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Abstract

Complex dynamical systems often contain many unknown parameters and variables that
may or may not serve as contributors to interesting behaviors a system may exhibit. For
chemical and biochemical systems, which are typically quite large, these include (but are
not limited to) behaviors stemming from bifurcations such as oscillations, patterns and mul-
tistationarity (multiple steady states). Due to the size and complexity of these systems, a
dynamics-preserving reduction scheme that is able to isolate the necessary contributors to
these systems to not only reduce their complexity, but to also reduce the level of uncertainty
a system may have—such as unknown parameters and variables—is desired. The purpose
of this thesis is to develop alternative reduction methods for (bio)chemical systems that
are modeled by mass-action kinetics that are unlike other common techniques that exploit
timescales in stiff models or that are optimization-based. I instead look to a graph-based
approach by representing the model as a bipartite graph and investigating its subnetworks
known as fragments, which correspond directly to terms in the characteristic polynomial. In
this representation, I preserve key elements of these bipartite graphs—critical fragments—
in order to maintain necessary conditions for behaviors such as positive-feedback oscilla-
tions and multistationarity. These results are then applied to an existing model for the tran-
scriptional control of Hmp, an NO detoxifying enzyme, by the iron-sulfur protein FNR that
displays bistability. The initial model consists of 15 mass-action reactions and 11 species,

and the reduced model ends up with 10 reactions and 7 species.
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Chapter 1

Introduction

Chemical and biochemical systems are (often large) dynamical systems that are capable of
exhibiting complex behaviors such as oscillations, patterns and multistationarity (multiple
steady states) [1]. These interesting behaviors not only motivate analysis with mathemat-
ical modeling, but are also critical to many biological processes: oscillations play an im-
portant role in early embryonic development [2]; Turing patterns have often been the basis
for explanations in developmental patterning [3, 4]; and multistationarity can account for
epigenetic differences [5]. While dynamically distinct, all of these behaviors arise from
bifurcations. Bifurcations occur when the stability of a steady state changes. In a closed
chemical system, the steady state is tantamount to the equilibrium point, which is always
stable [6]. Open systems, however, do not have this limitation and can have multiple steady
states that are either stable or unstable [7]. In particular, these behaviors stem from insta-
bilities and thus cannot be exhibited by closed systems near their equilibrium point, but can
be exhibited near the steady state(s) of an open system.

One method of analyzing these behaviors is by transforming the set of elementary re-
actions that constitute the system into a system of ordinary differential equations (ODESs)
through the use of the law of mass action. In this manner, we can analyze the system al-
gebraically through several methods, but I will primarily focus on linear stability analysis.
With linear stability analysis, we analyze an expression known as the characteristic poly-
nomial that is derived from the Jacobian matrix of the ODEs evaluated at the steady state.

The coefficients that appear in this polynomial depend on parameters such as rate constants



1. INTRODUCTION

and species concentrations. However, the computational work required to execute the al-
gorithms that determine these coefficients can grow very rapidly due to the combinatorial
nature of the calculations [8].

To circumvent the computational costs of algebraic methods, graphical methods have
been developed that transform the problem of analyzing matrices and their sub-matrices
into one that analyzes the properties of graphs and their subgraphs [9—15]. These methods
determine the necessary components (species and/or reactions) for a particular behavior to
be exhibited by the system. This enables the potential removal of species and/or reactions
by deleting species and/or reactions that do not play critical roles in the dynamics of the
system. This idea will be revisited later in this thesis where 1 will develop conservative
model reduction rules based on a bipartite graph representation of a (bio)chemical reaction
mechanism originally introduced for stability analysis by Ivanova [10, 14]. By conservative
reductions, I mean a set of graph operations that retain key elements of the structure of
the characteristic polynomial so that the potential for bifurcations of the original model is
retained. This thesis builds on Ivanova’s graphical method to develop dynamics-preserving,
graph-based reductions that can be applied to general mass-action models that isolate and
preserve the key contributors to dynamics.

In order to prepare the reader, Ch. 2 begins with some of the basic ideas associated
with nonlinear dynamics. The majority the chapter focuses on bipartite graphs and their
structure, and how fragments (subnetworks of bipartite graphs) correspond to terms in the
characteristic polynomial. I end this chapter by defining several terms to be used in my
analysis and reduction of mechanisms via their bipartite graphs. In Ch. 3, I present the
main ideas of this thesis that serve as the basis for model reduction, and both develop and
prove the theorems that enable these reductions. The chapter ends with the application of
these reductions to a model for the control of the synthesis of the NO-detoxifying enzyme
Hmp. Lastly, Ch. 4 concludes this thesis with a discussion of the disadvantages, advantages

and possible extensions of these graph-based reductions.



Chapter 2

Background

2.1 Nonlinear Dynamics
2.1.1 Law of Mass Action, Steady States & Linearization

Chemical kinetics is the study of how fast chemical reactions proceed from reactants to
products and is illustrative of the connection between chemistry and mathematics [16]. In
this section, we will focus on (bio)chemical systems modeled by mass-action kinetics and
recall methods from [14,17]. A (bio)chemical mechanism with m chemical substances Ay,

p chemical reactions and positive rate constants k; can be written as

m ki m
Y oiAr =) BaAr, i=1,...p. 2.1)
=1 k=1

The constants o, and ;; are non-negative integers called stoichiometric coefficients. Let
uy represent the concentration of Ay and u be the vector of concentrations. Then the Law

of Mass Action gives the rate of the ith reaction as
wi(w) = k(™ udin i=1,..,p. (2.2)

Then, by using Egs. (2.1) and (2.2), we have the following ODE system that models the

concentrations of each species over time:

duk

p
Zﬁ,k o )wi(w) = fi(w), k=1,...m. (2.3)
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If u is a steady state, it satisfies f(u) = 0, Vk € [1,m]. Often, (bio)chemical systems are
nonlinear, and one way of analyzing the stability of steady states is to use linear stability
analysis. We use a first-order multivariate Taylor expansion to linearize the system around

its steady state. This expansion generates the Jacobian, which is given by

afi o
dup 7 duy
J=1: . . (2.4)
afnT afm
_W - m_

J is always square with m rows and m columns. We then evaluate J at the steady state.

2.1.2 Eigenvalues and Eigenvectors

The linearized, homogenous first-order ODE system in matrix form is given by
v = Ju, (2.5)

where u’ is the time derivative of u, and will have general solutions of different forms,
depending on the rank of J. For example, if the rank of J is full (m), the system’s general
solution will be

m
u=Y ¢y, (2.6)
i=1

where A, is the eigenvalue associated with the eigenvector v;, and ¢; is an arbitrary constant.
If J is rank-deficient, the general solution would contain some orders of ¢ with the terms
associated with the repeated eigenvalues. Regardless of the form, its eigenvalues will al-
ways appear in the solution’s exponent terms. A A; with a positive real part would cause
its corresponding term in the solution to diverge to infinity for large ¢, whereas a A; with
a negative real part would cause its corresponding term to converge to zero. Hence, if the
eigenvalues of the Jacobian evaluated at the steady state contain at least one eigenvalue

whose real part is positive, then the steady state is unstable as it would cause the solution
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to diverge to infinity in the linearized form. In the original model, this translates to the
trajectories diverging from the vicinity of the steady state. Thus, the stability of a steady

state is determined by its eigenvalues.! So how do we find these eigenvalues?

2.1.3 The Characteristic Polynomial

Eigenvalues can be determined by finding the zeroes of the characteristic polynomial
of the Jacobian evaluated at a steady state. The characteristic equation arising from the
stability analysis of a steady state of an ODE is det(J —Al) = 0, where [ is the m x m

identity matrix, or

pA) =N N a4+ apN L +a,) =0, (2.7)

where m is the size of J given by the number of species, n is the number of independent
species, and m — n is the number of conservation relations of the system [19]. The rank of
J 1s equal to the number of independent species in the (bio)chemical system. It is important
to write the polynomial in this manner as the necessary conditions for complex behaviors
(discussed in a later section) relate to the number of independent species in a system and

not to the total number of species.

2.2 Methodology
2.2.1 The Characteristic Polynomial from Algebraic Methods

To set the basis for graphical methods, we first look at the algebraic methods to both
relate our graphical methods and motivate the need for a simpler scheme. In this section,
we recall coefficient formulas for the characteristic polynomial adapted from [8]. The coef-

ficients of Eq. (2.7) can be found by taking the trace and several combinations of principal

'Tt is important to note that eigenvalues with a zero real part would require a nonlinear theory known as
center manifolds and will not be discussed here as our focus is on linear stability analysis [18].
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minors of J and are given by

ar = (~1)" Y i = (1) Th(),
l 2.8)
ap=(-1)"-Y M;, 2<beN<r.

N
I
—_

ay is straightforward as it is the negative of the trace of J. a;, is given by the sum of all
b x b principal minors, M;. A principal minor is the determinant of a square submatrix
formed by the intersections of rows and columns of the same indices. [ refers to the number
of combinations of b columns/rows chosen from the m possibilities. To illustrate how to
find ap, consider a 3 x 3 matrix with rank equal to 2. The following is its characteristic
polynomial:

p(A) = AR +aid! + a0, (2.9)

where

ay = —Tr(J),
(2.10)
ay = (—1)*+ (M2 + M3+ My3).

M, », for example, is read as the determinant of the 2 x 2 matrix formed by the intersection
of rows 1 and 2 and columns 1 and 2. Here, a, means b is 2, so a; requires all the combina-
tions of 2 x 2 principal minors of the 3 x 3 matrix J, giving the three minors in Eq. (2.10).
There are three minors to compute since the number of combinations of b =2 in m =3
is (g) = 3. Due to the coefficients being combinatorial in nature, the different minors that
need to be computed in larger systems can grow very rapidly.> Thus, we want to employ a

method that can avoid the combinatorial blow-up we may have from algebraic methods.

