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Abstract

In mathematics, especially number theory, prime numbers are essential concepts. Prime

numbers are used in cryptography as one application.

Finding large prime numbers is crucial for cryptographic protocols; to do this, we must be
able to tell whether a given number is prime or not. To test whether a number is a prime
number, we require a computationally efficient primality testing algorithm. The primary
objective of my research is to evaluate how well the tests work. Especially, in my research
our main focus is on Grantham’s primality test. Grantham’s test is probabilistic and fast,
but it comes with the risk of false positives. To determine how ‘good’ a test is, one must be
aware of the possibility of false positives because in our development, deterministic tests

are slower than false positive ones.

In this thesis, we will explain the definitions of ‘probable prime numbers’, such as ‘Frobe-
nius pseudoprime’, as given by Jon Grantham. Our research goal is to find upper and lower
bounds for the number of probable prime numbers by generalizing the work of Paul Erdos
and Carl Pomerance on Fermat pseudoprimes, and Jon Grantham on Frobenius pseudo-

primes.



Contents

Dedication iii
Acknowledgments iv
Abstract v
1 Introduction And Motivation 1
I.1 Notations . . . . . . . . . . i e e 5
2 Background 8
2.1 Fermatpseudoprime . . . . . . . . . . . ... 8
2.2 Frobenius pseudoprime . . . . . . . . . . ... ... 11
2.2.1  Quadratic Frobenius pseudoprimes . . . . . . . . ... ... .... 27
3 Reinterpretation Of Frobenius Pseudoprimes 32

4 The Number Of Degree-3 Polynomials f(x) Over (Z/p"Z) For Which n Is A
Cubic Frobenius Pseudoprime At p 48
4.1 Formulas For Counting Degree-3 Frobenius Pseudoprimes . . . . . . . .. 51
4.2 Number Theoretical Background . . . . . . ... ... ... . ....... 63
43 LowerBound . . ... ... ... 71

F] (X)

43.1 LowerBoundFor L;"™/(n) . . .. ... ............... 83
4.3.2  Lower Bound For ng(x) () . o 85
44 UpperBound . ... ... ... ... 86
4.4.1 Upper Bound For Lgl ®) () o oo 95
4.4.2  Upper Bound For ng ®) ()« o 96
5 Conclusion and Further Work 98
Bibliography 100
A Appendix 103

vi



Chapter 1

Introduction And Motivation

One of the modern applications of prime numbers is in the context of cryptography. In
several important cryptography protocols, it is important to find large prime numbers; to do
this, we must be able to determine whether a provided number is prime or not. For further
information on the role of prime numbers in cryptography, see [Dent and Mitchell, 2005,
Chapter 16.2]. For this approach, we use a primality test which will determine whether or
not a given number is prime. These tests do not generally give prime factorization, only
stating whether the input number is prime or not. Factorization is considered a computa-
tionally difficult problem, whereas primality testing is comparatively easier, with a running
time that is polynomial in the size of the input, specifically log(n)* for some positive con-
stant k. On the other hand, the running time for the best-known factorization algorithms is

exp(log(n)'/?loglog(n)?/3).

Primality tests come in two types, deterministic and probabilistic. Deterministic tests
determine with absolute certainty whether a number is prime. These tests in general are

much slower than probabilistic tests.

Hence, the key advantage of probabilistic tests is that they are faster, the drawback is
the uncertainty of having identified a prime. Many probabilistic tests have running time
of O(log(n)) to determine the primality of a number of size n. In contrast, the running

time of the deterministic tests conjecturally is O((logn)?). In order to understand the time
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and accuracy trade-offs, it remains to better evaluate the risk of false positives and identify
probabilistic tests with lower rates of false positives. The number of false positives depends

on the definitions of the probable prime.

In my thesis, the main goal is to study the efficiency of the Frobenius test as a prob-
abilistic test. There are various types of primality test. For example, the Lucas-Lehmer
test [Lehmer, 1930] and elliptic curve primality test [Morain, 1998] are deterministic pri-
mality tests. On the other hand, Rabin-Miller test [Rabin, 1980], Fermat primality test
[Erd6s and Pomerance, 1986], Frobenius primality test [Grantham, 2001], Miller—Rabin
and Solovay—Strassen primality test [Gallier and Quaintance, 2017], and Baillie-PSW pri-

mality test [Baillie et al., 2021] are probabilistic tests.

One important definition we need here is that of probable prime numbers. These are
numbers that satisfy certain theorems or properties typically associated with prime num-
bers, but they are not necessarily prime. When a composite number satisfies specific prop-
erties characteristic of prime numbers, it is called a pseudoprime. Different types of pseu-
doprimes are classified based on which properties of prime numbers they satisfy. A partial
classification of pseudoprimes includes Euler pseudoprime [Pomerance et al., 1980], Lucas
pseudoprime ([Baillie and Wagstaff, 1980] and [Baillie et al., 2021]), Lehmer pseudoprime
[Rotkiewicz, 1982], Fermat pseudoprime [Erdds and Pomerance, 1986], Elliptic pseudo-
prime [Gordon and Pomerance, 1991], Frobenius pseudoprime [Grantham, 2001], Catalan

pseudoprime [Aebi and Cairns, 2008], and Perrin pseudoprime [Grantham, 2010].

In [Grantham, 2001], Grantham introduced a new primality test that simultaneously
refines many existing primality tests. One of the tests that Grantham generalized is Fermat
primality test, which tries to identify if a given number 7 is prime by checking if " =1

(mod n) for some pre-chosen a.

It is worth mentioning here that Erdés and Pomerance in [Erdés and Pomerance, 1986],

studied the number of Fermat pseudoprimes and provided upper and lower bounds for the



1. INTRODUCTION AND MOTIVATION

number of Fermat pseudoprimes which are less than x. They proved

1
B <S Y {ae@mz)d =1 (mod n)}| < 7MW, (1)
X n<x
nis cor?lposite

where L(x) = exp ((log)?)lggigolgi)log x) )

Roughly speaking, for a chosen at random, the probability that a composite number 7,

_ logloglogx
and x  loglogx |

that is coprime to a, is misidentified by the base a test is between x8/23

Most primality tests use auxiliary parameters, for example Fermat’s test uses an inte-
ger number a and checks if @' =1 (mod 7). In Grantham’s test the auxiliary parameter
is a polynomial P(x) with integer coefficients. Grantham’s test is alternatively called the
Frobenius primality test. Correspondingly, composite numbers which Grantham’s test
misidentifies as primes will be called Frobenius pseudoprimes. We will explain the Frobe-
nius primality test in Theorem 2.18, and we shall study the likelihood of false positives for

the Grantham’s test in Chapter 4.

