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Abstract

A Cayley graph Cay(G,S) has the CI (Cayley Isomorphism) property if for every
isomorphic graph Cay(G,T), there is a group automorphism « of G such that S* = T.
The DCI (Directed Cayley Isomorphism) property is defined analogously on digraphs. A
group G is a Cl-group if every Cayley graph on G has the CI property, and is a DCI-group
if every Cayley digraph on G has the DCI property. Since a graph is a special type of
digraph, this means that every DCI-group is a CI-group, and if a group is not a CI-group
then it is not a DCI-group.

In 2009, Spiga showed that Z§ is not a DCI-group, by producing a digraph that does
not have the DCI property. He also showed that Z3 is a DCI-group (and therefore also a
Cl-group). Until recently the question of whether there are elementary abelian 3-groups
that are not Cl-groups remained open. In a recent preprint with Dave Witte Morris, we
showed that Z2° is not a Cl-group. In this paper we show that with slight modifications,
the underlying undirected graph of order 3% described by Spiga is does not have the CI
property, so Z3 is not a CI-group.
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1 Introduction

Let GG be a group, and S C (. The Cayley digraph Cay(G, S) is the digraph whose
vertices are the elements of the group G, with an arc from g to i if andonly if h — g € §
(we are using additive notation in this paper, but Cayley graphs can be defined similarly on
nonabelian groups). If S = —S then for any arc from g to & there is a paired arc from h to
g; we replace these two arcs with a single undirected edge and call the resulting structure
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the Cayley graph Cay(G, S). It is well-known that I" is isomorphic to a Cayley graph on G
if and only if Aut(T") has a regular subgroup isomorphic to GG. Typically we abuse notation
by ignoring the isomorphism and simply saying that I is a Cayley graph on G in this event.

The Cayley graph Cay(G, S) has the CI (Cayley Isomorphism) property if for every
isomorphic graph Cay(G,T), there is a group automorphism « of G such that S* = T.
Note that whenever « is an automorphism of G, it induces a graph isomorphism from
Cay (G, S) to Cay(G, S*). This means that essentially, a Cayley graph has the CI property
if all of its isomorphisms to other Cayley graphs on the same group have algebraic justifi-
cations: group automorphisms that induce not necessarily that particular isomorphism, but
an isomorphism to the same graph. The CI problem is the problem of determining which
graphs have the CI property. The DCI (Directed Cayley Isomorphism) property and the
DCI problem are defined analogously on digraphs.

Although work on the (D)CI problem dates back at least to 1967 [1], the standard
terminology was coined and fundamental results about the problem were proved by Babai
in [2]. A group G is a Cl-group if every Cayley graph on G has the CI property, and is a
DCI-group if every Cayley digraph on G has the DCI property. Since a graph is a special
type of digraph, this means that every DCI-group is a CI-group, and if a group is not a
ClI-group then it is not a DCI-group, but there are well-known examples of groups that are
CI-groups but not DCI-groups. For example, Muzychuk [8, 9] characterised cyclic groups
according to which are DCI and which are CI: the cyclic group of order n is a DCI-group
if and only if n € {k, 2k, 4k} where k is odd and square-free. It is a CI-group if and only
if it is a DCI-group, or n € {8, 9, 18}.

Once cyclic groups were completely understood with respect to the CI and DCI prob-
lems, elementary abelian groups became a natural class of groups to consider. This class of
groups has become even more fundamentally important in understanding the (D)CI prob-
lem over time, since the combined work of a number of researchers has shown that any
(D)CI group is a direct product of up to three factors, each of which is either small, abelian,
or the semidirect product of an abelian group with a small cyclic group. (See for example
[3, 4, 6], although Math Reviewers have noted some errors in the statements of the relevant
results.)

