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Abstract

This doctoral thesis is made up of a collection of papers of the author. All of these papers
are already published. The structure of this thesis is as follows. After the introduction, there
are four chapters.

In Chapters 2 and 3, we obtain explicit bounds for the number of non-trivial zeros of
the Riemann zeta function and Dedekind zeta functions, which improve previous results of
Trudgian [120]. This improvement is based on ideas from previous works of Bennett et
al. [11], Kadiri and Ng [63] and Trudgian [120]. This is a joint work with Quanli Shen and
Peng-Jie Wong.

In Chapter 4, we apply explicit results from transcendental number theory due to
Bugeaud [20], Laurent [72] and Matveev [79] to completely solve a Diophantine inequal-
ity involving the Fibonacci numbers and to study a particular case of the Terai-Shinsho
conjecture.

In Chapter 5, using elementary methods and explicit bounds for primes in arithmetic
progressions due to Bennett ez al. [10] we study two Diophantine equations which involve

multiplicative functions.
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Notations

Below we introduce some basic notations and definitions that we will use throughout this

thesis.

N, Z, R and C are the set of natural, integer, real, and complex numbers respectively.

* The letter p with or without indices is used to denote prime numbers, g,a,n are inte-

gers, x is a real number and s = 6 + it is a complex number.
* The notation n = a(mod ¢) means there exists k € Z such that n = kg + a.
* (a,q) = gcd(a,q) is the greatest common divisor of a and q.
* The Euler totient function ¢(n) is defined by ¢(n) =#{m € N| m <n and (m,n) = 1}.

* The sum of divisors function 6(n) is given by

o(n) = Zd.

d|n

* The unitary sum of divisors function 6*(n) is defined by

Suppose f, g are real functions in x.

* f(x) = O(g(x)) if there is a constant C such that for all sufficiently large x, |f(x)| <
Cg(x).

X1



NOTATIONS

* f(x) =o(g(x)) means lim,_c % =0.
* f(x) ~ g(x) means ﬁ—ﬁ)) — 1 asx — oo.

* The von Mangoldt function A(n) is an arithmetic function defined by

logpifn:pk, k>0,
A(n) =

0 otherwise

* Prime counting functions:

P<x
8(x) =) logp

p<x
ww=;Mm

* More generally, for (a,q) = 1 we have

nxga)= ), 1,
P<x
p=a(mod q)

0(x;q,a)= ), logp

P<x
p=a(mod q)

y(xg.a)= ) logp.

Pr<x, k>1
p=a(mod q)

* Let g € N, A Dirichlet character mod q is a function ¥ : Z — C satisfying the fol-
lowing three properties:
(i) x(n) = 0 holds if and only if (n,q) > 1,
(i) x(n+q) = x(n),
(iii) x (n1n2) = x(n1)x(n2)-

Xii



NOTATIONS

¢ The Riemann zeta function

and the Dirichlet L-functions

where ¥ (n) are defined above.

* The Gamma function is given by

The following are related to the number fields.

* Kis a number field with ring of integers Oxk.

* r1 and 2r, are the number of real and complex embeddings of K.
* ng = r1 +2r; is the degree of K.

* dx is the discriminant of K.

* a C Ok is an integral ideal.

* p C Ok is a prime ideal.

* Nk(a) is the norm of a in K.

The Dedekind zeta function is defined by




NOTATIONS

The following are related to the zeros of {(s) and {k(s):
* For B,7€ R, p = B+ iy denotes a nontrivial zero of either {(s) or Ck(s).

e LetT > 0.

N(T)=#{p=B+iyeC|L(p)=0,0<P<1,0<y<T}.

e Similarly

Ng(T)=#p=B+iyeC|Lk(p)=0,0<B< 1|y <T}

X1V



Chapter 1

Introduction

1.1 Prime Number Theorem (PNT)

Prime numbers have always been a fascinating subject for many generations of math-
ematicians - from ancient times of Euclid all the way up to modern times. They stand
apart from other sequences of numbers that have a regular pattern. I could not have put
it better myself but quote from Don Zagier’s inaugural lecture The first 50 million prime

numbers [124]:

There are two facts about the distribution of prime numbers of which I hope
to convince you so overwhelmingly that they will be permanently engraved in
your hearts. The first is that, despite their simple definition and role as the
building blocks of the natural numbers, the prime numbers belong to the most
arbitrary and ornery objects studied by mathematicians: they grow like weeds
among the natural numbers, seeming to obey no other law than that of chance,
and nobody can predict where the next one will sprout. The second fact is even
more astonishing, for it states just the opposite: that the prime numbers exhibit
stunning regularity, that there are laws governing their behaviour, and that they
obey these laws with almost military precision.

But wherever there is a regular structure among natural numbers there are mathemati-
cians looking for the explanation. After examining tables of large prime numbers, Gauss

was led to conjecture that the prime-counting function
n(x) = #{p < x| p is a prime}

is asymptotic to @ as x — oo. EEW. Bessel in his letter to W. Olbers [37] mentioned for the



1.1. PRIME NUMBER THEOREM (PNT)

first time that the number 7(x) is well approximated by the logarithmic integral defined by

1—¢ X dt
= lim </ / ) / — —1.04
e—0 1+e ) logt 2 logt

In 1808 A.M. Legendre conjectured that a good approximation to 7(x) is given by

x
logx —1.08366

The first result about the asymptotic behaviour of (x) was obtained by P.L. Chebyshev,

who showed that if the limit

lim 7(x)logx
X—yo0 x

exists, then it must be 1. In 1852 he derived rather close lower and upper bounds for 7(x).

Namely, if x is sufficiently large, then

09212 < m(x) < 1.1056——.
logx logx

He also introduced what are now known as the Chebyshev functions:

=) logp, andy(x)= ) logp.

p<x pr<x, k>1

In his seminal memoire Uber die Anzahl der Primzahlen unter einer gegebener Grif3e
[95] published in 1859 Gauss’s student Riemann considered for the first time at complex

arguments the function

now called the Riemann zeta function. He showed that 7t(x) is intimately connected to the

analytic properties of this function. Moreover, he proved that {(s) extends to a meromorphic
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function on C which has only a simple pole at s = 1 and satisfies the functional equation

Riemann zeta function {(s) vanishes at s = —2, —4, —6, ... (these are called the trivial zeros.
All other zeros are located in the so-called critical strip 0 < R(s) < 1. Riemann conjectured
that all non-trivial zeros of () lie on the vertical line R(s) = % called the critical line. This
is known as the Riemann Hypothesis. But what do the zeros of the Riemann zeta function
have to do with the prime numbers? The connection between the zeros p = 3 + iy of the

Riemann zeta function with the prime numbers is given by the remarkable formula

xP 1 )
y(x) =x—;3—log2n—§10g(1—x )

valid for all x > 2 not a prime power. This beautiful formula shows that zeros of the Rie-
mann zeta function, an analytic object are intimately related to the distribution of prime
numbers, a “discrete” arithmetic object. If the Riemann Hypothesis is true a variant of the

the above formula implies that
W(x) = x4 0(x'*(logx)?).

In 1896 Hadamard and de la Vallée Poussin independently proved the conjecture of
Gauss, which is now the celebrated Prime Number Theorem. It can be stated in an equiva-

lent form as
Y(x) ~ x and O(x) ~ x as x — co.

The crucial part of the proof was the fact that {(s) has no zeros on the line 6 = 1.
Later, in 1899 de la Vallée Poussin obtained more precise result. He showed that the

non-existence of zeta zeros in the region 6 > 1 —¢/log(|t|+2) for some constant ¢ > 0



1.1. PRIME NUMBER THEOREM (PNT)

yields the prime number theorem with the error term y(x) = x + O(xe¢V°¢*). In 1958
Korobov [68] and Vinogradov [122] proved that there exists a constant ¢y > 0 such that
(logx)3/3

7 ) > . This is currently asymptotically the

the error term is of size O (xexp ( —C] {loglogx)1/3

strongest error term.
Rosser and Schoenfeld [99, 100] using analytic methods and heavy computations de-
termined explicit bounds for the Chebyshev functions. In particular, they showed that the

maximum of the function @ 1s 1.03883... at x = 113 [99, Theorem 12]. Moreover,

0.980x < 8(x) < 1.019x, for all x > ¢*°

10(x) — x|, [w(x) —x| < 0.02422691L for all x > 108.
ogx

as proved in [98, Equation 12] and [100, Theorem 7] respectively.

One also has

Y n(x) < 125506
logx logx

for all x > 17 [99, Corollary 1].

Over the years many researchers have worked at improving the work of Rosser and
Schoenfeld. For further details of subsequent improvements, the reader may consult: Axler
[3], Biithe [24], Dusart [35], Faber and Kadiri [38],Trudgian [121] and Fiori, Kadiri and
Swidinsky [42,43].

Platt and Trudgian [89] showed that 8(x) < (1+47.5-10~7)x for all x > 0. Broadbent et

al. [19] improved this bound to

0(x) < (14 1.93378-108)x for all x > 0.
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Fiori et al. [42] proved that for all x > 2
hy(x) — x| < 9.22022x(logx)/? exp (—0.8476836+/log x)
and that, for all x > e300,
ly(x) — x| < 4.9678-10" x.

Using an explicit Vinogradov-Korobov zero-free region for {(s), Johnston and Yang

[61] established that for all x > 23
x) — x| < 0.026x(logx) '3 exp —0.185310g3/5x loglogx -1/5),
Y

1.1.1 Applications of the explicit bounds for primes

Explicit Chebyshev type bounds have numerous applications in number theory. Below

we provide some interesting examples.

1. A distinct covering system of congruences is a finite collection of congruences
amodm;, 1 <mi <mp<.. <my

such that every integer satisfies at least one of them. Erdds asked if there exist dis-
tinct covering systems for which the least modulus is arbitrarily large. Hough [59]
answered this question negatively. Using numerical calculations together with ex-
plicit estimate for 8(x), he proved that the least modulus of a distinct covering system

is at most 10'©.

2. Robin’s criterion states that the Riemann Hypothesis is true if and only if the in-
equality o(n) < e'nloglogn is satisfied for n > 5041, where 6(n) is the sum of all

positive divisors of n and y= 0.5772... denotes the Euler-Mascheroni constant. Us-
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ing a bound of Rosser and Schoenfeld, Choie et al. [28] showed that if n does not

satisfy Robin’s criterion then there exists @ > 1 such that a°|n.

3. A set of m natural numbers {aj,ay,...,ay} is called a Diophantine m-tuple with
property D(n) if aa; + n is a perfect square for all 1 <i < j < m. Define M, =
sup{|S|: S has property D(n)}, where |S| denotes the number of elements in S. Using

Rosser and Schoenfeld lower bound for t(x), Dujella [33] obtained that

M, < 32 for |n| <400,

M, < 267.811og |n|(loglog |n|)? for |n| > 400.

4. Using Rosser and Schoenfeld bound for 6(x), Moree [82] proved that the Diophantine

equation of Erdés-Moser type
Kok (k=D =axf
has no integer solutions (a,x, k) with

k> 1, x <max(10'”, a-10%2).

1.2 PNT in arithmetic progressions

Euler and Legendre asked if there are infinitely many primes in arithmetic progressions
with coprime first element and difference. The first attempt to answer this question was
made by Legendre but his argument was fallacious. The first correct proof of the infinitude
of primes in any progression a + gn with (a,q) = 1 was given by Dirichlet in 1837. For

this purpose, he introduced a new class of functions which are now called Dirichlet’s L-
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functions. A group homomorphism

x: (Z/qZ)" — C\{0}

is called a Dirichlet character modulo integer ¢, where (Z/gZ)* is the multiplicative group
of reduced residue classes (mod ¢g). We extend 7 to an arithmetic function  : Z — C by
setting (n) = y(n mod q) if (n,q) = 1 and y(n) =0 if (n,q) > 1.

The Dirichlet L-function associated to ¥ modulo ¢ is defined by

(o]

L= x(n) _ 11 <1 B x(p))1

s s
n=1 n p p

for RNs > 1.

Let ¢(n) denote the Euler totient function and let

n(x;q,a) = Z 1,

p<x
p=a(mod gq)

0(x;q,a)= ), logp,

P<x
p=a(mod q)
v(xiga)= ) logp.
pk <x, k>1
p=a(mod q)

Dirichlet’s prime number theorem for arithmetic progressions asserts that, for any fixed ¢,

we have

n(x:a,q) al _
X;0,q) ~ —————— a8 X — 0.
U™ %(g)logx

This is equivalent to

0(x;a,q) ~ Y and y(x;a,q) ~ Y asx .

0(q) 0(q)
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As with the PNT, we cite some explicit results for the primes in arithmetic progressions.

Let

V(x:a,9) = 55
E(x;a,q)Z‘ i

o(g)

McCurley [81] proved that E(x;a,q) < 11.50 for x > e(1029)* and g > 10'3. Ramaré and
Rumely [94] showed that E(x;a,q) < 0.002 for x > 10'% and ¢ = 13 and in Kadiri and
Lumley [76] improved this bound showing that E(x;a,q) < 4.992- 1076 for x > 10190 and
q = 13. These results are actually proven for a finite family of “small” moduli (includ-
ing ¢ = 13) for which the Generalized Riemann Hypothesis (GRH) was partially verified.

Bennett et al. [10] proved the following general result.

Theorem 1.1. Let g > 3 be an integer and let a be an integer that is coprime to q. There
exist explicit positive constants cy(q) and xy(q) such that

X X

Vi)~ | < oyla) s forait =yl

Moreover, cy(q) and xy(q) satisfy cy(q) < co(q) and xy(q) < xo(q) where

S50 if 3<q <104,
CO(‘]) =
s ifg> 104,

and

8'1097 lf3§¢]§105,
x0(q) =
exp (0.03\/glog’ q), ifq>10°.

They also derived explicit bounds for 7(x;¢,a) and p,(g,a) for certain moduli ¢, where

Pn(g,a) is the nth smallest prime that is congruent to a modulo g.



1.2. PNT IN ARITHMETIC PROGRESSIONS

Theorem 1.2. ( /10, Corollary 1.6]) Let 1 < g < 1200 be an integer, and let a be an integer

that is coprime to q.

e Forall x> 50q2, we have

X ) X | 5
oq)ogx ~ ") < G o ( * 21ogx)'

« For all positive integers n such that p,(q,a) > 22q*, we have
4
@) 108 (10(0)) < palaa) < n0(a) 10 (1) + § oglog (10(a) ).

1.2.1 Applications of the explicit bounds for primes in arithmetic progressions
Here is a non-exhaustive list of some interesting applications of the above explicit

bounds for primes in arithmetic progressions:

1. Suppose 3 < g < 10°. Francis and Lee [45] proved that every integer greater than two

can be written as the sum of a prime and a square-free number co-prime to g.

2. Dalton and Trifonov [31] proved that every positive integer n can be represented in
the form n = s+ p where s is a squarefree number and p is a prime with p < \/n

except when n € {1,2,3,6,11,30,155,247}.

3. Consider the following generalization of a Diophantine m-tuple defined in the sec-
tion 1.1.1(3). Fix a natural number k > 2. Given a non-zero integer n, a set of
natural numbers S = {ay,az,...,a,} is called a Diophantine m-tuple with property
Dy(n) if ajaj+n is a k-th power for all 1 <i < j < m. Define M; = sup{|S|:
S has property Dy (n)}. Bhattarcharjee et al. [13] showed that if k = o(loglogn) then

2 n
Mi(n) < 30(k)logn + 0(%).

4. Let a,b,c,m € N be fixed with (b,c) =1 and m > 2. Saunders [101] showed that

_ bt

. and

there are only finitely many solutions to the Diophantine equation ¢(ax™)

9
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these solutions satisfy n < max{61,3a,3b,3c}.

5.LetS={n: ¢(n)=0(n+1)} ={1,3,15,...}. It is not known if § is an infinite set

but the reciprocal sum of the members of § is finite. Kinlaw et al. [66] proved that

1
) - <7.8358.
nes
In this thesis we also apply Bennett et al. explicit bounds in Chapter 5 to some Dio-

phantine problems.

1.3 Primes in the Chebotarev Density Theorem

Since the establishment of the classical PNT, mathematicians developed analogues of
PNT in other contexts where one can define the notion of ’prime element”. Chebotarev’s
density theorem is a grand generalization of the prime number theorem and the prime num-
ber theorem in arithmetic progressions. Before we state it we require some notations and
definitions from algebraic number theory.

Let L/K be a Galois extension of number fields with Galois group G. Since Oy is also

a Dedekind domain for any prime ideal p of Ok one has

pOL =P P, (1.1)

where 33;’s are distinct prime ideals in Oy and e;’s are positive integers. Note that since
L/K is Galois, e; = e for all i, j. We say that *B; are above p. If e; = 1 for every j, then p
is called unramified. Otherwise p is ramified.

Since the Galois group G acts on the prime factors of pOp it is natural to consider the

stabiliser subgroup of B|p, i.e. Dyp = {6 € G| 6(P) =P} which is called the decomposi-

10



1.3. PRIMES IN THE CHEBOTAREV DENSITY THEOREM

tion group at *}3. One also has the inertia group at J3
Iy = {0 € G| 6(x) = x(mod B) for all x € O }, (1.2)

which is a normal subgroup of Dg;. Note that the inertia group Iy is trivial when p is
unramified in L. Since every non-zero prime ideal is maximal in a Dedekind domain both
Or/B and Ok /p are fields and in fact finite. Moreover, it can be shown that the extension
(OL/B)/(Ok/p) is Galois and Gal((Or /) /(Ok /p)) is a cyclic group with a generator x —
xP. Therefore, one can choose an element Gy € Dy whose image in Gal((OL/%)/(Ok /p))
is the generator described above. Such an element is called a Frobenius automorphism at
L.

Let K be a number field and L/K be a finite Galois extension of number fields. For any
unramified prime p of Ok and any prime *§ of L lying over p, the Artin symbol [L/TK] is the

unique element ¢ € Gal(L/K) such that
o(a) = o'k/2®) (mod ) for all o € L. (1.3)

The fact that p is unramified ensures that such map is well-defined and unique up to the

choice of the prime *J3 lying over p: the values of [L/TK} lying over p are all conjugate in

Gal(L/K). We denote by [L/TK} the conjugacy class of [L/TK] in G = Gal(L/K) for any B3

lying over p and we will refer to this as the Artin symbol of p.
Informally, the celebrated Chebotarev density theorem says that for any finite Galois

extension of number fields L/K and any conjugacy class C C Gal(L/K) the number of

L/K

primes p of Ok such that [T} = ( is proportional to the size of (.

For a conjugacy class C of G and x > 1 define

Teo(x) :== |{p|p a prime ideal of K unramified in L, [L/TK} = Cand Ng/g(p) <x}| (1.4)

11



1.3. PRIMES IN THE CHEBOTAREV DENSITY THEOREM

In modern language, the Chebotarev’s density theorem can be restated as

TTo(x) ~ %Li(x) (x — o), (1.5)

where Li(x) = [5 lg%'
Let p be a complex finite dimensional representation of G = Gal(L/K). The Artin L-

function attached to p is defined by
L(s,p,L/K) :l;le(s,p,L/K) (1.6)
where the local L-function at p is defined by
Ly(s,p,L/K) = det(1 = p|"™ (o) Np ") ! (17

for R(s) > 1. Here the product runs over prime ideals in Ok, 3 a prime ideal above p, V
is the underlying complex vector space on which p acts and V¥ is the subspace of V on
which Iy acts trivially.

While the Chebotarev density theorem is a statement about how prime ideals behave
under Galois number fields, it is also a generalization of Dirichlet’s theorem on primes
in arithmetic progressions. Indeed, apply Chebotarev theorem to K = Q and L = Q({,),
where (, is a primitive gth root of unity. Then G ~ (Z/qZ)* where the isomorphism is
given explicitly by identifying an element a € (Z/gZ)* with the unique automorphism

64 € G such that 6,(g,) = {. Now let p { g be a prime number. Then

(Q(C;)/@> s, (1.8)
and therefore for any a € (Z/qZ.)*
(M) =0, {0 =% p=a(mod q) (1.9)

12



1.3. PRIMES IN THE CHEBOTAREV DENSITY THEOREM

By Chebotarev density theorem, we infer that the Dirichlet and natural densities of primes

p =a(mod q) is —|(Z/;Z)X| = ﬁ.

As with the prime number theorem for arithmetic progressions, proving Chebotarev
density theorem requires knowledge about the distribution of zeros of special L-functions
attached to L/K. In particular, one must analyze the Dedekind zeta-function of L defined

by

1

1
= ]—— for N 1 1.10
oo - -5ogr) %> (1.1

where the sum is taken over non-zero integral ideals and the product runs through all prime
ideals of Oy. Note that for K = Q and the trivial one-dimensional representation p® we
have L(s,p? L/Q) = {;(s), where p°(c) = 1 for all 6 € G. The Dedekind zeta-function
€. (s) has an analytic continuation to a meromorphic function in the whole complex plane
with a simple pole at s = 1. Its non-trivial zeros lie in the critical strip 0 < R(s) < 1 and its
trivial zeros are at certain non-positive integers. The Dedekind zeta-function suffers from
an exceptional zero: that is we cannot eliminate the existence of a real non-trivial zero.
Conjecturally such zeros do not exist and the Generalized Riemann Hypothesis (GRH)
states that all of the non-trivial zeros lie on the critical line R(s) = 5.

Let S(c,d) denote the region given by all s =+ iy with B > 6. = 1 — ¢/logdk and
v <ty =d/logdg. In 1974, Stark [106] proved that a Dedekind zeta function has at most
one simple and real zero in the region S(1/4,1/4). Kadiri [62, Theorem 1.1] showed that
the same conclusion holds true in the region S(1/12.74,1) for dy large enough. Recently,
Lee [73] improved this to the region S(1/12.44,1).

Early proofs of the Chebotarev density theorem gave no information about the error
terms. In 1977 Lagarias and Odlyzko made progress towards resolving this problem by

proving the following conditional “effective” version of the Chebotarev density theorem.

