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Abstract

This thesis is mainly concerned with the orthogonal designs of Baumert-Hall array type,
OD(4n;n,n,n,n) where n = 2k, k is odd integer. For every odd prime power p”, we con-
struct an infinite class of amicable T-matrices of order n = p” + 1 in association with ne-
gacirculant weighing matrices W (n,n — 1). In particular, for p" =1 (mod 4), we construct
amicable T-matrices of order n =2 (mod 4) and application of these matrices allows us to
generate infinite class of orthogonal designs of type OD(4n;n,n,n,n) and OD(4n;2,2,2n—
2,2n—2) where n = 2k; k is odd integer. For a special class of T-matrices of order n where
each of 7; is a weighing matrix of weight w;; 1 <i <4 and Williamson-type matrices of
order m, we establish a theorem which produces four circulant matrices in terms of four
variables. These matrices are additive and can be used to generate a new class of orthogonal
design of type OD(4mn;wys, was,w3s,was); where s = 4m. In addition to this, we present
some methods to find amicable matrices of odd order in terms of variables which have
an interesting application to generate some new orthogonal designs as well as generalized

orthogonal designs.
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Chapter 1

Introduction

While Hadamard conjecture has remained open for around a century, which methods would
be the good ones for constructing new Hadamard matrices? The answer must include or-
thogonal designs, a well known combinatorial object. A special category of orthogonal
designs is Baumert-Hall array which is an interesting area of study in the field of combina-
torial mathematics. In this thesis, our endeavor results in a new infinite class of Baumert-
Hall arrays, OD(4n;n,n,n,n) where n = 2k; k is odd integer and some Baumert-Hall-Welch

arrays with reduced parameter of order 4n;n is odd.

We cover necessary pre-requisite materials throughout the Chapters 2 to 4. In Chap-
ter 2 which laid the foundation of our research, we study some fundamental properties
of Hadamard matrices and some well known construction methods which include the
Kronecker product construction, Paley construction [36] and Williamson construction
[42]. Chapter 3 mainly focuses on some different (1) sequences having aperiodic auto-
correlation function as well as periodic auto-correlation function zero. As T-sequences are
important tools to construct Hadamard matrices and orthogonal designs, we include some
basic rules and formulas [39] that generate this sequences from some other sequences
such as Golay sequences [18]], Base sequences and Turyn type sequences [41]. Chapter
4 is mostly concerned with balanced generalized weighing matrices with classical param-
eters over cyclic groups. This class of matrices includes conference matrices, weighing
matrices, ®-circulant matrices and negacirculant matrices. In chapter 5, we mostly con-
centrate on amicable T-matrices of composite order. Using the idea of existence of ne-

gacirculant weighing matrices of order p” 4+ 1 [135] for odd prime power p”, we construct



1. INTRODUCTION

an infinite class of amicable T-matrices of order n =2 (mod 4) where n = p” + 1. Also
we present a multiplication theorem for amicable T-matrices which enables us to gener-
ate composite order T-matrices of larger length. Chapter 6 includes the application of
amicable T-matrices which results in orthogonal design of type OD(4n;n,n,n,n). Using
Williamson-type matrices of order m and a special class of T-matrices of order n where
each of 7; is a weighing matrix of weight w;, a new multiplication theorem is established
which results in four circulant matrices A, B,C, D in terms of variables a,b, c,d satisfying
AAT +BBT +-CCT +DDT = (wisa® +wosb? +w3sc? +wysd* )L, where s = 4m. This ma-
trices generates a new class of orthogonal design of type OD(4sn;wim,wym,w3m, wam).
Additionally, sets of four circulant amicable matrices of odd order in terms of variables
are constructed and generalized orthogonal design has been discussed as consequences of
these matrices. Finally, we present a new method to construct a Hadamard matrix of order

48 found by standard constructions.



Chapter 2

Hadamard Matrices

Definition 2.1. A square matrix H of order n with the entries from the set {41} satisfying

the property
HHT =nlI,

is known as a Hadamard matrix. More explicitly, the inner product of any two distinct
rows or columns of this matrix is zero and all rows are linearly independent and all columns

are linearly independent. A few examples of Hadamard matrix are given below.

Example 2.2. H(2), H(4) and H(8) are the examples of Hadamard matrices of order 2, 4

and 8 respectively, where

and



2.1. EQUIVALENCE OF HADAMARD MATRICES

1 - — -1 - — —
-1 - — — 1 - —
- -1 - — — 1 -
H(8) = oo
1 — — — — 111
— 1 - —=1-11
— -1 -11-1
— - - 1111 -

13 2

stands for —1.

2.1 Equivalence of Hadamard Matrices

Though superficially Hadamard matrices seem to be a random arrangement of 1 and -1,
its configuration admits some basic matrix operations which yield new Hadamard matrices
of the same order. So from an existing Hadamard matrix one get many more of the same

kind.

Definition 2.3. Two Hadamard matrices H; and H, of the same order are called equiv-
alent if one can be obtained from the other by performing one or more of the following

operations.

(i) Permutation of the rows,

(i1) Permutation of columns,

(iii) Multiplying some row or column by —1.

Since every row or column in a Hadamard matrix H is orthogonal to all others, it fol-

lows the transpose of a Hadamard matrix is Hadamard matrix as we show now. The basic

4



2.1. EQUIVALENCE OF HADAMARD MATRICES

requirement, HH' = nl, leads us to write,

(H'YHT) = H'H
— (H)(H)

= nl,.

This proves:
Proposition 2.4. If H is a Hadamard matrix then H is also Hadamard matrix.

Among many of underlying features of Hadamard matrices, our interest is to present
one of these that restricts all of the entries in the first row and first column to be the same

kind.

Definition 2.5. If all of the entries in the first row and in the first column of a Hadamard

matrix H are +1, then this Hadamard matrix is called a normalized Hadamard matrix.

Example 2.6. For n = 4, the following is a normalized H(4).

In a normalized Hadamard matrix H of order 4n, we see that there are exactly equal
number of +1’s and —1’s in every row and every column except the first row and the first
column. Moreover, n number of —1’s in any row(column) overlap with » number of —1’s
in any other row(column) except the first row(column).

Multiplication of any row or column in a Hadamard matrix by —1 yields a new Hadamard
matrix. So one can easily transform an arbitrary Hadamard matrix into a normalized
Hadamard matrix by negating the rows and columns whose leading entry is —1. This

shows:



2.1. EQUIVALENCE OF HADAMARD MATRICES

Lemma 2.7. Every Hadamard matrix is equivalent to a normalized Hadamard matrix.

Example 2.8. Here H(4) is equivalent to H'(4) which is normalized.

— 1 1 1 1 - — — 1 1 1 1
1 — 1 1 1 — 1 1 1 1 - —
H(4)= = = =H'(4).
1 1 — 1 1 1 — 1 1 — 1 -
1 1 1 - 1 1 1 - 1 - - 1

As equivalence operations on a Hadamard matrix generate a class of new Hadamard
matrices, the number of inequivalent Hadamard matrices of a particular order is a good
topic of study. Searching those is very time consuming and more computational work.
H. Kharaghani and Tayfeh-Rezaie [30] were able to classify the highest order Hadamard
matrices of order 32. The following list presents the number of inequivalent Hadamard

matrices corresponding to all orders found up to the present.

Table 2.1: No. of inequivalent Hadamard matrices

Order (n) [Ref.] || No. of matrices
1 1

2 1

4 1

8 1

12 1

16 [20] 5

20 [21] 3

24 [31] 60
28 [32] 487
32 [30] 13710027




2.2. EXISTENCE OF HADAMARD MATRICES

2.2 Existence of Hadamard Matrices

In 1867 [40], J. J. Sylvester was the first person to study (£1) matrices which would
later be known as Hadamard matrices. After around 25 years, J. Hadamard was trying
to find the maximal determinant of a matrix with entries from the complex unit disk and
eventually found two (£1) square matrices of orders 12 and 20 as a solution of the problem.
Though these solution matrices did not fit with matrices found by J. J. Sylvester, the internal
structure of both matrices were same. Later in 1893, J. Hadamard pointed out a hypothesis
about the existence of these solution matrices and this hypothesis became known as the
Hadamard conjecture. Now we recall a theorem from Sylvester’s paper, published in 1867
[40] which allows the recursive use of a existing Hadamard matrix of order n to construct
a new Hadamard matrix of order 2n. An immediate corollary of this theorem generates a

class of Hadamard matrice of order 2/;¢ > 0.

Theorem 2.9. [40] If H is a Hadamard matrix then

is also a Hadamard matrix.
Starting with H = (1) and iterating this theorem we obtain

Corollary 2.10. There exist a Hadamard matrix of order 2';t > 0.

2.2.1 Hadamard Conjecture

Conjecture 2.11. There exist a Hadamard matrix of order 4n for all n € N.

This conjecture remains open since the last century. Solutions of some different open

problems in combinatorial design theory depend on a positive reply to this conjecture.



2.3. CONSTRUCTION OF HADAMARD MATRICES

Considering this conjecture as a sufficient condition for the existence of Hadamard matrices

we prove here a necessary condition for the existence of a Hadamard matrix.
Proposition 2.12. [f there exist a Hadamard matrix of order n, then n = 1,2 or 4k;k € N.

Proof. Suppose H is Hadamard matrix of order n and H’ is a normalized Hadamard matrix
corresponding to H. Decompose H’ into four blocks p,q,r,s and permute the columns of
H' in such a way that for the first three rows, each column in block p is (1,1,1), in block ¢

is (1,1,—), in block ris (1,—, 1) and in block s is (1,—,—). So H' has form:

11 1 1)1 1 1 1)1 1 1 1)1 1 11
11 1 1)1 1 11— - I o
11 11— — — — 11 11— — _

Since H' is Hadamard matrix, taking the orthogonality property of distinct rows into ac-

count we have

ptg+r+s =n
pt+q—r—s =0
p—q+r—s =0

p—q—r+s =0

A simple calculation yields the unique solution of this system of equations i.e, p=q=r =

s = n/4. Here n must be multiple of 4 because p,q,r,s and n are all integral. [



2.3. CONSTRUCTION OF HADAMARD MATRICES

2.3 Construction of Hadamard Matrices

There are many existence results of Hadamard matrices which include different sub-
classes. In this section, we present some well known construction methods and start here

with some necessary definitions.
Definition 2.13. For a prime number p, a non-zero element in a Galois field, a € F, =
{1,2,---,p— 1} is said to be quadratic residue if

x*=a (mod p)

for any x € IF,. Otherwise it is called non-quadratic residue.

Definition 2.14. If a is any quadratic residue (mod p), then the Legendre symbol y [36]
is defined by

(

0, ifa=0 (mod p) ;
x(@)=1q1, ifais quadratic ;

—1, otherwise.

\

Definition 2.15. The Kronecker product of a m x n matrix A = [a;;] and a m' x n’ matrix

B = [b;j] is a mm’ x nn’ block matrix given by

aiB apB - apB

a1 B anB --- a,B
A®B =

amB amB -+ au,B

Definition 2.16. The Hadamard product of a m x n matrix, A = [a;;] and a m’ x n’ matrix,

B = [b;j] is m x n matrix, given by
AxB= [a,-jbij]

Definition 2.17. For a given n-dimensional vector V = (vg,vy,...,v,—1), a square matrix

A = |a;;] obtained by circulating this row vector, whose entries are given by

9



2.3. KRONECKER PRODUCT CONSTRUCTION

ajj = Vj,i;(j—l') (mod n)

is called circulant matrix and is denoted by circ(vo,vi,...,vy—1).

2.3.1 Kronecker Product Construction

The earliest method, allowing the recurrence use of existing Hadamard matrices to con-
struct new Hadamard matrices is the Kronecker product construction. In 1893, J. Hadamard

used this method to produce a new Hadamard matrix from old ones.

Theorem 2.18. If H| and H, are two Hadamard matrices of order m and n respectively,

then Hy ® H, is a Hadamard matrix of order mn.

Proof. Using a fundamental property of Kronecker product, (H; ® Ho)T = H IT ® H2T , wWe

have
(Hi®H))(Hi @ H))T = H{H! @ HyH]
= ml, Qnl,
= mnly,
which proves the theorem. ]

Though Hadamard’s direct Kronecker product construction method is very simple to
generate Hadamard matrices of many new orders, it skips many orders in between the
order of new and old Hadamard matrices. In a lecture note published in 1985, Agayan-
Sharukhanyan [1]] introduced a different way to use Kronecker products which allows
us to retrieve a Hadamard matrix of order reduced by half of the order Hadamard matrix

constructed by direct Kronecker product method.

Theorem 2.19. [|I|] Let H| and H, be Hadamard matrices of order 4h and 4k respectively.

Then there is a Hadamard matrix of order 8hk.

Proof. Decompose H; and H; into two 2 X 2 arrays

10



2.3. KRONECKER PRODUCT CONSTRUCTION

P Q K L
H = and Hy =

R S M N

Since both H; and H, are Hadamard matrices, we have

PPT + 00" = 4hl,, KKT + LLT = 4kl
RRT + 88T = 4hly, MMT + NNT = 4kl
PRT 4+ 08T =0 KMT +INT =0
RPT +50T =0 MKT +NLT =0
Let
oa=3P+Q)®K+3(P—Q)eM
B=1(P+Q)®L+3I(P-Q)®N
Y=3R+S)®K+3(R-S)oM
§=3(R+S)®L+3(R—S)®N

Now we define H = ((; g) To prove H is a Hadamard matrix we compute the following

quantities.

ao’ +Bp’ = %[((PJFQ)®K+(P—Q)®M)((P+Q)T®KT+(P—Q)T®MT))
+(P+Q)OL+(P-Q)@N)(P+0) oLT +(P— Q)T @NT))
= %[(4%,1 +PQO" + OP") @ 4kly, + (4hly, — PQT — QPT) ® 4kl
= %[Shlzh ® 4kl

= 8hklyy.
and
yo!I +8p7 = %[((R+S)®K+(R—S)®M)((P+Q)T®KT+(P—Q)T®MT)+

11



2.3. KRONECKER PRODUCT CONSTRUCTION

(R+S)®L+(R—S)QN)(P+0) @L" +(P—0)" @NT).
- %[(RQT +SP") @ 4kby + (—RQ" — SPT) ® 4kl

= 0.

Similarly, Yy 4 887 = 8hkl4; and oy’ 4 BT = 0. Therefore, we have

8hklyy 0
HHT = = 8hklgp
0 8hklyp
1.e, H is a Hadamard matrix of order 8/k. O

R. Craigen, J. Seberry and X. M Zhang gave a theorem in 1992 [9] which might be
regarded as an extension of Theorem This theorem allows us to compute a Hadamard
matrices whose order is one fourth of the order of Hadamard matrices computed by using

theorem [2.19] Now we present this theorem.

Theorem 2.20. [9] If there exist Hadamard matrices of orders 4m,4m,4p,4q, then there

exist a Hadamard matrices of order 16mnpq.

Proof. Let H,K,L,M be four Hadamard matrices of order 4m,4n,4p,4q respectively. De-

composing these matrices into four blocks we write

H K Ly M,

H, K> Ly M,
H=|—|k=|—"|L=|—| M=

Hj K3 L3 M;3

Hy K4 Ly My

where j x 4] is the size of the blocks H;,K;,L;,M; for 1 <i <4 and j € {m,n,p,q}. Here
we note that Y| H;H = HH" and H;H| = 0i # j which is also similarly applicable for

K,L and M. We define

1 1
R = E(Hl +H2>T®K1 +E(H1 —HQ)T®K2

12



2.3. PALEY CONSTRUCTION

1 1

S = §(H3—|—H4)T®K3+§(H3—H4)T®K4
1 1

U = §(L1+L2)T®M1+§<L1—Lz)T®M2

1 1
V = §(L3 +L4)T®M3+§(L3 —L4)T®M4

Now compute

1
RR' +8S" = (HiH{ +HyHy +H3H; + HyHy ) @ 4nl,

1
= 3 (4mly, @ 4nl,)

= 8mnlyy,.

and a simple calculation yields SRT = RST =UVT =VUT =0. Here R,S,U,V are all (£1)

matrices. Suppose X = %(R +S)and Y = %(R —§) and then we obtain,

1
xx" = Z(RRT + 8T +SRT +RST)

= 2mnlyy,

Similarly YY7 = 2mnly,,.

Clearly XY are disjoint (0, 41) matrices. Now defining H =X QU +Y ®V we get

HH' = XeU+YeV) (XU +YaV)!
= (xxTouuT +yyTovvh)
= 2mnlyy, @ (UUT +VVT)

= l16mnpql, 6mnpq

Therefore, H is a Hadamard matrices of order 16mnpq. 0

13



2.3. PALEY CONSTRUCTION

2.3.2 Paley Construction

Aside from Hadamard and Sylvester work, Paley’s work is well known for finding
Hadamard matrices of order 4n where n is odd. In 1933 [36], Paley constructed an infinite
class of Hadamard matrices of order (p+ 1) and 2(p + 1) according as p =3 (mod 4)
and p =1 (mod 4). To present these theorems with immediate examples we start here by

giving the definition of Jacobsthal matrix.

Definition 2.21. Let p be an odd prime power and ) be the Legendre symbol [36] over
the Galois field GF (p) = {ay,az,...,ap—1. Then a p x p matrix, Q = [p;;| with the entries
given by

pij =%(i—j):(i—j) (mod p)
is known as Jacobsthal matrix.

Theorem 2.22. [36] Let p =3 (mod 4) be an odd prime power. Then

is a Hadamard matrix of order p + 1, where j is the all ones vector of length p and I is the

identity matrix of order p.

Example 2.23. Over Z7; 1, 2, 4 are non-zero squares and 3, 5, 6 are non squares. Then we

have the following Hadamard matrix of order 8.

