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Abstract

Let G be a finite group. We show that if |G| = pgrs, where p, g, r, and s are distinct
odd primes, then every connected Cayley graph on G has a hamiltonian cycle.
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1 Introduction

Definition 1.1 (cf. [4, page 34]). If A is a subset of a finite group G, then the corresponding
Cayley graph Cay(G; A) is the undirected graph whose vertices are the elements of G, and
such that vertices g and h are adjacent if and only if g~'h € AU A~!, where A~! =
{al|lac A}

It is easy to see (and well known) that Cay(G; A) is connected if and only if A is a
generating set of GG. Several papers show that all connected Cayley graphs of certain orders
are hamiltonian:

Theorem 1.2 (see [6, 7, 9] and references therein). Let A be a generating set of a finite
group G. If |G| has any of the following forms (where p, ¢, and r are distinct primes, and
k is a positive integer), then Cay(G; A) has a hamiltonian cycle:

1. kp, where k < 47, 3. pgr, 5. kp®, where k < 2.

2. kpq,where k <7, 4. kp?, where < 4, 6. p*.

*I thank an anonymous referee for carefully reading the original version of the paper, and pointing out some
serious deficiencies in the exposition.
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The purpose of this note is to add pgrs to the list when it is odd:

Theorem 1.3. If p, g, r, and s are distinct odd primes, then every connected Cayley graph
of order pgrs has a hamiltonian cycle.

Remark 1.4.

1.

To remove Theorem 1.3’s assumption that the primes are odd, it would suffice to
show that every connected Cayley graph of order 2pgr is hamiltonian (where p, g,
and r are distinct odd primes). An important first step in this direction was taken by
F. Maghsoudi [7], who handled the case where one of the primes is 3.

. Theorem 1.3 implies that if p, g, and r are distinct primes, then every connected

Cayley graph of order 3pgr is hamiltonian. Namely:

e If r = 2, then 3pgr = 6pg, so the main theorem of [7] applies.
e If r = 3, then 3pgr = 9pq, so [11, Corollary 1.5] applies.

« If {p,q,7} N {2,3} # 0, then the theorem applies (because 3, p, ¢, and r are
distinct odd primes).

. Unfortunately, current methods do not seem to be sufficient to remove the assumption

that p, g, v, and s are distinct. For example, it is not known that all Cayley graphs of
order 9p? or 3p® are hamiltonian (cf. [6]).

2 Preliminaries

We use the following fairly standard notation.

Notation 2.1. Let A be a subset of a finite group G.

1.

th = W N

e is the identity element of G,

. |g| is the order of an element g of G.
. G’ = |G, (] is the commutator subgroup of G.
. Z(G)={z€ G| zg=gzforall g€ G} is the centre of G.

. A sequence (a;)™, = (a1, as,...,a,;) of elements of AU A~! represents the walk

in Cay(G; A) that visits the vertices
€,a1,0102,...,0102 - Q.-
Also, we use a* and a* to represent the sequences
(a,a,...,a) and (a™', G e ?a_l)

of length k.

Most cases of Theorem 1.3 are easy consequences of three known results that are col-
lected in the following theorem.

Theorem 2.2 ([ !, page 257], Durnberger [2], Morris [11]). Let A be a generating set of a
nontrivial finite group G, and assume that |G| is odd. If either
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O |G'|=1,0r

(1) |G’| is prime, or

(2) |G’| is the product of 2 distinct primes,
then Cay(G; A) has a hamiltonian cycle.

Remark 2.3. The assumption that G has odd order is not necessary in parts (0) and (1)
of Theorem 2.2. Steps toward removing this assumption from part (2) were taken in [3]
and [%].

For ease of reference, we record a few other known facts:
Lemma 2.4 (“Factor Group Lemma” [10, §2.2]). Suppose
* A is a subset of the group G,
* N is a cyclic, normal subgroup of G,
e C = (a;)™, is a hamiltonian cycle in Cay(G /N; A), and
e the voltage V(C) = [[* | a; generates N.
Then (ay,as, ..., am) N is a hamiltonian cycle in Cay(G; A).