The case of base-a Fermat pseudoprimes corresponds to Frobenius pseudoprimes for
the degree one polynomial x — a (see Theorem 2.28 for details). Consequently, the work
of Erd6és and Pomerance [Erdés and Pomerance, 1986] covers the Fermat case which in
Grantham generalization would correspond to degree one Frobenius pseudoprimes where
the associated polynomial has degree one. We would call it a degree one Frobenius pseu-

doprime.

Fiori and Shallue [Fiori and Shallue, 2020] generalized Erdés and Pomerance’s work to
quadratic polynomials, in which they counted the pairs (P(x),n), where P(x) is a quadratic
polynomial with integer coefficients and n is Frobenius pseudoprime with respect to P(x).
We can call P(x) a liar to the integer n. They denoted the number of quadratic liars
respect with n by L, (n), and found the following upper and lower bounds for the number of

quadratic liars, which is analogous to the Erdds and Pomerance bounds given in equation
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(1.1).
1

—o =
x o 0(1) S 3
X

Y Lan) < £7oW(x). (1.2)
=
nis comp051te

This motivates us to consider the next case, which is cubic Frobenius pseudoprimes,
where the polynomial P(x) is of degree three. In Sections 4.3 and 4.4, we will generalize
these tactics and definitions to find upper and lower bounds for the number of cubic Frobe-
nius pseudoprimes. So if we denote the number of cubic polynomials which are liars to n
by L3(n), we can prove

1

—a'—o(1)
X <

Y Lyn) <L), (1.3)

n<x
n is composite

As with the work of Fiori-Shallue, who split liars into two types and bounded both types
separately, in the cubic case there are three types of liars, and we will bound each case
separately. For details see Theorem 4.36, 4.47, and 4.50 for lower bounds and Theorem
4.54, 4.57, and 4.59 for upper bounds.

Our thesis is organized as follows.

Chapter 2 presents necessary background material. In Section 2.1, the discussion cen-
ters around Erdés and Pomerance results for the Fermat primality test and in Section 2.2, we
introduce Grantham’s test. In Subsection 2.2.1, we will introduce the quadratic Frobenius

pseudoprimes that are formulaized by [Fiori and Shallue, 2020].

In Chapter 3, we provide an alternative description of Frobenius pseudoprimes that will
allow us to count them. In this description, we make a connection between the conditions
in Granthams definition and a conditions on the map x — x" acting as a permutation on the

roots of a polynomial P(x).

Finally, in Chapter 4, we use the reinterpretation of Frobenius pseudoprimes which we

found in Chapter 3 to give our main results in terms of the cycles and factorization structures
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of cubic Frobenius pseudoprimes. In Section 4.1, we give formulas for the number of cubic
liars for a fixed n. In Section 4.2, we provide some number theory materials as background,
and in Section 4.3 and Section 4.4, we will present the lower and upper bounds for the

number of cubic Frobenius pseudoprimes, respectively.

1.1 Notations

For the rest of the thesis, p denotes a prime number and both r and d are positive

integers.
Definition 1.1. When we say p” || n that means p” | n and p’"*! { n.

Theorem 1.2. [Cox, 2011a, Theorem 11.1.4] Given any prime number p and any positive

integer d, there is a finite field with p elements and denoted by F -

Theorem 1.3. [Cox, 2011a, Chapter 11] Two finite fields with the same number of elements

are isomorphic.

Definition 1.4. Let f(x) and g(x) be real-valued functions. Then we have the following

definitions

1. We write f(x) = O(g(x)) to mean that there exists a constant C > 0 such that | f(x) |<
Cg(x) for x is sufficiently large. Alternatively, we write f(x) < g(x). Also, we write

f(x) > g(x) to mean g(x) = O(f(x)). This notation is known as the Vinogradov

notation.
2. We write f(x) = o(g(x)) to mean limy_,e % = 0 where g(x) # 0 for x is sufficiently
large.

3. We write f(x) < g(x) to mean g(x) < f(x) < g(x). Itis called the order of magnitude

estimate.
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Definition 1.5. Let f(x) be a real valued function. Then we write f(x) = o(1) to mean

lim,_,o f(x) = O for x sufficiently large.

Remark 1. f(x) =< g(x) means that there exists constants Cj,C, > 0 s.t. for x sufficiently
large,

Cig(x) <[ f(x) |< Cag ().

Definition 1.6. Let n be an positive integer. Then 1t(n) is the prime counting function that

computes the number of primes less than 7.

Theorem 1.7. Let n be positive integer and T(n) be the prime counting function, then we

have
n
n(n) < —.
() logn
Remark 2. When we say f(x) = x! (1) it means

log(f(x)) —logx _
logx N

log(f(x)) = (1 —o(1))logx, or equivalently o(1).

log(f(x))—logx

So when x goes to infinity, then Togx

goes to zero.

Definition 1.8. Given fields F and L with F C L, we say an element a of L is an algebraic
element over F, or just algebraic over F, if there exists some nonzero polynomial f(x) €

F [x] with coefficients in F such that f(a) = 0.

Definition 1.9. A field F is called an algebraic closure of F if F C F and F contains all

the elements that are algebraic over F.

Definition 1.10. [Cox, 2011b] Let f(x) be a monic polynomial of degree d over a field F

with no repeated roots. Let a.y,...,0; € F be the roots of f(x). Then the discriminant of
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the polynomial f(x) is

ar= J1 (ei-oy)”.
1<i<j<d

Definition 1.11. [Stein, 2005] Let p be an odd prime and let a be an integer. Set

/

0 if ged(a,p) # 1.

a
(l_?) =4 +1 ifais a quadratic residue, and

—1 if a is a quadratic non-residue.
\

Definition 1.12. [Stein, 2005] The Jacobi symbol is an extension of the Legendre symbol.
More precisely for any integer a and any positive odd integer n, the Jacobi symbol (%) is

defined to be the product of the Legendre symbols corresponding to the prime factors of n :

=G G -G
nl’ P1 P2 Pk 7
where

n:p(lxlpgz...pgk

is the prime factorization of n.