Theorem 1.3. ( [71, Theorem 1.1]) Let L/K be a Galois extension of number fields with
Galois group G, di = |disc(L/Q)| and put n;, = [L : Q|. Assume the GRH holds for the

Dedekind zeta function Cp(s). Then, there is an effectively computable positive absolute

13



1.3. PRIMES IN THE CHEBOTAREV DENSITY THEOREM

constant ¢ such that for every x > 2,

Cl, . IC] 12

[T (x) — @Ll(x)} < c<|G|x log (de”L)> (1.11)

Lagarias and Odlyzko also proved an unconditional version of their “effective”

Chebotarev density theorem.

Theorem 1.4. ( [71, Theorem 1.3]) Let n; > 1. Then there exist effectively computable

absolute constants ¢y and cy such that if x > exp(10nz(logdy)?) then

Il

_ < la
|Gl

}Jtc(x) Li(x)| < ‘G‘Li(xﬁo)ﬁ—clxexp(—czngl/z(logx)l/z), (1.12)

where By is a possible real and simple zero in the region S(1/4,1/4).

The natural question in connection with the Chebotarev density theorem is when does
a prime ideal p of least norm occur? This interesting problem has been studied by many

mathematicians. Lagarias and Odlyzko [71] state the following theorem.

Theorem 1.5. Let L/K be a normal extension of number fields. Assume GRH for Cr(s).

The least prime ideal p with [L/TK} = C satisfies
Ny jg(p) < (logdr)*. (1.13)

* Lagarias and Odlyzko only proved the result Ng/g(p) < (logdp)?*(loglogdy)* in
[71].

* Bach and Sorenson [4] gave an explicit version of this by proving that if the GRH

holds, then

Nk/g(p) < (4logdy +2.5n,+5)*. (1.14)

14



1.3. PRIMES IN THE CHEBOTAREV DENSITY THEOREM

* Fiori [41] showed that there exists an infinite family of number fields L, Galois over
@Q, for which the smallest prime p of Q which splits completely in L has size at least

(log dL>2+0(1) )

Nontrivial, unconditional results are much harder to prove. The first nontrivial uncondi-
tional bound is due to Lagaris, Montgomery and Odlyzko [70]. They proved the following

theorem.

Theorem 1.6. ( [70, Theoreml.1]) There is an absolute effectively computable constant B
such that for every finite extension K of Q, every finite Galois extension L of K and every

conjugacy class C C G there is an unramified prime p of K with [L/TK} = C which satisfies
Nk/g(p) < 2d7. (1.15)

1.3.1 Explicit versions of the least prime ideal in the Chebotarev density theorem

Zaman made (1.15) explicit proving that

Theorem 1.7. ( [125, Theorem 1.1]) Let K be a number field and suppose L/K is a finite
Galois extension. For every conjugacy class C of Gal(L/K), there exists a prime ideal p of
K unramified in L, for which its Artin symbol [L/TK] = C, for which its norm NK/Q(p) is a

rational prime, and which satisfies
40
Nk o(p) < df, (1.16)

where di, = |disc(L/Q)|. The implied constant is effective and absolute

Further advances and improvements were made by Kadiri, Ng and Wong [64] who

reduced the exponent B = 40 to 16 for d;, sufficiently large.

Theorem 1.8. ( [64, Theorem 1.1]) Let L/K be a Galois extension of number fields with
G = Gal(L/K) and let C C G be a conjugacy class. There exists an unramified prime ideal

p of Ok, of degree one, such that 6, = C and N /Q(p) < d£6 when dy is sufficiently large.
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1.3. PRIMES IN THE CHEBOTAREV DENSITY THEOREM

Ahn and Kwon [1] obtained the first explicit exponent for all d;.

Theorem 1.9. ( [1, Theorem 1]) For every finite extension K of Q, every finite Galois
extension L(# Q) of K with Galois group G and every conjugacy class C of G, there exists

an unramified prime ideal p of degree one with 6, = C which satisfies

Ngjo(p) <dj' (1.17)

with A1 = 12577.
The best exponent for all d is due to Kadiri and Wong [65].

Theorem 1.10. ( [65, Theorem 1]) Let L/K be a Galois extension of number fields with Ga-
lois group G, and let C be a conjugacy class in G. If L # Q, then there exists an unramified

prime p of K, of degree one, such that 6, = C and Ng jq(p) < dB with B = 310.

Note that this result made use of the work of Hasanalizade et al. [54] on Nk(T) in

Chapter 2.

1.3.2 Applications of the Chebotarev density theorem

In this subsection we collect several interesting applications of the Chebotarev density

theorem.

1. The Chebotarev density theorem can be applied to get information about the struc-
ture of the set of prime divisors of the terms {U,} of a second order linear recur-
rence. Hasse [56] showed that the set of primes Sy = {p : p is a prime and p|2" +
1 for some n > 0} has density 2/3. The Lucas sequence (L,),>0 is defined by Lo = 2,
Ly=1andL,;> =L,4+1+L, forall n > 0. Lagarias [69] proved that the set of primes
S ={p: pisaprime and p|L, for some n > 0} has density 2/3. Hasse and Lagarias

applied the Chebotarev density theorem to a suitable tower of Kummer fields.
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1.3. PRIMES IN THE CHEBOTAREV DENSITY THEOREM

2. Odoni [84] applied Chebotarev density theorem to tackle a conjecture of Krishna-
murthy. He proved that for asymptotically one third of primes p the decimal period

of 1/pis odd.

3. A Carmichael number is a composite number n for which @" = a(mod n) for all
integers a. Banks et al. [9] applied Chebotarev density theorem to show that for any
fixed number field K there are infinitely many Carmichael numbers that are composed

solely of primes that split completely in K.

4. Another interesting application of an explicit bound for the least prime ideal in the
Chebotarev density theorem is due to Thorner and Zaman [116]. They proved the first
explicit, nontrivial and unconditional upper bound for the least prime represented by
a positive-definite primitive binary quadratic form. Namely, if Q(x,y) € Z[x,y] is
a positive-definite primitive binary quadratic form with discriminant D, then there
exists a prime p { D represented by Q(x,y) such that p < |D|*®*. In particular, if n
is a fixed positive integer, there exists a prime p 1 n represented by x% + ny? such that

D < n,

5. Letk > 2,N > 1 be integers and let f be a cusp form of weight k for I'o(N). f has a

Fourier expansion at ico

f(Z) — Z aneZn:inz

n>1

For simplicity, suppose that all a,, € Z. For each integral value of a, set

Trq(x) =#{p <x: a,=a}.

If a=0and f is a CM modular form, then we know that

Tfa~T(x)/2.

17
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In all other cases, Lang and Trotter conjecture

(

x'/2/logx ifk=2

Tfa(X) ~cfaqloglogx  ifk=3

1 if k> 4.

\

Assuming the Riemann Hypothesis for all Artin L-functions and using the Chebotarev
density theorem in the effective form given by Lagarias and Odlyzko [71], Serre [104]

proved that

x"/8(logx)~1/2 ifa#0
thﬂ(x) <
x4 ifa=0.

Assuming the Riemann Hypothesis for all Artin L-functions and improving Serre’s

original method, Murty, Murty and Saradha [93] obtained the following upper bounds

for s,
x*3(logx)~15 ifa#0
nf,a(x) <
x4 ifa=0.

Counting zeros of zeta functions

The first of our results in this thesis is about counting zeros of zeta functions. We begin

with the following definitions of the number of zeros in a box of two zeta functions: the

Riemann zeta function {(s) and the Dedekind zeta function {g(s) attached to a number

field K. Let N(T) be the number of zeros p = B+ iy of {(s) in the rectangle 0 < 3 < 1,

0<y<T,ie.

N(T)=|{p=B+iyeC|{(p)=0,0<P<1,0<y<T} (1.18)

18



1.4. COUNTING ZEROS OF ZETA FUNCTIONS

In a similar manner we define
Ni(T) = |{p =B+v€C| Gk (p) =0, 0<B< 1, [y < T} (1.19)
In Chapters 2 and 3 we will obtain explicit asymptotic formulae for N(7') and Nk (T).

1.4.1 Motivation and a brief historical overview

The Chebyshev’s psi function is defined as

y(x) =} An)

n<x

where

logpifn:pk, k>0,
A(n) =

0 otherwise
is von Mangoldt’s function. The prime number theorem (PNT) is equivalent to the statement
Y(x) ~ x. Recall the explicit formula for y(x) in the following form. For all x,7 > 2 we

have

p log? (xT
Y Lyo(e BTN 1ogy) (1.20)
w=r P T

Y(x) =x—

where the summation is over the non-trivial zeros of {(s) with each zero counted according
to its multiplicity.

The explicit formula is essential in the proof of PNT. Indeed, it suffices to show that
Yiy<r %p is small compared to the expected main term x. Since |x?| = x®, to bound the
latter sum we need to know the size of N(7) and to prove that 3 is not too close to 1, that
there is a zero free region of {(s).

The study of N(T') has a long history. In 1859, in his remarkable 8 pages memoir,
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1.4. COUNTING ZEROS OF ZETA FUNCTIONS

Riemann stated without proof that

T T T
N(T) = —1log — — — +O(logT 1.21
(T) o l0g - — o+ (logT) (1.21)

It was von Mangoldt who provided the proof of the Riemann’s assertion. In 1895 he estab-
lished the following result.

For T > 12 we have

T T T
N(T) = —log— — — 4+ O(log’T
(T) 2n0g2n 2n+ (log"T)

and the error term does not exceed 0.3410g? T + 1.35log T +2.58.
Later in 1905 Mangoldt was able to reduce the error term in his theorem and obtained
the following evaluation.

For T > 29 one has

T T T
N(T)=—log— — — +0O(logT
() 27 Og2n 2n+ (logT)

and the error term is less than 0.4321log7 +1.1916621oglog T + 13.07873.
The constants in bound for the error term were later improved by many mathematicians.

For T > Ty, writing

T T
’N(T)—ﬁlog (2—ne>‘ < CilogT +CyloglogT +Cs, (1.22)

we have the following Table that lists progressive improvements that has been made on the
values of C;, C, and Cs.

Explicit bounds for N(7') with specified accuracy have some important applications. For
example, they are used in estimations of sums overs zeros of {(s) (see Brent et al. [18]), a
conditional explicit result for the prime number theorem in short intervals (see Cully-Hugill

and Lee [30]), explicit upper bounds for prime counting functions such as w(x) and y(x)
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Table 1.1: Explicit bounds for N(7') in (1.22)

Ci (653 C3 To
Von Mangoldt [123] (1905) || 0.4320 | 1.9167 | 13.0788 | 28.5580
Grossmann [48] (1913) 0.2907 | 1.7862 | 7.0120 50

Backlund [5] (1918) 0.1370 | 0.4430 | 5.2250 200

Rosser [98] (1941) 0.1370 | 0.4430 | 2.4630 2
Trudgian [119] (2014) 0.1120 | 0.2780 | 3.3850
H., Shen and Wong [55] 0.1038 | 0.2573 | 9.3675 e

(see Faber and Kadiri [38]) and explicit zero-free regions for the Riemann zeta function
(see Mossinghoff et al. [83]).

The first explicit result for Nk (7)) was established by Kadiri and Ng [63]. They showed
that for 7 > 1, one has

et~ T i)

§Dl(logdK+nK10gT)+D2nK+D3 (1.23)

with admissible triple (D1,D»,D3) = (0.506,16.950,7.663), where ng = [K : Q] and dj,
are the degree and absolute discriminant of K, respectively. This was improved by Trud-
gian [120] who showed that (Dy,D;,D3) = (0.316,5.872,3.655) is admissible, but whose
arguments are slightly erroneous as pointed out by Bennett et al. [11]. We will fix and also
improve it by adapting the arguments developed in the works of Bennett et al., Kadiri and
Ng and Trudgian.

The estimate of Nk (T) is crucial for proving effective versions of the Chebotarev den-
sity theorem [32] as well as bounding the least prime ideal in the Chebotarev density theo-
rem [65]

In the next subsection we state our main results on N(7') and Nk (T).

1.4.2 Original results

We show in Chapter 2 that
Theorem 1.11 (H., Shen and Wong, [54]). Given a number field K of degree nx and with
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absolute discriminant dk, for any T > 1, we have

T T \n
Ni(T) = —log (dK(E> K) ‘ < 0.228(logdx +nx log T) +23.108nk +4.520. (1.24)

The main ingredients of the proof are improved estimates on the I'-function, an exten-
sion of the Rademacher’s convexity bound and Backlund’s trick.
Following the same arguments as in the proof of Theorem 1.11, in Chapter 3 we study

N(T) and prove that

Theorem 1.12 (H., Shen and Wong, [55]). For any T > e, we have

T T
N(T) — 3-log (2—ne) ’ <0.1038log T +0.2573loglog T +9.3675. (1.25)

713

Note that our result is recovering Trudgian’s for 7 > e’'® and our bound is better than

Rosser for T > !9,

1.5 Explicit results for Diophantine problems

1.5.1 Linear forms in logarithms and Baker’s method

In Chapter 4 we apply tools from the transcendence theory namely linear forms in log-
arithms of algebraic numbers to solve two Diophantine problems.

In 1966-1967, A. Baker in his groundbreaking papers “Linear forms in logarithms of
algebraic numbers I, II, III” [6-8] gave an effective lower bound on the absolute value of a
nonzero linear form in logarithms of algebraic numbers, that is, for a nonzero expression of

the form
bilogoy +bylogon +---bylogay,,

where ol1,...,0, are algebraic numbers and by, ...,b, are integers. This result laid the

foundation of a new era of explicit resolution of the exponential Diophantine equations.
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For our purpose, we shall give two Baker-type inequalities which are easy to apply. We
start with some notations.

Let o be an algebraic number of degree d > 1 with the minimal polynomial
fX)=aoX? + a1 X - a4 € Z[X], (1.26)
where ap > 0 and (ag,ay,...,ay) = 1. Now we rewrite (1.26) as
d .
fX) =ao [TX —a),
i=1

where o = o!). The numbers a?) are called the conjugates of o.. The logarithmic height

of o is defined by
1 d :
h(o) = = (logao| + ) log (max{|a],1})).
i=1
Now let L be a number field with ny, = [L: Q)]. Let oy, ..., o, be nonzero elements of L
and let by, ..., b, be integers. Put
B =max{|bi],...,|b|}

and

n

A=TJoi —1.
i=1

LetAq,...,A, be positive real numbers such that

A; > max{nph(a;),|logo|,0.16} foralli=1,...,n.

With the above notations, Matveev [79] proved the following theorem.
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Theorem 1.13 (Matveev). If A # 0 and L is real, then

logA > —1.4-30"n* 07 (14 logny ) (1 +1logB)A; - - A,.

This result is one of our main tools in Chapter 4. When n = 2 and o1, 0l are positive
and multiplicatively independent, we will use a result of Laurent [72]. Namely let in this

case A; and A, be real numbers such that

1 i1
logA; > max{h(oci), | Ogal’,—} fori=1,2.
nr nr
Set
/ by by

- nplogA; + nplogA;’

where by, by are positive integers. Put
I'=bylogay — by loga.

Note that I" # 0 since a1 and o are multiplicatively independent. With the above notation,

we cite a result due to Laurent [72].

Theorem 1.14 (Laurent). Assume that 0.1 and 0 are positive and multiplicatively indepen-

dent. Then
4 , 101)°
log|T'| > —25.2n; | max 4 logb’ +0.38, — logAjlogA;.
n

1.5.2 Reduction procedure

Using the lower bounds for the linear forms in logarithms we obtain an upper bound M
for the absolute values of the unknowns of a Diophantine equation. In general this bound

is too large for exhaustive search of solutions. Its size is directly related to the size of
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the “numerical constant” that appears in Matveev’s theorem which is 1.4 -30"3n*> (for
the case of two or three logarithms this constant is around 10'2 and 10'# respectively). In
order to solve certain types of Diophantine equations it is useful to reduce those bounds.
There are many reduction methods in the literature. We will use the reduction lemma based
on continued fractions expansions. Let us recall some facts from the theory of continued
fractions.

Let a be an irrational number and (ay,),>0 be defined as

ay = \_(XkJ, Olt1 = for all k > 0.

The integer a,, is called the nth partial quotient of .

For each n > 0, put

az+---+
1

ap—1+—
n

The rational number % is called the nth convergent of a and is denoted by [ay, .. .,a,]. The

sequences {p, }n>0 and {gy }n>0 satisfy

Po = ao, q0=1;
p1=apa; +1, q1 =ai;
Pk = AiPk—1 1 Pk—2, Qi = Akqik—1 + qk—2

One can show that for any irrational o we have o = lim;,_c f]ﬁ and we write o= [ag,ay,...|.
n

The last expression is known as the continued fraction of q.
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The next result is a variation of a lemma of Baker and Davenport and is due to Dujella
and Petho [34]. For a real number x, we denote by ||x|| = min{|x —n|: n € Z} the distance

from x to the nearest integer.

Lemma 1.15. Let M be a positive integer and § be a convergent of the continued fraction
of the irrational Y such that ¢ > 6M and let A, B, u be some real numbers with A > 0 and

B> 1. Let € = ||uq|| — M||yq||. If € > O, then there is no solution to the inequality
0<|uy—v+ul <AB™"

in positive integers u, v and w with

log (Aq/¢)

u<Mandw>
logB

Let us explain how we use this lemma. We start with the smallest denominator ¢ = g

of the jth convergent % of y that is greater than 6M. If € = ||ug|| — M||yq|| > 0, we compute

log (Ag/¢)
logB

the upper bound w < . If € < 0, we consider the denominator ¢ of the (j+ 1)-th

Z’:—E instead. Again if € is positive we compute the respective upper bound for
J

convergent
w, otherwise we choose the denominator of the next convergent and we repeat this process
until we get a positive €. The only reason that after several iterations no positive € occurs is

a linear dependence on 1, y and u. If such a linear relation exists, then we get an inequality

of the form
0<|udy—V|<AB™".

For the treatment of such exceptional cases, we use the well-known classical result in the

theory of Diophantine approximation due to Legendre.

Lemma 1.16. Let T be an irrational number, ’q’—g, Z—:, %, ... be all the convergents of the

continued fraction of T, and M be a positive integer. Let N be a nonnegative integer such
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that gy > M. Then putting a(M) == max{a;: i=0,1,2,...,N(M)}, the inequality

1

5 T @) F 2y

N

>

holds for all pairs (r,s) of positive integers with 0 < s < M.

1.5.3 Original results

The Fibonacci sequence (Fy),>0 is the binary recurrence sequence defined by Fy = 0,

F1 =1 and
Foio=F, 1+ F,foralln > 0.

In the last few years many mathematicians have contributed to the study of the Diophantine
equations involving terms of the binary recurrence sequences.
In 2014, Chern and Cui [26] studied the Fibonacci numbers which are close to a power

of 2. More precisely, they found that the only solutions (F,;,2™) of the Diophantine inequal-

ity
|F, — 2™ < 2m/? (1.27)

are (1,2), (2,2), (3,2), (3,4), (5,4), (8,8), (13,16) and (34,32).

In 2020, Bravo et al. [15] extended the previous work [26] and found all the members
of the k-generalized Fibonacci sequence (Fn(k))nz_(k_z), k > 2 which are close to a power
of 2.

In Chapter 4 we study the Diophantine inequality
|Fyy+ Fy — 29| < 2472 (1.28)

in positive integers n,m and a with n > m.
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1.5. EXPLICIT RESULTS FOR DIOPHANTINE PROBLEMS

In particular, we prove the following main theorem.

Theorem 1.17 (H., [53]). There are exactly 52 solutions (n,m,a) € N° to Diophantine

inequality (1.28). All solutions satisfy n,m < 42 and a < 28.

The companion sequence of the Fibonacci sequence is the well-known Lucas sequence
(Lp)n>0. It satisfies the same recursive relation as the Fibonacci numbers, but with initial
conditions Ly =2 and L; = 1. As a corollary we also determine all Lucas numbers which

are close to a power of 2.

Corollary 1.18. There are only 9 Lucas numbers which are close to a power of 2. Namely,

the solutions (n,a) € N? of the inequality
L, —2%| < 2%/?

are (1,1), (2,1, (2,2), (3,2), (4,3), (6,4), (7,5), (10,7) and (13,9).

We proved Theorem 1.17 by following closely the typical strategy as performed in
[14], [16], [27]. We used a few times a Baker-type lower bound for non-zero linear forms
in logarithms of algebraic numbers due to Matveev to obtain a large upper bound for n.
Applying a version of the Baker-Davenport reduction method, we reduced this bound on n.

Recently, Patel and Tripathy [86] have extended our work by considering sums of three
Fibonacci numbers close to a power of 2. They found that there are exactly 280 solutions
to Diophantine inequality |F, + F,, + F; —2¢| < 24/2 and all solutions satisfy n,m,l < 42
and a < 28. One can consider sums of four or more Fibonacci numbers. The challenge is
that the reduction process requires a lot of computations and that the number of exceptional
cases increases with the number of variables.

We also study the solubility of the exponential Diophantine equation

(44m> + 1)+ (5m*> — 1)’ = (Tm)*. (1.29)
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in positive integers (x,y,z). This is a particular case of a general conjecture due to Terai and

Shinsho [114].
Conjecture 1.19. Let m be a positive integer greater than one. Let a,b,c > 1 be positive
integers satisfying a + b = ¢?. Then the equation

(am2 +1) + (bm2 —1)Y = (em)*

has only the positive integer solution (x,y,z) = (1, 1,2).
We obtain the following result.

Theorem 1.20 (H., [51]). Let m be a positive integer. When m is odd, we suppose that

m=2(mod5) orm=0,+1,4+3(mod 7). (1.30)

Then equation (1.29) has only the positive integer solution (x,y,z) = (1,1,2).

The proof of the above theorem consists of the following steps. First for the cases m =
2(mod 5) or m = £1,£3(mod 7) we use some elementary methods such as congruences
and properties of the Jacobi symbol to reduce the solution to the case y = 1 and then apply
a lower bound for linear forms in two logarithms due to Laurent [72]. For the case m =

0(mod 7), we use a result on linear forms in p-adic logarithms due to Bugeaud [20].

1.6 Diophantine equations involving multiplicative functions

In the last chapter we consider two Diophantine problems involving multiplicative func-
tions.