2.2.2 Graphical Methods - The Bipartite Graph
A bipartite graph consists of two non-intersecting sets of vertices representing the species

and reactions of the system and directed edges starting from one type of vertex and ending

2For example, coefficients a4 and as of a system with 9 independent species would contain 126 different
minors of orders 4 and 5 to compute since (3) = (2) = 126.

6
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Reaction Form of M1 Bipartite Representation of M1
MtAy 2 24

Ay o4

Ay ii—) As

4y Byog

A B4

Figure 2.1: This mechanism contains 3 species and 5 reactions and has one mass-
conservation relation, and thus 2 independent species. Adapted from [19].

at the other type of vertex [19]. We will use [A;...A,,] to represent the species vertices and
[R;...R,] for the reaction vertices. It is important to note that in our labeling of the bipartite
graph, R; will also represent the reaction rate of its corresponding reaction. These con-
nected vertices form elements known as edges, paths, cycles, fragments and subgraphs of
fragments. (See Sect. 2.3.1 for their definitions.) Fragments, simply put, are subnetworks
of bipartite graphs and serve as graphical representations of terms found in the characteris-
tic polynomial. Figure 2.1 depicts a chemical mechanism and its bipartite graph from [19]
named M1 for convenience. In this graph, circles represent species vertices and squares
represent reaction vertices. M1 contains three species with only two independent species,
making the rank of its stoichiometric matrix two. Figures 2.2 and 2.3 show a few elements
of M1 to illustrate what edges, paths and cycles may look like in a bipartite graph.

With a few examples of how to read bipartite graphs and their elements illustrated in
Figs. 2.1-2.3, we can discuss their most important components: fragments. Fragments are

important because they correspond to terms in the characteristic polynomial. Let {A;} and



2.2. METHODS

Positive Path
[A17 R59 Az]

®—— T —®

Negative Path @
[A2, R1, A3] or

[A39 Rla Az]

Rl

Edge
[A1, R3]

Rs

Figure 2.2: Examples of the different types of paths and an edge, along with their notation,
that can be found in M1.

Figure 2.3: Examples of positive (top) and negative (bottom) cycles in M1.
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{R;} be sets of i different species and j different reaction rates, respectively, in a fragment.

Then, this fragment corresponds to a term in the characteristic polynomial of the form

i .
H& A (2.11)

z:lhzl

ND>

where 7 is the number of independent species in the system and i is the order of the frag-
ment, which is given by its number of species. In short, a fragment corresponds to a term in
the coefficient of the A~ term in the characteristic polynomial, consisting of the product of
the fragment’s j reaction rates over the product of its i species concentrations. From [14],

each fragment Sy and its corresponding term also have a coefficient, Kg,, given by

Ks, = Y K, (2.12)
8ESk
where
Ky =(—1)% H Oﬂjk H Kc, (2.13a)
[edgeseg] [cycleseg]
Kc = I1 (—0jk0Li) I1 o (2.13b)
[negative paths € C] [positive paths € C]

In these equations, g labels subgraphs, C labels cycles, f, is the number of cycles in a sub-
graph, and o.j; and f3;; are the same stoichiometric coefficients from Eq. (2.1). The edges
considered in a fragment are reactant to reaction edges. Paths are reactant-reaction-species
sequences with their connecting edges, with positive paths encoding reactant-product rela-
tionships, and negative paths encoding co-reactant relationships. A cycle is composed of
paths. Eq. (2.12) gives a fragment’s coefficient as the sum of each its subgraphs’ coeffi-

cients, K,, which are given in turn by Egs. (2.13).
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S
N 3 Rs | (A
2
o
(&)
2
(A—x:
R

Figure 2.4: A fragment of M1, denoted by S, and its two subgraphs g and g».

2.2.3 Illustrating the Connection

Fragment S in Fig. 2.4 corresponds to the term in the characteristic polynomial of the

form %ko since the fragment’s order is 2 and M1 contains two independent species. To

calculate its numerical coefficient, we use Eqs. (2.12) and (2.13) to get a value of —13

This means that the polynomial will have a —f;i—f; term in its constant (A?) expression.

From [19], M1 has the following ODE system:

Aj = 2k1A2A3 + kaA3 — kA + kaAs — ksAj,
Az = —k1A2A3 — k4Ar + ksAq, (2.14)

A3 = —k1AA3 — kpAsz +k3A|.

3Since g; contains one cycle and only positive paths, K, = (—=1)!'-1-2 = —2. The second subgraph, g,
only consists of edges, so Ky, = (—1)°-12-12 = 1. Thus, K5, = Ky, + Kz, = —2+1=—1.

10
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Note the conservation relation, A1 + A + A3 = Aor. The reaction rates are given by:

Ry = k1A2A3,

Ry = k)Asz,

R3 = k3Ay, (2.15)
R4 = k4A7,

Rs = ksA;.

Using Egs. (2.4), (2.14) and (2.15), we get the following Jacobian [19]:

_R3 _Rs 2R | R4 Ri | Ry
A A Aj + As 2A3 + A3
J= Rs _R_ Ry _R (2.16)
Al A, T A A;
Ry _R _R_ R
Ay As Az Az

Since the characteristic polynomial of M1 is of the forms of Egs. (2.9) and (2.10), we have

from [19] that

_ RiR3 —R\R5+R3Ry  —RiR3+RiRs+RyRs  RiRy+RiR4+RoRy

(2.17)
AjAr A1A3 ArAj

az

The term in red is exactly the term that fragment S; corresponds to, with its associated
coefficient of —1. This method is quite useful as it allows us to determine the coefficients
of the characteristic polynomial without having to take any determinants. But, why are
these coefficients important? The answer stems from the sign of the coefficients of these

fragments, as we will see next.

2.2.4 Critical Fragment Theory

When a (bio)chemical system is represented as a bipartite graph, we can apply what is
known as critical fragment theory. When the coefficient of a fragment is negative, we call

it a critical fragment [14,17,19,20]. The appearance of a critical fragment in the bipartite

11
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graph of a chemical mechanism is necessary for certain instabilities to appear. In particular,

we have the following two results [14, 19]:

* A critical fragment of order equal to the number of independent species, 7, is neces-
sary for the possibility of a saddle-node bifurcation, which would allow for multista-

tionarity.*

* A critical fragment or order less than n is necessary for oscillations due to positive

feedback.’

These are powerful conditions as they enable a determination of the potential for multista-
tionarity or positive-feedback oscillations based on the existence (or lack thereof) of critical
fragments [20]. It is important to note that these are necessary and not sufficient conditions.
While unfortunately not enough to guarantee certain behaviors in these systems, these do
serve as a basis for the reduction methods in this thesis. The main idea here is that we must
preserve these critical fragments through any reductions applied. Ideally, this means that
preserving critical fragments also preserves dynamics. Before we delve further into reduc-
tions via this graphical approach, key terms and their definitions (as well as notations) are

outlined in the next section.

2.3 Notation and Definitions

2.3.1 Canonical Terms

This section outlines the terminology established by Mincheva and Roussel [14] based

on the English translation of Ivanova’s original Russian terminology [10].

(Reactant) Edge — A directed arrow from a reactant species vertex Ay to a reaction vertex
R;, denoted [Ag, R;]. These edges are the only kind specifically named in the classic

version of critical fragment theory.

“Note that a critical fragment of this order would correspond to the constant term in the characteristic
polynomial. This means that the constant term must contain negative terms!

>This would correspond to a term in a coefficient a; of the characteristic polynomial with k < n. In other
words, we require at least one term in some ay, k < n, to be negative.

12



2.3. NOTATION AND DEFINITIONS

Product Edge — A directed arrow from a reaction vertex Ry to a product species vertex

A;, denoted [Rg, A;].

Edge weight — The weight of an edge (reactant or product) is the corresponding stoichio-

metric coefficient.

Positive path — A sequence of directed arrows from a reactant species vertex to a reaction
vertex and then from that same reaction vertex to a product species vertex, denoted

[Aw, Rj, Al

Negative path — A sequence of directed arrows from a reactant species vertex to a reac-
tion vertex, followed by an edge traversed against the direction of its arrow to another

reactant species vertex, denoted [Ag,R;, Aj].

Cycle — A sequence of paths that start and end at the same species vertex. A cycle has a
positive parity if it contains an even number of negative paths, and a negative parity

if it contains an odd number of negative paths.

Subgraph — A union of edges and cycles in which each species is at the origin of only
one edge or path. Each subgraph has a coefficient, K, computed by Eq. (2.13). A
subgraph’s coefficient is thus determined by the stoichiometric coefficients appearing

in its edges and cycles, and the number and parities of cycles.

Fragment — A union of subgraphs that share the same vertices. Each fragment corre-

sponds to a term in the characteristic polynomial of the form (2.11).

Coefficient of a fragment — The coefficient of a fragment, Ky, , is given by the sum of all

of its subgraphs’ coefficients [Eq. (2.12)].

Critical fragment — A fragment with a negative coefficient.

13
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(b) R,

R, @

Figure 2.5: Examples of linked cycles. (a) A basic form of a linked cycle. (b) A slightly
more complicated linked cycle, where more than one vertex is involved in another cycle.

2.3.2 (Non-Canonical) Reduction Terms
This section outlines new terminology for bipartite graphs developed for the purpose of

model reduction via the graphical approach.

Isolated cycle — A cycle C; whose vertices are not involved in any other cycle. This
means that if the vertices of C; and all of their associated edges form a fragment, then

no cycle other than C; appears in a subgraph.

Linked cycle — A cycle C; where at least one vertex in Cr, is part of another cycle that is

not Cr.. Fig. 2.5 shows examples of linked cycles.

Unidirectional cycle — A cycle that contains at least one positive path. As a consequence

of the positive path, unidirectional cycles can only be traversed in one direction.

Entry vertex — A vertex within a cycle C that contains at least one arrow connected to it

that is not part of C.
Isolated edge — An edge whose vertices are not entry vertices.