In a 2003 paper, Muzychuk [ 1 0] proved that an elementary abelian group of sufficiently
high rank is not a DCI-group. He did not consider the undirected problem in that paper, and
the rank he achieved for an elementary abelian p-group was 2p — 1 + (2p p_ 1). Spiga [13]
improved this rank to 4p — 2. Both of these papers may have introduced some confusion
into the problem as they talk about the CI problem and property but use directed graphs
throughout, so in fact prove that an elementary abelian p-group of sufficiently high rank
is not a DCI-group although the statement of their results say that this is not a CI-group.
Somlai [12] addressed this issue, and improved the previous results by showing that an
elementary abelian p-group of rank at least 2p + 3 is not a CI-group when p > 5. He did
also prove a similar result when p = 3 but in this case was only able to show that the group
is not a DCI-group, and noted that the problem of the existence of a non-CI elementary
abelian 3-group remained open. For the p = 3 case, Spiga [|4] had also previously shown
that Z§ is not a DCI-group, by producing a digraph that does not have the DCI property.

On the other side of things, the best known result [5] shows that Zf, is a DCI-group. It
is known [ 1 1] that Z$ is not a CI-group, but there remains a gap in our knowledge for every
prime p > 2.

In a recent preprint with Dave Witte Morris [7], we show that Z1° is not a CI-group,
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and more generally demonstrate a method for using non-DCI digraphs to construct non-
CI graphs whose order is a fairly small multiple of the order of the original digraph, and
thereby find groups that are not CI-groups.

In this paper we show that a slightly modified version of the underlying undirected
graph of the non-CI digraph of order 3% described by Spiga in [14] does not have the CI
property, so Z3 is not a CI-group.

2 Two isomorphic Cayley graphs

Let {wy, wa, w3, v1, v, V3, V4, v } be a generating set for G = Z§. We define the following
sets:

50,0,0 = {v1 — v5,v2 + v3 — v4 + v5,v3 — V4 + V5, V4 + U5, U5}

51,0,0 = {w1 + avi + bve + cvs : a,b,c € Z3}

S0,1,0 = {wa + avi + bvz + cvg + dvs : a,b, ¢, d € Z3}

50,0,1 = {w3 + ava + bvg + cvy + dvs : a,b,c.d € Z3}

S1,1,0 = {w1 + w2 + avy + bug + cv3 + bvg +dvs 2 a,b,c,d € Z3}

51,0,1 = {w1 + w3 + avy + bug + av3 + cvg + dvs : a,b,c,d € Z3}

50,1,1 = {w2 + w3z + avy + bva + cv3 + dvy — (a+ b)vs : a,b, ¢, d € Z3}

S1,1,1 = {w1 + w2 + w3 +avy +bva + cv3 +dvog+ (—a—b+c+d)vs : a,b,¢,d € Z3}
S2.1,1 = {2w1 + wo + w3 + avy +bvg + cvz +dvg — (a+ b+ c+d)vs 1 a,b,¢,d € Z3}
S1,2,1 = {w1 + 2wa + w3 + avy +bvy + cvz +dvg + (a+b—c+d)vs 1 a,b,¢c,d € Z3}
S1,1,2 = {w1 + w2 + 2wz + avy +bvy + cvz +dva + (a+ b+ c—d)vs 1 a,b,¢,d € Z3z}

S =5821,1US1,21US81,1,2 U Si k-
0<i,j k<1

For0 <i,j <1letT; =S, xexceptletT) ;1 = 511,14+ vs. Also let
To11 =521, —vs,1121 = S1,21 — 05, 11,12 = S1,1,2 — vs.

Similar to S, let
T=T511UT121UT112 U Tk
0<i,j, k<1

The graphs we will be studying throughout this paper are I'; = Cay(G, S U —5) and
I’y = Cay(G, T U —T). We will often abuse notation and terminology by conflating a
group element with the corresponding vertex in one or both of these Cayley graphs. We
use additive notation throughout, and use a bold 0 to denote the identity element of Z3.

