Corollary 4.5].

Hence, there are @(q) characters modulo ¢g. The identity of this group is

1 if (gq,a) =1,
Xo(a) =
0 otherwise ,

which is called the principal character (modulo g). The only character modulo 1 is the
principal character for this modulus which will be denoted 1(a) = 1, and referred to as the
trivial character. Additionally, every character x has an inverse in this group, which we call
the conjugate of x, and denote by .

The following are properties which hold for all Dirichlet characters and which are rele-

vant to our discussion.

For any character x, x(1) = 1.
o If (¢,a) = 1, then x(a) is a @(g)-th root of unity.

e A character modulo g has period ¢, i.e., x(a+ ¢q) = x(a) for any a € Z.

A character X is completely multiplicative, i.e., for any integers m and n, x(mn) =

x(m)x(n).
We can also classify Dirichlet characters in a variety of ways.
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3.2. DIRICHLET L-FUNCTIONS

Definition 3.11. If ¥ is a character modulo ¢ such that

X'(a) if (g,a) =1
x(a) =
0 otherwise

for some character x’ modulo d, where d is a divisor of g, then we say that x’ induces x (or

X is induced by /).

Definition 3.12. A character x is said to be primitive if the character which induces ¥ is
x itself. Otherwise, we call x an imprimitive character. A character X is said to be real if
X(a) € R for all a € Z. Otherwise, we call x complex. A character  is said to be odd if

X(—1) = —1. Otherwise, we call X even.

As will be seen in subsequent chapters, the appropriate replacement for the Riemann
zeta function are the Dirichlet L-functions corresponding to characters x modulo ¢, defined

as follows (see [14, pp. 120-121, 333-334] for details).

Definition 3.13. Given a Dirichlet character x (mod g), we define the corresponding Dirich-
let L-function, denoted L(s,X), to be the (meromorphic) continuation to the whole complex

plane of the infinite series

o X(1)

n

defined for R(s) > 1. Its nontrivial zeroes are those zeroes found in the critical strip,

{seC:0<R(s) <1}

Observe that, by definition, the Riemann zeta function is the function L(s,1) where
1(n) = 1 is the trivial character. Since x is multiplicative, every Dirichlet L-function also

may be represented by its Euler product
x(P)\ "~
Lisx)=]](1-%5~
p p
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3.3. IMPORTANT CONJECTURES

valid for R(s) > 1. For characters x modulo g > 1, it is possible that x is induced by a
character X/, where ¥’ is a primitive character modulo d, d dividing g. In such a situation,
the fact that our character is imprimitive leads to a deletion of factors in the Euler product.

That is,

/
X\p
L(S,X):L(S,X,)H(l— (S)>
pla P
ptd
The additional factors in the rightmost product contribute zeroes to the L-function of an im-

X' (p)

N
primitive character. Each factor 1 — 5 contributes a set of zeroes {p | p = miktiargOC(p)) e e

logp ’

7} where arg(x/(p)) is any real number for which x'(p) = ¢2X'(?)) While these zeroes
have a different behavior than the zeroes for which R(p) # 0, they still play a role in the
explicit formula (see Theorem 6.1), which is an important tool employed in Chapter 6. For
this reason that we include zeroes with R(p) = 0 in the nontrivial zeroes.

Finally, while no direct reference to the functional equations [14, Corollary 10.8] of
L-functions is required for this thesis, it is important to note that if p = 3 4 iy is a zero of
L(s,x) satisfying 0 < 3 < 1, then 1 —p is also a zero of L(s,X), where p is the complex

conjugate of p. Also, 1 — p and p are zeroes of L(s,X) [14, p. 333].

3.3 Important Conjectures

It is often the case that we generalize the Riemann Hypothesis across all Dirichlet L-

functions in the following fashion (see, for example, [14, p. 333]).

Conjecture 3.14 (The generalized Riemann hypothesis). If p = 3 4 iy is a nontrivial

zero of a Dirichlet L-function and {3 # 0, then 3 = 1/2.

Since the ultimate goal of this thesis is to generalize the equivalence Nicolas establishes
in Theorem 2.10, it becomes important to establish a conjecture which is flexible enough to
take the place of the Riemann Hypothesis in answering Question 2. The simplest approach
would be to restrict Conjecture 3.14 to only those L-functions whose defining character is

a character modulo g.
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Conjecture 3.15 (GRH,). For fixed g, let x be a Dirichlet character modulo g. Then if

p = B + iy is a nontrivial zero of L(s,x) and 3 # 0, then 3 = 1/2.

An important function in this thesis is the following Dirichlet series.

Notation 3.16. Let g and a be fixed coprime integers. We define

#(s:4.0) = LX(@) 7 (%)
X

The function .Z(s;¢,a) has potential singularities in the critical strip when s is a zero
of a Dirichlet L-function corresponding to a character modulo g. In this setting, we hope to
leverage the behavior of £ (s;¢,a) at such singularities. For this reason, in place of Con-
jecture 3.15, we formulate a conjecture which captures information about how the zeroes

of L-functions contribute to the singularities of .Z(s;q,a).

Conjecture 3.17. Let g and a be fixed coprime integers. If there exists a nontrivial zero p

of L(s,X) for some x modulo g for which R(p) is neither 0 nor 1, then

Y, X(@mp(x) =0, (3.5)
)

X (mod g
where m,(x) is the multiplicity of p as a zero of L(s,X).

In general, Conjecture 3.17 is weaker than Conjecture 3.15. If we assume that Conjec-
ture 3.15 holds, there will not be any zeroes for which R(p) is not 0 or %, and therefore
Conjecture 3.17 holds trivially. In the special case where a = 1 (for any ¢g), we have that
the two conjectures are actually equivalent, since X (1) = 1 for all Dirichlet characters, and
mp(x) > 0. That is, for a = 1, assuming Conjecture 3.17 implies that no zero p which is a
counter example to Conjecture 3.15 exists, since this would imply Y, m,(x) > 0.

Another condition we must consider when applying the analytic tools of Chapters 4 and
5 is whether there exist any zeroes on the real line segment (0, 1). It is a well-known fact

(see [17, p. 385] for a proof) that this condition holds for (s), but it may not hold in general.
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Such zeroes have the potential to hamper the utility of so-called oscillation theorems which
we plan to employ. Fortunately, there are a significant number of cases where this concern
may be immediately eliminated, primarily thanks to the work of Platt [19]. In tandem, the
following theorems allow us to conclude, for given ranges of g, that there are no real zeroes

on the segment (0, 1) of L(s,X), where X is a primitive character of modulus g.

Theorem 3.18 ([19, Theorem 10.1]). Let X be a primitive Dirichlet character of modulus
q where g < 400,000. If q is even, then any nontrivial, nonzero zero p = 3 + iy of L(s,X)

satisfying |y| < max(10 75107 10

+200) also satisfies = 2 If q is odd, then any nontrivial,
nonzero zero p = B + iy of L(s,x) satisfying |y| < max(%, @ +200) also satisfies

=

B[ —

For our purposes, all we take this to imply is that, for the relevant L(s,x), the only

possible zero on the segment (0,1) is p = % As it happens, this is not a problem either.

Theorem 3.19 ([19, Theorem 10.2]). Let X be a primitive Dirichlet character of modulus
q where g <2,000,000. Then
1

L(=

2,><)7é0-

Hence for L-functions of primitive Dirichlet characters whose modulus ¢ is less than
400,000, there are no zeroes on the segment (0, 1). However, the prevailing belief seems
to be that L(1/2,%) # 0 for any primitive Dirichlet character ¥, based on a conjecture of
Chowla [2, pp. xv+119] regarding the central value of real primitive characters. Finally,
the methods of Chapter 4 require that .Z(s; q,a) has a singularity at p where 0 < R(p) < 1
Such a singularity can be shown to exist for a fixed ¢, since p may be taken to be any zero
on the 1/2-line of [T, L(s,x)X%.

By now, evidence is mounting in favor of a generalization of Theorem 2.10. In part,
the arithmetic objects and theorems which motivated Nicolas’ approach to Question 1 all
generalized neatly. While the generalization was less direct, Conjecture 2.8 likewise was

elevated to a statement which accommodates the goals of this thesis. What remains in the
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following sections is to employ the techniques of Nicolas, modified for the new setting, in

order to bring all of these pieces together.
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Chapter 4

Unconditional Results

It is the story that matters
not just the ending.

— P. Lockhart

This chapter is dedicated to establishing results and techniques which are “conjecture-
free” in the sense that they do not rely on Conjecture 3.17. Particularly, for certain ¢, we
can answer Question 3 in the affirmative; there are infinitely many primorials in S, , for
which (3.4) holds. In other words, this chapter will verify the existence of generalizations
of Theorem 2.5. In subsequent chapters we will use and refine these results to establish the
constituent pieces necessary to generalize Theorem 2.9 and, for certain cases of g and a,

Theorem 2.10.

4.1 The Function f(x;q,a)

To start, is beneficial to translate our problem from the arithmetic language of Question
3 to a setting where analytic techniques and theorems apply. In [17], Nicolas observed
that we can encode information regarding the Nicolas inequality at k, [, 4(k), using a real-
valued function f(x) [17, pp. 376-77]. In what follows, we mimic this construction to

encode information regarding (3.4).
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Let p represent any prime in the progression a (mod g). Observe that, for x € [py, Py 1),

1 (1_1) _ (P](vﬁk)

p<x p

and

log((q)8(x;q,a)) =log(¢(q) Y logp) =log(¢(q)logNy).

p<x

With these observations in mind, define

lo 0(x;q,a % 1
f(x;q,a)z( g((p(qé(;cg ) -ILIx(l——>.

Hence, for any x € [Py, Py 1),

It is therefore apparent that AAj; ,(k) holds if and only if f(x;q,a) < 1 for any x € [Py, Pri1)-

We note, as Nicolas did in [17, p. 377], that this is also equivalent to establishing

logl 9
log f(x:q,a) = —& Og((p(é‘(];) %4.4) | Zlog( )—logC(q, <0, (4.1
p<x

for x € [Py, Pro1)- In the next section, we provide a comparison of log f(x;¢,a) for some
values of g, and make some observations that will become relevant in Chapter 6. We con-
tinue by determining useful upper and lower bounds for log f(x;¢,a). The upper bounds,

in particular, will allow us to establish that there are infinitely k for which Aj 4(k) holds.

4.2 Plots of log f(x;q,a)

In this section we supply plots of log f (Py; g, a) for several values of ¢. Since log f(x;¢,a)
is fixed between primes in the progression a (mod g), the horizontal axis in each case is &,

the index of p;, rather than x. An observation, for which more evidence will be provided
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in Chapter 6, is that the behavior of log f(x;g,a) depends, in part, in whether or not a is a

quadratic residue of q.

T T T T T T T T T T T T
500 1000 1500 2000

-0.01
-0.02
-0.03

-0.04 -

-0.05- "

Figure 4.1: Plot of log f(px;1,1). As observed by Nicolas [17], this function is negative for
small values of k. Assuming RH, it will remain negative for all values of k.
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Figure 4.2: Plot of log f(p;;2,1).
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Figure 4.3: Plot of log f(p;;3,a).
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Figure 4.4: Plot of log f(p;;4,a).
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Figure 4.5: Plot of log f(p;; 3, a).
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Figure 4.6: Plot of log f(p;;6,a).
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Figure 4.7: Plot of log f(p;;7,a). Here we observe that log f(x;7,a) is not always negative.
However this new behavior is only observed in cases where a is not a square (mod g).
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Figure 4.8: Plot of log f(p;; 8, a).
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Figure 4.10: Plot of log f(py; 10,a).
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4.3 Bounds for log f(x;q,a)

To establish an initial bound for log f(x;q,a), it is beneficial to develop the following
notations. First, let

d? 1 +logx

8() =~ (loglogx) =

x2log?x
Second, consider, for a given arithmetic progression, the error term in the prime number

theorem, which will be denoted

X

S(x;q,a) =0(x;q,a) — W

These two notations together allow us to define

K(x;q,a) = /wa(t;q,a)g(t)dt.