Integrated cycle — A cycle with one or more entry vertices. See Fig. 2.6 for examples of

isolated integrated cycles. Note that linked cycles are necessarily integrated.

Unitary edge — An edge (reactant or product) whose weight is one.

14
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Figure 2.6: Examples of integrated isolated cycles. (a) An integrated isolated cycle with a
single entry vertex Aj. (b) Two separate integrated isolated cycles. The cycle on the left
has the species vertex Aj as its entry vertex where the cycle on the right has the species
vertex Ag as its entry vertex. Both of these cycles are considered isolated cycles since none
of their vertices are part of other cycles.

Unitary (positive/negative) path — A path (positive or negative) consisting of unitary

edges.

Unitary cycle — A cycle consisting entirely of unitary paths.

2.3.3 Notation
* [Ak, R}, Ailay,ay,, Tepresents the positive path [Ag, R;, A;] with arrows of weight ay,

leaving Ay and weight a;, | leaving R ;.

* [Ar,Rj,Ajl represents the negative path [A;,R;, A;] with arrows of weight a,

Apyap+1

leaving Aj and weight a;, | leaving A;.

15



Chapter 3

Reducing (Bio)chemical Systems

Chapter 3 is from a draft manuscript written by Marc R. Roussel and myself.

CRediT authorship contribution statement
MR Roussel: Conceptualization; Validation; Resources; Writing — Review & Editing;
Supervision; Funding acquisition. T Soares: Formal analysis; Investigation; Writing —

Original Draft; Visualization.

3.1 Current Methods

Model reduction methods for (bio)chemical systems have recently been reviewed by
Snowden and coworkers [21] and by Gorban [22]. Timescale exploitation methods are the
most commonly applied approaches for reducing models of (bio)chemical systems [21,23].
This means that the reactions in these systems often occur across a wide range of timescales,
where “fast” variables can be disregarded when analyzing the “slow” variables. Other
methods that do not involve timescale separation such as some optimization-based ap-
proaches [24], techniques using sensitivity analysis to eliminate parameters and potentially
chemical species or reactions [25] and lumping [26] exist but also carry with them their
own limitations. For example, most of these methods of model reduction require parameter
values to be known and have the potential to be computationally intensive. We seek to re-
duce large models from a different, graphical approach to not only aid in alleviating some
of the computation, but also to add another tool to the tool box of reduction techniques. One

great advantage graph-theoretical methods have over more conventional reduction methods
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is that the necessary conditions for bifurcations can be decided in the absence of parameter
values. Our goals with graph-theoretical methods are to identify system dynamics and to

preserve these dynamics through graph-based reductions.

3.2 A Graphical Approach — Analyzing Critical Fragments

As mentioned previously, we will use critical fragment theory as a basis for model
reduction. The basic concept is simple: since critical fragments are necessary for behaviors
such as oscillations due to positive feedback and multistationarity, then preservation of
these fragments is imperative. Let us examine what is required for a fragment to be critical.

The coefficient of a fragment, given by Eq. (2.12), is determined as the sum of its
subgraphs’ coefficients, where a subgraph’s coefficient is given by Eq. (2.13); hence, we
must examine the structure of a fragment’s subgraphs. From Eq. (2.13), we see that a
cycle is necessary for a negative sign to appear when calculating a fragment’s coefficient.
Furthermore, positive paths within cycles contribute to positive terms and negative paths

contribute to negative terms. Thus, we look to the structure of cycles.

3.2.1 (Unidirectional) Isolated Cycles

Cycles are necessary components of critical fragments, so before any reductions could
be applied, we need to know if any changes would affect only the cycle or also other parts
of the bipartite graph. This led to the distinction of two different types of cycles: isolated
and linked. The main reason for this distinction is the connectivity of the vertices within
cycles to other parts of the bipartite graph.

From experimenting with cycles in critical fragments, it became clear that reductions
could be applied immediately to cycles that contained vertices that were not part of other
cycles. In other words, reductions were more easily implemented in cycles whose vertices
were isolated from other cycles—the isolated cycles defined above. Equally significantly, in

order to apply conservative reductions, unidirectionality of these cycles must be established
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3.2. A GRAPHICAL APPROACH — ANALYZING CRITICAL FRAGMENTS

by requiring each isolated cycle to contain at least one positive path. Since a fragment’s
coefficient depends on the number and types of cycles it contains, reductions involving
non-unidirectional cycles are much more tricky since eliminating components of such a
cycle will normally change the number of subgraphs in a fragment. In essence, the issue
is that non-unidirectional cycles are made of sequences of negative paths, but a negative
path and its reverse is a cycle [14]. Pruning out an edge that is part of a negative path thus
necessarily reduces the number of cycles that can be made from a larger non-unidirectional
cycle. In addition, since cycles will usually be attached to other vertices in the bipartite
graph, the vertex (or vertices) that bridges the cycle to other parts of the bipartite graph
must be preserved. This type of vertex is called an entry vertex. When a cycle contains an
entry vertex, it is called an integrated cycle.

With an isolated cycle, we do not have to worry about the behavior near an entry vertex
because changes to these surrounding vertices will not interfere with the vertices outside of
this cycle that are attached to any entry vertex. For example, removing a unitary edge along
a positive path that does not contain an entry vertex from an isolated cycle would remove a
factor of 1 from the coefficients of any subgraphs in which this cycle appears, and thus leave
the coefficient of the fragment invariant. This means that if the fragment was (non-)critical,
it would remain (non-)critical. Similarly, since a negative path contributes a negative factor,
then removing two unitary negative paths not containing an entry vertex from an isolated
cycle would remove a product of —1-—1 =1 from the coefficients of subgraphs in which
these paths appear, again leaving the fragment’s coefficient invariant.® The main idea we
pursue below is that any number of unitary edges can be removed, whereas unitary negative
paths may be removable in pairs. We will eventually lift the requirement for paths to be
unitary, which will require transformations of the original graph beyond the removal of

edges or paths.

There are however some important subtleties in the case of removing negative paths to which we will
return later.
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3.2.2 Linked Cycles

When an entry vertex is involved in another cycle, reductions are unfortunately not as
straightforward. Cycles of this type are called linked cycles. Note that, by definition, linked
cycles involve at least two cycles. When trying to delete vertices near an entry vertex,
creation or destruction of cycles may occur even if the vertices involved were connected by
a unitary edge along a positive path.

The coefficient of a fragment is the sum of the coefficients of its subgraphs [Eq. (2.12)].
As a rule, changing the number of subgraphs in a fragment can therefore change the coef-
ficient of the fragment, unless the removals are balanced in the sense that the sum of the
coefficients of the removed subgraphs is zero. In general, this is difficult to guarantee if
we make a transformation that reduces the number of subgraphs in a fragment. Therefore,
to simplify linked cycles, a conservative approach will retain the number of subgraphs that
can be drawn as well as their coefficients. The key to accomplishing this lies in the set of
unidirectional cycles within the linked cycle. If we can find isolated edges (with vertices
that are not entry vertices) in a unidirectional cycle within a linked cycle, then similar re-
ductions to those discussed in Sect. 3.2.1 can be applied if unidirectionality of each cycle
in a linked cycle is preserved. In general, an entry vertex cannot be removed and reductions
near the entry vertex must be applied carefully, otherwise unidirectionality of cycles may
be lost, or the number of subgraphs may change.

Figure 3.1 illustrates a linked cycle which, on the surface, may appear to be isolated.
However, due to the entry vertex being a reaction vertex involved in a negative path with
the larger cycle and the external vertex, As, it becomes a linked cycle. If Fig. 3.1 illustrates
a fragment of a bipartite graph, it in fact contains several cycles, each of which appears in

at least one subgraph of the fragment:

* the “obvious” cycle {[A1, Ry, Az],...,[A4, R4, A1]};

* the negative-path cycles {[Az, Ry, A3],[A3, Ry, Az]}, {[A3, R3, A4],[A4, R3, A3]}

and {[A4, R4, As],[As, Ry, A4l };
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Figure 3.1: A non-obvious linked cycle. On the surface, this cycle may appear to be
isolated. However, if these vertices and edges form a fragment, the negative-path cycle
{TA4, R4, As],[As, R4, A4]} (among others) appears in one of the subgraphs, breaking the
condition for an isolated cycle.

* the “consecutive negative-path” cycles

{[A27R27A3]7 [A37R37A4]7 [A47R37A3]7 [A37R27A2]} )

{[A37R37A4]7 [A47R47A5]7 [A57R47A4]7 [A47R37A3]}

and {[Az,Rz,Aﬂ, [A3,R3,A4],[A4,R4,As],[As5, Ry, A4, [A4,R3, A3, [A3,R2,Az]};

* and a cycle encompassing the entire set of vertices: {[A5, Ry, A1l,...,[A4, Ry, As] }

An attempted simplification through pairwise removal of the negative paths [A;, Ry, A3]
and [A3, R3, A4] by deleting vertices As, Ry, A3 and R3 would drastically reduce the num-
ber of subgraphs of the fragment, and might thus alter the subgraph’s coefficient. However,
the profusion of cycles in subgraphs of this fragment was only possible because of the neg-
ative path [A4, R4, As]. Note that if A5 was a product rather than a reactant of Ry, the
cycle becomes an isolated cycle and none of these difficulties arise. This example strikes a
note of caution with respect to the removal of negative paths when an entry reaction vertex
participates in a negative path with vertices that appear in two distinct cycles. Despite the
more delicate nature of linked cycles, the same ideas regarding reductions applied to iso-
lated cycles still hold, but we will need to be more careful with the vertex eliminations we

allow.
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3.3 Graph-Based Reduction Rules

3.3.1 Theorems for Cycles in Bipartite Graphs

In this section, we will present theorems for reduction via the elimination of positive
paths, consecutive negative paths, and disjoint negative paths. Figure 3.2 provides a visual
aid to the notation used in describing the reductions in the theorems. All of the cycles
drawn are unidirectional. They are drawn so that they are traversed clockwise, although
this direction is arbitrary. The weight a, refers to an arbitrarily selected edge in a cycle of
order n. By convention, ag = a, and a,+1 = a;. Also, the vertices (and their accompanying
arrows) are labeled in the direction of the (unidirectional) cycle.

