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Abstract

We study the solutions of certain congruences in different rings. The congruences include
a’'=1 (mod p?),

for integer a > 1 and prime p with p { a, and
a®™ =1 (mod m?),

for integer m with (a,m) = 1, where @ is Euler’s totient function. The solutions of these
congruences lead to Wieferich primes and Wieferich numbers. In another direction this
thesis explores the extensions of these concepts to other number fields such as quadratic

fields of class number one. We also study the solutions of the congruence

g"—g"=0 (mod f"—f"),

where m and n are two distinct natural numbers and f and g are two relatively prime poly-

nomials with coefficients in the field of complex numbers.
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Notation

e Throughout this thesis, unless otherwise stated, p is a prime, a,m, and k are integers

greater than 1, and x is a positive real number.

e We use the conventional asymptotic notations of analytic number theory. For two real
functions f and g, we write f(x) =O(g(x)) or f(x) < g(x), if there exists a positive

real constant C such that

[f(0)] < Cle(x)];

for sufficiently large values of x. We write f(x) = Oq(g(x)) or f(x) <o g(x) to denote

the dependence of the constant C to the parameter o.. We also write f(x) = o(g(x)) if

im @ =
s o)

By f(x) ~ g(x) as x — co we mean that

e By W,(x) we denote the set of Wieferich primes in base a up to x. More precisely,
Wa(x)={p<x:a’~'=1 (mod p*)}.

In the same way we denote the set of non-Wieferich primes up to x, in base a, by
W (x). Also we denote by WS, (x) the set of non-Wieferich primes up to x, in base
a, in the arithmetic progressions p =1 (mod k). Moreover, by W, and W¢ we mean,

respectively, the set of Wieferich primes in base a and the set of non-Wieferich primes
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NOTATION

in base a.

We write rad(n) to denote the radical of an integer n = p?“ e pg" , that is defined as
rad(n) = p1--- pr.

The quality of a positive integer n is denoted by A(n), that is defined as

logn

Mn) = lograd(n)

For an natural number n, the n-th cyclotomic polynomial, ®,(x), is defined as

2kmi
P, (x) = H (x—en ).
1<k<n
gcd(k,n)=1

The order of @ mod p, denoted ord,(a), is the smallest positive integer k for which

k=1

a=1 (mod p).

By ¢(x) we denote the Euler-totient function.

We denote the Euler quotient for two relatively prime integers a and m by g(a,m),
which is defined as

a®m) _q

ala,m) = “—

For prime m, the Euler quotient is called the Fermat quotient.

We denote the set of Wieferich numbers up to x, in base a, by N, (x), which is defined
as

Na(x)={m<x;a® =1 (modm?)}.
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NOTATION

In the same fashion, we define the set of non-Wieferich numbers up to x, in base a,
and denote it by NS(x). Moreover, N, and N§ are the set of Wieferich numbers in base

a and the set of non-Wieferich numbers in base a.
The largest power of p in an integer n is denoted by v, (n).

A modified form of the Fermat quotient is denoted by g(a, p) and is

B qla,p) ifp#2orp=2anda=1 (mod4),
q(a,p) =

atl

2

ifp=2anda=3 (mod 4).

The set S, is the set of primes generated by primes in W,. It is defined inductively as

follows. Let
W,U{2} ifva(g(a,2)) >1,

W, otherwise.

Fori> 1, let

Sg,i) ={p; plg—1 where q € Sg,ifl)}.
Then, we define S, = u;?;osé").
An algebraic number field is denoted by K and its ring of integers by Og.
The norm of an ideal a is denoted by N(a) and is defined it as |Ok /a].
By (m) we mean the ideal generated by 7.

The generalized Euler totient function for an ideal a is denoted by ¢(a) and is defined

as

where p is a prime ideal divisor of a.
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NOTATION

We denote the set of K-Wieferich primes in base o with norm not exceeding x by

Wo(K,x). It is defined as

Wo(K,x) = {me Ok ; N(n) <xand "™~ =1 (mod n?)}.

By hx we denote the class number of a number field K.
We denote a quadratic field by Q(+/m), where m is a square-free integer.
We write Gal(Q(/m)/Q) for the Galois group of the extension Q(/m)/Q.

By Q(i) we denote the Gaussian rational field which is
Q@) ={a+bi;abeQ}.

We denote its ring of integers by Z[i] and it is called the Gaussian integers.
We write Clx] to denote the ring of polynomials with the coefficients in C.

If
£ =] J(x— o),

where a0 € C and o;’s are distinct numbers in C, then we define the radical of f by

rad(f) = H(x— o).

1

The degree of a polynomial in C|[x] is denoted by deg(f).

We write () (x) to denote the i-th derivative of f at x.
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Chapter 1

Introduction and statement of results

1.1 Wieferich primes and Wieferich numbers

The study of primes has fascinated humans from early times. The primes were exten-
sively studied by ancient Greek mathematicians. The fundamental theorem of arithmetic
that every integer greater than 1 can be written uniquely as the product of certain primes, is
first stated in Euclid’s Elements [8]. Some important classes of primes include, primes in
arithmetic progressions, Mersenne primes, Wilson primes, and twin primes. A sequence of
primes that is of our interest in this thesis is the so-called Wieferich primes. An odd prime
p is called a Wieferich prime (in base 2), if 2°~! =1 (mod p?). These primes first were
considered by Arthur Wieferich in 1909, while he was working on a proof of Fermat’s last
theorem. Fermat in 1637, in the margin of his copy of Diophantus’s Arithmetica, stated that
the equation a” 4+ b" = ¢", for n > 2, has no integer solutions (a, b, c), with abc # 0. Despite
claiming that he knew the proof, he did not provide it. This statement became famous as
Fermat’s last theorem. Sophie Germain was one of the mathematicians who had worked
on Fermat’s last theorem (see [7] for a historical account). She showed that Fermat’s last
theorem can be divided into two cases and she proved the first case for p < 100 ( More pre-
cisely, the first case is the statement taht the equation a” + b” = ¢ has no nontrivial solution
(a,b,c) where p { abc). Fermat’s last Theorem, also received the attention of Wieferich. In
[26] he proved that if for a prime exponent p the first case of Fermat’s last theorem is false
then p must satisfy the congruence 2°~! =1 (mod p?). Such primes have became known

as Wieferich primes.



1.1. WIEFERICH PRIMES AND WIEFERICH NUMBERS

The notion of Wieferich prime can be generalized to other bases. More precisely, if
a’~!' =1 (mod p?) for a prime p and an integer a > 1 with (a,p) = 1, then p is called a
Wieferich prime in base a. The only Wieferich primes in base 2 below 4.97 x 10!7 are 1903
and 3511. The sequence of Wieferich primes in base 2 is the sequence A001220 in Sloane’s
encyclopedia.

It is conjectured that there are infinitely many Wieferich primes in any base. Here we
describe a heuristic that gives us an estimate on the size of the set of Wieferich primes up to
a given real number x. Let a > 1 be a fixed integer, p be a prime number, and W,(x) be the
set of Wieferich primes up to x. By Fermat’s little theorem the quotient (a”~' —1)/p is an
integer. This is called the Fermat quotient. Under the assumption that the Fermat quotients
are uniformly distributed in residue classes, the probability that (a?~! —1)/p is divisible

by pis 1/p. Thus,

1
Wa(x)| ~ ) . loglogx.

p=<x
as x — oo. Thus, W, (x) — oo as x — oo.

The above argument also shows that the set of Wieferich primes forms a very thin subset
of primes, since by the prime number theorem the number of primes below x is asymptotic
to x/logx. Hence, the Wieferich primes in a given base are extremely rare. The largest
number of known Wieferich primes in a given base a (2 < a < 30) is in bases 5 and 25.
There are 7 known Wieferich primes in these two bases. Although it is expected that al-
most all primes are non-Wieferich, currently it is not known unconditionally that there are
infinitely many non-Wieferich primes. The best result in this direction employ some far-
reaching number theoretical conjectures.

To explain the work has been done regarding the size of the set of non-Wieferich primes,
first we need to explain the abc-conjecture. The abc-conjecture was proposed by Oesterlé
[21] and Masser [15] in 1980’s. The conjecture was inspired by a statement related to ellip-

tic curves proposed by Szpiro. The abc-conjecture is one of the most powerful conjectures

Thttps://oeis.org/A001220



1.1. WIEFERICH PRIMES AND WIEFERICH NUMBERS

in number theory due to its important consequences. For instance, it implies Fermat’s last
theorem for sufficiently large powers. In order to state the conjecture we need to define the
notion of the radical of an integer. For a positive integer n = pi' - pZ", let the radical of
n, denoted by rad(n), be defined as rad(n) = p; - - - px. There are several equivalent versions

of the abc-conjecture. The following is the most common form.

Conjecture 1.1 (Masser). Let a,b, and ¢ be such that a+b = c and (a,b,c) = 1. Then, for
€ > 0, we have

max{|al,|b|,|c|} <e rad(abc)'te.

Let W¢(x) denote the set of non-Wieferich primes in base a, up to x. In 1988, J. Silver-

man [23] proved the following theorem about the size of the set W (x).

Theorem 1.2 (Silverman). Under the assumption of the abc-conjecture, we have
Wil =[{p; p<xand a1 #£1 (mod p*)}| >, logx,

as X — oo,

Following the general approach of the above theorem, H. Graves and M. Ram Murty
considered the finer problem regarding the size of the set of non-Wieferich primes in an
arithmetic progression. More precisely, let W[Z .(x) be the set of non-Wieferich primes up
to x, in base a, in the arithmetic progression p = 1 (mod k) for an integer k > 1. The

following result is proved in [9].

Theorem 1.3 (Graves-Murty). Let k,a > 1 be integers. Under the assumption of the abc-

conjecture we have

logx

Wio)| = 1{p <x:p=1 (mod k) and @' 21 (mod p)}| s o 20

as X — oo



1.1. WIEFERICH PRIMES AND WIEFERICH NUMBERS

In Chapter 2 we give an improvement of the above theorem.

Theorem 1.4. Under the assumptions of Theorem 1.3, we have
Was(x)| >>a logx,

as x — oo,

In [6], J. De Koninck and N. Doyon showed that one can obtain the result of Theorem
1.2 under an assumption weaker than the abc-conjecture. (The main result of [6] is written
in base 2, however the method works for any base a > 1.) In order to describe their result
we need to introduce a new concept. The quality of an integer n, denoted A(n), is defined

as
logn

Mn) = lograd(n)’

In [6, Theorem 3] the following result stated.

Theorem 1.5 (De Koninck-Doyon). Let O < € < 1 be a fixed number such the set
{neN;A2"—1)<2—¢}

has density 1. That is,

< - n__ .
lim Hn<x; AM2"—1)<2—¢} _

X—00 X

1.

Then,

Wi(@)|={p; p<xand 2" £1 (mod p)}| > logx,
as x — oo,

Inspired by the above theorem we prove the result of Theorem 1.4 under an assumption

different from the abc-conjecture. In order to describe our new assumption we need to



1.1. WIEFERICH PRIMES AND WIEFERICH NUMBERS

consider the cyclotomic polynomials. The polynomial

1<k<n
gcd(k,n)=1

is called the n-th cyclotomic polynomial. Tt is known that ®,(x) € Z[x], the ring of poly-
nomials with integer coefficients. Thus, ®,(a) is an integer for a € Z. We propose the

following assumption.

Conjecture 1.6. Let a > 1 be an integer and 0 < € < 1. Then, there exists an integer ny =

no(a,€), such that for n > ny we have

A(|@n(a)]) < 2 —e.

We have done extensive computations in SAGE to provide evidence for the above con-
jecture. We have gathered a summary of our experiments in Table A.1. More precisely,
we computed A(|®,(a)|), for n up to 110, for 2 < a < 20, and for 21 < a < 100 we com-
puted A(|®D,(a)|) for n up to 60. In Table A.1 we have recorded all the cases for which
A(|®(a)]) > 2. As it is evident from from Table A.1 in the majority of cases we did not
have any outcome. Also for different a, the largest n that A(|®,,(a)|) is equal or greater than
2 is 6. This indicates that for any a > 1, when n gets large A(|®,(a)|) stays smaller than 2.

In Chapter 2 in Proposition 2.13 we will show that under the abc-conjecture A(|®,(a)|) <
1+ ¢, for prime p. In other words, the abc-conjecture implies Conjecture 1.6, when 7 is
prime.

We prove the following result in Chapter 2.

Theorem 1.7. Under the assumption of Conjecture 1.6 we have

(Wi i (x)] >4 logx.