Let 0(n) denote Euler’s totient function which counts the number of positive integers
less than or equal to n that are relatively prime to n. In 1958, Schinzel [102] formulated the

following conjecture.
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Conjecture 1.21. Let & be a fixed positive integer. Then the equation

0(n) = 0(n+k) (1.31)

holds for infinitely many n.

Note that if p and 2p — 1 are primes that do not divide the even number k, and n =
(2p — 1)k, then n is a solution of (1.31). A special case of the prime k-tuples conjecture
asserts that there are infinitely primes p with 2p — 1 prime. Therefore, the prime k-tuples
conjecture implies that (1.31) has infinitely many solutions when £ is even.

Sierpinski [105] showed that for any k equation (1.31) has at least one solution. This was
improved by Schinzel [102], who showed that equation (1.31) has at least two solutions for
every positive integer k < 8-10%7 and later by Schinzel and Wakulicz [103] for k < 2-108,
Holt extended the upper bound to 1.38 - 102693411 for even k.

In 2020, Ford [44] partially solved the above conjecture by proving the following.

Theorem 1.22. We have
(a) For any k that is a multiple of 442720643463713815200, Conjecture 1.21 is true.

(b) There is some even ¢ < 3570 such that Conjecture 1.21 is true whenever (k.

Makowski [78] considered the equation

O(n+k)=2¢(n). (1.32)

He showed that it has at least one solution # for all fixed k. Using elementary methods and
explicit bounds for primes in arithmetic progressions (see [10]), we improve this result by

proving the following.

Theorem 1.23 (H., [50]). (a) For all positive integers k < 4 - 108, Equation (1.32) has at

least two solutions.
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(b) Moreover, for at least 15 - 10* odd integers k < 4. 1078, Equation (1.32) has at least

three solutions.

Recently, Ferrari and Sillari [40] have improved our result. They showed that Equation
(1.32) has at least three solutions for all k < 4-10°8.

If 2 in Equation (1.32) is replaced by another integer, very little is known about the
solubility of these type of equations. Let A be the set of positive integers k for which the
equation ¢(n+ k) = 30(n) has at least one solution n. Then for every positive integer N
at least half of the integers in [1,N] belong to A. One can prove this by showing that A
contains 1 and every multiple of 3 or 4. It is conjectured that the above equation is solvable
for all k except k = 2.

Another topic that we study in this chapter is a variant of Lehmer’s totient problem.
In 1932 Lehmer [74] conjectured that if ¢(n)|n — 1, then n has to be a prime number. A
composite positive integer satisfying that divisibility is called a Lehmer number or number
with the Lehmer property. Although this problem has not been settled so far, several partial
results are known. Lehmer himself proved that if n has Lehmer property then »n is odd,
squarefree and has at least seven distinct prime factors. Cohen and Hagis [29], using com-
putational methods, established that ®(n) > 14, where ®(n) denotes the number of distinct
prime divisors of n. Burcsi et al. [22] showed that if, additionally, 3|n, then ®(n) > 40- 100
and n > 1036197 On the other hand, Pomerance [91] proved that every Lehmer number n
is less than KZK, where K = w(n). Recently, Burek and Zmija [23] improved this upper
bound to 22° —22"",

In 1998 Subbarao [105] considered the following companions to a Lehmer problem:

y(n) =1+Mn (1.33)
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and
6" (n)=1+Mn, (1.34)

where 6*(n) is a multiplicative function given on prime powers by ¢*(p%) = 1+ p® and

y(n) is a multiplicative function defined by

v(n) :I’ZH(I—F]%).

pln

He proposed the following conjecture.

Conjecture 1.24. The congruence 6*(n) = 1 (mod n) is possible if and only if 7 is a prime

power and y(n) = 1 (mod n) if and only if n is a prime.

This problem is also open. Using Grytczuk-Woéjtowicz’s techniques from the paper [49]
and explicit bounds for primes (see [10], [97]), we obtained the lower bounds for ®w(n) and
n which are considerably stronger than previously known bounds. The main result is the

following theorem.

Theorem 1.25 (H., [52]). Let M > 3 and n is a composite solution of Equation (1.34).

(a)If3
(b) If 31 n, then w(n) > 51M/3 1,

n, then ®(n) =r > % . 1578AM2/9, where A =0.998.. ..

As a corollary we obtained the following bounds on the size of n.

Corollary 1.26. Let M > 3 and n is a composite solution of Equation (1.34).
2_
(a) If 3|n, then n > (c(AM? — 1)2AM2_1)2AM ' where ¢ = (log2)/3=0.231....

(b) If 34 n, then n > (dM3")3" where d = (log3)/3 = 0.366....
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Chapter 2

Counting zeros of Dedekind zeta
functions

The results of this chapter have been published in [54].

2.1 Introduction

Given a number field K, the Dedekind zeta function {k(s) of K is defined by

for R(s) > 1, where the sum is over non-zero integral ideals of K. It is known that {x(s)
has an analytic continuation to a meromorphic function on C with only a simple pole at
s =1, and its zeros p = B+ iy encode deep arithmetic information of K. For instance, the
generalised Riemann hypothesis, asserting that if {x(p) =0 and B € (0,1), then B = %,
leads to the strongest form of the prime ideal theorem. A related prominent question is to

count the zeros of {k(s) in the critical strip 0 < R(s) < 1. For T > 0, we set
Ne(T) =#{p e C|Lk(p)=0,0<B <1, [y <T},

counted with multiplicity if there are any multiple zeros. The estimate of Nk (T') is crucial
for proving effective versions of the Chebotarev density theorem as well as bounding the
least prime in the Chebotarev density theorem (see [70, 71]). Moreover, to make these

results explicit, it is natural to further require a determination of the implied constants for
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the estimate of Nk (7).
Adapting the arguments of Backlund [5], McCurley [81], and Rosser [98], in [63],
Kadiri and Ng showed that for 7 > 1, one has

)T o (1))

< Di(logdk +nglogT) + Dyng + D3, 2.1

with admissible (D, D;,D3) = (0.506,16.950,7.663), where ng and dk are the degree and
absolute discriminant of K, respectively; also, D; can be taken as small as (wlog 2)_1 ~
0.459 at expense of larger Dyng + D3. This was improved by Trudgian [120] (not only
for Dedekind zeta functions but also for Dirichlet L-functions). In particular, as asserted in
[120], the estimate (2.1) is valid with (D, D,,D3) = (0.316,5.872,3.655), and the constant
Dy in (2.1) could be made as small as 0.247 (with larger Dong + D3). Unfortunately, as
pointed out by Bennett, Martin, O’Bryant, and Rechnitzer [11], there is an error in [120]
that appears as the ranges of various parameters used in the argument of [120] were not
verified properly. In [11], Bennett et al. fixed this problem for Dirichlet L-functions.

The objective of this chapter is to prove the following theorem.

Theorem 2.1. Given a number field K of degree nx and with absolute discriminant dx and

r1 real places, for any T > 1, we have

ng
NK(T) — %log (d[{(zTE) ) + %

< 0.2273710g (K{7ER™ ) +23.02528n +4.51954.

(2.2)

d (T+2)"K

In addition, writing the right of (2.2) as C log ( RayK

) + Cyng + Cs, we have further
admissible triples (C1,C2,C3) recorded in Table 2.2 in Section 2.4. Moreover, recalling
that for 7 > Ty, log(T +2) —log T < log(1+ T%), from the above theorem and the triangle

inequality, we derive the following improved bound for Nk (T').

Corollary 2.2. Given a number field K of degree ng and with absolute discriminant dg, for
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any T > 1, we have

T T \n
Ni(T) = —log (dK (E> K) ’ < 0.228(logdx +nx log T) +23.108nk +4.520. (2.3)

Furthermore, by Table 2.2, writing the right of (2.3) as D (logdg + nglogT) + Dyng +
D3, we have the following table of admissible (D, D;,D3) that not only repair but also
improve all triples given in [120, Table 2]. (Note that, for all number fields K, our D, and

D3 yield a smaller vlaue of Dyng + D3 than the one given by Trudgian [120].)

Table 2.1: Admissible (D1, D,,D3) in Corollary 2.2 and in [120]

Trudgian [120] Our improvement

T>1 T>10 T>1 T>10
D, D> D; D> D; D, D, Ds D, Ds

0.247 | 8.851 | 3.024 | 8.726 | 2.081 | 0.245 | 6.735 | 4.213 | 6.449 | 3.124

0.265 | 7.521 | 3.178 | 7.396 | 2.101 | 0.264 | 5.276 | 4.082 | 4.968 | 3.051

0.282 | 6.776 | 3.335 | 6.651 | 2.123 | 0.281 | 4.478 | 4.010 | 4.149 | 3.012

0.299 | 6.262 | 3.494 | 6.138 | 2.146 | 0.296 | 3.971 | 3.969 | 3.622 | 2.990

The proof of Theorem 2.1 follows closely the arguments of Bennett, Martin, O’Bryant,
and Rechnitzer [11], Kadiri and Ng [63], and Trudgian [120], which are an adaption of the
methods of Backlund [5], McCurley [81], and Rosser [98]. We also take advantage of the
refined estimates for Gamma factors obtained in [11]. Moreover, following the strategy of
Bennett er al. [11], we extend Rademacher’s convexity bound for {k(s) (cf. Propositions
2.13 and 2.14) that, together with “Backlund’s trick” (see Section 2.3.2), plays a central role
in improving the leading constants C; and D1. Furthermore, we track all the parameters and
related inequalities in a similar manner of Bennett et al. [11] to fix the aforementioned er-
ror appearing in [120]. Last but not least, we note that we obtain our results by a direct
numerical computation (with help from Maple) and that it may be possible to use the “in-
terval analysis™ as in [11] to prove an estimate similar to [11, Theorem 1.1]. Nonetheless,
since Corollary 2.2 is already as strong as [11, Corollary 1.2], and it is sufficient for most

applications, we shall not devote ourselves to do such an interval analysis here.
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2.2. THE MAIN TERM AND THE GAMMA FACTOR

2.2 The main term and the gamma factor
2.2.1 The main term

Let K be a number field of degree nx and with absolute discriminant dg. We let r; and
r, be the numbers of real and complex places, respectively, of K and note that ng = r; +2r;.

We define the completed zeta function Ek (s) as

Ex(s) = s(s — D vk (s)Cr (s), (2.4)

where

o= ({5 ) ()

We recall that Ex(s) extends to an entire function of order 1 and satisfies the functional
equation

Ck(s) =Ek(1—s). (2.5)

As in the introduction, we set
Ng(T)=#{peC|Lk(p)=0,0<P<1, |y <T}.

To estimate Nk (T'), we shall apply the argument principle as follows. For any fixed
o1 > 1, we consider the rectangle R with vertices 6; —iT, 61 +iT, 1 — oy +iT, and

1 — o1 — iT (that is away from zeros of Ex(s)).] As E(s) is entire, it follows from the

'Throughout our argument, we will always assume 7 is away from zeros of Ex(s). As shall be seen in
Section 2.4, with this assumption, we will prove (2.26) for T away from zeros of Ex(s). Nonetheless, if T is
the exact height of a zero, we know that Nx(7T') = Nx(T +€) for all sufficiently small € > 0 (in other words,
T + ¢ is away from zeros). Then, by the triangle inequality, applying (2.26) with T + €, we see that

T T \nmk r
Ni(7) — og (die (5) ") + 5

T+¢ T +¢e\ "k r T+¢ T + €\ "k T T \nx
< [Nl +e) = =toe (de () )+ 5 [+ [ 0w (an () ) oe (an(5,) )
_’ k(T +e) T o 4K 2Te + 4 + T o8 (4K 2Te T o8 (9K 2Te

< coton (MO v o] a0 ) ) - e (g, ) )

Now, taking € — 0", we conclude that (2.26) is also valid when T is the exact height of a zero.
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argument principle that

Ng(T) = ;—RAR arg &k (s).

Let C be the part of the contour of & in R(s) > 1 and ( be the part of the contour of % in

R(s) > % and 3(s) > 0. Since Eg(s) = Ex(5), the functional equation (3.9) then yields
Ag argEx(s) = 2AcargEk (s) = 4Aq arg&k (s),
which implies that
Ni(T) = 2Ag rgék (s) 2.6)
Writing B = dg /"X, by (3.8), we have

A, arglx(s) = Ag args + Ag, arg B*/?
s s+1
+ (r1+r2)Ag argl (§> +rAg argl —5— +Agarg((s—1)Ck(s)).

2.7)
It is clear that

A, args = arctan(27),

T T d
Ag argB*/? = ElogB = Elog <nrl;), (2.8)

Ag argT(s) = Ag,(SlogT(s)) = 3 logr(% + iT) .

To control the Gamma factor, we shall appeal for the improved numerical bound estab-

lished in [11, Sec. 3]. Fora € {0, 1}, we set

2 1 a T T T 2a—1
T) = 231 r(- a '—>——1 <—)— .
8a(T) = Slogl'( +5 4175 ) = log (5, 1
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It follows from [11, Proposition 3.2] that fora € {0,1} and T > 5/7,

aT)] < o
Hence, setting
gx(T) = (r1+r2)go(T) +r281(T), (2.9)
we then obtain
2ng r
8k (1)l < 557~ 507 (2.10)

Now, gathering (2.6), (2.7), (2.8), and (2.9), we obtain

2 T T Nk ri 2
T) = = arctan(2T T)+ =1 ( (—) )—— A —1 .
Ni(T) = Zarctan(27) + gk (T) + —log (dx (5. )" ) = 2+ Zagare((s— 1 (s))
(2.11)
Let (; denote the vertical line from ¢ to 61 +i7T and ( denote the horizontal line from

o1 +iT to % +iT. We require the following two estimates.

Lemma 2.3. For s = 6 + it with 6 > 1, one has

< Sk (s)| < E(0)™,

where, as later; {(s) denotes the Riemann zeta function.

Lemma 2.4. For oy > 1,

[Ac,arg(s = 1)k ()| < 5 +nxlogl(on).
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Proof. Note that

Ac arg(s — 1)Ck(s) = A arg(s — 1) + Ag, arg {x (s) = arctan ( ) + Ag, arg Gk ().

61—1
Now, the lemma follows from the estimate

|Aq, argCk (s)| = |arg Lk (01 +iT)| < [logCk (01 +iT)| < loglk(01) < nglogl(o1),

where the last inequality is due to Lemma 2.3. [l

Thus, by Lemma 2.4 and (2.11), we arrive at

Ni(T) — Llog (dx (o)™ ) + 2| < 2+ ek (T) |+ 2 TogG(o1) + 2{Ag arg((s— Tk (5))]

(2.12)
2.2.2 Bounding the Gamma factor
Forae€ {0,1},0<d <9/2and T >5/7, we set
T |3+d TN |5—d
Eo(T,d) = )Slogr<m> i +310gr<m> e
2 o=1 2 o=1
and we define
ZK<T7d) = (I”]+I’2)£0(T,d)+r2£1(T,d). (2.13)
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Following [11, p. 1463], we let

2T/3 N 2T /3 AT /3
(2a+2d+17)2+4T%2 * (2a—2d+17)2+4T2 (2a+17)2+4T2

T 2a+17)? T 2a+2d+17)? T 2a—2d+17)%
+§log(l+%>——log(l+(a+ i )>——10g<1—|—(a + >>

Ey(T,d) =

4 AT? 4 AT?
(8 +6m) /45 (8 +6m) /45 2(8+6m)/45
((2a+2d+17)24-4T2)3/2 * ((2a—2d +17)2+4T2)3/2  ((2a+17)2 +4T2)3/2
3 2a+1+4k 2a+2d+1+4k 2a—2d+1+4k
+ Z (2 arctan ———— — arctan — arctan >
P 2T 2T 2T
N 2a+2d+15 arctan2a+2d+ 17 N 2a—2d+15 oretan 2a—2d+17
2T 4 2T
2a+15 2a+17
— arctan .
2T

We shall further set
Ex(T,d) = (r1+nr)Eo(T,d)+nrnE(T,d). (2.14)
As shown in [11, p. 1462], E,(T,d) < E,(T,d) for0<d < 9/2and T > 5/7, and thus
Fx(T,d) < Ex(T,d) (2.15)

for 0 <d <9/2and T >5/7. In addition, from [11, Lemma 3.4] and our definition of

Ex(T,d), we have the following lemma.

Lemma 2.5. For0<98; <d<9/2andT >5/7,
O<EK(T,81) SEK(T,d).

Furthermore, ford € [3,3] and T >5/17,

EK(T,d)<(r+r)64Od—112 (6404216)d 11239 ng
=V Y836(3T— 1) | 2 1536(3T +3—1) 210°
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2.3 Backlund’s trick and the Jensen integral
2.3.1 Introducing the auxiliary function fy

For the sake of convenience, we shall set Z(w) = (w— 1){g(w). In order to analyse the

variation of the argument of Z(w) on (, we shall introduce an auxiliary function

(Z(s TN + (s —iT)V )

In(s) = %

for N € N. For 6 € R, it is clear that

(Z(G+iT)N +m>

fu(o) = %(Z(c—i—iT)N—F Z(o—iT)") = %

= Re(Z(c+iT)Y).

We need the following definition that measures the variation of the argument of Z(w)" on

G.

Definition 2.6. Let by denote the non-negative integer, depending on NV, such that
1 N
by < E‘ACZ arg Z(w) ‘ <by+1.

From this definition and the fact that arg Z(w)" = Narg Z(w), we immediately obtain

1 by +1
§E’AczargZ(w)‘ <2 (2.16)

b_N
N

In addition, we have the following lemma concerning the zeros of fy(G).

Lemma 2.7. In the notation of Definition 2.6, the function fy(0) has at least by zeros in
[%,G 1]-

Proof. By Definition 2.6, there are at least by different values of ¢ such that % + % arg Z(o+
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iT)N € Z. Thus, for such values of 6, Z(c +iT)" is purely imaginary, which means that

fv(o) =Re(Z(c+iT)V)=0

for at least by different values o. U]
We shall also require the following lemma regarding the limiting behaviour of fy.

Lemma 2.8. For any c > 1, there is an infinite sequence of natural numbers (N, )_, such

that fy, (c) # 0. Moreover, we have

- 1 1 Ck(c)
limsu <——10 N, (€ )<10 ( >
m—>oop Nm g|f ( g \/ C—l —FTZCK 2C
Proof. Write Z(c+iT) = Re'® for some R, € R. It is clear that Z(c —iT) = Re . Also,
as Z(c+iT) # 0 for any ¢ > 1, we know that R > 0. Thus, we have
c 1 Z(c—iT)Ny 1 :
L‘)N — _<1 +(—)N> — _(1 —|—€_2N¢l)
Z(c+iT) 2 Z(c+iT) 2
forany N € N.
Now, applying Dirichlet’s approximation theorem, for any ¢, there is an infinite se-

quence of natural numbers (N,,);_; such that as m — oo, —2N,,¢ — 0 modulo 27 and

N,, — oo. Thus, (ﬁj{”(T)) — 1 as m — oo, and hence

lim (—Nim(log|me(c)| —Nm10g|Z(c—|-iT)|)> = < lim & )( lim log‘ﬁ\/m—

m—soo m—soo Vm J \ m—seo

)=o.

Moreover, by the left inequality of Lemma 2.3, we have

Ck(2¢)

[ Z(c+iT)| =/ (c=1)*+T? ()
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2.3. BACKLUND’S TRICK AND THE JENSEN INTEGRAL

which, combined with the above identity, gives

0 > limsup <_ L10g|f,\, (c)] +log( (c— 1)2+T2§K(2c)>>

, 1 Ck(2¢)
= limsu <——10 c )—Ho ( c—1)24T2 )
m_>oop N, g|me( )| g ( ) C_,K(C)
Herein, we complete the proof. [

Let D(c,r) be the open disk centred at ¢ with radius r. Let (N,);,_, be given as in

Lemma 2.8. For any N € (N,,)5_,, we set

where Sy (D(c,r)) denotes the set of zeros of fy(s) in D(c,r). Asin [11, Theorem 5.1], we

have the following version of Jensen’s formula.

Theorem 2.9 (Jensen’s formula). For ¢ € C and r > 0, if fy(c) # 0, then

Sn(e,r) = ——10g|fN |+2 / —log|fN(c+re )|d6.

Applying Jensen’s formula and Lemma 2.8, we obtain the following upper bound for

Sn(c,r).

Proposition 2.10. Let ¢, r, and & be real numbers such that
1
c—r<§<1<c<61 <c+r

Let F, : [—m, ] — R be an even function such that F. ,(0) > NLlog | fn, (¢ +7e™®)|. Then

we have

limsup Sy, (¢c,r) < log( : tk(e) )—i— /nF (0)d8.

m—»oo \/ —|— T2 CK 2C
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2.3. BACKLUND’S TRICK AND THE JENSEN INTEGRAL

2.3.2 Backlund’s trick

We start with the following technical estimate.
Lemma 2.11. Let0<d < 1/2and T > 5/7. Then we have

‘ arg ((c— 1+ iT)cK(chiT))N)W

_1
0=3

< |arg (0 -1+ T)tx(0+i7))"

Nl—
|
(SN

o=

T
+NZK(T7d)+N§7

where Ex(T,d) is defined as in (2.13).

Proof. By the functional equation (2.5) and the fact that g (s) = Ex(5), we have

1

|21 N
arg€x (o +iT)|” | = —argg(c+iT)| . (2.17)
Since
- (6-+iT)/2 r T
arg(c+iT)+argB = arctan p + 5 logB,
by (2.4), we have
T T T T+ 1
arglg (6 +iT) = arctang + ElogB—F (r14+r)S 10g1"<6+l > + 13 logf‘(%>
+arg ((G+iT - 1)cK(c+iT)>.
(2.18)

As we know that for +xy < 1,

xty

arctanx £ arctany = arctan ,
1Fxy
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for 0 <d < 1/2, we have

T
—arctan
2

T
— arctan  +arctan
2 2

’ arctan 5
2

(2.19)

T

3—d

-+ arctan 7
2

N R

r _
T

D=~

= ‘arctan 15 -
+ 3+d

v~
=~

<

o a

Now, applying the triangle inequality, by (2.17), (2.18), and (2.19), we obtain

< ‘arg ((G— 1 +iT>CK(G+iT)> ‘6:

‘ arg ((G— 1 +iT)Ck(c+ iT)) )iifj
+£K(T,d)+g.