Refer to Fig. 3.2(a) for the interpretation of the symbols in Theorem 1.

Theorem 1 (Positive Paths in Unidirectional Isolated Cycles). Assume we have a bipar-
tite graph that contains an integrated unidirectional isolated cycle C; of order n, with n
sufficiently large.” Let ay,as,...,a, be the weights of all n arrows in C;, with W, the set
containing the weights an_1, apy1, and W, the set containing the weights ay, aji,. Let
[Ak, R}, Ailayay., be a positive path in C;, where neither R; nor at least one of the species
vertices is an entry vertex. Additionally, let R,, and Ry be the reaction vertices immediately

preceding and succeeding, respectively, this positive path. We have the following cases:

1. Ay is not an entry vertex and at most one element in W, is non-unitary. Let ®, =
max(W,). If ay is unitary, then construct the resulting cycle C; by removing species
Ay and reaction R (and arrows with weights an_1, ay, ap+1) and adding a new arrow
that connects R, and A; with weight ®, oriented in the same direction as the original

arrow with weight aj,_ .

2. A; is not an entry vertex and at most one element in W, is non-unitary. Let ®, =

max(W,). If a1 is unitary, then construct the resulting cycle C; by removing species

"Exactly how large n needs to be depends on what is to either side of the vertices to be eliminated, notably
whether the positive path is adjacent to a negative path.
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Figure 3.2: Definition of symbols used in describing the reductions of (a) Theorem 1,
(b) Theorem 2 and (c) Theorem 3. The red lines represent arrows that can be oriented
in either direction. The dotted black lines are there to show there is an arbitrary number of
paths in between the vertices. It is very important to note that there must be at least one
positive path (pre- and post-reduction) oriented in the clockwise direction in each figure in
order for reduction to be successfully undertaken.
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A; and reaction R (and arrows with weights ay, ap1, apy2) and adding a new ar-
row that connects Ay and Rs with weight ®, oriented in the direction of the cycle

[clockwise as the cycle is drawn in Fig. 3.2(a)].

If the resulting cycle C; is unidirectional, then any fragment that contained C; will have the

same coefficient coefficient after replacing the latter cycle by C;.

Proof. Let C; be an integrated unidirectional isolated cycle of order n in a bipartite graph.
Because of its unidirectionality and isolation, the vertices, paths and edges of C; can appear
in a subgraph in exactly two ways: as the entire cycle, or as a union of reactant edges, in
the latter case with all of the edges selected for the subgraph pointing in the direction of the
unidirectional cycle. We only allow the removal of non-entry vertices; thus, simplifying the
cycle will not affect connectivity to the rest of the bipartite graph. Note in particular that
R; is a non-entry vertex.

In case 1, we have the non-entry vertex A; with a; = 1. The reactant edge [A;, R j]ah
contributes a factor of a% = 1 to the coefficient of any subgraph that includes it so removing
this edge has no effect on the coefficients of these subgraphs. Furthermore, in any subgraph
containing the entire cycle, arrows with weights a;_1, a, and aj | contribute a magnitude
of (ap—1)(an)(an+1) = 0, to K¢, and thus to the coefficient of any subgraph that contains
C;. Connecting R, and A; with an arrow of weight ®, therefore preserves the magnitude
of the coefficient of the original cycle for C;. Having the new arrow drawn in the same
direction as the original arrow between R, and Ay preserves the parity of the cycle, and
therefore the sign of Kc. Moreover, if unidirectionality was preserved, the cycle resulting
from simplification can still appear in a subgraph in only two ways, as a union of reactant
edges or as an entire cycle. It follows that the removal of the reactant edge [Ax, R ], with
an appropriate arrow drawn between R, and A; preserves the number of subgraphs of any
fragments in which the cycle appears as well as the coefficients of the subgraphs, and thus

the coefficient of the fragment. Case 2 is proved similarly. [

Figure 3.3 illustrates the use of Theorem 1.
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(®)

Figure 3.3: (a) An integrated unidirectional isolated cycle that meets the criteria of Theo-
rem 1. We assume that the A4 to R3 edge has weight a;,_; = a. The vertices in the red box
are the vertices that will be removed from the positive path [A4, R4, Aq]. (b) The result
of applying Theorem 1. Note that no further edges could be removed using Theorem 1
because doing so would result in a cycle that was no longer be unidirectional, violating one
of the conditions of the theorem.

Remark 1. Although a reconnection such as the A1 to R3 edge in Fig. 3.3 leaves a reaction
labeled R3 from the original model, this is not the same reaction as in the original model,
and it might be best in fact to relabel any reactions affected by a reduction operation,
perhaps with an “m” next to the subscript, e.g. Rz, to indicate a modified reaction. We
adopt this convention only when necessary to distinguish a reaction from the original set
from a reaction in a transformed bipartite graph. As a consequence, the rate constant of R3,,
will likely have to be different from the rate constant of Rz in order for the reduced model to
remain in the same dynamical regime as the original model. If we consider specifically the
case of removing some positive paths from a long chain of positive paths, the appropriate
rate constant for the reconnection will be determined by the rate-limiting step of the chain.
Given that the chain may contain reactions of different orders, this may not be as simple
as picking out the smallest rate constant, which would not be comparable quantities if they

have different units.

Corollary 1 (Positive Paths in Linked Cycles). Assume we have a bipartite graph that
contains an integrated linked cycle of sufficiently large order, with Cy, being the linked

cycle. Let Cr, be the collection of all unidirectional cycles in Cr. Let Cr, [a] be an arbitrary
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cycle from Cr,. Then Theorem 1 can be applied to a positive path in Cr,|a] assuming
all conditions in Theorem I are fulfilled in addition to maintaining unidirectionality of all

cycles in Cp,.

Proof. The proof is essentially the same as for Theorem 1. The key is that the number
of subgraphs and the values of the corresponding coefficients in any fragment containing
the integrated linked cycle are invariant with respect to the edge removals described by

Theorem 1. O
Refer to Fig. 3.2(b) for the interpretation of the symbols in Theorem 2.

Theorem 2 (Consecutive Negative Paths in Unidirectional Isolated Cycles). Assume we
have a bipartite graph that contains an integrated unidirectional isolated cycle C; of suf-
ficiently large order n. Let ay,ay,...,a, be the weights of all n arrows oriented in the
direction of C;, with W,, the set containing the weights ap_, ap+1, ap+3, and W, the set

containing the weights ay, aj12, api4. Let [Ag,Rj,Aj] 1 and [Ai,Rin,Ap) be two

ap,ap+ Ap+2,ah+3

consecutive negative paths in C;, where neither of the reaction vertices nor at least two
of the species vertices is an entry vertex. Additionally, let R, and R, be the reaction ver-
tices immediately preceding and succeeding, respectively, this pair of consecutive negative

paths. We have the following cases:

1. Neither Ay nor A; are entry vertices, and at most one element in W, is non-unitary.
Let ®, = max(W,). If a, = ay» = 1, then construct the resulting cycle C; as follows:
Remove species vertices Ay and A; as well as the reaction vertices R; and R,, along
with the consecutive arrows with weights aj,_1 to a3, then connect R, and A, with
an arrow whose direction is that of the original arrow connecting R, to Ay and weight

equal to ®,.

2. Neither A nor A, are entry vertices, and at most one element in each of the sets W,
and W, is non-unitary. Let ®, = max(W,) and ®, = max(W,). Construct the resulting

cycle C; as follows: Remove species vertices Ay and A p and reaction vertices R and
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Ry, along with the consecutive arrows with weights aj_y to aj4, then connect R,
and A; by an arrow with weight ®, and in the same direction as the original arrow
connecting Ry, to Ay, and connect A; and R with an arrow of weight ®, oriented in

the direction of the cycle [clockwise as the cycle is drawn in Fig. 3.2(b)].

3. Neither A; nor A, are entry vertices, and at most one element in W, is non-unitary. Let
®, = max(W,). If a1 = apy3 = 1, then construct the resulting cycle C; as follows:
Remove species vertices A; and A, as well as the reaction vertices R and R,, along
with the consecutive arrows with weights ay, to ap.4, then connect Ay and Ry by an
arrow with weight ®, oriented in the direction of the cycle [clockwise as the cycle is

drawn in Fig. 3.2(b)].

Then any fragment that originally contained C; will have the same coefficient after replacing

C,' by 6,'.

Proof. Let C; be the cycle of order n corresponding to the integrated unidirectional isolated
cycle in a bipartite graph. Then, by definition of integrated unidirectional isolated cycles
and subgraphs, this cycle contains an equal number of species and reaction vertices and will
appear in any subgraph either as the set of reactant edges or as the entire cycle. In each of
the cases in Theorem 2, all removed vertices are non-entry vertices. Thus, removal of these
vertices will not affect connectivity to any vertices outside of C;.

In case 1, A, and A; are non-entry vertices and a, = aj4p = 1. Thus, the reactant

edges [Ag, R j]ah and [A;, Ry] contribute factors of unity to the coefficient of any

apy2
subgraph that includes the edge subgraph of C;. Furthermore, in any subgraph contain-
ing C;, arrows with weights a1, ap, a1, apt2, and a3 contribute a magnitude of
(an—1)(an)(aps1)(ans2)(ans3) = o, to K¢, and therefore to the coefficient of any subgraph
in which C; appears. Connecting R, to A, with an arrow of weight ®, clearly preserves

the magnitude of K¢. Choosing the direction of the new arrow as that of the original R,

to Ay arrow preserves the parity of K¢ and thus its sign. Accordingly, the coefficients of
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®)

Ry

Figure 3.4: (a) An integrated unidirectional isolated cycle that meets the criteria of The-
orem 2. For simplicity, we choose only one of the arrows to have an arbitrary weight,
an—1 = a. The vertices in the red box are the vertices that will be removed. (b) The result
of applying Theorem 2 to the figure on the left.

all subgraphs containing C; will remain unchanged after replacing C; by C;. The number of
subgraphs of a fragment containing C; or its edge subgraph also does not change because
of the unidirectionality of the cycle.