1.1. WIEFERICH PRIMES AND WIEFERICH NUMBERS

More precisely, for any € > 0, we have

. 9¢0(k)? [1—¢)\? loglogx
(Wi (x)] = Tt \2—e 1+ 04k log.x log,, x,

as x — oo, where @(k) is the Euler totient function.

One can define the concept of Wieferich numbers in a similar fashion as Wieferich
primes. Let m,a > 1 be integers with (a,m) = 1. By the Euler theorem we have a®™) = 1

(mod m). The integer

a®m) _q

g(a,m) = — (1.1)

is called the Euler quotient of m in base a. An integer m > 1 is called a Wieferich number
in base a if g(a,m) =0 (mod m). T. Agoh, K. Dilcher and L. Skula studied Wieferich
numbers and developed a criterion that determines them (see [1, Theorem 5.5]). Using
this criterion, they showed that Wieferich numbers are closely related to Wieferich primes.
For example it can be shown that, if the set of Wieferich primes is finite, then the set of
Wieferich numbers is also finite. In [1, Page 47], given the two known Wieferich primes in
base 2, all the known Wieferich numbers are determined. There are a total of 104 known
Wieferich numbers in base 2. By employing the criterion for Wieferich numbers, W. Banks,
F. Luca and 1. Shparlinski in [3, Theorem 9] found an upper bound for the number of
Wieferich numbers in base 2, given that there are finitely many Wieferich primes. More
precisely, let W, be the set of Wieferich primes in base 2 and N, be the set of Wieferich

numbers in base 2. Then the following is Theorem 9 of [3].

Theorem 1.8 (Banks-Luca-Shparlinski ). If W, is a finite set, then N, is also finite. More-

over, let

p<wo



1.1. WIEFERICH PRIMES AND WIEFERICH NUMBERS

where wy is the largest Wieferich prime in base 2. Then we have
maxN, < 2W0\W2|M,

where max Ny := maxycpy, X.

Theorem 1.8 can be generalized to any base a. More precisely, let W, and N, be the set
of Wieferich primes in base a and Wieferich numbers in base a respectively. Then &, is a

finite set if W, is finite. Moreover, we have

max N, < a"el TT (p—1), (1.2)

P<wq

where w,, is the largest Wieferich prime in base a.

In Chapter 2, we find an exact expression for max N,. To explain our result first we
introduce some notations. For a prime p and positive integer n we denote the largest power
of p in n by v, (n). Denoting the Fermat quotient (i.e. the Euler quotient for m = p prime)
by g(a, p) for an integer a > 1 and a prime p, for our purpose, we introduce a modified

version of it as follows.

B qla,p) ifp#2orp=2anda=1 (mod 4),
q(a,p) =
ol ifp=2anda=3 (mod 4).

Lastly, we define the sequence SS,") by the following procedure. Let

o) WU} ifva(g@2) 21,

L =
W, otherwise.

Fori> 1, let

Sg) ={p; plg—1, where g € Sgil)}.



1.1. WIEFERICH PRIMES AND WIEFERICH NUMBERS

Let S, = U S,(li). We call S, the set of primes generated by the set of primes in W,. In
Chapter 2 (Lemma 2.20) we prove that every prime divisor of a Wieferich number in base

a, 1s in S,. We use this fact to provide an exact expression for max N,.

Theorem 1.9. If W, is a finite set, then N, is also finite. Moreover, we have

maxN, = [ ] pVrM)+vp(@(a.p))

PES,
pla
— H pVP(M)+VP(q(avp)) H pVP(M)7
peS((IO) PESy \S1<10>

pta

where M = []pes,(p—1).
pla

By employing the above theorem, we calculated the largest known Wieferich numbers
in different bases, using the known Wieferich primes in each base. We collected our results
in Table A.2. We wrote a program in MAPLE to produce the maximum element of the set
N, for any base a from 2 to 30. In some bases the known Wieferich primes are too large
and thus we could not compute v, (a” ~1—1). Because of this we were not able to compute
the largest known Wieferich numbers in these bases. Therefore, we did not include those
bases in the table.

By a rough heuristic like the one for the number of Wieferich primes, we can find a

possible bound on the size of the set of Wieferich numbers. More precisely, let
Nox)={m<x;a®™ =1 (mod m?)}.

Then, if we assume that the Euler quotients are uniformly distributed in residue classes mod

an integer m, then the probability that an Euler quotient falls into the residue class zero mod



1.2. WIEFERICH PRIMES AND WIEFERICH NUMBERS IN NUMBER FIELDS

mis 1/m. Hence,

1
INg(x)| = Z e logx, (1.3)

m<x

as x — oo, Thus, it is expected that |N,(x)| — oo as x — oo.
Based on the heuristic described before for the size of the set of Wieferich primes, we

present a conditional result for the size of the set of Wieferich numbers in any base.

Theorem 1.10. If

cqloglogx < |W,(x)| < d,loglogx,

then

|Na(x)| > (logx)calogZ—i-o(l) . 17
where c, and d, are positive constants.

The case a = 2 of the above result (without the upper bound assumption on |W,(x)|) is
Theorem 8 of [3]. W. Banks, F. Luca and 1. Shparlinski in [3] also obtained an uncondi-
tional lower bound, for the set of non-Wieferich numbers in base 2, denoted by N5 (x). We
generalize Theorem 5 of [3] to any base @ > 1. Our proof of the following theorem follows
closely the base 2 proof, although our O-term in the lower bound is different from the one

in Theorem 5 of [3].

Theorem 1.11. We have

INS (x)| > xexp (—2(loga)l/z(loglog)c)l/2 +O(10gloglogx)) :

1.2 Wieferich primes and Wieferich numbers in number fields

Before we define the concept of a Wieferich prime in a number field, we need to present
some notations and definitions. For 8 € C, let K = Q(0) be a number field of degree n with

the ring of integer Og. We define the congruence modulo an ideal a of Ok as follows. Let

9



1.2. WIEFERICH PRIMES AND WIEFERICH NUMBERS IN NUMBER FIELDS

o, B € Ok be two arbitrary elements. We write oo = (mod Og) if and only if o — B € O

Moreover, the norm of an ideal a is defined as

N(a) = |k /al.

One can define the prime ideal as follows. Let a # Ok and b, ¢ be three ideals in Og. Then
a is a prime ideal if bc C a implies b C a or ¢ C a. It can be shown [24, Theorem 5.5] that
every non-zero ideal I can be written uniquely as a product of prime ideals.

We define the generalized Euler totient function for an ideal a in a number field Ok as

where p is a prime divisor of a.

If ged((ar),a) = 1 where (o) is the ideal generated by a., it is known that

o®@ =1 (mod a) (1.4)

(see [19, Theorem 1.19] for a proof).
An element 7 € K is called prime if w|o then wt|a or wt|B. It is straightforward to show
that if 7 is a prime element then () is a prime ideal. For a prime element © € Ok such that

((m), (o)) =1, by (1.4), we have

We call m € O a K- Wieferich prime in base o. € Ok if w1 o and

oNm) T =1  (mod (n?)). (1.5)

10



1.2. WIEFERICH PRIMES AND WIEFERICH NUMBERS IN NUMBER FIELDS

Observe that if 7 is a K-Wieferich prime in a base o, then €7, for a unit € € Ok, is also a
Wieferich prime in base o. Thus, from now on we consider Wieferich primes up to units.

Note that (1.5) holds if and only if

n2|oN(m) =1

For simplicity from now on we denote N((m)) by N(nt) and we write (1.5) as

Nm=1 =1 (mod 7%).

Let
Wo(K,x) = {me Ok ; N(n) <xand ™™ ~1=1 (mod n?)},

be the set of K-Wieferich primes in base o with norm not exceeding x. A heuristic argument

similar to the one described for the case K = QQ implies that

[Wo (K, x)| ~ —,
’ N(%@cNW

as x — oo, If Ok is a principal ideal domain, then

1
—— ~ loglogx,
N N (@)

as x — oo. (See [22] for the asymptotic relation) Thus, in this case it is expected that
|Wo (K, x)| = loglogx,

as X — oo,

Example 1.12. For K = Q(i), the only K-Wieferich primes in base 1 + i of norm not ex-
ceeding 4000 are 33 — 27 and 33 4+ 2i. Also the only K-Wieferich primes in base 1 4 2i of

11



1.2. WIEFERICH PRIMES AND WIEFERICH NUMBERS IN NUMBER FIELDS

norm not exceeding 4000 are 1 —4i,—15 —4i, and —19 — 10i. In Table A.2 we present
K-Wieferich primes in Q(i) for some different bases. Our search for K-Wieferich primes
include the following steps. Using MAPLE we first find all the primes with norms not ex-
ceeding 4000. Then for a fixed base we check whether or not these primes are K-Wieferich
primes in that base. We order these bases based on their norm in Q(i). We considered all
the norms up to 30. Note that based on Fermat’s theorem on sums of two squares, some
integers can not be written as the sum of two squares. Thus, for some specific integers
a we can not find any element in Q(i) that have norm equal to a. If we could not find a
K-Wieferich prime in the above specified ranges we denoted it by * in Table A.2. Also note
that since (—1)V™~1 =1 (mod n?) for any &t with N(rt) # 2, if 7 is a K-Wieferich prime
in base o € Q(i) then it is a K-Wieferich prime in base —at too. Thus, in Table A.2 for any

base o0 we did not write the base —ot.

One may ask whether the known results for W¢(x) can be generalized to the case of
W¢§ (K, x). Since the best known results for K = Q is conditional to the abc-conjecture, we
expect that the analogue result are conditional too. For generalizations of the abc-conjecture
to the number fields see [10, Page 285].

Let 61 =id,07, - ,0, be the n monomorphisms from the degree n number field K to
Q. For o € Ok, we call 6;(a) a conjugate of a. We know that N(at) = [o1(Q) - - - G, (t)]
(see [24, Page 54]). Also note that for a unit € we have N(¢) = 1.

The following result is proved in [12, Theorem 2].

Theorem 1.13 (Kotyada-Muthukrishnan). Suppose that |61(€)| > 1 and |c(¢)| < 1 for
all j # 1, where € is a fixed unit of Ok. Under the assumption of the abc-conjecture for K,

there are infinitely many non-K-Wieferich primes in base €.

For a description of the abc-conjecture for K see [10, Section 3]. Note that by [17,
Lemma 8.1.5(b)] in any degree n number field, there exists a unit € such that |c;(€)| > 1

and |o;(g)| < 1 forall 1 < j < n. Moreover, if K = Q(+/m) real quadratic field and € € Og

12



1.2. WIEFERICH PRIMES AND WIEFERICH NUMBERS IN NUMBER FIELDS

is a unit such that |61 (€)| > 1, then |G2(€)| < 1. In order to show this let € = a + b/m, with

|o1(€)| > 1. Note that

N(oc1(e)) = |o1(e)o2(e)| = |a®> —mb*| = 1.

Thus, if |61(€)| > 1, then |o2(€)| < 1. So we have the following corollary of the above

theorem, which is [12, Theorem 1].

Corollary 1.14 (Kotyada-Muthukrishna). Ler K = Q(y/m). Let € € Ok be a unit such
that €| > 1. Then under the assumption of the abc-conjecture for K, there are infinitely

many non-K-Wieferich primes in base €.

To explain our work in Chapter 2 regarding K-Wieferich primes, first we present the
definition of the class group and the class number of a number field. To this aim, we
present some notions. An Dg-submodule a of K is called a fractional ideal of Ok, if there
exists 0 # ¢ € Ok such that a = ¢~'b for some ideal b of Og. It is known that the non-zero
fractional ideals of D form an abelian group under multiplication (see [24, Theorem 5.4]).
We denote this group by Fx. A fractional ideal a is called principal if a = ¢~'b for some
principal ideal b of Dg. Denoting the set of principal fractional ideals by Pk, we have that
Px is a subgroup of Fg. The quotient group Fx/Px is called the class group of K. It can be
shown that this group is finite (see [24, Theorem 9.7]). The cardinality of the class group
of K is called the class number of K and is denoted by hg.

In Chapter 2 we prove an unconditional result on the relation between Wieferich primes
in an integer base a an K-Wieferich primes in base a when K is a real quadratic field of
class number 1. By [24, Theorem 9.1] a number field has class number one if and only if it
is a principal ideal domain.