Recalling that

arg (o1 +iT)<;K(c+iT)>N iid = Narg ((0—1+iT)Gk(0+T)) ‘;r

we conclude the proof.

As argued in [11] and [120], we require the following version of “Backlund’s trick™.

Proposition 2.12 (Backlund’s trick). Let c and r be real numbers. Set

—1/2)? 1
cslzc—i—u and 8:20—61—5.
r

If1<c<rand0<5<%,then

Sy (c,r) Ex(T,d) m @ =
2 +N+2N+4'

1/2 _
~ 2log(r/(c—1/2))

0=0]

‘ arg ((c+ iT — 1) k(o + iT))
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2.3. BACKLUND’S TRICK AND THE JENSEN INTEGRAL

Proof. By the conditions on ¢ and r and the definitions of 6| and d, we know that

1

1
c—r<——5§§< +0=2c—0;<c<o;<c+r

1
2 -2

As log =~ > 0 for z € D(c,r), we see that

==l

1 r 1
= — > — 2
Sn(c,r) N log = =N log

z2€5v((c—r01])

lz—c|’

Recall that by Lemma 2.7, there are at least by values of ¢ satisfying ¢ € [1/2,6] and
fn(o) =0, where by is defined as in Definition 2.6. For 1 < k < by, we then set §; as the
smallest non-negative real number such that

1/2+9;

fv(1/248)=0 and k—l§%’arg((c—l—iT—I)Z;K(G-i-iT))N‘ (2.20)

Writing z; = § + 8, we let x| denote the number of z; with z; € [1/2,1/2+8) = [1/2,2¢ —
61) and let x; denote the number of z; with z; € [2¢c — 61,61]. We note that x, = by — x|
and that

0§81<52<---<8x1<8§8xl+1<-'-<5bN§G1—1/2.

From (2.15), (2.20), and Lemma 2.11, it follows that

1
1%
1

k—1<l‘ar ((o—1+iT)§ (c+iT))N + NEer s+ N
=T g K P K\1,0k D)

sz

whenever 1 < k < x; (which implies that §; < 8 < %).

For each j > 1, if there exists a k (chosen to be minimal) such that

1 N
k—1——=NEg(T,8;)—=>j
Tc K( 7k> 2—.]7
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2.3. BACKLUND’S TRICK AND THE JENSEN INTEGRAL

then fy has at least j zeros in [1/2 — &, 1/2) since

1/2-8;

1 N 1 N
E‘ arg <(G+iT - 1)§K(c+iT)) > k—1— _NE(T,8) =5 =

c=1/2

For such an instance, we define d_; as the smallest values of these zeros (to avoid possible
repetition), and we shall say that the zero zx = 1/2 + &y has a pair z_ = 1/2 —8_;. We
note that &_; < 9y by the construction.

By the same argument as in [11, pp. 1467-1468], we have

 NEg(T8)+% 4

ZbN r
e > 2 ()
wier) 2 N B\e=12

and thus

b Sn(c, Ex(T,6) 1 1

by Swlen) | Ex(T.9) 1, 1

N ~ 2log(r/(c—1/2)) 2n 4 2N
which combined with (2.16) completes the proof. U

2.3.3 Constructing and bounding F ,

We first recall the convexity bound for k (s) established by Rademacher [92, Theorem

4].

Proposition 2.13. Letm € (0, %] and s =6 +it. If —m < 6 < 14, then one has

l1+n-o

Gk (5)] §3Hfj]<d1<(”;ts|)"")2@(1+n)"1<.
Also, for 6 € [—%70), one has
et =33 (o (5)) "o @21

We note that the second inequality follows from the first bound by taking n = —o.

Moreover, Rademacher’s argument [92] can be used to extend (2.21) for 6 < 0 as follows
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2.3. BACKLUND’S TRICK AND THE JENSEN INTEGRAL

(cf. [11, Theorem 5.7]). For x € R, let [x] be the integer closest to x; when there are two

integers equally close to x, we shall choose the one closer to 0.

Proposition 2.14. Let s = ¢ + it with 6 < 0. Then we have

d 1 5 —[o]
1Tk (s)] < <(27;I){n1<>2 [1+s— [GHHK(%HG]—G) H s+ j— 1|™€E(1 — o)™

J=1

Proof. From the functional equation (2.5) we have

Geto)] < a> | U g1 )

Yk (5)

As 6 < 0, by Lemma 2.3, we have |Cx(1 —s)| < (1 —0)"F. It remains to estimate
the ratios of gamma functions. It was obtained in the proof of [11, Theorem 5.7] that for

a,be{0,1} and k € Z,

¢+ g4 sin(Z(s+k+1—b))
(

) _ )k (T
L(5+35) T +sth <]l:11 syl ) sin(3(s+1—a))

Setting @ = 0 and a = 1 and taking b = k (mod 2) and b = k+ 1 (mod 2), respectively,

we can make sine factors +1. Thus, upon choosing k = —[c] and applying [92, Lemmata 1
1—‘(%_‘_ l—(§+k))
and 2] to W we conclude that
L(3) pr 1 (3+[0]—0)(ri+r2) -l ri+r
LA ) 2[c1<r1+r2>< -_1>
Ty =G [Ti+s=1

and

rA+58m /1 (btlolor S
U= Greoan) e ([

) j=1
Collecting above estimates and recalling the fact that ng = r| 4 2r,, we obtain the desired
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result. O]

Lemma 2.15. Letm € (0, %], s=0+it,and T > 0. If 6 > 1+, then we have

Slog ()] < Slog((6~ 1)+ (1] + 7))+ nlog (o).

If —m <0 <14, then we have

1 I+n—o0)+2
Sloglfu(s)| <loga U=
I+n—-o dg
+ 5 log <(2n)n1<> +nglogl(1+m).

log((c+1)2+([t|+7)3)

If 6 < —n, then we have

~log ()] < nxlogt(1 —0) + 3 log((0— 1>+ (] +T)?)

1-26 d (1—26+2[0])n
> ! <(27t])(”1<> 4 .

log((1+0—[0])*+ (|t +7)?)

o
+50 Y log((o+j— 17+ (| +7)?).
j=1

Proof. Since 6 > 1+mn > 1, by Lemma 2.3, we derive

()] < 5 (Is 7 = 1Yl +i) 4 bs =i = 1[G (s —im) V)

< (o= 12+ (el +17) "t(oy™.

Now, the first estimate follows from taking logarithms and dividing both sides by N.

Secondly, if —m < 6 < 1+, then by Proposition 2.13, we see that | fy(s)| is at most

(14+n—0)N

N 1 1) T 2\ n (14m—0)N
S 3N<(G+1)2+(|l|—|—T)2> 2 <d](<\/(6+ )2_;(‘”4— ) ) K) 2 C_,(l—f-n)nKN
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Again, taking logarithms yields the second bound.

Lastly, for 6 < —n, it follows from Proposition 2.14 that

N d N(l—c) (1-20+2[c])Nn
@I (O=12 4 +T?) () I(T+G= [0+ +T 5 "
(2m)m&
_[0] nlgN
< (TIUo+i= 102+ (e +7)%) 7 L1 — o)™,
j=1
We then conclude the proof by taking logarithms. [

Following [11], to proceed further, we introduce some notation and auxiliary functions.

We first set

(j+c+rcos®)?+(|rsin®| +T)?

L;(6) =log T2

and note that L;(0) is an even function of 6. Moreover, if 6 € [0,7] and T > 5/7, by the
14(8)

inequality logx < x— 1, one has L;(6) < 737> Where

7
L%(8) = 2rsin®— 4+ 1—9((j+c—|— rcos0)? 4 (rsin® —2)?).

In light of the choice of F, ,(0) (for Dirichlet L-functions) in [11, Definition 5.10], we

shall use the following F. ,(0) for (k(s).

Definition 2.16. For 6 € [—x, 7|, we let 6 = ¢+ rcos 0, with ¢ —r > —%, and ¢t = rsin®.

For 6 > 1+n, we define

Fer(6) = nilog{(0) + 5L1(6) + log(T +2).
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2.3. BACKLUND’S TRICK AND THE JENSEN INTEGRAL

For —n <6 < 1+, we define

1 — 2 1 — 2
Fer(9) = nclogG(1-+m) + K02, o) U9 2 0g(r-42
I1+n—-o dg
#y— (o (Zn)”K> +log3.

For 6 < —n, we define

1-2 dg (T +2)"
GIO(K( +2) )

Fo(8) = nglog C(1 — o) + %Ll (8) +log(T +2) + (2

_ n nk \S
(1 2‘”4‘2[6]) Lia(®)+ 5 L L1 (0)

We note that F, ,(8) is an even function of 8 satisfying F, .(8) > + log|fy(c +re’®)|. In

order to bound F, (), following [11], for ¢ € R and r > 0, we define

0 ifc+r<y;
0y = arccos™—= ifc—r<y<c+r
T ify<c—r.

For the sake of convenience, we define

0_ b _
. :/ n 1+n Gde / 1 2(5
814

For Ji,J» € N, we shall set

Ji—1

K2 (1) = i <10gC(C+ +2}Z}10g§<c+rcosg)>
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and
T—0)_c e mj j

K3 (Jy) = (1 1— 2V 1 (1— _ (— (1——)9_)>).
202 = == (logl1 —e+n)+2 L togt (1 —e—reos (3+ (1= 7)o
In addition, we define

1 9 N

K4 =— (I+m—0)L{(6)de,
4 B14n
1 r9-12

Ks (1—20)L7(8)d6.

Similar to [11, Proposition 5.13], we have the following proposition regarding the upper
bound of [i F.»(0)d.

Proposition 2.17. Let c,r, and M be positive real numbers satisfying

1
—5<c-r<m<l4m<e (2.22)

and ) <n < % Then for T > 3 we have

T 91+n 1 91+n
/ F.,(8)d0 < ng / logl(0)d0 + 3o / L*,(8)d0+ 814y log(T +2)
0 0 0

2(T+2
me{logL(1-+m)) (0 81 + (1o 0 i

6_

ng LU
. — L¥(0)d0+ (0 1 —01.p)log(3(T +2
T+2K4+2(T+2)/el+n 1(0)d0+ (8- =B11n) 1og(3(T' +2))

+nK/Tc logC(l—G)de+m/en L*,(0)d8+ (1 —B_y)log(T +2)

-n

+

ng
T+2

+ Ks.

Proof. We first write

i 014 0_q T
/ Fo(6)d6 = / For(8)d0+ / For(0)d0+ / F.,(6)de.
0 0 O1in 0y
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By the definition of F, ,(8), we have

014 014 1 /914 814
/ Fo(8)d6 = ng / log{(0)d0 -+ 5 / L_1(6)d6 + / log(T +2)d®
0 0 0 0

1 Oin
j /0 L* ,(8)d8+81..n log(T +2).

e [0 a0+
_WA 08L(0)d0 + 57

Secondly, we compute

0_ 0 o -
/nFcyr((’)de:”K/ nlogC(1+n)de+(1ogd_K)/e nl+tn-o

O14m 8141 (27];)”1( 141 2
0- 6 l4Mn—0)+2
g3 [ Mgt [ TKUANZO) 42, 0 (2.23)
91+n 91+n 4
61 ng(14+1 —G)+2
+10g(T+2)/ nak(14n=0)+2 g
014 2

The first three integrals on the right of (2.23) are

d O nl4+mn—o
nx (10g5(14+1)) (0 — B14m) + <log (2n§”’<> /e +de+ (10g3)(6_n —B14).
14+n

As 1+mM—06 >0 for 0 € [014y,0_y], it follows that the last two integrals on the right of

(2.23) are

6n bnl4mn—o

2

ng

1 r6-
T e o)Li(0)d0+ 5 / " L1 (6)d0+ng log(T +2) / a9

814 814 814
+ (00— 8119)log(T +2)

b nl14m-o0o

do
2

ng 1 On
< K4+ / L7(0)d0 +nglog(T +2 /
T+2)" " 27 52) Jo,,, 1 SR
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Lastly, we have

L%
/ Fw(e)de:n,(/ log(1 — G)d0+ ~ / d9+/ log(T +2)d®
0_q 0_q
de(T+2)%\ (% 1-20 0, 1-20

1 1—26 2]

+n1<2/ o Ljit1(8)+5 ZLkl )

The first four integrals on the right of (2.24) are

§nK/9n logC(l—G)dG—kﬁ/en L* ,(8)d6+log(T +2)(n—6_y)

dg(T+2)"\ [* 1—20
+ (o™ ) [, 5

Note that as —% < ¢ —r, we have 9 = =0_ k= 7t for j > 1. Thus, the remaining

integral and sum on the the right of (2.24) is

0.1 1-20 nKg 0.1 1-20 ng
: L1(6)d6 < : L}(0)d6 = —% s,
”K/e_n g O g O =

Putting all the estimates together, we complete the proof. [

To control “zeta integrals” in the above proposition, we shall borrow two estimates

from [11, Lemmata 5.14 and 5.15] as follows.

Lemma 2.18. Let c,r and M be positive real numbers, satisfying (2.22), and J\ and J, be

positive integers. If 011 < 2.1, then for 6 = ¢ +rcos6, one has

/o% log(o)d6 < 108511 Flogt(c)

) (91+n——>+—10gt_,( )+K2(J1).

2 41
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In addition, assuming further r > 2c — 1, one has

/n log¢(1 — o)de < 0BEIF F108E(0) o g B0y v o) s ().
2 2>

0

2.4 Completing the proof

Gathering (2.12) and Propositions 2.10 and 2.12, for
—%<c—r<1—c<—n<0<}L§5:2c—01—%<%<1<1+n<c<01:c+w<c+r,
satisfying 01, < 2.1, we have

() - 108 (e (55) ") +

I Ck(c)
log <\/(cl)2+T2 CK(20)> n
log (2.25)

=2

5 2n
<5 +Igk(T)]+ = Flogl(o1) +

where gk (T) and Eg(T,9) are defined as in (2.9) and (2.14), respectively, and

Ck(c) _ [* G 2 g C(e)
log L (20) = /C —C—Z(G)dc < nK/c _Z(G)dc < nglog Z(20)"

Finally, using (2.10), Lemma 2.5, Proposition 2.17, and Lemma 2.18 to bound (2.25) and

recalling that r| +2ry = ng, for any Ty > %, we obtain

T T N\« r dg(T +2)"%
R —_— — < A .
Nk(T) log (dK(Z e) ) + 1 ’ Ci log< (o) ) + Cong + C3 (2.26)

whenever T > T, where

55



2.4. COMPLETING THE PROOF

12 6403 — 112 8565 — 151 6405112
€= 557+ 7102800 e, - {0’ 1536(3To+2)_1536(3To—1)}
+%+<nlogc_r%>_l<logql+m +logC(c )(91+n—§>+510gC( )+K2(J1)>
-I-(Ttlogc l>_1<10gC(1+n2)+10 at )(91 c—e—n)-l-n_z—?zlclogC(C)—i-m(Jz))
2
-1 K4+ K C(c)
+(wlog =) ((log L1 +m) (B —rs) +max {0, 75 | wlog 5 ).

1
¢=2

>1 <7tlog (1 + %) +(0_n — 91+n)10g3>

1) Gt (107210000 4 fg 1 i0)do + 5 1, 0)a0) ) .

For Tp = 1 and T = 10, choosing J; = 64 and J> = 39, via a Maple numerical compu-

tation, we have the following table of admissible (Cy,C,C3).

Table 2.2: Choices of parameters (c,r,1) and resulting admissible (Cy,C>,C3)

T>1 T>10
C r n C] C2 C3 C2 C3
1.000011314 | 1.064340602 | 4.2826451-107° || 0.22737 | 23.02528 | 4.51954 | 22.97204 | 3.30668
1.042877508 | 1.259860485 | 0.01737451737 || 0.24493 | 6.66558 | 4.21201 | 6.60397 | 3.12362
1.079779637 | 1.410370323 | 0.03441682600 || 0.26304 | 5.22032 | 4.08149 | 5.15251 | 3.05074
1.114294066 | 1.538391756 | 0.05247813411 || 0.28032 | 4.43521 | 4.00936 | 4.36214 | 3.01124
1.145720440 | 1.645584376 | 0.07107039918 || 0.29590 | 3.93889 | 3.96852 | 3.86136 | 2.98903

One may find functioning Maple code at https
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Chapter 3

Counting zeros of the Riemann zeta
function

The results of this chapter have been published in [55].

3.1 Introduction

Let {(s) be the Riemann zeta function defined by

oo

)= Y -

—,
nzln

for R(s) > 1, which has an analytic continuation to a meromorphic function on C with only
a simple pole at s = 1. The study of zeros of {(s) is an important topic in number theory.
In this article, we shall estimate the number of non-trivial zeros p = B+ iy, with0 <y < T,

of {(s). For T > 0, we set
N(T)=#{peC|{(p)=0,0<P<1,0<y<T}

Before stating our results, we shall note that the study of N(7') has a long history.

Indeed, for T > Tp, writing

T T
’N(T)—ﬁlog <E>‘ < CylogT +CyloglogT + Cs, (3.1)

we have the following table summarising the progress that has been made.
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Table 3.1: Explicit bounds for N(7') in (3.1)

Ci (653 C3 To
Von Mangoldt [123] (1905) || 0.4320 | 1.9167 | 13.0788 | 28.5580
Grossmann [48] (1913) 0.2907 | 1.7862 | 7.0120 50

Backlund [5] (1918) 0.1370 | 0.4430 | 5.2250 200

Rosser [98] (1941) 0.1370 | 0.4430 | 2.4630 2
Trudgian [119] (2014) 0.1120 | 0.2780 | 3.3850
Corollary 3.2 0.1038 | 0.2573 | 9.3675 e

The importance of explicit bounds for N(7') comes from the fact that they are crucial
for estimating sums over zeros of {(s), and all the best known bounds for 7(x) and y(x)
rely on them (see, e.g., [38]).

In this chapter, we prove the following general result for N(7) with explicit dependence

on the given bounds for {(s) on the both 3-line and 1-line.

Theorem 3.1. Let c,r,m be positive real numbers satisfying

-~ 2
—%<c—r<1—c<—n<%§8::2c—61—%<%<1—|—n<61 ::c+M<c+r

r

and 014y < 2.1, where 0, is defined in (3.28). Let c1,c2,k1,k3 >0, ky € [0, %] and ty,t; > e
such that fort > ty,

[C(1+it)| < c1(logr)®, (3.2)

and fort > ty,

1§ +it)| < kit*2 (loge)®. (3.3)

Let Ty > e be fixed. Then for any T > Ty, we have
N(T) d lo d +1 < CilogT 4 CyloglogT +-C (3.4)
o g e g| =41 g 2loglog 3, .

where C; = Ci(c,r,M;k2), Co = Ca(c,r,m;c2,k3), C3 = Cz(c,r,m;c1,c2,t0,k1,ka, k3,115 Tp)
are defined in (3.30), (3.31), (3.32), and (3.33), and some admissible values of C,, C,, and

58



3.1. INTRODUCTION

C5 are recorded in Table 3.2 in Section 3.5.
As a consequence, we obtain an explicit estimate for N(7') as follows.

Corollary 3.2. Forany T > e, we have

T T
‘N(T) — Elog (2_ne) ' < 0.1038log T +0.25731oglog T +9.3675. (3.5)

Note that C; = 0.1038 is the smallest value that can be obtained by our argument and
computation, and one can make C, and C3 smaller at expense of larger C.

Let S(T) = %AL arg {(s), where L denotes the straight line from 2 to 2 +i7 and then
to % +iT. We also have the following theorem concerning the argument of {(s) along the

critical line.

Theorem 3.3. In the notation and assumptions of Theorem 3.1, for any T > Ty, we have
IS(T)| < CylogT + Caloglog T + C3, (3.6)

where C; = Cl(c,r,n;kz), G = CQ(C,}’,T];CQ,]Q), Cé = Cg(c,V,T];Cl,Cz,t(),kl,k27k3,l1;To)
are defined in (3.30), (3.31), (3.32), and (3.36), and some admissible values of C1, C>, and

Cé are recorded in Table 3.2 in Section 3.5.

A stronger bound for S(7T'), up to certain given height, can be confirmed using the
database of non-trivial zeros of {(s) computed by Platt and made available at [75]. Indeed,
nowadays, one has

IS(T)| <2.5167 (3.7)

for 0 < T < 30610046000.2 Hence, by Theorem 3.3 (with 7o = 30610046000 and Table

3.2) and (3.7), we derive the following explicit bound for S(T).

Recently, Platt and Trudgian [90] verified the Riemann hypothesis for the height up to 3 - 10'2, which
would allow one to further bound S(7') for 0 < 7 < 3-10'2,
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Corollary 3.4. For any T > e, we have
S(T)| < min{0.10381og T +0.2573loglog T +8.3675, 0.1095logT +0.20421oglog T +3.0305}.

We note that this improves the previous best-known explicit bound (for 7" sufficiently

large) due to Platt and Trudgian [88] (see also [117,119]), who showed that for T > e,
1S(T)| <0.110log T +0.2901oglog T + 2.290.

The proofs of Theorems 3.2 and 3.3 are based on the work of [11,54,119, 120].3 Com-
pared to the considerations of Dirichlet L-functions in [11,120] and Dedekind zeta functions
in [54,120], we further use subconvexity bounds for C(% + it), together with the Phragmén-
Lindelof principle and the functional equation, to obtain a shaper estimate for (s) in the
strip 0 < R(s) < 1. Also, based on the idea of [11], we refine the bound for {(s) on R(s) <0
used in [119] by bounding {(s) over R(s) < —35. Lastly, we note that most numerical com-

putations were performed in Maple.

3.2 Main term and bounds for gamma factors

We recall the completed Riemann zeta function &(s) is defined by

&(s) = s(s = D)v(s)E(s), (3.8)

where
Y(s9) =77ir(3).