Definition 1.13. Given x > 0 we shall define

1 1
£(x) = exp (w)
2o X

where log, x = loglogx,log; x = logloglogx. Here, and throughout the thesis, log is the

natural logarithm.



Chapter 2

Background

We break down this Chapter into two Sections. The first part is about Fermat pseudo-
primes and some results about counting them. Also, we will introduce Carmichael num-
bers as an example of false positive for Fermat primality test [Erdds and Pomerance, 1986],
[Erdds and Renyi, 1956].

The second Section centers on Grantham’s Primality test and Frobenius pseudoprimes
[Grantham, 2001]. We will explain there several lemmas and theorems from Fiori and
Shallue’s article [Fiori and Shallue, 2020] on quadratic Frobenius pseudoprimes. These are

the results our thesis ultimately generalizes.

2.1 Fermat pseudoprime

As we mentioned in Chapter 1, there are plenty of probabilistic primality tests. Here
we introduce the Fermat primality test that was established by Erdds. Also, we will discuss
the result of Erdés and Pomerance which showed that there exist infinitely many composite
numbers that are false positives for the Fermat primality test [Erd6s and Pomerance, 1986].

The Fermat primality test will be based on Fermat’s Little Theorem.

Theorem 2.1 (Fermat’s Little Theorem). If p is a prime and a is any integer not divisible

by p, then a?~' =1 (mod p).

Fermat pseudoprimes are discussed in many references. The definitions in this sec-
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tion can be found in many sources, for example see [Erdés and Pomerance, 1986, p. 259],

[Grantham, 2001, p. 875], and [Stein, 2005, Theorem 2.4.1].

Definition 2.2. A Fermat pseudoprime to the pre-chosen base integer a > 1 is a composite
number 7 with (a,n) = 1 such that @*~! = 1 (mod n). When this happens we call a a liar

or false witness for n, or equivalently, say that n is a pseudomprime to the base a.

Remark 3. By Theorem 2.1 and Definition 2.2, when we say an integer number n ‘passes

the Fermat test’, we mean n satisfies a~1) =1 (mod n).

Definition 2.2 is historically the notion of a pseudoprime. Fermat pseudoprimes are

counterexamples to the converse of Fermat’s little Theorem.

Example 2.3. Consider n = 341 and a = 2. The integer 341 satisfies Fermat’s little the-
orem but it is not a prime number (as 341 = 11 x 31). So 341 is an example of Fermat

pseudoprime.

The Fermat primality test is not foolproof; indeed, there are composite numbers that

pass the Fermat primality test for all bases. We put the definition here.

Definition 2.4. A Carmichael number is a composite integer n such that ¢" = a (mod n)

for all integers a relatively prime to n.

An alternative and equivalent definition of Carmichael numbers is given by Korselt’s

criterion.

Theorem 2.5. [Korselt, 1899] A composite integer n is a Carmichael number if and only if

n is square-free, and for all primes p | n we have p—1|n— 1.

Example 2.6. The smallest example of Carmichael number is n = 561 =3-11-17, for

which a°®® = 1 (mod 561) for all integers a co-prime to 561.
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Remark 4. We know there are infinitely many Carmichael numbers due to the work of
[Alford et al., 1994]. Despite this the Carmichael numbers are relatively scarce compared to
the prime numbers according to the bound [Erd6s and Renyi, 1956]. Denoting the number
of Carmichael numbers by C(x) and the number of 2-pseudoprimes by P(x) that are not

exceeding x. Also, denote the number of primes not greater than x by 7(x), then we have

C(x) < xexp (—cz <10gx(>12;)‘1g01;§)1 ng)) , (2.1)
P(x) < xexp <—01 v/ (logx) (loglogx)) , (2.2)

for some positive constants c¢; and ¢, and by the ‘Prime Number Theorem’ we have
TT(x) ~ logx(x) = xexp (—loglogx). (2.3)

By definition, we know C(x) < P(x), and by comparing (2.1) and (2.2), we expect C(x) =
o(P(x)). Moreover, from (2.1), (2.2), and (2.3) we have C(x) = o(n(x)) and P(x) = o(n(x)).
This means if a number passes the Fermat test, it is more likely to be prime than a false

positive.

Understanding the likelihood that numbers are false positives motivates the following

definition. The following definition is based on [Erdés and Pomerance, 1986, p. 875].

Definition 2.7. For a composite number 7 such that (a,n) = 1, the set of all residues modulo

n that are false witnesses are denoted by
F(n)={a (mod n):a"' =1 (mod n)},
and the size of set is denoted by ¢(n) = |F (n)|.

Note that if /(n) is large, then it would be hard to detect that n is composite using the

Fermat primality test.

10
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/ /
Definition 2.8. We denote the average size of ¢(n) by )—ICZE (n) where Z defines a sum
n<x n<x
over composite numbers 7 up to x.

In the following theorem, Erd6s and Pomerance (see [Erdds and Pomerance, 1986, p.

875]) investigated the average behavior of the function ¢(n).

Theorem 2.9. For x sufficiently large, we have

1 /
15/23 _ 1 < —140(1)
x < E l(n) < xL(x) , (2.4)

n<x

where L(x) = exp <(10gX)lg§igolg§10g x)>.

loglogl
~(1o(1)) (‘oplogloes)

15/23

This shows that the average size of F (n) lies between x and x' ,we

see that on average there are a lot of false witnesses but not too many.

The lack of accuracy of the Fermat test because of the existence of false positives and
Carmichael numbers was what motivated Grantham to introduce another primality test,

which we will define in Section 2.2.

2.2 Frobenius pseudoprime

In this section, we use the theorem due to Grantham to define the Frobenius test,
which experimentally has a much lower false positive rate, see [Baillie et al., 2021] and
[Jacobsen, 2020].

We provide the following lemmas without proof and mention the definition of the splitting

field here, which all come from [Cox, 2011b].
Lemma 2.10. For all n,m € N, m | n if and only if x"" —x | x”" — x.

Lemma 2.11 (Fermat—Euler Theorem). If n and a are co-prime positive integers then

a®" =1 (mod n), where ¢ denotes Euler’s totient function.

11
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Lemma 2.12. letd,n € N. Then ¥ ,s CFpn if and only if d | n.

Definition 2.13. [Cox, 2011a, Definition 5.1.1] Let f(x) € F[x] be a polynomial of degree

n > 1. Then an extension F' C L is the splitting field of f(x) over F if

fx) = cfyx— o).

where ¢ € F, o; € L, for all i, and L = F(0,...,0,) is the field extension obtained by

adjoining the roots Oy, ...,0, to F.