Cases 2 and 3 can be proven similarly, the key idea being that both the number and

coefficients of subgraphs in a cycle containing C; do not change post-reduction. [

Figure 3.4 illustrates the use of Theorem 2. It is easily verified that K¢ = a for both

cycles and their corresponding edge subgraphs both have coefficients of unity.

Corollary 2. Assume we have a bipartite graph that contains an integrated linked cycle
of sufficiently large order, with Cy, being the linked cycle. Let Cy, be the collection of all
unidirectional cycles in Cr. Let Cr,|a] be an arbitrary cycle from Cy,, that does not contain
an entry reaction vertex that participates in a negative path with a species vertex in Cr, [d]
and a species vertex outside of Cr,[a]. Then Theorem 2 can be applied to consecutive
negative paths in Cr,|a] assuming all conditions in Theorem 2 are fulfilled in addition to

maintaining unidirectionality of all cycles in Cy,,.

Proof. Assuming the extra condition is fulfilled, then the proof of Theorem 2 applies es-

sentially unchanged. That is, all of the cycles in Cy, will retain their parities and K¢ values
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post-reduction. Accordingly, the number of subgraphs in any fragment and their coeffi-

cients also remain unchanged. [
Refer to Fig. 3.2(c) for the interpretation of the symbols in Theorem 3.

Theorem 3 (Disjoint Negative Paths in Unidirectional Isolated Cycles). Assume we have
a bipartite graph that contains an integrated unidirectional isolated cycle C; of sufficiently

large order n. Let ay,an,...,a, be the weights of all n arrows oriented in the direction

of C;. Let [Ak,Rj,Ai]

Ap,Qap+1

and [Ap,Rpn,Aq]

ap.agiy be two disjoint negative paths in this

isolated cycle where neither of the reaction vertices nor at least one species vertex from
each negative path is an entry vertex. Denote by W,, the set containing the weights a,_;
and ap1, by We, the set containing the weights ap and ap2, by Wy, the set containing the
weights ay_y and ay1, and by W, the set containing the weights ay and ay,. Addition-
ally, let R,,, Ry, be the reaction vertices immediately preceding and succeeding, respec-

tively, [Ar,Rj,Ai] and R

sy’ pp» Rs; be the reaction vertices immediately preceding and

succeeding, respectively, [A,, R, Aq] .8 Consider the following cases:

af7af+l

1. Neither Ay nor A, are entry vertices and at most one element in each of W,, and W(,f
is non-unitary. Let ®,, = max(W,,) and ®,, = max(W,,). If a; and ay are unitary,
then construct the resulting cycle C; as follows: Remove species vertices Ay and Ap
as well as the reaction vertices Rj and Ry, along with the arrows with weights aj,_1,
ap, Apy1, Af—1, Ay, agy1, then connect R, and A; by an arrow with weight ®,, and
in the same direction as the original arrow connecting Ry, to Ay, and connect R,

and Ag with an arrow of weight ®,, and in the same direction as the original arrow

connecting Ry, and Ap,.

2. Neither Ay nor Aq are entry vertices and at most one element in each of W, and W,
is non-unitary. Let ®,, = max(W,,) and ,, = max(W,,). If a, and ay\ are unitary,

then construct the resulting cycle C; as follows: Remove species vertices Ay and Ag

8Note that it is possible to have R, = R; ; and/or Ry, = R, . In either scenario, this theorem holds.
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as well as the reaction vertices R; and Ry, along with the arrows with weights ay_1,
ap, Apy1, Af, gy, Afi2, then connect R, and A; by an arrow with weight ®,, and
in the same direction as the original arrow connecting R, to Ay, and connect A, and
Rs, with an arrow of weight ®,, oriented in the direction of the cycle [clockwise as

the cycle is drawn in Fig. 3.2(c)].

3. Neither A; nor A, are entry vertices and at most one element in each of W,, and W, ’
is non-unitary. Let ®,, = max(W,, ) and Wy, = maX(WOf). If apyy and ay are unitary,
then construct the resulting cycle C; as follows: Remove species vertices A; and A P
as well as the reaction vertices R; and R,, along with the arrows with weights ay,
apy1, Apyd, Af—1, af, afy|, then connect Ay and R, by an arrow with weight .,
oriented in the direction of the cycle [clockwise as the cycle is drawn in Fig. 3.2(c)],
and connect Ry, and Ay with an arrow of weight ®,, and in the same direction as the

original arrow connecting Ry, and A .

4. Neither A; nor A, are entry vertices and at most one element in each of W, and W, ; is
non-unitary. Let ®,, = max(W,,) and O, = max(Wef). If apy1 and apy 1 are unitary,
then construct the resulting cycle C; as follows: Remove species vertices A; and Aq
as well as the reaction vertices Rj and R,, along with the arrows with weights ay,
Apt1, Ape, Af, Afi1, Afy2, then connect Ay and Rg, by an arrow with weight ®,,,
and connect Ap and R, by an arrow with weight ®,,, both oriented in the direction

of the cycle [clockwise as the cycle is drawn in Fig. 3.2(c)].

Then any fragment that originally contained C; will have the same coefficient after replacing

C,' by Ei.

Proof. By definition of integrated unidirectional isolated cycles, C; contains an equal num-
ber of species and reaction vertices and will appear in subgraphs of any fragment that in-
cludes it either as the set of its reactant edges or as the entire cycle. In each case considered

above, all removed vertices are non-entry vertices; thus, removal of these will not affect
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connectivity to the rest of the vertices outside of C;. By assumption, we have that R; and
R,, are non-entry vertices.

In case 1, we have the non-entry vertices Ay and A, and a, = ay = 1. The reactant edges
[Ak, Rjlq, and [A,, Ry, ; thus contribute factors of unity when the cycle’s reactant edge
set appears in a subgraph. Furthermore, in any subgraph containing the entire cycle, arrows
with weights a,_1, ap, apy1, ar—1, af, and ay contribute a magnitude of ,, W, to the
coefficient of the subgraph. Applying these weights to, respectively, the new product edges

[Rp,» Aj] and [R;, ., A;] means that the coefficient of a subgraph containing the simplified

Py
cycle C; will have a coefficient of the same magnitude as the original subgraph. A pair of
negative paths is removed, and the rule for the directions of the arrows reconnecting the
graph ensures that there is no other change in the number of negative paths, i.e. C; and
C; must have the same parity. Thus, the coefficient of a subgraph containing the entire
cycle is preserved. Moreover, the number of subgraphs of a fragment containing C; or its
edge subgraph also does not change after simplification because of the unidirectionality of
both C; and C;, which implies that the coefficient of any fragment containing the cycle is
preserved.

Cases 2, 3, and 4 can be proven by analogous arguments and are not presented for

brevity. [
See Fig. 3.5 for an example of utilizing this theorem.

Corollary 3. Assume we have a bipartite graph that contains an integrated linked cycle
of sufficiently large order, with Cy, being the linked cycle. Let Cr, be the collection of all
unidirectional cycles in Cr. Let Cy, [a] be an arbitrary cycle from Cy,, that does not contain
an entry reaction vertex that participates in a negative path with a species vertex in Cr, [a]
and a species vertex outside of Cr,[a]. Then Theorem 3 can be applied to disjoint negative
paths in Cr,[a] assuming all conditions in Theorem 3 are fulfilled in addition to maintaining

unidirectionality of all cycles in Cp,,.
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(@) ®)

R,

R;

Figure 3.5: (a) An integrated unitary unidirectional isolated cycle that meets the crite-
ria of Theorem 3. The vertices in the red and blue boxes are the disjoint negative paths
[A1,R1,Az] and [A3,R3, A4]. The species vertex with the green star (A;) will be kept from
the blue negative path and the species vertex with the orange star (Az) will be kept from
the red negative path. (b) The result of applying Theorem 3 to the figure on the left.

Proof. Assuming the extra condition is fulfilled, then the same proof for Theorem 3 applies.
That is, all of the cycles in Cp will still be present post-reduction, their contributions to
the coefficients of various subgraphs will be the same, and the number of subgraphs in a

fragment containing these cycles will be unchanged. 0

3.3.2 (Bio)chemical Relevance

The theorems and corollaries found in the previous section describe reductions that pre-
serve critical fragments given a bipartite graph that meets a theorem’s conditions. They do
not, however, address the (bio)chemical relevance of the reduced model. For example, it
is possible that a removed species or reaction vertex may have been a well-studied compo-
nent of a mechanism and that there are some observations regarding this component that a
model should be able to match. In these cases, it may be desirable to identify species to
be preserved prior to any reductions being made, and to avoid eliminating these species in
the course of reduction. In many cases, especially if most of the edges are unitary, the the-
orems presented above offer multiple options for reduction. It will accordingly sometimes
be possible to carry out reductions while protecting specific species or reactions.

Unfortunately, reductions involving negative paths are not as straightforward as reduc-
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3.3. GRAPH-BASED REDUCTION RULES

tions of positive paths because a negative path encodes a co-reactant relationship, the prod-
uct not being included in an isolated cycle. In this case, the product species (if any) would
have to be outside the cycle. Theorems 2 and 3 remove both reaction vertices involved in
the negative paths subject to reduction. Unless the product is formed by another reduction,
this therefore eliminates the formation of the product from the model. If the product is
dynamically important, then its removal may sabotage the model altogether. However, in
order for the product to play an important dynamical role, it would have to be part of a
cycle, and thus the cycle on which we were operating would not be isolated, and the re-
action vertex forming the product would in fact be a non-trivial entry vertex, which our
theorems explicitly disallow as targets for reduction. The circumstances in which it would
be permissible to remove a vertex producing a product would involve products that are, in
the language of chemical reaction network theory, part of a terminal linkage class [6], i.e. a
pathway that acts as a sink. This includes the trivial case in which the immediate product is
a sink species, often represented by an empty-set symbol in reaction mechanisms.

