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Abstract

A number of authors have studied the question of when a graph can be represented as
a Cayley graph on more than one nonisomorphic group. In this paper we give conditions
for when a Cayley graph on an abelian group can be represented as a Cayley graph on a
generalized dihedral group, and sufficient conditions for when the converse is true.
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1 Introduction

A Cayley (di)graph Cay(G, S) is a (di)graph whose vertices are the elements of a group G
and whose edges are determined by the connection set S C G by the following rule: there
is an arc from u to v if and only if v = su for some s € S. Usually, the identity e € G is
omitted from S to ensure the (di)graph does not have a loop at every vertex. Furthermore,
if § = S—1, then for every arc from u to v, there is also an arc from v to «. In this case, we
may replace all pairs of arcs with undirected edges, and the resulting structure is a graph.
In this paper, we will only be working with Cayley graphs, and use standard notation.
That is, graphs are denoted by T', the vertex set of a graph I is denoted by V(I') and we
wrile u ~ v to denote that u is connected to v by an edge. Additionally, the proofs presented
here make use of the fact that a graph I is isomorphic to a Cayley graph on a group G if and
only if the automorphism group of I' contains a regular subgroup isomorphic to G. (The
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first proof of this was due to Sabidussi in [2].) Henceforth we avoid technical tedium by
the common abuse of pretending that such a graph I' is itsell a Cayley graph on G, rather
than worrying about the isomorphism.

It is of interest to researchers when a Cayley graph on a group G is also a Cayley graph
on some non-isomorphic group H. A paper by Joseph [3] gives necessary and sufficient
conditions for a Cayley digraph of prime-squared order to be isomorphic to a Cayley di-
graph of both groups of the same order. This result was extended, giving necessary and
sufficient conditions for a Cayley digraph of the cyclic group of order p*, where p > 1 is
prime, to be isomorphic to a Cayley graph on some other group of order p*. The case of
odd primes was handled in [6], and the case where p = 2, when both groups are abelian,
was solved in [4]. In both of these cases, graphs that were Cayley on both groups were all
lexicographic (“wreath”) products of smaller graphs. Another paper [2] subsequently gave
a group theoretic version of the result from [3].

Graphs that do not have prime power order have also been studied, especially if one of
the groups on which they are a Cayley graph is a cyclic group. In particular, digraphs of
order pq that are Cayley on both groups of that order (where ¢ | (p— 1) and p, q are distinct
primes) were characterised by Dobson in [ 1]. Maru8i¢ and Morris studied normal circulant
graphs of square-free order that are also Cayley on a nonabelian group in [5].

In [7], Morris and Smol&ié categorized two families of graphs that are each Cayley on
an abelian group and a non-abelian group. It was shown that all Cayley graphs of cyclic
groups of even order (known as circulant graphs) are also Cayley on a dihedral group of the
corresponding order. The second family of graphs are those that are Cayley on generalized
dihedral groups; with certain restrictions to the connection set, it was shown that these
graphs are also Cayley on an abelian group that contains a direct factor of order 2. The
first result presented here builds on both of these. It directly generalizes the first result
by showing that all Cayley graphs on any abelian group of even order are also Cayley on
generalized dihedral groups of the same order. This can also be thought of as looking at
the second result from the opposite perspective: starting from a Cayley graph on an abelian
group of even order, when is it also a Cayley graph on a generalized dihedral group? Our
second result considers when a Cayley graph on a generalized dihedral group is also Cayley
on some abelian group of even order that does not necessarily contain a direct factor of
order 2.

2 Theorems and proofs

We begin with a formal definition of a generalized dihedral group:

Definition 2.1. Let A be an abelian group. Define the group Dih(A) = (A, z) where
2?2 = 1and ax = za~! forevery a € A.

Note that if A is cyclic then this is the regular dihedral group, and if A is an elementary
abelian 2-group, then Dih(A) is isomorphic to the elementary abelian 2-group whose rank
is one greater than the rank of A.

In [7], the following theorem was stated and proven although it is well-known in the
field:

Theorem 2.2 ([7]). Let A be a cyclic group of even order, and let D be the dihedral group
of the same order. Let S C A be closed under inversion, and let I' = Cay(A, S). Then T’
is also a Cayley graph on D,
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Our first theorem generalises Theorem 2.2 from cyclic groups to any abelian group
(still of even order). More precisely, we show that every Cayley graph on a group Cor x A
(where & > 1 and A is an abelian group) is also a Cayley graph on Dih(Cy«-1 x A). Like
Theorem 2.2, this result is not necessarily true for digraphs, so we take S to be closed under
inversion.

Theorem 2.3. Let G be a finite abelian group of even order, so G = {(c) x A for some
c of order 2%, k > 1, and some A < G. Let 8 C G be closed under inversion and let
I' = Cay(G, S). Let H = (c?) x A. ThenT is a Cayley graph on the generalized dihedral
group Dih(H).