Lemma 2.5 ([6, Lemma 2.27]). Let A generate a finite group G and let b € A, such that
the subgroup generated by b is normal in G. If Cay(G /{b); A) has a hamiltonian cycle,
and (b) N Z(G) = {e}, then Cay(G; A) has a hamiltonian cycle.

Lemma 2.6 (cf. [5, Theorem 9.4.3, p. 146] and [7, Lemma 2.16]). Assume G is a finite
group of square-free order. Then

(1) G’ and G /G’ are cyclic,

2 G'NZ(G) = {e}, and

(3) ifa € G, such that (a,G') = G, then
(a) a does not commute with any nontrivial element of G, and
() |a| = |G/G'|.

Proposition 2.7 (Maghsoudi [7, Proposition 3.1]). Assume G is a finite group, such that
|G| is a product of four distinct primes. If A is an irredundant generating set of G, such
that |A| > 4, then Cay(G; A) has a hamiltonian cycle.

3 Proof of Theorem 1.3

Let A be an irredundant generating set of a finite group G, such that |G| = pgrs. We wish
to show that Cay(G; A) has a hamiltonian cycle. Although some of the details are new, the
line of argument here is quite standard. (See the proofs in [7], for example.)
Let
G=G/a.
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Note that G is solvable by Lemma 2.6(1), so G’ # G. Therefore |G’| has at most 3 prime
factors. We may assume it has exactly 3, for otherwise Theorem 2.2 applies. Hence, we
may assume |G’| = grs (so |G| = p). Since G’ is cyclic (see Lemma 2.6(1)), we have

Gl e xCy

where C,, denotes a (multiplicative) cyclic group of order n. Then each element «y of G’
can be written uniquely in the form

¥ = Yq¥r Vs, Wherey, € Cy, 7 € Cp, and y5 € Cs.

Let a € A, such that (@) = G. Then |a| = p by Lemma 2.6(3)(b). Let b be another
element of A, so we may write b = a*~, where y € G’ (and 0 < k < p).

Case 1. Assume AN G’ # (. Then we may assume b € G’. Since G’ is cyclic (see
Lemma 2.6(1)), and it is a standard exercise in undergraduate abstract algebra to show
that every subgroup of a cyclic normal subgroup is normal, we know that (b) < G. Let
G = G/(b). Since |G| = pqrs has only 4 prime factors, we know that |G| has at most 3
prime factors, so we see from part (1), (2), or (3) of Theorem 1.2 that Cay(é; A) has a
hamiltonian cycle. Since

(b)yNZ(G) C G NZ(G) = {e}

(see Lemma 2.6(2)), we can now conclude from Lemma 2.5 that Cay(G; S) has a hamilto-
nian cycle, as desired.

Case 2. Assume |A| = 2 (and AN G’ = (§). This means that A = {a, b}, so {a,b) = G.
This implies (7) = G, so 7, ¥, and 7, are nontrivial. Also, we have k > 1, since
ANG = 0. Let

C = (b,a— 1) ,a* 1),

so C'is a (well known) hamiltonian cycle in Cay(G; A). The voltage of C'is

V(C) = ba—®—DpgP—E—1 = gkn.q—(k—1). ghy.qp—Fk—1 — gk s P g A o o gl
Since |G| is odd, we know that a does not invert any nontrivial element of G, so the two oc-
currences of vy, in this product do not cancel each other, and similarly for the occurrences of
7» and -y,. Therefore, this voltage projects nontrivially to C,, C,, and Cs, so it generates G'.
Hence, the Factor Group Lemma 2.4 provides a hamiltonian cycle in Cay(G; A).