For convenience of notation, we also define a partition of the elements of G into subsets
of cardinality 3° by

Bi,jﬁk = {iw1 + jwe + kws + avy + bvy + cvg + dvg + fv5 ta,b, e d, f S Zg}

Although the proof in [14] uses Schur rings, it does explicitly provide a connection set
(the S on page 3398); if we use our S to define

F{ = Cay(G, (S \ S0,00) U{v1,v3,v4,v5})
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ﬁ

then the connection set of I'} is the one given in Spiga’s paper. He also explicitly (on
page 3397) defines a function f that is exactly the polynomial we will add to v in our
next proof when we define the map v; if we apply v to Spiga’s connection set, we get the
connection set for
1j2 = Cay(G, (T'\ To,0,0) U {v1,v3,v4,v5}).

Extracting these two connection sets from Spiga’s paper and understanding these are the
connection sets for Cayley digraphs that are isomorphic via the map ¢ but not via a group
automorphism, is a matter of translating the Schur ring language he uses into Cayley di-
graph language.

As we have made clear by our definitions of 1:{ and ljz, the underlying graphs of these
digraphs differ from our I'y and I'y only in the elements of the connection set that lie in
By ,0. If we try to apply our arguments (in Section 3 below) to the underlying graphs
of Spiga’s digraphs, too many of the values produced in the table of Lemma 3.3 coin-
cide. Consequently, the arguments we use based on counting mutual neighbours do not
suffice to prove that no group automorphism can act as a graph isomorphism between these
graphs. Discovering the graphs I'; and I'y was a matter of making careful and intelligent
adjustments to the elements of Sp oo so as to produce more distinct values in Lemma 3.3
and thereby significantly reduce the number of group automorphisms that needed to be
considered as possibly inducing a graph isomorphism, ultimately eliminating all of them.
Computational evidence (directed using some counting arguments) suggests that the under-
lying graphs of Spiga’s digraphs are probably not isomorphic via a group automorphism
either. However, I could find no structure in them understandable without a computer that
gave any significant intuition as to why this might be so. Since Spiga has privately commu-
nicated to me that his example was found by a random search, I believe there is more value
in producing a new (but related) example with clearer structural rationale for the lack of a
group automorphism that could act as a graph isomorphism, than in either largely appealing
to computation to determine that Spiga’s underlying graphs also work, or coming up with
a much longer and more technical proof to explain his graphs.

Proposition 2.1. There is a map from SU—S to T U—T that acts as a graph isomorphism
from T’ to T's.

Proof. According to [14], the map v: G — G defined by
Y(v) =v+ .’L'1:L‘§’U1 + wlwgw + :L'%;L'gvg + w2w§v4 + Z1x0x3v5

for each
3 5
V= Zmiwi + Zyj’ljj ceG
i=1 j=1

7 o,

is a digraph isomorphism from I'} to
Our graphs I'; and I'5 are very close to being the underlying undirected graphs of these

digraphs I} and I';, which must be isomorphic via ¢ since the digraphs are. Indeed, aside
from the edges and arcs that lie inside each B, ; 1, they are the same. Since 1) fixes every
B, i, it must act as an isomophism from I'y to I'y with respect to every edge that is not
contained within some B; ; ;.. It remains to be shown that the edges that come from 50 o0
are preserved by 1.
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For any fixed (i, j, k), v adds an:l CmUm to each vertex of B; ; 1, for some constants
c1 through c¢5 that depend only on 4, j, k. Thus the action of ¢ on B; ;. is a translation

by some element of (v, ..., vs). This means that for any choice of S N By ¢ ¢, as long as
T N By, = SN By, ¥ must preserve the edges that lie within B; ;. (the edges that
come from 5 0,0). Thus, ¢ is indeed an isomorphism from I'; to I's. O

3 They are not isomorphic via a group automorphism

We begin with a number of assertions about the structure of mutual neighbours of vertices
in these graphs. These serve to limit how an arbitrary isomorphism between the graphs can
act, even more so in the case where the isomorphism must also be a group automorphism.

The bound provided in our first lemma will shortly allow us to show that any isomor-
phism between the graphs must have an action on the partition {B; ;1 }: that is, for any

isomorphism ¢, B:.”j w = Bir j/ i for some ¢', j', k" that depends on ¢, j, k.

