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Abstract

For any finite group G, a natural question to ask is the order of the smallest possible
automorphism group for a Cayley graph on G. A particular Cayley graph whose auto-
morphism group has this order is referred to as an MRR (Most Rigid Representation), and
its Cayley index is a numerical indicator of this value. Study of GRRs showed that with
the exception of two infinite families and thirteen individual groups, every group admits a
Cayley graph whose MRR is a GRR, so that the Cayley index is 1. The full answer to the
question of finding the smallest possible Cayley index for a Cayley graph on a fixed group
was almost completed in previous work, but the precise answers for some finite groups and
one infinite family of groups were left open. We fill in the remaining gaps to completely
answer this question.

Keywords: Cayley graph, Cayley index, GRR, MRR, automorphisms.
Math. Subj. Class.: 05C25

1 Introduction

All groups and graphs in this paper are finite. All of our graphs are simple, undirected, and
have no loops.

A Cayley graph I' = Cay(G,S) where S C G with S = S~ and 1 ¢ S, is the
graph whose vertices are the elements of G, with (g, gs) € E(I') if and only if g € G and
s € S. We refer to S as the connection set for I'. Let A = Aut(I"). Observe that L, the
left-regular representation of G, lies in A, so |G| divides |A|.
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Definition 1.1. The Cayley index c(I') of the Cayley graph I' = Cay(G, S), is |A : L¢|.
The Cayley index c(G') of the group G is mingc¢; 5—g-1 ¢(Cay(G, S)); that is, the lowest
Cayley index of any Cayley graph on the group G.

Definition 1.2. A Cayley graph I' = Cay(G, S) is a GRR (Graphical Regular Representa-
tion) for G if ¢(I") = 1.

Thus, groups that admit GRRs are precisely the groups whose Cayley index is 1. In
order to completely characterise these groups, we require another definition.

Definition 1.3. Let A be an abelian group of even order, and y an involution in A. Then the
generalised dicyclic group Dic(A, y) is (A, z) where z ¢ A, 22 = gy, and 27 az = a™!
forevery a € A.

Notice that under this definition, the generalised dicyclic group Dic( A, y) will be abelian
if and only if A is an elementary abelian 2-group.

The study of GRRs involved many researchers and papers. Some of the most influential
work along the way appeared in [6, 7, 9]. Watkins [16] observed that there are two infinite
families of graphs that cannot admit GRRs: generalised dicyclic groups, and abelian groups
that are not elementary abelian 2-groups. Imrich [7] resolved the problem for abelian
groups by classilying the elementary abelian 2-groups, finding exactly three that admit
no GRR. Watkins in a series of papers, some with coauthor Nowitz [11, 12, 16, 17, 18],
discovered ten nonabelian groups that admit no GRRs. Hetzel [5] proved that aside from
the two infinite families noted by Watkins, and the thirteen small solvable groups (of order
at most 32) found by Imrich, Nowitz, and Watkins, every solvable group admits a GRR.
Godsil [?] showed that every non-solvable group admits a GRR.

In the case where a group fails to admit a GRR, a natural question to ask is: what is the
Cayley index of the group, and what is a Cayley graph on the group that has that Cayley
index? The following terminology was coined in [10].

Definition 1.4. Let G be a group with ¢(G) > 1, and let I' = Cay(G, S) be a Cayley
graph on G with ¢(I') = ¢(G). Then we say that I' is an MRR (Most Rigid Representation)
for G.

The bulk of this paper is divided into 4 sections. In Section 2, we describe the groups
that do not admit a GRR but do not lie in either of the infinite families of groups that
do not admit a GRR. For each of these groups, we find its Cayley index and an MRR. In
Section 3, we find the Cayley index of every abelian group, and find MRRs for those groups
whose Cayley index is greater than 2. In Section 4, we consider a subfamily of generalised
dicyclic groups (specifically, the hamiltonian 2-groups), and show that the smallest two
of these have Cayley index 16, while the rest have Cayley index 8. Finally, in Section 5,
we find the Cayley index for every generalised dicyclic group that was not included in
Section 4.