In the next Lemma, we describe how the polynomial x”' — x factors into irreducible

polynomials modulo a prime number p. It is one of the well known lemmas from algebra.

Lemma 2.14. If p is a prime number then

xPi_xEEIGd(X) (mOd p)7

where G4(x) is the product of all irreducible polynomials of degree d over F,.
Proof. The proof has three steps:

* First step: We show that xP' — x has no repeated factors.

» Second step: We show that every irreducible polynomial of degree dividing i divides

i
xP —x.

* Third step: We show that if there exists an irreducible polynomial that divides xP —x

then its degree has to divide i.

For the first step, it suffices to find the gcd of xP' —x and its derivative. Its derivative is equal

12
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to p"xpi_1 — 1. Thus
gcd(x”i —x,p"x”i*1 —-1)= gcd(xpi —x,—1)=1 (mod p),

and x”' — x does not have a multiple order root and thus no repeated factor.

For the second step, assume g(x) € I, [x] is an irreducible polynomial of degree d such

that d | i. To show that g(x) divides xP' —x, we are going to show that every root of g(x) is

i . . . . . . X,
a root of x» — x. Since g(x) is an irreducible polynomial with degree d then < <F;()[§>> is

X
a quotient ring with p¢ — 1 invertible elements. So by Lemma 2.11, for x € ( i’ggl) we

have x*'~! = 1, or " —x = 0. Hence, x*" —x €< g(x) > and g(x) | x"" — x. By Lemma

2.10, since d divides i then x”* — x divides x” — x. Therefore, g(x) | X —x.

For the last part, consider g(x) € F,[x] is an irreducible degree-d polynomial and that

Fp [x]
<g(x)>

g(x) divides x”' — x. Because F = and IF 4 is Galois, we see that the roots of g(x)
generate F ,s. Now, by our assumption, we know g(x)|x” —x = Hoceri (x— a), so the roots

of g(x) are in IF ;. This gives us F .« C F ;. Hence by Lemma 2.12, we find d | i. O

The following claim follows immediately from the fact that the ring of polynomials over

any field is a unique factorization domain.

Proposition 2.15. [Grantham, 2001, p. 878] A polynomial f(x) of degree d with no re-
d

peated roots can be written as HHi(x), where each H;(x) is the product of irreducible
i=1
polynomials of degree i.

The following definition comes from [Grantham, 2001, p. 878] with a few changes.

Definition 2.16. Let f(x) € Z[x] be a polynomial of degree d with no repeated roots and p

be a prime number. We recursively define f;(x) and F;(x) to be polynomials modulo p by

* folx) = f(x) (mod p),

13
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 For 1 <i<d, define F;(x) = gcd(xp[ —x, fi—1(x)) (mod p) and f;(x) = Ji1x),

The following claim can be extracted from the Grantham proof of [Grantham, 2001,

Theorem 3.1]. Here we provide more details.

Lemma 2.17. Let p be a prime. Suppose that f(x) € F,[x] is a degree-d polynomial with

no repeated roots. Then the polynomial F;(x) in Definition 2.16 satisfies
Forall 1 <i<d, Fj(x)=_ged(Gj(x),f(x)),
with H;(x) = Fi(x), where G;(x) is as in Lemma 2.14 and H;(x) is as in Proposition 2.15.

Proof. First we will show that H;(x) = gcd(Gj(x), f(x)) and then we will use this to show
that the polynomial H;(x) is exactly the polynomial F;(x) from Definition 2.16.

We know that H;(x) is the product of the irreducible polynomials of degree i that divide
f(x), and since G;(x) is the product of all irreducible polynomials of degree i, it follows

that H;(x) | G;(x). Thus,

ged(Gi(x), f(x)) = gcd(Gi(x),HHi(x)) = H;(x).

Now we prove by induction on i that F;(x) = H;(x) and f;(x H H;(x
t=i+1

For i = 1, Definition 2.16 gives F} (x) = ged(x” —x, f(x)), and by the definition of G;(x),
we have G (x) = x” — x. Therefore, F;(x) = gcd(Gj(x), f(x)). This proves the first part of

the base step of the induction, showing that H;(x) = Fi(x). By Definition 2.16, we know

that fi(x) = F{CI (( )) Since we have established that H;(x) = Fj(x), substituting this into our

expression gives us

The polynomial H; (x) is the product of linear irreducible polynomials that divide f(x), and

14
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since f(x) has no repeated roots, dividing by Hj(x) removes all the degree 1 factors. Thus,
f1(x) is equal to the product of irreducible polynomials of degrees greater than 1. We can

also express this as follows, using Proposition 2.15

d
fil) =[]Hi(x)
=2
Now, for the purpose of induction, assume H;_1(x) = F;_j(x) and f;_ HH,
We will show that H;(x) = F;(x) and that f;(x H H,(x). By Definition 2.16, we know

t=i+1
that

Fi(x) = ged(fi-1(x), 2" —x).
Additionally, by Lemma 2.14, we know that x”' — x = HG i(x) modulo p. Substituting this

Jli
into the expression, we get

Fi(x) = ged(fi-1(x), [ [ Gj(x

Jli

By the induction hypothesis for f;_j(x), we have

d
x) = eed [ JH (). []6,0)

Jli

Since we know that H;(x) | G;(x) and j < i, it follows that

Fi(x) = ged(H;(x), Gi(x)) = Hi(x).

Now by the definition of f; = ()) and by the induction hypothesis, we have

d d
. HH’( x) HHt d
R R = [1 4@

t=i+1

15
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The result now follows by induction. [

Remark 5. The fact that p does not divide the discriminant and that f(x) € F,[x] does not
have repeated roots are equivalent. If f(x) has repeated roots then, by Definition 1.10, the

discriminant is equal to 0O, that is, p divides the discriminant.

The following theorem, which we refer to as Grantham’s Theorem, is a fundamental
theorem that leads us to the definition of Frobenius pseudoprime. [Grantham, 2001, Theo-

rem 3.1]

Theorem 2.18. Let p be an odd prime, and let f(x) be a monic polynomial in [Fp[x| of
degree d with discriminant A. Assume p 1 f(0)A with Fi(x) and fi(x) defined in Definition
2.16.