11111111
1 — — — 1 — 11
11 — — — 1 — 1
111 — - — 1 —
H(8) = 1 — 11 — — — 1
11 — 11 - — —
1 -1 — 11 — —
Il — — 1 — 11 —

These type of Hadamard matrices are known an Paley-type Hadamard matrices.

14



2.3. WILLIAMSON CONSTRUCTION

Theorem 2.24. [36] Let p =1 (mod 4) be an odd prime power. Then

is a Hadamard matrix of order 2(p + 1) where j is the all ones vector of length p and I is

the identity matrix of order p.

Example 2.25. Over Zs, 1, 2 are squares and 3, 4 are non-squares. Then we have the fol-

lowing Hadamard matrix of order 12.

111111 -1T1T1T1:1
r11 --11-1 - -1
1111 --11-1 - —
lI-111-1-1 -1 —
Il --1111--1 -1
l11 --1111-11 —
H(12) = -11111—-—— — — —
l -1 -—-1--—=11 -
11 -1--- - - - 1 1
I -1-1--1 - - =1
Il - -1-1-11 - - —
11 -11--—-—-—11 — —

2.3.3 Williamson Construction

In 1944, Williamson found a class of Hadamard matrices by plugging a set of typical
matrices into a pre-designed array, called Williamson array. This method is very simple to
construct Hadamard matrices while the challenge is to find those typical plugging matrices
of order r € N. Just before turning to this construction, we recall the definition of these

plugging matrices.

15



2.3. WILLIAMSON CONSTRUCTION

Definition 2.26. A set of n x n matrices {A,B,C,D} satisfying the following conditions
(i) all are symmetric and circulant with entries from the set {£1},
(ii) AAT +BBT +CCT +DD" = 4nl,.

are called Williamson matrices. However, if {A,B,C, D} is pairwise amicable for A,B,C,D

and AAT + BBT +CCT + DDT = 4ul, then these are known as Williamson-type matrices.

Williamson matrices are known for all orders n < 63 [7] (section V) while for n €

{35,47,53,59} there are no Williamson matrices [24].

Theorem 2.27. [42] If there exist n X n Williamson matrices A, B,C and D then there exist

a Hadamard matrix of order 4n given by

A B C D
-B A D -C

-C -D A B

-D C —-B A

Example 2.28. Picking Williamson matrices as A = circ(1,—,—,—,—), B=circ(l,—,—, —,
—), C =circ(1,1,—,—,1) and D = circ(1,—,1,1,—) we get a Hadamard matrix of order
20.

16



2.3. WILLIAMSON CONSTRUCTION

11 —-1—|11- — —|———1-|—-—-1-

~ 11— 1]—-11 - —=|— — = —1]— - - —1

Hadamard matrices obtained in this way are known as Williamson-type Hadamard ma-
trices. Employing this idea Baumert et.al. showed the existence of Hadamard matrices of
order 92 [4]] and order 116 [2] which were unknown in the list of Hadamard matrices of
order less than 200 made by Paley. In addition to these methods, the Baumert Hall array is

another powerful tool for constructing Hadamard matrices which we cover in Chapter 6]

17



Chapter 3

Sequences

As far as study of different combinatorial objects like orthogonal designs and Hadamard
matrices are concerned, a set of sequences with commuting variables are of great interest.
Due to different generic properties, these sequences have versatile applications in computa-
tional mathematics, infrared multislit spectrometry [17], optical time-domain reflectometry
or orthogonal frequency division multiplexing (OFDM) [37/]] etc. These sequences include
Golay sequences, Base sequences, Turyn sequences, T-sequences etc. In this chapter we

study T-sequences among others.

3.1 T-Sequences

We start this section with some trivial properties of sequences.

Definition 3.1. If X = {x;,...,x1,} is a sequence in commuting variables and is of length

n, then its aperiodic auto-correlation function is defined by
Nx(j) =Y (xrix1i4)s 1 < j<n—1.

For a set of sequences Y = {{x11,---,X1n},{X21,---sX2n}s--s{Xml,-- -, Xmn } } Of length n

we define,
Ny (j) = Xim] (xvixivj+x2,0,i4j+ -+ Xmixmit)); 1 < j <n—1.
Similarly, the periodic auto-correlation function is defined by
Pr(j) =Y (xrixtipj+x0,ix0i4j+ - +Xmixmitj)s 1 < j<n—1.

where the second subscript is from the set of residues (mod 7).
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Definition 3.2. A set of sequences having aperiodic auto-correlation function zero is called

complementary sequences (CS).

Here we note that the number of non zero entries in a sequence is called the weight
of that sequence and if at most one sequence is non zero at any position among all these

sequences then these sequences are called disjoint sequences (DS).

Example 3.3. A and B are disjoint complementary sequences of length 8.

A = (11000000)

B=(001—11—1)

13 2

where stands for —1.

Definition 3.4. Four disjoint sequences M = {1}, T», T3, T4 } with entries from the set {0, +1}

and of length n satisfying
Nu(j)=0;1<j<n-—1
are called T-sequences (TS).

Example 3.5. Here 71,73, T3 and T, are T-sequences of length 9.

77 = 100000000, 1, = 011000000,

73 =0001 — 11 -1, T, = 000000000.

These T-sequences have a close relation with many other sequences having aperiodic

auto-correlation function zero. In the next few sections, we study some of these sequences.

3.2 Golay Sequences
Definition 3.6. Two (+1) sequences {X = {x11,-- ,x1n},Y = {y11,- -+ ,y1n}} of length n

satisfying,
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Nx(j)+Ny(j)=0for1 <j<n-—1
are called Golay sequences. Sometimes X, Y are also referred to as a Golay pair.
Example 3.7. X = 111— and Y = 11 — 1 are the Golay sequences of length 4.

Golay originally found four pairs of sequences of lengths 2, 10 and 26 which include
one pair of length 2, two pairs of length 10 and one pair of length 26. Now we present these

four pairs of sequences.

Table 3.1: Original Golay-sequences

Order(n) Sequences
2 (11);(1-).
10 (=11—1—111—),(=111111 ——1).

(1—1—1111—=), (1111 =11 ——1).

26 | (1-11——1————1—-1————11———1—1),

(~1—=11=1111——————— 1H———1-1).

These sequences have many properties some of which we present here.

3.2.1 Symmetry Properties
The symmetry properties are one of the most important characteristics of Golay se-
quences. This properties permits one or more of the following operations which were

originally given by Golay [18]].
(1) Reversing either or both sequences.
(i1) Negating either or both sequences.
(iii) Transforming by x; — (—1)ix;,y; — (—1)'y;.
(iv) Interchanging the sequences in the pair.
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3.2.2 Other Properties
Due to versatile importance in many engineering applications, many people are inter-
ested in characterizing Golay sequences. Here we mention some characteristics of Golay

sequences found by different authors [15], [[18], [41]].
(1) Z?;lj(xixiﬂ-l-yiyiﬂ) =0;for1 <j#0<n-—1.

(i) They exist for all lengths n € 2“10b26°';a,b,c >0 [41]. No Golay sequences are

known to exist for other than these lengths.
(i11)) Length n is even and is the sum of two squares [18]].
(iv) Xp—i+1 = eix; < yn—i+1 = —e;y; Where ¢; = +1 [13] .

S. Eliahou, M. Kervaire and B. Saffari’s [12] outstanding work is very helpful to study the
non existence of Golay sequence. They showed that there are no Golay sequences of length
n having a prime factor p =3 (mod 4). This work also includes the works of M. Griffin
[19] and C. Koukouvinos et.al. [35] where they proved that Golay sequences do not exist
for the lengths 2 -9 and 2 - 49" respectively where 7 is a positive integer. In order to prove
this theorem here, we recall first the idea of Hall polynomial [7] and then a lemma whose

proof is given in the same paper of S. Eliahou et.al. [12].

Definition 3.8. If A = (ap,ay, - ,a,—1) is a sequence of length n, then its associated Hall

polynomial is defined as
n—1 )
Alx) = Z ax'.
i=0

For a given Hall polynomial A(x), we define A(x 1) = Z?:_o] aix'and |A|? =A(x)A(x ).

)y n—1 N n—1 i
A]” = Zalx Za,x
i=0 i=0
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n—1 5 n—1n—1—j .
= Zaﬁ—Z Z agay4 j(x' +x77)
i=0 j=1 k=0

n—1 n—1
= Y ai+ Y Nk +x75)
k=0 k=0

where N(k) is the aperiodic auto-correlation function. So for a (+1) sequence A of length n
we have, |A|> =n+ ZZ;& N(k)(x* 4+ x7%) and for a pair of (+1)-complementary sequences

A and B of length n, we get |A|? 4 |B|*> = 2n.

Lemma 3.9. [/2] Let p be a prime number satisfying p =3 (mod 4). Let N be a positive

integer C be the primitive p"-th root of unity. Suppose o., B satisfy the condition
a-0+pB-B e p*Z[(]
where bar denotes the complex conjugation. Then ., € pZ|[(].

Theorem 3.10. [[/2|]] There are no Golay sequences of length n, divisible by a prime factor
p of the form p = 4k + 3.

Proof. Assume that P and Q are Golay sequences of length n. If P(x) and Q(x) are the

corresponding Hall polynomials then we must have
POP(x1)+0(0)Q(x"") =2n
in the Laurent polynomial ring Z[x,x~!]. Putting x = 1, we obtain
P(1)2+0(1)*> =2n

i.e 2n is the sum of two integral squares which implies that if 7 is divisible by a prime p =3
(mod 4), then n must be divisible by p?. Indeed, P(1)> 4 Q(1)> =0 (mod pZ) is possible
only when P(1) = Q(1) =0 (mod pZ). Then p? must divide P(1)%+Q(1)2.

Now by establishing a contradiction with the assumption n =0 (mod p?);p =3 (mod 4),
we prove the theorem.

Suppose g = p"'; N is large and { be a primitive ¢’th root of unity. Then we obtain
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P(L)P(8) +0(C)Q(L) =2n € p*Z[(]

where P({1) = P({) = P(€); { is the complex conjugation of {.

Therefore, using the lemma above, we can write P(C), Q() € pZ|[(]. However,
P& =ap+a;{+ - +a, 10" wherea; = £1;for0 <i<n-—1.

Now, for prime power g = p", let ®,(X) = Zf;ol X" is a cyclotomic polynomial over

Z[X] and so Z[(] is a free Z-module whose rank is @ = ¢(p") = pV 1 (p—1). If P({) €

pZ[{] then there exist integers o, s1,...,5,—1 € Z such that
n—1  0(g-1 ,
P =Y al= Y ps;t/ 3.1)
i=0 =0

Assume that N is big enough and satisfies the inequality n < ¢ = ¢(p") = pN 1 (p —1).
Since {1,{,{?,---,{%" !} form a basis over Z, we deduce from Equation

ai=ps;;0<i<n—1
which is impossible since a; = 1. Hence the theorem follows. 0

To construct new Golay sequences, one way is to construct them from already existing
Golay sequences. Before shifting into this construction we review some basic operations
on sequences.

For a pair of sequences X = (x1,X2,X3,...,%p) and ¥ = (¥1,Y2,Y3, -, Ym)»

(1) Concatenation is defined as:

XY = (X1,X2, s Xims Y15 V25 ey Vi) -

(i1) Interleaving is defined as:

X~Y= (x15y1=x27y27"'7xm7ym>-
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If X = (x1,X%2,X3,....,%) and Y = (y1,y2,¥3,...,ym) are Golay sequences of length n then
(XY,X|(—=Y)) and (X ~Y,X ~ (—Y)) are Golay sequences of length 2n [27]. Golay
showed how to double the length of existing Golay sequences, which is known as Golay’s
direct construction method [18]. Using this method one can compute a Golay pair of length
2n from a existing pair of length n. These sequences are very helpful to construct a set of

four complementary sequences. Here we mention a lemma for such a construction.

Lemma 3.11. If X;Y are Golay sequences of length ny and U;V are Golay sequences of
length ny, then A = (X|U), B= (X|—-U), C= (Y|V) and D = (Y| —V) are four comple-

mentary sequences of length (n +ny).

Since our interest is the construction of T-sequences, we mention here a theorem that

generates T-sequences from Golay sequences.

Theorem 3.12. If X and Y are Golay sequences of lengths n, and if ¢,, denotes the vector

of n zeroes then T = {{1,0,},{0,5(X +¥)},{0,3(X = ¥)},{0n11}} are T-sequences of

length n+ 1.

Proof. Obvious. 0

See table 3.2 for examples.

Table 3.2: T-sequences (TS) from Golay-sequences (GS)

GS of length (n) TS length (n+1)

11,1— 100,010,001, 000.

11—,11-1 10000, 01100,
0001—,00000.

11r—-11-1,111—-——1-— | 100000000,0111 — 0000,
0000011 — 1,000000000.
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3.3 Base Sequences

Definition 3.13. If {X;, X, X3,X4} are all {£1} sequences of length (m+ p), (m+p),m,m
respectively, where p is an odd and if the aperiodic auto-correlation function, is zero then

the sequences X;’s; 1 <i < 4; form Base sequences (BS).

Here we list some Base sequences of odd lengths.

Table 3.3: Base-sequences of odd lengths

Lengths | Sequences

3,3,2,2 | 111,11—,1—,1—.

5544 [ 11—11,1111—,11——,1—1—.

7,7,6,6 | 11—1—11,11———1—,—111111,— — 11 —1.

9,9,8,8 | 1111 —11—1,—111—11—1,111———1—,111———1—.

One can regard Golay sequences as appropriate tools to construct Base sequences. We
see, if X, Y are Golay sequences of length n, then the set {{1,X},{1,—X},{Y},{Y}} forms
Base sequences of length (n+ 1), (n+ 1),n and n respectively. Base sequences exist for all
lengths with m+p;m € {1,...,30}U2910°26¢ and p = 1.

Base sequences are also effective tools to find four complementary sequences(CS) as well
as T-sequences. To illustrate this we state the following theorem from the monograph by J.

Seberry et.al. [39]].

Theorem 3.14. [f there are Base sequences of lengths m+1,m -+ 1,m,m, there are
(i) 4 T-sequences of length (2m+1).
(ii) 4 complementary sequences of length (2m+1).

Proof. Suppose A = {X,Y,Z,W} are Base sequences of lengths (m+1),(m+ 1),m,m.

Then the set of sequences defined as:
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X WIAX-WEAY.Z]{Y-Z}}
are 4-complementary sequences of length (2m + 1) and the set of sequences defined as:

{{%(X—FY),Q)m}, {%(X - Y)7¢m}7 {¢m+17 %(W_FZ)}U {¢m+1, %(W —Z)}}

are T-sequences of length (2m + 1). O

Table 3.4 lists examples.

Table 3.4: T-sequences and Complementary sequences from Base sequences

BS of lengths TS of length CS of length

m+1,m+1,mm | (2m+1) (2m+1)

111,11—,1—,1—. | 11000,00100,0001—,00000. | 1111—, 111 —1,11—1—,11——1.

11—-1,11——, | 11—0000,0001000, 11—1111,11—1———,

111,1—-1. 0000101,0000010. nm-—1-111-—--1-.

3.4 Turyn Type Sequences

Definition 3.15. A set {X,Y,Z, W} of four {£1} sequences of lengths n,n,n and (n—1)

respectively is said to be of Turyn type if the following condition is holds.
Nx () + Ny (j) + 2Nz (j) +2Nw (j) = 0;j > 1

Turyn type sequences first appeared in a paper of R. J. Turyn [41]. In that paper, he gave
three examples of these sequences for lengths n = 4,6,8. Except these lengths all other
Turyn type sequences were found by computer search. Koukouvinos et.al. constructed
these sequences for lengths n = 10,12,...,24 in [33] and the credit for the other lengths
n=126,28,...,34 goes to Kounias et.al. [34]. H. Kharaghani and B. Tayfeh-Rezaie found
Turyn type sequences of length n = 36 and verified the existence of a Hadamard matrix
of order 428 [29]]. In the same paper [41], Turyn established a theorem to extract Base

sequences from existing Turyn type sequences. Now we present this well known theorem.
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Theorem 3.16. [41] If X,Y,Z,W are Turyn type sequences of lengths n,n,n,(n— 1), then
the sequences A = (Z|W),B= (Z| —W),C =X ,D =Y are Base sequences of lengths (2n —
1),(2n—1),n,n.

See Table 3.5 for examples.

Table 3.5: Base sequences (BS) from Turyn sequences (TrS)

TrS of lengths BS of lengths

n,n,n,(n-1) (2n-1),(2n-1),n,n

I-1—1———1——1,111. l——11,1——1-—1-1-,1-———.
I—11—1,111——1, I-111-1-————1—-111——1111,
I-111—1————. I—11—-1,111——1.
l-—1-—-1111-—=—=-1, | 1111 —=1—-111—=110,1111——1————1———,
i1 ——1—,111—-111. l-—1——-1,111-———1.

Yang’s [43,44] work on Base sequences is an crucial step to find odd order T-sequences
of larger lengths. He showed if there is a number y € {3,7,13,...,2¢+ 1} where g €
241026 a,b,c > 0, termed as Yang’s number and there are Base sequences of lengths
m+ p,m~+ p,m,m then there are T-sequences of length y(2m + p) which is of great interest

for the case when (2m + p) is odd.