The next proposition is analogous to [17, Proposition 1].

Proposition 4.1. Let g and a be coprime natural numbers. For all x for which 0(x;q,a) >

4x
5¢(q)

, we have

K(x;q,a) — ((p(q)S(X;q’a))z(log(ﬁ)_F1) |
5

200 (2) o (%) <log f(x;q,a) < K(x;q,a) + 2o 1)

Proof. Throughout, let us presume an arithmetic progression a (mod g), denoting the k-th
prime in the progression by p;. Consider the mean value theorem applied to loglog? on the
interval [m,n|, with m = min(x, @(q)0(x;¢,a)) and n = max(x, ¢(q)0(x;q,a)). Then, there

exists ¢ between x and ¢(q)0(x; g, a) for which

¢(q)S(x;q,a)

4.2)
c1logce

loglog(¢(q)0(x;g,a)) = loglogx +

Likewise, applying Taylor’s theorem to loglog?, centered at x and evaluated at ¢ (¢q)0(x; g, a),
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there exists ¢, between x and ¢ (¢q)0(x;q,a) for which

©(9)S(x;q,a)  (9(q)S(x;q,a))*(loge +1)
loglo 0(x;q,a)) =loglogx+ — . 4.3
glog(¢(q)0(x;q,a)) = loglog rlogx 22 log s (4.3)

In (4.2), observe that for both @(¢)0(x;q,a) < c; < xand x < ¢; < @(q)0(x;q,a), we

have

¢(9)S(x:q:a) _ @(q)S(x:9,a)
ciloge; xlogx

and therefore

©(q)S(x;q,a)

. 4.4)
xlogx

loglog(¢(q)8(x;¢,a)) < loglogx+

. . 4
In (4.3), Theorem 3.7, tells us that for large enough x, we will have @(g)6(x;q,a) > =,

and therefore ¢, > 45_x for such x. Observing that

_ loger +1
ZC% log?c)

is an increasing function of ¢, we have

¢(q9)S(x:q.0)  (9(q)S(x:9,a))*(log§ +1)

logl 0(x;q,a)) > logl — . 45
oglog(¢(9)0(x;4,a)) > loglogx+ =71~ 2L 1o & (4.5)
By partial summation
1
Y -—= ) logp
p<x P p<x plogp
p=a (mod q) p=a (mod q)
6(x:q,a) /"
= 0(z;q, t)dr.
vlogx o, (t:9,a)8(t)

36



4.3. BOUNDS FOR logf

With the substitution 8(¢;¢,a) = S(¢;q,a) + W, we obtain

1 S(x:q, 1 x 1 *1logt+1
Z —— (xqa)_l_ +/S(t;q,a)g(t)dt+—/—0g + dr

= p xlgx  @(g)logx Jp, ©(q) Jp, t log?t
p=a (mod q)

S(x;q,a)  loglogx /°°

= + — S(t;q,a)g(t)dt
vogx T olg ) S )g()
« 1 loglogp,

+/ S(t;q,a)g(t)dt + — — . (4.6)
P ¢(q)logp;  @(q)

Hence, we may write (4.6) as

1 S(x;q,a) loglogx
Yy -—= (rig,a) | loglog —K(x;q,a)+M(q,a), (4.7)
p<x p XIng (p(Q)
p=a (mod q)
where
M(q,a) / " S(t:q,a)g(t) dt + —— loglogp,
q,a) = »4,a)8 —
P o(q)logp;  ©(q)

is the constant term. By comparison with Mertens’ second theorem for arithmetic progres-

sions ([9, (1-1)]), we see that this constant has the useful expression [9, (1-3)].

M(qa)= Y ){log (1 — 117) - %} —logC(gq,a). (4.8)

p=a (mod g

Now it can be readily verified, by (4.8), that

¢(q)log f(x:q,a)

= loglog(@(q)8(x;q,a))+@(q) ), log (1 - Il)) —@(q)1ogC(g,a)

p<x
p=a (mod q)
=T(x) +u(x), (49)
where
U0~ toghoglo(@0(ia.a) - Y "L solgmaa  @i0)
P<x
p=a (mod q)
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u=olg Y log (1 - })) LY 9D gCg.a) - olg)M(g.a)

p<x p<x p
p=a (mod q) p=a (mod q)
1 1
=¢(q) —{IOg(l——)+—}.
L b))
p=a (mod q)

4.11)
By expanding the latter expression for u in (4.11) and crudely bounding it by a geomet-

ric series over all natural numbers, we see that

(4.12)

Now, we have for x > p; that

1
@(q)log f(x;q,a) =loglog(@(¢)8(x;q,a)) — Y,  —+@(q)M(q,a)+u(x)
p=x
p=a (mod q)
by replacing U(x) from (4.10) in (4.9). Substituting equation (4.7) for the series in the
above equation yields

¢(g9)S(x;9,a)
xlog(x)

+@(q)K(x;q,a) — ©(q)M(q,a) + ©(q)M(q,a) + u(x).

= (loglog(cp(q)e(x;q,a)) - —(p(i)ligzﬁ’a) - loglogX)

©(q)log f(x;q,a) = loglog(@(q)8(x;q,a)) — —loglogx

+@(q)K(x;q,a) +u(x). (4.13)

The bracketed expression in (4.13) is bounded above by 0, as established in (4.4). Hence,
by (4.12)

¢(q)
2(x—1)

9(q)log f(x;q,a) < ©(q)K(x;q,a) +u(x) < ¢(q)K(x;q,a) +
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On the other hand, for x satisfying @ (q)0(x;¢,a) > 4 =, the bracketed expression is bounded

below by

(@(q)S(x:q,a))*(log ¥ +1)
2( )210g24x

as established in (4.5). Therefore,

(¢(q)S(x:q,a))*(log % +1)

¢(q)log f(x;q,a) > ¢(q)K(x;q,a) +u(x) — 2% )210g2 Ix

(¢(q)S(x:q,a))*(log ¥ +1) 12
Plg)3(x;q,a Og

> K(x;q,a) — .

> o(q)K(x;q,a) 2 log?

Dividing both sides of (4.14) and (4.15) by @ (q) gives the stated result. O

Throughout this chapter and Chapter 6, only the upper bound for log f(x;¢,a) will be
employed, whereas the lower bound will find its use in Chapter 5.

We would at this point recall the following definition.

Definition 4.2. Let g,a € N be coprime. The second Chebyshev function will be denoted

P (x;¢,a) and be defined by

b(xg,a)= ), logp.

pr<x
pf=a (mod q)

That is, where 0(x;q,a) takes a weighted sum over primes, P (x;q,a) takes a weighted
sum over prime powers. It follows from these definitions that 6(x;¢,a) <V (x;¢,a). Con-

sequently, we wish to consider the {-analogues of S(x;¢,a) and K(x;g,a). We can denote

X

R(x;q,a) Zlb(x;q,a)—m

and

J(x;q,a /th7

Observe that K (x;q,a) < J(x;q,a). This observation is prudent, in part, because we have
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available to us the explicit formula for \(x;q,a) [12, Lemma 3.1, p. 271], which will allow

us to use information regarding the zeroes of Dirichlet L-functions to better estimate the

upper bounds on log f(x; g, a), especially when we assume Conjecture 3.15 in Chapter 6.
Consider the following notations, from which a stronger estimate than K(x;q,a) <

J(x;q,a) will follow.

Definition 4.3. Let g,a € N be coprime. We denote by Ind,(a) the index of a (mod g), the
least natural number m > 1 for which a is an m-th power modulo g. Furthermore, we denote

by R, the number of Ind,(a)-th “roots” of a, by which we mean
Rya = #{b € Z; | bW = g (mod g)}.

Since g and a are coprime, we note that a®@tl =4 (mod ¢g) by the Fermat-Euler the-
orem. Therefore, 2 <1Ind,(a) < @(g)+ 1, and Ind,(a) is well-defined.

It will be useful in some circumstances to have a closed form for R ,.

Proposition 4.4. Let g,a € N be coprime. Write g =2%p{'p32...p%, where p; are the

distinct odd prime divisors of q. Let m = Indy(a). We have

1, (m, @ (pi)) ifo<l,
Rya =
(m,2) (m’zoc—z) y (m,@(pi")) otherwise.

Proof. Let g =2%p}' p3?...p% and m = Ind,(a).Then, ¥ = a (mod g) has a solution. In
fact, by [10, Theorem 3.21], we know that its solutions are in 1-1 correspondence with the

solutions of the system
4

X" =a (mod 2%)
x"

a (mod pi")

X" =a (mod p%)

\
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For each odd prime p;, [10, Theorem 4.13] establishes that there are (m, (p(p?”)) solutions
to each congruence ¥ = a (mod p}*). On the other hand, the congruence X" = a (mod 2%)
has 1 solution if o« = 1 and (m,2) solutions if o = 2, again by [10, Theorem 4.13]. If
o > 3, then X = a (mod 2%) has (m,2) - (m,2%2) solutions via [10, Theorem 4.14]. The
formula for &, , follows by taking the product of the number of solutions as we range over

congruences corresponding to prime divisors of g.

In particular, the cases where Ind, (a) = 2 are relevant in Chapter 6.

Corollary 4.5. Fix g € N and let a be coprime to q such that Indy(a) = 2. Then

(

20@)=1 if2]|q,

Rea= 2% if2tqord|q,

20@+1 ifg)q,

\

where ®(q) is the number of distinct prime divisors of q.

Proof. This follows immediately from Proposition 4.4 upon observing that, for any odd

prime, (2, ¢(p{")) =2 and (2,2)-(2,2%2) is 2 when 4||¢ and is 4 when 8|q. O

Example 4.6. One may see that Inds(1) = 2 since 12 = 2% = I (mod 3), but Ind3(2) = 3,

since 2% = 2 (mod 3) and no squares are congruent to 2 (mod 3).

This definition allows us to capture an important distinction between 6(x;q,a) and
P (x;q,a). Namely, that the congruence class of a prime is not necessarily the same as
the congruence class of the powers of that prime. We wish to remove as much of the dis-
crepancy between 0(x;¢q,a) and {(x;g,a) in order to more tightly bound K(x;¢,a) above.

To this end we have the following proposition.
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Proposition 4.7. Let g,a € N be coprime. Then, for 0 < & < 1/¢(q), there exists xy such

that for all x > x,
1

0(x;q,a) <P (x;q,a) — cx™4a@

c=Rya (ﬁ—e).

o)

$(x;q,a) —8(x;q,a) =), ), logp.

k=2 pkgx

pF=a (mod q)

where

Proof. Consider:

We wish to break up the inner sum into sums over fixed residue classes modulo ¢ for p.