1. We have fq(x) =1 andfori=1,---,d we have i | deg(F;).
2. For2 <i<d, we have F;(x) | F;(xP).

deg(F;
3. Let S = ZM Then (—1)5 = (%). That is, if (%) =1, then § is an even
20i !

integer, and if <%> = —1, then S is an odd integer.

Proof. For the first claim we use Definition 2.16.

filx) = {;(1)8’
Jo(x)
_ A0 RO fol)
L) =m0 = S T Roba
fa(x) fo(x)

16
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To prove i | deg(F;) for 1 <i < d, by Definition 2.15 and Lemma 2.17, we have

Fxy= ] sW.
deg(g(x))=i
g(x) is irr poly

Thus deg(F;(x)) is equal to the product of the number of irreducible polynomials g(x) and
i as the degree of polynomial g(x), namely i | deg(F;).

Let 2 <i < d, we now prove F;(x) | Fi(x?). we recall that (x +y)? = x” +y” in [F,[x], so
F;(xP) = (Fi(x))? in Fp[x]. Hence, F;(x) | Fi(x?).

For convenience, we delay the proof of third part until in Chapter 3, Lemma 3.19. [

We take the following definition precisely from [Grantham, 2001, p. 880].

Definition 2.19. Let f(x), g1(x), g2(x) be monic polynomials over a commutative ring (with
identity). We say that f(x) is the greatest common monic divisor (gecmd) of g1 (x) and go(x)
if the ideal generated by g;(x) and g»(x) is equal to the ideal generated by f(x). We write

f(x) =gemd(gq(x),g2(x)). Note that gcmd(gj(x), g2(x)) does not necessarily exist

The following theorem and Remark 6 come from [Cox, 2011b, p. 516] with a little

modifications.

Theorem 2.20. Division Algorithm. Let f(x),g(x) € F[x| where F is an integral domain,

and assume that g(x) is nonzero. Then there are polynomials q(x),r(x) € F[x] such that

f(x) =q(x)g(x)+r(x), where r(x) =0 or deg (r(x)) < deg(g(x)).

Furthermore, q(x) and r(x) are unique.

Remark 6. The application of Theorem 2.20 is the Euclidean algorithm for computing

the greatest common divisor (or ged) of two polynomials f(x),g(x) € F|x], at least one of

17
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which is nonzero. Recall that gcd(f(x),g(x)) is the polynomial of maximum degree in F[x],
which divides both f(x) and g(x). If g(x) # 0, we compute gcd(f(x),g(x)) by repeatedly

applying the division algorithm until we get a zero remainder:

f(x) = qo(x)g(x) +ro(x), deg(ro(x)) < deg(g(x)),
8(x) = q1(x)ro(x) +ri(x), deg(ri(x)) <deg(ro(x)),

ro(x) = q2(x)r1(x) +r2(x),  deg(ra(x)) < deg(r(x)),

rn(X) = Gn+2(X)rn41(X) +rag2(x),  deg (rar2(x)) < deg(rati1(x)),

Fng1(X) = gny3(x)raq2(x) +0.
Then ged(f(x),g(x)) is equal to ry42(x).

Lemma 2.21. [Stein, 2005] Let f(x),g(x) € F[x]. By Theorem 2.20 and Remark 6, we have
f(x) = g(x)q(x) + r(x) for some q(x),r(x) € F[x] such that deg(r(x)) < deg(g(x)). Then
we have

ged(f(x),8(x)) = ged(r(x),8(x))-

The next proposition explains that although the Euclidean algorithm can’t always find a

GCMD, it will have identified that » is not prime.

Proposition 2.22. [Grantham, 2001, Proposition 3.5] The Euclidean algorithm will either

find the GCMD of two monic polynomials in (7/nZ)|x] or find a proper factor of n.

Proof. We know that (Z/nZ) is not a principal ideal domain when »n is composite; that
is, some of the numbers in (Z/nZ) are not invertible. By Remark 6, we see that the long
division needs to be done as part of the Euclidean algorithm over (Z/nZ) and it is possible
if the leading coefficients of each non-zero remainder is invertible. So, the Euclidean al-

gorithm can only fail to complete if one of the divisions fails because the non-zero leading

18
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coefficient of a remainder is not invertible in (Z/nZ). In such cases, this coefficient will

share a nontrivial factor of n.

When the Euclidean algorithm terminates (meaning one of the remainders becomes
zero), the last non-zero remainder is a divisor of the two polynomials and can be expressed
as a linear combination of the two. This proof follows the same identical as the proof of
the correctness of the Euclidean algorithm over polynomials. When the leading coefficient
of the last non-zero remainder is invertible, we can make this remainder monic through
division, ultimately leading to the determination of the greatest common monic divisor

(gemd). [

Note that even if gemd exists, the Euclidean algorithm might detect a factor of n while

computing it. In the following example we will demonstrate this fact.

Example 2.23. Let n = 20. We want to find gemd(x*® — x,x> 4+ x+ 1) over (Z/20Z). By

Theorem 2.20, we have

(X —x) = (P +x+ DT (x) +(—2x—1), (2.5)

where 7'(x) = x!8 —x17 4 x15 — 1 4 312 x4 3% — 38 1 x0 — ¥ +x3 —x2 + 1. Now by

Lemma 2.21 we have

gemd(x® —x,x* + x+1) = gemd(—2x— 1,x* +x+1).

Since —2 does not have multiplicative inverse in (Z/20Z)[x|, the Euclidean Algorithm does

not terminate. Then, as predicted by Proposition 2.22, we find 2 as the proper factor of 20.

On the other hand, we have the linear combination of x> +x+ 1 and —2x — 1, that is

(28)(x* +x+ 1)+ (14x+7)(—2x—1) =1 (mod 20). (2.6)
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So, by combining (2.5) and (2.6) we have

(> +x+1)(28 — (14x+7)T(x)) + (x** —x)(14x+7) = 1. (mod 20)

That means we find gemd of x> +x+ 1 and x*° — x is equal to 1.

Now we define the Frobenius probable prime numbers and then the Frobenius pseudo-

prime numbers definition. Definition 2.24 is based on [Grantham, 2001, p. 881].

Definition 2.24. Let f(x) € Z[x] be a monic polynomial of degree d with discriminant A and
consider the odd integer n > 1. We say n is the Frobenius probable prime number respect
to f(x), if (n, f(0)A) = 1 and it passes the following algorithm. Note that all computations

are done in (Z/nZ)x].
1. Factorization Step.