There is also the significant problem of interpreting the bipartite graph resulting from
the elimination of negative paths. For instance, consider the example displaying the use of
Theorem 3 shown in Fig. 3.5. The original cycle encoded the reactions (neglecting species
not explicitly shown in the cycle) A; +A; —, Ao+ A3 —, A3+ A4 — and Ay — A;. In
the reduced cycle on the other hand, we have A; + A3 — and A3 — A;. These are quite
different in terms of their chemical meanings, and it may be that, for example, there is
no chemical sense to be attached to A reacting with A3. Even if that is not the case, the
reactant-product relationships have been profoundly transformed and, arguably, the reduced
model is not a model for the original reaction but for a different reaction. An alternative
perspective is that we do not care about the chemical interpretation of the reduced bipartite
graph, only that it is easier to analyze. The discovery of a critical fragment in the reduced
model could then be mapped back to the original model.

As an interesting side-note, in the classical theory of kinetic equivalence of mechanisms,
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two models are kinetically equivalent if they are related by a linear transformation [27—
29]. The reactions in the reduced model will always be linear combinations of reactions in
the original model provided we consider only the reactions in the cycle. The application
of Theorem 1 essentially involves ‘“squeezing out” intermediates in a cycle, which can
be accomplished by taking a linear superposition of reactions with positive coefficients.
The situation with negative paths is more complicated, but this is essentially equivalent to
subtracting reactions. For the example of Fig. 3.5, if we call the resulting reactions R», and

R4m, we have Ry, = R3 — R4 and R4y = Ry — R,

3.4 Application to a Gene Expression Control Model
3.4.1 Model Description

A delayed mass-action model for the transcriptional control of Hmp, an NO detox-
ifying enzyme, by the iron-sulfur protein FNR displays bistability [30]. FNR acts as a
transcriptional repressor, preventing the synthesis of the ~zmp mRNA when bound to the
gene’s promoter. Nitric oxide (NO), when present in the cell, reacts with the iron-sulfur
cluster of FNR. This causes FNR to lose its ability to bind the hmp promoter, and thus
allows this gene to be transcribed. The synthesized Hmp can then remove NO, converting
it to nitrate (NO3), which is much less toxic. A model of this system is complicated by
the potential for up to 8 molecules of NO to react with a single iron-sulfur cluster [31].
Only four of these reactions are kinetically distinguishable, leading to a model with five
nitrosylation states of FNR [30]. The original model contains 18 species and 32 reactions.
Both expression and clearance delays were considered, the latter representing the time dur-
ing which the promoter is occluded by an RNA polymerase or the ribosome binding site
on an mRNA molecule is occluded by a ribosome. Clearance delays turn out to have sig-
nificant dynamical effects [32]. Nevertheless, in the present contribution, an ODE model
was considered given that the potential for bistability does not depend on the inclusion of

delays, thus providing an interesting example to which to apply the theorems presented
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here. Beyond the neglect of delays, we also considered a simplified version of the original
model for two reasons: Perhaps most importantly, an example based on a large model with
a complex bipartite graph is poorly suited as an illustration. The original model is also
extremely densely connected, largely through NO. As a result, paradoxically, our model
simplification methods apply to very few species and reactions in the pre-existing model. It
should be noted that this pattern of dense connections is unusual. Most species in metabolic
networks, for example, have very few connections to other species via reactions [33]. The
simplified model presented below is thus, we feel, more representative of models likely to
be encountered in practice.

The simplified mechanism consists of the following 15 mass-action reactions connect-

ing 10 species, not counting the sink species NO;:

fn NO (3.1a)

Hmp — Hmp- 0, (3.1b)
Hmp- 0, + NO —25 Hmp- 0, -NO (3.1¢)
Hmp- 0, -NO -5 Hmp +NO; 3.1d)
Hmp + NO —“ Hmp-NO (3.1e)
Pro™ by prohmp | RBgHmP (3.1f)
RBS"™ X, RBS"™ | Hmp 3.1g)
RBS"™ 5, ¢ (3.1h)

Hmp —% 0 (3.10)

Hmp-0, ~2 ¢ (3.1j)
Hmp-NO ~*., NO 3.1K)
Pro™” + FNR ::AA Pro™” . FNR 3.11)
FNR +NO -7 FNR, (3.1m)
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FNR, -5 FNR (3.1n)

Reaction (3.1a) represents a source of nitric oxide, which may be endogeneous or exoge-
neous, i.e. due to diffusion of NO into the cell from the extracellular medium. Reactions
(3.1b) to (3.1e) describe the kinetics of the conversion of NO to nitrate (NO3') catalyzed by
Hmp. In reaction (3.1b), a molecule of oxygen binds into the active site of the enzyme. Be-
cause we hold the concentration of oxygen constant, (3.1b) is represented as a pseudo-first-
order reaction with effective rate constant k; = ko,[O-], where ko, is the true second-order
rate constant for this binding step. Reaction (3.1f) represents the transcription of the hmp
gene, starting at its promoter (Pro”’), generating an mRNA. We focus particularly on the
ribosome binding site (RBS) because translation [reaction (3.1g)] can be initiated as soon
as the RBS becomes available in bacteria. Moreover, mRNAs are typically degraded start-
ing from the RBS in bacteria [34] [reaction (3.1h)]. Reactions (3.11) to (3.1k) are enzyme
degradation reactions. FNR is a repressor of hmp expression, as shown in reaction (3.11).
Reaction (3.1m) depicts the inactivation of FNR by nitric oxide, and reaction (3.1n) repre-
sents a recycling pathway. Details of the biochemistry are given in Ref. [30].

The model presented above involves the following simplifications from the original:

* [O,] was a parameter in the original model. The value of this concentration was there-
fore combined with the original k; to define a new pseudo-first-order rate constant,
which appears in reaction (3.1b) of the current model. We retain the label k; for this

new rate constant.

* The reactions leading to the detoxification of NO by Hmp, reactions (3.1b) to (3.1d),
were assumed to be irreversible, as was the formation of the inhibitory complex
Hmp - NO in reaction (3.1e), which now appears in the mechanism as a suicide sub-

strate inhibition reaction [35].

* We assume that the Hmp - O, - NO complex formed in reaction (3.1c) is stable, i.e. we
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do not have a sink for this species. This simply reduces the number of reactions to be

considered by one without having any significant dynamical effect.

* The multistep degradation of the iron-sulfur cluster of FNR has been reduced to the

single reaction (3.1m).

Model (3.1) has two conservation relations, one for the gene promoter, and one for FNR.
Accordingly, given the 10 chemical species involved in the dynamics, the model has a rank
of 8.

The parameters of Table 3.1 were used throughout this study unless otherwise noted.

3.4.2 Analysis of the Model

Fig. 3.6 shows the bifurcation diagram of the model varying k;,. Unlike the original
model [30], the upper branch of steady states diverges near kj, = 0.248 uMs~! because of
the suicide substrate inhibition replacing the reversible competitive substrate inhibition in
the original model. Between ki, = 0.248 and the saddle-node bifurcation at 0.375uMs~!,
there is only one stable steady state, the lower one, but that steady state has a relatively small
basin of attraction. Many initial conditions result in runaway trajectories in which [NO]
increases without bound. For values of kj, greater than the saddle-node value, only runaway
trajectories are observed. There is a second saddle-node point at kj, = 2.2 X 1073 uM s~
Below this value of kj,, only the lower steady state exists, and it attracts all trajectories.
Between ki, = 2.2 x 1072 and 0.248 uM s~ !, the system is bistable.

The bipartite graph of the model is illustrated in Fig. 3.7. This model has five critical
fragments of order 8, one of which is shown in Fig. 3.8. The other four critical fragments
are not drawn, but only differ by free-floating edges. For example, in one of the other
critical fragments, the edge [Pro™””, Ry] is replaced by [FNR, R4]. The subgraphs of the
critical fragment of Fig. 3.8 are drawn in Fig. 3.9. From these subgraphs, we can calculate

a fragment coefficient Kg, = —1.
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Table 3.1: Parameter values for the original Hmp model and its reduced versions. Adapted

from Ref. [30].

Parameter Value

Hmp Catalysis

ki 128 s~

k> 2.5x 103 uM~ 157!
k_3 6.2x10%s7!

ky 8.0x 10! uM 157!
Hmp expression

[Pro”™ ol 1.0x 1073 uM

ke 0.71 s~!

k 0.83s7!

ks 0.014 5!

keg = kep = keg | 2.4 x 1074 571
FNR dynamics

[FNR]otal 25uM

k7 1.6x 1073 uM 15!
ka 1.0x 10! uM~ 15!
k_4 0.11s7!

k, 0.1s7!

Parameters in reduced models

kom 2.5x 103 uM~ 157!
km 8.0x 10! uM~ 15!
k7m 1.6x 1073 uM~1s~!
kiem 5.0x 10! s7!
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Figure 3.6: Bifurcation diagram for the Hmp model (3.1). In this and subsequent bifurcation
diagrams, solid lines represent stable steady states while dotted lines represent unstable
steady states. The insets magnify the regions in which the two saddle-node bifurcations
occur. Note: all bifurcation diagrams were computed using Xppaut version 8 [36].
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Reb

Figure 3.7: The bipartite graph for the Hmp model (3.1). The red edges feature in the
reductions of Sect. 3.4.3.
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Figure 3.8: One of the five critical fragments of order 8 (full rank) of the Hmp model.