Theorem 3.17. (Yang) Let A,B,C,D be sequences of lengths (m+1),(m+1),m,m, re-
spectively and G = (gi) and F = (fi) be Golay sequences of lengths s. Then the following

O,R,S,T are 4-complementary sequences. Using X* to denote the reverse of X :
q

0 = (Af;,Cg1;0,0,Af-1,Cg2;0,0;,...,Af1,Cgs;0,0; —B*,0);

R = (Bfs,Dgs;0,0;Bfs—1,Dgs—1,0,0,...,Bf1,Dg1;0,0;A%,0);

S = (0,0;Ag;,—CF;0,0,Ag,_1,—Cf3;...,0,0;Ag;,—Cf;;0,—D");
T = (0,0;Bg1,—Df1;0,0;Bgy,—Df>;...;0,0;Bgs,—Dfs;0,C");
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Furthermore, if we define sequences
X = (Q+R)/2, X =(0-R)/2, Xs=(S+T)/2, Xa=(S—T)/2,

then the sequences become T-sequences of lengths t(2s+1),t = (2m—+ p).

Proof. Let P(x),Q(x),R(x),S(x) be the associated Hall polynomials of the sequences X, X,
X3 and X4, having length (2s+ 1)(2m+ p), and weights w, wy, w3, w3 respectively.

Defining |P|> = P(x)P(x~'), we compute
[P +[017 + IRI” + ISI* = (w1 + w2 + w3 +ws)
where P(x~!) is the involution of P(x) and all these sequences are disjoint {0, +1}. So the

theorem follows. [

Although T-sequences can be obtained from many infinite class of sequences, they do
not exist for all lengths. At the end of this chapter, we present a conjecture relating the

existence of T-sequences [7].
Conjecture 3.18. There are T-sequences of lengths n for each odd integer n > 1.

This conjecture has been verified for all odd integers n < 200 [7]] (section V') except for

n=97,103,109,113,137,139,149,151,157,163,167,173,179,181,191,193,197,199.
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Chapter 4

Balanced Generalized Weighing Matrices

In the field of combinatroics, much research has been done on the multiple application of
balanced generalized weighing matrices. This class of matrices includes Hadamard ma-
trices and conference matrices. In this chapter, we study balanced generalized weighing
matrices with classical parameter that includes ®-circulant as well as negacirculant weigh-

ing matrices.

4.1 Difference Sets

We begin here with the notion of set theory over a finite cyclic group G.

Definition 4.1. Let G be a multiplicative group of order m. Then a k-subset S(m, k,u) of G
is said to be a difference set over G if every g € G\{id} can be expressed as 515, I exactly

u ways for 1,52 € S.

A simple computation shows that there are exactly (k*> — k) pairs of elements in S which

produce non-identity elements and so the difference set satisfies the following equation
K —k=(m—1u

This becomes more clear from the following examples.

Example 4.2. {0,1,3} is a (7,3, 1) difference set in Z7.

Example 4.3. Over Galois field, GF(2%) = {0, 1, x,x*, x4+ 1,x* + 1,2 +x, x> +x+ 1}, a =
x+ 1 is a primitive element of GF(23)*. Let S = {a,a?,a*} is a 3-subset of GF(2%)*.

Then we compute

{sis; '} ={o~ 0 0,077 0, 0}
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= {02 x4+ 1,0+ 1,2, +x+ 15 (1<i#j<3)

1

where o~ ! = of. Hence, Sis a (7,3,1) difference set over the multiplicative group GF (23)*.

Definition 4.4. Let H be a normal subgroup of order m of a group G of order mn. Then a
k-subset D = {g1,g2, ..., &k} of distinct elements of G with parameters (m,n,k,A), is said

to be a relative difference set (RDS) if the set

{gig; 51 <i#j<k}

contains each element of the set G\H exactly A times and no element of H exists within

this set.

Example 4.5. Let S = {1, 0, 0%,0*} be 4-subset of GF (2%)*. Then we compute

-1 1 -2 4 —1 =3 2 2 4 3 2
D={gg; }={a 0 "0 a0 0", 0%, 0,00 7,0, 00, 0}

= {o, o, 0, 02,03, 0, ot ot o0, o0, o, o}
= {00, 2 x4+ 1L x+ 1,65+ 1,x2+1,

X Ax, P, Fx+ 1L, Fx+ 14 (1 <i#j<3)
Here |GF(2%)*| = 7 and D contains each element of GF(2%)* exactly 2 times except the
identity element. Thus Sis a (7, 1, 4, 2) RDS with respect to the trivial subgroup.

However, in case of trivial subgroup H in G, an RDS in G with respect to H is a
difference set in G. Though there are several kinds of relative difference sets, we limit

ourselves in the study of relative difference set with classical parameters.

Definition 4.6. If g is a prime power and d is positive integer then a RDS with parameters
(@' =1)/(g=1):g—1Lig":q"")

in a cyclic group is said to be RDS with classical parameters.
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4.2 Balanced Generalized Weighing Matrices

Definition 4.7. A square m x m matrix W = (w;;) over a multiplicative group G is called

Balanced Generalized Weighing Matrix BGW (m, k,u) [25]] if
1) wij € {GUO},
(i) There are exactly k non zero elements in each row and each column in W,

(iii) The multiset waiw_.l;l <i<m,wu,wp; 7 0} contains precisely u/|G| copies of each
bi

element of G for a,b € {1,2,...,m}.

Example 4.8. A BGW(5, 4, 3) over a cyclic group G =< ® > of order 3 is as follows:

I o o* 0 1

Il o
Definition 4.9. If o is a generator of the cyclic group G and W = (w;;) is an m x m square
matrix over the set GU {0} then W is called w- circulant if w1 j11 = w;; and wiy11 =

OW;y for 1 < j<m—1, where @ =a L.

This class of matrices include BGW matrices. Jungnikel et.al. [26] gave a method for
constructing these class of matrices over Galois field(GF).
Example 4.10. Over GF (32)*, R = {o*, 0, '} is (4,2,3,1) relative difference set with
respect to N = GF(3)* where oo = x+ 1. Then the corresponding ®-circulant BGW(4, 3,
1)is

ot ot 0 o
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where ® = o = 2.

4.3 Negacirculant Matrices

A special feature of ®-circulant matrices covers the notion of negacirculant matrices.
This class of matrices is very useful because of its converging nature to balanced gener-
alized weighing matrices, conference matrices and many others. In particular, the theory

behind this class of matrices opens the door to our research.

Definition 4.11. A weighing matrix C of order v with off diagonal elements from the set

{#£1} and diagonal elements are all zero, satisfying
CCT = (v—1)I,
is known as a conference matrix.

Example 4.12. A conference matrix of order 6 and weight 5, C = C(6,5) is

0 — — — — —
-0 - 1 1 -
- - 0 - 1 1
C—=
-1 - 0 - 1
-1 1 - 0 -
- - 11 -0
Fori=0,1,...,v—1, define a square matrix N of order v with entries given by :
Niiv1=1,
Ny_1,0=—1land

N; j = 0;otherwise.

N generates a matrix group of order 2v where N¥ = —I,, NT = —NV~! and NNT = I,
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Definition 4.13. Any square matrix A of order v is said to be negacirculant [10] if AN =

NA.Fori=0,1,...,v—2,its entries a; j;0 < i, j < v —1 are of the form:

ai+1,0 = —4div-1

aiv1,j=aij-15j=12,...,v—1L

Example 4.14.

01 1 -1 - — — — 1
-0 1 1 -1 - — — —
1 — 0 1 1 — 1 — — —
1 1 -0 11 — 1 — —
1 11 -0 11 — 1 —
N =
1 1 11 -0 11 — 1
- 1111 -011 —
1 — 1 1 11 -0 11
-1 -1111 -0 1
-~ -1 - 1111 -0

In [36], Paley constructed so called Cx-conference matrices of order ¢+ 1 over GF(q)
for an odd prime power g = p*. If K is the set of cardinal number ¢+ 1 that includes pair-
wise independent vectors from the 2- dimensional vector space V(2,g) then the associated

Paley matrix is defined [10] as
Ck = [xdet(x;,x;);x;,xj € K| for i, j € {0,1,...,q}

where % is the Legendre symbol over GF(g). Over the GF(5), Ck is the Paley matrix
associated with the set K = {(0,1),(1,0) (2,1),(3,1),(3,2),(1,1)} such that CxC% = 5I.
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Ck =
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Chapter 5

Amicable T-Matrices

Earlier in this thesis, we saw that Williamson matrices of order n imply the existence of
Hadamard matrices of order 4n. Like Williamson matrices, there is another interesting
class of matrices called T-matrices whose size is directly related to the size of many combi-
natorial objects such as orthogonal designs and Hadamard matrices. J. Cooper and J. Wallis
were the first in giving the formal definition of T-matrices in 1972 [8]. In this chapter, we
form an infinite class of amicable T-matrices of order n = g + 1, where ¢ is odd prime
power and in particular, of order n =2 (mod 4). Moreover, we introduce a multiplication

theorem for amicable T-matrices which is very useful to lengthen the size of T-matrices.

5.1 'T-Matrices

We start here with few basic definitions.

Definition 5.1. Two {0,+1} matrices A and B of the same size are said to be disjoint if
there is at most one nonzero element in the same position of the both matrices for every
position. More explicitly, if there is a nonzero entry at the (i, j)-th position of A then the

entry at the same position in B must be zero, i.e, A * B = 0.

Example 5.2. A and B are disjoint.

1 010 0101

0100 I 001
A: B:

0 011 1 100

1 010 01 01
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Definition 5.3. A set of matrices {A,Az,---,A2,} is said to be amicable [28] if it satisfies
Y (Asi1AS; — AxA 1) =0

If this set consisting of only two matrices then these matrices are called amicable i.e, if
AAT = AzAlT then A,A, are amicable. We call a pair of matrices (A;,A;), for which
amicability happens in a set, is amicable in matching (A},A;). In the definition above, for

n=4,A1,A,,A3,A4 are amicable in matching (A;,A;) and (A3,A4)

Definition 5.4. A set of quadruples {71, T», T3, T4} of square matrices of order n with entries

from the set {0, 41} are called T-matrices if
(i) they are pairwise disjoint,

(i1) the commutative property holds for every pair of matrices in the set

K = {Tl7T27T37T47T1T7T2T7T3T7T4T}’

(ii1) there exist a monomial matrix (matrix having a single nonzero entry in each row and

each column) R of order n such that AR is amicable to B forall A,B € K,
(v) NT! + T + 3T + T} = tl, for some 1.

Example 5.5. T1,7;,73 and T, are the T-matrices of order 5.

1 1000 00100
01100 00010
hi=100110 L=100001
000171 1 0000
1 0001 01000
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0 0 0 1 - 000O00O0
- 0 0 0 1 000O00©O0
=11 -0 0 0 Ii=1 00000
01 — 00 000O00O0
0 01 — 0 000O00O0

A set of T-matrices satisfying the condition in Definition [5.3|with matching (73, 7>) and
(T3,T4) are called amicable T-matrices. In a study [46], G.X Zuo and M. Y. Xia used the
matching (71, 7}) and (T3, —T,) ) in the definition of amicability and called them suitable

T-matrices.

Definition 5.6. A set of T-matrices {77, T», T3, T4 } satisfying the amicablility condition with

matching (TI,T:; + T4) and (Tz, T — T4) ie,
T+ T) T + (T —Tu)T = (G +T)TL + (15— Ty) T
is called weak amicable T-matrices [23]].

In a paper published in 2006 [23], Holzmann and Kharaghani found weak amicable
T-matrices for orders {3,5,...,21}. We use these matrices to construct amicable matrices

in terms of variables in Chapter [6]

Example 5.7. T} = circ(1,0,0),T> = circ(0,0,0), T3 = circ(0,1,0) and Ty = circ(0,0,1)

are weak amicable T-matrices of order 3 in matching (71,73 + T4) and (15,73 — Ty) .
Definition 5.8. A set of T-matrices {71, 7>, 73, T4} satisfying
(1 + D)+ (T3 +T,)T =0

is called strongly disjoint (SD) T-matrices [46] where * is the Hadamard product of two

matrices.

Example 5.9.

For n =5, the following {7}, 75,73, T4} are SD T-matrices.
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5.1. -MATRICES

1 0001 01000
11000 00100
hi=f{o1100 [ L=foo0010 |

00110 00001
00011 10000

0 01 — 0 00000

0 0 0 1 — 00000

= -0 0 0 1 | In=100000

1 — 0 0 0 00000

01 — 0 0 00000

Definition 5.10. A set of amicable T-matrices with matching (71,7} ) and (T3, T{) is called

a proper amicable T-matrices [16]. Equivalently the condition is
(MTy+ D) = (M Ty + T 13)T

Example 5.11. T} = circ(1,0,0), T = circ(0,—,0),T3 = circ(0,0,1) and Ty = circ(0,0,0)

is proper amicable in matching (71,7}) and (T3, 7% ).

This class of T-matrices is known for order 3,5,7,9,11,13,17,21 [16].
T-matrices satisfying disjointedness and proper amicability properties have a useful role
in the construction of four circulant amicable matrices in terms of variables. But such a
set of T-matrices of odd order does not exist. Now we present a theorem from Hamed
Gholamiangonabadi’s M.Sc thesis [16] showing that it is not possible to find odd order

T-matrices that have both of the conditions.

Theorem 5.12. There are no proper amicable T-matrices of odd order that satisfy the

disjointedness property.
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5.2. AMICABLE T-MATRICES OF ORDER N =2 (MOD 4)

Proof. Consider a set of T-matrices {71, 7>,73, T4} of odd order n which meets the follow-

ing conditions simultaneously.

(Tl T4+ T2T3) = (Tl T4+ T2T3)T

(Tl + Tz) * (T3 + T4)T =0

LetX =T+ T} andY = To + T, then we compute

XXT+yy" = (M+ T )1 +T) + (B + T (T +13)
= (4 LL+TIT] + T T + (LT + BT + BT + 1))

=1, (mod?2)

where we use the fact of amicability in matching (77,7} ) and (72,73 ) and matrix A = —A,
(mod 2). Since they are strongly disjoint we have, X +Y = J(mod 2) and so, ¥ = X +

J(mod 2). Then we compute
XXT +yy? =xXT + XXT +XJT +JXT +JJT =J (mod 2).
since for circulant matrices, AJT = JAT. Hence, XXT +YYT =1, =J, a contradiction. [

In the next section, we make progress towards one of our main research objective and

show that amicable T-matrices exist for order n =2 (mod 4).

5.2 Amicable T-Matrices of Order n =2 (mod 4)

In a study [10], P. Delsarte et.al. determined that the only negacirculant W (n,n — 1) of
order n < 1000 have n = p" + 1 where p” is an odd prime power. An important theorem
by Delsarte et.al. [10] states that there exist an infinite class of negacirculant weighing
matrix of order n+ 1 where n is odd prime power. Proof of this theorem come directly
from the proofs of a theorem and a corollary which are given in the paper [10]. We give

this significant theorem with an immediate example.
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Theorem 5.13. [[5|] There is a negacirculant W (p" + 1, p") whenever p" is an odd prime

power.
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5.2. AMICABLE T-MATRICES OF ORDER N =2 (MOD 4)

Example 5.14.

0o 1 — —

I 01 —
W (4,3) =

I 1T 0 1

~ 110

5.2.1 Construction of Amicable T-Matrices of Order n = p" + 1; p” is Odd Prime

Power

We know that the sum of periodic auto-correlation function of a identity matrix and a

negacirculant weighing matrix of same order is zero. Let
I :In7 T2:W(n7n_1)7 T3:O}’l7 T4:0na

where n = p" + 1, (p" is odd prime power) and 0, is zero matrix of order n. All of T;’s;
1 <i < 4; are disjoint and cyclic, so form a commutative set with the all its transpose and

meet the requirement of amicability condition in pair. Moreover they satisfy
LTI + LT + BT+ LT = nl,.
Consequently, 71,7, T3 and T form a set of amicable T-matrices.

Example 5.15.

100000 0111 -1

010000 - 0111 —

001000 1 — 0111
T = T =

000100O0 -1 — 011

000010 - —1 =01

000001 - —-——=1-=20
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Ty = T, =

o o o o o o
o o o o o o
o o o o o o
o o o o o o
o o o o o o
o o o o o o
o o o o o o
o o o o o O
o o o o o o
o o o o o o
o o o o o o
o o o o o o

By the above and Theorem 5.13, we have

Theorem 5.16. For every odd prime power p’, there exist amicable T-matrices of order

n=p +1.
A particular case for p" =1 (mod 4) in the above theorem gives

Corollary 5.17. There exist amicable T-matrices of order n =2 (mod 4).

5.3 Multiplication Theorem for Amicable T-Matrices

In this section, we introduce a multiplication theorem that leads us to generate infinite
class of composite order T-matrices using amicable T-matrices. Yang used two differ-
ent types of complementary sequences to obtain T-sequences (equivalently T-matrices) of
larger order. Later Zuo and Xia [45] derived T-matrices of order #(2m + p) from Base
sequences (BS) of lengths m + p,m+ p,m,m (p odd) and suitable T-matrices of order ¢. In
2012, the same authors proved a theorem to find composite order T-matrices using directly
strongly disjoint T-matrices and suitable T-matrices [46]]. Now we present a theorem that

allows generating new T-matrices using only amicability condition.

Theorem 5.18. Suppose T1,T>, T3, Ty are arbitrary T-matrices of order t and A1,Ay,A3,Aq
are amicable T-matrices of order n with matching (A1,A3) and (A2,As). Then the following

matrices

C = TIQA - RA;—T3AY —Ty®AY

42



5.3. MULTIPLICATION THEOREM FOR AMICABLE T-MATRICES

G = TIQA3+DHRA +T3RAN —TyoAT
G = 1A -DHoA+TRA] +Th0AL

Cs = TTIRAL+THRA—T; (X)A%w + 74 (X)A%w

are T-matrices of order tn.