That is,

V(x;q,a) —0(x;q,a ZZ Y logp, (4.16)

k=2peZ; pr<x

p*=a (mod q)

p=b (mod q)
where the innermost sums may be empty. However, when k = Ind,(a), there must be at
least one b € Z, for which pde(@) = g (mod q). Let Q = {b € Zy | p'"(@) = ¢ (mod q)}.
Since all of the terms on the right of (4.16) are non-negative, we may ignore all of them

except for those corresponding to k = Ind,(a) and b € Q to obtain

V(x:q,a) —6(x:q,a) > Y Y logp=13Y )  logp.

bEQ  pindgla) <, bEQ pindgla) <
Pa(@ =g (mod q) p=b (mod q)
p=b (mod q)

Isolating 6(x;¢,a) in the above inequality, we determine

0(x;q,a) <P(x;q,a)— ) O(x @ ;q,b
be0

Now, we know by Theorem 3.7 that upon fixing 0 < € < ( 7 there exists, for each b € Q,
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an xp, so that for all x > xp,

1 1 1 1 1
) xlndq(a) < 0 xlndq(a) :q, b) < < + 8) xlndq(a) .
( ¢ (q) ) ( ) ¢ (q)

Q| = Ry.a and taking ¢ = Ry 4 (;) — 8> , we have, for

Upon observing that, by definition, el

X > Xo = maxxp,
1

0(x;q,a) <W(x;9,a) — cx™a
as desired. O]

Explicit evaluations of xg and ¢ corresponding to ¢ and a for a given € can be found, for
example, in Ramaré and Rumely [20].

We may consider integrating over x* in a fashion akin to J(x; ¢,a) and K (x; g, a) to obtain

F(x) = / Pt dr.

Proposition 4.7 and Proposition 4.1 provide the following upper bound for log f(x; g, a).

Corollary 4.8. Let q,a € N be coprime and m = Indy(a). Then, for 0 <& < 1/@(q), there

exist xg, ¢ as given in Proposition 4.7 for which, when x > X,

log f(x:9.a) <J(x:q,0) = cF1(¥) + 50—y,

where, for a complex number s,

Nicolas discusses the function Fy(x) for R(s) = 1/2 in [17], and later for R(s) < 1 in

[18]. Since our interest is when R(s) = 1/m for m € N, we can adapt [17, Lemma 1] and
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[18, Lemma 2.2] to estimate F'1 +ir (x). The first assertion here is Lemma 2.2 of [18].

Lemma 4.9. Let s be a complex number such that R(s) < 1. Then, for x > 1,

xsfl
Fi(x) == (s—1)logx (%),

where

s xs—l oo 2ts—2
= )
) l—s ((1—s)log2x x (s—1)log’x >

Moreover, if s = o it for an integer m > 1, we have

SAT
log?x |s—1|logx /"

Proof. For the first statement, we reproduce the proof given in Lemma 2.2 of [18]. An

(1—s)?

)] < '

application of integration by parts yields

xsfl xsfl oo ts72 1 2
Fi(x) = — — —|—/ . + dr.
) (s—1)logx (s—1)log’x Jx s—1 (logzt 10g3t)

Now write

xs—l
Fy(x) = — + rg(x),

(s—1)logx

where

xs—l 0o ts—2 1 2
rs(x) = — —l—/ : + dr.
%) (s—1log’x Jx s—1 (logzt 10g3t>
Observing that
oo ts72 s—1 oo 21‘372
/ o, 4= _x—2+/ s,
x (s—1)log°t (s—1)2log*x Jx (s—1)log’t

then

s xs—l oozts—z
re(x) = — + dr ).
() (1—y) ((1 —s)log?x  Jx log’t )
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Now, letting s = % + it, taking the absolute value of ry(x) yields

Ky xS*l oo ztS72 d
rg(x)| = —|—/ — 3. ¥
) (1-5) ‘(1—s)10g2x x (s—1)log*t ’

Lm s—1
< s X m n 2 b
(I =s)| \ [1—s|log’x [|s—1|logix|s—1
_ s X 1+ 2
[ (1—4)2 logzx |s—1|logx )

1

For s = -, we immediately obtain the following result.

Corollary 4.10. Let m > 1. Then for x > 1,

Fi(x) = )
" (m—1)x m logx "
where
m 2m
()] < (1 ).
(m— 1)2x71 log?x (m—1)logx
Moreover,
1
Fiix)> —o
" mx m logx

2
_m~_
whenever x > em—T1,

Proof. The first claim follows immediately from Lemma 4.9 with s = % The second claim

follows from the first, as we have

Fi(x) > " - " (1+( 2m )

" (m—Dx"n logx  (m—1)2x"7 log’x m—1)logx

= e () (e es)

m 1
> o (1——> - L.
(m—1)x"m logx (m—1)logx
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. m . 1 .. . . m+1
Then, since "+ (1 (m—l)logx) is increasing as a function of x and takes the value ==

2

n
when x = em—T, we are done. O

The preceding discussion allows us to make the following important observation.

%, for which we have c,xy arising from Corollary 4.8. There exists x| so that for all

x > x1, we have

Theorem 4.11. Fix g and a coprime, and let m = Indy(a). Choose € satisfying 0 < € <

—_

m+
e — 1
rev——

x m logx 2(x—1)

S

le

Then, for x > max{emn—1,xg,x] }, we have

log f(x;q,a) < J(x;q,a).

Proof. For the relevant x, Corollary 4.8 provides

1
log f(x;q,a) < J(x;q,a) —CF%(X)-l— 1)

. . m—1
Note that x; exists since x = logx = O(x'~%) for an o > 0 and

1 €
m+ c——>0.

m m

2

Furthermore, since x > en T, we may apply Corollary 4.10 yielding

—cF < m m m __
c %()C)-l-z(x_l) +

m—1 m—1 m—1 )
x m logx x m logx mx m logx

which is negative since € > 0. This implies

for x as large as specified.
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4.4 The Oscillation of J(x;q,a)

Having established Theorem 4.11, a natural approach towards answering the analogous
question of Rosser and Schoenfeld (Question 3) is apparent. Fix an arithmetic progression
a (mod g). Given x such that p; <x < p;_;, if we have J(x;¢,a) < 0, we obtain by way of
Theorem 4.11 that, for large x, log f(x;q,a) < J(x;q,a), and therefore A (k) holds. Thus,
to establish that there are infinitely many elements of S, , satistfying (3.4), all that is needed
is to show that J(x;q,a) does not stay strictly greater than 0 on [x’, o) for any x’. Such a

claim can be established with the help of an oscillation theorem, courtesy of Landau.

Theorem 4.12 (Landau’s Oscillation Theorem). Let i : [1,00) — R be a function which
is bounded and Riemann-integrable on intervals of the form [1,T|, 1 < T < o. Consider

the integral

H(s) = /lw@dx.

XS
Suppose that the line R(s) = oy is the line of convergence for H, and the function h(x) is
of constant sign on an interval of the form [x',). Then the real point s = ¢ on the line of

convergence must be a singularity of H(s).
Proof. See [5, Theorem H]. U]

With this tool in hand, we are in position to prove that J(x;¢,a) changes sign infinitely

often. Given the discussion which opened this section, we prove the following result.

Theorem 4.13. Let g and a be two coprime integers. There are infinitely many primorials

Ny in Sq.a for which

Ni 1
(Vo) (log(p(g) logNy))#a  C(4:0)’

where C(q,a) is the constant in Theorem 3.5, provided that

(i) The function
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has no singularities on the line segment (0,1).
(ii) £ (s;q,a) has a singularity in the strip 0 < R(s) < 1.

Proof. Let g and a be two coprime integers. We will establish that J(x;¢,a) changes sign
infinitely often by an appeal to Theorem 4.12. Then Theorem 4.11 confirms the claim of
this theorem.

Write

J(x;q,a) ifx>p;
h(x;q,a) =
0 if 1 <x<p

First, we aim to prove that

His) = [T g [0 g, [ [ Q0B 1) g 17

x5 a x5 Py xS 12 10g2t

defined for R(s) > 1, extends to a function without singularity for 0 < R(s) < 1.
The variant of Theorem 3.7 which is applicable for \(x;q,a) [14, pp. 379-381] estab-

lishes that

R(t;q,a)| = ‘1l>(t;q,a) - @' =0 (@)

and hence the inner integral in (4.17) is absolutely convergent. Therefore, we can change

the order of integration to obtain

H(s) = /”R(t;tg,a) (logt +1) (/f ldx) d

log?t

p1

- . — \1—s 1—s
:/ R(t:g,a) (logt + 1) ((pl) —t )dt (4.18)
P1

12 log?t

1 s /“R(t;q,a) (logt +1)
= J(p:q,a)— dr ).
p— <(p1) (P1:9,4) B R P

It will become important later in the proof to have observed that, when s = 1, the last

bracketed expression is J(p;;q,a) —J(P;;q,a) = 0.
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Now we turn our attention to rewriting

/”R(t;q,a) (logr +1) dr

B ts+1 logzt

in a form more suitable to our purpose. It follows from Theorem 12 of [21] that

b(x:q,a) <H(x) = O).

The above, coupled with the definition

Pluga)= ), An),

n<x
n=a (mod q)

where A(n) is the von Mangoldt function, provides (by way of Exercise 2.1.5 of [15])

wtq,

ts+1 7

n=a (mod q)

where the equality holds for R(s) > 1. The identity

n=a (mod q)

also holds for R(s) > 1 [14, (4.28)], and therefore we have established in this region that

L’ U(t;q,
Y X@Tsx) / tsfl . (4.19)

X (mod q)

Since R(t;q,a) =(t;q,a) —t/©(q), we also have

(t;q, (t;q, 1 | 1 Pi ]
/ sfl ll) s+q1 / _sdt+ / _sdt
ot t el t o(q) 1t
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o
-+ =
—_
=
=
)
Neh

Figure 4.11: The region W.

We therefore have, for R(s) > 1

“R(t:q,a) 1 1 o Py
df = _Z
/Pl s+ = (p(CI) ( X (modq)x<a) L ( >
1 D1
=— | —-Z(s:9, 1d ) 4.20
©(q) ( (s:q.a +/ t (420

Now suppose that £ (s;¢,a) has no singularity on the critical real line. In such a sce-
nario, we can construct a simply connected region W (Figure 4.11) where the right hand

side of (4.20) is singularity-free by taking

W={s|R(s)>11U{s]0<R(s) < 1and |3(s)] < &}

where 0 is specifically chosen to be less than the minimum absolute height of the first
singularity of .Z(s;q,a).

One may observe that the right hand side of (4.20) is holomorphic in the neighborhood
of s =1 and in W, since the only pole arising from .Z(s;¢,a) is a simple one with residue
—1 corresponding to the term X (a) 7 L (5,%0)- In the Laurent expansion of .2 (s; gq,a) around

s =1, the term —1 arising from L (s Xo) is therefore eliminated by the — — 7 term in (4.20).
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That is, in a neighborhood of s =1,

o (o200 )

S 1 logp; .
@G- e@6-1 o X;mx L 150+ 0galls— 1)

logp 1 _ L
==y X(a) 7 (1,%) + Oga(ls — 1),

which is analytic. Hence, the right hand side of (4.20) admits on W an antiderivative, call

it H;(s), and a second antiderivative H,(s) in W. By definition, we have

On the other hand,
ooR . ooR .
d _/ (g.a) :/ (g9.a)
ds 5, 1 logr 5 st

Thus, for R(s) > 1, (4.20) establishes

d d *R(t;q,a)
SH(s) == (- [ SBDD g
g (1) ds( /pl 5 Tlogt )

Now, let vy : [0,1] — C be a smooth curve with y(0) = s¢, a fixed point in the half-plane

with R(sg) > 1 and y(1) = s, where R(s) > 1. Then we have

d d *R(t;q,a)
H ds= [ —(— | ———=dt]d
/ds( 1(s)) ds /de ( /pl rt1logs t> >

from which we obtain

*R(t;q,a)
Hy(s) + M :—/ 9D 4y 4.
1(8) +h 7, "1 logt th
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Rearranging yields

“R(t;q,a) .
/m T ey 0 = —H(5) + (R = ). @.21)

Recalling that the antiderivative of H; is H,, we integrate along y once more to obtain

~ R(t;q,a)
——dr=H, + Ay —A)s+u. 4.22
/p1 5T log 2(s) + (A2 — M )s+u (4.22)

By (4.18), we have

H(s)= ((791)1‘?1(1—91;%@— [Maa),, [ der).