3Regrettably, as pointed out in [11], there is an error appearing in [119,120] (and [88], where the erroneous
result of [119] was used) since the ranges of parameters involved in the final formulae were not verified
properly; [11,54] fix this issue for [120]. In a certain degree, the objective of the presented paper is to fix the
error occurring in [119].
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3.2. MAIN TERM AND BOUNDS FOR GAMMA FACTORS

It is well-known that &(s) can be extended to an entire function of order 1, which satisfies

the functional equation

&(s) =&(1 —s). (3.9)

To follow the argument used in [54], it would be simpler to work with the following

“symmetric version” of N(T'). We introduce
No(T)=#{pcC[L(p)=0,0<B <1, [y <T}

for T > 0.* Note that No(T) = 2N(T).
Let 61 > 1, and let & be the rectangle with vertices 6; —iT, 61 +i7T, 1 — o) +iT, and
1 — oy —iT (that is away from zeros of &(s)). Since &(s) is entire, applying the argument

principle, we know that

1

No(T) = 5 Ag arg(s).

We let C be the part of the contour of R in R(s) > % and (§ be the part of the contour of X

in R(s) > 1 and 3(s) > 0. From the functional equation (3.9) and the fact that &(s) = &(5),

it follows that

Ag arg(s) = 2AcargE(s) = 4Aq arg&(s),

and thus

2
No(T) = %ACO arg&(s). (3.10)

Now, by (3.8), we arrive at

A, argE(s) = A args + Ag argm /% 4+ Ag, arg T <%> +Agarg((s—1)¢(s)). G.11)

4This notation agrees with [54], where we defined Nk (T'), the zero-counting function for the Dedekind
zeta function of a number field K.
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3.2. MAIN TERM AND BOUNDS FOR GAMMA FACTORS

In addition, by a straightforward calculation, we have

Ag, args = arctan(27'),

T 1
—s/2
Agargm /% = 5 log <E> (3.12)

Ag argl(s) = Ag (SlogI'(s)) = SlogI (% + iT) :

In order to control the contribution of the gamma factor in (3.11), we set

2 1 T\ T T\ 1
T)==Slogl'( - +i= | — —log( — | +- 3.13
of7) = 28toer (i ) - Tioe () 45 (313

and recall that by [11, Proposition 3.2], one has

1

< — 3.14
= 25T (3.14)

18(T)

for T > 5/7. Now, gathering (3.10), (3.11), (3.12), and (3.13), we establish

No(T) = %arctan(ZT) +g(T)+ %log (%) — % + %ACO arg((s—1)¢(s)). (3.15)

To control Ag, arg((s —1){(s)), we let 1 be the vertical line from 61 to 61 +i7 and &

be the horizontal line from 6| + iT to % +iT. As

A are(s ~ DL(5) = Acyane(s - 1)+ 8 arg ) = aretan S )+ dcyare()

and for 61 > 1,
|Ac, argC(s)| = |arg{(o1 +iT)| < [log (o1 +iT)| < log{(o1),

we obtain

Ac;arg(s = 1E(s)] < 5 +log(o). (3.16)
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3.2. MAIN TERM AND BOUNDS FOR GAMMA FACTORS

Hence, from (3.14), (3.15), and (3.16), it follows that

T T 1 1 2 2
\N@m - riog (5 ) +z’ <24 gt 2logllon) + 2lAgare((s— DI (17

To end this section, we shall borrow some estimates for the gamma function from [11]

as follows. For 0 <d <9/2and T > 5/7, we define

1 1
G+iT) 7+ G+iT) 24

logI’
—l—Sog(z

1

1 _
0=3

sz

E(T,d) = |31ogr<

Asin [11, p. 1463], we set

2T/3 2T /3 4T /3
E(T,d) = _
Td) = g sar? T Cads 17242 172+ 472
T 172\ T (2d+17)*\ T (—2d+17)?
“log( 1+ -5 ) —=log( 1+ ) —=log(1+—"—s—"
32 °g< +4T2) 4 Og( e g\t
(84 6m) /45 (84 6m) /45 2(8 +6m) /45
((2d +17)2+4T2)3/2 * ((—2d+17)24+4T2)3/2 * (172 4+-4T2)3/2
3 ( 1 +4k 2d + 1 +4k —2d+1+4k>
+ Z 2 arctan —arctan ———— —arctan ——
= 2T 2T 2T

+ 24115 arctan 2d+ 17 + —2d+ 15 arctan —2d 1715 arctan 17
2T 4 2T 2 2T

It has been shown in [11, p. 1462] that E(T,d) < E(T,d) for0<d <9/2and T > 5/7.

Moreover, one has the following lemma established in [11, Lemma 3.4].

Lemma 3.5. For0<96; <d<9/2andT >5/7, one has
0<E(T,8,) <E(T,d).

Also, ford € (3, %] and T >5/17, one has

E(T,d) _ 640d—112 1
< .
T~ 1536(3T—1) ' 210
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3.3. BACKLUND’S TRICK

We remark that the number 5/7 above is not random but is borrowed directly from [11].
In [11], it is chosen to obtain a proper numerical bound (in order to count the zeros of
Dirichlet L-functions). One may replace 5/7 with an appropriate larger Tj to get a better

result.

3.3 Backlund’s trick

In order to estimate A, arg((s—1){(s)), we shall borrow some results from [54]. Define

(((s+iT — DE(s+iT))N + ((s —iT — 1)E(s —iT))") (3.18)

l\)l>—‘

In(s) =

for N € N. Let D(c,r) be the open disk centred at ¢ with radius r. For any N € N, we define

1
Sn(e,r) = N Z log——

z€8v(D(c,r)) ’Z B C‘

where Sy (D(c,r)) denotes the set of zeros of fi(s) in D(c,r). In [54, Proposition 3.5], the

authors prove the following upper bound for Sy(c,r).

Proposition 3.6. Let ¢, r, and G| be real numbers such that

1
c—r<§<1<c<(51<c+r.

Let F., : [—m,7t] = R be an even function such that F,. .(0) > I\%mlog | fn, (¢ +1e™®)|. Then

there is an infinite sequence of natural numbers (N, )5 _, such that

1
limsup Sy, (c,r) <lo / F,
m_)oop N( g( /—C—l +T2€20> cr

To end this section, we recall the following version of Backlund’s trick established
in [54, Proposition 3.7] (cf. [11,119,120]). As explained in [120, Sec. 3], using Backlund’s

trick, one can track contribution from zeros of fy(0) in [I — o1, 5] whence there are zeros
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3.4. CONVEXITY AND SUBCONVEXITY BOUNDS AND F,_ ,(0)

in [%,(5 1].
Proposition 3.7 (Backlund’s trick). Let ¢ and r be real numbers. Set

—1/2)? 1
Glzc—l—u and 8:2c—01—§.
r

Ifl<c<rand0<8<%,then

. . / TESN(C,I”) E(T,S) T
arg (6 +iT — 1)(c+iT)) cls=2csl = 2log(r/(c—1/2)) ) N

3.4 Convexity and subconvexity bounds and F;. ,(0)

3.4.1 Convexity and subconvexity bounds

In light of Propositions 3.6 and 3.7, to estimate (3.17), we shall construct an appropriate

F. »(8). We first recall the following version of the Phragmén-Lindeldf principle established

by Trudgian [119, Lemma 3].

Proposition 3.8 (Phragmén-Lindelof principle). Let a,b, Q be real numbers such that b > a

and Q+a > 1. Let f(s) be a holomorphic function on the strip a < R(s) < b such that

£ (s)] < Cexp(et)

for some C > 0 and 0 < k < z%-. Suppose, further, that there are A,B,0i1,02,B1,2 > 0

such that o > B and

1£(s)] < A|Q+ 5% (log|Q+s))%  for R(s) =a;
S| =
B|Q+s|P1(log|Q+s))P2  for R(s) =b.

Then for a < R(s) < b, one has

o = 0] B B, Boa
1£(5)] < {A]Q+5]* (log|Q+5])*2} 7= {B|Q+ 5[’ (log|Q +s])P*} 7.
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3.4. CONVEXITY AND SUBCONVEXITY BOUNDS AND F,_ ,(0)

We shall assume that there are ¢, c¢p,k1,k3 > 0, ks € [0, %] and fo,7; > e such that
IE(14it)] < ci(logr)® (3.19)
fort > ty, and
(% +it)| < kit*2 (loge)® (3.20)

fort > ;. Recall that 0 <m < % Now, we split our consideration into the following six
cases.

(1) Assume ¢ > 1 +m. The trivial bound for the zeta function immediately gives
18(s)| < (o). (3.21)

(2) Assume 1 < o6 < 1+m1. From (3.19), it follows that there is Qg > 0 such that
(14t —1)C(1+it)| < c1|Qo+ (1+it)|(log|Qo + (1 +it)|)? (3.22)

for all . (We note that Qp depends on ¢y, c2, 19, and it can be computed explicitly.) Also, by

(3.21), it is clear that
[(L+m+it = DE(L+m+it)| < E(1+M)|Qo + (1 +n +if)].

Thus, by Proposition 3.8, for 1 <o <1+,

(s — 1)(s)] < (e1]Qo+s](log|Qo+s)2) T (C(1+M)|Qo+s)T
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3.4. CONVEXITY AND SUBCONVEXITY BOUNDS AND F,_ ,(0)

which implies

1
s —1]

I4+n—oc
n

(c1]Q0 +s](log | Qo +5)) T (G(1+M)[Qo+s]) T .

8(s)| <
(3) Let 5 < 6 < 1. Using (3.20), we deduce
(5 it =18 +in)] < ki|Q1 + (3 +in)[** (log|Q1 + (3 +in)])*, (3.23)

for all #, where Q1 > 0 is a constant depending only on k1, k3, k3,#; (which can be computed

directly). Now, by (3.22), (3.23), and Proposition 3.8, for % < o<1, we have

1
s —1]

2-20
66)] < =7 (i@ 51 (log @2 +1)) ™ ™ (1102 + 5] (log 02 +51)2)°

where Oy = max{Qo, 01}.
(4) Assume 0 < o < % On the one hand, by (3.20), there is Q3 > 0 such that

(3 +it)] < ki|Q3+ (% +ir) 2 (log|Q3 + (5 +it)])® (3.24)

for all . On the other hand, as (3.9) gives

|
o) =iz ey, (3.25)
I'(3)
it follows from (3.19) and the estimate
1
T(;-3) [1+5]\>7°
< 3.26
re |“\2 ) o0
for —% <o< %, that
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3.4. CONVEXITY AND SUBCONVEXITY BOUNDS AND F,_ ,(0)

for t > t9. Hence, checking small values of 7, we can find Q4 > 1 such that

1L(0+ir)| < Q4+ it|2 (log |04 + it] )2 (3.27)

=

for all 7. Now, together with (3.24), by Proposition 3.8, we then obtain
1-20
a 3 2 ky k3 20
L6 < (a=los+sioglos+s) ) (kalQs+sl(1og|0s +50)")
21

where Qs = max{Q3,04}.
(5) For —m < 6 <0, using (3.21), the functional equation (3.25), and the Gamma bound

(3.26), as Q4 > 1, we obtain

i\ 240 i\ 2T
i) < (B e < (25120 ey

for all ¢. This estimate, combined with (3.27) and Proposition 3.8, then yields

—C

mm$< 1 m+mmﬁw%ﬂn(éﬁ@+ﬁmm@+wﬂ“.

(2m)2 N

(6) Finally, for 6 < —n, we use (3.25) to deduce

From the proof of [11, Theorem 5.7], it follows that for a,b € {0,1} and k € N,

e+ po=thy sin(Z(s+k+1—b))
vy g - L) e

Now, for x € R, we let [x] be the integer closest to x (if there are two integers equally close
to x, we then choose the one closer to 0). Note that for a = 0 and b = k (mod 2), the sine

factors above are 1. Thus, upon taking k = —[c] and applying [92, Lemmata 1 and 2] to
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3.4. CONVEXITY AND SUBCONVEXITY BOUNDS AND F,_ ,(0)

bound the ratio 1“(%7 + #)/T(% + %), we arrive at

. L+lol-c /-]
< (ghes=lel) 20 (TTsj-11).

]:

r(%)

I'(3)

which gives

N —

J=1

1\2°° oo (19
KoI<t-0)(5;) " (res= ol (T ls+j-11).
3.4.2 Constructing and estimating F,. ,(0)
Bounding %log | fv(s)]

With the above convexity and subconvexity bounds in hand, we are in a position to

bound ]%,log | fn(s)|, where fy(s) is defined in (3.18). For 6 > 1+m > 1, we have

v < 5 (Is+iT = 1N [E(s +iT) [N + |s —iT = 1N[E(s —iT)|Y)

L(o)".

N2

< ((0=1)2+ (It + 7))
Taking logarithms and dividing both sides by N gives

Slog () < 3 Tog((o— 1)+ (1] + T)?) +log(o).

For 1 <6 <1+m, we have

N(14+n—o)

o) = (eny/iQuror + (172 (1og @+ + (W + 7))

N(c—1)

<(caemyfieoror+(+772)
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3.4. CONVEXITY AND SUBCONVEXITY BOUNDS AND F,_ ,(0)

Taking logarithms of both sides and dividing by N, we obtain

1 1 — —1 1
ozl Av(s)] < =T log S TS logG(1 )+ 5 lox(Qo-+0) 4 (1] +7)?)
+ %bglog((Qo +0)>+ (|| +1)%).

For% <o <1, from

ks (2—20)
\fN<s>rs<k1<<Qz+c> i+ (1og¢ 0: +0) <m+T>2) )

< (@ v+ (477 (1o ia o+ 1 +T)2>C2>(20_1)N,

it follows that

1
—log|fn(s)| < (2—20)logk; + (26 — 1)logc) — (k3(2 —20) +¢2(20 — 1)) log2

N
(2—20)(ka+1)+20—1
2

+(k3(2 - 20) + 2(26 — 1)) loglog((Q2 +6)* + (|t +-T)?).

log((Q2+0)*+(t| +T)?)

Assume 0 <o < % From

N
2

() < ((6—=1)2+ (1| +T)%)
c1 o (1-20)N
X <\/_((Q5—|—G) (]tH—T )4 <log\/ Qs+0)? (]tH—T)Z) )

ks 20N
x(kl((Q5—|—6) +(t|+T)? 22<10g\/ 0s5+0)? |t|—|—T)>> ,

—_
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3.4. CONVEXITY AND SUBCONVEXITY BOUNDS AND F,_ ,(0)

we derive

1 c ki 1 2 2
]T]log\fN(s)| < (1—-20)log (2“2+i\/ﬁ) +2610g273+§10g((0— D"+ (t|+T)7)

1 —20+4k0
+#

+ (c2(1 —26) +2k306) loglog ((Qs +6)* + (|| + T)?).

log ((Qs +06)* + (|| +7)?)

For —m <6 <0, we have

) < (Vo= TP+ (I+ 1) <<2nl ¢ +m) (¢<Q4+c>2+<\r\+T>2)m>_nN

2o

(S‘H']N

x (@% (Vie+or+u+1r) (log¢<Q4+c>2+<|rr+T>2)cz)n .

Thus,
1 c 1 o o+ 1 o+M
1 <9 — Zlog(14m) + log —= — log?2
N oglfn(s)| < N og (27:)%“] 7 og(1+m) Tl og o - ¢z log
1
+ 5 log((0 = 1)+ (|| +7)?)
o(l1+2n) o+n 2 2
_ T
+( m T log((Qa+0)"+ (|t|+T)7)

+

O oglog((Qs +0)% + (|t + T)?).

Lastly, for 6 < —mn, as

1 (1-26+2[c])N

v N(3-0)
()| < (0= 1P+ (i + 1) ¥ (—) (1+0— (o) + (i + 7))

21
—|
X
J

Q
(Sl

(o+j—1)+ (| +T)2)> ¢(1—o)",

I
—_
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3.4. CONVEXITY AND SUBCONVEXITY BOUNDS AND F,_ ,(0)

we obtain

Lo ()] <logl(1 ~ ) + S log((e — 17+ (I + 7))

N
261 1-2642
01 ogor 4 (L=20+2(0)

+ log((1+6—[o])* +(lt| +T)?)

~[dl

+%J:Z1 log((64j—1)2+(jt| +T)?).

Constructing and bounding F. ,(6)

With the above bounds of 3 log|fy(s)| in mind, similar to the construction of F, ,(6)
for Dirichlet L-functions in [11, Definition 5.10] and Dedekind zeta functions in [54], we
shall construct F;. ,(8) for {(s) as follows. (We note that the main difference between our
construction and the ones in [11,54] lies in the range 0 < R(s) < 1 +m as we have sharper
bounds for {(s) in this range.)

Similar to [11, 54], we first introduce some auxiliary functions and notation. For

0 € [—m, 7|, we let 6 = ¢+ rcos®, with ¢ — r > —%, and ¢t = rsin®. We define

(j4c+4rcos0)? + (|rsin®| 4 T)?
T2 ’

M;(8) = loglog((j+c+rcos®)? + (|rsin®| +T)*) —loglog(T?).

L;(6) =log

Now, we give upper bounds for L;(8) and M;(0). From the inequality logx < x — 1, it

follows that

(j+c+rcos8)* +(|rsin®| +7)> | (j+c+rcos8)? + (rsin®)? N 2rsin®

for 8 € [0,m|. Fix Ty > 1. For 6 € [0, 7|, we let

1 1
L%5(8) = —(j+c+rcosB)? + —(rsin®)? 4 2rsin®.
J T T
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3.4. CONVEXITY AND SUBCONVEXITY BOUNDS AND F,_ ,(0)

It is clear that for T > Ty and 6 € [0, 7,

Similarly, for T > Ty and 6 € [0, 7], we have

< log((j+c+rcos®)?+ (|rsin®| +T)?)

Mo log(7?) -
1 (j+c+rcos@)?+(|rsin®|+T)? )
= 1 log(T —1
et TZ Hoell™)
1
=——-L;(0
log(7?) i(8)
13(6)
— 2TlogT

We are now in a position to construct F¢. .(6).

Definition 3.9. For 6 € [—n, 7|, we let 6 = ¢+ rcos®, withc — r > —%, and ¢ = rsin®. For

6 > 14, we define
1
Fr(8) = 5L-1(6) +logT +log&(o).

For 1 <o <1+n, we define

1 -0 c—1 1
F..(0) = ++logc1 + logl(1+m)+ ELQO(G) +logT
1 — 1 —

For % <o <1, we define
F..,(8) = (2 —26)logk; + (26 — 1)loge; + (2 —26) (ko + 1)+ 26— 1) (LQZT(B)—l—logT>

+ (k3(2—20) +c2(20—1))(Mp,(0) +loglog T).

73



3.4. CONVEXITY AND SUBCONVEXITY BOUNDS AND F,_ ,(0)

For0<o < %, we define

c 1
F.r(8) = (1 —20)log \/—;_n +26logks +7L1(8) +log T+
1 —26+4k0 <LQ5 (9)

5 5 +log T) + (c2(1 —20) +2k36) (M, () +loglogT).

For —m < 6 <0, we define

1 1
For(®) = — Zlog— 4 1og L 4 11 1(8) +logT

n gcl(ZTl:) 2
(

+( 2N 271 +logT | + N c2(Mp,(0)+loglogT).

For 6 < —n, we define

—20
log2m

Fo (8) = log{(1 — o)+ %LI(G) + ( ! _22") log T —

B —[d]
a 264+2[G])L1[c](9) + % J; L-19)

It is clear that F, ,(8) is an even function of © such that F, ,(8) > + log| fy(c + re®)|.
Now, we shall provide an upper bound for [ F.,(8)d®. In light of work of [11] and
[54], for c € R and r > 0, we define

(
0 ifc+r<y;
0, = arccos™—= ifc—r<y<c+r (3.28)
T ify<c-—r.
\

Now, we let ¢, r, and 1 be positive real numbers satisfying

1
—§<c—r<1—c<—n<1+1’]<c (3.29)

74



3.4. CONVEXITY AND SUBCONVEXITY BOUNDS AND F,_ ,(0)

and 0 <1 < 3. To bound [; F..,(8)d®, we consider the splitting

I 91+n 91 Gl 9() 6_n T
/ = / +/ P+ o+ o+
0 0 CI 9, 9y I
2

Firstly, we have

014m B14 014m 1 814
/ For(8)d6 < logT / 146 + / log{(6)d0+ — / L ,(8)d6.
0 ’ 0 0 2T Jo

Secondly, feel 1+n F, »(0)d6 is bounded above by

o e o
logT 1d6+—loglogT/ (1+n—o0)do+
n 014n

Gl_m
IOgC(lJrn)/"1 Lo
== 6—1)d0+ — (0)d6+
M em]( T O
2
+21”|T10gT

logc

0
/ (14+m—0)d6

014n

/el (1+1—0)LY, (6)d6.

814

A direction calculation shows that

el 91
/ LF.,(0)d6 < logT/ £ (2—26) (ko + 1)+ 20 — 16+
0 0

1 1
Gl el
-|-loglogT/ 2k3(2—20)+c2(20—1)d0+ [ *(2—20)logk; + (20— 1)logc1d6
91 el
1 (9 (2-20)(ka+1)+26—1 ,

: 0)d6

T 6, 5 0,(9)

P e%(k (2—26)+c2(26— 1)L, (8)d6
2TlogT Jo, 2 O ’
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3.4. CONVEXITY AND SUBCONVEXITY BOUNDS AND F,_ ,(0)

Also, we can bound fee? F. ;(8)d6 above by
3

logT

) EH) 8o
log T / 1d0 + 1 — 26 +4kr6d0 +loglog T / ¢>(1 —206) +2k306d0
el e

0,
2

0
C1l 0
+ | log —— 1 —206d6+2lo k/ 6d6+—/ L (
( gV275> 91 &x |

i
+ﬁ/ (1 26+ 4k2G) L, (6)d0 +

2T logT / (c2(1—20) +2k30)Lyg 5(8)d6.