Proof. Since T;’s and A;’s are all T- matrices, it clearly follows that
CixCj=0;for1 <i# j<4

A simple calculation shows that

4
Yool = (T + DT + BT + LT)) © (A1A] +A2A7 +A3A] +A4AL)
i=1

+H(NT - BT+ 1] — T T ) @ (A3AT — A1AT + A,AT — ALAT)

= tnlm

Therefore the theorem follows. O]

The multiplication theorem by Xia et.al. [46] is useful to find odd composite order
T-matrices using suitable T-matrices but this type of T-matrices are only known for orders
ne{3,5,---,21,25} [45,146]. However, our approach has greater scope since we impose
only the condition of amicability on one set of T-matrices keeping the other free from any

condition and showed the existence of an infinite class of amicable T-matrices in Theorem

5.16

Example 5.19. An obvious use of Theorem with T-matrices 77 = circ(1,0,0),T, =

circ(0,1,0), T3 = circ(0,0,1), Ty = circ(0,0,0) and amicable T-matrices as in Example
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[5.15] generate T-matrices of order 18.

——— | o000 OO O —
—— ] O |00 000D —~O
— | —0o | |[|locoococo oo —~0O
| o | | |[oooco oo ococo—~0 0O
—o | | | —mloococo0co0c0co—~00 00
|l I~ ||lococoococoo—~—00000
DO ~[~—— | O
OO0~ |~ — | —O |
coococococcoco 00|~ | m—o | |
coococoococco—ocoo||l —o | ||
oo ocooclo—~ococoo|—=o | | | —
cocoococoo|l—wocoococolo | | | — |
OO0 —~|—— | OO0 OO
SO0 —~O|—w— | O |0 Oo oo
CoOCOoO—~00 |~ | mOo | |[loocoocooo
co—~ocoo|l o | | |llococoocococo
OO0 oo QoI—O | | | mloooo0co0o00
—ococococolo |l | | - |llocococococo
Il
)

0000001000000 00O0O00O
00000001 000O0(0OO0O0O00O0DO
000000/0OO0OT100O0(0O0O0O0O0O0DO
0000000001 00[{0O0O0O0O0O0O

00000000001 0/0O00O0O00O

000000/0OO0O0O0O0O01(000O0O00O0

0000000000001 0000O00O0

000000/0OO0O0O0O0O0OI0OTOO0O00O0

000000/0OO0O0O0O0O0O0O0OO0OT1TO0O00O

000000/0OO0O0O0O0O0O0O(O0O0O0T1O00O0

0000000O00OO00OO00O0O0O0O0T1O

000000/0OO0O0OO0O0O0O0OO0OO0O0O0T1

100000000000O00O0O00O00O
0100000000000 0O0O0O0O00O
001000/0000O0O0(0O0O0O0O0O
0001000000000 0O0O0O0O0O0
0000100000000 0O0O0O0O00O
000001/00000O0(0O0O0O0O0O00O0
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SO0 O OO0 |— | —m = —O
NeoNoNaIR Noll-NeNo NNl =
NNl NolollcNoNeNoNeN ol e Ral=N R
oo —~o0o0oQoocooo0coo|I—~—=o | — |
O—o0o oo oo~ | — | |
— oo ocococococoococoole |~ | ||
OO0~ | W~ OO DD —~
OO0 ———0O |00 —~O
SO0 |m——=0O | HlOO0 O =0 O
OO0 |—=—=O | - |00 O
cCoococoo|—wo |~ | |[lo—~—ococoo
cocoococoolo |~ | | |I—moococoo
— | Q0000000000
| —— — O |00 00 —~0000O0 OO
—_——0 | N0 —~0 00O OO
——0 |~ ||~ 00000000
—Oo | = | |[|[O—~00c 0000000
S |l —= | | ||moooooocoooooO

C3 =

SO OO OO~ | 4+ OO0 O O O O
SO0 00O ——~— 0O ||l o oo o
OO0 0O 0O~ —=0 | mlooc oo oo
C o o000 OoOw—0 | —- ||looc oo oo
ScC oo oc oo —=0 | — | ||loo oo oo
c o ocoococoolo |~ | | Jlloooooo
— | - — OO0 0 00 oo o o oo
| — — - O | |loocoococoococooc oo oo
—. - — O | H]|O 0 0 0 o000 oo OO
— — 0 | - |00 0co0c o0 oo oo
— o | = | ||locococo0cjooc oo oo
o | —~ | | ||locoococoocoocjooc oo oo
OO0 0O o000 OO OO~ | -~ —~O
S oo oc oo oc oo O] = —=—0o |
O OO OO OO OO OO |~~~ | —~
O o oo o0 o0 o0 O oO|—m—o | o — |
S oo ocococjcococoo|l—wo | o— | |
o oocooclococoococoo|lo |~ | | |
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Chapter 6

New Orthogonal Designs

In the literature that we reviewed in the previous chapters, our purpose was to find some
helpful tools like T-matrices, amicable matrices for constructing some well known arrays
called orthogonal designs. These arrays capture BH-arrays, BHW-arrays and essentially
result in Hadamard matrices. This chapter mainly includes the application of amicable T-
matrices as well as amicable matrices in terms of variables. We begin this chapter with the

definition of orthogonal design.

6.1 Orthogonal Designs

Definition 6.1. Any square matrix A of order n, with entries from a set of commuting

variables, X = {+x1,+x,,...,+x;} satisfying the property
AAT = Zi'(:l (Sixiz)ln

is called an orthogonal design of type (n;sy,s2, ...,s) and is denoted by OD(n; 51,52, ..., k)

where we call {s1,s52,...,5,} is the parameter set.

Example 6.2. A is a orthogonal design of type (4;1,1,1) where

0 X1 X3 X3
—x1 0 —x3 x
A=
—X2 X3 0 —x
—X3 —X3 X 0
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The Williamson array is a well known example of an orthogonal design of type
(4;1,1,1,1). Depending on the look of the parameter set, orthogonal design has different
name such as Baumert-Hall arrays, Baumert-Hall-Welch arrays, Plotkin arrays etc. As our
research revolves around the construction of Baumert-Hall arrays, we recall the definition

here.

Definition 6.3. An orthogonal design with four variables and of same parameter set is
called a Baumert Hall array or BH-array. More explicitly, an array A of size 4n;n € N will

be called a Baumert Hall array if it satisfies
AAT = n(x} + 33 +33 +37) L.
and is denoted by OD(4n;n,n,n,n).

Definition 6.4. A special class of Baumert-Hall array, consisting of 16 circulant matrices

is known as Baumert-Hall-Welch array and is denoted by BHW-array.

In 1965, Baumert and Hall [3]] gave the idea of such array by introducing an orthogonal
design of type (12;3,3,3,3) for the first time. The generalization of the idea of Baumert-
Hall arrays remained incomplete until the discovery of T-matrices, originally found by R.
J. Turyn. Now we present well known Goethals-Seidal array which has an extensive use in

generating orthogonal designs.

A BR CR DR

—BR A —DTR CTR
GS =
—CR DTR A —BTR

-DR —C'R B'R A
where R is the back diagonal identity matrix of order n i.e. R = [r;j] where r;; = 1 if
i+ j=n+1 and 0 otherwise. In addition, if A, B,C, D are four circulant amicable matrices
with matching (A,C) and (B,D) then the following array H [16] generates a BH-array,

consisting of 16 block circulant matrices.
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A C B D
-C A -D B

—BT pr AT _T

_DT _BT CT AT
Now we present a theorem of Cooper et.al. [15] with a slight variation which has an

extensive use in constructing orthogonal designs, especially BHW-arrays in our approach.

Theorem 6.5. (Cooper-J. Wallis [15]) Let T;’s; 1 < i < 4 be T-matrices of order n and

a,b,c and d be commuting variables. Then

A=al1+bTh+cT3+dTy
B=-bT1 +alr+dT5 —cTy
C=—cT1—dTh+aTl5+ b1y

D=—dTi+cT, — bT3+aly

can be used in Goethals-Seidal array to obtain a Baumert Hall array of order n.

In the next few sections, we pay attention to some new orthogonal designs such as BH-
arrays and BHW-arrays using amicable T-matrices formed in Chapter [5]and explore some
circulant amicable matrices in terms of variables that allow us to generate new orthogonal

designs.

6.2 Orthogonal Designs From Amicable T-Matrices

Using the amicable T-matrices of order n =2 (mod 4) in Theorem we obtain cir-
culant matrices A, B,C, D in terms of variables a,b,c and d. Then plugging these matrices

into Goethals-Seidal array generates our desired orthogonal design of type (4n;n,n,n,n)

where n = 2k; k is odd.
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Moreover, Seberry et.al. showed that BHW-array can be used to construct an infinite class

of orthogonal designs [38}41].

Theorem 6.6. (Seberry-Yamada-Turyn [38, 41]) Suppose there are T-matrices of order
t and an orthogonal design OD(4s;uy, ... ,uy,) constructed from 16 circulant s X s blocks
in variables x,...,x,. Then there is an OD(4st;tuy,... tu,). In particular, if there is
a BH-array, OD(4s;s,s,s,s) constructed from 16 circulant s x s blocks then there is an

OD(4st; st ,st, st,st).

Proof. Let N;j;1 < i, j <4, be the 16 circulant blocks of the orthogonal design
OD(4s;uy,...,uy,). Since this design is orthogonal then we have,
Yoo wxdy si=j

0 R

Suppose 11,13, T3, T4 are the T-matrices of order . Then we form the following matrices

NileTl +Ni2NjT2 ‘|‘]Vi3NjT3 +Ni4NjT4 =

P=Ti®N11 +T2 @N21 + T3 @ N31 + T4 @ Nay,
Q=TI ®Ni2+Tr @Na+ T3 @N32 + T4 @ Ny2,
R=T1 ®Ni3+ T2 N3+ T3 QN33+ T4 @ Nu3,

S=T1 N4+ T, QN+ T35 @ N34+ Ty @ Nay
which yields PPT + QQT + RR” + SST = tY4_, wpx}1;. Plugging these matrices into the
Goethals-Seidal array produce OD(4st;tuy,--- ,tuy). O

However, amicability in T-matrices allows us to find circulant amicable matrices using
Theorem|[6.5] These matrices have a major role in constructing BHW-arrays and BH-array

of order 4s and 4st.

Theorem 6.7. [16] Suppose T1,T>,T3,T, are amicable T-matrices of order n. Then there

is a BHW-array of type OD(4n;n,n,n,n) consisting of 16 circulant matrices.
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Proof. Assume Ty, T, T3, T, are amicable T-matrices of order n with matching (77, 73) and

(T, T4). We have

A=al1+bTh+cT3+d1y,
B=—bT\ +aT, +dT; — cTy,
C=—ch —dT,+aTls+ b1y,

D=—dT1+cT, — bT3+ aly

which are Seberry-Cooper matrices [15]. Now we compute

ACT —CAT + BDT —DB" = (> +V* + P +d>) (T — 1T + BT -1y ) =0

and

AAT + BBT +CT +DDT = n(a® 4+ b* + * +d*),

which reveals that A, B,C, D are amicable with matching (A,C) and (B, D). Plugging these
matrices into the array H we obtain HH” = (AAT 4+ BBT +CC" + DD")1Iy,. Therefore, H

is a BHW-array of type OD(4n;n,n,n,n), consisting of 16 circulant matrices. 0
Now we have the following result

Theorem 6.8. For every odd prime power p" = 1, there is a BHW-array of type
OD(4n;n,n,n,n) where n = p" + 1 and also a BH-array of type OD(4nt;nt,nt,nt,nt) for

any T-matrices of order t.

Proof. For every odd prime power p” = 1, we established that there is a set of amicable
T-matrices of order n = p” 4+ 1 (Corollary [5.17). Then the Theorem gives a BHW-
array of type OD(4n;n,n,n,n). Suppose Ti,T»,T3,T, are any T-matrices of order ¢ and

then the Theorem of Seberry-Yamada-Turyn (Theorem gives four matrices P,Q,R,S
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6.2. ORTHOGONAL DESIGNS FROM AMICABLE T-MATRICES

of order nt. Plugging these matrices into Goethals-Seidal array result in a BH-array of type

OD(4nt;nt,nt,nt,nt). O

J. Bell and D. Z. Djokovic [6] found OD(4n;n,n,n,n) where n =2k;k € {1,3,5,--- ,17}.
All these are a subclass of Baumert-Hall array, known as BHW-array. Now we tabulate
some new Baumert-Hall arrays corresponding to T-matrices of order n =2 (mod 4) < 100,

which are different from those found by Bell and Djokovic [6]].
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Table 6.1: Orthogonal Design of type OD(4n;n,n,n,n);n = 2k, k is odd

Order n=  Order of T-matrices OD(4n; n, n, n, n)

n p"+1 from Theorem|5.18] n=2k; k is odd

6 5+1 2%3 OD(24; 6, 6, 6, 6)

10 9+1 2*5 0OD(40; 10, 10, 10, 10)
14 13+1 2%7 OD(56; 14, 14, 14, 14)
18 17+1 6* 3 OD(72; 18, 18, 18, 18)
22 2*11 OD(88; 22, 22, 22, 22)
26 25+1 2*13 OD(104; 26, 26, 26, 26)
30 29+1 6*5 OD(120; 30, 30, 30, 30)
34 2*17 OD(136: 34, 34, 34, 34)
38 37+1 2*19 OD(152; 38, 38, 38, 38)
42 41+1 6*7 OD(168;42, 42,42, 42)
46 2%*23 OD(184; 46, 46, 46, 46 )
50 49+1 10*5 OD(200; 50, 50, 50, 50)
54 53+1 6*9 OD(216; 54, 54, 54, 54)
62 61+1 0D(248; 62, 62, 62, 62)
66 6*11 OD(264; 66, 66, 66, 66)
70 10%7 0OD(280; 70, 70, 70, 70)
74 73+1 OD(296; 74,74, 74, 74)
78 6*13 OD(312; 78, 78,78, 78)
82 2*%41 OD(328; 82, 82, 82, 82)
90 89+1 10*9 OD(360; 90, 90, 90, 90)
98 97+1 0OD(392; 98, 98, 98, 98)
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Moreover, this type of amicable T-matrices of order n =2 (mod 4) can be used to

generate orthogonal designs of type OD(4n;2,2,2n—2,2n—2).

Theorem 6.9. For every odd prime power p’, there is an orthogonal design of type

OD(4n;2,2,2n—2,2n—2) wheren=p" + 1.

Proof. For the amicable T-matrices constructed as in Section[5.3] set

A =aT| + bT5,
B = —aT\ +bT>,
C=cT+dD,
D= —cT1 +dT,

and plugging these circulant matrices into Goethals-Seidal array yields an orthogonal de-

sign of type OD(4n;2,2,2n—2,2n—2) where n = p" + 1. O

Since there are no odd order amicable T-matrices [J], finding odd order circulant am-
icable matrices in terms of variables is a challenging job. However, we employ a different
approach which help us to construct odd order amicable matrices in two variables and also
in four variables. Here we use the amicability of Williamson matrices to construct four
circulant amicable matrices in order to generate infinite class of orthogonal designs of BH-

array type.

Theorem 6.10. Suppose Wi, W,, W3, Wy are Williamson-matrices of order n. Then there is
an orthogonal design of type OD(4n;2n,2n) and also an orthogonal design of type

OD(4nt;2nt ,2nt) for any T-matrices of ordert.

Proof. Let Wi, W,, W3, W4 be Williamson matrices of order n and a, b be two indeterminate.

Setting 71 = (W1 +W2)/2, = (W1 —Wz)/z, ;= (W3 +W4)/2, Ty = (W3 —W4)/2 and
A =al\+ b1,
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6.2. ORTHOGONAL DESIGNS FROM AMICABLE T-MATRICES

B= bT] —aTz,
C =aTlz — b1y,
D =bTs +aly

we obtain circulant amicable matrices A,B,C,D with matching (A,C) and (B,D). Then
substitution of these matrices into the array H produces OD(4n;2n,2n) and plugging the
new matrices formed with A, B, C, D and T-matrices as in Theorem|[6.6] into Goethals-Seidal

array leads an orthogonal design of type OD(4nt;2nt,2nt). O

Example 6.11. Let W) = circ(1,1,1), Wy = cire(—,1,1), W3 = cire(—, 1 ,1), Wy = circ(—,
1,1) be Williamson matrices of order 3. Then 77 = circ(0,1,1), T» = circ(1,0,0), T3 =

circ(—,1,1), Ty = circ(0,0,0) are four (0,=41) circulant amicable matrices. Thus we have

b a a —a b b
A=\ a b a |, B = b —a b )
a a b b b —a
—a a a -b b b
C= a —a a ) D= b —b b
a a -—a b b —b

A simple calculation shows ACT — CA” +BD” — DBT = 0 and AAT + BB” +CC” + DD”

= 6(a® + b?)1; and putting these matrices into the array H produces an OD(12;6,6).

In Theorem|[6.5] we saw that amicability in A, B,C, D happens if 71, 1>, T3, T4 are amica-
ble which is not possible for odd order T-matrices in general. However, we notice if 77 and
T, are all zero matrices then the amicability with matching (77,73) and (73, T) is trivial.
But it is hard to find such a set of T-matrices while it is easy to find a set of T-matrices

where 77 is identity and 7j is all zero matrix. Since /1 T — ], we substitute 1 byOinTy =1
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and so that the T-matrices 71 = I,,, 1>, T3, Ty = 0 of order n allows us to construct four cir-
culant amicable matrices of order n. We know this class of T-matrices exist for order n+ 1

where n € 291026¢a,b,c > 0.

Theorem 6.12. There is an orthogonal design of type OD(4(n+ 1);n,n,n,n) consisting of
16 circulant matrices for every Golay length n. Moreover, for any T-matrices of order t

there exist an OD(4t(n+ 1);nt,nt,nt, nt).