Much of the work that we summarise in this paper was done in [10], but the authors
of [10] left some gaps. Our paper fills all of these gaps, thus completing their work. Specifi-
cally, we fill the following gaps. We examine the Cayley indices of the groups that do not lie
in either of the infinite families; we give the Cayley indices for the four abelian groups for
which they did not specify it (although they stated that these had been found by computer);
we find the precise Cayley index for generalised dicyclic groups of order at most 96 (they
bounded almost all of these by 4, but most in fact have Cayley index 2); and we find the
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Cayley indices for all hamiltonian 2-groups (they bounded these by 16, but almost all have
Cayley index 8). Table 1 summarises this work, providing the Cayley index for every finite
group.

For a number of the small individual groups, we found MRRs using Sage [15] and its
GAP package [14]. The Cayley index of any of the graphs we present can be easily checked
via computer, using this or other appropriate software.

Throughout this paper,

Qs = {£1, 44,45, tk:ij =k = —ji,i? = j2 = k? = —1}

is the usual representation of the quaternion group of order 8. We use Ds,, forn > 3 to rep-
resent the dihedral group of order 2n. Four of the exceptional groups listed in Theorem 2.1
we denote by H; for i € {1,2,3,4}; a precise representation of each of these groups is
given in Theorem 2.1.

To represent some of our MRRs, we use cartesian products. For two graphs I'y and I's,
the cartesian product of I'y with I'y is denoted by I'y L1T'5. It is the graph whose vertices
are the elements of V(I';) x V(I'z), with (u1,v1) adjacent to (uz, vo) if and only if either
u; = ug and vy is adjacent to vz in I'y, or v; = wo and u, is adjacent to ug in I';. We
say that a graph I' on more than one vertex is prime with respect to the cartesian product
if ' = I'; T, implies that for some i € {1,2}, I’; = I and I's_; has just one vertex. It
is well-known that every graph has a unique prime factorisation as the cartesian product
of prime graphs. We say that two graphs are relatively prime with respect to the cartesian
product if they have no common factors in their prime lactorisations. We sometimes simply
refer to the graphs as prime or relatively prime.

2 Exceptional groups

We begin by listing the 13 groups that do not admit a GRR but do not lie in either of the
infinite families that do not admit GRRs.

The following theorem is the end result of considerable work by a number of research-
ers. Imrich [7] completed the abelian case (correcting an earlier error by Sabidussi [13]
and Chao [?], who showed that no graph has a transitive abelian automorphism group, but
overlooked the case of elementary abelian 2-groups). The construction given in [7] also has
an error in the case of the elementary abelian 2-group of order 32; it is mentioned in [10]
that this was pointed out and corrected by Alspach, Hell, Hetzel, and Lim, and a GRR for
that group (due to Hetzel) appears in [10]. Watkins, alone and in joint work with Nowitz
[11, 12, 16, 17, 18] found the other ten exceptional groups and proved in [12] that any
nonabelian group whose order is coprime to 6 admits a GRR. Imrich [£] then showed that
every nonabelian group whose order is odd and at least 37 - 5* admits a GRR. Hetzel [5,
Satz 14.38] showed that the exceptions we have mentioned are the only solvable groups that
fail to have GRRs, and Godsil [?] completed the result by showing that every nonsolvable
group has a GRR. We therefore cite Godsil’s work for the final result, but attribute it to all
of the researchers who made major contributions.