It is known that in a degree n algebraic number field K any ideal in Ok generated by a
rational prime can be written uniquely as the product of at most n prime ideals of Ok (see

[19, Theorem 4.5]). Thus if K is a quadratic field, then for any prime integer p we have one

13



1.2. WIEFERICH PRIMES AND WIEFERICH NUMBERS IN NUMBER FIELDS

of the following three possibilities.
(i) We have pOg = p1p2, where p; # p, are prime ideals of Og. In this case we say that p
is a split prime. Let p; = (7). Then 7 is called a prime of Ok above the split prime p. One
can show that N(n;) = p. Moreover, if pOg = (11)(m2) and 6, : K — K is the nontrivial
monomorphisms, then 6,(7;) = €n, for a unit € € Og.
(ii) We have pOg is a prime ideal of Ok. In this case we say that p is an inert prime. Let
pOk = (). Then 7 is called a prime of Ok above the inert prime p. In this case we have
N(m) = p?.
(iii) We have pOx = p?, where p is a prime ideal of O. In this case we say that p is a
ramified prime. Let p = (1). Then 7 is called a prime of Ok above the ramified prime p. In
this case we have N(nt) = p.

Having established our terminology we can state our theorem on the relation between

Q-Wieferich primes and Q(+/m)-Wieferich primes in an integer based a.

Theorem 1.15. Let K = Q(\/m) with hg = 1. Then the following assertions hold.

(i) Any prime of Ok above a Wieferich prime p in an integer base a is a K-Wieferich prime
in base a.

(ii) If m is a K-Wieferich prime in an integer base a above a split prime p, then p is a

Wieferich prime in base a.

We observe that by employing the result of Theorem 1.4 and the above theorem we
can show for K = Q(i), that under the assumption of the abc-conjecture there are infinitely

many non-K-Wieferich primes in an integer base a. More precisely, we prove the following.

Corollary 1.16. Let K = Q(i), and a > 1 be an integer. Assuming the abc-conjecture we
have

[{primen € Z[i] ; N(n) <x and a"™~"#£1 (mod n?)}| >, logx.

Analogous to the concept of Wieferich numbers we can define the concept of K-Wieferich

numbers in an algebraic number field K. An algebraic integer y € O is called a K-Wieferich

14



1.2. WIEFERICH PRIMES AND WIEFERICH NUMBERS IN NUMBER FIELDS

number in base a € Ok if ((y),(a)) =1 and
o) =1 (mod (Y?)). (1.6)

From now on for simplicity we denote @((y)) by ¢@(7y). Observe that (3.2) holds if and only
if
P]o?® — 1.

Thus (1.6) can be written as

oY =1 (mod y).

Next we define two notations. Let Y € Ok, and T € Ok be one of its divisors. By vz (y) we
denote the largest power of T in y. Moreover, let o € Og. Similar to the integer case we
consider the Euler quotient (a®®) — 1) /y of yin base o and we denote it by g(o, 7).

In[1, Theorem 5.5], T. Agoh, K. Dilcher, and L. Skula presented a criterion for Wieferich
numbers. Analogously we prove the following result for K-Wieferich numbers in the case

that K is a quadratic field of class number one.

Theorem 1.17. Ler K = Q(\/m) with hx = 1. Let Y=}’ ---TEZ” € Ok, where T;’s are
primes above split or odd inert primes. Also let oo € Ok and (oY) = 1. Then y is a K-
Wieferich number in base o if and only if ;’s satisfy the following conditions :

(i) If m; is a prime above an odd split prime p or if T; is a prime above the split prime p =2

and =1 (mod ©?), then

a; < Vni(l_ll(NOt) —1)) +vr(g(a, ).
Ty

(ii) If m; is a prime above the split prime p =2 and =1 +7; (mod 7), then

a; < e, (TN (®) — 1)) + vz, (™71 1) — 1.
iy
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1.2. WIEFERICH PRIMES AND WIEFERICH NUMBERS IN NUMBER FIELDS

(iii) If m; is a prime above an odd inert prime p, then

v ([ [N () = 1)) + v (g0 i) > 1
Ty

Note that the result of the above theorem remains the same if we consider another
factorization of 7y to product of primes. Observe that since hg = 1, the prime factorization
is unique up to units.

Recall that for ordinary integers it is not known that whether or not there are infinitely
many Wieferich numbers. However by part (iii) of the above theorem we can show that
there are infinitely many K-Wieferich numbers in certain bases, when K = Q(i). More
precisely, if for a prime T above an odd inert prime, T¢® is a K-Wieferich number in base o,
then by part (iii) of Theorem 3.6, 1", for any integer m > 1, are K-Wieferich numbers. In

such case the set of K-Wieferich numbers are infinite. For example we have the following.
Corollary 1.18. There are infinitely many Q(i)-Wieferich numbers in base 1+ i.

Using this fact, in Table A.4 we present some examples of base o in which there are
infinitely many K-Wieferich numbers in base a in K = Q(i). Moreover, in each base we
present a Wieferich number which has an inert prime as a divisor.

As an application of Theorem 1.17 we prove an analogous of [1, Theorem 5.5] for
the quadratic fields, which indicates that any prime divisor of maximum norm of certain

K-Wieferich numbers are K-Wieferich primes.

Theorem 1.19. Let K = Q(+/m) be a quadratic field with hg = 1. Let y=m{"---m* € Og
be such that w;, for 1 < i <k, is a prime above an odd inert or on odd split prime p.

Consider the set
I(y) = {m;; 1 <i<kand w; has the maximum norm among the prime divisors of Y}.

If 7y is a K-Wieferich number in base o. € Ok, then any T; € I1(Yy) that is above an odd split
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1.3. AN EXPONENTIAL CONGRUENCE IN C[X]

prime, is a K-Wieferich prime in base ..

1.3 An exponential congruence in C|x]|

Let

Clx] ={f(x) =ao+ax+---+ax" ; a; € Cand n € N}

be the ring of polynomials with coefficients in the set of complex numbers C. It is known
that C[x] is a Euclidean domain, and consequently it is a principal ideal domain, and thus
it is a unique factorization domain. Unlike the case of algebraic number fields analogies of
Fermat’s little theorem and Euler’s theorem do not hold in the ring C|[x]. More precisely,

for any prime ideal (x — o) where o € C we have

Thus, we can not define norm of such ideals, since, the above quotient is infinite. Thus, we
cannot generalize the concepts of Wieferich primes and Wieferich numbers to Clx]. Instead
in the final Chapter of this thesis, we study in C|[x] an exponential congruence different from
Wieferich congruences.

In 2011 M. Ram Murty and V. Kumar Murty [18] proved the following.

Theorem 1.20 (Murty-Murty). There are only finitely many pairs (m,n), with m,n > 0 €
Z, such that 2™ — 2""|3™ — 3",

This theorem originated from a problem proposed by Ruderman in 1974.

Problem 1.21 (Ruderman). Let m > n > 0 € Z, such that 2™ — 2""|3"™ — 3", Then 2™ —

2" x™ — X", for all natural numbers x.

This problem has not been solved yet. In Chapter 3 we will find an analogue of Theorem

1.20 for polynomials in Clx].
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Theorem 1.22. Let f,g € Clx|, be two relatively prime polynomials with deg f < degg.

Then, there are only finitely many pairs (m,n), where m > n > 0, such that
f=rlg" —g" (1.7)
One of the main ingredients of our proof is an upper bound for the degree of the greatest

common divisor of f” —1 and g" — 1, due to N. Ailon and Z. Rudnick [2, Theorem 1].

Theorem 1.23 (Ailon-Rudnick). Let f, g € C[x]| be two multiplicatively independent poly-

nomials. Then there exists an absolute constant, depending only on f and g, such that

deg(ged(f" —1,8" — 1)) < C(f,8) (1.8)

Unfortunately due to ineffectiveness of the upper bound in (1.8), our proof of Theorem
1.22 is ineffective. In other words given f and g in Theorem 1.22 we cannot explicitly write

down all the possible solutions (m,n) of the congruence

fm-f"=0 (mod g" —g").
In order to remedy this situation, we employ a theorem due to Mason and following the

ideas of [18], we prove an effective result related to Theorem 1.22.

Theorem 1.24. Let f,g € C[x] be two relatively prime polynomials with deg f < degg. For

a natural number k we have

k+2
deg(ged(f*—1,85—1)) <

degg.

Using this theorem we find an explicit bound for m — n, where (m,n) is a solution of
(1.7). In certain cases this enables us to find all pairs satisfying (1.7). More precisely, using

the following theorem we can effectively solve the congruence (1.7) for such cases.
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Theorem 1.25. Let f and g be two polynomials in C[x] which are relatively prime and

1
Edegg <degf < degg.

If m > n > 0 be such that
ff=rtg" g,

then we have

- (degg +deg(rad(g))deg f)degg
(deg f — 3 degg)deg f

and

_ degg +deg(rad(g))deg f (1 N degg)
degf—%degg degf )

In the above theorem rad(g) = [[;(x — o) if g = o] ];(x — ;)" for o, a; € C and n; € N,
where as are distinct. By employing Theorem 1.25 we have found all the pairs (m,n) for
given polynomials f, g € Z|x] of degrees less than 6 and with coefficients in NN [1,5], such
that gcd(f,g) = 1 and f — f"|g"™ — g". We recorded the cases with the only solution (2,0)
in Table A.S.
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Chapter 2

Wieferich primes and Wieferich
numbers

Recall that
) ={p<x;p=1 (mod k) and a’'#£1 (mod p?)}

is the set of non-Wieferich primes up to x, in the congruence class 1 mod k. Our first goal
in this chapter is to give an improvement to the lower bound of Graves and Murty [9] for

the size of the set W, (x).

2.1 An improvement of Graves-Murty lower bound

Here we describe an argument that improves the lower bound in the Graves-Murty re-

sult,
logx

WC

to logx. To start recall the common form of the abc-conjecture.

Conjecture 2.1 (Masser). Let a,b and ¢ be such that a4+ b = c and (a,b,c) = 1. Then, for
€ > 0, we have

max{|al, |b|,|c|} < rad(abc)' €.

Under the assumption of the abc-conjecture we prove the following theorem.
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2.1. AN IMPROVEMENT OF GRAVES-MURTY LOWER BOUND

Theorem 2.2. Let a > 1 be a fixed non-zero integer. If the abc-conjecture is true, then we
have

War ()] >ax logx,

as X — oo,

In order to prove this theorem, we need to set up our notation and state some lemmas.

Let the powerful part of n be defined as

We call n/n; the squarefree part of the integer n. Every integer can be written uniquely as
the product of its powerful part and its squarefree part.

Recall that

1<k<n
gcd(k,n)=1

is the n-th cyclotomic polynomial. It can be shown that

[[®a(x) =x"—1, (2.1)

dn

(see [14, Page 279] for a proof). For an integer a > 1 we write U, = ®,(a)/V, where V,, is
the powerful part of ®,(a). Also we write a" — 1 = u,v,, where u, and v, are powerful and
squarefree part of a” — 1. The next three lemmas give us information about the relation of
the primes dividing Uy, with the set Wa‘; . (x), which state that most of prime divisors of Uy,

are in the set W<, (x).
Lemma 2.3. If p | ©,(a), then either p |nor p=1 (mod n).
Proof. Suppose that p is a prime divisor of ®,(a) and p t n. Since p | ®,(a) then
p| Hq)d(a) =a"—1.
dn
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2.1. AN IMPROVEMENT OF GRAVES-MURTY LOWER BOUND

Thus we have ¢" = 1 (mod p). Hence, ord,(a) | n (Note that ord,(a) is the least non-
negative integer k such that @* = 1 (mod p)). We claim that ord,,(a) = n. Let f = ord,(a),

and f < n. Then we have o/ =1 (mod p). This yields

pla —1=T]®a(a)
df

where the equality follows from (2.1). Therefore there exists dp < n such that dy | f and

p | ®4,(a). Moreover, p | ®,(a) and

a'—1= Hd)d(a)

dn

Thus we can conclude that x” — 1 has a zero of order at least 2 in Z,, the integers mod p.
However, since p{n we have (x" — 1,nx" 1) = 1 in Z, [x]. So x" — 1 cannot have a multiple

root. Thus ord,(a) = n. Therefore, we have n | p — 1 or equivalently p =1 (mod n). [
Lemma 2.4. If p{nand p | Uy, then ord,(a) = n.

Proof. Since p | U,, we have p | ®,(a). Since p { n, from Lemma 2.3 we have ord,(a) =
n. ]

Lemma 2.5. If p | uy, then a?~' # 1 (mod p?).

Proof. The proof is given in [23, Lemma 3]. We reproduce it here for completion. Since

-1 ord,(a)

a’~' =1 (mod p), we have ord,(a) | p— 1. So we can write a = 1 + pt, for some
positive integer ¢. Since p | u, and u, is the squarefree part of a” — 1, we have p*> ta" — 1.