Proof. Suppose P,Q be Golay sequences of length n. Then circulating the sequences
(1,0,), (0,%), (0, %), (0y+1), we have T-matrices 71,73, T3, T4 of order n+ 1 where
0, is the zero sequence of length n. Substituting 1 by 0 in 77 and then applying Theorem
[6.5] we obtain four circulant amicable matrices of order n+ 1. Using these matrices into

the array H and in Theorem [6.6]suffices to the proof. O

Example 6.13. Let P = (11); 0 = (1—) be Golay sequences of length 2. Then we form
Ty = circ(0,0,0), T, = circ(0,1,0), T3 = circ(0,0, 1), Ty = circ(0,0,0) and obtain

0 b c 0 —d a
A=1 ¢ 0 b | B = a 0 —=d |-
b ¢ 0 —d a 0

o
Q
Q
o
|
o
N3

C=|d

o
2
S
I
S
o
|
o

Y
o
|
a
Sy
o

a

Since A,B,C,D yield ACT —CAT +BD” —DB” =0 and AA” +BB” +cC” + DD" =

2(a®+b?+c? +d?) 13, putting these matrices into the array H produces an OD(12;2,2,2,2).

Repeat that (p,q,r,s) = —(a,b,c,d). In Appendix A, we list OD(72;18,18,18,18),
OD(88;22,22,22,22) and OD(104;26,26,26,26). These arise from the Theorem 6.8 in a

manner similar to Example 6.13.
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Aside from Golay sequences of lengths n € 2“10b26c;a,b, ¢ > 0, Georgiou et.al. found
periodic Golay sequences of lengths n € {34,50,58,74,82,122,136,202,226} [13] in
2014. In same year, Djokovic et.al. [11] published a paper giving a unique example
of periodic Golay sequences of length 72. At present these are the only periodic Golay
sequences having an order with factor congruent to 3 modulo 4. From these periodic Golay

sequences we can construct amicable T-matrices of size n as follows
Ty =circ(238), T =circ(452), T=0n, T =0,

where A, B are periodic Golay sequences of length n and 73,74 are zero matrices of or-
der n. Using these matrices we have orthogonal designs of type OD(4n;n,n,n,n); n €

{34,50,58,74,82,122,136,202,226}

6.3 Orthogonal Designs From Special Class of T-Matrices

For any T-matrices of order n, Cooper-Seberry matrices [15] A, B,C, D satisfy the prop-
erty

AAT +BBT +cCT + DD = q(a® + b + P + d?)I, (6.1)

where each of the variables appears same number of times. In this section, we introduce
a theorem which results in four circulant matrices in terms of four variables satisfying the

property [6.1] where each variable appears varied number of times.

Theorem 6.14. Let {T1,T>,T3,T4} be a set of T-matrices of order t where each T; is a
weighing matrix of weight w; and A,B,C, D are Williamson-type matrices of order n. Then

the following matrices

Ci=aART1+bBRITh+cCRT3+dDR Ty,
C=—-bDART, +aBRT1 +dCRTy —cDR T3,
C3=—CART3 —dBRT4+aCR T +bDRTs,

Cy=—dART4+cBRIT; —bCRT) +aDR T
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satisfy Z?:l C,-Cl-T = dn(wia® +wab? +w3c? +wad*) 1.

Proof. Since A,B,C, D are pairwise amicable, we have

icicf = wia*(AAT +BBT +ccT +DDT) @ I, +
i=1
wab?(AAT + BB" +-cC” + DD @ I, +
w3c?(AAT +BBT +cCT + DDV ® I, +
wad?(AA" +BBT +CCT + DD 1.
= (W@ +wob® +w3c® +wad”)
(AAT +-BB" +cC” + DD ®1,
= 411(w1a2 +wab? +w3c? + W4d4)ln QI

= 4n(w1a2 +wob? +wic? + W4d4)lm.

O

This Theorem is very useful in generating a new and interesting class of orthogonal

designs in four variables where each variable appears varied number of times.

Corollary 6.15. Suppose m be the order of Williamson-type matrices and {T1,T>, T3, T4}
be a set of T-matrices of order n where each T; is a weighing matrix of weight w;. Then

there exist an orthogonal design of type OD(4mn;w1s, wis,w3s, was) where s = 4m.

Proof. Constructing C;’s with T-matrices matrices of weight wy,w>, w3, w4 and plugging
these matrices into Goethals- Seidal array yields orthogonal design of type

OD(4n;w1s,wps,wss, was) where s = 4m. O

Example 6.16. Let 71 = circ(1,0,0), T» = circ(0,1,0), T3 = circ(0,0, 1), Ty = circ(0,0,0)

and A, B,C, D be Williamson-type matrices of order 3. Then

Y4, CCT = 12(a®> + b +¢?)
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and generate an OD(36;12,12,12).
Moreover for Ty = circ(0,0,—,0,—,—, 1), T» = circ(0,0,0,1,0,0,0),
T3 = cire(0,1,0,0,0,0,0), Ty = circ(—,0,0,0,0,0,0) and A,B,C,D are Williamson-type

matrices of order 3, we have
4 CCT = (48a% 4+ 1202 + 12¢% + 124d%)

and generate an OD(84;12,12,12,48). Also if A,B,C,D are Williamson-type matrices of

order 5 then we have
Y, GCT = (80a* +20b +20c* 4 204d?)

and generate an OD(140;20,20,20,80). In Appendix A we include the design
OD(84;12,12,12,48).

Remark 6.17. Corollary produces new classes of orthogonal designs, so it would be
an interesting topic for future research to classify T-matrices where each of 7; is a weighing

matrix of weight w;.

6.4 Orthogonal Designs From Amicable Matrices With Composite Entries

This section is quite different from the preceding one. Here we construct circulant
amicable matrices with composite entries, specially with linear combination of variables.
Application of these matrices produces generalized orthogonal designs. However, gener-
alized orthogonal design is another interesting topic for research and is beyond our present
research scope. To present the application of these amicable matrices, we gently start this

section with the formal definition of generalized orthogonal design.

Definition 6.18. Suppose {x;,x2,...,x;} be a set of commuting variables and D be am x n
matrix whose entries are of the form £k;;x; for k;; > 0,i=1,2,...,¢; j=1,2,...,u; (u; is
the number of times x; appears) and }':_, u; = n where u is the number of zeros in each row

or column. Set s; = Z?i:l klzj Then D is said to be generalized orthogonal design (GOD) if
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DD = (YL s )
and is denoted by
D= GOD(m;n;kl_‘l ,kl,z, . ,k17u1;k27] ,k272, . ,kz7u2; e ;kl‘,lukt,27 - 7kt71/lt)'
Also an alternative way to denote GOD 1is
D = GOD(m;n;< k171,a171 >0, < kl,ul YAl =55 < kt,l,at,l >0 < kf,utvahur >

where k;; denotes the times of repetition of the variables in the coefficient a;;. If m = n then

the generalized orthogonal design is denoted by
GOD(n;k11»k127 s 7k1u1;- ke ke, 7ktu,)-

Moreover, if m =n and k;; = 1 forall i =1,2,...,¢; j=1,2,...,u; then generalized or-
thogonal design turns into orthogonal design OD(n;u;,uy, ..., u;). Thus orthogonal designs
are a special case of generalized orthogonal designs. Here we present here two different

examples of generalized orthogonal design.

Example 6.19. The following array D is a GOD(4;1,1;1;1) as well as OD(4;2,1,1) with

n:4,u1:2,u2:u3:1anda11:a12:a21:a31:1.

b a b c

—a b c b
D=

-b —c b a

—c b —a b

Furthermore,

3a =2b —c —2a -7b —c -=3b —4a
2b 3a —-2a ¢ —c Tb 4a -3b
D=1 ¢ 22 3a —-2b -3b —4a 7Tb ¢

2a —c 2b 3a¢ —4c 3b —c Tb

b ¢ 3b 4a 3a¢ —-2b —c¢ —2a
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isa GOD(5;8;2,3,4;2,3,7;1,1) witht =3, u; = up = 3,u3 =2.

Although amicability in odd order T-matrices is not possible, Holzmann and Kharaghani
gave the definition of weak amicability in T-matrices and found ones for odd orders {3,5,...
,21} [23]. Use of weak amicable T-matrices in Theorem with a substitution 73 =
T3+ T4 and Ty = T3 — T4 help us to compute circulant amicable matrices of odd order some
of whose entries are linear combination of variables. Application of these matrices gener-

ates an infinite class of generalized orthogonal designs.

Theorem 6.20. If T\,T>,T3,Ty are weak amicable T-matrices of order n then there is a
generalized orthogonal design of type GOD(4n;ki1,...kiy ka1, - .. ,kou,). Furthermore,
for any T-matrices of order t there exist a generalized orthogonal design of type

GOD(4nt;k11, .. -klu] ;kzl,.. . 7k2u2)-

Proof. Suppose 11,1, T3, T, are weak amicable T-matrices of order n with matching

(T1,T3+T14), (T, T3 — Ty). Then the following matrices

A=al1 +bLh+c(G+Th)+d(T3—Th),
B=-bTy +al, — d(T3 —+ T4) —I—C(Tg, — T4),
C=—-cTh+dT; —|—a(T3 + T4) — b(T3 — T4),

D=—-dI —cT> + b(T3 + T4) —+ a(T3 — T4)

are amicable in matching (A,C) and (B,D) with some composite entries. Plugging these
matrices into the array H yields an orthogonal array of order 4n. An appropriate substitution
in the variables leading each composite entry into either O or in the form =k;;x; turns the
array H into generalized orthogonal design of type GOD(4n; ki1, ... kiy, k21, - - - kou,)-

The second part is obvious in accordance the Theorem[6.§] [

Example 6.21. We have T} = circ(1,0,0), T, = circ(0,0,0), T3 = circ(0,1,0),

T, = circ(0,0,1) are weak amicable T-matrices with matching (71,73 + 74) and (7,73 —

60



6.4. ORTHOGONAL DESIGNS FROM AMICABLE MATRICES WITH COMPOSITE
ENTRIES

7). Then we compute

a c¢c+d c—d —b d—c d+c
A=| ¢c—d a c+d |- B=| d+c —-b d—c |
c+d c—d a d—c d+c —b
—c a+b a—>b —d a—-b —b—a
C=|a-b —c a+b | D=1 —b—a —d a-b>b
at+b a—-b —c a—b b—a —d

Here A,B,C,D satisfy ACT — CAT + BD" — DBT = 0 and AAT + BB +CCT + DDT =
5(a* 4 b*> + ¢* +d?)I;. Plugging these matrices into the array H produces an orthogonal

array of order 12.

Over and above, array H in the above Theorem can be used to generate an infinite class

of weighing matrices.

Corollary 6.22. If Wi, W,, W3, W, are Williamson matrices of order n and Ty, T,, T3, Ty are

weak amicable T-matrices of order t then there exist a weighing matrix of weight 4nt — 2n.

Proof. In the array constructed in the proof of Theorem |6.20, an appropriate substitution
of each entry by any of (W) +W,)/2, (W) —Wa)/2, (W3 + Ws)/2 and (Wz — Wy)/2 such
that each of the composite entries must one of ={W;, Wo, W3, W, }, leads a weighing matrix

of weight 4nt — 2n. 0

Amicability is a generic feature in Williamson-type matrices that allows us to generate

circulant amicable matrices where each entry is a linear combination of four variables.

Theorem 6.23. If Wi, W,, W3, Wy are Williamson-type matrices order n then there is a gen-
eralized orthogonal design of type GOD(4n;k1,...,k,, ). Further, for any T-matrices of

order t there exist generalized orthogonal design of type GOD(4nt; ki1, ... kiy, ).
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Proof. Let Wi, W,, W3, W4 be Williamson-type matrices order n and a, b, c,d be four vari-

ables. Then the following matrices

A =aW+ bWy + cWs + dWy,
B = —bW| +aW, — dWs + cWy,
C=—cW+dW+aWz — bWy,

D= —dW; —cW, + bWy + aW,

are four circulant amicable matrices with matching (A,C) and (B, D) where each entry is a
linear combination of variables a, b, c,d. Plugging these matrices into the array H produce
an orthogonal array of order 4n and theorem [6.8] gives an orthogonal array of order 4nt.
Then an appropriate substitution in variables of these orthogonal arrays where each entry
turns into either O or in the form =k;;x;, turns the array H into a generalized orthogonal

design of type GOD(4n; k11, ... k1, ) and GOD(4nt;kyy, ... ki, ) respectively. O

Example 6.24. Using the Williamson-type matrices W; = circ(1,1,1), W, = circ(—, 1,1),
W3 = circ(—,1,1), Wg = circ(—,1,1) of order 3 we get,
a—b—c—d a+b+c+d a+b+c+d
A=1 a+b+c+d a—b—c—d a+b+c+d |,
a+b+c+d a+b+c+d a—-b—c—d
—a—b+c—d a—-b—c+d a—-b—c+d
B=| a-b—c+d —-a—-b+c—d a—b—c+d |
a—b—c+d a—-b—c+d —-a—-b+c—d
—a—b—c+d a+b—c—d a+b—c—d

C= a+b—c—d —-a—-b—c+d a+b—c—d )

a+b—c—d a+b—c—d —-a—-b—c+d
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—a+b—c—d a—-b+c—d a—b+c—d
D= a—b+c—d —-a+b—c—d a—b+c—d
a—b+c—d a—b+c—d —a+b—c—d
that produce ACT — CAT + BD” — DBT = 0 and AAT + BBT +CCT +DD' =

12(a® + b*> +* +d*) L.

These types of generalized orthogonal designs have extensive use in statistics, specially
in construction of orthogonal latin hypercube designs (LHD) [14] and in coding theory
[22].

However each orthogonal array of order 4n, constructed in Theorem [6.23] can be split
into four coefficient matrix of order 4n with respect to variables. More explicitly, H =
aA + bB + cC +dD where A,B,C,D are pairwise anti-amicable. Use of a pair of anti-
amicable coefficient matrices in the following array generates a orthogonal design of order
8n in two variables.

aA bB

K —
bB aA

In addition to this, using these anti-amicable coefficient matrices in the following array we
obtain orthogonal design of order 16n in four variables consist of 16 blocks, where each

block is constructed from 16 symmetric circulant matrices.

aA bB c¢C dD
bB aA dD cC

¢cC dD aA bB

dD c¢C bB daA

6.5 A New Method to Construct a Hadamard Matrix of Order 48

A Hadamard matrix H can be constructed by H = A ® B where A and B are two

Hadamard matrices of order 12 and 4 respectively. Using negacirculant weighing ma-
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trix of order 4, equivalently amicable T-matrices of order 4 we construct an orthogonal
design of type OD(48;12,12,12,12). Substituting the variables of this design by 1 we get
a Hadamard matrix K of order 48. Using computer algebraic software MAGMA we de-
termined that the Hadamard matrix H(48) is inequivalent to K(48). Thus the Hadamard
matrix K (48), arising from OD(48;12,12,12,12) is inequivalent to the Hadamard matrices
constructed from Kronecker product method using Hadamard matrices of order 12 and 4
respectively.

Since we started the thesis with three examples of long known Hadamard matrices, it seems
appropriate to end the thesis with this example of a new construction for a Hadamard matrix

of order 48.

64



6.5. ANEW METHOD TO CONSTRUCT A HADAMARD MATRIX OF ORDER 48

-1 11 -111-111-11-1-=-1=111=111=-11=1=-=1-111=11-<=1=—
11 -111-111-111-1-—-1=-11=-111=-111=-1--1-=11=111-=1=-1—
111 -—111-111-111--——-—-1111-111-=-111==——111T1=11T1==-——-1
Il ————111-1111===—=1111==—==1111=—==1=—==—1111==-1=—-—
-1l -=1-111-11-1-=1=11=1=-=1-11=-1==—-1==1-=11-=1=-—-—-1--
- -1 -11-111-1=-—=1-11-1-=1-11=1=-=1=-—==1-=-11-=-1=-1=-—-1-
- — =111 1=111====1111====1111==—==1=—==1111=%—-=—-1=——1
l - ——1-———-111-111-1111==-1=-—-—=111=111=-111=1111~=——
-l -—-——-1-=-1=-111-111-11=-1=-=—-1=--1-111=-111=-111-11=+=1=-—
- —1l-—-——-1-11=-111-111-1=--1=-——-1-11=-111=111=-111-21=-1 =
- — =l —-—=—1111-111=-111====1==—=1111=111=111-2=111=-——1
Il - ———-1111-—=—==1111===1===1=—=—==1111=—==1===1==-1-— -
-1l -—-1-11-1-=1=-11=-1-=-1=-—=—-1=-—1-=-11-=1=-—==-1=-—=-1=---1-—
- =1 —-11—-1-=1=11=1==1===1=—=—=1=11=1=—=1=—==1-=-—=—1=——-1 =
- - - 1111l —==—1111-====1===1===1111=2===1=—==1==-1=--1
Il - ——1-——-—1-=—=-1-=——-—111-111=-111=1111=—==1==—=—1111=—-—
-1l -—-—-1-=-——-1l—-—=——-—1-—=—1—-111-111-111=11-=-1=——1-—-1-11=1-~-
- =1l —=—1=-==1-=—1-11-111=111=111=1=—=1=—=—1=11-2=1=-1 =
-1l -=——-1l-=—=—1-==-1111-111-111=111==—=1=-—==1111-=---1
- ——1-——1-———-1111-=-—-——-111=-1111=-———111=-1111==-1=——
-1l -=——-1-=—-1=-—=1=-11=-1-=1-111-11=-1=-=1-111=11=1=-——-1-—
-l - - 1=-==1-11=-1==1-11=111=1=-=1=11=111=2=1=-1=2==-1 =
- — -1l -=——-1-==—1111-===1111=-111==—==1111=-111=2--=-1=--1
-1 111 -=———-1111=---1=—=——-1-—-———111-111-1111==—-1=—-—-1=-—-—
I—11-1-—=1-11=1==—=1=—=—=1=-—=1=-111-=111=11=1==—1=-—1-—
11 -1 -=-1=11-=1=--1=-—=—=1=-—=1-=11-=111=111-=1==1=——1=——1-
111 -——-——-——-—1111=--——-—-1-=—=-1-=—-1111=-111=111==——1-——-1=---1
- ——1-=———-1111-=-1=-=——1111=—=——=1111=-———1111=-—-——1191
-1l —=——1==1=11-1===1==1=11=1==1=11=1==1=11=1+=-1=1"1
- -1l -=-—-1=-11=1=-=1-==1-11-1==1=11=1-—=1-11=1-—-1-11=+1
- ——-1-=-——-1111-=-—-——-1—-———-1111=-—-———1111-—-—-—-1111=-—-—-—111T1 -
l————-1111-—==-1-—==-1=-=-=-1=-=——111-=-111=111=111=1T1T1=1TI191
-1l -=1-11-1==—-1==—=-1=-=——1-=1-111-111=111=111-=111~=1"1
- -1 -11-1-=1-=—=-1=-=—1=-=—-1-11-=-111=111=-111=111=1T11+=1
- ——-1111-==—-1-=--1-=—-1—-——-1111-111-111-111-111=1T11 =
~ 1111 —==1===1===1===1===1===1===1=—=——111=1111=- -
I-11-1-=-1=-—=-1=—=—1=—==1=-—==1=-—=—=1=-==-1-=1-111-=11-2=1-—
11 -1 --—1-=—-1-=-—-1=-—-——-—1=-—-——-1-——-1-——-1-=——-1-11<=111-=-1=--1-
111 ——=—1===—1===1=—==1=-==1===1==—1==—1111=111==-—-—-1
Il - -1 -=———-111-1111==—-1==—==1111=—-=1=—==1==——111-=1191
-1l -—-——-1-=1=-111=-11=1-==1==1=11=-1=—==1=-—=—1=-—1=-111=11
- -1l -—-——-1-11=-111=1-=1-=-1-11-=-1=-1=—=—1-——1-11=111=1
- — =l —-—=—1111-111==—==1===1111==—=—=1=—==1=-—=—1111=111 =
- 1111 -—==-—1=-=—-—-111-1111=-=—==111-1111=-—=—-—-1111=-—-—1191
l-11-1-——1-=—1-111-11-1=--1-111=11=1=-—=1-11=1=--1=11
11 -1 -=-1-=——-1-11-111=-1-=1-11=111-=-1=—=1=11=1=-—1=11-=1
111 -——-—-—-1-—-—-1111-111-=--—=-1111=111==—-—=1111=-——11T11 =
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6.6 Conclusion