= 1 Py s+l logt P s+l logzt

We substitute the integrals in the above equation using their respective identities, (4.21) and

(4.22). With the notation
E(s)E (7)) I(Pr3q.a) + —(ha— M) —p— (ha — Ay )s,

this substitution yields, for R(s) > 1,

H(s) = — (1)~ (P1:g,0)+ Hy(5) ~ Hals) — (o = M) — = (2 = 1)s)

= L (H(5) ~ Ha(s) + E(5)). @“23)

where E(s) is entire. The following can be observed from (4.18) and (4.23). As mentioned,
the bracketed expression (in either equation) is 0 when s = 1, and thus it cancels the pole in
H(s) at s = 1. Therefore, the right hand side of Equation (4.23) is holomorphic on W. Con-
sequently, we have an analytic continuation for H(s) into W. Crucially, we have extended
H (s) to the real line in the critical strip. Hence, if we suppose J(x;¢q,a) is of constant sign
for some interval [x’,0), then Theorem 4.12 establishes that the line of convergence must
satisfy R(s) < 0, since no point with s = o > 0 is a singularity. That is, H(s) must extend

to a function which is holomorphic in the half-plane R(s) > 0.
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4.4. THE OSCILLATION OF J

Reconsidering (4.23), we see that the holomorphy of H(s) implies that H,(s) — Ha(s) is
holomorphic on R(s) > 0, and therefore (Hl( ) — H>(s)) is holomorphic in this region
as well. We have assumed .Z(s;¢,a) has a singularity at s = p, where 0 < R(p) < 1 and
|3(p)| > 0. Such a singularity must be simple, since the zeroes of L(s,X) contribute simple
poles with residue m,()X) in the logarithmic derivative. Therefore, in an appropriate deleted

neighborhood of p,

Yy X(a)mp(x)

S— o +co+ci(s—p)+eas—p)...,

Z(s;q,a) =

where Y, X(a)my(x) # 0. In the same neighborhood, we therefore have

d2 1 /-1 Py
@H](S) = m (T.i”(s q,a +/ dt)
. 1 —1 ny((a)mp
_tp(q)( P s—p +/ w4+ Ogal |s_p|))
Consequently,
a2 d/ 1 [(—1LX@my(x) 1 Py
EHZ( s) = a(m (? s—p _p_1+/1 ;_pdt+oq,a(’s_p’)>)
X(a)m

+c'+ Oq,a<|s—p|)),

where ¢’ is a constant. This implies that %Hz(s) has a pole of order 2 at p. However, we
have clalmed (H 1(s) — Ha(s)) is holomorphic for R(s) > 0. This is a contradiction, and
so J(x;q,a) must not be of constant sign on some interval [x/,e0). By Theorem 4.11, this
means that log f(x;¢,a) < 0 in infinitely many intervals p;, <x < p;, ;. Therefore, by way
of the reasoning at the beginning of Section 4.4 and (4.1), we must have infinitely many

primorials Ny in S, , for which
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4.4. THE OSCILLATION OF J

as desired. O]

Theorem 4.13 answers Question 3, proviso two caveats. If we can show that there
are no singularities for .#(s;¢,a) on the segment (0, 1) but that there is a singularity p
for which 0 < R(p) < 1, then there are infinitely many primorials in S, , satisfying their
respective Nicolas inequality (3.4). By way of Theorem 3.18 and Theorem 3.19, we know
that this condition holds for ¢ < 400,000, since any singularity of .Z(s;¢,a) in this region
must arise from a zero of a Dirichlet L-function whose character is x (mod ¢g). Thus, the

following assertion holds.

Theorem 4.14. Let g < 400,000 and a be coprime natural numbers. If £ (s;q,a) has a
singularity p for which 0 < R(p) < 1, then there are infinitely many primorials Ny in Sq.a

for which

Ny 1
o (Ny)(log((q) logNy)) v C(@a)°

where C(q,a) is the constant in Theorem 3.5.

Practically, the condition of Theorem 4.14 may be disjointed by picking the first zero
of any L(s,x), x a Dirichlet character modulo g on the half line and verifying that it in-
deed contributes a singularity in .Z(s;q,a). What remains now is to answer the alternative
question: “Are there infinitely many primorials in S, , which do not satisfy (3.3)?”. In
the case that Conjecture 3.17 is false, we rely on the lower bounds of Theorem 4.1 to find
an infinitude of exceptions in S, , to (3.3), as we will see in the next chapter. In the case
that Conjecture 3.17 is true, we may verify computationally that (3.3) is, in certain circum-

stances, satisfied for all but finitely many primorials in S, 4, as in Chapter 6.
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Chapter 5

Lower Bounds for log f(x;q,a)

A minimum put to good use
is enough for anything.

—J. Verne

5.1 Omega Theorems

In the previous chapter, we established that there are infinitely many primorials in S 4

for which

n 1
— >

o (n)(log(¢(g)logn)) 7@ C(@:a)

conditional upon

_
X(S;Q7a) = Z X(a)Z(S7X)
X (mod g)

having no singularities on the segment (0, 1) and having a singularity at s for which 0 <
R(s) < 1. However, we did not make reference to Conjecture 3.17. In the case that Con-
jecture 3.17 is false, we may apply the methods of Chapter 4, albeit with more care than

before, to determine that there are also infinitely many primorials in S, , for which

n 1
<

~ Clg,a)

@ (n)(10g(¢p(q) logn) ¥

However, one should recall that the approach in Chapter 4 was to show that log f(x;¢,a) was

negative, and therefore only the upper bounds of Proposition 4.1 were of critical concern.

55



5.1. OMEGA THEOREMS

In this chapter, we instead concern ourselves with lower bounds on log f(x;¢,a), to aid us
in proving that log f(x;q,a) is positive infinitely often. In these endeavors, we introduce

the following notation.

Definition 5.1. Let g and a be two coprime integers. We will write @ to denote the supre-

mum of the real parts of the singularities of .Z(s;¢,a) in the strip 0 < R(s) < 1.

Notice that Z(s;q,a) = ¥y (mod g) )_((a)%(s,x) has a simple pole of residue -1 at s = 1
arising from the term %(S,Xo), but this pole is ignored in the definition of ®. Supposing
Conjecture 3.17 is false, there must be a character x modulo ¢ for which L(s,x) has a zero

p of real part neither 0 nor 1/2 for which

Z)_((a)mp(X) # 0,

X

where m,(x) is the multiplicity of the zero p of L(s,x).
First, consider the case that ®(p) > 5. Then ¥, )_((a)%(s,x) admits a simple pole of

. In the case

B[ —

residue Y, X(a)m,(x) at s = p. Since R(p) > 1, this implies ® > R(p) >

that 0 < R(p) < 1, recall that 1 — p is a zero of L(s,X), and R(1 — p) > 5. Therefore,

B[—

my(X) = m1—p(X) for every character x modulo g. Therefore,

Z)_((a)mp(x) = Z)_((a)ml,p(y() #£0.
X

X

In this instance, Yy (mod ) )_((a)%(s,x) again admits a simple pole of residue Y, X(a)m,(x)
at s = 1 — p, and therefore ® > R(1 —p) > % Hence, if we suppose Conjecture 3.17 is
false, we have that ® > % We will use this fact to obtain what are known as € theorems

regarding the behavior of log f(x;q,a).

Definition 5.2. Let f(x) be a real-valued function, f>(x) be a positive real-valued function,
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5.2. OMEGA THEOREMS FOR J AND K

and ¢ > 0 be a constant. We say that

fi(x) = Q4 (f2(x))

if there exists an increasing real sequence {x;} tending to infinity along which fj(x;) >
cfa(x;). Likewise we may say

Silx) = Q_(f2(x))

if f1(xi) < —cf2(x;). One may write
filx) = Q1 (f2(x))

whenever /i (x) = Q. (/2(x)) and fi(x) = Q_ (/2(x)).

To establish an Q theorem in this context, then, is to establish that one of the above

relations holds for a function of interest.

5.2 Omega Theorems for J(x;q,a) and K (x;q,a)

We adapt the techniques of Theorem 4.13 to establish an Q theorem for J(x; ¢, a), under

the assumption that there are singularities of .Z(s; ¢, a) off the critical line.

Theorem 5.3. If © > % and Z(s;q,a) has no singularities on the line (0,1), then for b

satisfying 1 —@ < b < %, we have

J(x;q,a) = /;R(t;q,a)g(t)dt =Q.(x7"),

and

K(x:q,a) = / S(rq,a)g(t) dt = @ (x7).

Proof. Let b satisfy 1 —O© < b < % Then there exists a singularity p of Z(s;q,a) not at 1
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5.2. OMEGA THEOREMS FOR J AND K

Figure 5.1: The region W, and the singularity p.

for which R(p) = > 1 —b. If we consider the integral

Gty = [ IR

_ )
P X

then, for R(s) > 1, the methods of Theorem 4.13, in particular (4.23), establish

1 Piy—b
GO =HO) =yt ) e
1 1 Pixb
= () )+ E) — 5+ [ ke D)

where Hj(s) and H;(s) are the first and second antiderivatives of

1 1 . 1 Pi
m (—E.jf(s,q,a) m‘f—/l th)

in the region W. Furthermore, and E(s) and |, lﬁ ! xx_sb dx are analytic on

Wy={s|R(s)>1-b}NW.

The right-hand side of (5.1) therefore extends to a holomorphic function in W,

By Theorem 4.12, if we assume J(x; ¢, a) — x~? maintains a constant sign on intervals of
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5.2. OMEGA THEOREMS FOR J AND K

the form [x, ), then the abscissa of convergence, 0¢, of G(s) must satisfy o9 < 1 —5b < f3.

This is impossible since at p the second derivative of H; (s) — H»(s) will have a pole of order

2, as in Theorem 4.13, contradicting the holomorphy of the integral G(s) in the half-plane

R(s) > 1 —b. We have a contradiction and therefore J(x;¢q,a) —x~? > 0 on some sequence

tending to infinity. Hence,

J(x;q,a) = Q. (x7).

Taking the integral for J(x;q,a) +x~? and repeating the above proof establishes that

J(x;q,a) + x~? < 0 on another infinite sequence, i.e.,
J(x;q,a) =Q_(x7?).
For all x > 0, [21, Equation (3.36)] provides

0 <WP(x;q,a)— 6(x;q,a) < P(x) —0(x) < 1.4260x'/2.

Recall that
X
R X.q,a :¢<x;Q7a -
wa.a) ) ¢(q)
is greater than or equal to
X
S(x;q,a) =0(x;q,a) — ——.
(56,4) = 8(xi6,4) ¢(q)

We conclude from (5.2) that

1

x2 <S(x;q,a) < R(x;q,a).