As an added note, consider the structure of the critical fragment in Fig. 3.8, which in-
cludes the edges [Pro™P, R4] and [RBS"™P, Rs], and [FNR,, R7]. Because these edges
just contribute multiplicative factors of 1 to the coefficient of the fragment, a critical frag-
ment of order 5 is obtained by leaving these out. In turn, a critical fragment of order less
than the rank implies the possibility of an Andronov-Hopf bifurcation [14]. We have not
attempted to discover an oscillatory regime in this model. We point this out because the
build-up of larger critical fragments from smaller critical fragments is a common theme in
the analysis of bipartite graphs, explaining (in part) why it is not uncommon to find both

Andronov-Hopf and saddle-node bifurcations in the same model.

3.4.3 Conservative Reductions

The bipartite graph of the model (Fig. 3.7) includes a few linked cycles containing

a total of three positive paths to which we can apply Corollary 1. These positive paths
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Figure 3.9: The subgraphs of the critical fragment (from Fig. 3.8) of the Hmp model.
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are [FNR,, R,, FNR], [Hmp-O,-NO, R_3, Hmp], and [Hmp-NO, R¢;, NO]. We can
remove the reactant edge of each path (indicated in red in the bipartite graph) by making
the appropriate connection from the preceding reaction vertex to the succeeding species
vertex of each edge. We rename R; to Ry, Ry to R4, and R7 to Ry, to indicate that the
modified reaction obtained after each reconnection is different from the original reaction.
These connections preserve all of the cycles involved in the linked cycle and change neither
the structure nor the coefficients of any of the subgraphs of the system’s critical fragments.
However, due to the removal of FNR, and R,, we lose two critical fragments that included
this edge as a free-floating edge. We can think of this kind of loss of critical fragments as the
lifting of a degeneracy due to the removal of inessential components that do not participate
in the cyclical structures that give rise to criticality. The resulting bipartite graph is shown
in Fig. 3.10. Chemically, the effect of these transformations is to replace reactions: (3.1c)

and (3.1d); (3.1e) and (3.1k); and (3.1m) and (3.1n) by their respective sums:

Hmp- O, +NO 22, Hmp + NO; , (3.22)
Hmp +NO £ NO, (3.2b)
FNR + NO ™, FNR, (3.2¢)

“squeezing out” the intermediates Hmp - O, - NO, Hmp - NO and FNR,, respectively, which,
as has previously been noted, is related to classical notions of kinetic equivalence [27-29].

The critical fragment of the simplified model and its subgraphs are shown in Figs. 3.11
and 3.12, respectively. The elimination of the three species and three reactions has reduced
the number of active chemical species to 7 and the number of reactions to 12. There are still
two conservation relations, so the rank of the model is now 5. Thus, the critical fragment
of order 5 shown in Fig. 3.11 is a full-rank critical fragment corresponding to the critical
fragment of the original model shown in Fig. 3.8. Comparing the subgraphs (Figs. 3.9

and 3.12), we see that the reduction has preserved
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NO
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Rop Ry Rs

Hinp

Ry Rea Ry

Rg,

Figure 3.10: Bipartite graph of the model obtained following conservative reductions. This
model contains only 7 species (not counting the nitrate sink) and 12 reactions.
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Rom Ry R

Ry Rim

Figure 3.11: One of the three critical fragments of order 5 (full rank) of the Hmp model
after conservative reductions. This critical fragment corresponds to the critical fragment of
the full model found in Fig. 3.8.

* the number of subgraphs of the critical fragment, and
* the number and parities of cycles in each subgraph.

Thus, the coefficient of each critical fragment in the two models would be the same. Indeed,
we can easily calculate Ky, = —1 for this fragment. Since we chose a critical fragment for
simplification, the fragment shown in Fig. 3.11 is still critical. In fact, the bifurcation
diagram of the model retains the two saddle-node bifurcations of the original model in
essentially identical positions despite the radical simplifications made (Fig. 3.13; compare
Fig. 3.6). Interestingly however, the reduced model has at least one stable steady state for
any value of the control parameter k;,, unlike the original model in which a large inflow
rate of NO can overwhelm the enzyme and its control system. This is doubtless due to
the simplification of Michaelis-Menten kinetics to the simple bimolecular reactions (3.2)
which lack saturation behavior. Indeed, our graph transformations retain the dynamics of

the original model only in the sense that they preserve the capacity for bifurcations, but
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Figure 3.12: The subgraphs of the critical fragment from Fig. 3.11
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Figure 3.13: Bifurcation diagram for the conservative reduction of the Hmp model shown
in Fig. 3.10 using the parameters of Table 3.1 with k>, = k2, kam = k4 and k7, = k7.

there is no guarantee that the behavior will be identical away from the bifurcation points or
for that matter that the bifurcations will occur at similar parameter values, as was found to
be the case here.

It is worth pausing to consider the net reaction (3.2c¢), and to note that this reduction has
eliminated the feedback loop between nitrosylation of FNR and control of the synthesis of
Hmp. In other words, this control system is not essential to the bistability of this model. In
the reduced model, FNR becomes a second enzyme that eliminates NO. As should perhaps
have been clear from the original critical fragment (Fig. 3.8), the key interactions leading
to bistability are located in the catalytic system, including the substrate inhibition by NO.
After reduction, the critical fragment (Fig. 3.11) still contains two competing pathways, one
via reactions R; and R, that eliminates NO, and the other via reaction R4, that eliminates
Hmp. An interaction analogous to competitive substrate inhibition has previously been

shown to generate oscillations in a model for hydrogen oxidation [37].
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3.44 Aggressive Reductions

In Sect. 3.4.3, we applied the theorems presented in this thesis to all paths that met
the criteria of our conservative reduction theorems and showed that, upon reduction, the
resulting model still exhibits bistability. There may however be more reductions available
that would preserve bistability based on a knowledge of the critical fragment and a careful
examination of the bipartite graph, but these would involve the deletion of entry vertices.
We call these aggressive reductions. The critical fragment of the reduced model, Fig. 3.11,
tells us that we must preserve all of the species in the linked cycles. Anything outside
of these linked cycles either doesn’t contribute to critical fragments, or contributes only
trivially as free-floating edges (e.g. [Pro™™, R4]). Provided they are not involved in other
significant interactions, we could consider deleting some additional species and reactions
even if they do not satisfy the conditions of our theorems. Looking at the bipartite graph
(Fig. 3.10), we see for example that RBS"" only appears as an intermediate in the Hmp
synthesis pathway. It is an entry vertex, and it participates in a cycle of order 1 with Ry,
so it does not satisfy the conditions for conservative reductions. Nevertheless, knowing
that it appears in critical fragments only trivially, we can contemplate its removal. On the
other hand, it is not clear how the graph could be reconnected in a sensible way if we
removed, say, Pro””” and Ry, even though the critical fragment suggests these species are
not essential to the bistable behavior. A similar comment could be made about FNR and
the reactions with which it shares edges. We therefore attempt to remove only RBS"" and
the reactions Ry and Rs, connecting Ry directly to Hmp. As per our previously established
convention, we rename the modified reaction Ri.,. The resulting bipartite graph is shown

in Fig. 3.14. From the graph, the modified reaction Ricp, reads as follows:

Profmp Kemy profimp 1 Hmp. (3.3a)
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Hmp

Ry Rga R

Ry

Figure 3.14: The bipartite graph of the aggressively reduced model of Sect. 3.4.4. This
model still exhibits bistability but contains only 6 species (not counting the nitrate sink)
and 10 reactions. There are still two conservation relations, one for the promoter and one
for FNR, so the rank of the model is now 4.
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Figure 3.15: Bifurcation diagram of the model following removal of RBS”"? and associated
reactions from the model. All parameters are as in Fig. 3.13 except kiem = 505~ .

We note in passing that models in which mRNA does not explicitly appear and proteins are
shown as being synthesized directly from a gene are not uncommon in the literature. This
simplification changes the delay distribution separating gene activation from the appearance
of a protein, which could be important in models with Andronov-Hopf bifurcations, but is
of little consequence in a system where only saddle-node bifurcations are of interest.

As expected, the critical fragment of this aggressively reduced version of the model is
identical to Fig. 3.11, barring the [RBS"”P, Rs] edge. This model still contains three critical
fragments but now each of order 4 (full rank). Its bistable regime is depicted in Fig. 3.15.
Because mRNA serves (in part) an amplification role (many mRNAs to one promoter), in
order to get similar dynamics in the absence of mRNA, we need to increase the transcription
initiation rate constant. If we do, we end up with a similar bifurcation diagram to the one
found for the model that includes RBS"P. (Compare Figs. 3.13 and 3.15.)

Up to this point, all model reductions considered have retained a pair of saddle-node bi-

furcations between which we can observe bistability. We have found that further aggressive
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reductions destroy at least one of the saddle-node bifurcations, leaving us with a system
that does not have a bistable regime. Note that a critical fragment of full rank is a necessary
condition for a saddle-node bifurcation to occur. Because the condition is not sufficient,
there is no guarantee that there will be parameters where a saddle-node bifurcation occurs,
never mind two, just because the network has a critical fragment.