As we discussed in abstract, we established that of for every odd prime power, p" =
1 (mod 4) there exist a BHW-array of type OD(4n;n,n,n,n); n = p" + 1, which can be
used to generate BH-array of type OD(4nt;nt,nt,nt,nt) for any T-matrices of order ¢ and
an orthogonal design of type OD(4n;2,2,2n —2,2n—2). A set of T-matrices of order n
where each T; is a weighing matrix of weight w; (1 <i <4), can be used to generate an
orthogonal design of type OD(4nm;wys, was,w3s,was) where s = 4m;m is the order of any
Williamson-type matrices. Moreover, we constructed generalized orthogonal designs of
type GOD(4n; k11, .. .kiuskot,- .. kou,) and GOD(4n; k11, . . .k1y, ) from weak amicable T-
matrices of order n and Williamson-type matrices order n respectively where each GOD 1is

consisting of 16 circulant matrices.
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Appendix A

Here we include some orthogonal designs where (p,q,r,s) = —(a,b,c,d).

[acccrcbdddsdcapaaagqqqgbgscrcccasdsssqrrrcraqbgqgqqdapaaarsssdsbapaaarbqgbbbsT]
racccrsbdddspcapaaqqbgsbrcccardsssqdrrcracbgqgqqdbpaaarpssdsbdpaaarpqbbbsgq
cracccdsbdddppcapagbgsbbcccarcsssqdsrcraccqqqdbgqaaarpasdsbddaaarpabbbsqb
rcraccsdsbddpppcapbgsbbbccarcrssqdsdcracccqqdbgbaarpapdsbdddaarpapbbsqbg
rrcracssdsbdapppcagsbbbqcarcrrsqdsddracccrqdbgbbarpappsbdddsarpappbsqbgqq
rrrcrasssdsbpapppcsbbbgqbarcrrrqdsdddacccrcdbgbbbrpapppbdddsdrpapppsqbqqq
capaaaacccrcbdddsdcrcccasdsssqqqqbqsqbgqqqdapaaarrrrcraapaaarbgbbbssssdsb
pcapaaracccrsbdddsrcccardsssqdqqbgsbbgqgqqdbpaaarprrcracpaaarpqbbbsqgssdsbd
ppcapacracccdsbdddcccarcsssqdsqbgqsbbgqgqqdbgqaaarparcraccaaarpabbbsqbsdsbdd
pppcaprcraccsdsbddccarcrssqdsdbgqsbbbgqgqdbgbaarpapcracccaarpapbbsqbqdsbddd
apppcarrcracssdsbdcarcrrsqdsddqsbbbgqgqdbgbbarpappracccrarpappbsqbqqsbddds
papppcrrrcrasssdsbarcrrrqdsdddsbbbgqbdbgbbbrpapppacccrcrpapppsqbqqqbdddsd
bdddsdcapaaaacccrcsdsssqqqqbgqscrcccaapaaarrrrcraqgqbqqqdbgbbbssssdsbapaaar
sbdddspcapaaracccrdsssqdqgqgbgqsbrcccarpaaarprrcracbgqqqdbgbbbsqgssdsbdpaaaryp
dsbdddppcapacracccsssqdsgbgsbbcccarcaaarparcraccqqqdbgbbbsgbsdsbddaaarpa
sdsbddpppcaprcraccssqdsdbgsbbbccarcraarpapcracccqqdbgqbbbsqbgdsbdddaarpap
ssdsbdapppcarrcracsqdsddgqsbbbgqcarcrrarpappracccrqdbgqbbbsqbgqgqsbdddsarpapp
sssdsbpapppcrrrcraqdsdddsbbbgbarcrrrrpapppacccrcdbgqbbbsqbqqqbdddsdrpappp
bbbgbdrcrrrpdsdddbacccrcbdddsdcapaaaaaapacsdsssqbbbgbdbbbgbdcrcccapppapr
bbgbdgcrrrpcsdddbsracccrsbdddspcapaaaapacpdsssqdbbgbdgqbbgbdgrcccarppapra
bgbdgqgqrrrpcrdddbsdcracccdsbdddppcapaapacppsssqdsbqbdgqqbgbdgqqcccarcpapraa
gbdggqqrrpcrcddbsdsrcraccsdsbddpppcappacpppssqdsdqbdgqgqqqbdgqqqccarcrapraaa
bdgqgqgqbrpcrccdbsdssrrcracssdsbdapppcaacpppasqdsddbdqqqbbdqqqbcarcrrpraaap
dggqqbgqpcrcccbsdsssrrrcrasssdsbpapppccpppapqdsddddqqqbgdggqgqbqgqarcrrrraaapa
rcrrrpdsdddbbbbgbdcapaaaacccrcbdddsdsdsssqbbbgbdaaapaccrcccapppaprbbbgbd
crrrpcsdddbsbbgbdgqpcapaaracccrsbdddsdsssqdbbgbdqaapacprcccarppaprabbqbdq
rrrpcrdddbsdbgbdgqgqppcapacracccdsbdddsssqgdsbgbdgqqapacppcccarcpapraabgbdqgq
rrpcrcddbsdsqbdggqqpppcaprcraccsdsbddssqdsdqbdgqqqpacpppccarcrapraaaqbdqgqq
rpcrccdbsdssbdgggqbapppcarrcracssdsbdsqdsddbdqgqqbacpppacarcrrpraaapbdqqqb
pcrccecbsdsssdggqqbgqpapppecrrrcrasssdsbqdsddddqqqbgcpppaparcrrrraaapadqgqqbgqg
dsdddbbbbgbdrcrrrpbdddsdcapaaaacccrcbbbgbdaaapacsdsssqgpppaprbbbqgbdcrccca
sdddbsbbgbdgqcrrrpcsbdddspcapaaracccrbbgbdqaapacpdsssqgdppaprabbgbdqrcccar
dddbsdbgbdgqqrrrpcrdsbdddppcapacracccbgbdgqqapacppsssqdspapraabgbdqgqqcccarc
ddbsdsqbdggqqrrpcrcsdsbddpppcaprcraccqbdgqqqpacpppssqdsdapraaagbdggqqccarcr
dbsdssbdqgqbrpcrccssdsbdapppcarrcracbdgqgqqbacpppasqdsddpraaapbdggqgqbcecarcrr
bsdsssdggqqbgqpcrcccsssdsbpapppcrrrcradqqqbgqecpppapqgdsdddraaapadggqgbqgarcrrr
cccrecpbgbbbspapppcpppaprdsdddbgqqqbgqsacccrcbdddsdcapaaacccrecpgbgqqgqdsssdshb
ccrecprgbbbsqapppcappaprasdddbsqqbgsbracccrsbdddspcapaaccreprbgqqqdbssdsbd
creprrbbbsqbpppcappapraadddbsdgbgsbbecracccdsbdddppcapacreprrqqqdbgsdsbdd
rcprrrbbsqgbgppcapaapraaaddbsdsbgqsbbbrcraccsdsbddpppcaprceprrrqqdbgbdsbddd
cprrrcbsgbgqqpcapaapraaapdbsdssqgsbbbqrrcracssdsbdapppcacprrrcecqgdbgbbsbddds
prrrcrsqbgqqqcapaaaraaapabsdssssbbbgbrrrcrasssdsbpapppecprrrcrdbqgqbbbbdddsd
bgbbbspapppccccrcpdsdddbgqgqqbgspppaprcapaaaacccrcbdddsdgqbqqqdsssdsbecccrcp
gbbbsqgqapppcaccrcprsdddbsqqbgsbppaprapcapaaracccrsbdddsbqqqdbssdsbdccrcpr
bbbsgbpppcapcrcprrdddbsdgbgsbbpapraappcapacracccdsbdddqqqdbgsdsbddcrcprr
bbsgbgppcaparcprrrddbsdsbgsbbbapraaapppcaprcraccsdsbddqqgqdbgbdsbdddrcprrr
bsgbgqqpcapaacprrrcdbsdssqsbbbgpraaapapppcarrcracssdsbdqdbgbbsbdddscprrrec
sgbqqqcapaaaprrrcrbsdssssbbbgqbraaapapapppcrrrcrasssdsbdbqbbbbdddsdprrrcr
papppccccrcpbgbbbsqqqbgqspppaprdsdddbbdddsdcapaaaacccrcsssdsbecccrepgbgqgqd
apppcaccrcprqbbbsqqqbgsbppaprasdddbssbdddspcapaaracccrssdsbdccrcprbqqqdb
pppcapcrcprrbbbsgbgbgsbbpapraadddbsddsbdddppcapacracccsdsbddcrcprrqqqdbg
ppcaparcprrrbbsqbgbgsbbbapraaaddbsdssdsbddpppcaprcraccdsbdddrcprrrqqdbqgb
pcapaacprrrcbsqbgqqsbbbgpraaapdbsdssssdsbdapppcarrcracsbdddscprrrcqdbgbb
capaaaprrrcrsqbqqqgsbbbgbraaapabsdssssssdsbpapppcrrrcrabdddsdprrrcrdbgbbb
dddsdgpapppcqbgqqqdqqqbqgsrcrrrpaaapacrrrcrabgbbbsdddsdqgacccrcbdddsdcapaaa
ddsdgqsapppcabqqqdbggqbgsbcrrrpcaapacprrcracqbbbsqddsdgsracccrsbdddspcapaa
dsdgqsspppcapqqqdbggqbgsbbrrrpcrapacpprcraccbbbsqgbdsdgsscracccdsbdddppcapa
sdqsssppcapaqqdbgqbbgsbbbrrpcrcpacpppcracccbbsgqbgsdgsssrcraccsdsbddpppcap
dgsssdpcapaaqdbgbbgqsbbbgrpcrccacppparacccrbsqbqgqqdgqsssdrrcracssdsbdapppca
gsssdscapaaadbgqbbbsbbbgbpcrccccpppapacccrcecsqbqgqqqsssdsrrrcrasssdsbpapppe
papppcgbqgqgqqddddsdqrcrrrpaaapacqqqbgqsbqgbbbsdddsdqrrrcracapaaaacccrcbdddsd
apppcabqqqdbddsdgscrrrpcaapacpqqbgqsbgqbbbsqddsdgsrrcracpcapaaracccrsbddds
pppcapqqqdbgdsdgssrrrpcrapacppgqbgqsbbbbbsqbdsdgssrcraccppcapacracccdsbddd
ppcapaqqdbgbsdqgsssrrpcrcpacpppbgqsbbbbbsqbqgsdgssscracccpppcaprcraccsdsbdd
pcapaaqdbgbbdgqsssdrpcrccacpppaqsbbbgqbsqbqgqqdqgsssdracccrapppcarrcracssdsbd
capaaadbgbbbqgsssdspcrcccecpppapsbbbqbsqbqqqqsssdsacccrcpappperrrcrasssdshb
gbggqqddddsdqpapppcaaapacqqqbgsrcrrrpdddsdqgrrrcrabgqbbbsbdddsdcapaaaacccrc
bgqgqqdbddsdgqsapppcaaapacpgqqbgsberrrpeddsdqgsrrcracqbbbsgsbdddspcapaaracccer
qqqdbgdsdqgsspppcapapacppgbgsbbrrrpcrdsdgqssrcraccbbbsqbdsbdddppcapacraccc
qqdbgbsdgsssppcapapacpppbgsbbbrrpcrcsdgqssscracccbbsqbgsdsbddpppcaprcracc
qdbgbbdgsssdpcapaaacpppagqsbbbgqrpcrccdgqsssdracccrbsqbgqqgssdsbdapppcarrcrac