Moreover, fe F, »(0)d6 is bounded above by

6-n 6(l+2n) o+n %n6+1
lo T/ 1 + 9 8 4 1oglo T/ >0
2% o, m 211 % Jo M @

b0 o 1+m 1 [%
+/ ——log———+1lo d9+— L*, 6)do

1 9/ o(l+2n) o+n 1 Ono+n
- - p L :
A ( ot ) Q4(e)de+2T10gT /9 1 MLy, (6)d0

Finally, we have

T T 1-2 T T 1-2
/ F..(8)d0 §10gT/ 1+—Gd6+/ log{(1 —cs)de—logzn/ © 40
8_n 0_n 2 81 0_n
1 [ 1 (91120
— 0)do + — 2 L7(0)d6
@ g [ )
1-20-2j
+ / ( ) Lj+1(6 ZLk 1 )
(We note that from the assumption —% < ¢ —r it follows that 9_j+% = 6_]._% =mnforj>1,

and thus the last term in the above inequality is equal to zero.)
To end this section, we require the following two estimates from [11, Lemmata 5.14

and 5.15] to control the zeta integrals appearing in the above estimates.

Lemma 3.10. Let c,r and M be positive real numbers, satisfying (3.29), and J| and J, be
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positive integers. If 01,y < 2.1, then for 6 = ¢ +rcos 0, one has

O14n 0 og{(c
/O lOgC(G)degl gC(1+n2)+1 gz;( ) (GH—T]_E)—'_EIOgC( )+K1(J1),

where

Ji—1 i
K1 (J1) = W (10g§(c—|—r )42 Z logC (c—i—rcos#))

j=1

In addition, assuming further r > 2c — 1, one has

/7t log{(1 —o)d0 < logC(l+n2)+10gC(c)(el_c_e_n)+75—2;91 “logl(c) + Ko (),
0y 2

where
fod2) = T (1og (1 — et 1)+ 2572 logl (1 —reos (%4 (1- £ )01 ) )

3.5 Final formulae

In this section, we shall first prove Theorem 3.1.

Proof of Theorem 3.1. Using (3.17) and Propositions 3.6 and 3.7, for

1 1 1 1
—§<c—r<1—c<—n<0<Z§8:2c—01—§<—<1<1+n<c<

2
—1/2)?
<Gl:c+w<c+n
r
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satisfying 01y < 2.1, we have

T T 1
NQ(T) ——log 27_[ +Z

5 1 2
<4 — 1
_2+25T+ OgC((ﬁ)-i—

&le) !
8(2¢)  log(r/(c—1/2))

log logT

1
log(r/(c—1/2))
de+E(i’8).

For(
+ Jtlog(r/ (c—1/2)) / .

Thus, recalling that No(7') = 2N(T) and applying Lemma 3.5 (to bound E(T',6)) and the

estimates from Section 3.4.2 (to bound f(f F. ;(8)d®), for T > T, we have
T T 1
N(T)—-log(5— |+ 3 <CilogT +CyloglogT +Cs,
e

where for j = 1,2, 3,

C,
Ci= ! 3.30
= 2xtog(r/(c=1/2))" (3-30)
~ 01 1 /%
c1:/ 2(2-20)(ka+1)+26 240+ 5 | 120+ 4k0d®
0 )
61 : (3.31)
- 1+2 T 1-2
+/ noo(l+ T])+G+T]de+ Gde,
9o 2n 2n 0_n 2
~ (65) 0
C=—= (I+4n—o d9+/ 2k3(2—20)+c2(20—1)d6
n 91+n
8 0G4 (3.32)
—I—/ 62(1—2G)+2k36d9+ c2d0,
Gl 6()
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1= moglr/(c~1/2) (Toaposas 515+ 3 3+ Slogt(on) ) +log

0 0
+1°gcl/1 (1+n—cs)de+w/1 (6—1)d®
n 0147 n B14n

CHY 80
+ [ 2(2—20)logk; + (26 —1)logcd0+ (logi>/ 1 —206d6+
0, V2T 0,
2
bn o 1+n

90 C1 T
+2logk / cdo+ [ " —Zio +log -5 d0 — (log2m /
ghi fo. o 0 %o Tt (log2m) o

+log{(c) (91+n _ g) + %logC(C) +r )+

+logl(e) no6 .
(9170 9_n) + 2

1-20

do+

|
~—

2
N logl(1+m

NS \S)

, Jog€(1+n log§(c) +x2(J2) + k3(To),

\®]

(3.33)

and x3(7p) is equal to

1 014n 0 01
— max o,/ 0+ [ L (0d0+ [ F((2—20) (ks +1)+ 26— 1)L%, (6)d6
gy max {0, [ L)+ [ L, 000+ [ F((2-20) (1) + 20~ DL, (6)
0o 1 0o e,n
+ [T o0+ 5 / (1-20+ 4ky0) L, (0)d0 + / L ,(0)d0+
91 91 i 90
2 2
O/ o(142n) c+n) . n ®.11-2¢0
+ — + ede+/ L*(0)do+ [ ? Li(0)d0 ¢+
8 ( n 4y 0:(0) 0y 1®) o, 2 1(6) }

1 01 Cc 0o
2Toloe Ty —(l+n-o)ig 1 —26) + 2k30)L
+2T010gT0maX{0’/91+n (14N —0)L5,(0)d0++ | (e2(1-20) +2k30)L5(6)d
2
0 0 .
+ | 2 (s(2-20) +2(20-1))1, (8)d0+ | "ot
1 0

ch@(e)de}.

Recall that Patel [87] showed that |{(1+if)| <log? for¢ >3 (i.e., in (3.2), (c1,¢2,t0) =
(1,1,3) is admissible) and that by the work of Hiary [57], (k1,k2,k3,11) = (0.77, %, 1,3) is
admissible for (3.3).> In addition, for (c1,c2,0) = (1,1,3) and (k1 , k2, k3,2,) = (0.77, %, 1,3),

>In fact, Hiary [57] showed that (k, k2, k3) = (0.63, %, 1) was admissible. However, as pointed out by [87],
due to an error in [57], one can only take (ky,k2,k3) = (0.77, é, 1).

We also note that there are two bounds used in [119, Sec. 5] and [88] that may be no longer valid. On
one hand, Trudgian in [119, Sec. 5] used a result from [118] that | (1 +ir)| < %logt for t > 3. On the other
hand, [88, Theorem 1] states that (k;,kz,k3) = (0.732, %, 1) is admissible. However, as pointed out by [87],
both bounds made use of an incorrect result obtained by Cheng-Graham in [25]. We refer the reader to [87]
for a detailed discussion.
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we may take

(Q07Q17Q27Q37Q47Q5) - (L 1185 118739723739)

Finally, for 7o = 30610046000, choosing J; = 64 and J, = 39, we calculate admissible
(C1,C3,C3) and record them in Table 3.2. O

Table 3.2: Choices of parameters (c,r,M) and resulting admissible (Ci,C>,C3,C5)

c r n C1 Cz C3 Cé

1.000011314

1.064340602

4.2826451-107°

0.103787

0.257297

9.367419

8.367419

1.025253504

1.182375395

0.009944751381

0.109410

0.204142

4.030486

3.030486

1.035766557

1.229059659

0.014325507360

0.111973

0.189768

3.746756

2.746756

Now, we are in a position to prove Corollary 3.2.

Proof of Corollary 3.2. By Theorem 3.1 (with 7o = 30610046000 and Table 3.2), it is suf-

ficient to verify the corollary for e < 7 < 30610046 000. We note that by (3.15),
S(T) = Lag arg(s) = ~ (No(T) - Lo e =2
= — S) = — _— —_— R J—
where g(7) is defined as in (3.13). Thus, by (3.7) and (3.14), we obtain
N(T) - Ltog (=) L] < IS(T)| + Lg(T)| + 1< 251674 —+1  (3.35)
m o\ 2me ) 8|S 218 =< 50e '

for e < T <30610046000. (We remark that one may apply [17, Lemma 2] to improve
(3.35) for T > 2m.) As the quantity on the right of (3.35) clearly is less than 0.1038log T +
0.25731oglog T +-9.3675 for any T > e. We then conclude the proof by using the triangle
inequality. ]

To end this section, we shall prove Theorem 3.3.

Proof of Theorem 3.3. Note that

S(T) = LA argl(s) = A arg{(s) + - Ac, arg(s — 1)4(s) — ~Acyarg(s — 1).
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‘We know that

|Ac, arg{(s)| < logl(o)

and

—1 1 —1 1
|Ac, arg(s — 1)| = arctan (GIT ) + arctan (ﬁ) < arctan <G]T0 ) + arctan (Z_To)

for T > Tp. From Propositions 3.6 and 3.7, it follows that for

1 1 I 1
—§<c—r<1—c<—n<0<Z§8:2c—01——<—<1<1+n<c<

2 2
—1/2)?
<61:c+%<c+r,

satisfying 01y < 2.1,

Lo ¢(c) I
STl < g+ g loetlon) + 5y e =1/2)) 2 2 (2e) ~ 2log(r/(c—1/2)) 8T

1 n E(T,8) 1 oi—1\ 1 1
+ Srlog(r/(c—1/2)) /0 F.,(0)d6+ o + Earctan ( T ) + Earctan <2_T0> .

Thus, applying Lemma 3.5 (to bound E(7,d)) and the estimates from Section 3.4.2 (to

bound [ F.,(0)d®), for T > Ty, we have

IS(T)| < CylogT +Cyloglog T +Cj,

where

1 o1 —1 1 1
C3 =C3— 1+ —arct —arctan | — 3.36
3 3 +narc an( T ) +narc an <2To> , (3.36)

C1 =Ci(c,r,M;k2), C2 = Ca(c,ryM;c2,k3), C3 = C3(c, ryM;c1,¢2,00, k1, k2, k3, 115 Tp) are given
in (3.30), (3.31), (3.32), and (3.33). In particular, for 7o = 30610046 000, we have admis-

sible (C1,C»,C}) recorded in Table 3.2. Finally, applying (3.7), we conclude the proof. [
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Chapter 4

Applications of explicit results in
logarithms of linear forms to
Diophantine problems

In this chapter we apply the methods of transcendence theory (lower bounds for linear forms
in two and three logarithms, reduction procedures) to study two Diophantine problems. The

results of this chapter have been published in [51,53].

4.1 Sums of Fibonacci numbers close to a power of 2
4.1.1 Introduction

The Fibonacci sequence (Fy),>0 is the binary recurrence sequence defined by Fy = 0,

Fi=1and
Foio=F, 1+ F,foralln>0.

There is a broad literature on the Diophantine equations involving the Fibonacci num-
bers. Bugeaud, Mignotte and Siksek [21] proved that the only perfect powers among the
Fibonacci numbers are Fy =0, F1 = F, = 1, Fs = 8 and Fj» = 144. In particular, 1, 2 and
8 are the only powers of 2 in the Fibonacci sequence. Bravo and Luca [16] studied the

Diophantine equation
F,+ F, =2
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in nonnegative integers n,m and a with n > m. They showed that the only solutions of the

above equation are given by

(n,m,a) € {(1,1,1),(2,2,1),(3,3,2),(6,6,4),(2,1,1),(4,1,2),(4,2,2),(5,4,3),(7,4,4) }.

Bravo and Bravo [14] determined all the solutions of the Diophantine equation

F,+F,+F =2

in nonnegative integers n,m,l and a withn > m > [.

Chim and Ziegler [27] completely solved the Diophantine equations

Fy + B,y =24 4292 429

and

le +Fm2‘|‘Fm3 :21‘1 +2t2

in nonnegative integers ny,ny,mpy,my,m3,ay,a»,as,ty,tp with ny > np, ay > a, > az, my >
my > m3 and ] > 1.

We say that an integer 7 is close to a positive integer m, if it satisfies

In—m| < /m.

In 2014, Chern and Cui [26] studied the Fibonacci numbers which are close to a power of

2. More precisely, they found that the only solutions (F,,2™) of the Diophantine inequality

|F — 2™ < 22 (4.1)
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are (1,2), (2,2), (3,2), (3,4), (5,4), (8,8), (13,16) and (34,32).
In 2020, Bravo et al. [15] extended the previous work [26] and found all the members
of the k-generalized Fibonacci sequence (Fn(k))nz_(k_z), k > 2 which are close to a power

of 2, where the k-Fibonacci sequence is given by the recurrence

Fn(k) = Fn(f)l + Fn(f)Z +ee —|—F(k)k foralln >2

n—

with the initial conditions FE@C_Z) = F_(IZC_ y== O(k) =0 and Fl(k) =1

In the present chapter, we study the Diophantine inequality
|Fyy+ Fy, — 29| < 24/2 (4.2)
in positive integers n,m and a with n > m.

In particular, we prove the following main theorem.

Theorem 4.1. There are exactly 52 solutions (n,m,a) € N> to Diophantine inequality

(4.19). All solutions satisfy n < 42 and a < 28. A list of solutions is given in the appendix.

As a consequence we find again solutions of the equation F;, + F;,, = 2¢.

The companion sequence of the Fibonacci sequence is the well-known Lucas sequence
(Lp)n>0. It satisfies the same recursive relation as the Fibonacci numbers, but with initial
conditions Lo = 2 and L = 1. Recall the following relation between the Fibonacci numbers

and the Lucas numbers
Ly =Fp_1+ Fiqq forallk > 1.

As a corollary we determine all Lucas numbers which are close to a power of 2.

Corollary 4.2. There are only 9 Lucas numbers which are close to a power of 2. Namely,
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the solutions (n,a) € N? of the inequality
L, —2¢| < 24/2

are (1,1), (2,1), (2,2), (3,2), (4,3), (6,4), (7,5), (10,7) and (13,9).

Recently, Patel and Tripathy [86] have extended our work by considering sums of three
Fibonacci numbers close to a power of 2. They found that there are exactly 280 solutions
to Diophantine inequality |Fj, + F, + F; — 2¢| < 2%/2 and all solutions satisfy n,m,l < 42
and a < 28. One can consider sums of four or more Fibonacci numbers. The challenge is
that the reduction process requires a lot of computations and that the number of exceptional
cases increases with the number of variables.

We shall prove Theorem 4.1 by following closely the typical strategy as performed
in [14], [16], [27]. First, we apply a lower bound for linear forms in logarithms due to
Matveev to obtain a large upper bound for n. Applying a version of the Baker-Davenport

reduction method we reduce this bound on n.

4.1.2 Preliminary results

First, recall that the Binet formula for Fibonacci numbers

ot — Bn
F, = 4.3
holds for all n > 0, where o. = 1+Tﬂ and B = 1%6 = —é are the roots of the characteristic
equation x> — x — 1 = 0 of the Fibonacci sequence. Moreover, the equality
o< F <ot (4.4)

holds for all n > 1.
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Next we recall a definition and some facts about logarithmic height. Let o be an alge-

braic number of degree d > 1 with the minimal polynomial
d
agX+ - +aX +ap = aq [ [(X — o),
i
where ag,ay,...,ay are relatively prime integers and o.,...,0y are the conjugates of .

The absolute logarithmic Weil height of o is defined as

d
h(o) = %(log|ad| + glog (max{|ay|,1})).

In particular, if o0 = § is a rational number with ged(p,q) = 1 and ¢ > 0, then h(a) =

logmax{|p|,q}. The following properties of i(co.) are well-known.
(o B) < () + h(B) +log2.
« h(oB*) < h(0) +h(B).
o h(od) = |l|h(ar), I € Z.

One of the main tools in this chapter is a widely used estimate on lower bounds for

linear forms in logarithms of algebraic numbers due to Matveev [79].

Theorem 4.3. Let vy,...,7Y; be positive real algebraic numbers in a real algebraic number

field K of degree ng, let by,...,b; € Z and

A=A —1

non-zero. Then

IA| > exp(—1.4 x 3073 x t*3 x n% (1 +logng)(1+1ogB)A; ... A,;)
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where
B > max{|bi|,...,|b|}
and
A; > max{ngh(Y;),|logYi|,0.16} foralli=1,... 1.

During the calculations, we get an upper bound on n which is too large, thus we need
to reduce it. To do so, we use some results from the theory of continued fractions and

Diophantine approximation. The next lemma is known as the Legendre’s criterion

pPo P1 p2

TR A be all the convergents of the

Lemma 4.4. Let T be an irrational number
continued fraction expansion of T and M be a positive integer. Let N be a nonnegative

integer such that gy > M. Then putting a(M) = max{a;: i=0,1,2,...,N}, the inequality

1

ST a1 2)2

r
o) >

holds for all pairs (r,s) of positive integers with 0 < s < M.

At last, we need a variant of the Baker-Davenport lemma, which is due to Dujella and
Petho [34]. For a real number X, we denote by ||X|| = min{|x —n|, n € Z} the distance

from X to the nearest integer.

Lemma 4.5. Let M be a positive integer, § be a convergent of the continued fraction ex-
pansion of the irrational number 'y such that g > 6M and A, B, u be some real numbers with
A > 0and B > 1. Furthermore, let € := ||uq|| — M||Yq||- If € > 0O, then there is no solution

to the inequality
0<|uy—v+ul <AB™"
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in positive integers u,v and w with

log (%)

u<Mandw >
logB

4.1.3 Proof
Upper bound for »

First of all, note that if (n,1,a) is a solution of (4.2), then (n,2,a) is also a solution to
(4.2) since F; = F> = 1. So from now on we assume that m > 2. Due to the work of Chern
and Cui all solutions of (4.2) with n = m are listed in the appendix. Since F;, + F;,,—1 = F, 11,

we can assume n > m+ 1 and in particular n —m > 2.

Proposition 4.6. There are exactly 52 solutions (n,m,a) € N° to (4.2) with n < 250. All

solutions fulfill n < 42 and a < 28. The list of solutions is given in the appendix.
Proof. The solutions were found by a brute force search using Mathematica. O

Because of Proposition 4.6 for the rest of the paper we assume that n > 250 and we will
show that there exist no solutions with n > 250.

Observe that the Binet formula (4.4) yields for n > 1 the inequalities

1— —4 1—(=1)" —2n __~—6
038 <o T o gl T EDOTT < 0.480". 4.5)
V5 V5 V5
Due to (4.5) for n > m > 1 we have
0.380" < F, < FE, + F,, < 0.480" +0.480" ! < 0.78". (4.6)

Let us now establish a relation between n and a. Without loss of generality, we may

assume that a > 2. Combining (4.2) with the right inequality of (4.6), one gets

20-l <24 2% < F 1 F, <0.780" < o".
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On ther hand, combining (4.2) with the left inequality of (4.6), we have

0.380" < F, + F,, < 294+23 < 2at1,

Thus
logoe  10g0.38 logo
—1 1 477
n10g2+ log2 <a<n10g2+ ’ “.7)
where izig =0.6942.... In particular, we have a < n.
By the Binet formula, we have
T (R4 Fy) = . 4.8

Taking the absolute values in the above equality and combining it with (4.2), we get

0(‘n(l —}—O(,mfn)

V5

a

_ 1B 1B
5

V5

+22 < %+2“/2 <2371

for all n > 4 and m > 2. Dividing both sides of the above inequality by 2¢ we obtain

2a,/5

—~ 1‘ <272t (4.9)
In the first application of Matveev’s theorem, we take the parameters t = 3 and

(11.51) = (2, —a), (Ya.ba) = (0 m), (y3,b3) == (% 1).

The three numbers Y;,7Y,,Y3 are real, positive and are contained in K = Q(+/5), so we

can take ng = [K : Q] = 2.
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Note that the left-hand side of (4.9) is not zero, for otherwise we would get the relation

20/5 = o' + o (4.10)

Conjugating the above relation in @(\/5 ), we get

—24/5 =B 4-p". 4.11)

Combining (4.10) and (4.11), we get

of <o+ = [B" 4B < [B]"+|B[" < 1

which is impossible for positive n. Hence the left-hand side of (4.9) is non-zero.

Since h(y;) = log2 = 0.6931... we can choose A := 1.4 > ngh(y;). Further since

h(12) = %% = 0.2406... we can take Ay = 0.5 > ngh(y>). Let us now estimate /(y3). We

begin by observing that

l+omn 2 . V5
e ——— B — e ——— 5
[ B B b e

so that |logys| < 1. Next, by the properties of the logarithmic height we have

1 1
h(¥s) <logV'5+|m—n| (%‘x) +1log2 = log2v/5 + (n— m) < Oi(") |

Hence, we can take
Az =3+ (n—m)logo > max{2h(y3),|logys|,0.16}.

Finally, by recalling that a < n, we infer that max{|b;/|, |b2|, |b3|} = n, so we can take

1+am—n)

B :=n. We put A| = o T S 1. Now Matveev’s theorem tells us that the left-hand
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side of (4.9) is bounded below by

log|A1]| > —1.4 x30°% x 3*3 x 22(1410g2)(1 +logn) x 1.4 x 0.5 x (3+ (n—m)loga)

> —1.4x 10" x logn x (3+ (n—m)loga)

where we used the fact that the inequality 1 +1logn < 2logn holds for all n > 3.

By comparing the above inequality with the right-hand side of (4.9) we get that
(g — 1) log2 < 1.4 x 102 x logn x (34 (n—m)loga). (4.12)

Let us consider a second linear form in logarithms. To this end, we rewrite (4.8) as

follows

al’l Bn
7 — (Fo+Fy) = e

—F,.

Again combining the above relation with (4.2), we get

BI"
V5

+

a 1
‘——2“ +Fm<27+§+0c’",

where we have also used the fact that |B|" < 1/2 for all n > 2. Dividing both sides of the

above expression by %~ and taking into account that o > V2 and n > m, we obtain
p y /5 g

,nﬂsz+f 3V5 _

1-2%« o g > max{o" ", o’ "}. (4.13)

In a second application of Matveev’s theorem, we take the parameters r = 3 and
(Ybbl) = (27(1)7 (’YvaZ) = (OC, _n)7 <Y37b3) = (\/ga 1)'
The three numbers 71,72, ¥3 are real, positive and belong to K = (@(\/5), so we can take
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ng =2. Put Ay :=1—29-a"-/5. If A, = 0, then we have that 2¢ = \“—5 so o € 7,

which is impossible. Thus Ay # 0. Since A(y;) = log2 = 0.6931... we can choose A; :=

1.4 > ngh(yy). Further since h(y,) = 6% = 0.2406... and h(y3) = logV/5 = 0.8047..., it
follows that we can take A := 0.5 > ngh(y,2) and A3 := 1.7 > ngh(y3). Finally, since a < n,
we deduce that B :== max{|by|,|b2|, |b3|} = n.