Thus p 1t. Therefore, we have

p—l p=1 —1
ap—l — (aordp(a))ordp(a) — (1 +pt)0rdp(a) = 1+ Orpd (a)pl (mOd p2)
14

Now, we have p{ £——¢, which yields a?~! Z 1 (mod p?). O

ord )

In the following lemma we find a lower bound for the set W, (x).
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2.1. AN IMPROVEMENT OF GRAVES-MURTY LOWER BOUND

Lemma 2.6. If ®y,(a) = Uy, Vin, where k > 1 is an integer, we have

. 1
Wer (0] = [{n < 2log,(x); [Uka| > akn}|.

Proof. The proof is similar to [23, Lemma 4]. If |Uy,| > akn, considering the fact that Uy,
is squarefree, then we can choose a prime p,, that divides Uy, but not akn. From Lemma 2.3

we have p, =1 (mod k). Also by Lemma 2.4 and Lemma 2.5, we have
ord,, (a) =kn and a”~' #1 (mod p?).
Moreover, if we have n < %logax, then p, < |Up,| < " < x. Therefore we have
1 C
{pn; n< %logax and |Ugy| > akn} C Wy, (x).

Furthermore, p,’s are distinct. Since if p, = p,,, then we have

kn = ord,, (a) = ord,, (a) = km.
This yields m = n. Therefore, we have

1
Wi @) = [{n < log,(x); |Ukn| > akn} .

Next we prove a modified version of [23, Lemma 6].

Lemma 2.7. Fix d > 0. Then
{n <Y;@(nk) > dkn}| >Y.

Proof. Tt suffices to prove @(nk) > @(n)@(k), since then from [23, Lemma 6] we can con-
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clude that
okn

¢(k)
To show @(nk) > @(n)@(k), suppose that (n,k) # 1 (otherwise @(nk) = @(n)@(k)). Let

(<Y :gn) = oy > Y.

n=p... p?"S and k = p|'--- p?"T, where p;’s are distinct primes dividing both n and
k, also o;’s and B;’s are positive integers and S and T are integers such that (S,7) =

17(57171 Pk) = (T,pl pk) = 1. We have

> 1j<1 - %Vp?‘f*ﬁ%p(sm(n — o(m)o(k).

This gives us the desired result. ]
Now we employ the abc-conjecture to show that V,,, the powerful part of ®,(a), is small.
Lemma 2.8. If the abc-conjecture is true, then we have V, <4 ¢ a”.

Proof. The proof is from [23, Lemma 7]. We present the proof for v,, then the result
follows, since V,, | v,. We have u,v, + 1 = a". Since max{a",u,v,,1} = a", applying the

abc-conjecture yields

a" < ( I1 p) " el (/7).

p‘anunvn
where c(a) is a constant depending only on a. The last inequality holds because for each

P | v, we have p? | v,. Now since we have a" < a" /v, we get

a’ 1+e
a, < .
< (7)

2ne/(1+€) By adjusting €, we get v, < ¢ . O

From here we get v, <,¢ a

Finally we use the following lemma due to R. Thangaduri and A. Vatwani [25] to obtain
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a lower bound for the value of the n-th cyclotomic polynomial at a given point.

Lemma 2.9. Let a > 1 and n > 2 be integers. Then we have

260 < @,(a)], )

where @©(n) is the Euler totient function.

Proof. [25, Theorem 35]. ]
Equipped with all the above ingredients we can now present the proof of Theorem 2.2.

Proof. We have |Uyy| = |Pur(a)|/Vik- By employing Lemma 2.7 and Lemma 2.2, we have

- a® (k)
|Unk| — catrhk’

for some constant ¢, depending on €, obtained in the inequality of Lemma 2.8. Observe that
if we have

(@(nk) —enk)loga+c; > logn,

where ¢; = log(1/2ck), then we will have |U,;| > akn. Let 8 > 0 be a fixed number and

suppose @(nk) > dnk, then we have
(¢(nk) —enk)loga+c; —logn > nkloga(d —¢€) —logn+c;. (2.3)
By choosing € = /2, the right-hand side of (2.3) will become
1
Encﬁkloga —logn+cj.

Thus, there exists a constant 1 (8, ¢1,a) depending on ¢1,9, and a, such thatif n > n; (8, ¢y, a),

then the right-hand side of (2.3) will be positive. Now by applying Lemma 2.7 and Lemma
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2.6, we obtain

(Wi (x)] = {n1(8,c1,a) <n < —log,x; @(nk) > dnk}| > %logax—nl(&cha),

x| —

where ¢ is the implied constant in Lemma 2.7. Therefore, we have
(W (X)| >ax logx,

which is the desired assertion. L]

2.2 An improvement of Theorem 1.3

In this section we give another proof of the lower bound for W¢, (x) in Theorem 2.2

under the assumption of a conjecture on the quality of ®,(a). Recall that

A(n) logn

B lograd n’

is the quality of the integer n. The function A(n) was introduced by Jerzy Browkin [4] in
order to present a weaker version of the abc-conjecture. We propose the following assump-

tion.
Conjecture 2.10. Let a > 1 be an integer. For given 0 < € < 1, there exists integer ng =
no(a,€), such that for n > ny we have

M|®n(a)]) <2 ¢,

where ®,,(a) is the value of the n-th cyclotomic polynomial at a.

Our aim 1n this section is to show that under the assumption of 2.10 there are at least
clog, x non-Wieferich primes in base a, where c is a constant. Our approach is analogous

to De Koninck and Doyon’s proof of Theorem 3 of [6]. As we discussed in the introduction
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the new conjecture is a weaker assumption than the abc-conjecture in some cases. To
justify our claim, we first present another version of the abc-conjecture which is proposed
by Oesterlé [21] in 1986.

For non-zero integers, a, b and c, let

L(a,b,c) — ogmaxilal, bl |c]}
y Uy log rad(abC)

An statement equivalent to Conjecture 2.1 is the following.

Conjecture 2.11 (Oesterlé). As (a,b,c) varies over all relatively prime triples (a, b, c¢) with
a+b=c, we have

limsupL(a,b,c) <1,
The following proposition establishes the equivalence of the two mentioned versions of
the abc-conjecture.
Proposition 2.12. Conjecture 2.1 is equivalent to Conjecture 2.11.

Proof. First of all note that in the following proof whenever we talk about triple (a,b,c) we

consider a + b = ¢ with (a,b,c) = 1. Suppose that Conjecture 2.1 is true. Then we have

L(a,b,c) :logmax{]a\, b, ||} < log(C(e)(rad(abc))' *¢) _ logC(e)
y 0, lograd(abc)  — lograd(abc) lograd(abc)

+1+¢,

where C(€) is a positive constant depending on €. Now if we have

logC(¢)

— <
lograd(abc) —

Y

for a given € > 0, then we have the desired result. We claim that

rad(abc) > M,

logC(g)

for all but finitely many triple (a,b,c), where M = e /€. This is true since from [13,
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Chapter VI, Theorem 1.1 ] there are only finitely many triples (a, b, ¢) such that rad(abc) <
M.
Assume that Conjecture 2.11 is true. Then for every € > 0 we have L(a,b,c) < 1+¢,

for all triples (a,b,c) except for finitely many of them. Therefore we conclude that

max{|al,|b|,|c|} < rad(abc)' (2.4)

for all triples (a,b,c) except for finitely many of them. We set

I={(a,b,c) ; max{|al|,|b|,|c|} > rad(abc)”s}.

For (a,b,c) €1, let
_ max{lal, |b], |c|}
¢ rad(abc)! ¢

Now let

C(S) = max(a,b,c)EI{c(e)}'

Note that since I is finite, then C(g) is well-defined. Therefore for all triples (a,b,c) we
have

max{|al, |b|,|c|} < C(e)rad(abc) 5.
This completes the proof. 0

The following proposition indicates that Conjecture 2.10 is a weaker assumption than

the abc-conjecture in some cases. Before stating the proposition, note that

af —1
CI)P(a): Cl—l,

where p is a prime and a > 1 is an integer. Thus we have |®,(a)| = ®,(a), and |U,| = U,,.

Hence, in the following proposition we can drop the absolute value.
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Proposition 2.13. Let p be prime and a > 1 be an integer. Then Conjecture 2.11 implies
that

M®Ppy(a)) < 1+c¢,
for a given € > 0 and sufficiently large p.

Proof. We note that (a” — 1) + 1 = a”. Thus, by Conjecture 2.11 we have

log(a? — 1)

| 2.5
lograd(al’—l)< T (23)

for large p. Also we have

rad(a” — 1) —rad(a— 1) < rad (“p_ 1). (2.6)

a—1

Thus, by an application of (2.6), we have

1
_ log <aa—1 ) - log(a? —1) —log(a—1)
~ lograd (2=1) ~ log(rad(a? — 1) —rad(a—1))

log(a—1)
_log(a”—1) (1_10g(a1’*1))
lograd(a? —1) (1 . log(lr;z‘}ii:‘f))>

MPp(a))

(2.7)

lograd(aP—1)

Since rad(a” — 1) — o0 as p — oo (See [13, Theorem 1.1] ), by applying (2.5) in (2.7) as

sending p to o we get the desired result. [

We now show that under the assumption of Conjecture 2.10 there are infinitely many
non-Wieferich primes p =1 (mod k). Observe that in Lemma 2.8 we used the abc-conjecture
to obtain a lower bound for squarefree part of ®,(a). The proof of the following Lemma

follows the arguments given in Lemma 5 of [6].
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Lemma 2.14. Let n > 1 and a > 1 be integers such that

M| Pn(a)]) <2—¢, (2.8)

for some 0 < € < 1. Then we have

log|Uy| > €olog(|®,(a)|),

where U, is the squarefree part of ®,(a) and €y = 2(21::) .

Proof. Recall that ®,(a) = U,V,, where V,, is the squarefull part of ®,(a). Under the as-

sumption 2.8, we have

1 U,\Va
28> M@,(0)) = MUV = o s @9)
~ log(|Un|Vi)
~log(rad(|Uy | )rad(V,)) 2.10)
log|Uy|+1logV, @.11)

10g|Unl+%logVn'

Note that (2.9) implies (2.10), since rad is a multiplicative function and (|U,|,V,) = 1. Also

since rad(|Uy|) < |U,| and rad(V,) < 3V, we obtain (2.11) from (2.10). Hence,

log|Un|logV,,
log|Un|+%logVn7

and thus,

elogV,
(1—¢)log|Uy| > °2g .

By employing the above inequality we deduce

elogV,

logVn = IOgVn.

2—¢
2(1—¢)
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Thus,

2(1—¢
tog¥ < 2= logj@,(a)).
€
which is the desired result. ]
Note that Lemma 2.14 remain true if we consider logarithm in base a.

Lemma 2.15. Under the assumption of Conjecture 2.10, we have

3¢ loglo
Z Z logap>n—20(logax)2(l+0a< £ gx)),

logx
n<log, x p||®,(a) g
where € is given in Lemma 2.14.

Proof. Note that }|(¢,(4) 10g, p = 10g|Uy|. Thus, from Lemma 2.14 and Conjecture 2.10

we have

Y ) log,p= Y log,|Usl

n<log,x p||®,(a) n<log,x

> ), eolog,(|Pu(a))).

n<log,x

Applying the inequality (2.2) we have

)
Y ) logp> ) elog, (aq; )

n<log, x p||®,(a) n<log,x
=— Y eolog2+ ) eo(n) (2.12)
n<log,x n<log,x
From [16, Problem 1.4.2] we have
3x2
Z o(n) = = + O(xlogx).

n<x
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Applying this identity in (2.12) yields

3¢
Y, Y log,p=0(logx)+ 7 (log,x)* +Ou((logx)(loglogx))

n<log, x p||®,(a)
S RIS (log, x2 (140 loglogx
— X .
= 2 (08 “\ logx

Theorem 2.16. Under the assumption of Conjecture 2.10 for 0 < € < 1, we have
(Wo k()| ek log, x.

More precisely, for any € > 0 we have

9 @ok)? [1—¢ 2 loglogx
C
%Y > I +0
War(0)] = ™ kK \2-¢ 1 Ou logx log,x,

as X — oo,

Proof. First of all we observe that by replacing n to nk in Lemma 2.15 and employing the

inequality @(nk) > @(n)@(k) obtained in Lemma 2.7, we get

3e00(k loglogx
igcg)(logax)z(l—koa’k( lgogf ))< Y Y logp. (2.13)

ngilogaxpﬂq)nk(a)

Observe that since ®,, 4 (a)|a"* — 1 then each prime divisor of @, (a) is also a prime divisor

of @"* — 1. Thus,

Y, )Y logp< ), ) logp

nﬁ%logaxl)H(an(a) né%logax p|ank71-
P, pEWS
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Applying this inequality in (2.13) yields

3e00(k loglogx
(10, ()2 § 3 v

logx
& ngilogax p\a”"fl}
p<x,peW,,

=Y Y Y logp @14

ng% log,, xS|nk ord,(a)=s
p<x,peEW;,

Let nk = sm. Then the right-hand side of the above inequality will be

kn/s 1
Yy Y Y logp= Y {%} Y log,p. 2.15)

s<log,xm=1 ord(a)=s s<log,x ord,(a)=s
p<x,peWS, p<x,peW

By applying (2.15) in (2.14) we get

kn/s

=Y Y ¥ loar

s<log,xm=1 ord,(a)=s

p<x,peW;
log x 3ep(k loglogx
= Z {i} Z logap>$(logax)2 (I—I—O%k( lg g )) (2.16)
s<log,x ord,(a)=s T ogx
px,peW

Next let &1 = 3¢9@ (k) /2m*k>. We split I in the last inequality into two sums as follows.