Theorem 2.1 (Godsil, Hetzel, Imrich, Nowitz, and Watkins; see [3]). The following are
the only groups that are neither generalised dicyclic nor abelian of exponent greater than
2, vet admit no GRR:

o 72,73, 74;
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e Dg, Dg, Dy where these represent the dihedral groups of orders 6, 8, and 10 (re-
spectively);

e Ay, the alternating group of degree 4;

o Hy:=(a,bc:a%=0b%=c?=1,abc = bca = cab);

o Hy:=(a,b:a® =b® =1,bab = a%);

e Hy:=(a,b,c:a®=b*=c? =1,ab = ba, (ac)?® = (bc)? = 1);

3

e Hy:=(a,b,c:a® = c = 1,ac = ca,bc = cb,b~ab = ac);

o (g X Z3, Qg x Ly, where Qg is the quaternion group of order 8.

The groups listed in the first bullet are abelian, and their Cayley indices are given in
Section 3.

All of the remaining groups have Cayley index 2. Their Cayley index must be at least 2
by Theorem 2.1, since they admit no GRR. This was shown explicitly in [16, Theorem 2]

Table 1: Cayley indices for all finite groups.

Group Cayley index | See
Abelian groups
L, Z%,n > 5 1 [7], 1.2 of [10]
73,74 X L 6 Lemma 2.7 of [10]
7 8 Table 3
72 4 Table 3
Ly x L 8 Table 3
72 8 Lemma 2.4 of [10]
73 12 Table 3
all other abelian groups 2 Theorem 1 of [10]
Hamiltonian 2-groups
Qs 16 Lemma 2.6 of [10]
Qs X Zy 16 Section 4
Qs x Zy,n>2 8 Proposition 4.8
Other generalised dicyclic groups
Dic(Zg, 3) 4 Table 4
Dic(Zs, 4) 4 Table 4
Dic¢(Z10,5) 4 Table 4
Dic¢(Zyg %X Zsa,(0,1)) 4 Table 4
all other generalised dicyclic groups 2 Section 5, and Theorem 2 of [10]
Exceptional groups
Dg, Dg, Dy 7. Section 2 of [10], or Table 2
Ay 2 Table 2
Qg X Z;;, Qg X Z4 2 Table 2
H, of order 16 2 Table 2
H; of order 16 2 Table 2
H3 of order 18 2 Table 2
H, of order 27 2 Table 2
Every group not listed above 1 [3]
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for the dihedral groups in the second bullet. It was shown in [18, Proposition 3.7] for
Ay. For the groups H; and Hj, it was shown in [ 18, Proposition 5.3 and Theorem 2]. The
group Hy was dealt within [1 |, Theorem 2 or Proposition 3.1], and Hy in [12, Theorem 3].
Finally, Qg x Z3 and Qg x Z4 were addressed in [17, Theorem].

To show that the Cayley index of each is precisely 2, we present Table 2. For each
group, we give the connection set for a Cayley graph on that group that has Cayley index
2. The Cayley indices of these graphs can be verified by hand or by computer.

Table 2: MRRs for exceptional groups.

Group G | S such that ¢(Cay(G, $)) = 2
Dy, = (a,b:a® = b" = 1,aba = b1), {a, ab}
n € {3,4,5}

Aq {12351, (12)(34))
H={@bec:a’?=0P=c2=1, {a,b,c, (ab)*'}

abe = bea = cab)
Hy = (a,b:a® =% =1,bab = a°) {o*t. 02, b}
H; =(a,b,c:a® =0 =% =1,ab = ba, {a*1, ¢, ac, be}

(ac)? = (be)? = e)
Hy = {a,b,c:a® = c® = 1,ac = ca,bc = cb, | {a*!,b*!, (a~1b)*, (bab—1)E!}
b~tab = ac)

Qs X Z3={i,j,2:2% =18z = zi,jz = zj) | {Hi, ({2)F, (jz)F'}
Qs X Zy = (i,j,2z: 2% = 1,iz = zi,j2 = zj) | {2FL, i, 47, (i2)*L, (—kz) ¥}

The MRRs listed in the first line of this table were also mentioned in [10].