Lemma 3.1. Suppose (1,7, k) # (0,0,0). Then for any element g € B; ; x, the number of
mutual neighbours of 0 and g in either I'y or I's is at most 587.

Proof. This can be verified by computer. To verify by hand, the following points may be
helpful:

o if {z,y,2} = {0,1,2} or (z,y,2) = (0,0,0) or (z,y,2) = *(i,7, k) then the
number of mutual neighbours of 0 and ¢ in this set is bounded by the minimum of
the number of neighbours of each, for a total of 101 over all these sets;

* otherwise, any of the other 18 possible sets B, , . has at most 27 mutual neighbours
of ¢ and O (this is tedious but straightforward to check using the definitions of the
sets).

This gives the bound of 101 4 18 - 27 = 587. O

In Lemma 3.3 (which is somewhat tedious and technical) we will specify how many
mutual neighbours various vertices of By o9 have with the identity vertex 0 in I'; and in
I'2. Since any group automorphism of G fixes 0, to be a graph isomorphism from I'; to I'y
it must map a vertex that has k mutual neighbours with 0 in I'; to a vertex that has & mutual
neighbours with 0 in I's, so this lemma will be critical in limiting the possible actions of
our group automorphism. Before we get there, we first prove an easy lemma showing that
as long as g € By,0, the number of mutual neighbours of g and 0 is the same in both
graphs, so we don’t have to calculate these values separately.

Lemma 3.2. Suppose g € By o,0. Then the number of mutual neighbours of 0 and g in I'
is the same as the number of mutual neighbours of 0 and g in I's.

Proof. Forevery i,j,k, we have T} j 1, = S; j i + M, jxvs Where m; ;. € {0, 1,2}. Now,
h is a mutual neighbour of 0 and g in I'y iff A € S; ; N (S; ;% + g). This is true if and
only if b + m; jxvs € T; 46 N (15 j,x + g), which is true if and only if h + m; ; ,vs is a
mutual neighbour of 0 and g in I's. O

Lemma 3.3. The number of mutual neighbours that each vertex v in the table below has
with 0 in each of 'y and Ty, is as given in the corresponding column.
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v || vl — U5 | V2 +v3 —vg + U5 | V3 — U4 + U5 | vq + U5 | Us | v2 + U5 | V4 | Vs — V4

#| 865 | 163 | 487 | 811 [703] 702 |650| 812
v | vi | —vi—uvs |vs+os+us | —v3—vs |va—w3—vgtus | —vatuvs—us
#38 ] 704 | 486 | 810 | 648 | 486

Proof. By Lemma 3.2, the number of mutual neighbours of O with any vertex of By ¢ g is
the same in I'; as in I'z, so we need only count one of these. We will count the mutual
neighbours in I';.

v1 — v5: Mutual neighbours with 0 are v5 — v1; =51 0,05 £50,1,0, £51,1,0, £50,1,1,
£57,1,1, £52,1,1. The total number of these is 1 + 54 4 81 - 10 = 865.

vg + v3 — v4 + vs: Mutual neighbours with 0 are —vy — v3 + v4 — v5; £50,0,1. The
total number of these is 1 4+ 81 - 6 = 163.

v3 —v4+vs: Mutual neighbours with 0 are —v3 +v4 —vs; £50,1,0, £50,0,1, £51,2,1-
The total number of these is 1 + 81 - 6 = 487.

v4+vs: Mutual neighbours with 0 are —v4 —vs; £S50.1,0, £50,0,1, £51,0,1, £51,1,1,
+£51,2,1. The total number of these is 1 + 81 - 10 = 811.

v5: Mutual neighbours with 0 are —vs; £51,0,0; £50,1,0, £50,0,1, £51,1,0, £51,0,1-
The total number of these is 1 + 54 4- 81 - 8 = 703.