=y

&1 log, x] [
s=1

log, x logex rog, x
—= Y log,p+ ) —4=| ), logp
J+1

§ ord,(a)=s s=[e log, x ord,(a)=s
p<x,pEW;, p<x,peW;,

=L+D5I.
We now find an upper bound for /;. We have

Z log,p < Z log, p <log,(a’—1) <s.
ord,(a)=s plas—1
p=x,peW;
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Thus,

L < Z

[Sllogax} [log X
a
s=1

- }s < g1(log, x)*. (2.17)

From (2.16) and (2.17) we have

3e00(k) ) loglogx ) loglogx
12 Z W(logax) 1+ Ou,k log_x —I] > €1 (logax) 14 Oa7k log_x .

(2.18)

On the other hand, we have

log, x]
L<— Y Y log,p

& s=[ejlog,x]+1 ordy,(a)=s
p<x,peW;;

< Z loga p
ord,(a)€[e; log, x,log, x|
Px.pEWgy

1 log x .
<= Y log,p<—2aTwe (x)]. (2.19)
€1 €1
p<x,pEW;;

Thus, from (2.18) and (2.19) we have

logl
x)| =€ [ 1+044 02981 ) ) log, x.
W) > € 1404 (2 e,

Or equivalently

. 9 /1—g\? ¢(k)? loglogx
we > = — 1+0 1
‘ a,k(x)| = 4 (2—8) . + a.k IOgX 084X,

which is the desired result.
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2.3 The largest known Wieferich numbers

Recall from the introduction that a Wieferich number in base @ > 1 is a number m,

relatively prime to a that satisfies the congruence

We denoted the set of Wieferich numbers in base a by N,. Following the method of [3,

Theorem 9] one can show that

max N, < a"™! TT (p—1), (2.20)

P<Wa

where w, = maxW,. Our aim here is to improve the bound (2.20). To explain our method

recall the following notations. A modified version of Fermat quotient is defined as follows.

B q(a,p) ifp#2orp=2anda=1 (mod 4),
q(a,p) =
2

atl  ifp=2anda=3 (mod 4).
Also, we defined the sequence SE,”) as follows. We set

g0 _ W,u{2} ifva(q(a,2)) > 1,

L =
W, otherwise.

Fori> 1, let

Sg) ={p; plg—1, where g € S,(li_l)}.

We called S, = U7~ Sg,i) the set of primes generated by the set of primes in W,. In Lemma
2.20 we will show that every prime divisor of a Wieferich number in base a, is in S,. This

fact plays an important role in the proof of the main result of this section.
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Theorem 2.17. If W, is a finite set, then N, is also finite. Moreover, we have

maxN, = [ ] pYrM)+Vp(d(ap))

PESy
pla
= H pr(M)—}—V,,(E(a,p)) H pr(M)7
pesy’ PES S
pta

where M = [pes,(p—1).
pla

Our method follows closely the proof of [3, Theorem 9]. The main tool in the proof of

Theorem 2.17 is a criterion for Wieferich numbers. The following is [1, Theorem 5].

Theorem 2.18 (Agoh-Dilcher-Skula). Let m = p(lx' pgk and a be two relatively prime

integers, with m > 3. Then m € N, if and only if for every 1 <i <k, we have

(pj=1)) +vp,(q(a; pi)).

k
=1

0 <V, (

J

Note that when m = 2, by the definition of Wieferich numbers we have m is a Wieferich
number in base a > 1 if and only if we have a =1 (mod 4).

Before presenting the proof of Theorem 2.17 we need to establish the connection of
Wieferich numbers with the set S,. Lemma 2.20 which is a consequence of Theorem 2.18
is for this purpose. We also need a lemma regarding the largest prime divisor of a Wieferich
number. The following is basically Lemma 2 of [3] which is written for Wieferich numbers

in a general base a (instead of base 2).

Lemma 2.19. Let m be a Wieferich number in base a. Let P(m) be the largest prime divisor

of m. Then P(m) € s

Proof. Let m = 2 be a Wieferich number in base a. Then we have P(m) = 2 is a Wieferich
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prime in base a. So let m = p(lx1 e p,?" > 2 be a Wiefriech number in base a. Observe that

Hence,

Therefore by Theorem 2.18 we have

Ve (@(a, P(m))) > 1. (2.21)

Now if P(m) =2anda=1 (mod 4) or p # 2 then (2.21) yields Vp(,,) (¢(a, p)) =Vp(q(a, p)) =
Vp(m) (aP™=1 —1) > 2. Therefore P(m) € W,. Thus P(m) € s 1t P(m)=2anda=3

mod 4), then by (2.21) and the definition of SEP) we have P(m) =2 € SS,O). ]
y

Lemma 2.20. Let m be a Wieferich number in base a. Then for every prime divisor p of m

we have p € S,,.

Proof. First of all note that if m = 2 1s a Wieferich number in base a, then by Lemma 2.19

it is a Wieferich prime. Thus 2 € S,,. So, let p; be a prime divisor of a Wieferich number

o

m>2.1f p €S,”, then p; € S,. Otherwise, if p; ¢ SE,O), we have v, (g(a,p1)) =0. Hence,

by the fact that v,,, (m) > 0 and employing Theorem 2.18, we have

vp ([T(r = 1)) > 0.

plm

Therefore there exists a prime divisor of m like p, such that p; divides p» — 1. Now we

consider cases.

If pr € S&O) then we have p| € Sg,l). Consequently we have p; € S,,.

If pr ¢ Séo), by the similar argument there exists a prime divisor of m like p3 such that

palp3 — LIf p3 € S‘(10) then p, € Sgl) and p; € Sc(,z) (Since pi|p2—1).
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If p3 ¢ SE,O) then we continue this process. However the process terminates with a prime
in SE,O). This is true since p; < pp < --- is an increasing sequence. Thus, either at some

o

point we hit a prime which is in S5~ or we reach to the largest prime divisor of m, which

is, by Lemma 2.19 also is in SE,O). Thus p; € Sé(f) C S,, for some integer ¢ and therefore

p1 €S, O]

Ol

Corollary 2.21. If m = p(lx1 - py" is a Wieferich number in base a and m > 3, then for

every 1 <i <k we have

o <V, ( [T (pi = 1) +Vp(@(a, pi))
Piisa
pila

Proof. By Lemma 2.20 each p; € S, for 1 <i < k. On the other hand since (a,m) = 1, then

pi 1 a. Therefore the result follows from Theorem 2.18. O
We are ready to prove the main theorem of this section.

Proof of Theorem 2.17. Let

M=TT(p—-1)= [T, T p"™ =M.

pGSa pGSa PESu
pla pla pla

Observe that using Corollary 2.21 and the fact that v,(g(a, p)) =0, if p ¢ SE,O), we have

maxN, < [ (,,vp(a(a.,p)) pr(M2)> I ™

pESElO) pGSa\Sé())
pta
_ H pvp(ﬁ(a,p)) H pr(Mz)
(0) PES,
PESa pla
—My T pVr@en). (2.22)
peSff)>
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Now let
m=M, [] p»@@r) = ] (pvp@(a,p))pvaz)) | (2.23)
pGSSIO) pGSE,O) pGSa\SE,O)
pla

Then from (2.22) we have max N, < m. Thus, it remains to show that m is a Wieferich

number. By Theorem 2.18 it is enough to show that for every prime divisor of m

Vp(m) <v,(M)+v,(q(a,m)). (2.24)

Suppose that p|m and p € S§°>. In this case from (2.23) we have

Vp(’”) :Vp(MZ) -I—Vp(ﬁ(a,p)). (2.25)

Since p € s and thus pta,thenv,(Mz) =Vv,(M). Therefore equality occurs in (2.24).

Next suppose that p|m and p ¢ SE,O). Then from (2.23) we have
Vp(m) =v,(M2) <vp(M) =vp(M)+V,(q(a,p))-

Thus, (2.24) holds in this case too.

Since (2.24) holds in both cases, then m is a Wieferich number. [

2.4 Density of Wieferich numbers

Recall that in the introduction we discussed a heuristic, which predicts
|W,(x)| ~ loglogx.

Inspired by this heuristic, we find a conditional lower bound for the number of Wieferich

numbers. Our method here closely follows the proof of Theorem 8 of [3]. However the
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condition considered in [3, Theorem 8] for the number of Wieferich primes is different

from our condition.

Theorem 2.22. For integer a > 1 and real x > 0, if
cqloglogx < |W,(x)| < d,loglogx,

then

|Na(x)| > (logx)calogZ—i-o(l) N 17
where c, and d,, are positive constants.

1
Proof. Lety =x®l_ Observe that y < x. We define
Aq(x) ={n <x; nissquarefree and if p|n then p e W,(y)}.

First note that |A,(x)| = 2«0l — 1. Secondly, if n € A,(x), then n € N,(x). This is true,
since for every prime divisor p of n we have v,(q(a, p)) > 1. Therefore by Theorem 2.18
we conclude that n is a Wieferich number. Moreover, we have n < y|W”(y)| < y‘Wa(’“)‘ =x.

Therefore n € N,(x), and consequently
N (x)] > 2Ma)l 1. (2.26)
Moreover, by the assumption on |W,(x)| we have

1
[Wa(y)| = cqloglogy = c,loglogxMatl
= ¢4 (loglogx —log |W,(x)|)

= (cq+o0(1))loglogx.
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Thus by applying the above lower bound for |W,(y)| in (2.26), we have

N, (x)| > (lo xcalog2+o(l)_1.
[Na(x)| = (logx)

2.5 Density of non-Wieferich numbers

In this section we prove an unconditional lower bound for the number of non-Wieferich
prime in base a. Our result is a generalization of [3, Theorem 5] to any base. For odd prime
p, let

T,(x) = {k <x; If primeg|k theng# 1 (mod p)}.

The following is a version of a Theorem of Wirsing [27].

Theorem 2.23. For any positive real integer x and any odd prime p < loglogx we have

loglogx

Ty(x) > xexp (— +0 (logloglogx)) .

Following the proof of Theorem 5 of [3], here, we employ Theorem 2.23 to obtain a
lower bound for the number of non-Wieferich numbers in any base. The following is the
main result of this section. Note that the O-term in Theorem 5 of [3] is O((log logx)-%). We

were unable to verify this O-term.

Theorem 2.24. We have

INS(x)| > xexp (—2(10ga) 1/2(loglogx)'/? -I—O(logloglogx)) :

1/2
Proof. Let p be any prime in the interval [y,y 4+ y*/3], where y = (lol%g)fx> . (Such a
prime exists by the existence of prime in short intervals, see [11] for more information.)

Moreover, let e = v, (a”~! — 1) and suppose n € T,(x/p¢). We show that m = np® is a non-
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Wieferich number, thus the number of non-Wieferich numbers is bigger than the numbers
of integers in the set 7),(x/p®). Note that since p { n we have v ([1,»(p — 1)) = 0. Thus
vy(aP™l —1)—1 +Vp(ITpjm(p — 1)) = e =1 < vp(m). Hence, by Theorem 2.18 m is a

non-Wieferich number. Therefore by Theorem 2.23 we have

N1 2 (25) = X enp (- EEI) L ofogiogtoge/p)) ). 227

Observe that

1
loglog (%) = log (logx <1 = el ng)>
p 0gx

log p
=logl O —
oglogx+ <10gx)
logloglogx
=loglogx+ O W (2.28)
1/2
In above, we used the facts that log(1 +x) = O(x) and p <2y, fory = (k)%;fx) / . Since
e=v,(a?~!' —1), we have p® < a”~!. Thus,
p ¢ >exp(—(p—1)loga). (2.29)

Applying (2.28) and (2.29) in (2.27) yields

loglogx

INS(x)| > xexp (—(p —1)loga — +O(logloglogx)) :

Now the minimum of the right-hand side of the above inequality happens when

1= loglogx 1/2
P27 Tloga '
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Therefore we have

INS(x)] > x > xexp (—2(logaloglogx)1/2 + O(logloglogx)) .
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Chapter 3

K-Wieferich primes and numbers

3.1 Wieferich primes in a quadratic field

Recall the definition of a K-Wieferich from Section 1.2.