3 Abelian groups

The Cayley index of every abelian group was determined in [10]]. However, for a small
number of these they stated only that the Cayley index had been found by Hetzel on com-
puter, and cite a private communication. The known results on abelian groups are as fol-
lows.

Theorem 3.1 ([10, Theorem 1, Lemma 2.4, Lemma 2.7]). The only finite abelian groups
with a Cayley index greater than 2 are:

. Zg and 7y X Zsg, for which the Cayley index is 6, with MRR K, [1 Ko [1 K5 (the
cube);

. Z%, for which the Cayley index is 8, with MRR K3 [] K3;

o 73, 7y x 72, and 73; and

. Z}

In the rest of this section, we list the Cayley index for each of the last four groups

together with an MRR for each group. The Cayley indices for these graphs and the fact
that these are the Cayley indices for these groups can be verified by computer.
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If A is an abelian group that we are presenting as being isomorphic to Z;, X -+ X Z;,,
then we let {21,...,2;} be the canonical generating set for this group, so |z;| = ;. We
present the Cayley index and an MRR for each group in Table 3.

Table 3: MRRs for abelian groups not given in [10].

Group | Cayley index ‘ Connection set for an MRR
Zi 8 {21, 22, 23, 24, 2122, 2123, 2224 }
Z4 x 13 8 {zE, 20, 23, (z122) 1, (2123) ¥}
Zi 4 {zitl?zg:l?z%:(zle)il}
z3 12 e v s ) (e ez}

It may seem odd that ¢(Z%) > ¢(Z3). However, Lemma 4.4 does not apply here,
because neither MRR for Zg (Ko Ky UKy and its complement, K4 [1K5), is relatively
prime to K, which is the unique connected MRR for Z.

4 The groups Qs X Z3

In this section we deal with a particular family of generalised dicyclic groups: groups of
the form Qg x Z7 for some nonnegative integer n.

Definition 4.1. A hamiltonian group is a nonabelian group all of whose subgroups are
normal. A hamiltonian 2-group is a hamiltonian group whose order is a power of 2.

It is well-known (see, for example, [4, Theorem 12.5.4]) that the hamiltonian 2-groups
are precisely the groups of the form Qg x Z5 for some nonnegative integer n that we are
considering in this section.

We begin with three important results from [10].

Lemma 4.2 ([10, Lemma 2.6]). The group Qs has Cayley index 16, with Cy [1 K5 as an
MRR.

Lemma 4.3 ([10, Proposition 2.9]). Every group other than 7.2, 7.3, 7.4, 7.4 x Ty, and 7.2
admits a connected MRR that is prime with respect to the cartesian product.

Lemma 4.4 ([10, Lemma 2.8]). Let G| and G2 be groups having connected MRRs that are
relatively prime with respect to the cartesian product. Then ¢(G1 X G2) < ¢(G1)e(Gs).

In fact, if I'y and 'y are connected MRRs for G and G4 (respectively) that are rel-
atively prime with respect to the cartesian product, then ¢(I'; (OT'3) = ¢(G1)c(G5) and
I’y ATy is a Cayley graph on G % G

The following observation is made in [10] and is implicit in their Theorem 2(b), which
states that ¢(Qs x Z%) < 16 for every integer n > 0. It can be deduced from Lemmas 4.2,
4.3, and 4.4, using the fact that ¢(Zs) = 1.

Corollary 4.5. For every group G ¢ {73,723, 74,74 X Za2, 73}, ¢(G X Z3) < ¢(G).

The following result is key to providing a lower bound for the Cayley index of every
group Qg x Z%.
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Proposition 4.6 ([ |, Classification Theorem]). There are 8 permutations i of the elements
of G = Qg x ZY that fix the identity, and have the property that for every g, h € G, p(gh)
is either p(g)h, or p(g)h™ 1.

Corollary 4.7. The Cayley index of Qg x Zy is at least 8 for every integer n > (.