\SRROS}

R (X 24, a) -
If we weight the above inequality by g(x) and integrate from x to oo, we obtain

3
J(X;‘La) - EF%(X) S K(X;qaa) S J(X;Q7a)7
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5.3. OMEGA THEOREMS FOR logf

where

R = [ v

The inequality on the right of (5.4) automatically yields

where

2 4
< ).
: x2 log® x logx

Therefore, along the sequence which gives us J(x;q,a) = Q. (x~?), we have

J(6q,a) — 2Fy () 2~ — — > & (1+4>
x;q,a) — SF1(x) > — — -
1 22 xb x%logx x%logzx logx

1 3 3 4
== | 1-— - — (1 + ) . (5.5)
X x2 Plogx  x27log?x logx

Since b < %, the bracketed expression approaches 1 as x goes to infinity. Hence, by (5.4),

for x > ¢® and along the sequence corresponding to J(x;g,a) = Q (x ),
3 —b
K(x;g,a) 2 J(x;q,a) = JF) (x) > 0.36x™".

Therefore,

60



5.3. OMEGA THEOREMS FOR logf

5.3 Omega Theorems for log f(x;q,a)

By Corollary 4.11, log f(x;q,a) < J(x;q,a) for large enough x and by Theorem 5.3, if

0> % then J(x;¢q,a) < —cx~? for infinitely many x. Hence, when ® > 1/2, we obtain

log f(x;q,a) = Q_(x7?). (5.6)

It remains to establish that log f(x;g,a) = Q (x~?). A preliminary step in this endeavor

is a modification of a result of Ingham [5, Theorem 32].

Theorem 5.4. Let g and a be coprime integers. If 0 < v < O is fixed, then

R(x;q,a) =V(x;q,a) — ﬁ =Q4(x"),

provided

_ U
g(‘g;cba) = Z X(a)z<s>X)
X (mod g)

has no singularities on the segment (0, 1).

Proof. Let 0 <v < @. For R(s) > 1, recall (4.19), which established

~(t;q,a) 1 N
VEGD g Y x(@) > (s,%). (5.7)
/Pl 5t S(p(Q)X(Edq) L
Furthermore,
1 A 1
— —dt=— 5.8
(P(Q)/l st ¢(q)(s—v) 69
and

1=
W/l T G- 69
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5.3. OMEGA THEOREMS FOR logf

From (5.7), (5.8), and (5.9), for R(s) > 1, we have

Let og be the abscissa of convergence of the integral represented above. If the half-
plane R(s) > o( contains any singularities of .Z(s;¢,a), then we have failed to correctly
identify 0¢. Hence, we must have 09 > ©®. Moreover, the right hand side of (5.10) will have
no singularities on the real axis for s > v by our assumption. Observe, then, that s = o9 >
® > v is not a singularity of the integral under consideration and therefore Theorem 4.12

maintains that

v

Visa0)~ gy~
X

cannot be of constant sign on any interval of the form [x',e). That is, there is a sequence

tending to infinity for which V(x;q,a) — ﬁ > (;Tvq), and so for any 0 < v < ©, we have

R(x;q,a) = Q4 (x"). Repeating this argument for the integral from x to oo of

bxia.a) - i+

X

establishes R(x;q,a) = Q_(x") O
Corollary 5.5. Let g and a be coprime integers. If % < Vv < O is fixed, then

¢(q)

S(x;q,a) =0(x;q,a) — =Q(x),

provided

_
g(S;Cba) = Z X(a)z<s7X)
X (mod g)

has no singularities on the segment (0,1).
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5.3. OMEGA THEOREMS FOR logf

Proof. Let % < v < 0. Recall (5.3), which established

1

R(X;Q7a) —5X2 S S(X;Q>a) S R(X;Cba)'

\SRIROS}

By Theorem 5.4, R(x;q,a) = Q_(x"), and therefore we have S(x;q,a) = Q_(x"). On the

other hand, for the sequence which provides us R(x;q,a) = Q4 (x¥), we have
v 3.1 v 3=V
S(x;q,a) > cx —§x2 =cx' | 1——x2 ,

where ¢ > 0. Since v > %, the bracketed expression tends to 1, and for large enough x may

be bounded below by a positive constant. Hence, S(x;q,a) = Q4 (x"). O
We are now in a position to prove that log f(x;q,a) = Q. (x7°).

Theorem 5.6. Suppose ® > % and £ (s;q,a) has no singularities on the segment (0,1).
Then for
1-0<b<i,

log f(x;q,a) = Qi (x7).

Proof. The discussion at the beginning of this section provided us with log f(x;¢,a) =

Q_(x7?). For the other case, we wish to establish an infinite sequence for which

log f(x;q,a) > cx?
for some positive constant c. To achieve this goal, we will consider the lower bound in

Proposition 4.1, which showed that for large enough x,

(¢(q)S(x:q.a))*(log(%) +1)

K = ) (@) Plog ()

<log f(x;q,a). (5.11)

We can determine the behavior of the above lower bound by considering the local ex-

trema of the function y(x;¢,a) = K(x;q,a) —x~". At primes in the arithmetic progression
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5.3. OMEGA THEOREMS FOR logf

a (mod q), y(x;q,a) has discontinuities arising from K(x;q,a) but it is otherwise differen-

tiable. Therefore, we have

S(x;q,a) (logx+1 b
/(... . 9
y(x:g,a) = — 2 ( log? x +xb+1’

when x is not a prime in the arithmetic progression a (mod g).

Therefore, we may look for extrema of y(x;q,a) by examining the sign changes in
y'(x;q,a). It is possible that y'(x;q,a) changes sign around a prime in the arithmetic pro-
gression a (mod ¢). Between primes, we may examine the behavior of y'(x;q,a) by in-
specting

X
— T ) (logx+1)+bx'""lo 2x:O, (5.12)
<<p(q) >( ex+l) &

where T is fixed, since on any interval [Py, Py 1), 8(x;¢,a) is fixed. Observe that the left-
hand of (5.12) side has at best one root in [1,0) and in fact this root lies in [1,@(q)T].
This is true because the expression in (5.12) represents a continuous function that can only
be negative while (ﬁ — T) is negative. Hence, on the fixed interval [py, P, ), the left-
hand side of (5.12) is x%log? (x)y’(x), revealing that y'(x) has at most one root between
consecutive primes in the given arithmetic progression. Hence, the sign changes of y' are
“well-spaced” in the sense that they do not accumulate to a limit point. Additionally, on
the sequences corresponding to Corollary 5.5, y’ must eventually be both negative and pos-
itive (corresponding to the Q. and the Q_ results, respectively). Therefore, denoting the
sequence of sign changes of y by {x;}, we conclude that {x;} is an increasing sequence
which tends to infinity.

Now, if we were to suppose that y(x) = K(x;q,a) —x~°

is negative or zero for all lo-
cal extrema occurring on an interval of the form [x’,c0), then we naturally must have that

K(x;q,a) —x~? <0 for all x > ¥, but we know by Theorem 5.3 that K (x;¢,a) = Q (x )
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5.3. OMEGA THEOREMS FOR logf

where 1 — O < b = # < b. This implies that there are arbitrarily large x for which

ex < K(x;q,a) < x7?,

but this is false since —b’ < b. We have a contradiction, and hence y(x) = K (x;¢,a) —x "
must be positive on an infinite subsequence of {x;}, say {x;;} = {t;}. That is, we have
K(tiq,a) > 1,7, (5.13)

Observe that for a point x; at which y’ changes sign, x; will also be a sign change of the

expression

/ 2 2
3q,a)x”1
Y (xg,a)x"log x:S(x;q,a)—
logx+1

bx'~?log’x
logx+1

If x; is not a prime congruent to @ modulo ¢, then x; € (P, pr.q) for some k € N. In this
instance,
X; bxl-I*b log2 X

=0 isq, - - :()7
(xi:q,) ¢o(q)  logxi+1

b)cl-1 b log? x;

logx; + 1

S(xi;q,a) —

since the function represented here is continuous around x;. On the other hand, if x; = p,
then

p_ bp'"log’p
¢o(q) logp+1

0(p—1:q,a) — (5.14)

and
p  bp'log’p

9(l‘ﬂ;q,a)—(p(q)— ogp il (5.15)

The difference between (5.15) and (5.14) is logp and we know a sign change occurs at p.

More precisely, (5.14) must be negative, while (5.15) is positive. Accordingly,

bxi1 b log? x;

0,logx;).
IOgXi+1 G[ ) Og’xl)

S(xisq,a) —
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In either case,

0<S(xi;q,a)— i e

which implies
logx; +log®x; + bxl-1 —b log? x;

S(xizq,a) <
(xi3q,a) og;

That is,

S(xi3g,a) = O(x} "logx;)

Hence,

¢ (q)S* (xi39,@) (log (%) +1) O<(logxz) (1°g(4x’)+1)), (5.16)

2(%)?1og (%) log? (1)
Bringing (5.11), (5.13), and (5.16) together on the sequence {¢;} for large enough x, we

have

©(q)S*(ti3q.a)(log (%) +1)

log f(x;q9,a) > K(t;;q,a) —
gf(x:q,a) = K(iisq,a) 2(% 2 log () ;
1

b (logr)*(log () + D)\ ) _ log;
i (1o Mptes ) ) e 140121

(5.17)

Therefore, log f(x;q,a) = Q. (x?).
]

Recalling the discussions in Section 4.1 and at the beginning of this chapter, we may
restate the above theorem as follows. Supposing Conjecture 3.17 is false, we have that
© > 7. In this case, if .£(s; ¢, a) has no singularities on the segment (0, 1), then log f(x; ¢, a)

is both greater than and less than O infinitely often. More plainly, under these conditions
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there are infinitely many primorials in S, , for which

n 1
— >

@ (n)(log(p(g)logn)) *@ C(ga)

holds and also infinitely many primorials in S, , for which

n 1
<

() (log((q)logn)) 7@~ C(@:9)

As with the end of Chapter 4, we have by Theorems 3.18 and 3.19 that there are no
singularities of .Z(s;q,a) on the segment (0,1) when g < 400,000. We may therefore

conclude the following.

Theorem 5.7. Let g < 400,000 and a be coprime natural numbers. If Conjecture 3.17 is

false, then there are infinitely many primorials Ny in Sq,a for which

N 1
k S

o (V) (log(o(q)logNy)) o C(:4)

holds and also infinitely many primorials Ny, in Sq,a for which this inequality does not hold.
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Chapter 6

Upper Bounds for log f(x;q,a)

Thus the hair-splitters can render us a double service,
first by teaching us to do as they do if necessary,

but more especially, by enabling us as often as possible
not to do as they do,

and yet make no sacrifice of exactness.

— H. Poincaré

In Chapter 4, we saw that, with no reference to Conjecture 3.17, there are infinitely
many k € N for which Af 4(k) is true. Chapter 5, in contrast, showed that if Conjecture
3.17 is false and Z(s;q,a) had no singularities on the segment (0, 1), then there were
infinitely many k € N for which A (k) is false. This generalizes part of Theorem 2(b) of
Nicolas [17], in which it was shown that the assumption of the falsehood of the Riemann
hypothesis led to two infinite sets of primorials; those which satisfied (2.2) and those which
did not satisfy (2.2). In this chapter, we establish a generalization of Theorem 2(a). More

precisely, the goal is to show that if we assume Conjecture 3.17 is true, then

n 1
>

©(n)log(p(q)log(n)) @ C(2,4)

for all but finitely many primorials n in S, 4.

The method of attack will be as follows. First, we recall Corollary 4.8, which allows us
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to establish the upper bound

log f(x;q,a) < J(x;q,a) —cF1(x)+ (6.1)

2(x—1)

for large enough x and a positive constant c. Based upon estimates of Theorem 4.11,
—cF1(x)+ ﬁ is negative for large enough x. It remains only to establish that, un-
der the assumption that Conjecture 3.17 is true, J(x;q,a) is small enough when x is large so

that the upper bound in (6.1) becomes negative.