Definition 3.1. Let K be a number field with the ring of integers Og. A prime T € O is

called a K- Wieferich prime in base o. € Ok if

We prove the following Theorem on the relation between Wieferich primes in an integer

base a and K-Wieferich primes in base a, where K is a quadratic field.

Theorem 3.2. Let K = Q(\/m) with hg = 1. Then the following assertion holds.

(i) Any prime of Ok above a Wieferich prime p in an integer base a is a K-Wieferich prime
in base a.

(if) If mis a K-Wieferich prime in an integer base a such that N(nt) = p for a prime p, then

p is a Wieferich prime in base a.

Proof. (i) From the fact that p is a Wieferich prime we have
e’ —1. (3.1)

Now let 7 be a prime with N(1) = p. In other words, T is a prime above a split or ramified
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prime p, then for an integer a we have

dAV®-1 g,

Since N(m) = p = |nn/|, where T’ is the non-trivial conjugate of T in Q(y/m), we have

72| p?. Therefore by (3.1), we have

Thus 7 is a K-Wieferich prime.

Now suppose that N(1) = p2, so T is a prime above an inert prime p. We have ¢V (?)~1 =
a1 = glP=D(P+1) | From (3.1) we have a»~DP*+D) =1 (mod p?). Thus, aVP)-1 =1
(mod p?), and p is a K-Wieferich prime.

(i) Since T is a K-Wieferich prime in base a, then there exists B € Oy such that
a?~ ' —1=pn’. (3.2)
Hence, we have
ma” 1. (3.3)
Let 6 € Gal(Q(1/m)/Q) be the non-trivial monomorphism. From (3.2) we have
o(a’" ' —1) =o(B)o(n?).
Since a?~! — 1 is an integer, we have a”~! — 1 = 6(B)o(n?). Hence,

o(n?)|a’~ ! —1. (3.4)
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From (3.3) and (3.4) and the fact that T and 6(7) are distinct primes we have
p*=N(n)? =n’o(n?)|a" " - 1.

Therefore p is a Wieferich prime in base a. 0

Corollary 3.3. Let a > 1 be an integer and hx = 1, for K = Q(\/m). If there are infinitely

many Wieferich primes in base a, then there are infinitely many K-Wieferich primes.

Note that based on the heuristic for the set W,(x), the set of Wieferich primes up to a
real number x, there are at least loglogx Wieferich primes up to x. Therefore by Corollary
3.3 we expect that there are at least loglogx, K-Wieferich primes in any integer base a.

Combining Theorem 2.2 from Chapter 2 and Theorem 3.2 we have the following result for

K =Q().

Corollary 3.4. Let K = Q(i), and a > 1 be an integer. Assuming the abc-conjecture we
have

[{primen € Z[i] ; N(n) <x and a"™~"#£1 (mod n?)}| >, logx.

Proof. First of all note that by [19, Theorem 4.39] p is a split prime in Q(i) if and only if

p=1 (mod 4). Thus, we have

{primet € Z[i] ; N(m) =p<x, p=1 (mod 4), t € WS (Q(i),x)}

C{primet € Z[i] ; N(n) <x, me W:(Q(i),x)} (3.5)

Note that by part (i) of Theorem 3.2 we conclude that for any integer a and k and any
quadratic field K with hx = 1 we have WS, (x) C W¢, (K,x). Especially for K = Q(i) and

k = 4. Thus we have

wa(x) CW4(Q(),x). (3.6)
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Hence, employing (3.6) in (3.5) and using Theorem 2.2 yield
[{prime t € Z[i] ; N(m) =p <x, p=1 (mod 4), T € W (Q(i),x) }| = 2|W  4(x)| >4 logx.

This proves the corollary. 0

We would like to point out that it is not clear whether or not part (ii) of Theorem 3.1
remains true for a non-split prime p. We have done some experiment on this in the field
Q(i). We checked all primes with norm non-exceeding 4000 for integer bases between 2
and 3. All the K-Wieferich prime found in our experiment were proven to be Wieferich

primes.

3.2 Wieferich numbers in a quadratic field

The main result of this section provides a characterization for Wieferich numbers in
quadratic fields with unique factorization property. The following generalization of Propo-
sition 5.4 of [1] to quadratic fields plays an important role in the proof of the main result of

this section. Recall that v, () denotes the multiplicity of 7 in 7.

Lemma 3.5. Let K = Q(\/m) be a quadratic field of class number 1. Let B € Ok and
T € Ok be a prime such that B =1 (mod 1t). Then for any natural number n the following
assertion holds:

(i) If m is a prime above an odd split prime p or if T is a prime above the split prime p =2

and B=1 (mod 7?), we have

va(BY ™" — 1) =va(B—1) +n. (3.7)
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(ii) If  is a prime above a split prime p =2 and p=n-+1 (mod %), we have

Va(BY ™" — 1) =va(B+1) +n. (3.8)

(iii) If ™ is a prime above an odd inert prime p we have
N 1) = _
vz (B 1)=vz(B—1)+2n. (3.9)

Proof. (i) Let T be a prime above an odd split prime p. Note that this implies N(w) = p.
We will establish (3.7) by induction on n. For n = 1, note that by the assumption we have

B =md+ 1 for some & € Ok. Thus, for every 0 < m < N(w) — 1, we have
B = (rd+1)"=mdn+1 (mod nt?).

Consequently, we have

BN(TC) . l N(TC)—l N(TC)—I
_— = Z " = Z (mdn+1) (mod )
B_ 1 m=0 m=0
= STCN(TC)(;V(TE) — 1) —|—N(TC) (mod TCZ).
Since N(nt) = p we conclude
N(m) _ N(m)-1 _
BB 1 1 _ Z Bm :nn2+ Sﬂ:p(]z) 1) —|—7|:TC/, (310)
- m=0

for some M € Ok, where 7' is the conjugate of T or —7. Therefore, from (3.10), we have

Ve(B¥® 1) =ve(B 1) +velamn + L) g )

—va(B— 1)+ va(m) + va(mn + 221

).
2 +)
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Since T £ 7', in the latter identity, the last term is zero. (Note that (p — 1)/2 is an integer,

since p is an odd prime.) Thus,

Va(B'® 1) = va(B— 1) + 1.

Hence, (3.7) holds forn = 1.

Now let n > 1 and assume (3.7) holds for n — 1. We have

N(m)" N n—1 N(TE)*I N n—1 N .
N _ 1 = (BN®" T _1)( Z (BN yNm=7)
j=0
which implies
n n—1 N(TC)*I n—1 ;
Va(BY® 1) =va(BY " v Y BTHYE). G
j=0

Note that for every 0 < j < N(m) — 1, we have

(BN = ((n6+ 1)N<n)"1>N(“)_j (mod 7?)

(N(m))" 1 (N(m)—j) (N(TE)"_I(N(TE) — )

Y ) (nd)*  (mod w?).  (3.12)
k=0 k
Observe that since N(1t) = p, from (3.12) we get

Y = 1 4 pr DI (mod 2)

=1 (mod 7).
(The last congruence holds because n > 1 and p = ©r'.) Therefore, for every 0 < j <

N(m) — 1, we have

(BN(n)"*l)N(n)—j _ Gj7t2+ 1,
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for some 6; € Ok depending on j. Hence,

N(m)—1 | p—1 p—1
Vr ( Yy (N )N(”)j) = Vr (Z(C’jﬂer 1)) = Vr (n (Z Gﬂc+n’>> —1.
=0 =0 =0

(3.13)

Moreover, by the induction assumption we have

va(BY™" 1) = ve(B—1)+n— 1. (3.14)

Applying (3.13) and (3.14) in (3.11) yields (3.7) for the case that p is an odd prime.
Now suppose that T is a prime above the splitting prime p =2 and B=1 (mod n?). To

prove (3.7) for this case, again we use induction on n. For n = 1 we have

pN® —1 m_ _
o1 Z -
Therefore,
N(m)—1
va(B®—1) = va(B— 1) +va( ZO B") =va(p—1)+1.

This proves (3.7) for n = 1. Now, for n > 1, let (3.7) be true for n — 1. We have

ve(B¥ = 1) =vz(B¥ = 1) +va(B¥  +1). (3.15)
Since B=1 (mod 1%) we have B2 =1 (mod n2) and thus,
B2 '+ 1=n’c42=nlctnn =n(no+n), (3.16)

for 6 € Ok and 7' defined as before. Therefore, vz(B? + 1) = 1. Recall that by the
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induction assumption we have
va(B? ' — 1) =va(B—1)+n—1. (3.17)

Thus (3.15), (3.16), and (3.17) yields (3.7) for the case p = 2.
(ii) Let ® be a prime above the split prime T =2 and p =+ 1 (mod 7). Again we use

induction on 7 to prove (3.9). For n = 1, we have
Va(B? —1) =va(B—1)+vx(B+1). (3.18)
Moreover, by the assumption of part (ii) of our lemma we have
B—1=n’c+n=mn(nc+1), (3.19)
for some 6 € Ok. Therefore by (3.18) and (3.19) we have
ve(B*—1) =va(B—1)+1.
Now let (3.8) be true for n — 1. We have

an_l +1=(1 —l—n)zn_l +1 (mod p?)

The last congruence holds, since n > 1. Thus, by the fact that 2 = nnt/, we have
B2 +1=nlc+nn =n(nc+7), (3.20)
for some 6 € Dg. Therefore, by applying (3.20) and the induction assumption in the identity
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(3.15), we get

which yields (3.8).

va(B* = 1) =ve(B—1)+n,

(iii) Let T = p be an odd inert prime. We claim that

7

Vp(B” = 1) =vp(B—1)+n,

(3.21)

for any integer n > 1. We prove the identity (3.21) by induction on n. Let n = 1 and write

B = pS+1 for some § € Og. Then, for 0 < m < p— 1, we have B” =mSp +1 (mod p?).

Hence,

Thus, we can write

p—1 -1 28
Z Bm = (p 2)p +p (mod p2)
m=0
=p (mod pz)
pr—1 ol 2
=) B"=np°+p,
B_l m=0

for some integer N € Ok. Therefore

Vp(B” = 1) =Vp(B—1)+v,(mp* +p) =Vp(B—1)+ 1.

This proves the case n = 1. Now let n > 1. Since
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we have

p—1
n n—1 n—1 3
vp(B = 1) =v,p (B = 1)+, () (B )). (3.22)
j=0
By the induction assumption we have
vo(B” 1) =v,(B—1)+n—1. (3.23)

Moreover, from the fact that B = pd+ 1, and using binomial theorem for every 0 < j < p

we have

@y = (3!
(P=NP" Yy o1y,
=y <p (p—1)

k=0

_ (p"‘l(p —J)

—_ O\ S
=

d

—~

=

o}

o

=

[}S)

~—

1 >p8+ 1 (mod p?)

=1 (mod p?).

for every 0 < j < p — 1, the above congruence yields
By =t L,

where 1; 18 an integer depending on j. Therefore we have

Vp (i(ﬁpnl)p_j> =Vp (P <p i le+P>) = 1. (3.24)
Jj=1 j=1

Hence, from (3.22), (3.23) and (3.24) we have

V(B —1)=v,(B—1)4+n—1+1=v,(B—1)+n
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Thus we proved (3.21) by induction. Now we replace n with 2n in (3.21), to obtain

2n

V(B = 1) =v,(B—1)+2n. (3.25)
Since T = p? and N(x) = p?. The identity (3.25) can be written
Va(BY™ 1) = va(B—1)+2n.