Proof. Fixn, and let G = Qs x ZF. Let S be any inverse-closed subset of G \ {15}, and
let I' = Cay(G, S). Let @ be any of the 8 permutations given in Proposition 4.6. To prove
this result, it will be sufficient to show that ¢ is an automorphism of I".

We know that for any g € G, g is adjacent to gs if and only if s € S. We also know
that (gs) is either ¢(g)s, or p(g)s~*. Since S is inverse-closed, each of these is adjacent
to ¢(g) if and only if s € S. Thus, ¢ is indeed an automorphism of I'. O

To complete this section, we note that Cjy O K, OK, is an MRR for Qg x Zs with
Cayley index 16, verified by computer. However, for Qg x Z3, the Cayley index is 8, with
MRR Cay(Qg x Z3, {+i, +j, +k, +iz1, +kz1 29, 21, 22} ), where z; and 25 are two distinct
central involutions that do not lie in Q.

Thus, using Corollary 4.5 and Corollary 4.7 we are able to conclude the following.

Proposition 4.8. For every integer n > 2, the Cayley index of Qg x Z is 8.

5 Other generalised dicyclic groups

Imrich and Watkins [10] showed that generalised dicyclic groups of order greater than 96
that are not of the form Qg x Zf have Cayley index 2. Many of the ideas from their proof
in fact apply to generalised dicyclic groups of smaller orders. We reproduce these key
ideas here, without their assumptions on order. We generally need to find two elements that
satisly a number of conditions. We note that the condition a; # yas was not listed in [10]
but is required; for this reason we provide a full proof of Lemma 5.4.

Definition 5.1. Let Dic(A,y) be a generalised dicyclic group. We say that the 2-set
{a1,az2} for a1,as € A is a suitable pair of elements of Dic(A,y) if for every {i,j} =
{1,2} we have

(i) a1 # az,yas;
(i) af # 1,y;
(iii) a; # a?, ya?; and
@iv) aia2 # 1,y.

Lemma 5.2. Let D = Dic({z), 2™) (the dicyclic group of order 4n), where |z| = 2n > 10.
Then {z, 272} is a suitable pair for D. IfI' = Cay(D, {z*, 2% (22)*!, (z272)*1}),
where ©% = 2", then (z) is invariant under Aut(T);.

Proof. We have y = z™. We verify the conditions for {z, 272} to be a suitable pair. Since
n > 5, (1) and (ii) are satisfied; (iii) and (iv) are equally easy to check.

Let ¢ € Aut(I'); be arbitrary. It is straightforward to verify that when n > 4, 2™
is the unique vertex that has 6 common neighbours with 1, so ¢(z") = z™. In fact, this
shows that for any vertex v, vz" is uniquely determined as the vertex that has 6 common
neighbours with v. Since the neighbours of 1 can be partitioned into three pairs of this
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sort ({z, 27! = x2"}, {xz, 2"}, and {x272, 22" 2}) and two elements (z and z 1)
whose match in this respect (2”11, and 2" ! respectively) is not a neighbour of 1, it must
be the case that {2,271} and {z, 27!, x2, z2" !, 2272, 22" 2} are fixed setwise by ¢.
Repeating this argument shows that (z*) € (z) for every i. Thus, p((z)) = (z). O

Lemma 5.3. Let A = (2, 25) where |2| = 2n > 6, |z3| = 2, and z12y = 232y, 50
A = Zs, X Ly. Then {2y, 27} is a suitable pair for D = Dic(A, z2).

Also, if T = Cay(D,{zi", z0, 2%, (x21)*, (w27 2)*") then A is invariant under
Aut(T);.