Proof. Given any h € H, we define the map «;, by ay,(z) = zh for each z € V(I'), and
define 8 on V(I') by 8(z) = 2~ 'g where g = (c,ea) € G. We claim that (o, 3 : h €
H) = Dih(H) is a regular subgroup of Aut(T").

First we show that {ay,, 8} = Dih(H). It is easy to see that {(ap, : h € H) = H.
Furthermore, since G is abelian, we have that

B 2) =B(z7"g) = (x7"g) lg =g '2g ==
so /3 has order 2. Finally, again since G is abelian, we have that

B lanB(z) = Bap(z1g) = B(z 'gh) = (27 1gh) lg=h"1g lzg=2h"1 = (xgl(z)

so 3 inverts each «v;,. Thus {ay,, 3) =2 Dih(H) as desired.
Next we show that {(a,, 8) is a regular subgroup of Aut(I"). Let u ~ v be adjacent
vertices of I, so that su = v for some s € S. Then for any h € H we have that

say (u) = suh = vh = ay(v).

Since s € S, this means that vy, (u) ~ ay(v), $0 oy, is an automorphism for each h € H.
Furthermore, since G is abelian, we have that

s18(u) = s lu g = (us)_lg =vlg= B(v).

Since s~! € 9, this means that S(u) ~ B(v), so 3 is an automorphism, and (c,, 3) is a
subgroup of Aut(T).

In order to show that it acts regularly on V' (I'), it suffices to show it acts transitively on
V(I), since |{ay, B)| = |G|. Consider the arbitrary vertices u = (¢!, a) and v = (7, b). If
¢ and j have the same parity, then j = ¢ + 2m for some m € Z. Then since G is abelian,
and with b = (c*™,a—1b), we have that

v=(c,b) = (¢F2™ b) = (¢!, a)(?™,a"1b) = uh = an(u).

If 7 and j have different parity then 1 — ¢ and j have the same parity. Then by the previous
argument, there exists some h € H such that

v=(c"b) = an((c' %, a™1)) = an((¢}, @) {c,€)) = an(u™1g) = apB(u).

Thus {ay, 8) = Dih(H) is a group of automorphisms that acts regularly on the vertices of
I" and so I is a Cayley graph on Dih(H). O
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The requirement that the abelian group we start with has even order is essential. There
is no analogous result even for groups of order p* where p is an odd prime. This was
confirmed via computer, where a Cayley graph on Cy x C3 was found whose automorphism
group contains only one regular subgroup. The connection set for this specific graph was
S = {(a,ec,), (ecy, b), (a1, €0, ), (€0, b7 1)}, where a generates Cy and b generates Cs.

In the context of Theorem 2.3, if we consider abelian groups of even order that have
multiple cyclic groups whose orders are distinct power of 2 as direct factors, we notice that
the result can be applied on each of these direct factors. In this situation, the theorem tells
us immediately that a Cayley graph on the abelian group is also Cayley on more than one
generalized dihedral group.

Corollary 2.4. Let A be any abelian group of odd order, and let I" be a Cayley graph on
the abelian group A x (Cany )™ X - -+ X (Cany. )™, Then I is also Cayley on

Dih(A x Cyny—1 X (Canr )™ 1 x - o0 x (Coni )™), ...,

Dlh(A X (Czﬂl)w“ b Gl 4 CQ“k_l x (CQ"k )”“‘_1)_

In general, if a group G can be written as a direct product of an abelian group of odd
order and multiple cyclic groups of order some power of 2, then the Cayley graph of G is
also a Cayley graph on k generalized dihedral groups, where k is the number of distinct
powers of 2 that show up in the orders of the cyclic groups.

For an example of Corollary 2.4, if I" is a Cayley graph on the group Cy x C5 it is also
Cayley on the group Dih(Cy x Cs) = C x Cy x C5 as well as the group Dih(Cy) = Dy.
In general, if I is Cayley on Cy x (C3)F, then it is also Cayley on the elementary abelian
2-group (Cg)*+2.

For a bigger example of Corollary 2.4 in action, take I' to be a Cayley graph on the
group Cg x Cy x Cy x A where A is abelian. Then I is also Cayley on Dih(Cy x Cy x
CQ X A), Dih(Cg X Cg X Cg X A) and Dih(Cg X C4 X A)

The other main theorem in [ 7] states:

Theorem 2.5 ([7]). Let A be an abelian group, and let D = Dih(A) be the corresponding
generalized dihedral group. Let S C D be closed under inversion, and let I' = Cay(D, S).

Suppose there is some y € xA such that for every a € A we have ya € S NxA if and
only ifya—t € S Nz A. Then T is also a Cayley graph on the abelian group A x Cs.