. Let fo(x) = f(x).

* For 1 <i<d, let Fi(x) = gemd(x" —x, f1(x)) and fi(x) = Z=t5).

If any of the gcmds do not exist, declare that n to be composite and stop, similarly, if
fa(x) # 1, declare n to be composite and stop.

If n passes the Factorization step then we move to the next step of the algorithm.

2. Frobenius Step. For 2 < i < d, compute F; (x"*) (mod F;(x)). If it is nonzero for
some I, declare n to be composite and stop.
If n passes the Factorization step and Frobenius step then we move to the last step of
the algorithm.
deg (F;
3. Jacobi Step. Let S = ZM If (—1)5 # (%) declare n to be composite and

20i !
stop.
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If n passes all these three steps, declare n to be a Frobenius probable prime respect to the

monic polynomial f(x).
Remark 7. We call the algorithm in Definition 2.24 Grantham’s algorithm.

Remark 8. [Grantham, 2020, Grantham, 1998] All of these calculations can be done in

time O(log(n)).

The following definition is the definition of Frobenius pseudoprime numbers which is

based on [Grantham, 2001, p. 882].

Definition 2.25. Let f(x) € Z[x]. We call n is a Frobenius pseudoprime with respect to a
monic polynomial f(x) if it is a composite and a Frobenius probable prime as in Definition

2.24.

Definition 2.26. When # is a Frobenius pseudoprime with respect to the polynomial f(x)

we shall call f(x) a liar, or false witness, for n.

Remark 9. In general, we will say that (f,n) is a Frobenius pseudoprime or a liar pair

whenever n is a Frobenius pseudoprime with respect to the polynomial f(x).

Definition 2.27. If (f,n) gives a Frobenius pseudoprime, we shall refer to the sequence
of numbers degf&(x) as the cycle structure of the Frobenius pseudoprime, when Fj(x) is the

product of disjoint i—cycles. This terminology will be motivated by Lemma 3.19.

Remark 10. By Definition 2.24, if (f,n) is a Frobenius pseudoprime, then f;(x) =1 is

equivalent to f(x) = Fj(x) - Fz(x).

By the Frobenius definition, we will see that the Fermat pseudoprime numbers are
degree-1 Frobenius pseudoprimes. Also, in the following theorem we will see that the

converse statement is also true.
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Theorem 2.28. [Grantham, 2001, Theorem 4.1] An odd integer n is a Fermat pseudoprime

to the base a if and only if it is a Frobenius pseudoprime with respect to the polynomial

fx)=x—a.

Proof. First, assume 7 is a Fermat pseudoprime number to the base a. This means is ¢! =
1 (mod n). Since n is a Fermat pseudoprime so @" = a (mod n) that is x —a | X" — x. Now

we apply the steps of Grantham’s algorithm to f(x) = x —a.

The first thing is that, we have (n, f(0)A) = (n,a) = 1 since A = 1. For the factorization
step, since d = 1 then f1(x) = 1 and fy = f(x) so we have to show that Fj(x) = f(x). Then
we have

Fi(x) =gemd (X" —x,x—a) =x—a (mod n)

Since d = 1, the Frobenius Step is vacuous. Note that § = 0 and (%) = (%) =1, so n passes

the Jacobi Step. Therefore n is a Frobenius pseudoprime.

Now, assume 7 is a Frobenius pseudoprime with respect to x —a. Since 7 is a Frobenius
pseudoprime by the factorization step we must have fj(x) =1 and Fj(x) = x—a. So by
the Factorization Step, we know (x —a) | (x* —x) means that a is a root of X" — x so that
a"—a=0. Since (n,f(0)A) = (n,a) = 1, then we have " ! =1 (mod n). Thus n is a

Fermat pseudoprime to the base a. [

Remark 11. Frobenius pseudoprimes can be categorized based on the degree of the asso-

ciated polynomial f(x). Specifically, we distinguish the following cases:

1. For a linear polynomial f(x), we obtain degree-1 Frobenius pseudoprimes, these are

Fermat pseudoprimes. The number of these was studied by Erd6s and Pomerance.

2. For a quadratic polynomial f(x), we obtain degree-2 Frobenius pseudoprimes. The

number of these was studied by Fiori and Shallue.
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3. For a cubic polynomial f(x), we define degree-3 Frobenius pseudoprimes. The aim
of my thesis is to generalize the existing results on counting these from degree-1 and

degree-2 pseudoprimes to the case of cubic polynomials.

Now, we want to provide some examples that illustrate the algorithm’s performance
and how we can use it to identify if a number is a Frobenius probable prime or is definitely

composite.

All calculations in these examples have been solved by Sage. We have attached the code

in Appendix A.

Example 2.29. Consider the number n = 89 and the irreducible polynomial f(x) = x* +

12x+ 1 over Z. Now we implement the algorithm steps.
1 Factorization Step.

— Initiate with i = 1 and applying Lemma 2.21 we find

Fi(x) = gecmd (x89 —x,xt 120+ 1)
= gemd (59x° +51x% 4 20x +86,x* + 12x+ 1)

=x+78,

in (Z/89Z)[). So, fix) = £ = ¥HZE = 3 4 1127 4+ 320+ 8. By the

above arithmetic we have Fj(x) = x+ 78. That means, 1 | deg(Fj(x)).

— Fori=2,

F>(x) = gecmd (x892 —x,f1 (x)) = gemd <x892 —x, X + 11x% 4+ 32x + 8)
= gemd (64x% + 86x + 19,x° + 11x* +32x + 8)

=1,
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in (Z/89Z)[x]. Thus, fo(x) = 203 = fi(x) = + 112 + 32x+ 8, and we have

that deg(F2(x)) = 0, so that O | deg F>(x).
— Fori =3,

F3(x) = gemd <x893 —x, /> (x)> = gemd <x893 —x, X+ 113+ 32x + 8)
= gemd (0,x° + 11x% +32x +8)

= x> 4 11x% +32x+8,

in (Z/89Z)[x]. Thus, f3(x) = £

gy = Loand deg F3(x) = 3 then 3 | deg(F3(x)).

N

— Fori=4,
Fix) = gemd (' —x, f3(v))

in (Z/897)[x|. Thus, fa(x) =1, degF4(x) =0so0 4 | deg F4(x) = 0.

Thus 89 passes the first step.
2 Frobenius Step.