Proof. Checking the conditions for {21, 2] 2} to be a suitable pair is straightforward.
Since 2o € S is central in D and #—! = 229, the following pairs of neighbours of 1 are
adjacent in T': {z, 2 '}; {z21,2 1 21}; {22, 2712 %}. However, 21, z; ' and 2 have
no neighbours in S. Thus, we can distinguish the neighbours of 1 that lie in A from the
neighbours of 1 that lie in zA. Repeating this argument shows that every element of A is

invariant under Aut(I");. O

Lemma 5.4. Let A = Cay(A, S) be an MRR of the abelian group A of Cayley index 2.
Let D = Dic(A, y) be a generalised dicyclic group with suitable pair {a1,az2}. Let

I' = Cay(D,SU{z,z !, za1,z a1, zas,z ' as})

(where x is as in Definition 1.3) and suppose that for every ¢ € Aut(I')1, we have p(A) =
A. If @ is not the identity automorphism, then @(a) = a, and p(za) = (za)~?! for every
a€A

Proof. Since p(A) = A and the induced subgraph on A is A which has Cayley index 2,
we know that we either have p(a) = a for every a € A, or ¢(a) = a~! forevery a € A.
(This is always the case in a Cayley graph of Cayley index 2 on an abelian group.)

Similarly, since (A) = A we have p(zA) = xA. Observe that the induced subgraph
on x A is isomorphic to A, which has Cayley index 2. This means that there are exactly two
graph automorphisms that fix xA and take x to any given vertex za where a € A. Clearly
one of these automorphisms is given by left-multiplication by a—!, and therefore maps each
vertex of the form za’ to the vertex a~'za’ = xaa’. The other graph automorphism that
fixes x and z A (aside from the identity) is the automorphism that maps every verlex za’ to
the vertex x(a’) L. This implies that the other automorphism that maps z to xa must take
each vertex of the form za’ to the vertex a 'z(a’) ™! = za(a’) L.

In the remainder of this proof, we use Nx(v) to denote the set of neighbours of the
vertex v that lie in the subset X of the vertices of I". First we will show that p(z) €
{z,z71}.

We are assuming that ¢(A) = A, and need to show that ¢(z) & {za1,z 'a1,zaz,
2 tag}. Suppose that () ¢ {x,z~'}. By symmetry, without loss of generality we may
assume that o(x) = xa;.

Since @(x) = wa; and p(zA) = x A, as noted above we must have either p(za) =
raa, forevery a € A, or p(za) = za~'a, forevery a € A.

Suppose the first of these possibilities holds, so ¢(xa;) = xaf, which must therefore
be a neighbour of 1 in x A, and hence an element of

1

Nea(l) = {z,z7 1, za1,x a1, zaz, x tas}.
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Each of these possibilities contradicts one of the properties of being a suitable pair: any of
the first four would contradict (ii); either of the last two contradict (iii).

If on the other hand the second possibility holds, then p(zas) = zay 'a; € Nya(1).
Again, each possible equality contradicts one of the properties of being a suitable pair:
either of the first two contradict (i); the third or fourth each contradicts (ii); and either of
the last two contradict (iii). We therefore conclude that ¢(z) € {x, 2!}, as claimed.

Next we show that ¢(a) = a for every a € A.

Observe that

Na(z™') = Na(z) = {1,y,a1,ya1,az,yaz}.

Thus, since p(z) € {z,z7'}, we have p(Na(x)) = Na(z). If p(a) = a~! for every
a € A, then this implies that a7 * € N (), leading to a contradiction to the definition of a
suitable pair, as above. (If al_l is any of the first four elements, this contradicts (ii); if it is
either of the last two, this contradicts (iv).) Thus, we must have ¢(a) = a for every a € A.

Next we show that if ¢(z) = z then ¢ = 1.

Again as noted above, we must either have p(xa) = xa~! forevery a € A, or p(za) =
za for every a € A. In the latter case, ¢ = 1 and we are done. In the former case, we
must have @(Na(za;')) = Na(zay). Observe that a; = za;'z~! € Na(za;"), so this
would imply that

a1 = p(a1) € Na(za1) = {a7",ya7 ", 1,9, a7 'as, ya; "az}.