| dbgbbbgsssdscapaaacpppapsbbbgbpcrcccgsssdsacccrcsqbqqqsssdsbpapppcrrrcra

OD(72; 18, 18, 18, 18)
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[aacpbbdabgbbbdgpprbpapbgbadbbpcaaapagqcaabsqqcrcdpccsqdddsdrqddcarrdsdrqddcarrrcrsarrdbssT]
baacpbbdabgpbbdgqpprbpaqbadbbpcaabpagqcaabsqqarcdpccsqddcsdrqddcarrdsdrqddcarrdcrsarrdbssr
gbaacpbbdabapbbdgqpprbpbadbbpcaabgqaqcaabsqqapcdpccsqddcrdrqddcarrdsdrqddcarrdsrsarrdbssrc
bgqbaacpbbdapapbbdgpprbadbbpcaabgbgqcaabsqqapadpccsqgddcrcrqddcarrdsdrqddcarrdsdsarrdbssrcr
abgbaacpbbdbpapbbdgqpprdbbpcaabgbacaabsqqapagqpccsqddcrcdqddcarrdsdrqddcarrdsdrarrdbssrcrs
dabgbaacpbbrbpapbbdgppbbpcaabgbadaabsqqapaqcccsqddcrcdpddcarrdsdrqgddcarrdsdrqrrdbssrcrsa
bdabgbaacpbprbpapbbdgpbpcaabgbadbabsqqapagqcacsqgddcrcdpcdcarrdsdrqddcarrdsdrqgdrdbssrcrsar
bbdabgbaacppprbpapbbdgqpcaabgbadbbbsqgqqapaqcaasqgddcrcdpcccarrdsdrqgddcarrdsdrqdddbssrcrsarr
pbbdabgqbaacgpprbpapbbdcaabgbadbbpsqqapagqcaabgqddcrcdpccsarrdsdrqddcarrdsdrqddcbssrcrsarrd
cpbbdabgbaadgpprbpapbbaabgqbadbbpcqqapagqcaabsddcrcdpccsqrrdsdrqddcarrdsdrqddcassrcrsarrdb
acpbbdabgbabdgpprbpapbabgqbadbbpcagqapaqcaabsqgdcrcdpccsqdrdsdrqddcarrdsdrqddcarsrcrsarrdbs
bbdgpprbpapaacpbbdabgbapagqcaabsqqbgbadbbpcaadsdrqgddcarrcrcdpccsqgddrcrsarrdbssdsdrgddcarr
pbbdgpprbpabaacpbbdabgqpaqcaabsqqaqbadbbpcaabsdrqgddcarrdrcdpccsqddccrsarrdbssrsdrgddcarrd
apbbdgpprbpgbaacpbbdabagqcaabsqqapbadbbpcaabqgdrgqddcarrdscdpccsqddcrrsarrdbssrcdrqgddcarrds
papbbdgpprbbgbaacpbbdaqcaabsqqapaadbbpcaabgqbrgddcarrdsddpccsqddcrcsarrdbssrcrrqddcarrdsd
bpapbbdgpprabgbaacpbbdcaabsqqapagqdbbpcaabgqbagqddcarrdsdrpccsqddcrcdarrdbssrcrsqddcarrdsdr
rbpapbbdgppdabqbaacpbbaabsqqapaqcbbpcaabgbadddcarrdsdrqccsqddcrcdprrdbssrcrsaddcarrdsdrg
prbpapbbdgpbdabgqbaacpbabsqqapaqcabpcaabgbadbdcarrdsdrqdcsqddcrcdpcrdbssrcrsardcarrdsdrqd
pprbpapbbdgbbdabgqbaacpbsqqapagqcaapcaabgbadbbcarrdsdrqddsqddcrcdpccdbssrcrsarrcarrdsdrqdd
gpprbpapbbdpbbdabgbaacsqqapagqcaabcaabgbadbbparrdsdrqddcqgddcrcdpccsbssrcrsarrdarrdsdrqddc
dgpprbpapbbcpbbdabgbaaqqapagqcaabsaabgbadbbpcrrdsdrqddcaddcrcdpccsqgssrcrsarrdbrrdsdrqddca
bdgpprbpapbacpbbdabgqbaqapaqcaabsqabgbadbbpcardsdrqddcardcrcdpccsqgdsrcrsarrdbsrdsdrqgddcar
gqbgpsqqarpppapbrppgqdbbaacpbbdabgbbbdgpprbpapcprssbesdscdgsccecpdcrcddgsccecpdcrcdracddgrdsdr
bgqpsqqarppgapbrppgdbbpbaacpbbdabgqpbbdqpprbpaprssbcsdsccqgsccpdcrcddgsccecpdcrcddacddqgrdsdrr
gpsqqarppgbpbrppgdbbpagbaacpbbdabapbbdqpprbprssbesdscecpscepdcrcddgscepdcrcddgeddqgrdsdrra
psqqarppgqbgbrppgdbbpapbgqbaacpbbdapapbbdgpprbssbecsdscecprcepdcrcecddgsccepdcrcddgsddgrdsdrrac
sqqarppgbgprppgdbbpapbabgbaacpbbdbpapbbdgpprsbesdsceprscpdcecrcddgscepdcrceddgscdgrdsdrracd
qqarppgbqpsppgdbbpapbrdabgqbaacpbbrbpapbbdgqppbecsdsccprsspdcrcddgsccecpdcrcddgsccqrdsdrracdd
qarppgqbgpsgqpgqdbbpapbrpbdabgqbaacpbprbpapbbdgpcsdsccprssbdcrcddgqsccpdcrcddgsceprdsdrracddq
arppgbqpsqqqdbbpapbrppbbdabgqbaacppprbpapbbdqgsdsccprssbcecrcddgsccpdcrcddgsccecpddsdrracddgr
rppgqbgpsqqadbbpapbrppgpbbdabgqbaacqgpprbpapbbddsccprssbesrcddgscepdcrcddgscepdcesdrracddgrd
ppgqbgpsqqarbbpapbrppgdcpbbdabgbaadgpprbpapbbsccprssbesdecddgscepdcecrcddgscepderdrracddgrds
pgqbgpsqqarpbpapbrppgdbacpbbdabgbabdgqpprbpapbccprssbesdsddgsccecpdcrcddgscepdcecrcrracddqgrdsd
papbrppgqdbbqbqpsqqarppbbdgpprbpapaacpbbdabgbdqsccpdcrcdceprssbesdscracddgqrdsdrdgscepdcrced
apbrppqdbbpbgpsqqarppgpbbdgpprbpabaacpbbdabggqsccpdcrcddprssbesdsccacddgqrdsdrrgqsccepdcrcecdd
pbrppgqdbbpagpsqqarppqbapbbdgqpprbpgbaacpbbdabsccpdcrcddqgrssbesdsccecpecddgrdsdrrasccepdcrceddg
brppgqdbbpappsqqarppgqbgpapbbdgpprbbgbaacpbbdaccpdcrcddgsssbecsdsccecprddqrdsdrracccepdcrcddgs
rppgdbbpapbsqqarppgbgpbpapbbdgpprabgbaacpbbdcpdcrcddgqscsbesdsceprsdqrdsdrracdcecpdcrceddgsc
ppgdbbpapbrgqarppgbgpsrbpapbbdgppdabgbaacpbbpdcrcddgsccbesdsceprssqrdsdrracddpdcrcddgscce
pgqdbbpapbrpgarppgbgqpsqprbpapbbdgpbdabgbaacpbdcrcddgqsccpesdsceprssbrdsdrracddgdcrcddgsccp
gdbbpapbrpparppqbgpsqqpprbpapbbdgqbbdabgbaacpcrcddgsccpdsdsccecprssbedsdrracddgrercddgsccepd
dbbpapbrppqrppgbgqpsqqagqpprbpapbbdpbbdabgbaacrcddgqsccpdcdsccprssbessdrracddqrdrcecddgsccepdc
bbpapbrppgqdppgbqpsqqardgqpprbpapbbcpbbdabgbaacddgsccpdcrsccecprssbesddrracddqrdscddgsccpdcer
bpapbrppqgqdbpgqbgqpsqqarpbdgpprbpapbacpbbdabgqbaddgsccpdcrccceprssbesdsrracddqrdsdddgsccepdcerc
rcrsarrdbsssdscbssrpccracddgqrdsdrsbdrrasrcrsaacpbbdabgbbbdgpprbpappraqqspgbgpbdgpprbpapb
crsarrdbssrdscbssrpccsacddgqrdsdrrbdrrasrcrssbaacpbbdabgpbbdgpprbparaqqspgqbgppdgpprbpapbb
rsarrdbssrcscbssrpccesdcecddgrdsdrradrrasrcrssbgbaacpbbdabapbbdgqpprbpaqqspqbgpprqpprbpapbbd
sarrdbssrcrcbssrpcesdsddqrdsdrracrrasrcrssbdbgqbaacpbbdapapbbdgqpprbqqspqbgpprapprbpapbbdg
arrdbssrcrsbssrpcecsdscdqrdsdrracdrasrcrssbdrabgbaacpbbdbpapbbdgqpprqspgqbgqppragprbpapbbdqp
rrdbssrcrsassrpccsdscbgqrdsdrracddasrcrssbdrrdabgqbaacpbbrbpapbbdgqppspqbgppragqqrbpapbbdqgpp
rdbssrcrsarsrpccsdscbsrdsdrracddgsrcrssbdrrabdabgbaacpbprbpapbbdqppqbgppraqqgsbpapbbdgppr
dbssrcrsarrrpccsdscbssdsdrracddqrrcrssbdrrasbbdabgbaacppprbpapbbdqqbgppraqqgsppapbbdgpprb
bssrcrsarrdpccsdscbssrsdrracddgqrdcrssbdrrasrpbbdabgbaacqgpprbpapbbdbgqppraqqspqapbbdgpprbp
ssrcrsarrdbccesdscbssrpdrracddgqrdsrssbdrrasrccpbbdabgbaadgpprbpapbbgppraqqspqbpbbdgpprbpa
srcrsarrdbscsdscbssrpcrracddqrdsdssbdrrasrcracpbbdabgbabdgqpprbpapbppragqqspqbgbbdgpprbpap
sdscbssrpccrcrsarrdbsssbdrrasrcrsracddqrdsdrbbdgqpprbpapaacpbbdabqbbdgqpprbpapbpragqqspgbqp
dscbssrpcecscrsarrdbssrbdrrasrcrssacddqrdsdrrpbbdgpprbpabaacpbbdabgqdgqpprbpapbbraqqspqgbqpp
scbssrpcesdrsarrdbssrcdrrasrcrssbeddgqrdsdrraapbbdgpprbpgbaacpbbdabgpprbpapbbdaqqspgbgppr
cbssrpcesdssarrdbssrcrrrasrcrssbdddgrdsdrracpapbbdgpprbbgbaacpbbdapprbpapbbdqqqspgbgppra
bssrpccesdscarrdbssrcrsrasrcrssbdrdqrdsdrracdbpapbbdgqpprabgbaacpbbdprbpapbbdgqpgqspgbqgpprag
ssrpcesdscbrrdbssrcrsaasrcrssbdrrgrdsdrracddrbpapbbdgqppdabgbaacpbbrbpapbbdqppspgbqgppraqq
srpccsdscbsrdbssrcrsarsrcrssbdrrardsdrracddgprbpapbbdgqpbdabgqbaacpbbpapbbdgqpprpgqbgppraqqs
rpccsdscbssdbssrcrsarrrcrssbdrrasdsdrracddqrpprbpapbbdgqbbdabgqbaacppapbbdgqpprbgbqppraqqsp
pcecsdscbssrbssrcrsarrdcrssbdrrasrsdrracddqrdgpprbpapbbdpbbdabgbaacapbbdgqpprbpbgppraqgqspgq
ccesdscbssrpssrcrsarrdbrssbdrrasrcdrracddgqrdsdgqpprbpapbbecpbbdabgbaapbbdgpprbpagppraqqspqb
csdscbssrpcecsrcrsarrdbsssbdrrasrcrrracddgrdsdbdgpprbpapbacpbbdabgbabbdgpprbpapppraqqspqbg
sdscbssrpccercdpccsqgddsbdrrasrcrscprssbesdscacpbbdabgqbagsbaacqapagqaacpbbdabgqbbbdgpprbpap
dscbssrpcecsrcdpccecsgddcbdrrasrcrssprssbesdsccepbbdabgbaasbaacqapagqgqbaacpbbdabgpbbdgpprbpa
scbssrpcesdcdpcecesqgddcrdrrasrcrssbrssbesdscecppbbdabgqbaacbaacqgapagqqsgbaacpbbdabapbbdgpprbp
cbssrpcesdsdpcecsqgddcrcrrasrcrssbdssbesdsceprbbdabgbaacpaacqapagqqsbbgbaacpbbdapapbbdgpprb
bssrpccsdscpccesqgddcrcdrasrcrssbdrsbesdscecprsbdabgbaacpbacqapagqqsbaabgbaacpbbdbpapbbdqgppr
ssrpcesdscbeesqgddcrcedpasrcrssbdrrbesdsceprssdabgbaacpbbeqapaqgsbaadabgbaacpbbrbpapbbdqgpp
srpcesdscbscsqddcrcdpesrcrssbdrracsdsceprssbabgbaacpbbdgapagqqsbaacbdabgbaacpbprbpapbbdqgp
rpcesdscbsssqddcrcdpccrcrssbdrrassdsccecprssbebgbaacpbbdaapagqqsbaacqbbdabgbaacppprbpapbbdqg
pcesdscbssrqddcrcdpccescrssbdrrasrdsccecprssbesgqbaacpbbdabpaqgqsbaacqapbbdabgbaacgpprbpapbbd
ccsdscbssrpddcrcdpcesqrssbdrrasrcsceprssbesdbaacpbbdabqagqgqsbaacqapcpbbdabgqbaadgpprbpapbb
csdscbssrpcdcrcdpcesqgdssbdrrasrcrceprssbesdsaacpbbdabgbggqsbaacqapaacpbbdabgbabdgpprbpapb
crcdpcesqgddsdscbssrpcceprssbesdscsbdrrasrcrsqsbaacqapagacpbbdabgbabbdgpprbpapaacpbbdabgb
rcdpcecsqddcdscbssrpcesprssbesdscebdrrasrcrsssbaacqapagqepbbdabgbaapbbdgpprbpabaacpbbdabqg
cdpccesgddcecrscbssrpecesdrssbesdscepdrrasrcrssbbaacqapagqqgspbbdabgbaacapbbdgpprbpgbaacpbbdab
dpccsqgddcrccbssrpcesdsssbesdsceprrrasrcrssbdaacgapagqqsbbbdabgqbaacppapbbdgpprbbgbaacpbbda
pccsqgddcrcdbssrpcesdscsbesdsceprsrasrcrssbdracqapagqgqsbabdabgqbaacpbbpapbbdgpprabgbaacpbbd
ccsqddcrcdpssrpcesdscbbesdsceprssasrcrssbdrrcqapagqgqsbaadabgbaacpbbrbpapbbdgppdabgbaacpbb
csqddcrcdpcsrpcesdscbscsdsceprssbsrcrssbdrraqapagqgqsbaacabgbaacpbbdprbpapbbdgpbdabgbaacpb
sqddcrcdpccrpcecsdscbsssdsceprssbercrssbdrrasapaqgqqsbaacqgbgbaacpbbdapprbpapbbdgbbdabgbaacp
gddcrcdpcespcesdscbssrdsceprssbescrssbdrrasrpagqsbaacqagqbaacpbbdabgpprbpapbbdpbbdabgbaac
ddcrcdpccsqccesdscbssrpsceprssbesdrssbdrrasrcaqqsbaacqapbaacpbbdabgdgqpprbpapbbepbbdabgbaa

Ldcrcdpccsqgdcsdscbssrpcceprssbesdsssbdrrasrcrqqsbaacqapaaacpbbdabgbbdgpprbpapbacpbbdabgba ]
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A. APPENDIX A