Our next theorem is a generalization of Theorem 2.5. It gives a condition for when a
Cayley graph on a generalized dihedral group is also Cayley on an abelian group, though
rather than moving from Dih(A) to Cax A, here we move from Dih(Csr x A) to Car+1 X A.
Taking the special case k = 0 in Theorem 2.6 gives Theorem 2.5.

Theorem 2.6. Let G be a finite abelian group and let D = Dih(G) = (G, z). Let S C D
be closed under inversion, and I' = Cay(D, S). Suppose that there exists some ¢ € G such
that ¢ has order 2% and G can be written as the internal direct product G = (c) x A.

If there exists some y € xG such that for every g € G we have yg € SNzG if and only
ifyg ‘e € SNxG, then T is a Cayley graph on the abelian group Cor+1 % A.
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Proof. For every g € G, define the map «, given by a,(z) = zg forall z € V(I') = D.
Let y be chosen to satisfy our assumptions, and define the map 3 by 8(z) = yz if z € G,
and 8(z) = yczif z € 2G. Let H = {a,, 8 : a € A). We claim that H =2 Che1 X Aisa
regular subgroup of Aut(T").

First we show H = Coe+1 X A. It should be clear that (o, : a € A) 2 A Ifz € G
then since G is abelian we have

B =8lyz)=yar==¢""0=3T=aF).

Furthermore, if z € G, then

,82{2) = Blycz) = yycz = cz = ze ! = a1 (2)-

Since ¢! has order 2* as does .1, it is straightforward to observe that 32 has order 2%,
and therefore 3 has order 2¥t1. Since A C G is abelian, to show that H is abelian, it
suffices to show that 3 commutes with «, for eacha € A. If z € G then za € G, and we
have that

@aB(2) = aa(yz) = yza = B(za) = Pa,(2).

If z € G then za € =G and we have that
. B(2) = ag(ycz) = yeza = B(za) = Bay(z).

So, H = Cor+1 X A as desired.
Next we show that H is a subgroup of Aut(T'). Let u ~ v be adjacent vertices, so that
su = v for some s € S. Itis easy to see that for any a € G we have

sa,(u) = sua = va = a,(v),

80 a, (u) ~ a,(v), thus each «, is an automorphism of T".

Due to our definition of 3, we will need to consider four cases depending on which
G-coset s and u belong to. We will use the fact that S is closed under inverses, and the fact
that g~ 'y = yg for every g € G, which follows immediately from the definition of x in
Definition 2.1, and the fact that y € xG. For our first two cases, we take s € G. If u € G
then since su = v, we have that v € G as well. It then follows that

s B(u) = s~ yu = ysu = yv = B(v).

This means that §(u) ~ B(v). Next, if u € G, then v € xG. Since G is abelian, we have
that

s718(u) = s lycu = yscu = yesu = yev = B(v),

o B(u) ~ B(v) again.
For the third and fourth cases, we take s € (G, so we can write s = yg for some g € G.
Then by assumption yg ¢ is also in S. If u € xG, then v € G. Since G is abelian, we

have that

1

yg 'cB(u) = ygeyeu = y(yc ' g)eu = ysu = yv = B(v),

so again we have that S(u) ~ S(v). Finally, if u € G, then v € xG. Once again since G



6 Art Discrete Appl. Math. 6 (2023) #P3.09

1s abelian we have that

yg~ ' eB(u) = yg~ eyu = ye(g ™ y)u = ye(yg)u = yesu = yev = B(v),

so in all four cases, if u ~ v then B(u) ~ SB(v), thus 3 is an automorphism of T".

To show that it is a regular subgroup, it suffices to show that it acts transitively on the
vertices of I, since |H| = |V(I")|. Since acting on a fixed coset of G we either have
B2 = -1 or B2 = a, it should be clear that on either coset

(Qa:ﬁQ : GEA)%’(QQ g EeG)YG,

so H is transitive on each coset of G. Finally, if z € G then 5(z) = yz € zG, and if
z € z@, then 8(z) = yeg € G, so B interchanges the cosets of G. Thus H is transitive,
and thus regular, on D = V(I'). O

We have shown that Cayley graphs on abelian groups of even order are also Cayley
graphs on one or more corresponding generalised dihedral groups, and we have given con-
ditions for when a Cayley graph on Dih(C5x x A) is also a Cayley graph on Car+1 X A. It is
unknown if the restriction on the connection set in Theorem 2.6 is necessary. It is possible
that the conditions given here exclude some graphs that are Cayley on both groups and that
there exist less restrictive conditions that exclude fewer graphs.

An interesting observation came up in computational examination of regular subgroups
of automorphism groups of Cayley graphs, that could be used as inspiration for future
projects. A Cayley digraph was found that could be represented on both the quaternion
group and on Cy. This is an example of the result from [4] not holding unless both groups
are abelian. It would be interesting to study whether or not we can find conditions for
Cayley digraphs of cyclic groups of the proper order to be Cayley digraphs on generalized
dicyclic groups.
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