Similar to the arguments above, each of these possibilities contradicts some property of
suitable pairs. If a; were any of the first four elements of N4(za;) this would contradict
(i); if it were either of the last two, this would contradict (iii).

Finally, we show that if ¢(z) = ! then ¢(za) = (za)~! for every a € A.

Again as noted above, we must either have p(za) = 27 a = (za) ! forevery a € A,
or p(xa) = v~ 'a~! for every a € A. In the former case we are done. In the latter case, we
must have (N4 (z 'a;')) = Na(zai). Observe that a; = 2 'a; 'z € Na(z tar?),
so this would imply that a; = @(a1) € Na(za,), yielding the same contradiction as in the
previous paragraph. O

Proposition 5.5. Let A1 = (z1) be a cyclic group of order 2n. > 6, and Ay = (z1, z3)
with |z3| = 2 and 2129 = 2021. Let S1 = {zl?zl_l} and Sy = {2:1,2:1_1,22}, and let
D, = Dic(Ay, 2}'), and Dy = Dic(A,, z5). Then

I'; = Cay(D;, S; U{z,2 ", v21, 220, m21 %, 227 %})

fori € {1,2} is connected and has Cayley index 2 when n > 6, and s is connected and
has Cayley index 2 whenn > 3.

Proof. It is easy to see that S; is the connection set for a Cayley graph on A; with Cayley
index 2. It is slightly less obvious that S is the connection set for a Cayley graph on As
with Cayley index 2, but becomes clear upon noting that each z;-edge lies in a unique 4-
cycle, while each zg-edge lies in two 4-cycles. Fix i € {1,2}, and if ¢ = 1, ensure that
n > 5

By Lemma 5.2 or Lemma 5.3, we know that { z;, zl_z} is a suitable pair for D;, and that
for any ¢ € Aut(l';);, p(A;) = A;. By Lemma 5.4 with § = S; and this suitable pair, we
see that there are only two possibilities for @: ¢ = 1, or p(a) = a and p(za) = (za)™!
for every a € A. Thus, I' has Cayley index 2. O
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Proposition 5.6. Let A be an abelian group of even order that contains an involution v,
and let D = Dic(A,y). Suppose that D has a connected MRR with Cayley index 2. Let
A’ = A X Zs. Then D' = Dic(A’,y) has Cayley index 2.

Proof. Observe that D' = D x Zs. The result is now immediate from Corollary 4.5. O

As an immediate consequence of Proposition 5.5 and Proposition 5.6, we obtain the
following.

Corollary 5.7. The following generalised dicyclic groups have Cayley index 2:

o Dic(A x ZX, 27) where A = (2,) = Zgyp, n > 6, and k > 0; and

o Dic(A x Z5 25) where A = (21, 20) = Zop X Za, |21| = 2n, |22| =2, n > 3, and
k> 0.

This leads us to the following theorem.

Theorem 5.8. Every generalised dicyclic group that is neither abelian nor a hamiltonian
2-group has Cayley index 2, with the following four exceptions, each of which has Cayley
index 4: Dic(Zg, 3), Dic(Zs, 4), Dic(Z19, 5), and Dic(Zy x Zsg, (0,1)).

Proof. All generalised dicyclic groups of order greater than 96 have Cayley index of 2
(see [10]). To deal with the remaining cases, we begin by considering all abelian groups
of even order at most 48. For each group, we choose one representative for each automor-
phism class of elements of order 2 to be the distinguished element y = 2.

By Corollary 5.7, the result holds for every dicyclic group of order at least 24; this
deals with every cyclic group of even order at least 12, all of which have a unique element
of order 2. Since Z2 produces an abelian dicyclic group and Z, produces (g which is a
hamiltonian 2-group, we need only consider the dicyclic groups over the groups Zg, Zsg,
and Z]n.