Then Matveev’s theorem tells us that

log |Ag| > —1.4 x 30°% x 3% x 22(1410g2)(1 +logn) x 1.4 x 0.5 x 1.7

> —2.31x 102 1ogn
Comparing the resulting inequality with (4.13), we get
min{(n—a)loga, (n —m)loga} < 2.4 x 10'?logn.

Now the argument splits into two cases.
Case 1. min{(n—a)loga, (n —m)loga} = (n —m)logo.

In this case we have

(g — 1) log2 < 1.4 x 102 logn(3 + (n — m)log o)

< 1.4x10"21ogn(3+2.4 x 10" logn) < 3.5 x 10**1log? .

Combining it with the left inequality of (4.7) and by a calculation in Mathematica, we

obtain
0% and n < 6.6 x 108,

a<45x1

Case 2. min{(n—a)loga, (n —m)loga} = (n—a)logo.
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In this case we have

n—a)logo < 2.4 x 102 1ogn.
(n—a)log g

Note that the right inequality of (4.7) yields

(I —loga)
— — = 1.
n—a>n 10g2

Combining the above inequalities and by a calculation in Mathematica, we get

a<23x10"andn < 1.6 x 104

Thus, in both Case 1 and Case 2, we have

a<4.5x10% and n < 6.6 x 10%. (4.14)

We now need to reduce the above bound for n.

Reduction of the bound
We begin by recalling the following facts. For any non-zero real number x, we have
D0<x<e—1,
ii)if x <0and |e*— 1| < 1/2, then |x| < 2|e* —1].
We may assume that n —m > 250 and n —a > 250. We go back to the inequality (4.13).

Let

71 '=alog2 —nloga+log V.
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Since we assume that min{n —m,n—a} > 250 we get |¢*! — 1| < 1/2 and by ii) we have

3V5
lalog2 —nlogai+log V5| < V5
o

min{n—m,n—a} "

Dividing both sides of the above inequality by log o, we conclude that

10g2_ L V5 35

-O(._K
alogoc " logoe| ~logo ’

where K = min{n —m,n — a}. We apply Lemma 4.5 with

_log2 V5 A 3V/5

" loga’ o= loga’ " loga’

Clearly 7 s an irrational number. We also take M = 4.5 x 10?® which is an upper bound

for a. We find that the convergent § = ’qﬁ is such that g > 6M. By using this we have that

67

€ > 0.01038, therefore either

3v/5 3v/5
log (0.010381q0g0c) log (0.010381qogoc>
<158orn—a< < 158.
loga loga

n—m<

Thus, we have that either n — m < 158 or n < 213. The latter case contradicts our
assumption that n > 250. Inserting the upper bound for n —m into (4.12) we get that a <
1.3 x 106,

Let us now work on the inequality (4.9). We may assume that a > 28. By 1) and 1ii) it
becomes

lalog2 —nlogo+logn(n—m)|

<W

where 1 is defined by n(¢) := v/5(1+o~")~!. Again dividing both sides by log ., we obtain
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that

log?2 1 — 4
Jog2 _ logn(n—m)| _

.27a/2 4.15
loga loga loga ( )

Here we take M = 1.3 x 10'¢ (an upper bound for a) and apply Lemma 4.5 with

for all choicesn—m € {1,...,158} except when n—m = 2,6. With the help of Mathematica
we find that if (n,m,a) is a possible solution of (4.2) with n —m # 2,6 then a < 67 and thus,
n < 100. But this is a contradiction to our assumption that n > 250.

Let us now consider the special cases when n —m = 2 and 6. Note that we cannot study

these cases as before because the parameter u appearing in Lemma 4.5 is

logn (¢) 1 ifr=2

logot

log2 .0,
3— Tog 0. ift=6

and the corresponding value of € is always negative. When n —m = 2 from (4.15) we get

that
4 4 _ 1y, loga | log0.38
0<|ay—(n—1)] < —— 2702 « 2 530G+ gy D), (4.16)
loga loga
Recall that a < 1.3 x 10'%. Let [ag,a1,a2,a3,a4,...] = [1,2,3,1,2,...] be the continued

fraction of y. A quick search using Mathematica reveals that

¢35 < 1.3 % 10'0 < g36.
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Furthermore, ay; := max{a;: i=0,1,...,36} = aj7 = 134. So, by Lemma 4.4 we have
ay—(n—1)[ > : (4.17)
ay— (n— — )

1 (apy+2)a

Comparing estimates (4.16) and (4.17) we get that n < 187. In a similar manner one
can get n < 187 in the case when n —m = 6. This again contradicts our assumption that

n > 250.

4.1.4 Appendix

The solutions for Diophantine inequality (4.2) are displayed below

|Fi+F —2|<V2 |Fo+ Fs — 2% < 22 |Flo+ F; — 2% < 23
IB+F—-2<v2i=12 | |[F+F-2%<2%i=12 | |Fi+FkK-2"]<2"?
|+ F—2]<V2,i=1,2 |F7+F—2% <22 |Fi3+Fg — 28] < 2*
P+ F—2%<2,i=1,2 |F7+ Fy—2% <22 |Fi3+F —28 <24

|F3+F;—2% <2 |F+Fs—2% <22 |Fi3+ Fg — 28 < 24
P+ F -2 <2,i=1,2 |Fg 4 Fs —2°| < 2%/2 |Fi3+Fo — 28 < 24

P+ F—2% <2 |Fy 4 F, — 2% < 2%/2 |Fla+Fip —2°| <292

|Fy+ Fy— 23| < 23/2 |[Fo+F—2% <22 i=1,2| |Fe+Fs—2"0<2
IFs+F—23 <232 i=1,2 |Fo+F; — 25| < 25/2 |Fle+F; —219) <23

|Fs+ F; — 23| < 23/2 |Fo+Fy—2°| <252 |Fle+Fs —2'9) < 2°

|Fs+F,—23| < 23/2 |Fy+Fy—20| <23 |Fle+Fy—219) < 23

|Fs+ F5 — 23| < 23/2 |Flo+ F; — 2% < 23 |Fig + Fio—2'0| < 2°
|Fs+F—23| <23/%,i=12 |Fio+Fy —2°) <23 |Foz + Frg — 213 < 215/2

|Fs 4 F3 — 23| < 23/2 |Fio+Fs —20) < 23 |Fap + Fag — 228 < 214

|Fo+ F5s — 2% < 22 |Fio + Fs — 25| < 23
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4.2 On the exponential Diophantine equation
(44m? + 1) + (5m? — 1)Y = (Tm)?
4.2.1 Introduction

Let A, B,C be fixed coprime positive integers with min(A,B,C) > 1. The ternary expo-

nential Diophantine equation
A+ B =C* (4.18)

in positive integers x, y,z has been actively studied by many authors. In 1933, Mahler [77]
used his p-adic analogue of the Diophantine approximation method of Thue-Siegel to prove
that equation (4.18) has only finitely many solutions (x,y,z).

In the last decade, many of the recent works on equation (4.18) concerned the case

where
A:am2+1, B:bmz—l, C=cm,

and a, b, c are fixed positive integers such that a+ b = ¢, 2 c. Clearly, in this case equation
(4.18) always has a solution (x,y,z) = (1,1,2).

In 2020 Terai and Shinsho [114] proposed the following conjecture.

Conjecture 4.7. Let m be a positive integer greater than one. Let a,b,c > 1 be positive

integers satisfying a + b = ¢>. Then the equation
(am® + 1)+ (bm* —1)” = (cm)*

has only the positive integer solution (x,y,z) = (1,1,2).

Although, in general, the above conjecture is widely open, it has been confirmed by

several authors under some conditions on m,a,b,c. Below is the non-exhaustive list of
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some results.
e (N. Terai [109]) (a,b,c) = (4,5,3), m < 20 or m % 3(mod 6).
* (J.-L. Su and X.-X. Li [107]) (a,b,c) = (4,5,3), m > 90, m = O(mod 3).
« (C. Bertok [12]) (a,b,¢) = (4,5,3), 20 < m < 90.
e (M. Alan [2]) (a,b,c) = (18,7,5), m # 23,47,63 or 87(mod 120).
* (N. Terai [111]) (a,b,c) = (4,21,5), m satisfies some conditions.
* (N. Terai [110]) (a,b,c) = (10,15,5), for all m.
« (N. Terai and T. Hibino [112]) (a,b,c) = (12,13,5), m % 17,33(mod 40).

* (N. Terai and Y. Shinsho [115]) (a,b,c) = (4,45,7), m = —1(mod 3), m = 2(mod 5)
orm=+1,+2(mod 7).

* (S. Fei andJ. Luo [39]) (a,b,c) = (28,21,7), for all m.

 (N. Terai and T. Hibino [113]) (a,b,c) = (3p,(p—3)p, p), where p is an odd prime
with 3 < p <3784 and p = 1(mod 4), m # 0(mod 3), m = 1(mod 4).

* (E. Kizildere and G. Soydan [67]) (a,b,c) = (5p,(p — 5)p, p), where p is an odd

prime with p > 5 and p = 3(mod 4), pm = +1(mod 5).
¢ (X.-W. Pan [85]) a =4 or 5(mod 8), m = £1(mod ¢), m > 6¢*logc.

In this section we consider the exponential Diophantine equation

(44m* + 1 4 (5m* — 1Y = (Tm)~. (4.19)

We prove the following result.
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Theorem 4.8. Let m be a positive integer. When m is odd, we suppose that
m=2(mod5) orm=0,+1,4+3(mod 7). (4.20)

Then for any m satisfying (4.20) equation (4.19) has only the positive integer solution

(x,y,2) = (1,1,2).
4.2.2 Preliminaries

In this section, we give some lemmas that will be useful for the proof of the main result.

Lemma 4.9. (Terai-Shinsho [114]) Let r be an odd integer with r > 3. Then the equation
454 (PP =4y =F°

has only the positive integer solution (x,y,z) = (1,1,2).

Let a be an algebraic number of degree d > 1 with the minimal polynomial

d
aOXd‘i_—f—a]Xdil +,, .+ad — aoH(X_a(l)),
i=1

where the a;s are relatively prime integers with ag > 0 and V) are the conjugates of o.

Then the logarithmic height of o is defined as

d
h(a) = = (log ag| + ; log (max{|o!”)], 1})).

Ul =

Let o1, 0y be two real algebraic numbers with |0, |a2| > 1 and by, b, be positive integers.

’

We consider the linear form

A= blegOCz—bl 10g061.
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Let A1 and A, be real numbers greater than 1 with

logay| 1
logA,-Zmax{h(Oci),| Oi l|7 } (i=1,2),

O

where D = [Q(oy,a) : QJ. Set

b b
p=—>1 4 2
DlogA>  DlogA

With the above notation, we cite a result due to Laurent [72, Corollary 2] with m = 10 and
C, = 25.2. Recall that two nonzero complex numbers o, B are multiplicatively independent

if the only solution of the equation o*f” = 1 in integers x, yis x =y = 0.

Lemma 4.10. (Laurent [72]) Let A be given as above with oy > 1 and oy > 1. Suppose

that o,y and 0 are multiplicatively independent. Then
4 / 101)?
log|A| > —25.2D"| max« logh’ +0.38, D logAjlogA;.

We will also need a result on linear forms in p-adic logarithms due to Bugeaud. Here
we just use a special case y; =y, = 1 in the notation from [20, p.375]. Let p be an odd
prime and a; and a; be non-zero integers prime to p. Let g denote the smallest positive

integer such that
vp(di—1)>1,v,(a5—1) > 1,

where we denote the p-adic valuation by v, (). Assume that there exists a real number E

such that

1
pTl <E§vp(a‘f—l)
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We consider the integer
A= all’1 — agz.
Lemma 4.11. (Bugeaud [20]) Let A| > 1, Ay > 1 be real numbers such that
logA; > max{log|a;|,Elogp} (i=1,2)

and put

b b
p=—1 4+ 2
logA>  logA;

If ay and ay are multiplicatively independent then we have the upper estimate

36.1
vp(A) < 8

= E3logp)? (max{logh’ +log (Elog p) +0.4,6Elog p,5})*logA; logA,.

The next lemma shows that for a possible solution (x,y,z) of the exponential Diophan-
tine equation (am? 4 1)* + (bm?> — 1)¥ = (cm)? there is an upper and lower bound for z

depending on max{x,y} and m.

Lemma 4.12. (Alan [2]) Let a,b,c and m > 1 be positive integers such that a+b = ¢* and

(x,,2) be a positive integer solution of the exponential Diophantine equation (am® +1)* +

(bm? — 1) = (em)% If M = max{x,y} > 1, then

o2 (75 y)
£ min (a,bfiz)
2— & M < z<2M.

log (cm)

Finally for the case m = 0(mod 7) we will require a result from [46] that gives an upper

bound for m.

Lemma 4.13. (Fu-Yang [46]) Let a,b,c,m be positive integers such that a+b = c?, 2

a,
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21¢, m > 1. If c|m and m > 36¢3logc, then (am?® + 1)* + (bm> — 1) = (cm)* has only the

solution (x,y,z) = (1,1,2).

4.2.3 Proof

In this section, we give a proof of Theorem 1. The proof follows in a series of lemmas.

First we consider the case m = 1.

Lemma 4.14. The equation

455 44 =T

has only the positive integer solution (x,y,z) = (1,1,2).

Proof. This follows from Lemma 4.9 with r = 7. [
By Lemma 4.14, we may assume that m > 2.

Lemma 4.15. If (x,y,z) is a positive integer solution of Equation (4.19), then y is odd.

Proof. Tt follows from Equation (4.19) that z > 2. Taking Equation 4.19 modulo m? implies

that 1 + (—1)” = 0(mod m?) and hence y is odd. O

Lemma 4.16. If m is even then Equation (4.19) has only the positive integer solution

(x,y,2) = (1,1,2).

Proof. If 7 < 2, then (x,y,z) = (1,1,2) is the only positive integer solution of Equation

(4.19). Thus we may assume that z > 3. Taking Equation 4.19 modulo m> implies that

14 44m*x — 1 + 5m*y = 0(mod m?).

So

44x+ 5y = 0(mod m)
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which is impossible, since y is odd and m is even. Hence for z > 3, Equation (4.19) has no

positive integer solution when m is even. [

The case m is odd and m = 2(mod 5) or m = +1,+3(mod 7)

By Lemma 4.16, we may suppose that m is odd and m > 3. Let (x,y,z) be a solution of

Equation (4.19).

Lemma 4.17. If m is odd and m = 2(mod 5) or m = +1,4+3(mod 7), then y = 1 and x is
odd.

Proof. We follow closely an argument in [115]. We first show that x is odd and z is even.

a) m = 2(mod 5). Taking Equation (4.19) modulo 5 implies that
2+ (—=1)Y = (—1)*(mod 5).

Since y is odd, we have 2* = 1 4 (—1)*(mod 5). This shows that z is even. Then 1 =
(%)x_l = (—1)*"!, where (%) denotes the Jacobi symbol. Hence x is odd.
b)m = =+1,43(mod 7). Since m> = 1(mod 7) or m*> = 2(mod 7), taking Equation (4.19)

modulo 7 implies that
3*4+4”=0(mod 7) or 5 +2¥ = 0(mod 7),

that is, (%))C = (#) or (%)x = (_sz) This shows that x is odd. In these cases, we have

that (-1} =1 and (%) = —1. Indeed,

Sm*—1Y\ [ 49m? .
44m2+1) \44m2+1)
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and

Tm 7 m C (44mP 41\ (44mP+1N  [(2mP+1
44m2+1) \ddm2+1)\44m?2+1) 7 m - 7

=1

Y

since m? = 1,2(mod 7). Hence 7 is even from Equation (4.19).

Suppose that y > 2. Taking Equation (4.19) modulo 8 implies that
5% = (7m)* = 1(mod 8)

so x is even, but this contradicts the fact that x is odd as seen from above. Hence, y=1. [

From Lemma 4.17, it follows that y = 1 and x is odd. If x = 1, then clearly z = 2.
From now on, we may suppose that x > 3. Thus our theorem is reduced to solving Pillai’s

equation
cc—a =b 4.21)

with x > 3, where a = 44m?* +1, b = 5m?* — 1 and ¢ = Tm.

Next we obtain a lower bound for x.

Lemma 4.18. If (x,y,z) is a positive integer solution of Equation (4.21), then

x> ﬁ(mz—S).

Proof. Since x > 3, from Equation (4.21) we get

(Tm)* = (44m> + 1) +5m> — 1 > (44m* +1)* +5m* — 1 > (Im)>.
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Hence z > 4.Taking Equation (4.21) modulo m* implies that

14+ 44m*x+ 5m* — 1 = 0(mod m*),

50 44x +5 = 0(mod m?) and the lemma follows.

]

Lemma 4.19. If (x,y,z) is a positive integer solution of Equation (4.21), then

x < 2521log7m.

Proof. The proof follows the argument as in [2], [112], [115]. Without loss of generality

we may assume that z > 2. Consider the linear form of two logarithms
A =zlogc —xloga.
Using the inequality log (1 +¢) < ¢ forz > 0, we have
O<A:10g(2—i) zlog(l+%> < %.
Hence, we get
logA <logb—xloga.

On the other hand, it follows from Lemma 4.10 that

logA > —25.2(max{logd’ +0.38,10})?*logalogc,

where

X L2
~ loge  loga’

(4.22)

(4.23)

(4.24)

Observe that a*! — ¢* = a(c? —b) — ¢ = (a— 1)c* — ab > 44m? - 49m? — (44m? + 1) (5m* —
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1) >0, since z > 2. Thus b’ < 21)‘;1 Put M = Now combining (4.23) and (4.24) we

logc
obtain
1 2
xloga <logb+25.2 (max { log (2M+ E) +0.38 10}) logalogc.
Since % < 1 and logc =log7m > 2 for m > 3, we can rewrite the above inequality as

M < 1+25.2(max{log (2M +0.5) 4 0.38,10} ).

If log (2M +0.5)40.38 > 10, then M > 7532. But the inequality M < 1+425.2(log (2M +0.5)
+0.38)% implies M < 1867. Therefore, max{log(2M +0.5) 4 0.38,10} = 10 yields
M < 2521 and hence x < 25211og 7m. [

We are now ready to proof Theorem 1. It follows from Lemmas 4.18, 4.19 that

ﬂ(mz—s) < 25211log7m.

Hence we obtain m < 990. From (4.22) have the inequality

loga z b
loge x| ~ xa‘logc’
Since 4 lggc > X 44’" X > 2x, we get that
loga z 1
loge x|  2x%’

which implies that £ is a convergent in the simple continued fraction expansion to }gi? Let
loga

= p— , where ’q’ * is the k-th convergent of the simple continued fraction expansion to 1=, ac

X
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Note that g < x, since (pg,qx) = 1. It follows then that

1 loga pi b < b
q]%(akﬂ +2) loge  qgx xa*logc ~ qradklogc’
where a1 is the (k+ 1)-st partial quotient to igicf. Thus g and ag,; satisfy the inequality
dk 10
Qe +2> 08¢ (4.25)
bqy

Finally, using a computer program we checked that there do not exist any convergent % of
ig% satisfying (4.25) when ¢ < 25211og7m in the range 3 < m < 990.

In view of the above proof, we have proved the following:

Proposition 4.20. Let m be a positive integer with m > 3. Put a = 44m?> + 1, b = Sm?> — 1

and ¢ = Tm. Then Pillai’s equation
cc—a'=b
has no positive integer solutions x,z with x > 3.

The case m is odd and 7|m

From Lemma 4.13, we may assume that m < 24028 when m = 0(mod 7).

Lemma 4.21. Let (x,y,z) be a positive integer solution of Equation (4.19). Suppose that
m = 0(mod 7). Then the only positive integer solution of Equation (4.19) is (x,y,z) =

(1,1,2).

Proof. Obviously (1,1,2) is the only solution of Equation (4.19) for M = max{x,y} = 1.

Suppose that M > 1. From Lemma 4.12 for m > 7 we have that

log (%

)
1.35M 2— M 2M.
35M < ( Tog49 <z<
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Hence z > 3. Taking Equation (4.19) modulo m, we see that y is odd. Here we apply Lemma

4.11. For thiswe set p =7, a1 = AAm? +1,ap =1 —5m3, by =x, by =y, and
A= (44m? +1)" — (1 —5m?.
Then we may take g = 1, E =2, A| = 44m?> 4+ 1, Ay = 5m> — 1. We get

L. 361
“= $(log7)*

(max{logh’ +log(2log7)+0.4,1210og7,5})*log (44m> + 1) log (5m* — 1),

where

r_ X n y
log(5m?—1) log(44m?+1)

Suppose that z > 4. We will show that this leads to a contradiction. Taking Equation (4.19)

modulo m*, we find

44x + 5y = 0(mod m?).

@
Then M > Z’f—;. Since z > (2 — llsg((;,‘n)))M and b’ < % we have that

log (%) 36.1 M 2
212——— M < —— 1 — log(2log7)+0.4,121og7
( log (7m) ~ 8(log7)* max{log logm +log (210g7)+0.4,12log 7}

x log (44m? + 1)log (5m* — 1). (4.26)
Let

M
h = max{log (1—) +log(2log7) +0.4,121og7}.
ogm

Suppose that log( M > +1log(2log7) + 0.4 > 12log7. Then the inequality logM >

logm
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121og7 —log (2log7) — 0.4 implies that M > 2383998120. On the other hand, from In-

equality (4.26) we have that

2M < 0.32(logM + 1.76) log (44 - 24028 + 1) log (5 - 24028% — 1)

which implies that M < 10061, a contradiction. Hence & = 12log7 and therefore from

Inequality (4.26) we get

2m? (2 log (%)

— < 1721og (44m? + 1) log (5m* — 1).
49 1og(7m))— og (44m”+1)log (Sm” —1)

This yields that m < 795. Hence M <

2 2
172log (44m”+)log Sm™=1) ;1 4 therefore all X,y,Z are
(

log %)
2 (2_ log (7m) >

bounded. Using a program in Maple we found that there is no (m, x, y, z) under consideration

satisfying Equation (4.19). We conclude z < 3. In this case, one can easily show that
(x,y,2) = (1,1,2). Thus there is no positive integer solution of Equation (4.19) other than

x,v,z) = (1,1,2) when 7|m. [
(x,3,2) = (

4.2.4 Example

In this section we verify that when 1 < m < 18 equation (4.19) has only the positive

integer solution (x,y,z) = (1, 1,2).