6.1 J(x;q,a) as an Expression of Zeroes of L-functions

Towards an estimate of J(x;q,a) under Conjecture 3.17, we would like to determine a
new expression for J(x; g,a) in terms of the zeroes of L-functions corresponding to Dirichlet

characters modulo g. In order for this to occur, we need to recall the explicit formula.

Theorem 6.1 ([12, Lemma 3.1]). For a Dirichlet character X modulo q, write

Z(x)={p=B+ivyeC; L(p,x) =0, p >0and p # 0},

Let o be 1 if X is odd and 0 otherwise, b(x), c(X) be the constant terms in the Laurent
expansion of % (s,X) about 0 and -1, respectively, and my(X) be the multiplicity of the zero

of L(s,x) at 0. Then, for x > 1, we have

prrl

vezi PO+1)

x—Zn—H—OL

“9(g) be_((“) L 2n(2n—1+20)
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(pQ) x odd
LY 2@5 (10 +—— ¥ x(@)(ct0+1)
(P(Q) X evenX L X (P(Q) X oddX X

The explicit formula allows us to establish a new expression for J(x;q,a).

Lemma 6.2. Let g and a be coprime integers. Suppose that Conjecture 3.17 is true. Then,

for x> 1, we have

1 _
J(x’ q,Cl) = _m ;X(d) . Z

where

with

and

Proof. Since we are assuming Conjecture 3.17, recall that for any zero p in Uy Z(x) whose

real part is neither O nor %, we have that

Y X(a)my(x) =0. (6.2)
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This assumption allows us to prove that

t
X pEZ(X) p(p+1)

is integrable on (x,o0) for any x > 1. In anticipation of an application of the Dominated

Convergence Theorem, for n > 1, consider the sequence of functions

tp+l

p(p+1)

f(t) =Y. X(a) Y )g’(t)

X PEZ(X
IS (p)[<n

We see that, for all t € (x,o0),

fim i) = X0 T #0505

Moreover,

@) =g )Y X )
X pGZ(X) p(p+1)
IS(p)|<n
C0l Y| ¥ A I PO o
<1g)]-])X(a +3 X(a :
X pPEZ(X) p(p+1) peZ(X) p(p+1) X PEZ(X) p(p+1)
R(p)=1/2 R(p)=0 R(p)7#0,1/2
1S(p)|<n IS(p)|<n IS(p)|<n

where, since zeroes are counted with multiplicity, the final sum becomes

Z Z)O_((Cﬂmp (X)tp+1 _

oelzyy  Ple+1D)

R(p)40,1/2
S(p)<n

0,
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by way of (6.2). We now have

+1 —
3 ZX) lp(p+ 1)
Removing the restriction on 3(p) yields

1 1

L) <1g'@)] | 2 s et |,

)] <1 ; peg’ lp(p+1)] §pe§(x)|p<p+1>|
R(p)= 1/2 R(p)=0

where this upper bound is integrable on (x, o) for x > 1, since

o) — 1(2+ 3, 2)
=75 Ulogr log?t  log’t)’

Hence, the dominated convergence theorem allows us to note that

tp+1

t
X pEZ(x) p(p+1)

g
=
&
g
oQ

is integrable, i.e.,

[ Ix@ ¥ €0 <
X PEZ(X)
Dividing the previous integral by ¢(g), it follows that

= 1 = / <, L

pPEZ(X)
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In Theorem 6.1 let g(x;q,a) represent the expression

§lxig.a) == @ L@ il 2n(;;21+1:a2a)
i (@ (o)) - b(x)))
~ xlogx @;xwmo(x)) +logx <$X§d>‘<(a)>
N (@Xgen’_‘@%( 1)+ @Xoddﬂa)(c(x) + 1)) (64

Then by isolating the sums over zeroes in Theorem 6.1, we have

xp-H

oczi P(P+1)

1w X o (e
W;X(G) = 0@ —/] V(t;q,a)dt + g(x; q,a). (6.5)

Now consider the left-hand of (6.3). By (6.5), we have

t2

/x“g%r)(#;w) y o ae [ 40 (5o [ a0y dr+iaa) a

2

Integrating by parts with v = g(¢) and u = 0@ [1b(r;q,a)dr+ §(t; q,a) yields

UAYERER
/xg(t)<(p(q);x( )peg(x) p(p+l)>dt

Zg(t)( . —/ltll)(r;q,a)erré(t;q,a))

[

X

Upon evaluating the endpoints in the first term, while simultaneously extracting the integral
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6.1. J AS AN EXPRESSION OF ZEROES OF L-FUNCTIONS

over g(1)g'(t;q,a) from the second term, we have

I , 1 B lp-i—l
/x g(”<w§x<“) 3 )p(p+1)>dt

PEZ(X
)
= lim t
1—yoo {g( ) (2@(61)

_/ltlp(r;q,a)dr-f—(é(f;q,a))}

+8(x) ( [ Wq.0) - gxig.a) - %ﬁq))

+ / “e(0) (w(t;q,a) — @) dr — / 408 (5 g.0)d (6.6)

The bracketed expression

2 t
t
—— — | P(r;q,a)dr+ g(t; ,a) (6.7)
(2@(41) /1 (riq,a)dr+8(t:q,a)
in the limit above is simply —r ZX)(( ) Yoez(x) of Sjrll by (6.5) and every p in Uy Z(x) has

real part less than 1. Hence, (6.7) iso (t ) Recalling that

_logr+1 1 logr+1
2log’t 12

log?t ’

we observe that in (6.6) the limit vanishes. As we know that

J(x;q,a / R(t;q,a / g(1) <1|)(t;q,a) —@) de,

we have determined

S| _ ,
/ W§X<“>pe§(x)g(’)—p<p+1>d’
2

=g(x) (/lxtl)(t;q,a) dt — g(x;q,a) — %@) +J(x:q,a) — J(x:q,a), (6.8)

where J(x:q,a) = [{"g(t)§ (x:q,a)dr.

Now we consider the right-hand side of (6.3). Here, we integrate [;"g'(¢)= o

(erl)dt by
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Pt

parts with v = g(¢) and u = p(p+1) to obtain
——VY'X(a / g (1) ———dt
s 2X( L | ¢0557m9)

+1
=ﬁ;>_<(a) <p€§x)( pfl / X )>

Distributing both sums, we see that

1 gt =g(t)P
s (2 5 )

PEZ(X)
s (o Yx@ Y )Y@ ¥ L e
N @ &N e 0o+ ) ) T e@ Y & e ST

Using (6.5) and recalling that Fj,(x) = ["g(¢)t° dt, we can write

1 _ Zp+1
ol 2X 53/ i)

2

x) (/1 xtb(t;q,a)dt—ﬁ(x;q,a)—zg(q))— @zq);i(a) Y Fpéx). (6.9)

PEZ(X)

p

Taking (6.3), (6.8), and (6.9) in tandem (and isolating J(x; g, a)), we arrive at the identity

J(x;q,a —%ZX‘, y 2™ | fg.a). (6.10)

pEZ(X) P

]

6.2 Estimates for J(x;q,a)

The identity (6.10) for J(x;¢,a) established in Lemma 6.2 allows us to estimate the size

of J(x;¢q,a), conditional upon Conjecture 3.17. Consider, in the aforementioned identity,

the expression
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Fo(x)
.

1 _
—q)lex(a) Y (6.11)

pEZ(x)
We know that Z(x) will contain zeroes p satisfying R(p) = 0 if and only if x is an
imprimitive character, since these will be the zeroes arising from the deleted factors in the

Euler product of L(s,X). Separating these zeroes from the others in (6.11), we obtain

L) ¥ e
X

( e
1 —Fp(x)
z—) + Z X(a) Y —2=1, (6.12)
peZ X imp. PEZ(X) P
R(p)=0

where X' is the character which induces x. Conjecture 3.17 implies for zeroes with real part

neither 0 nor 1/2 in the above sums,

Z)_((a)mp (X) = 07

X

where m,(x) is the multiplicity of p as a zero of L(s,x). Therefore

—Fp(x). (6.13)

=Y X Y

X pezix) X cz(x) P
R(p)=1/2

Our goal moving forward will be to individually bound the two sums over x in (6.11) and
bound J(x;¢,a) in order to provide an overall bound for J(x;¢q,a) via (6.10).

By Lemma 4.9, we can write

_ _ W (6.14)
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6.2. ESTIMATES FOR J

where, if R(p) = 1/2 and x > ¢,

p

1 2
< 1+ —
n ‘P(l —p)? (ﬁlogZx) ( lp— 1|10gx>
3

< =
lp(p—1)|v/xlog”x

ro(x)
Y

(6.15)

Here we applied the representation p = |p|e’® to obtain

i0 )
' p ‘_ |p|e :|e219|:1

1—p| ||ple—™®

and |p— 1| = 1/1/4+3(p)2 > 1/2, implying, for x > ¢?

2
14— 1 <3
( +|p—1|logx) =

Applying (6.14) to the first sum over X on the right of (6.12), we have

Z)—da) Z _Fp(x)
X

peZ(X) o
R(p)=1/2

. $500) ro(x)

N §x(a) Y

(6.16)

Now, we have

I e e M M e e L30)
a = , (6.

Vxlogx & oeZ) p(1—p)| ~ /xlogx N lp(1=p)|]  xlogx
R(p)=1/2 R(p)=1/2

where ¥, is

Note that ¥ is positive because R(p) = 1/2 implies p(1— p) > 0. Furthermore, for x > €2,
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6.2. ESTIMATES FOR J

(6.15) implies

3 3
p(1—p)yxlog’x  /xlog’x

7, (6.18)

In summary, for x > e? by (6.14), (6.17), and (6.18) we have

_ Fo(x) 1 _ X3 ) - rp(x)
Y x(a) Y Pl < Y x(a) Y +1Y x@@) Y
X oczy) P valogx oeze) PA=P) IR oczi) P
R(p)=1/2 R(p)=1/2 R(p)=1/2
iz 7, (1) %

+ —
~ Vxlogx  \/xlog®x Vxlogx
(6.19)

We now turn our attention to the sum over imprimitive ¥ in (6.12). Mirroring the method
by which (6.15) was obtained, we may apply Lemma 4.9 for zeroes with R(p) = 0 and

x> e yielding

Fo) ! ro() (6.20)
p p(p—1llogx p ’ '
with
rol(x X 2x
o (%) < ‘ P . ( _ . )
P p(1—=p)2 [\ |(1—p)|log’x  |p—1]2log’x
P 1 2 )
< I+ —
B ’p(l—p)z <|1—p]xlog2x> ( lp—1|logx
2 6.21)
" lp(1—p)lxlog’x’ '
Here we applied
‘ P ‘ _ 1300
I=pl 3(p)2+17
and |p— 1| = /1+3(p)? > 1. Applying (6.20) to the sum over imprimitive characters in
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6.2. ESTIMATES FOR J

(6.12), we obtain

_ —F,(x
Z X(a) Z p( )
X imp. oez() P
R(p)=0
iS(p) (x)
X o\ X
Y xa Y —+——-Y xa Y - 6.22)
XIOgXXImp PEZ(X) p(1-p) X imp. ocz(x) P
R(p)=0 R(p)=0
Taking absolute values in (6.22) we obtain
_ —F,(x
Y x@) Y ~Folx)
X imp. ocz(x) P
R(p)=0
—L Y %@ ¥ AYx@ ¥ P 623
~ |xlogx X imp. PEZ(X) p( —p) X imp. ez(x) P
R(p)=0 R(p)=0
Therefore,
_ —F,(x)
Y (@) Y, —|w )3 Z oot ) Z
X imp. pPEZ(X) P XIngxlmp pPEZ(X X imp. pe Z(x
R(p)=0 EK(p):O E’?(9)20
Applying (6.21) in the last sum of (6.23), we establish for x > ¢?
_ —Iy(x
Z X(a) Z ﬁ
X imp. ez(x) P
R(p)=0
c<—— Y ¥ HL L o
xlogx, o o2 |p( -0l . oez(y) |P(1—p)lxlog”x
R(p)=0 R(p)=0
2
6, . 26, _(1+k)G
< 1 — (6.25)
xlogx  xlog”x xlogx
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6.2. ESTIMATES FOR J

where we let

Recalling (6.12) and bringing (6.19) and (6.25) together, we deduce the inequality

3 2
1 <1+@),’fq+<l+@>g¢]

6.26
¢(q) | Vxlogx xlogx (6:20)

Referring to (6.10), in order to bound J(x;q,a), we now need to consider J(x;q,a).