The [Ry, Hmp- O3] product edge in Fig. 3.14 might seem like an attractive target for an
aggressive reduction of a slightly different kind. While this edge does appear in the critical
fragment (Fig. 3.11), given that its only other connection is to a sink (Rgp), it is tempting to
think that we could remove Hmp- O, along with the reaction vertices Ry and Rgp, closing
the cycle by connecting Hmp to Ryp,,. This simplification does not appear at first glance to
be very different from that of the [Hmp - NO, Rg,] edge. However, when we do this, we lose
unidirectionality of the cycle in g; from Fig. 3.12 because [Hmp, R, Hmp- O3] is the only
positive path in g;. This causes the number of subgraphs of the corresponding fragment to
explode: we gain four subgraphs analogous to g; but with different combinations of arrows,
and one additional edge subgraph for a total of 10 subgraphs. The corresponding fragment
is no longer critical—it has a coefficient of zero—illustrating the importance of maintaining
directionality of cycles. Consequently the mechanism no longer has any critical fragments

and saddle-node bifurcations are therefore no longer possible.
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Chapter 4

Conclusions

4.1 Summary

(Bio)chemical networks have been frequent targets for simplification [21,22]. In this
thesis, I discussed graph-based dynamics-preserving schemes that can be applied to mass-
action (bio)chemical mechanisms represented as bipartite graphs. In this representation, the
graph contains two sets of vertices—one for species and one for reactions—and directed
arrows (edges) from one type of vertex to the other. The theorems in this thesis preserve
elements of bipartite graphs known as critical fragments, which are necessary for positive-
feedback Andronov-Hopf and saddle-node bifurcations [20]. Because these are necessary
conditions, critical fragment theory enables preliminary analysis of system dynamics. That
is, the existence of a critical fragment is necessary for behaviors such as positive-feedback
oscillations and multistationarity, whereas the absence of a critical fragment eliminates the
possibility of these behaviors occurring near a steady state. Thus, it is imperative that
reductions of models preserve critical fragments in order to preserve their dynamics.

In Sect. 3.3.1, I presented a set of theorems that will preserve a fragment’s structure—
and therefore its coefficient—based on the structure of the bipartite graph. This means
that these rules can be applied to a model without knowing ahead of time what critical
fragments it may have. These theorems were applied to a model for the control of the
synthesis of the NO-detoxiying enzyme, Hmp, that displays bistability in Sect. 3.4.3. In
Sect. 3.4.4, I discussed that knowledge of a system’s critical fragments and its subgraphs

may enable more aggressive reductions.
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4.2 Discussion
4.2.1 Disadvantages

The graph-theoretical methods found in this thesis provide necessary, but not sufficient,
conditions for positive-feedback oscillations and bistability [14, 19]. Hence, the preserva-
tion of these necessary conditions does not guarantee that the reduced model will preserve
the original system’s dynamics. However, even when dynamics is preserved, it is also pos-
sible for a (bio)chemical model to become disconnected from biology when applying the
theorems and corollaries found in this thesis. This is due to the reduction rules being strictly
graph-based without regard for a species’ or reaction’s role in the mechanism. Thus, it is
highly recommended to identify species and reactions that are necessary to the mechanism’s

structure and function prior to any reductions, if possible.

4.2.2 Advantages

Perhaps the greatest advantage to the graph-based reduction rules presented in this the-
sis is their parameter independence. They require neither concentrations nor rate constants
to be known, and all that is required is the set of elementary reactions that constitute the
system. Thus, numerical considerations such as stiffness are irrelevant when applying these
rules. Numerical methods, on the other hand, require known parameters and can be com-
putationally taxing [21].

Another advantage to the graph-based reduction rules in this thesis is their capacity to
simplify models without even knowing the model’s critical fragments. This is because these
rules preserve a fragment’s coefficient post-reduction, i.e. a critical fragment would retain
its criticality because its coefficient is invariant. Finding critical fragments is not exempt
from being computationally taxing (particularly in larger networks); however, if critical
fragments can be identified in the reduced model, it is simple to backtrack to the original
set of reactions in the original model that would correspond to the vertices in the reduced

critical fragment. Thus, these methods can enable us to find critical fragments that were
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initially too large to enumerate by analyzing the reduced model’s critical fragments.

4.3 Aggressive Reductions

The conservative reductions described in the theorems of Sect. 3.3.1 consist of a set
of graph operations that preserve the coefficients by removing non-entry vertices. We also
saw in Sect. 4.3 that, if we want to preserve specific, known critical fragments, and thus
the associated dynamics, it may be possible to remove species and reactions intertwined
with other parts of the network. These types of reductions are called aggressive reductions.
Knowledge of critical fragments enables the potential deletion of entry vertices, such as
free-floating edges in a critical fragment or intermediate edges along a cycle. However, we
also saw in Sect. 3.4.4 that not all intermediate edges can be pruned. Here, we saw that
removal of the [R;, Hmp - O3] product edge causes the cycle in g from Fig. 3.12 to lose its
unidirectionality because [Hmp, Ri, Hmp- O3] is the only positive path in the cycle. This
change consequently causes the critical fragment to lose its criticality, making saddle-node

bifurcations, and thus bistability, no longer possible.

4.4 More General Transformations

As mentioned previously, this thesis discusses graph operations that preserve the co-
efficient of a fragment post-reduction. By extension, this means that if these graph-based
reduction methods were applied within a critical fragment, then criticality of that fragment
is preserved since the coefficient of the fragment under these rules is invariant. However,
by definition, a critical fragment is one whose coefficient is negative. Theoretically, one
can make transformations to a critical fragment that force its coefficient to become more
negative or even enable a non-critical fragment to become critical by lowering its coeffi-
cient enough to drop below zero. The latter is potentially interesting because the genesis of
critical fragments (in a system without any) could lead to dynamics-inducing schemes, in

contrast to the reduction rules presented in this thesis that preserve the necessary conditions
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for dynamics already present in the system. These types of transformations would typically
be applied to linked cycles. As discussed in Sect. 3.2.2, reductions near an entry vertex may
lead to the creation or destruction of other cycles, and these outcomes depend on the struc-
ture of the linked cycle and its surrounding vertices. To identify what effect changes near an
entry vertex may have on the linked (or even isolated) cycle on any fragment it participates
in, we would need to look at the fragment’s subgraphs.

A fragment’s subgraphs constitute the fragment. Once the subgraphs are enumerated,
we can examine the ones with positive coefficients and deduce changes that can be made to
lower some of their values and thus the value of the fragment. In this manner, the possibility
of changes are endless. One possibility is by simply deleting reactant edges with large
stoichiometric coefficients, or perhaps by shifting these coefficients to product edges since
these edges do not appear in the edge subgraph. In the case of edge deletion, we would
have to consider the reactant edge’s participation in cycles (if any). Since reactant edges
in the edge subgraph are squared in a coefficient’s calculation, then it is possible that the
magnitude of this value is greater than the magnitude of the value of the cycle’s contribution
to K¢ that contains this edge, meaning that deletion of this edge would lower the fragment’s
coefficient and potentially turn a non-critical fragment critical. In the other case, if we shift
a stoichiometric coefficient from a reactant edge to a product edge, then that edge’s weight
is no longer part of the edge subgraph, potentially leading to a decrease in a fragment’s
coefficient. Another possibility is by altering the parity of a cycle. If a cycle that appears in
more than one subgraph has a net-positive contribution to K¢, removing a unitary negative
path would change the value these subgraphs contribute to K¢ to be net-negative, possibly
granting criticality to a non-critical fragment. Put succinctly, further transformations can

be constructed to force a fragment’s coefficient to drop.
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4.5 Future Directions

While critical fragment theory is effective in isolating key contributors to dynamics of
(bio)chemical systems, it is not without its limitations. However, even without knowing
the dynamics of a system, critical fragment theory can determine the inability of a system
to express certain behaviors such as positive-feedback oscillations and multistationarity if
the system contains no critical fragment of the required order [20]. Particularly with mul-
tistationarity, a critical fragment of order equal to the number of independent species is
necessary. Since this is necessary and not sufficient, the system may not have the capac-
ity for multistationarity even if it contains a critical fragment of the specified order. This
uncertainty, however, may be reconciled by the union of critical fragment theory and other
known theories.

Chemical Reaction Network Theory (CRNT) has similar applications in these systems
and also utilizes graph-based analyses. One key difference in CRNT is that the species
are noted as “complexes,” which are defined as the combinations of chemical species at
either end of a reaction arrow [13]. The graphs used in CRNT are not unlike our bipartite
graphs; in particular, Species-Reaction (SR) graphs are indeed bipartite graphs with similar
vertices: one for species and one for reactions. The edges, however, do not have direction
and are labeled with the complex to which the species belongs in the reaction, in addition
to the stoichiometric coefficient. In order to understand how CRNT and critical fragment
theory can be complementary, we need to delve a bit further into the former’s terminology.

In an SR graph, a “c-pair” (complex pair) is defined as a pair of edges that meet at
a reaction vertex and have the same complex label (the complexes along the edges) [13].
A c-pair would correspond either to our notion of a negative path or to two products of a
reaction. If a cycle has an even or odd number of c-pairs, it is an “e-cycle” or “o-cycle,”
respectively. An “s-cycle” is a cycle for which the result of alternately multiplying and
dividing the coefficients along the cycle is 1. Lastly, two cycles have a “species-to-reaction

intersection” (S-to-R intersection) if the common edges of the two cycles constitute a path

55



4.5. FUTURE DIRECTIONS

that begins at a species vertex and ends at a reaction vertex [13]. The simplest example of
an S-to-R intersection in our terminology would be a single reactant edge shared by two

cycles. The following is the main result in [13]:

Theorem 4 (Craciun and Feinberg [13]). Consider a reaction network such that in its SR

graph

i each cycle is an o-cycle or an s-cycle,

ii no two e-cycles have an S-to-R intersection.

Then, taken with mass action kinetics, the reaction network does not have the capacity for

multiple positive equilibria.

Violating at least one of these conditions is therefore a necessary condition for multi-
stationarity. While the first condition does not have a direct correspondence with critical
fragment theory, the second condition can indeed be translated using our nomenclature.’
For example, if a system represented in our notion of a bipartite graph contains no linked
cycles, or if a linked cycle’s shared vertices do not form a reactant edge, then the second
condition is met. Of course, this is not an easy condition to check for as it is likely a cycle
would be linked in a bipartite graph, presumably with multiple shared vertices. However,
due to the similarities with the construction of an SR graph and our bipartite graph, it would
be very interesting to see how the two methods differ or are alike in the context of model
reduction. Given that both seek to preserve key elements that determine the dynamic po-

tential of a system, perhaps a future direction for graph-based reductions may lie in the

junction of both CRNT and critical fragment theory.

9The first condition may be able to be determined if we label the edges in our bipartite graph with the
complexes as well. But this would be for a future project.
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