v2 + v5: Mutual neighbours with 0 are £5 ,0; £50,0,1, £51,0,1, £51,2,1, £51,1,2-
The total number of these is 54 + 81 - 8 = 702.

v4: Mutual neighbours with 0 are v4 + vs; —vs5; £50,1,0. £50,0,1, £51,0,1, £50,1,1-
The total number of these is 2 + 81 - 8 = 650.

vs — va: Mutual neighbours with 0 are —vs; —v4 — vs; £S50.1,0, £50,0,1, £51,0,1,
+55 1,1, £51,1,2. The total number of these is 2 + 81 - 10 = 812.

v1: Mutual neighbours with 0 are vs; v1 — vs; £51,0,0; £50,1,0, £51,1,0. The total
number of these is 2 + 54 + 81 - 4 = 380.

—v1 — vs: Mutual neighbours with 0 are vs; vs — v1; £51,0,0; £50,1,0, £51,1,0,
£S51 2,1, £51,1,2. The total number of these is 2 + 54 4 81 - 8 = 704.

v3 + v4 + vs: Mutual neighbours with 0 are +5 1,0, £50,0,1, £52,1,1. The total
number of these is 81 - 6 = 486.

—v3—vs: Mutual neighbours with 0 are £54 1,0, £50,0,1, £51,1,0, £51.1,1, 51,12
The total number of these is 81 - 10 = 810.

V9 — V3 — V4 + v5: Mutual neighbours with O are :I:SO’OJ, :I:S2,171, :|2517271, :|:Sl7172.
The total number of these is 81 - 8 = 648.

—v2 + v4 — vs: Mutual neighbours with 0 are £S5 0.1, £51,0,1, £51,1,1- The total

number of these is 81 - 6 = 486. O

With this result in hand, we can show that a group automorphism acting as a graph iso-
morphism must either fix some of the elements of £S5 o pointwise, and have very small
potential orbits on the other elements, or must have these properties after being combined
with another group automorphism that acts as a graph automorphism of I';.
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Lemma 3.4. [f there is a group automorphism o of G that maps S U —S to T'U —T, then
there is one that fixes vs and —vs. Moreover, any such automorphism fixes each of the sets
{v1—vs,v5s —v1}, {vo +vs —vs+vs, —vo —v3+ vy —vs}, {v3—vs+Us, —v3+vs—Us)
and {vg + vs, —vq — U5 }.

Proof. Any group automorphism fixes 0. A group automorphism « that maps S U —S to
T U —T must map any vertex that has a certain number of mutual neighbours with 0 in I'y,
to a vertex that has that number of mutual neighbours with 0 in I's.

By Lemma 3.3, the vertices v; — vs, vo + vs, —U3 — V5, U4 + U5, and vy each has more
than 587 mutual neighbours with 0, so by Lemma 3.1 each of these vertices must map to a
vertex in By .0, and must be the image of a vertex in By 0. Note that By ¢ ¢ is actually a
subgroup of (G, and is generated by these five elements. This implies that o must map this
generating set for By oo to a generating set for By 0,0, 0 Bf o = Bo,o0,0-

For convenience in this paragraph, let So = Sp,0,0U—50,0,0 and Ty = 1,0,0U—T0,0,0.
Since

(SU—=S)N DBy =250 =To=(TU—-T)N Bo,o,o

and Bf', o = Bo,0,0, we must have S§ = T = So. In particular, since the numbers of
mutual neighbours that each vertex in each inverse-closed pair in Sy has with 0 is distinct
from the number of mutual neighbours that each vertex of any other inverse-closed pair
in Sy has with 0 (see Lemma 3.3), each inverse-closed pair in Sy must be mapped to the
same inverse-closed pair in Sp. This completes the proof unless vg' = —vs (in which case
(—vs5)® = v5), which we now assume.

Let o be the automorphism of G that inverts every element of G; note that ¢ fixes
S U —S, and therefore oo maps S U —S to T'U —T. Now vg® = w5, and o« also fixes
each of the other inverse-closed pairs separately since « did, completing the proof. O

In fact, we can now show that a group automorphism acting as a graph isomorphism
must fix every element of +5 o ¢ pointwise (possibly after being combined in the preced-
ing lemma with another group automorphism that acts as a graph automorphism).