Recall from Lemma 6.2 that

R oo o0 —1
J(x:g.a) = / ¢(0)8 (1:q,a)dr = / g’(r;q,am( ) 627)

tlogt

with

_logx+1 d [/ —1
© xX2log?x  dr \tlogt

and §'(t;q,a) is given by

) 1 <>°—2nl <>°—
g @(q[zx i L x@E s X, R ]

x odd n= X even x odd

1 _
@ l;x(a )+ ZX x) log t] (6.28)

In order to bound J(x;¢,a), we aim to bound §'(¢;¢,a) in absolute value. Starting with the

sums over characters with specific parity, if we write

Y X(a) ifkisodd,
v(kig,a) = { X4
Z X(a) if kiseven,

X even
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6.2. ESTIMATES FOR J

then we may observe that the sums over odd characters in (6.28) index all of the terms
corresponding to odd & in

(o)

Z v(k;q,a)t=*
k=1 k

Likewise, the sum over even characters indexes all of the terms corresponding to even k, so
that we obtain

o0 72n1

X even

> v(k;q,a)t™k
= Z M, (6.29)
= x odd k=1 k

Since there are # even and odd characters respectively, |v(x;g,a)| < ()

232 and therefore,
fortr > 1,

i v(k;g,a)t=*
k=1 k

Observe that —log(1 —

o)t 9l 1
<= ,;7——71%(1—;)'

%) is always positive and decreasing on (1,o0), and therefore for
t> et

X even

x odd
1 1 1 1

—— )<= —-— )<
2log<1 t)‘ 2log(l ) 0.01.

o(q) Lodd)_((a)nzl 2n+1 * Z X ; ]

(6.30)

(6.31)
X

where B, is a constant independent of ¢. Finally we consider from (6.28) the expression

- ZX )?(a)mo

(x)logt. In absolute value, we have

Y X(a)mo(x)logt

X

<logr Y mo(x) = Mylogt, (6.32)
X
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6.2. ESTIMATES FOR J

where M, def Y., mo(X) is also independent of 7. Returning to (6.28), we can take the abso-
lute value and apply (6.30), (6.31), and (6.32) to determine

A 1 P Fz >
gnga)l< | Y x@ Y 5 + L X(a Z
¢ CI) x odd n=1 X even n=1 x odd
1
+—— ) X(a)b( X(a X)logt
¢(q) ; Z
B logt
<0014 -2 +Mq og!. (6.33)
o(q)  ¢(q)

for t > ¢*. With this bound in place, we may now turn our attention to estimating J’ (x;q,a)

Suppose x > ¢*. Then we have, by (6.33),

- ~1 © ~1
/ g(uq,a)d(ﬂogt)\s/x #a.ald (o)
o B, -1 * M, logt < -1 )

S/x ( @(q))d(tlogt)+/x olg) \ilogr)

The first integral in (6.34) is equal to

B,
- 3 _ 0.01 + 2
/ 0.01+-21 ) qf =L = ola) (6.35)
X ®(q) tlogt xlogx

For the second integral in (6.34), integration by parts with u = log¢ and v = @ provides

> M, logt -1\ M [1 /°° 1
/x ola) “\ilogr) = olg) |x T /i iogt®

< My lJr 1 / midt

~ o(q) [x  logx /)y

_ M + My . (6.36)
o(g)x  @(g)xlogx

J(x:q,a)| =

Combining (6.34) with (6.35) and (6.36), we obtain

- 0.019(q)+B,+M; M,
xg,0)] < @ (g)xlogx @(g)x (3
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The discussion of this section may now be summarized as follows.

Proposition 6.3. Let g and a be coprime natural numbers. If Conjecture 3.17 holds, then,

for x > €*, we have

S < 1 (1+@)fq+ (1+@) gq+o.o1<p(q)+qsq+m{q+%
D) = o(q) Vxlogx xlogx x

(6.38)

Proof. The proof follows upon taking the absolute value of (6.10) and then applying (6.26)

and (6.37) to their respective terms. [

6.3 Negativity of log f(x;q,a)

Now that we have established upper bounds for J(x;q,a), recall Proposition 4.7 and

Corollary 4.8, from which we determine, for fixed € € (0, ﬁ) and x large, that

logf(X;Q7a) S‘](X;Q7a) _CFL(X>+

1 =)’ (6.39)

where m = Ind,(a) (see Definition 4.3) and c is the positive constant given by

where, writing g = 2%p{" ... p%,

%, 1 (m,o(p) ifa<l,
a =
(m,2) (m,2* ) TI=; (m, @(p{")) otherwise.
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Applying Proposition 6.3 in (6.39), we have, for 0 < € < ﬁ fixed,

1 <l+%€),¢q <1+@> Qq+0.01(p(q)—l—$q—|—9\/[q+%

1 iq,a) <
og flx.q,0) ¢(q) Vvxlogx xlogx X

(6.40)

Remembering that our goal here is to show that log f(x;g,a) is negative for large enough

x, we observe that the only source of negativity in (6.40) is —cFi (x), and that the highest

m

order term in the upper bound is

_F
¢(q)v/xlogx
Recall that Corollary 4.10 establishes
1
Fi(x)> —n (6.41)
" mx m logx
Ifm=2,
1 3
mE (6.42)

mx"n logx - 2y/xlogx

and thus our negative term is of the same order as the main positive term in (6.40). However,

itm>2,
m—+1 ( 1 )
e e
mx logx Vxlogx
m—1
since /x < x m , and therefore the negative term in (6.40) will fail to negate the highest

order term as x tends to infinity. When this happens, the methods of this chapter fail to
prove the negativity of log f(x;q,a). Therefore, in order to proceed we must choose ¢ and

a for which m = 2. (Note that @ = 1 will satisfy this condition for every ¢, since 12 = 1
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(mod g)). In this setting, we are concerned with the difference

L—C 1(X
¢ (q)y/xlogx P

By employing (6.41) we have

1
5, 7, 3 (g —e) R
¢(gq)/xlogx CF%(X)S@(q)ﬁlogx 2 axlogx 04

Since € may be taken to be arbitrarily small by choosing x large, the upper bound of (6.43)
can be made negative provided

3
Fq < 5%’“‘ (6.44)

In summary, when Ind, (a) =2, we have by (6.40) and (6.43) that

1
% 3 (5l 8) %ea 11
log flxia,4) = iy Fitogx T2 yilogx *O@’

implying that for x large enough, if (6.44) holds, log f(x;g,a) will be negative. Thus, the

following has been proven.

Theorem 6.4. Fix g and choose a for which Ind,(a) = 2. If Conjecture 3.17 holds, then

there are at most finitely many primorials n in Sy 4 for which

is satisfied, as long as

Jq
Roa ~

We may combine Theorem 6.4 with Theorem 5.7 to recover an equivalence analogous

| W

to Theorem 2.10.



6.4. EXAMPLES WITH SMALL MODULUS

Theorem 6.5. Fix g and choose a for which Ind,(a) =2 (i.e., a is a square modulo q). If

q
Ry.a

< 3
2 )
and £ (s;q,a) has no singularities on the segment (0, 1), then the following are equivalent:

(i) Conjecture 3.17 is true.

(ii) There are at most finitely many primorials in Sy 4 for which

n 1
<

o (n)(log(p(q)logn))#@ ~ C(@:a)

6.4 Examples with Small Modulus

It is prudent to verify that the conditions of Theorem 6.5 hold for a variety of choices
of coprime ¢ and a. Regarding the singularities of £ (s;¢q,a), recall that in Section 3.3 two
results of Platt [19], Theorems 3.18 and 3.19, allow us to conclude that for L-functions of
primitive Dirichlet characters whose modulus ¢ is less than 400,000, there are no zeroes on

the segment (0, 1). Since the singularities of

_ U
g(S;qva) = Z X(a)z<S7X)
X (mod g)

arise directly from the zeroes of L(s,x) where X is a character modulo ¢, we may conclude
that for ¢ < 400,000, .Z(s;¢,a) has no singularities on the segment (0, 1).

Therefore, for g < 400,000 and a coprime to ¢ such that Indq(a) = 2, we only need to

verify
7y 3
Rpa 2
Recalling that
1
Fq= Z Z ’
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we can observe that, under GRH,,

Fo=Y. F(X), (6.45)
X

where

pezt) P —P)
In particular, when a = 1, Conjecture 3.17 is equivalent to GRH, and therefore we may

employ the results of Corollary 10.18 of [14] in order to determine that

y e om(E(1,0)) = C— (1 — o)2Tog2. (6.46)
pEZ(X') p(1—p) T L
Recall that ¥’ is the primitive character which induces x, C is the Euler-Mascheroni con-
stant, and o is 1 if ' is odd and O otherwise. Throughout this section, the matter of com-
puting ¥ (x) via (6.46) has been left to the Python package MPMATH [6], in particular for
the computation of the logarithmic derivative

L ——
—(1,%).
L( JX)

We begin with a simple example.

Example 6.6. Let g = 1. Corollary 10.14 of [14] establishes

1
=y — =2 —1 —2log2 ~0.04619 < 1.5 6.47
F gp(l—p) +C—logn—2log < 1.5, (6.47)

where the sum is over the non-trivial zeroes of {(s). Observe in this context that Conjecture
3.17 is simply Conjecture 2.8, the Riemann Hypothesis. Moreover, the primorials in Sy
are simply the primorials. Since @(1) = 1, this example applied to Theorem 6.5 recovers

Theorem 2.10.
Example 6.7. Let g =2 and a = 1. The only character modulo 2 is imprimitive and induced
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6.4. EXAMPLES WITH SMALL MODULUS

by 1. Therefore,
Fo=F1=2+C—logn—2log2 ~ 0.04619.

Since a = 1, Conjecture 3.17 is equivalent to GRH; and the above computation verifies that

these are equivalent to there being at most finitely many primorials 7 in S5 | for which

n e
— < —.
¢@(n)loglogn = 2

For larger g, we keep (6.47) in mind, since the principal character modulo g will always

be induced by the trivial character, and therefore

1
p(1—p)

)y

PEZ(Xy)

=24C—logm—2log2 ~ 0.04619

for any g. When a = 1, Conjecture 3.17 is equivalent to GRH,, and therefore may appeal to

(6.46) to determine ¥, for several g.