Case 3. Assume |A| > 3 (and AN G’ = (). Let ¢ be a third element of A. We may assume
|A| < 4 (for otherwise Proposition 2.7 applies), so A = {a,b,c}. Write ¢ = a’y’ (with
~' € G). Since (a, b, c¢) = G, we must have (,7') = G’, but the fact that A is irredundant
implies () # G’ and ('} # G'. If || = ¢, then we must have |y'| = rs. However, this
implies (b,c) = G, which contradicts the fact that the generating set A is irredundant. So
|v| and |y’ | must each have precisely two prime factors. Therefore, we may assume without
loss of generality that |y| = gr and |y'| = rs. Then

v =" andy =+, 4L,

and each of vy, 7y, y;., and +y} is nontrivial.
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We may assume k,£ < (p — 1)/2 (by replacing some generators with their inverses,
if necessary). We may also assume, without loss of generality, that £ < k. (If k # £, this
implies £ < (p — 3)/2.) Also note that k,£ > 1, since AN G’ = 0.

Subcase 3.1. Assume p = 3. This implies a = b = ¢, so we have the following two
hamiltonian cycles in Cay(G; A):

C1 = (@,b,e) and Cy = (@,G,b).
Their voltages are
VY(Ci) =abc=a-ay- ay' = a’ Ya 'Yf‘”f:" 7-;

and

V(C) =acb=a-ay -ay = a®>v.v, avyYr-

In each of these voltages, there is nothing that could cancel the factor , or the factor +y,.
So both voltages project nontrivially to C, and C,.

Therefore, we may assume that both voltages project trivially to C,., for otherwise we
have a voltage that projects nontrivially to all three factors, and therefore generates G', so
the Factor Group Lemma 2.4 applies. Hence

a*yay, = V(C1)r = e = V(Ca), = a*yparys,

50, letting & = /. "1, we have ax = za, which means that - commutes with a. However,
we also know from Lemma 2.6(3)(a) that a does not commute with any nontrivial element
of G'. Therefore, we must have z = e, which means /. = ~,.. Also, since a does not invert
any nontrivial element of G’ (since a has odd order), we know that y,a, # a. Therefore

V(C1)r = a® - yeay, = a® -yrayy £ a* -a=e.

This voltage therefore projects nontrivially to all three factors of G’, so it generates G'.
Hence, the Factor Group Lemma 2.4 applies.

Subcase 3.2. Assume @, b, and © are not all distinct. We may assume @ = ¢ (which means
¢ = 1). We may also assume p > 5, for otherwise Subcase 3.1 applies. Therefore

p—k>p-(p-1)/2=(p+1)/2>(5+1)/2=3,
so we have the following two hamiltonian cycles in Cay(G; A):

C, = (b,a*V b,z a*?) and Cp = (b,a %1, b,a,¢a"*3).
Their voltages are

V(C1) = ba~* " DpegP—F—2

= g‘kf]( . a_(k_l) . akr)( . af}('r

k o1 —k-2
=a 'Yq Tr @ '}(-'1 Tr @ ’Yr’]{.'i a

. G{p—k—z
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and

V(C2) = ba~*Dbaca?*—3

—(k-1) , ak'y -a-ay' - gt k2

—k—3

:ak'y-a
— e ¢ g
=4 Y Vr CYgVr O VY @

Since a does not invert 7y, (because a has odd order), we see that the two occurrences of 7,
in these voltages cannot cancel each other. Hence, both voltages project nontrivially to C,,.
Also, there is nothing in either voltage that could cancel the single occurrence of 7., so
both voltages also project nontrivially to C.

Therefore, in order to apply the Factor Group Lemma 2.4, it suffices to show that at
least one of these voltages projects nontrivially to C,.. If not, then both projections are
trivial, so

k—3 k—2

= ak"y,,.a"y,,.a"y:.a_
— V(Cl )r
=e

= V(Cs),

k 2.5 —
= a4 Yeatyyad y,a

akFYr(l'Y?"a : 'Y:ﬂ a-

k—3

—k—3

k '
=0 Yava-ay,  a ,

which implies y/a = a~y!.. This contradicts the fact that a does not centralize any nontrivial
element of G’ (see Lemma 2.6(3)(a)).