— For i =2,F(x) =1 and K(x*) = 1. So, K(x*) =0 (mod F(x)). Thus

Fy(x)|F(x*)

— Fori=3,F(x) = fo(x) = x> + 11x* +-32x + 8, then
B3 = £(258@% +x+59) =0  (mod F3(x)).

Thus, F3(x)|F3(x%).

24



2.2. FROBENIUS PSEUDOPRIME

— Fori =4, F;(x) = 1 then F;(x%) = 1. So, Fy(x)|F4(x).

Thus, we conclude that 89 passes the second step.

3 Jacobi Step.

§ = deehlx) | deehld) _ 91 0= 0. Then (—1)S = (—1)° = 1. On the other hand,

A 1 A
(;) = (£) = 1. So, (;) = (—1)5, making 89 passing the third step.

We conclude that 89 is a Frobenius probable prime number!

The following example shows how the choice of polynomials changes the outcome
of the test. We will illustrate this with n = 1763 and the irreducible polynomials f(x) =

x?—3x—1and f(x) =x>+x+1.

(a) We consider n = 1763 = 41 x 43 and the irreducible polynomial f(x) =x*> —3x—1

over Z. Now we implement the algorithm steps.
1 Factorization Step.

— Fori=1,

Fi(x) = gemd (x1763 —x, x> —3x— 1) = gemd (1760,x* —3x— 1) =1,

in (Z/1763Z)[x]. Thus, fi(x) = L% = f(x) =22 — 3x— 1 and deg F; (x) = 0 s0

that we have 1 | deg F (x).
— Fori=2,
F>(x) = gemd <x17632 —x, x> —3x— 1)
= gemd (0,x% —3x— 1)

—x2—3x—1

in (Z/1763Z)[x]. Thus, f>(x) = & = 1 and we have degF>(x) = 2 and so
2 | degF>(x).
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So, 1763 passes the first step.
2 Frobenius Step.

— Fori=2,F(x) = fi(x) = f(x) =x* —3x— 1. So,
B (x"0) = B (x4+1760) = f(x+1760) = 1757x+18 20 (mod F>(x)),

in (Z/17637Z)[x]. Therefore F>(x){ F>(x'7%3). So, 1763 could not pass the

Frobenius step. That means 1763 is a composite number.

(b) For n = 1763 still, we now use the irreducible polynomial f(x) = x> +x+1overZ

instead of f(x) =x>—3x—1.
1 Factorization Step.
— Fori=1,
Fi(x) = gcmd <x1763 —x, x> Fx+ l) = gemd (1761x+1762,x* +x+ 1)

=1

in (Z/1763Z)[x]. Thus, fi(x) = £ = f(x) =2+ x+ 1, 50 deg F1 (x) = 0, and

1 | degFi(x).

— Fori=2,
F>(x) = gecmd <x17632 —x,x2+x+ 1) = gemd (O,x2 +x+ 1) =x’+x+ 1,

in (Z/17637)[x]. Thus f»(x) = Ifj](—(lx)) =1,degF>(x) =2. So, 2 | deg F>(x).

So, 1763 passed the first step.

2 Frobenius Step.
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For i = 2,F(x) = f(x) = x> +x+ 1 we have
B (x'7%%) = B (1762x 4+ 17620) = £(1762x+17620) =0 (mod F(x)),

Therefore 1763 passed the Frobenius step.
3 Jacobi Step.

S = de%zm = 1, then (—1)5 = (—1)! = —1. The Jacobi symbol is equal to (&) =

(%) = —1. Therefore, (—1)% = (%), making 1763 passing the last step.

Hence, we also conclude that 1763 is a probable prime number. If we consider part
(a) or that 1763 = 41 - 43 then we see that it is composite and so 1763 is a Frobenius

pseudoprime number.

Due to the last example, we find that choosing the irreducible polynomial has a direct
effect on the algorithm’s determination of whether the number is composite or Frobenius
probable prime.

One of the questions is how to choose a better irreducible polynomial. To understand how
‘good’ an irreducible polynomial is, we need to be able to determine how likely it is to
identify composite numbers. One way to determine the accuracy of the Frobenius primality

test is to estimate a count for the number of Frobenius pseudoprimes.

2.2.1 Quadratic Frobenius pseudoprimes
In this section, we introduce the key theorems and lemmas of [Fiori and Shallue, 2020].
It is these results, that we will generalize to cubic Frobenius pseudoprimes. We will provide

the generalization in Chapter 3 and 4.

Fiori and Shallue utilized Grantham’s algorithm and Definition 2.25 to study quadratic
Frobenius pseudoprimes. Before applying Grantham’s algorithm to outline key theorems

and lemmas, we will restate the terminology used in [Fiori and Shallue, 2020], with minor
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modifications.

Fiori and Shallue refined the counting quadratic Frobenius liars with respect to the value

of the Jacobi symbol. We are going to explain it more in the following definition.

Definition 2.30. For each fixed value of n, denote by L; (n) the total number of quadratic
polynomials f(x) modulo n such that (f(x),n) is a liar pair and (%) = +1. Likewise, de-
note by L, (n) the total number of quadratic polynomials f(x) modulo z such that (f(x),n)

is a liar pair and (%) =—1.

Note 2.31. Instead of working over (Z/nZ), they worked over (Z/p"Z) and finalized the
result by using the Chinese Reminder Theorem. So by splitting the calculation over p” | n

t A Ti t
then we can rewrite Jacobi symbol (%) = H (—f) , where n = Hp? .
i=1 \ Pi i=1

Definition 2.32. For all primes p such that p” | n, they defined that n is a Frobenius pseu-

doprime at p” if each of the first two steps of Grantham’s test are satisfied modulo p".

Briefly we have the definition of Ly (n, p;), L3 ~(n, p;), Ly~ (n, p;), and Ly " (n, p;) in

the following definition.
Definition 2.33. Suppose p”||n then we have one of four following cases

1. The number of quadratic polynomials over Z/ p"Z with (%) =+41and (%) = +1 for

which 7 is a quadratic Frobenius pseudoprime at p is denoted by L; *(n,p).

2. The number of quadratic polynomials over Z/ p"Z with (%) =+1and (%) = —1 for

which 7 is a quadratic Frobenius pseudoprime at p is denoted by L;r “(n,p).