Example 6.8. The values of ¥, for several values of g, computed under GRH,, are sum-

marized in Table 6.1. In every case, 1 is a square modulo ¢ and by Corollary 4.5

2001 if2lg,

Rg1=19299  if24gor4|q =2

20+ if 8|g,

\

Therefore, by Theorem 6.5, for g € {3,4,5,6,8,10,12}, GRH, is true if and only if there

are at most finitely many primorials 7 in S, for which

n 1
— <

o(n)(log((q)logn)) v C(@1)

Some values associated with Table 6.1 via (6.46) may be found in Tables 6.2 through

6.7 at the end of this section. For consistency, the numbering of the Dirichlet characters
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Table 6.1: ¥, for some small values of g

F e %

0.15942 | 8  0.75326
0.20176 | 10 0.60919
0.60919 | 12 0.64516
0.15942

AN L B W

follows that of [11].
Example 6.8 is predicated on the fact that Conjecture 3.17 is GRH; whena = 1. If a
is not 1, the direct assumption of GRH, implies that (6.45) holds, so that the computations

for #, hold for a other than 1, although we lose the equivalence found in Theorem 6.5.

Example 6.9. Assume GRH,. For g € {2,3,4,5,6,8,10,12}, observe in Table 6.1 that
¥4 < 1.5. Pick a for which Ind,(a) = 2. Then, by Theorem 6.4, there are at most finitely

many primorials in S, , for which

n < 1
C(q,a)

o (n)(1og p(g)logn) 79

One may ask if we can use the results of Theorem 6.4 and Theorem 6.5 to obtain similar
results for arbitrarily large g. We provide some evidence that this will not be the case.

Consider the following result, due to Ihara-Murty-Shimura.

Theorem 6.10 ([4, Theorem 3]). Under GRH,

L/
~(1,x)| < (240(1))logl
max 7 ,x)’_( +o(1))loglogg,

where X is the set of non-principal, primitive Dirichlet characters modulo q.

If p is a prime, then ‘Xp| = p — 2. From the above theorem and (6.46), we therefore
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conclude that

1 p
Fo=L X g = @@)log  +0(e(p)loglogp)
X pez(x) P P
as p — co. On the other hand, for a coprime to p for which Ind,(a) = 2, Corollary 4.5

established that &, , = 2. Therefore, under GRH, the ratio

Ip
Rp.a

has order of magnitude @log p and will eventually exceed % for large enough p. It

appears that a similar behavior holds for composite ¢, though more care is required in

handling the contributions of imprimitive characters.

6.5 Tables of Computations

Here we include values related to (6.46) towards the computation of #,. The numbering
of the characters follows [11]. Note that x,(1, ) is always induced by 1 and therefore (6.47)

applies for those characters.

Table 6.2: Values relevant to the computation of 73.

X o REOQR)  FK

x3(1,) [0 ——— ] 0.0461914

x3(2,-) | 1 ] 0.3682816 | 0.1132300

F3 0.1594214
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Table 6.3: Values relevant to the computation of #4.

X

a R(E1X)

F(x)

X4(17')

0 -

0.0461914

X4(37')

1 | 0.2456096

0.1555680

Fa

0.2017594

Table 6.4: Values relevant to the computation of ¥s.

x o REQR) FK
xs(1,-) | 0| ——— | 0.0461914
x5(2,-) | 1| 0.1578645 | 0.2032214
x5(3,-) | 1 | 0.1578645 | 0.2032214
X5(4,-) | 0 | 0.8276795 | 0.1565570

Fs 0.6091912

Table 6.5: Values relevant to the computation of ¥.

X

a RE1X)

F(x)

X6(17')

0 -

0.0461914

X6(57')

1 | 0.3682816

0.1132300

Fe

0.1594214
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Table 6.6: Values relevant to the computation of #g.

X

o

RE(1,%))

F(x)

XS(lv')

0

0.0461914

X8(37')

1

-0.0207114

0.3160731

X8(57')

0.6321150

0.2354316

X8(77')

0.2456096

0.1555680

73 0.7532641

Table 6.7: Values relevant to the computation of ¥i¢.

x o RELX)  FK
x10(1,)) | 0| ——— | 0.0461914
x10(3,-) | 1 | 0.1578645 | 0.2032214
x10(7,-) | 1 | 0.1578645 | 0.2032214
x10(9,-) | 0 | 0.8276795 | 0.1565570

Fio 0.6091912

Table 6.8: Values relevant to the computation of ¥i,.

x o RELY)  FK
x12(1,-) |0 | —— ]0.0461914
x12(5,-) | 1 |0.3682816 | 0.1132300
x12(7,-) | 102456096 | 0.1555680
x12(11,-) | 0 | 0.4767499 | 0.3301666

Fi2 0.6451560
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Chapter 7

Conclusion

Just because some of us can read and write and do a little math,
that doesn’t mean we deserve to conquer the Universe.

— Kurt Vonnegut

Recall that we established at the inception of this thesis that our goal was to generalize
the results found in [17], as recounted in Chapter 2. The first step in this direction was to

generalize Theorem 2.3. This occurred in Chapter 3.

Theorem (Theorem 3.8). Let g,a € N be coprime. Then

n 1
limsu = )
wes, ) @(n)(log(@(q)logn)) /9@ — C(g,a)

where C(q,a) is defined in Theorem 3.5.
This led us to ask questions akin to Question 1.

Question (Question 2). Let g,a € N be coprime and consider the inequality

n S 1
C(g,a)

1 (7.1)
@ (n)(log @(q)logn) *@

Are there infinitely many n € S, , for which (7.1) is satisfied?

In answering this question, we wished to generalize the following equivalence derived

from the work of Nicolas [17].
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Theorem (Theorem 2.10). The Riemann Hypothesis is true if and only if there are only

finitely many primorials Ny for which

<e
@ (Ny)loglog Ny

The degree to which we were able to achieve these goals depended, in part, on the
choice of a. We distinguish three cases: a = 1, a is a square modulo ¢ but not 1, and a is

not a square modulo q.

7.1 Primes Congruent to 1 Modulo ¢

An answer to Question 2 was first determined in Chapter 4.

Theorem (Theorem 4.14). Let g < 400,000 and a be coprime natural numbers. If £ (s;q,a)
has a singularity p for which 0 < R(p) < 1, then there are infinitely many primorials n in

Sq.a for which

n 1
— >

@(n)(log((q)logn))o@  C(4:@)

Here, we see that, when a = 1, we may do away with the condition that .Z(s;¢,a) has

a singularity for which 0 < R(p) < 1, since

Lsg)= ¥ 76X

X (mod gq)

must have such a singularity arising from the first zero of L(s,x) for any character x modulo
g (or simply the first zero of {(s)).

However, a conceit of this thesis was that we wished extend this answer to bridge the
worlds of the analytic and the arithmetic in a way analogous to Theorem 2.10. One step

toward this goal was the following result of Chapter 5.

Theorem (Theorem 5.7). Let g < 400,000 and a be coprime natural numbers. If Conjec-
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7.1. PRIMES CONGRUENT TO 1 MODULO ¢

ture 3.17 is false, then there are infinitely many primorials n in S, 4 for which

n 1
— >

@ (n)(log(p(g)logn)) *@ C(ga)

holds and also infinitely many primorials n in Sy , for which this inequality does not hold.

Chapter 6 verified the other half of the equivalence required for an analogue of Theorem

2.10.

Theorem (Theorem 6.4). Fix q and choose a for which Ind,(a) = 2. If Conjecture 3.17

holds, then there are at most finitely many primorials n in S, , for which

is satisfied, as long as
Fq <
Rg.a

For a = 1, we have observed that GRH, is equivalent to Conjecture 3.17, and therefore

| W

may stand in for Conjecture 3.17 in Theorem 5.7 and Theorem 6.4. The examples of Chap-
ter 6, as supplemented by Theorem 6.5 verify that the goal of generalizing Theorem 2.10

has been achieved for small ¢, where here “small” means that

Exactly, Example 6.8 establishes the following.

Theorem 7.1. For q € {2,3,4,5,6,8,10,12}, GRH,, is true if and only if there are at most

nitely many primorials n in S, | for which
g,

n 1

o(n)(logp(q)logn)va ~ C(@1)
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7.2. PRIMES CONGRUENT TO SQUARES OTHER THAN 1

As observed in Chapter 6, we expect the ratio

Iq
Ry.a

to eventually exceed 3/2 when ¢ is large. However, the computations conducted in Section
6.4 have not been extensive enough to expose this behavior. One may be interested in
performing more computational work in order to extend the ranges (for ¢) of Theorem
7.1. There are two approaches we may consider here. Firstly, we may simply extend our
computations of ¥, to larger q. Secondly, we may be interested in sharpening the estimates
made in Chapters 4 and 6, to see if we may improve the condition of Theorem 6.4 so that it
holds for a wider range of g. However, as discussed at the end of Section 6.4, it seemed that
only finitely many ¢q are “small”. Another branch of future work in the case a = 1 would be
to consider the behavior of (7.1) for primorials in S, 1, where g is large, to see if we might

still expect results similar to Theorem 7.1 to hold in this case.

7.2 Primes Congruent to Squares Other Than 1

The mismatch between GRH,, and Conjecture 3.17 limited the equivalences of Theorem
7.1 to the case where a = 1. When a is a square other than 1 modulo g, one may observe
in Theorem 4.14 that we cannot be certain that .Z(s;¢,a) has a singularity p for which
0 < R(p) < 1. It seems very unlikely that this is false, since that would mean for any zero

p of some L(s,x), we have

) X(a)my(x) =0.

X

Theorem 5.7, conversely, never required the assumption regarding singularities of £ (s;q, a).
Therefore the only distinction between a = 1 and other squares here is that we assume the
falsehood of Conjecture 3.17, instead of the falsehood of GRH,. When a is a square modulo

q, we may still obtain versions of Theorem 2.10 by way of Theorems 5.7 and 6.4. However,
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in this context

1
F = -
1 ; pE§X/) p(l - p)

R(p)=1/2
cannot be computed via (6.46). For future work, we could consider instead estimating 7,
using precomputed lists of zeroes up to some height. Alternatively, we may assume GRH,
and compute ¥, as we did for a = 1. Because GRH, implies Conjecture 3.17, we should
still expect that, when ¢ is small, (7.1) is satisfied for all but finitely many primorials n in
Sq.a- Again, we may examine the behavior of (7.1) on primorials in S , for g large to see if

we might expect (7.1) to be similarly satisfied when ¢ is large.

7.3 Primes Congruent to Non-Squares Modulo ¢

Whether or not a is a square did not factor into the results of Chapters 4 and 5. There-
fore Theorems 4.14 and 5.7 are maintained in the same manner as they were for squares
other than 1. Nevertheless, the methods of Chapter 6 did not reveal anything regarding the
behavior of (7.1) for non-squares a modulo g. In particular, we did not have evidence pred-
icated upon GRH,, that there are only finitely many n in S, , for which (7.1) is not satisfied.
Experimentation may reveal that the behavior of primorials arising from primes congruent

to non-squares differs from that of primorials arising from squares.

7.4 Other Considerations

For certain ¢ and a, the results of Chapter 6 established that, log f(x;¢,a) < 0 for all x
“large enough”. However, this work is not explicit in the sense that we did not provide a ¢y
for which log f(x;¢,a) < 0 for all x > ¢o. We may consider repeating the arguments of this
thesis with explicit constants in order to provide such cy.

This thesis also has given little attention to generalizing Theorem 3(b) of [17], which
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7.4. OTHER CONSIDERATIONS

establishes that if f(x) = e“log0(x) [T,<,(1—1/p), then
liminflog f(x)v/xlogx = logm+2log2 —4 —C

and

limsuplog f(x)v/xlogx < C —logm —2log?2.

We may explore similar limits for the generalized function log f(x;q,a).
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