Subcase 3.3. Assume £ # (p — 3) /2. We may assume that the preceding case does not
apply. In particular, then b # ¢, so k # £, so we have £ < (p — 5)/2, which implies
k + £ < p — 3. Therefore, we have the following two hamiltonian cycles in Cay(G; A):

Cy = (b,a~* D pea Y g a1 A)

and

Cy = (b,a*1.b,a,ca D,z arF13).
Their voltages are
V(Cy) = ba—*FVpeq— 1) pqp—F—E-2
= gy . g~ (k1) -aFy - aly - a— D) . gty . gp—h—t-2
=gk Yo ¥r@YgYr - N P A o ®)
and

V(C2) = ba~*Vpaca 6 ggp*—4-3

—aFy-a (D gk g glyl . q= (D) L glyt . gp—k—2=3

_k 41 I ror —k—£—3
=a" YV Ve @YYV - A7 !
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In each product, the two occurrences of -y, cannot cancel each other, and the two occur-
rences of «y, cannot cancel each other (because a does not invert any nontrivial element
of G"), so both voltages project nontrivially to C, and C,.

Therefore, in order to apply the Factor Group Lemma 2.4, it suffices to show that at
least one of these voltages projects nontrivially to C,.. If not, then both projections are
trivial, so, much as in Subcase 3.2, we have

afypayeat - Alavla - a?F 3 = aF L qpary, - at - Alary) @b TR
= V(Ch),
=e
= V(Cy),
P B N

p—k—t=3

_ k £ ’ 7
= 4" Y QY@ - QY A7, - G s

80 vlavy.a = aylavy,.

Now, note that (]} < G (since every subgroup of the cyclic normal subgroup G’ is
normal), so there is some 5 € (7..), such that a~y,. = Fa. With this notation, the conclusion
of the preceding paragraph tells us that 4/ 5a? = Fa2+... Since .. and 7 are in the abelian
group (7.}, we know that they commute with each other, so this implies 7/.a% = a2+...

However, since @ generates G, and |G| = p is odd, we know that @? also generates G.
Hence, we see from Lemma 2.6(3)(a) that a? does not centralize any nontrivial element
of G’. This contradicts the conclusion of the preceding paragraph.

Subcase 3.4. Assume p = 7. We may assume Subcase 3.2 does not apply,so 1 < £ < k <
(p—1)/2. Since (p —1)/2 = (7 —1)/2 = 3, we conclude that £ = 2 and k = 3. Thus, we
have
p=7, ¢=a% and b=a".
Now, the Cayley graph Cay(G; @, b, ©) is the complete graph K7, so it has many hamil-
tonian cycles. In particular, we have the hamiltonian cycle

C=(ca ca tbal)
Since G’ is a cyclic, normal subgroup of G (and |a| = p = 7), there is some « € Z*, such
that o” = 1 (mod grs) and

ag=g“a forallg € G'.

Also, we may write 7], = ¥ for some x € Z*. With this notation, the voltage of C'is

V(C) = ca’ca ba™"
=a?y -a?-a?y -a!-a®y-a1

i (12,}(;(14,}(1&2,7&—1

s (,Yr)(xz—i-aﬁ ,er

2,6
= ( :~'7’:s)a T (7q ¥ )®
@ f)rx2+a"’

— ('Y'r:’]{s ('Y-'I F}(f‘)m

PP o xg—i-rxﬁ rto ! (12-1— xﬁ
= 'Yq '71? ) ('Y's) .
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Since a” = 1 (mod grs), we know that a” = 1 (mod ¢) and a” = 1 (mod s), so it

is easy to see that & # 0 (mod ¢) and o + o® # 0 (mod s). Hence, it is clear that
V(C) projects nontrivially to C, and C,. Therefore, if Theorem 2.4 does not apply, then
this voltage projects trivially to C,., which means

(2 +ab)z+a=0 (modr). (C)
We also have the hamiltonian cycle
¢’ = (b,a % bca o).