]

Before stating our main theorem of this section, recall that for o,y € Ok, we set g(a,y) =

(@0 — 1),y

Theorem 3.6. Let K = Q(y/m) with hg = 1. Let y=mn{"--- ;" € Ok, where W;’s are primes
above split or inert primes. Also let o € Ok and (a,y) = 1. Then y is a K-Wieferich number
in base o if and only if w;’s satisfy the following conditions :

(i) If m; is a prime above an odd split prime p or if W; is a prime above the split prime p =2

and =1 (mod n?), then

a; <V ([ TV () = 1)) 4+ vz, (g (01, 7). (3.26)
Ty

(ii) If m; is a prime above the split prime p =2 and . = 1 +7; (mod 7), then

a; <V (JTIV(®) — 1)) + vz, (™70 1) — 1. (3.27)
nly

(iii) If m; is a prime above an odd inert prime p, then

2vr, ([ TV (m) — 1)) + vz, (g0, m7)) > 1 (3.28)
iy
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Proof. Let R = []g,(N(m) —1). For every 1 <i </ we have

0(y) = 0;p(m )N (m;) V= (R,

where (8;,N(m;)) = 1 and consequently (6;,7;) = 1. Now let

Thus, we have
6i—1
o® _1 = pli—1= (p—1) Z p’. (3.29)
j=0
Since

_ (V)= 1)N () Vw1 (3.30)

and oV ™)~ =1 (mod 7;), then p=1 (mod =;). Hence,
0;,—1 }
Z p/ =6; (mod ;).
J=0

Thus, from the fact that (6;,7;) = 1 and (3.29) we obtain

0,—1 )
Vi (@00 — 1) = v (p—= 1) +vr (Y /) =vm(p—1).
j=0

Now let © and a satisfy the conditions of part (i) in the statement of the theorem. By
employing the equality (3.7) of Lemma 3.5 for n = a; + vy, (R) — 1 and p = oV ) =1 we
deduce from (3.30) that

Vi (p—1) = vy, (0¥ ™)1 1) 4 g; 4+ vy (R) — 1.
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Subtracting a; from both side of the above identity yields

Vri(q(0,)) = Vr,(q(a, 7)) + Vi (R).

Now since 7 is a K-Wieferich number if and only if y divides ¢(a,7), the inequality (3.26)
follows.

Next let w; and « satisfy conditions of part (ii) in the statement of the theorem. We
employ the equality (3.8) of Lemma 3.5 for n = a; +Vy,(R) — 1 and p = oY (m)=1 to conclude
from (3.30)

Vni(CI(O('?Y)) = VTE;(O(‘N(n)_l + 1) —1 +V7'Ci(R)'

Since v divides g(a,7y) we obtain (3.27).
Lastly if 7 satisfies the condition of (iii) of the theorem, by employing (3.9) of Lemma

3.5 for n = a; + Vv, (R) — 1 and p = oV (™)~ and using the equality (3.30) we obtain
Vi (00 — 1) = v (p— 1) = v, (V™) =1 — 1) +-24; + 2v,.(R) — 2.
By subtracting a; from both side of the above equality, we establish
Vi, (g(0,Y)) = vr,(g(0, 7)) + ai + 2vg, (R) — 1.

Now by employing the fact that a; < vg, (g(a,7y)) for every 1 <i </ if and only if yis a
K-wieferich number we obtain (3.28).

]

Using Theorem 3.6, we can derive a property of K-Wieferich numbers which is analo-

gous to Lemma 2.19.

Theorem 3.7. Let K = Q(y/m) be a quadratic field with hg = 1. Let Y= 7" ---m* € Ok

be such that t;, for 1 <i <k, is a prime above an odd inert or and split prime p. Consider
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the set
I(y) = {m;; 1 <i<kand w; has the maximum norm among the prime divisors of y}.

If v is a K-Wieferich number in base o. € Ok, then any T; € I1(y) that is above an split

prime, is a K-Wieferich prime in base Q.

Proof. Let m; € TI(y) be a prime above a split prime p;. Then we have N(m;) = m;n, = p,
where 7 is the non-trivial conjugate of 7; or —7;. We show that vy, (IT¢_, (N (m;) — 1)) = 0.
We consider two cases.

First suppose N(;) = p%, where 1 < j <kis fixed and p; € Z is an inert prime. Since

m; € I1(y), we have p; > p? > p? — 1. Thus,
pitN(mj) — 1. (3.31)
Moreover, we show that 7; { N(7;) — 1. Otherwise
N(m;)—1=7mm (3.32)

for some 1 € Og. We know that there exists a 6 € Gal(Q(y/m)/Q) such that 6(m;) = T}

or —m}. Applying G in both sides of the equality, (3.32) we obtain N(n;) — 1 = o(n’)x,
where 1" =1 or —). Therefore, 7} also divides N(x;) — 1. Consequently we have p; = m;T;
divides N(m;) — 1, which is in contradiction with (3.31). Thus, 7; { N(%;) — 1.

Next we assume that N(%t;) = p;j, where 1 < j < k and p; € Z is an odd split prime.
Then we have p; > p;— 1, since m; € II(y). Thus, p; { N(r;) — 1. Now an argument identical

to the first case shows that m; { N(r;) — 1. Hence,

k

vr([[N (=) —1) =0.

J=1
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Next we observe that since Y is a K-Wieferich number then by (3.26) in Theorem 3.6
we have vr.(g(c,m;)) > 1. Thus, we have vz, (o™ ~1 — 1) > 2 or equivalently 7; is a

K-Wieferich prime. 0
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Chapter 4

An exponential congruence in C|x]

4.1 A finiteness theorem in C|x]

In [18, Theorem 1] M. Ram Murty and V. Kumar Murty proved that the congruence
3"-3"=0 (mod 2™ —2"),

has only finitely many integer solutions (m,n), where m > n > 0. One of the main ingredi-
ents of their proof is a result proved in [5]. More precisely, Bugeaud, Corvaja and Zannier
[5] showed that for any two multiplicatively independent integers a, and b, with2 < a < b

and given € > 0, there exists an integer ny > 0 such that for all n > ng we have
ged(d" —1,0"—1) < a™.

An analogous result in C[x] is a theorem of Ailon and Rudnick [2, Theorem 1].

Theorem 4.1 (Ailon-Rudnick). Let f,g € C[x] be two multiplicatively independent poly-

nomials. Then there exists an absolute constant, depending only on f and g, such that

In this section we employ Theorem 4.1 to prove an analogous result to [18, Theorem 1]

in C[x]. More precisely we prove the following.
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Theorem 4.2. Let f and g be two polynomials in Clx|, which are relatively primes and
deg f < degg. Then, there are only finitely many integer pairs (m,n), where m > n > 0,

such that
fm=rre"—g" (4.2)

We need two lemmas and a proposition for proving Theorem 4.2. The following two
lemmas are necessary for the proof of Proposition 4.5. We denote the k-th derivative of a
polynomial f by f (), Proposition 4.5 together with the inequality (4.1) will imply Theorem
4.2.

Lemma 4.3. Let f € Clx] and B be a root of f with multiplicity k > 1. Then we have
FO®) =1V ==V =0 4.3)
and
FOB) #o0. (4.4)

Proof. We can write

where h(B) # 0 and g(x) = (x —B)’ for r > 1. Taking the s-th derivative from both side

(using Leibnitz rule for derivative), we have

1= ()8, *5)

m=0 m

Observe that g (B) = 0 for 0 < m < k. Therefore f*)(B) =0, for 0 < s < k— 1, which
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proves (4.3). Also since g(k)(B) = k!, considering (4.5) for s = k will result

FY(B) = kh(B).

Since h(B) # 0 we get (4.4). O

Lemma 4.4. Let f(x) € C[x], c € N, and B € C. Moreover, let f€(B) = 1, for some B € C

and f@(B) =0, for 1 <i<k,withk > 1. Then we have

e iy _ SV EB)
(f =D (B) TR

Proof. First note that, since f°() = 1, we have

(f =1)'(B)=cf'(B)f(B).

Moreover, for k > 1 using Leibnitz rule for derivative we have

(fe =) =(epetpHW
.)(Cfc‘l)("_i)(f’)(i)- 4.6

Now, according to the assumption, we have (f/)()(B) = 0, for i < k. By evaluating (4.6) at
x = 3 we find out that only for i = k we obtain a nonzero term and all other terms are zero.
Hence, (f¢(x)— 1)**1 at x = B is equal to
- cof V()
cf T BFIB) = s
f(B)

which is the desired result. O]
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Proposition 4.5. Let f,g and h € C[x|. Suppose that

fc —1= gh7
where ¢ € N and
g(x) = J(r— o),
withy € C and B;’s € N. Then B; < deg f, for each i.

Proof. Without loss of generality we show that B; < deg f. To this aim let t > B; be the

multiplicity of o; in f© — 1. Thus we can write
fC=1=(x—oy)'h =gih,

where g; = (x — o) and hy = (f¢—1)/(x— oy )'. Applying Leibnitz rule for derivative we

have

N

(f-nv=y @ g ni . 4.7

=0

We observe that g\ (0t;) = 0, if 0 < £ < 5. Thus, from (4.7) we deduce

(£ =D (o) = g7 () (ou). (48)
For s = 1 the identity (4.8) becomes

cf"Hou) f' (o) = g (o) (our). (4.9)
Observe that g} (x) =t(x—a)"~!. Thus, if = 1, from (4.9) we conclude that f’(at;) # 0.

Otherwise, if 1 > 1 we have f’(a;) = 0. In other words o is a root of f’. Let oy have the
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multiplicity k, with k > 1, in f’. In other words
f1=(x—au)hy,
where hy € C[x]. Thus, applying Lemma 4.3 for f/, we have

() a) = (/)M (o) == (f)*D(on) = 0and (f)*® (o) #0.

Now by Lemma 4.4 and (4.8) we have

Cf(k+1)(061)

)~ YD) = ¢ () nl® (o).

Since by (4.10) we have
FE D an) = ()W (ou) #0,

from (4.11) we conclude that

ggkﬂ)(al) #0.

Therefore we should have t = k+ 1 < deg f'+ 1 = deg f. Since B; <, we are done.

(4.10)

4.11)

]

We also need the concept of radical of a polynomial f € C[x]. For f = o]];(x — ;)" €

Clx], with distinct as € C, we define the radical of f by

rad(f) = [ J(x— o).

1
Having Proposition 4.5 in hand, we can prove the main theorem of this section.

Proof. From (4.2), we have

ST U =1g e = 1),
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From here we can deduce that
" —1=ab, (4.13)
where a divides g" and b divides g”*~" — 1. Thus,
blged(f™"—1,""—1). (4.14)

Now from (4.1) we have deg(ged(f™ " —1,¢""—1)) < C(f,g). Thus, applying (4.14)
we have degb < C(f,g). Hence,

dega > (m—n)degf—C(f,g). (4.15)

On the other hand, we can write

g=oaf](x—a)m,

i

where o and a;’s belong to C and #n;’s are natural numbers. Since a divides g", we can write

a= YH (x—ou)P,
where v divides o, and for each i we have 0 < B; < n;n. Thus, from (4.13) we have

=1 =y (x—ou)Pib.
i

Applying Proposition 4.5, for each 3; we have ; < deg f. Hence, we have

dega < deg(rad(a))deg f < deg(rad(g))deg f, (4.16)
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where the last inequality holds, since a divides g". Combining (4.15) with (4.16) yields

(m—n)deg f —C(f,g) < deg(rad(g)) deg f. (.17)

Thus m — n 1s bounded by an absolute constant. Now from (4.12) and the fact that f and g

are relatively primes, we deduce that /" divides g”"* — 1. Thus,

p< (m—n)degg (4.18)

deg f

So n is also bounded and consequently m is bounded.

4.2 An effective finiteness result

The bound that we have found for m — n in the proof of Theorem 4.2 is not effective.
Our goal in this section is to present a method that enables us to calculate all the pairs
satisfying the relation (4.2). As we have seen in the proof of Theorem 4.2, if we can find
an effective bound for deg(ged(f* —1,g% — 1)), then we can calculate all the pairs (m,n)
explicitly. Unfortunately, we can not make the constant C(f,g) in Theorem 4.2 effective.
However, in this section we obtain a weaker effective bound for deg(ged(f* —1,g% —1)).

In order to prove this effective result we need to use Mason’s theorem which is analo-

gous to the abc-conjecture.

Theorem 4.6 (Mason). Let f,g, and h be three polynomials in C[x| which are nonzero,

relatively primes, and are not simultaneously constants. Then we have

max{deg(f(x))deg(g(x)) deg(h(x))} < deg(rad(f(x)g(x)h(x))) — 1.

Proof. See [20, Section 5.3]. O

Equipped with Mason’s Theorem, we establish an effective upper bound for the ged( f* —
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1,¢"*—1). The method of the proof of the following theorem is inspired by the proof of The-
orem 4 of [18].

Theorem 4.7. Let f,g € Clx] be two relatively prime polynomials with deg f < degg. Also

let k > 0 be a natural number. We have

k+2
deg(ged(f* — 1,85 —1)) < degg.

2

Proof. Let ged(f*—1,g5 —1) = d. Thus, there are u,v € C[x] such that (u,v) = 1 and we

have
fA—1=ud (4.19)
and
g¢—1=vd. (4.20)
Multiplying (4.19) by v and (4.20) by u and subtracting them, we get
ugk—vfk:u—v. (4.21)

Our goal is to apply Mason’s theorem for ugk,vf*, and u — v. Thus, we claim that ug, v f*
and u — v are pairwise relatively prime. First we show ged(vf*, ugk) = 1. Let ged(v, g*) = 8.
Since 3|v, and by (4.19) v|gk — 1, we have 8|g" — 1. Moreover, 8|g*. Thus, 8| gcd (g, g" —

1) = 1. Hence,

ged(v,g5) = 1. (4.22)
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With the same argument as above we have

ged(u, f5) = 1. (4.23)

Also by our assumptions we have

ged(f5, ¢ =1. (4.24)

Now by the fact that (u#,v) = 1 together with (4.22), (4.23), and (4.24) we conclude that
ged(v* ugh) = 1.