~crdrsddbbrdbddsrscrrppsrprdbdrbbddsrdrccacdaaccrdcdspcpbecppabpbqqdqpddgqbpgpaqdqpddqgbpgpaaraqrraapgaqb=
dcrdrsddbbrdbrdsrscrrppsrpbdrbbddsrdrcdacdaaccrdcdsccpbccppabpbgpdgqpddqqbpgqpaqdqpddqqbpgpaqraqrraapqaqgba
bdcrdrsddbbrdprdsrscrrppsrdrbbddsrdrcdbcdaaccrdcdscapbccppabpbgqpcgpddqqbpgqpaqdqpddgqbpgpaqgdaqrraapgqagbar
dbdcrdrsddbbrrprdsrscrrppsrbbddsrdrcdbddaaccrdcdscacbccecppabpbgpcppddqqbpgpaqdqpddgqbpgpaqdqqrraapgagbara
rdbdcrdrsddbbsrprdsrscrrppbbddsrdrcdbdraaccrdcdscacdccppabpbgqpcpbddqqbpgpaqdqpddqqbpgpaqdgprraapqagbaragq
brdbdcrdrsddbpsrprdsrscrrpbddsrdrcdbdrbaccrdcdscacdacppabpbgqpcpbcdqqbpqpaqdqpddgqbpgpagdgpdraapqagbaraqr
bbrdbdcrdrsddppsrprdsrscrrddsrdrcdbdrbbccrdcdscacdaappabpbgpcpbecqqbpgpaqdqpddqqbpgpagqdgqpddaapqagbaraqgrr
dbbrdbdcrdrsdrppsrprdsrscrdsrdrcdbdrbbdcrdcdscacdaacpabpbgpcpbcecpgbpgpaqdqpddqqbpgpaqdqpddqapqagbaraqrra
ddbbrdbdcrdrsrrppsrprdsrscsrdrcdbdrbbddrdcdscacdaaccabpbgpcpbecppbpgqpaqdqpddqqbpgpaqdgqpddqqpqagbaraqrraa
sddbbrdbdcrdrcrrppsrprdsrsrdrcdbdrbbddsdcdscacdaaccrbpbgpcpbeceppapgpaqdgpddqqbpgpaqdgqpddgqgbqagbaraqgrraap
rsddbbrdbdcrdscrrppsrprdsrdrcdbdrbbddsrcdscacdaaccrdpbgpcpbccppabgpaqgdqpddqqbpgqpaqdqpddggqbpagbaraqrraapq
drsddbbrdbdcrrscrrppsrprdsrcdbdrbbddsrddscacdaaccrdcbgqpcpbccppabppaqdqpddqqbpgpaqdqpddqgbpqgbaraqrraapga
rdrsddbbrdbdcsrscrrppsrprdcdbdrbbddsrdrscacdaaccrdcdgpcpbccppabpbaqdqgpddqqbpgpaqdqpddqqbpgpbaraqrraapqgaq
dsrscrrppsrprcrdrsddbbrdbdcacdaaccrdcdsdbdrbbddsrdrcqdgpddqgbpgpapcpbccppabpbgaraqgrraapgagbqdqpddgqbpgpa
rdsrscrrppsrpdcrdrsddbbrdbacdaaccrdcdscbdrbbddsrdrcddqpddqgbpgpaqcpbccppabpbgpragrraapqagbadqpddqqbpgpagq
prdsrscrrppsrbdcrdrsddbbrdcdaaccrdcdscadrbbddsrdrcdbgpddqqbpgqpaqdpbccppabpbqpcaqrraapqagbargpddqqbpgpaqd
rprdsrscrrppsdbdcrdrsddbbrdaaccrdcdscacrbbddsrdrcdbdpddqqbpgpaqdqbccppabpbgpcpqgrraapqaqbarapddqqbpgpaqdq
srprdsrscrrpprdbdcrdrsddbbaaccrdcdscacdbbddsrdrcdbdrddqgbpqpaqdgqpccppabpbgpcpbrraapqagbaraqddqqbpgpaqdqp
psrprdsrscrrpbrdbdcrdrsddbaccrdcdscacdabddsrdrcdbdrbdqgqbpqpaqdgpdcppabpbgpcpbcraapqagbaraqrdqqbpgpaqdqpd
ppsrprdsrscrrbbrdbdcrdrsddccrdcdscacdaaddsrdrcdbdrbbqgbpgpaqdqpddppabpbgpcpbecaapgagbaraqrrqqbpgpaqdgpdd
rppsrprdsrscrdbbrdbdcrdrsdcrdcdscacdaacdsrdrcdbdrbbdgqbpgpaqdqpddqpabpbgpcpbccpapgagbaraqrragbpgpaqdgpddqg
rrppsrprdsrscddbbrdbdcrdrsrdcdscacdaaccsrdrcdbdrbbddbpgpaqdqpddqqabpbgpcpbccpppqagqbaraqrraabpgqpagqdgpddqq
crrppsrprdsrssddbbrdbdcrdrdcdscacdaaccrrdrcdbdrbbddspgpaqdqpddqqbbpbgpcpbecppaqagbaraqrraappgpaqdgpddqqb
scrrppsrprdsrrsddbbrdbdcrdcdscacdaaccrddrcdbdrbbddsrqpaqgdqpddqqbppbgpcpbccppabagbaraqrraapqqpaqdqpddqqbp
rscrrppsrprdsdrsddbbrdbdcrdscacdaaccrdcrcdbdrbbddsrdpaqdqpddqqbpqbgpcpbccppabpgbaraqrraapqapaqdqpddqqbpgq
srscrrppsrprdrdrsddbbrdbdcscacdaaccrdcdcdbdrbbddsrdraqdqgpddqqbpgpgpcpbecppabpbbaragqrraapgaqaqdgqpddqqbpgp
sqscqqssdcscrrprspprresrsdcrdrsddbbrdbddsrscrrppsrprabagbbssabsbpbpbappccbpepgbpbappccbpepgpgpbgqddpgdga
gscqqssdcscrsprspprresrsdrdcrdrsddbbrdbrdsrscrrppsrpbagbbssabsbpapbappccbpecpgbpbappccbpepgbgpbgqqddpgdqgap
scqqssdcscrsqrspprresrsdrpbdcrdrsddbbrdprdsrscrrppsragbbssabsbpabbappccbpepgbpbappccbpepgbppbgqqddpgdqapq
cqqssdescrsqgsspprresrsdrprdbdcrdrsddbbrrprdsrscrrppsqgbbssabsbpabaappccbpecpgbpbappccbpepgbpbbgqddpgdgapqgp
qqssdcscrsqgscpprrcsrsdrprsrdbdcrdrsddbbsrprdsrscrrppbbssabsbpabagppccbpecpgbpbappccbpecpgbpbagqqddpgdqapgpb
gssdcscrsqscqprresrsdrprspbrdbdcrdrsddbpsrprdsrscrrpbssabsbpabagbpccbpcpgbpbappccbpepgbpbapgddpgdgapqpbq
ssdescrsqscqqrresrsdrprsppbbrdbdcrdrsddppsrprdsrscrrssabsbpabagbbccbpepgbpbappccbpepgbpbappddpgdgapgpbgq
sdcscrsqscqqsrcsrsdrprspprdbbrdbdcrdrsdrppsrprdsrscrsabsbpabaqbbscbpcpgbpbappccbpepgbpbappcdpgdqgapqpbqqd
dcscrsqscqqsscsrsdrprspprrddbbrdbdcrdrsrrppsrprdsrscabsbpabaqbbssbpcpgbpbappccbpcpgbpbappccpgdgapqpbqqdd
cscrsqscqqssdsrsdrprspprrcesddbbrdbdcrdrcrrppsrprdsrsbsbpabagbbssapcpgbpbappccbpepgbpbappccbqgdqapgpbqqddp
scrsqscqqssdcrsdrprspprresrsddbbrdbdcrdscrrppsrprdsrsbpabagbbssabcpgbpbappccbpepgbpbappccbpdgapgpbqqddpq
crsqscqqssdcssdrprspprrcsrdrsddbbrdbdcrrscrrppsrprdsbpabaqbbssabspgbpbappccbpcpgbpbappccbpcqapqpbgqqddpgd
rsqgscqqssdcscdrprspprrcesrsrdrsddbbrdbdcsrscrrppsrprdpabagbbssabsbgbpbappccbpecpgbpbappccbpepapgpbqqddpqdq
rprspprresrsdsqscqqssdcscrdsrscrrppsrprcerdrsddbbrdbdbpbappccbpepqabagbbssabsbppgpbqqddpgdqabpbappccbpepg
prspprresrsdrgscqqssdcscrsrdsrscrrppsrpdcrdrsddbbrdbpbappccbpecpgbbaqbbssabsbpaqpbgqddpgqdgappbappccbpcpgb
rspprresrsdrpscqgssdescrsqprdsrscrrppsrbdcrdrsddbbrdbappccbpepgbpagbbssabsbpabpbqgqddpgdgapgbappccbpepgbp
spprresrsdrpreqqssdcescrsqsrprdsrscrrppsdbdcrdrsddbbrappccbpepgbpbgbbssabsbpababgqddpgdqapgpappccbpcepgbpb
pprresrsdrprsqqssdcescrsqgscsrprdsrscrrpprdbdcrdrsddbbppccbpecpgbpbabbssabsbpabagqqddpgdqapgpbppccbpepgbpba
prresrsdrprspgssdescrsqscgpsrprdsrscrrpbrdbdcrdrsddbpccbpepgbpbapbssabsbpabagbgqddpgdqapgpbgpccbpepgbpbap
rresrsdrprsppssdescrsqscqqppsrprdsrscrrbbrdbdcrdrsddccbpepgbpbappssabsbpabagbbddpgqdqapgpbqqccbpepgbpbapp
resrsdrprspprsdcscrsqscqqsrppsrprdsrscrdbbrdbdcrdrsdcbpcpgbpbappcsabsbpabaqbbsdpgdqapgqpbgqdcbpcpgbpbappc
csrsdrprspprrdcscrsqscqqssrrppsrprdsrscddbbrdbdcrdrsbpcpgbpbappccabsbpabagqbbsspqdgapqpbqqddbpcpgbpbappcc
srsdrprspprrcescrsqscqqssdcrrppsrprdsrssddbbrdbdcrdrpcpgbpbappccbbsbpabagbbssaqdqapgpbgqddppcpgbpbappcch
rsdrprspprrcsscrsqscqqssdcscrrppsrprdsrrsddbbrdbdcrdcpgbpbappccbpsbpabaqbbssabdqapqpbqqddpgcpgqbpbappccbp
sdrprspprrcsrcrsqgscqqssdesrscrrppsrprdsdrsddbbrdbdcrpgbpbappccbpcbpabagbbssabsqapgpbqqddpgdpgbpbappccbpce
drprspprresrsrsqgscqqssdcescsrscrrppsrprdrdrsddbbrdbdcqgbpbappccbpeppabagbbssabsbapgpbqqddpgdgqqbpbappccbpcp
araqrraapqagbbsbassbbgabappqpbqqddpgdqaqaqpaarrqarabcrdrsddbbrdbddsrscrrppsrprcscdssqqcsqsrsrscrrppsrprd
raqrraapqagbasbassbbqabapbgqpbgqddpqdqgapagqpaarrqarabgdcrdrsddbbrdbrdsrscrrppsrpscdssqqcsgsrcrscrrppsrprds
aqgrraapgagbarbassbbqabapbspbgqddpgdqapgqpaarrqarabgabdcrdrsddbbrdprdsrscrrppsrcdssqqcsqsrcsscrrppsrprdsr
grraapqgagqbaraassbbgabapbsbbqqddpqgdqapgppaarrqarabqaqdbdcrdrsddbbrrprdsrscrrppsdssqqcsqsrcsccrrppsrprdsrs
rraapqagbaraqssbbqabapbsbaqqddpqdgapgpbaarrqarabgqaqprdbdcrdrsddbbsrprdsrscrrppssqqcsqgsrcscdrrppsrprdsrsc
raapgqagbaraqrsbbgabapbsbasqddpqgdqapgpbqgarrqarabgqagpabrdbdcrdrsddbpsrprdsrscrrpsqqcsqgsrcscdsrppsrprdsrscr
aapgaqbaraqrrbbgqabapbsbassddpqdqapqpbqqrrqarabqaqpaabbrdbdcrdrsddppsrprdsrscrrqqcsqgsrcscdssppsrprdsrscrr
apgagbaraqrrabgabapbsbassbdpgdqapgqpbgqqdrqarabqaqpaardbbrdbdcrdrsdrppsrprdsrscrqcsqsrcscdssgpsrprdsrscrrp
pqagbaraqrraaqabapbsbassbbpgdqapqpbgqddqarabqaqpaarrddbbrdbdcrdrsrrppsrprdsrscesgsrcscdssqqsrprdsrscrrpp
qagbaragqrraapabapbsbassbbgqdqapgpbqqddparabgaqpaarrqsddbbrdbdcrdrcrrppsrprdsrssqsrcscdssqqcrprdsrscrrpps
agbaraqrraapqbapbsbassbbgadqapqpbqqddpqrabqaqpaarrqarsddbbrdbdcrdscrrppsrprdsrqsrcscdssqqcsprdsrscrrppsr
gbaraqrraapqaapbsbassbbqabqapgqpbgqddpgqdabqagqpaarrqgardrsddbbrdbdcrrscrrppsrprdssrcscdssqqcsqrdsrscrrppsrp
baraqrraapgqagpbsbassbbgqabaapgpbqqddpgdgbgagqpaarrqgarardrsddbbrdbdcsrscrrppsrprdrcscdssqqcecsqgsdsrscrrppsrpr
bsbassbbqabaparaqrraapqagbqaqpaarrqarabpgpbgqddpgqdqgadsrscrrppsrprcrdrsddbbrdbdsrscrrppsrprdcscdssqqcsqgsr
sbassbbqabapbraqrraapqagbaagpaarrqarabgqqpbgqqddpqdgaprdsrscrrppsrpdcrdrsddbbrdbrscrrppsrprdsscdssqgqcsgsrc
bassbbgqabapbsaqrraapgqagbarqpaarrqarabqapbqqddpgdgapgprdsrscrrppsrbdcrdrsddbbrdscrrppsrprdsrcdssqqcsgsrcs
assbbqabapbsbqgrraapqagbarapaarrqarabgqaqbqqddpqdqapgprprdsrscrrppsdbdcrdrsddbbrcrrppsrprdsrsdssqqcsgsrcsc
ssbbqabapbsbarraapqagbaraqaarrqgarabqaqpqqddpgdqapgpbsrprdsrscrrpprdbdcrdrsddbbrrppsrprdsrscssqqcsgsrcscd
sbbgqabapbsbasraapgagbaraqrarrqarabqaqpaqddpqgdqgapgpbgpsrprdsrscrrpbrdbdcrdrsddbrppsrprdsrscrsqqcsgsrcscds
bbgabapbsbassaapqagbaraqrrrrqarabqaqpaaddpgdqapgqpbgqppsrprdsrscrrbbrdbdcrdrsddppsrprdsrscrrqqcsgsrcscdss
bgqabapbsbassbapqagbaraqrrarqarabgaqpaardpgqdqapgpbqqdrppsrprdsrscrdbbrdbdcrdrsdpsrprdsrscrrpgcsgsrcscdssq
qabapbsbassbbpgqagbaraqrraaqarabqaqpaarrpgdqapqpbgqddrrppsrprdsrscddbbrdbdcrdrssrprdsrscrrppesgsrcscdssqq
abapbsbassbbqqaqbaraqrraaparabqaqpaarrqqdqapgqpbgqqddpcrrppsrprdsrssddbbrdbdcrdrrprdsrscrrppssqsrcscdssqqc
bapbsbassbbqaagbaraqrraapgrabgqaqpaarrqadqapgpbgqddpgscrrppsrprdsrrsddbbrdbdcrdprdsrscrrppsrgsrcscdssqqcs
apbsbassbbgqabgbaraqrraapqaabgagpaarrqarqapgpbqqddpgdrscrrppsrprdsdrsddbbrdbdcrrdsrscrrppsrpsrcscdssqqcesq
pbsbassbbgqababaragqrraapgqaqbqaqpaarrqaraapgpbqqddpgdgsrscrrppsrprdrdrsddbbrdbdcdsrscrrppsrprrcscdssqqesqs
bsbassbbgqabappcpbccppabpbgqagpaarrqarababagbbssabsbprdrsddbbrdbdcdcdrccaadcacscrdrsddbbrdbddsrscrrppsrpr
sbassbbgqabapbcpbccppabpbgpagpaarrqgarabgbagbbssabsbpadrsddbbrdbdcrcdrccaadcacsddcrdrsddbbrdbrdsrscrrppsrp
bassbbgqabapbspbccppabpbgpcqgpaarrqarabqaagbbssabsbpabrsddbbrdbdcrddrccaadcacsdcbdcrdrsddbbrdprdsrscrrppsr
assbbqabapbsbbccppabpbgpcppaarrqarabgqaqqbbssabsbpabasddbbrdbdcrdrrccaadcacsdcddbdcrdrsddbbrrprdsrscrrpps
ssbbgqabapbsbaccppabpbgpcpbaarrqarabqaqpbbssabsbpabagqddbbrdbdcrdrsccaadcacsdcdrrdbdcrdrsddbbsrprdsrscrrpp
sbbgqabapbsbascppabpbgpcpbcarrqarabqagpabssabsbpabagqbdbbrdbdcrdrsdcaadcacsdcdrcbrdbdcrdrsddbpsrprdsrscrrp
bbgabapbsbassppabpbgpcpbccrrgarabqagpaassabsbpabagbbbbrdbdcrdrsddaadcacsdcdrccbbrdbdcrdrsddppsrprdsrscrr
bgqabapbsbassbpabpbgpcpbccprqarabgaqpaarsabsbpabaqbbsbrdbdcrdrsddbadcacsdcdrccadbbrdbdcrdrsdrppsrprdsrscr
gabapbsbassbbabpbgpcpbccppgarabqagqpaarrabsbpabagbbssrdbdcrdrsddbbdcacsdcdrccaaddbbrdbdcrdrsrrppsrprdsrsc
abapbsbassbbqbpbgpcpbccppaarabqagpaarrqbsbpabagbbssadbdcrdrsddbbrcacsdcdrccaadsddbbrdbdcrdrcrrppsrprdsrs
bapbsbassbbgqapbgpcpbccppabrabgqagpaarrqasbpabaqbbssabbdcrdrsddbbrdacsdcdrccaadcrsddbbrdbdcrdscrrppsrprdsr
apbsbassbbqabbgpcpbccppabpabgagpaarrqarbpabagbbssabsdcrdrsddbbrdbcsdcdrccaadcadrsddbbrdbdcrrscrrppsrprds
pbsbassbbgqabagpcpbccppabpbbgqagpaarrqarapabagbbssabsbcrdrsddbbrdbdsdcdrccaadcacrdrsddbbrdbdcsrscrrppsrprd
pcpbceppabpbgbsbassbbqabapabagbbssabsbpqagqpaarrqarabdcdrccaadcacsrdrsddbbrdbdcdsrscrrppsrprcrdrsddbbrdbd
cpbeeppabpbgpsbassbbgqabapbbagbbssabsbpaagpaarrqarabgcdrccaadcacsddrsddbbrdbdcrrdsrscrrppsrpdcrdrsddbbrdb
pbcecppabpbgpcbassbbgabapbsagbbssabsbpabgpaarrqarabgqadrccaadcacsdcrsddbbrdbdcrdprdsrscrrppsrbdcrdrsddbbrd
bcecppabpbgpcpassbbgabapbsbgbbssabsbpabapaarrqarabqgaqrccaadcacsdcdsddbbrdbdcrdrrprdsrscrrppsdbdcrdrsddbbr
ccppabpbgpcepbssbbgabapbsbabbssabsbpabaqaarrgarabqagpccaadcacsdcdrddbbrdbdcrdrssrprdsrscrrpprdbdcrdrsddbb
cppabpbgpcpbcsbbgabapbsbasbssabsbpabagbarrqarabqagqpacaadcacsdcdrcdbbrdbdcrdrsdpsrprdsrscrrpbrdbdcrdrsddb
ppabpbgpcpbccbbgabapbsbassssabsbpabagbbrrqarabqagqpaaaadcacsdcdrccbbrdbdcrdrsddppsrprdsrscrrbbrdbdcrdrsdd
pabpbgpcpbccpbgqabapbsbassbsabsbpabagqbbsrqarabqagqpaaradcacsdcdrccabrdbdcrdrsddbrppsrprdsrscrdbbrdbdcrdrsd
abpbgpcpbccppgabapbsbassbbabsbpabagbbssqarabgagpaarrdcacsdcdrccaardbdcrdrsddbbrrppsrprdsrscddbbrdbdcrdrs
bpbgpcpbccppaabapbsbassbbgbsbpabagbbssaarabgaqpaarrqcacsdcdrccaaddbdcrdrsddbbrcrrppsrprdsrssddbbrdbdcrdr
pbgpcpbccppabbapbsbassbbgqasbpabagbbssabrabqagpaarrqaacsdcdrccaadcbdcrdrsddbbrdscrrppsrprdsrrsddbbrdbdcrd
bgpcpbecceppabpapbsbassbbgqabbpabagbbssabsabqaqpaarrqarcsdcdrccaadcadcrdrsddbbrdbrscrrppsrprdsdrsddbbrdbdcr
LgpcpbccppabpbpbsbassbbgqabapabagbbssabsbbgagqpaarrqgarasdcdrccaadcaccrdrsddbbrdbdsrscrrppsrprdrdrsddbbrdbdcJ
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rdcpgppasrpbppasrpbppaappgpcsappgpcspaaqardappbpcdappbpcdpaaqacsappgprdappgprdpaabacd—
adcpgppasrpbppasrpbppppgqpcsappqpcsaaaqardpppbpcdappbpcdaaaqacspppgprdappgprdaaabacdp
padcpgppasrpbppasrpbppgpcsappgpcsapaqardpapbpcdappbpcdapaqacspapgprdappgqprdapabacdpa
ppadcpgppasrpbppasrpbqpcsappqpcsappqardpaabpcdappbpcdappqacspaagqprdappgprdappbacdpaa
gppadcpbppasrpbppasrppcsappqpcsappqardpaaqpcdappbpcdappbacspaaqprdappgqprdappqacdpaab
pgppadcpbppasrpbppasrcsappgpcsappgprdpaagqacdappbpcdappbpcspaaqardappgprdappgqpcdpaaba
cpgppadrpbppasrpbppassappqpcsappqpcdpaaqardappbpcdappbpcspaaqacdappgprdappgprdpaabac
srpbppadcpgppasrpbppaappgpcspaaqardappgpcsappbpcdpaagqacsappbpcdappgprdpaabacdappgprd
asrpbppadcpgppasrpbppppqpcsaaaqardpppgpcsappbpcdaaaqacspppbpcdappgprdaaabacdpppgprda
pasrpbppadcpgppasrpbppgpcsapaqardpapgpcsappbpcdapaqacspapbpcdappgprdapabacdpapgprdap
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Lsappgprspaabacspaabacscaqaapdcpbppadcpbppascpbppadrabaapdrabaaprpbppasrpbppascpgppad-
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