It is easy to see that the voltage of this hamiltonian cycle projects nontrivially to C, and Cs.
(As in Subcase 3.3, this is because the only occurrences of -y, come from the two occur-
rences of b, and the only occurrences of y, come from the two occurrences of ¢. None of
these can cancel each other, because no element of G inverts 7, or y,.) Therefore, if V(C")
does not generate G’, then this voltage must project trivially to Cy.

Note that the hamiltonian cycle C’ can be obtained from the hamiltonian cycle C; of
Equation (A), with p = 7, k = 3, and £ = 2, by deleting the final term a@?—*—-2 =
a’ 37272 = g% of C;. Therefore, the formula (B) for the voltage of C, also yields the
voltage of C" (if we delete the irrelevant final term a?—%—¢~2 = ¥ = ¢), so we have

e = V(Cy)r
=it Tr@Yr a’- 7;07:*

— 3 2 @ x
=4 Y0y - QY A7y

o taltabrta’x

i 1

S0
A +ot+afz+a'2=0 (mod 7).

Multiplying by a*, and recalling that o = 1 (mod r), we conclude that
(1+a)+a*(1+a)z=0 (modr).

Dividing this equation by 1 + « yields 1 + oz = 0 (in Z,), so x = —1/a?. Plugging this
into Equation (C) yields —(a? 4 a®)/a® + a = 0 in Z,, so (multiplying by —a) we have
1+ a* —a? = 0 (mod r). Recall that we also know a” — 1 = 0 (mod r). Since the
polynomial 1 + z* — z? is relatively prime to =7 — 1, this is impossible. More concretely,
we have

0=(*-a’+a*—a®*-1)-0 - (@®-a? -0
=@ -+t —a®-1)(1+a*—a?) - (® —a?)(a” —1) (mod )
— —]_,
which is an obvious contradiction.
Subcase 3.5. Assume that the preceding cases do not apply. Since Subcase 3.3 does not

apply, we must have £ = (p — 3)/2. Since £ < k < (p — 1)/2, this implies

=]
I g D

=1+4£
2

p—3
2
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Therefore

ac=aa' =att=a"=0.

Putting ¢ into the role of @ will usually give us new values for £ and £. Indeed, if
Subcase 3.3 does not apply after this change (that is, after replacing the triple (a, b, ¢) with
the appropriate triple (¢, a“*, b%?) or (¢, b, a®?), with €1, €2 € {+1}), then either

at! =clr—3/2 gnd T = - 1/2 — gtle

or
b =c®9/2 and gt =g D/2 =5 G,

However, we have

a-1o— gl-1 — gr—5)/2 ¢ {ﬁi(p—l)ﬂ} - {E:lrl}

and
be = gFt! — gle+1)/2 ¢ {ﬁil}_

Therefore, €®~%)/2 must be either @ or b . Noting that (since a¢ = b) we have b = ac
anda—! = b ' ¢, this implies that the only possibilities are that either

G=cP3)/2 and b =ge = ¢p—1)/2 (D)

or

b =c3/2 and a1 =B e =cP-D/2, ®)

If (D) holds, then

7 —gP-3)/2 _ (az)(p—f*)/ﬁ _ (a(p—:;)/z)(p—fi)/? _ a(j}—3)2f4’

$0 (p — 3)?/4 = 1 (mod p), s0 9 = 4 (mod p), which implies p = 5. However, since
Subcase 3.2 does not apply, we know that ¢ # @, so £ > 1. This means (p — 3)/2 > 2, so
p = 7. This contradicts our recent previous conclusion that p = 5.
So (E) must hold. Then 5 = = ¢®3/2, Since b = a* = a® /2 and ¢ = @’ =
@®=3)/2_this means
—(p—1)/2=(p—3)*/4 (mod p).

s02 =9 (mod p), which implies p = 7. So Subcase 3.4 applies.
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