Next we show that gcd(vf*,u—v) = 1. Let gcd(vf*,u—v) = 8. Since 8|u — v and 8|v £,
we have 8|u —v+vf*, and thus, by (4.21) we have 8|ugt. Hence 8| gcd(vf*,ugk) = 1. With
the same argument one can show that (ugk,u —v) = 1. Therefore ug®,vf* and u — v are
pairwise relatively prime.

Now, we find max{deg (u —v), deg (vf*), deg (ugk)}. Observe that from (4.19) we

have
v fk = uvd +v,
and from (4.20) we have
ugk =uvd +u.
From these two identities we obtain
deg(vf*) = deg(ug). (4.25)

Moreover by (4.21) we have

u—v:vfk—ugk.
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Thus, deg(u —v) < deg(ugk). Therefore by (4.25) we have
max{deg(u —v),deg(vf*),deg(ug")} = deg(vf*) = deg(ug").
Hence, applying Theorem 4.6 on u — v, vf*, and ugk yields
max{deg(u —v),deg(vf¥),deg(ug)} = deg(ug") < deg (rad (uv(u - v)fkgk>) :
From here, we obtain
kdegg+degu < deg(u—v) +deg f +degv+degg +degu. (4.26)

Observe that by (4.25) and the assumption deg f < degg, we conclude that degu < degv,

and thus deg(u —v) < degv. Applying this inequality in (4.26) implies
kdegg < 2degv+deg f+degg.

Now note that by employing (4.20) in the above inequality we have
2degd < kdeg f +deg f +degg.

Since deg f < degg, this implies

k+2
degd < i

degg,

which is the desired result. ]

Combining Theorem 4.2 and Theorem 4.7, we are able to solve the congruence g" —
g" =0 (mod f™ — f") effectively, for polynomials f and g such that %deg g <degf <

degg.
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Theorem 4.8. Let f and g be two polynomials in C[x| that are relatively prime and

1
3 degg < degf <degg. 4.27)

If m > n > 0 be such that
ff=rtg" g,

then we have

- (degg +deg(rad(g))deg f)degg

. (4.28)
(deg f — ;degg)deg f
and
_ degg+ deg(reid(g)) deg f (1 N degg) ' 4.29)
deg f —5degg deg f
Proof. First of all note that from (4.14) we have
degh < deg(ged(f™ " —1,8""—1)).
Applying Theorem 4.7 yields
— 2
degh < MNF2 400 4.30)

Recall from the proof of Theorem (4.2) that /" — 1 = ab. Hence, we have

dega = (m—n)deg f —degb.
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Thus, by (4.30) we deduce

— 2
dega > (m—n)degf— %degg.
Combining this with (4.16) yields
m—n)+2
(m—n)deg f — % degg < deg(rad(g))deg f.

Hence, we have

_ < degg +deg(rad(g))deg f

: (4.31)
deg f — 3 degg
Now from (4.18) and (4.31) we conclude
_ (degg +deg(rad(g)) deg f)degg
(deg f — 3 degg)deg f
This proves (4.28). Moreover, from (4.28) and (4.31), we obtain (4.29).
[
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Chapter 5

Concluding Remark

In this thesis properties of a special type of prime numbers, the so-called Wieferich primes,
have been investigated. We provided a heuristic that predicts that there are approximately
loglogx Wieferich primes among the primes up to x. This is a very thin subset of primes.
Despite the prediction that almost all primes are non-Wieferich primes, the infinitude of
the set of non-Wieferich primes has not been proven unconditionally. In Chapter 2, some
conjectural theorems on the size of the set of non-Wieferich primes in certain arithmetic
progressions are proved. They are Theorems 2.2 and 2.16. We then investigated a gen-
eralization of the notion of Wieferich primes to integers greater than one. Heuristically,
the set of Wieferich numbers up to x has order of magnitude logx. Similar to the set of
Wieferich primes, no unconditional result on the size of the set of Wieferich numbers are
known. However, we described a relation between the size of the set of Wieferich primes
and the set of Wieferich numbers. We presented the largest element of the set of Wieferich
numbers, assuming that the set of Wieferich primes is finite. In Theorem 2.17 we stated
and proved this fact. It is shown unconditionally in Theorem 2.24 that the size of the set
of non-Wieferich numbers in any base is infinite, although the lower bound obtained is far
from the expected size of the set of Wieferich numbers.

In another direction we explored the notion of Wieferich primes and Wieferich numbers
in quadratic fields of class number one, a special type of number fields. In Theorem 3.2 we
proved a relation between Wieferich primes in 7Z and Wieferich primes in quadratic fields

of class number one. Speaking of Wieferich numbers, a criterion for Wieferich numbers in
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quadratic fields of class number one has been proved in Theorem 3.6. From the criterion
we concluded that, in Q(7) there are infinitely many Wieferich numbers in certain bases.

In the last chapter we proved that there are only finitely many pairs (m,n) such that the
congruence g" — g" =0 (mod f™ — f") is satisfied for given polynomials f and g € Clx],
with deg f < deg g. Moreover, in Theorem 4.8 we showed how to find these pairs explicitly
when f and g satisfy the relation (1/2) deg g < deg f < deg g.

In continuation of the topics considered in the thesis, one may consider the following :

e Studying the size of the set of non-Wieferich primes in the arithmetic progression

p=a (mod k).

e Investigating the size of the set of Wieferich numbers (respectively, non-Wieferich

numbers) in a fixed congruence class.

e Investigating the relation of Conjecture 2.10 with the abc-conjecture for composite

n.

e Studying Wieferich primes and non-Wieferich primes in other number fields (such as

cubic fields).

e Exploring possible generalization of Theorems 3.2 and 3.6 to quadratic fields of class

number greater than one and general number fields.

e Investigating the possibility of an effective version of Theorem 4.2 for two given

polynomials f and g with deg f < deg g.
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Appendix A

Tables

Table A.1: Values of A(®,(a)) > 2 for 1 <a <100

a n AMPy(a))
3 2 2

3 5 2

5 1 2

8 2 2

9 1 3

10 1 2

15 2 4

17 1 4

18 3 3

19 6 3

24 2 2

26 1 2

26 2 3

28 1 3

31 2 5

33 1 5

35 2 2

37 1 2

47 2 2.16056
48 2 2

49 1 2.16056
50 1 2

53 2 2.22629
55 1 2.22629

75



A. TABLES

a n A Py(a))
63 2 6

65 1 6

71 2 2.38685
73 1 2.38685
80 2 4

82 | 4

95 2 2.54741
97 1 2.54741
99 2 2

101 1 2

107 2 2.61315
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A. TABLES

Table A.2: The largest known Wieferich numbers in some bases 2 < a < 30.

Wieferich primes p base a

Largest Wieferich number

2 1093, 3511 30 % 5x 7 x 13%2 x 1093 x 3511

3 11, 1006003 214 %52 x 7 x 11 x 41 x 83 x 499 x
55889 x 1006003

4 1093, 3511 30 % 5% 7 x 132 x 1093 x 3511

6 66161, 281409, 534851 50 % 73 x 11 x 17 x 19 x 23 x 29 x
41 x 47 x59 x 281 x 409 x 563 x 827 x
3152573 x 66161 x 281409 x 534851

7 5,491531 27 %39 x 53 x 11 x 13 x 19 x 199 x
491531

8 3, 1093, 3511 37 x5x7x13%%x 1093 x 3511

9 2, 11, 1006003 216 552 % 7 x 11 x 41 x 83 x 499 x
55889 x 1006003

10 3, 487, 56598313 312 7 x 11 x 13 x 23 x 31 x 127 x
487 % 599 x 56598313

11 71 20%x33x5%x7x71

12 2693, 123653 5x7x19x271 %673 x 1627 x 2693 x
123653

13 2, 863, 1747591 217 % 3% % 53 x 7% x 43 x 431 x 863 x
4481 x 1747591

18 5,7,37,331,33923, 1284043 54 % 7" x 11 x 13 x 17 x 37 x 43 x
137 x 331 x 823 x 24232 x 8231 x
214007 x 33923 x 1284043

19 3,7, 13,43, 137, 63061489 28 %39 x 74 x 132 x 17 x 43 x 53 x
73 x 107 x 137 x 857 x 63061489

20 281, 46457, 9377747, 122959073 310 % 74 x 17 x 293 x 59 x 281 x
433 x 883 x 1451 x 2903 x 46457 x
132499 x 122959073

21 2 2

24 5,25633 52 x 43 x 89 x 25633

27 11, 1006003 214 %52 x 7 x 11 x 41 x 83 x 499 x
55889 x 1006003

28 3,19, 23 3% 5% 11 x19x23

29 2 2
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Table A.3: Q(i)-Wieferich primes 7 in base a where N(m) < 4000 and N(a) < 30

Norm Base K-Wieferich primes

2 1+i 33-2i,3342i
1—i 33—-2i,3342i

4 2i 33-2i,3342i
2 33—-2i,3342i
1+2i 1—4i,—15—-4i,—19—-10i

5 1-2i 1+4i,—15+4i,—19+10i
241 1+4i,—15+4i,—19+10i
2—i 1—4i,—15—4i,—19 — 10i

8 2i+2 3,33 -2i,3342i
2i—2 3,33 -2i,334-2i
3i 11

i 3 11
3+4i 548i, =7+ 10i

10 3—i 5—8i, —7—10i
3i+1 5—8i,—7—10i
3i—1 | 5+8i,—7+10i
2+43i —19+16i
2-3i —19—16i

13 3420 —19—16i
3-2i —19+16i

16 4i 33-2i,33+2i
4 33-2i,33+2i
1+4i *
1—-4i *

17 i+4 #

i—4 *

18 3+43i 7,142i,1-2i,1+6i,1—6i
3-3i 7,142i,1-2i,146i,1—6i
2+4i 1-2i
2—4i 14+2i

20 4+2i 1+2i
4—-2i 1-2i
Si *
3+4i 144i,—15+4i,—19+10i

25 3—4i 1—4i,—15—4i,—19—-10i
4430 1—4i,—15—4i,—19—10i
4-3i 144i,—15+4i,—19+ 10i
5 *
1+5i *
1-5i *

2 S5+i *

5—i *
2+5i | 5—4i,9+10i,5+36i

2 2+45i 5+4i,9—10i,5 —36i
542i 5—4i,9+10i,5 +36i
5-2i 5—4i,9+10i,5 +36i

78
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Table A.4:

Some Q(i)-Wieferich numbers with prime divisors above inert primes

Norm | Base | K-Wieferich number with inert prime divisors

5 1+i | 3(33+2i)

1—i | 3(33+2i)i
4 2i 3(33+2i)
2 3(33+2i)
1+2i | 3(1—2i)(15+4i)
5 1—2i | 3(1—2i)(15+4i)
240 | 3(146)(15—4i)
2—i | 3(1—2i)(1—4i)(15+4i)

g 2i+2 | 3(33+2i)
2i—2 | 3(33+2i)

9 3i (14)311(1 —20)

3 (14+0)311(1 - 20)

10 3+i | 11(5+8i)
3i—1 | 3(33+2i)

16 4 3(342i)(33+2i)
4i 3(342i)(33+2i)

18 3+3i | 7(1+60)
3-3i | 7(1+6i)

20 24+4i | 474 72i
4-2i | 47472i
34+4i | 3(1+i)(15—40)

55 3—4i | 3(140)3(1—2i)(15+4i)
4430 | 3(1+i)°(1-2i)(15+4i)
4-3i | 3(14i)(15—4i)
2+45i | 3i(144)%(9+10i)

29 2—-5i | 3(1—-2i)(—5+36i)
542i | 3(1—-2i)(—5+36i)
5—2i | 3i(1+i)*(9+ 10i)
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Table A.5: All solutions (m,n) of f — f"|g" —g"

f g (m,n)
x4 x+1 4 X%+ 2x 41 (2,0)
X 4x+1 X422+ 3x+1 (2,0)
2 +x+1 4x® +4x% +5x+1 (2,0)
23 +x+1 4x® +2x% +4dx+ 1 (2,0)
2x% +2x+1 2x° +2x2 4+ 2x + 1 (2,0)
2x% +2x+1 203 +4x? +4x+1 (2,0)
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