Example 4.22. Let m be a positive integer with 1 <m < 18. Then the Diophantine equation

(44m? + 1)+ (5m* — 1) = (Tm)*

has only the positive integer solution (x,y,z) = (1,1,2).

Proof. It follows from Theorem 4.8 that the above equation has only the positive integer

solution (x,y,z) = (1,1,2) in all cases 1 < m < 18 except for the following two cases m =
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5,9:

(a) (3-367)" 4 (4-31) =35

(b) (5-23-31)*4(4-101)" = 63¢
(a) Case 1: y = 1. Then it follows from Proposition 4.20 that the equation
35— (3-367)" =124

has only the positive integer solution z = 2,x = 1.

Case 2: y > 2. Then taking (a) modulo 8 implies that 5 = 3*(mod 8). By (321) = | and

(%) = —1, we see that z is even and hence x is even, say z = 2Z, x = 2X. Then
(352 +(3-367)%)(35% — (3-367)%) = (4-31).
Thus we have the following two systems of equations:

352 +£(3-367)% =221

352 F(3-367)% =2-31”

or

3524 (3-367)% =227 1.31Y

352 (3-367)% =2.

We deal with the first system. Adding these two equations yields
354 =222 430
Taking the above equation modulo 5 implies that (—1)’~! 41 = 0(mod 5) and y is even,
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which is impossible.

Now we consider the second system. Adding these two equations yields
354 =223 +1

Again taking the above equation modulo 5 we see that y is even, which is impossible.

(b) Case 1: y = 1. Then it follows from Proposition 4.20 that the equation
63°—(5-23-31)" =404

has only the positive integer solution z = 2,x = 1.
Case 2: y > 2. Then taking (b) modulo 8 implies that 5 = (—1)?(mod 8). By (%%') =1

and (%) = —1, we see that z is even and hence x is even, say z = 2Z, x = 2X. Then
(63% +(5-23-31)%)(63% — (5-23-31)%) = (4-101)".

Thus we have the following two systems of equations:

63% 4 (5-23-31)X =221

352 (5-23-31)X =2-101”

or

6324 (5-23-31)¥ =221 1017

6377 (5-23-31)X =2.

We deal with the first system. Adding these two equations yields

632 =222 1101,
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Taking the above equation modulo 3 implies that y is odd. On the other hand, taking the
same equation modulo 7, yields 4~ = 4”(mod 7), which is impossible.

Now we consider the second system.Adding these two equations yields

632 =2272101Y + 1

Again taking the above equation modulo 3 we see that y is odd. On the other hand, taking

the same equation modulo 31, yields 1 = 2>~2 + 1(mod 31), which is impossible. [
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Chapter 5

Diophantine equations involving
multiplicative functions

5.1 On the equation ¢(n+k) =2¢(n)

The results of this chapter have been published in [50, 52].

5.1.1 Introduction

W. Sierpinski [105] proved that the equation ¢(n+k) = ¢(n) has at least one solution for
every fixed positive integer k, where ¢(n) denotes Euler’s phi-function. A. Makowski [78]

proved the analogous result for the equation

o(n—+k) =20(n). (5.1)

The proof is easy: if (k,6) = 1, we can take n = 2k; if k is even, k = 20y (I > 1, uodd), we
may take n = k; if k is odd and 3|k, k = 61+ 3, take n = 21 + 1.

In 1959, A. Schinzel and A. Wakulicz [103] showed that for each fixed k < 2-10°8 there
are at least two solutions to ¢(n + k) = ¢(n). The next theorem establishes the result of the

same spirit for Equation (5.1).

Theorem 5.1. (a) For all integers k < 4-10°%, Equation (5.1) has at least two solutions.
(b) Moreover, for at least 15 - 10% odd integers k < 4 - 1078, Equation (5.1) has at least
three solutions.

Following K.Ford [44], Hypothesis P(a,b) will refer to the statement that there are
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5.1. INTRODUCTION

infinitely many n € N such that both an+ 1 and bn + 1 are primes. Note that P(a,b) is just
a particular case of Dickson’s prime k-tuple conjecture.

There is an intimate connection between Hypothesis P(a,b) and the following conjec-
ture for certain integers k.
Hypothesis ®;. Equation (5.1) has infinitely many solutions n € N.

If k 1s odd and divisible by 3, and both 2n+ 1 and 3n+- 1 are primes greater than k, then

0(3(2n+ 1)k) = 0(2(3n—+ 1)k+k) = 20(2(3n+ 1)k).

Thus Hypothesis P(2,3) implies ®y, for every 3|k, k odd.

Our next lemma generalizes this observation.

Lemma 5.2. Let k be an odd integer, divisible by 3. Suppose j and 2j+ k have the same

prime divisors (thus j is odd), g = (j,2j + k) and for some positive integer r, %H— 1 and

2j+k
g

other words, iP( 2] 2tk > implies @y, for 3|k, k odd.

r+ 1 are primes that do not divide j. Then n = 2j(%r+ 1) is a solution of (5.1). In

(J:2j+k) 7 (j:2j+K)

Proof. We get

o) =0(27 (1)) = 2 ()

and

2 2j
O(n+k) = ¢((2j+k) <E]r—|— 1)) - ?]r¢(2j+k).
Since by assumption j and 2j + k have the same prime factors, it follows that
0(j)(2j+k) = jo(2j + k),

which yields the desired result. 0
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In order to proceed further we need some terminology. We say that a collection of

distinct linear forms

Li(x) = a;x+ b;, (1 <i< k), aj,bjc€ 7, a; >0

is admissible if for every prime p there exists x, € Z such that p { [T, L;(x,). We say
that DHL* (k;m) holds if, for any admissible set of k linear forms (ajn+ by, ...,arn + by)
there exist distinct i1, ..., i, € {1,...,k} such that there are infinitely many r with m numbers
a,r+bj,...,a;, r+b; simultaneously prime (see [44]).

Assuming the Elliot-Halberstam conjecture, Maynard [80] showed that DHL*(5;2) is

true. A generalized version of the Elliot-Halberstam conjecture implies DHL*(3;2) holds.

Theorem 5.3. (a) If DHL*(5;2) holds then ® is true for all odd k with 3255|k.
(b) If DHL*(4;2) holds then ®y, is true for all odd k with 105|k.
(c) If DHL*(3;2) holds then ® is true for all odd k with 21|k.

5.1.2 Proofs

Proof of Theorem 5.1. (a) We consider two cases: for even values of k and for odd values
of k.

For even values of k, we will apply a modified version of Schinzel’s argument [102].
Let k=2'r, ris odd, [ > 1. We use the notation a|*b to indicate that each prime divisor of a
is a prime divisor of b. Assume that the sequence of primes 3 = p; < pa < ... < p,, satisfies

the conditions
L. (pi—2)|p1p2---pi-1, (2<i<m),
2. (pi—D2p1p2...pi-1, 2<i<m).
Suppose that pip>...p, { r and let p; be the smallest prime in the sequence that does not

divide r. Then (r,p;) = (pj,2) = 1 and either p; = 3 or pips...pj—1|r (j > 2). From (1),
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2r

) and

(2), pj—2|rand p;—1|*2r. Since (p; —1,p; —2) =1, then p; — 1|*

o(ZL (5~ 1)) = (s 10( ) =200 (") =2¢(§;p_"’;).

As pf o ;> 1Ln= 3},’3 is a solution of (5.1) distinct from that given by Makowski’s
result. The sequence of primes 3, 5, 7, 17, 19, 37, 97, 113, 257, 401, 487, 631, 971, 1297,
1801, 19457, 22051, 28817, 65537, 157303, 160001 satisfies the required conditions and
3.5.7---160001 > 2-10°%. This argument works unless r is a multiple of p1 - - - p,,, and so
for all r < 2-10°%. Note that Holt [58] showed that it is impossible to extend the above list
of primes. Therefore, increasing the upper bound would require a different method.

Let k be an odd integer. Observe that if F, = 22" + 1 is the Fermat’s prime number
such that (22" +1,k) = 1, then x = 2%k is a new solution of the equation ¢(x+ k) = 20(x).
There are only five known Fermat’s primes: Fo =3,Fy =5,F, = 17,F3 =257, F4; = 65537.
Now every odd integer k is either coprime to all F;,’s or divisible by exactly m distinct
F’s (0<n<4,1<m<5). Clearly this defines the partition of all odd integers. If
(k, FoFi\F>,F3F;) = 1, then we get four new solutions: x; = 22jk, 1 < j < 4. Otherwise,
suppose i1, i, ...,in € {0,1,2,3,4} are distinct such that F; F;,...F;, |k. Choose i; # 0, i; ¢
{i1,i2,...,im}. This gives a solution x = 22"k in addition to Makowski’s result. There

are two exceptional cases when such a choice does not yield a new solution of this form.

If 5-17-257-65537

k, then choose [ € N such that 4/ + 1 and 5/ 4 1 are both primes
relatively prime to k. Then x = 4k(5]+ 1) is a new solution. If 3-5-17-257-65537|k, then
choose m € N such that 2m + 1 and 3m + 1 are both primes relatively prime to k. Then
x = 2k(3m+ 1) is an additional solution.

Maple computations show that we can take, for example,

1=2%.3%.52.229.13643373661321 - 1214436755047 - 1464182919280833707

m=2-T7-17-37-148140750636881 - 2606307747466367058840819067669.
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For such choice of / and m, we have 5-17-257-65537- (5[ +1) > 4-10% and 3-5-17-
257-65537- (3m+1) > 4-10°%. Hence for all odd k < 4-10°8, Equation (5.1) has at least
two solutions.

(b) If kis odd, k- 2" + 1 is prime for some n > 1, then

O(k*-2") = 2" 1o (k?) = 2" ko (k),

O(k>- 2"+ k) = o(k(k-2"+ 1)) = 2"ko(k).

Let p = 3(mod 4) and k = pT_l. Then k-2 + 1 is prime. If p = 13(mod 280) and
k= ’%1, then k- 22+ 1 is prime while k-2 -+ 1 is composite (see [60]). Using explicit

bounds for 7t(x;q,a) (Bennett et al. [10]) we get

4-10%®
0(4)log (4-10°%)°
4-10%®
0(280)log (4-10%8)

n(4-10°%;4,3) >

n(4-10°%;280,13) >

(2+47)10%8

55
Tog (4-105%) > 15-10°° of all odd

From the above estimates we infer that for at least

k<4-10%, Equation (5.1) has at least three solutions. O]

Remark. Note that if the hypotheses P(2,3) and P (4,5) are true, then for a positive pro-
portion of all odd k € N, Equation (5.1) has at least three solutions. The result follows
from a theorem of Erdos and Odlyzko [36]: there exists a positive, effectively computable
constant ¢ such that if N(x) is the number of odd positive integers k < x such that k- 2" + 1
is prime for some positive n, then N(x) > c¢jx for x > 1.

Let a < b be integers such that

a=2u, b=2%1>s,s5>0, u,todd. (5.2)
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Define

__ 4 __b _ - "
= (ab) b =—, ki =1—s, k(a,b) = (b1 —2%a1) [] p- (5.3)

a
(a,b) Dlarh,

The next lemma is a modified version of [44, Lemma 3].

Lemma 5.4. Asssume P(a,b), where a,b are of the form (5.2). Then ®y holds for every

k =vk(a,b), v odd.

Proof. Observe that P(a,b) = P(2Kay,b;). Let s; = [1pja,p, » and suppose that
r > max(2May,by) is such that 2¥1a;r 41 and br+ 1 are both primes. Let v € N be odd.

Note that we can choose r so large that (2¥1a;r+1,v) = (byr+1,v) = 1. Set

mp = blvs1(2k1a1r+ 1), my= 2k1a1vs1(b1r+ 1).

Then
0(m1) = 0(byvsi (25 arr+1)) = 25 arrb19(vsy),
0(ma) = 02N ayvsy (b1r+1)) = 257 byrar¢(vsy).
It follows that 0(m) = 20(mp) and my —my = (by — 2K ay)vs; = vi(a,b). O

Proof of Theorem 5.3. (a)Let {a1,a2,a3,a4,as} = {2*23.3,22.7,2.3.5,31}. f DHL*(5;2)

holds, then for some i, j with 1 <i,j <5, P(a;,a;) is true. We compute

lem{x(aj,aj): 1 <i,j<5}=3-5-7-31.

Thus by Lemma 5.4, ®; is true for all odd multiples of 3255.

(b) This is the same as the proof of (a), but take {a,as,a3,a4} = {23,2%-3,2-7,3-5}
if DHL*(4;2) holds.

(c) Take {ai,az,a3} = {22,2-3,7} if DHL*(3;2) holds. O
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5.2 On the equation 6*(n) = 1 +Mn
5.2.1 Introduction

We say that d is a unitary divisor of n if d|n and <d, %) = 1. Let 6™ (n) = Ly|n, (d,m)=1d
be the sum of all unitary divisors of n. If n = p{"" p5?... p% where p; are distinct primes

and o; > O for all i, then it is easy to see that

r

o*(n) =[]0 +p{")

i=1

and that 6*(n) is a multiplicative function.

The Dedekind psi function y(n) is a multiplicative function given by

1
y(n) :nH <1+—>.
pln P
Let M > 1 be a positive integer. Subbarao [108] studied the Diophantine equations
y(n)=1+Mn (5.4)
and

c'(n) =1+ Mn. (5.5)

He formulated the following conjecture.

Conjecture 5.5. The congruence 6*(n) = 1 (mod n) is possible if and only if  is a prime

power. In particular, for arbitrary distinct primes py,...,p, r > 1,
(p1+1)...(pr+1)=1(mod p; ...p,) if and only if r = 1.

Equivalently, y(n) = 1 (mod n) if and only if 7 is a prime.
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No counterexample to Conjecture 1 is known although there are some partial results.

ForM =1,2,3,... define

Ty=4{n:y(n)=1+Mn}, T = U Ty,
M>2

Ty={n:6"(n)=14+Mn}, T = U Ty
M>2

Note that Tjy C Ty;. Subbarao’s conjecture is that 7 and 7* are empty.

In the sequel we assume that M > 1. We recall that a number is said to be powerful if
each exponent in its canonical representation is at least 2. Subbarao himself obtained the
following results:

i) If n € Ty}, then n is not a powerful number, M is odd > 3 and o(n) > 16, n > 1020,
where ®(n) denotes the number of distinct prime factors of n;

ii) If n € T; with o(n) = r, then
n<(r—1%" (5.6)
iii) If n € Ty and 3|n, then we have
o(n) > 2557, n>5.9-10'9766 (5.7)

(stated without proof);

iv) If n € Ty and 3 1 n, then we have
o(n) > 123. (5.8)

Our first theorem improves the upper bound in Inequality (5.6).
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Theorem 5.6. If n € Ty, then
n< ¥l 921 (5.9)

where r denotes the number of distinct prime divisors of n.

Using Grytczuk-Woéjtowicz’s techniques from the paper [49] we obtain the lower bounds
for w(n) and n for n € Ty; with M > 3, which are also valid for n € Ty with M > 3; thereby
improving Inequalities (5.7)-(5.8).

The main result is the following theorem.

Theorem 5.7. Let M > 3 and n € Ty,.
(a) I 3|n, then ®(n) > 1-1578M°/% ywhere A = 0.998....
(b) If 34 n, then (n) > 51M/3 1,

The corollary below is an immediate consequence of Theorem 5.7 and Robin’s inequal-

ity (see [96, Théoreme 6]) that for every positive integer n we have

n> <r1§gr) , (5.10)

where r = w(n). Note that for M > 3 we have the following rough bounds: % L 1578AM/9 >

DAM?=1 and 51M/3 _1 > 3M,

Corollary 5.8. Let M > 3 and n € Ty,

(a)If3
(b) If 34 n, then n > (dM3)3" where d = 0.366... =1log3/3.

2AM27

n, then n > (c(AM?* — 1)2AM2_1) ' where ¢ =0.231... = log2/3.

Thus, if 3|n and M > 5, we have that @(n) > 3.7-10% and n > 3.9 - 1010° (compare
with Inequality (5.7)). If 34 n and M > 5, then ®(n) > 700 and n > 104 (compare with
Inequality (5.8)).

Using Inequality (5.9) we obtain the following analogue of [49, Theorem 2].
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Theorem 5.9. Let P = {Py,P;....}, where P; < Py for all i > 1 denote the set of all odd
prime numbers. For every integer k > 2 there exists an infinite subset P(k) of the set P such
that

(a) for every pairwise distinct primes py,pa,...,pr € P(k) and 01,0, ...,04 € N the
number n = p; & pgL2 . p,(:" does not fulfill Equation (5.5);

(b) P(k) is maximal with respect to inclusion.

(Note that, since ®(n) > 16 in general, we have P(k) = P for k < 15.)
5.2.2 Preliminaries
In this section we shall collect some preliminary results.

Lemma 5.10. Let n € Ty;, M > 1. If p|n and F+1=0 (mod p), then g cannot be a

=0 (mod p), and qB is a unitary divisor of

n, then B cannot be odd.

Proof. Given p|nand ¢P+1=0 (mod p), if ¢B||n, then also 6* (¢P) = ¢P + 1|6*(n), so that

p|lo*(n). Thus, p|(n,6*(n)), leading to a contradiction. Hence, the lemma is proven. [

The next lemma due to Goto [47] plays an important role in the proof of the Theorem

5.6.

Lemma 5.11. Let r,a,b be positive integers. If integers xi, ... ,x, satisfy 1 <x; <x» <...<

x, and

r—1 1 a r 1
1< I+—)<-< 1+— 5.11
<TI(1+1)<5=<I1(1+1). (.11
then it follows that

Hxl <+ = (1) ! (5.12)
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with equality if and only if x; = m; for 1 <i <r, where

b+D¥ i=1,...,r—1,
m; =

b+1D¥ ' —li=r
5.2.3 Proofs

Proof of Theorem 5.6. Let n € Ty; with o(n) = r. Write n = N;---N, where Ni,...,N,

denote prime powers satisfying N; < Nj, (N;,N;) = 1 for i < j. Then

c*(n)—1 <G*(n) :f[(l“‘]%)-

n i=1

Moreover,

Thus,
r—1 * r
1 6*(n)—1 1
1< 1+4+— ) <——< 1+— .
H( +N,~) n H( +N,~>

6" (n)—1

Hence, the Inequality (5.11) is satisfied for x; = N;, a = , b= 1. From Inequality

(5.12) we get
n=Nj---N, <2212~

and the theorem follows. O]

Proof of Theorem 5.7. From Equation (5.5) we get that if n = p(l)cl .- p¥ € Ty, then

M=o m=1 G*’E”) zf[(ljt#) <f[<1+1%>

n i=1 i i=1
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and hence

r 1
logM <Y log (1 + —). (5.13)

i=1 l

Part (a). From Lemma 5.10 it follows that p; = 1 (mod 6) or o; is even for i > 2. We
define the set 4:= {3}U{pcP: p=1(mod 6)}U{p?: p=5 (mod 6)} = {aj,az,...},
where a; <ajiq for j=1,2,...

Put

a(k) = ilog (1 + al>

i=1

where k > 16. Thus,
logM < or). (5.14)

Let ko be the least integer k with log3 < a(k). Since (805) = 1.098538... < log3 =
1.098612... < 1.098613...=0a(806), we obtain that kg = 806. Now from Inequality (5.14)
it follows that for n € T; with M > 3 we have ®(n) = r > 806.

Let Q' = {0Q},0),...} denote the set of all primes = 1 (mod 6) with 0} < 0}, and
Q" ={0},05,...} denote the set of all primes =5 (mod 6) with Q7 < Q7 | fori=1,2,....
Since i > 806, then a; = 1 (mod 6) and a; > 13441 = Q% or a; = p* with p =5 (mod 6)

a prime and p > 131 = QJ,. Hence,

Al 1 "1
logM <o(805) + Z log (l—i——) <log3+ Z —
=806 di i=806 4i

r o 1
<log3+ Z —+ —-
=092 56 Q5

Using the estimate Q/,, Q% > 2nlog(2n) for Q), Q% > 198, which follows from [10,
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Corollary 1.6], we get

23 oo
logM <log3 + Z Z Z :

j16Q*2 = 7902]10g(2]) 544/%10g% (2))

<log3+0. 00081-1—/ dx

789 2x1og (2x)

Here we used the facts that the first sum is finite, second is convergent and Y7/ af (k) <
[ f(x)dx for f(x) monotone, non-increasing on m < x < oo

Hence, logM < log3 +0.00081 + %loglog (2r)— %loglog 1578. Therefore o(n) = r >

=

- 15784M°/9 where A = 0.998. ...
Part (b). Let Q = {Q1,03,...} denote the set of all primes with Q; < Q;4 for i =

1,2,.... We have in Inequality (5.13) that p; > 5 = Q3. Put

Zlog (1+QL>

i=1 i+2

where k > 16. Now from Inequality (5.13) we obtain
logM < B(r). (11"

Since B(49) = 1.09651... < log3 < 1.10069... = B(50), from Inequality (11’) it follows

that for n € Ty; with M > 3 we have ®(n) = r > 50. Thus,

r

1
< log3+
i+2 > i_ZSO Qi+2

logM <B(49) + Z log(
i=50

dx
(x+2)log(x+2)’

<10g3+/

as

Qm > mlogm form > 1.
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(see [97]). Hence, logM < log3 +loglog (r+2) —loglog5l i.e., w(n) =r > 51M/3 — 1, as

claimed. u

Proof of Theorem 5.9. The theorem immediately follows from Theorem 4.8 since we can
take P (k) to be the set of primes larger than 2121 Indeed, n cannot fulfil 6*(n) =
1+ Mn if any prime factor of n is larger than 22 -1 _ 271,

The existence of a maximal (with respect to inclusion) set P(k) follows from Kuratowski-

Zorn’s lemma. O]
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