Lemma 3.5. If there is a group automorphism o of G that maps S U —S to T U =T and
fixes vs and —vs, then it must also fix every other vertex of Sp.0,0 U —S0,0,0-

Proof. We first show that it fixes v4 + v5 and its inverse.

Any such o induces a graph automorphism from I'; to I's. Since I'; is a Cayley graph,
the number of mutual neighbours of vs with v4 + vs is the same as the number of mutual
neighbours of 0 with v4. Likewise, the number of mutual neighbours of vs with —vy — v5
is the same as the number of mutual neighbours of 0 with v5 — v4. Since we see from
Lemma 3.3 that these numbers are not equal, o must fix both v4 + vs and —v4 — vs.

Next we show that v; — vs and its inverse are fixed.

Since I'; is a Cayley graph, the number of mutual neighbours of —v5 with v; —v5 is the
same as the number of mutual neighbours of 0 with v;. Likewise, the number of mutual
neighbours of —v5 with vs — v; is the same as the number of mutual neighbours of 0 with
—v1 — v5. Since we see from Lemma 3.3 that these numbers are not equal, o must fix both
V1 — Us and V5 — V1.

Now we show that v3 — vy + v5 and its inverse are fixed. At this point, notice that since
« fixes v5 and vy + v, it also fixes vy.

Since I'; is a Cayley graph, the number of mutual neighbours of vs with vs — v4 + vs
is the same as the number of mutual neighbours of 0 with vs + v4 + v5. Likewise, the
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number of mutual neighbours of vy with —v3 + vy — v5 is the same as the number of
mutual neighbours of 0 with —vs — v5. Since we see from Lemma 3.3 that these numbers
are not equal, o must fix both v3 — v4 4+ v5 and —vs + v4 — vs.

Finally, we must show that v 4+ v3 — v4 + v5 and its inverse are fixed. At this point,
notice that since « fixes vy, vs5, and v3 — v4 + vs, it also fixes —v3.

Since I'; is a Cayley graph, the number of mutual neighbours of —v3 with ve+vs—v4+
v is the same as the number of mutual neighbours of 0 with vy — v3 — v4 + v5. Likewise,
the number of mutual neighbours of —v3 with —vy —v3 +v4 — v5 is the same as the number
of mutual neighbours of 0 with —vy + v4 — v5. Since we see from Lemma 3.3 that these
numbers are not equal, o must fix both vy + v3 — v4 + v5 and —vy — v3 + v4 — V5. O

At this point we have enough information to show the invariant action on the partition
{B;,jk} as mentioned earlier.

Lemma 3.6. Any group automorphism o of G that fixes every vertex of By oo has an
invariant action on the collection {B; j 1, : 0 < i,j,k < 2}.

Proof. Since « is an automorphism of GG, once we know its action on a generating set for
G, this completely determines its action. Since « fixes every vertex of By g 0, it fixes each
v; for 1 < ¢ < 5. This means that if g € B; ;, with g = iw; + jws + kwsz + h then
g¢ =i + jw§ + kw§ + h since h € By g,0. So Biojj)k has the form B;: j: 3+ for some
0<d,j kK <2 O

In fact, the invariant action on the partition can have only two possible forms.

Lemma 3.7. If there is a group automorphism « of G that maps S U —S to T'U =T and
fixes every vertex of By .0, then it must either leave every B; ;i invariant, or map every
Bijk 10 B—j—j -

Proof. By Lemma 3.6, o must have an invariant action on the collection { B;jr:0<
i,j,k <2}

The sets By,09,0 and B_1 ¢ o are the only sets that have exactly 27 neighbours of 0 in
both I'; and '3, so must be left invariant by «.

The sets By 1,0 and By _1,0 are the only sets for which all neighbours of 0 in both I';
and Ty are also neighbours of vy + jvs + kvy + fus for every 0 < 4, 4, k, £ < 2, so these
sets must be left invariant by a.