We note that if n is odd, then Zs,, X Zq has only one automorphism class of elements of
order 2, so that Corollary 5.7 provides an MRR for the unique generalised dicyclic group
over any of these groups when n > 3, and in fact produces two MRRs when n > 6. Also,
if n is even, Zg, X Zgo has two automorphism classes of elements of order 2 (the element
(n, 1) lies in the same class as (0, 1)). Thus Corollary 5.7 produces an MRR for each of the
two possible generalised dicyclic groups over these abelian groups whenever n > 6, and
an MRR for one of them when n > 3. When n = 1 there is a unique generalised dicyclic
group which is actually abelian; and when n = 2, one of the two generalised dicyclic
groups is the hamiltonian 2-group Qs X Za. Thus we need only consider the two groups
Dic(Z4 X Z2,(0,1)) and Dic(Zg X Zs, (4,0)).

The generalised dicyclic group over Z3 is abelian, and the groups

Dic(Z4 x Z2,(2,0,0)) = Qg x Z3 and  Dic(Z4 x Z3,(2,0,0,0))

are hamiltonian 2-groups, so these need not be considered.

Finally, if a group has the form D x Z, for some smaller generalised dicyclic group D
with ¢(D) = 2, then Corollary 4.5 gives ¢(D x Z,) = 2, so we do not have to consider
these groups either. This eliminates all generalised dicyclic groups over Zg x Z3, Zg % 73,
and Z,2 x Z3, as well as Dic(Zg x 732, (0,1,0)).
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With all of this in mind, there are 18 generalised dicyclic groups that remain to be
considered. We conclude this section and the paper with Table 4, showing the Cayley
index and the connection set for an MRR for each of these generalised dicyclic groups.
For four of these groups that have the form D x Zs for some smaller generalised dicyclic
group D, we use Corollary 4.5, but only after showing that ¢(D) = 2 in a previous line of
the table. For these, instead of explicitly giving the connection set for an MRR, we present
the group as D x Zy. This table completes the proof, and its results are straightforward to
verify by computer. (]

Table 4: MRRs for generalised dicyclic groups.

Cayley
Group index Connection set for an MRR
Dic(Zsg, 3) 4 [ 2}
Dic(Zsg, 4) 4 {2t 2%}
Dic¢(Z1, 5) 4 et
Dic¢(Zyg X Zo2,(0,1)) 4 {2, 23, (z120) %}
Dic(Zg x Zs, (4,0)) 2 {zE!, 22, 2%, (212) 2, (22)E1}
Dic(Zy x Za4,(2,0)) 2 {zF', 23!, (z122)EL, 2L, (2120) 1}
Dic(Z4 x Z2,(0,1,0)) 2 {zE!, 23,2, (1)L, (232)E1}
Dic(Zg x Z3,(3,0)) 2 {zE, 23, 2F!, (zp2)EL, (21 222) "}
Dic(Zs x 72, (4,0,0)) 2 D = Dic(Zs x Za, (4,0)) x Zs
Dic(Zg x Za, (4,0)) 2 {2, 2, 2%, (2825 '), (D 2z0m)EL)
Dic(Zg % Z4,(0,2)) 2 {21, 251, 2%, (B2)EL, (2B 20x) !}
Dic(Z2 x Zy,(2,0,0)) 2 D 2 Dic(Zg X Zy4,(2,0)) X Zsy
Dic(Z2 x Z2,(0,0,1)) 2 {25, 251, 2L, (B2) L, (23 232) L1}
Dic(Z4 x Z3,(0,1,0,0)) 2 D = Dic(Zy x Z3,(0,1,0)) x Z2
Dic(Z12 x Z3,(6,0)) 2 {25, 251, &L, (2] 202) 2L, (23 202) £}
Dic(Zg % Zg, (3,0)) 2 D = Dic(Zg x Z3,(3,0)) x Zo
Dic¢(Z12 x Z4,(6,0)) 2 {21, 25, 2%, (2 zz) L, (22 232) 1}
Dic(Z12 x Z4,(0,2)) 2 (2, (3 20)F, 2t (212) ), (21202) T}
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