Similarly, the sets By o1 and By ,—1 are the only sets for which all neighbours of 0 in
both I'; and I's are also neighbours of vy + jvs + kvy + fus forevery 0 < 4,5, k, £ < 2,
so these sets must be left invariant by «.

Likewise, the sets By 11 and B_; _; _; are the only sets for which (in both I'y and I's)
all neighbours of 0 are also neighbours of iv1 + jvg + kvs + fvy forevery 0 < i, 5, k, £ < 2.
Notice this is true even though S 1,1 7 71,1,1- So these sets must be left invariant by a.

Taken together, these force w{ € B41,0,0; WS € Bo+1,0; and wg € Do 4+1. How-
ever, the previous paragraph also tells us that (w; +ws +w3)* € By11,1UB_1,-1,—1. This
forces the signs of each of the £ in our first three conclusions to be the same, yielding the
desired conclusion. O

We can even show that after possibly combining with a group automorphism that acts
as a graph automorphism, the invariant action fixes every set in the partition.
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Lemma 3.8. If there is a group automorphism « of G that maps S U —S to T U —T and
fixes every vertex of By 0, then there is one that leaves every B; ; . invariant.

Proof. By Lemma 3.7, the only other possibility is that o maps every B; 1 to B_; _; _j.

Let oy be the automorphism of G determined by w;" = —w); forevery 1 < i < 3,
and v]" = v; for every 1 < i < 5. Note that oy fixes S, and therefore oy maps S to
T. Also o fixes every vertex of By o and maps every B; j, to B_; _; _;. Therefore
ow « has all of the properties we claimed. O

In our final lemma, we show that a group automorphism that has all of the properties
we have been deducing, cannot exist.

Lemma 3.9. A group automorphism « of G that maps S U —S to T'U =T, fixes ev-
ery vertex of By o0, and leaves every B; j . invariant must map (S \ So,0,0) U Sg g t0
(T'\ To,0,0) U Sp 0.0forany Sg o o € Bo.oo. In fact, there is no such group automorphism.

Proof. Notice that for every (i, j, k) # (0, 0, 0) we have either B; ; xNS; jr = O or B; j 1N
—S;,j.k = 0 (or both), and T; ;, = 0 if and only if S; ;. = 0. Since B}, = Bij . this
means that Sfijk = T; ; r- Hence, since « fixes By o pointwise and Sy 90 = 1p,0,0. We

have S = T In fact, since « fixes By,,0 pointwise, for any S0.0.0 € Bo,o,0 we have
((S\ T0,0.0) U S0,0,0)" = (T \ To.0.0) U Sp,0,05

as claimed.

Since the connection sets of ﬁ and Iﬁ2 have this form, such an a would act as a digraph
isomorphism between them, but since [ 4] proved these digraphs are not isomorphic via
any group automorphism, this is impossible. Hence no such « exists. g

We pull all of our results in this section together in our conclusion.
Corollary 3.10. There is no automorphism of G that maps S U —S to T'U —T.

Proof. By Lemma 3.4, if there were such an automorphism, then there must be one that
fixes vs and —v5. Furthermore, by Lemma 3.5, any such automorphism fixes every vertex
of Sp.0,0 U —S0,0,0. Since it is a group automorphism and fixes every element of Sy ¢ ¢,
and this generates By o0, it must fix every vertex of By g,0.

By Lemma 3.8, this would imply the existence of an automorphism that maps S U —S
to T'U —T, fixes every vertex of By 0, and leaves every B; ;; invariant. Finally, by
Lemma 3.9, no such automorphism exists. O

Putting this result together with Proposition 2.1, and using the well-known fact that
every subgroup of a CI-group must be a CI-group, yields the main result of this paper.

Theorem 3.11. The group Z§ is not a CI-group. Neither is any group containing 7 as a
subgroup. In particular, 7% is not a CI-group for n > 8.
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