3. The number of quadratic polynomials over Z/ p"Z with (%) =—1land (%) = —1 for

which 7 is a quadratic Frobenius pseudoprime at p is denoted by L, ~ (1, p).

4. The number of quadratic polynomials over Z/ p"Z with (%) =—1land (%) = +1 for
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which 7 is a quadratic Frobenius pseudoprime at p is denoted by L, *(n,p).

Remark 12. When Jacobi symbol <%> =41 then we have (%) = —1 for an even number
of the p'i|n for which r; is odd, or (%) — +1. In this case we show the number of Frobenius
liars by Ly~ (n, p;) and Ly " (n, p;) respectively.

Also, if Jacobi symbol <%> = —1 then we have (i—{) = —1 for an odd number of the p’i|n

for which r; is odd, or <%) = +1. In this case we show the number of Frobenius liars by

L, (n,p;) and L; " (n, p;) respectively.
Theorem 2.34. [Fiori and Shallue, 2020, Theorem 12] For p"||n we have

1

L2+(n) = 5 H (Lz++ (nvpi> +L3__ (l’l,pi))

1 | 4t 4 o+ 4 &7

+5 [T " (np)+ L5 (np) [T (L5 (npi) = L5 (. i)
2|r; 2tr;
Theorem 2.35. [Fiori and Shallue, 2020, Theorem 16] For p"||n we have
_ 1 _ _

L2 (n) = 5 H (LZ * (nvpi) +L2 (l’l,pi))

(2.8)

— %g[ (LyF (0, pi) + Ly~ (n, i) g[ (Ly " (n,pi) — Ly~ (n,pi)) -

In equation (2.7) and (2.8) respectively, they have ensured that only terms with the
correct number of (%) = —1 will remain. In Chapter 4, we will present Theorem 4.15

with detailed proof, which is analogous of Theorems 2.34 and 2.35, and demonstrate how

to prove this type of result in general.

The next few lemmas show the formulas for finding the number of quadratic Frobenius

liars in the cases of L] *(n, p),L; ~(n,p),L; " (n,p), and L, ~ (n, p).

By knowing these formulas we can establish the inequalities (2.13) and (2.14). Us-
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ing equations (2.9) and (2.10) in Lemma 2.36, we deduce a formula for L;' (n), and using

equations (2.11) and (2.12) in Lemma 2.36, we deduce a formula for L, (n).

Lemma 2.36. [Fiori and Shallue, 2020, Lemma 10, 11, 14, 15] Suppose p"||n. Then

1
Lyt (n,p) = 3 (ged(n—1,p—1)*—ged(n—1,p—1)), (2.9)

~ 1
Ly (n,p) = 5 (ged(n—1,p* —1) —ged(n—1,p—1)), (2.10)

~ 1
Lyt (n,p) = 5 (ged(n*—1,p—1)—ged(n—1,p—1)), (2.11)

and
- 1

Ly~ (np)=5 (ged(p® — L,n* — Ln—p) —ged(n—1,p—1)). (2.12)

In Chapter 4, we will present Lemmas 4.7-4.14 with proofs, which are analogous to

Lemma 2.36, and demonstrate how to prove this type of result in general.

In the following theorems, they provided the upper and lower bounds for the number of

quadratic Frobenius pseudoprimes.

Theorem 2.37. [Fiori and Shallue, 2020, Theorem 2] For all o. < 10/3 and all x sufficiently
large,

/

oW < YL (n) <L), @-13)

n<x

Moreover, the same bounds hold if we replace Ly (n) by Ly (n).

Theorem 2.38. [Fiori and Shallue, 2020, Theorem 3] For all a. < 4/3 and all x sufficiently

large,

B0 < Y 1o (n) < P L)1), (2.14)

We will provide Theorems 4.36 and 4.54 corresponding to Theorems 2.37 and 2.38,
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along with detailed proofs.
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Chapter 3

Reinterpretation Of Frobenius
Pseudoprimes

In this chapter, we reinterpret the definition of Grantham’s test in terms of permutations
of roots of polynomials. The purpose of this chapter is to allow us to count Frobenius
pseudoprimes in the next chapter. Since the conditions in Grantham’s test 2.24 are hard to
use directly to count cubic Frobenius liars, here we give a reinterpretation of Grantham’s
test as a condition on the map x — x™ being a permutation of the roots of a polynomial.
Before delving into the proofs, we briefly present the philosophy of lemmas and theorems

in this chapter.

In Lemmas 3.13-3.17, our focus is to explain how the factorization step in Grantham’s
algorithm relates to the map x — x™ , which induces a permutation on the set of roots of the

polynomial P(x).

In Lemmas 3.18-3.19, we establish how the Jacobi step in Grantham’s algorithm has a
reinterpretation in terms of the permutation’s cycle structure.
Finally, our understanding of Grantham’s ideas is wrapped up in Theorem 3.28, which

neatly summarizes what we’ve learned.

Here, we mention some notations that are used frequently during this section.

Terminology. We denote a monic polynomial P(x) of degree d over a field F with no
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repeated roots, and the set of its distinct roots by M = {a, - - - , o, }. We denote the permu-

tations of the set M by o, and write 6%(0;) = 6(c(--- (o(a;)))) for a d times composition
—_———

. d times
of permutation G.

Definition 3.1. We define the map ¢ : F — F by ¢(x) = x™.
The following definitions are given in [Knapp, 2006], with some modifications.

Definition 3.2. Let 6 € S, and a € {1,--- ,n}. let i be the smallest positive integer such
that 6'(a) = a. Then (a,c(a),---,6'"1(a)) is called a cycle of ¢ of length i, or an i-cycle
generated by a. In this case we say that a belongs to an i-cycle of ¢ and i is an order of a

that is indicated by ord(a) = i.

Definition 3.3. A cyclic permutation of length 2 (i.e. a permutation that only exchanges

two elements) is called a transposition.

Definition 3.4. A permutation is called even if it can be expressed as a product of an even

number of transpositions. It is called odd otherwise

Remark 13. A cycle is an even permutation if and only if its length is odd, and a cycle is

an odd permutation if and only if its length is even.

Definition 3.5. The sign of a permutation G is denoted sgn(c) and defined as +1 if ¢ is
even and —1 if ¢ is odd. Alternatively, the sign of a permutation ¢ can be defined from its

decomposition into the product of transpositions as

Sgl’l(G) = (_1)m7

where m is the number of transpositions in the decomposition.

Definition 3.6. [Barwick, 2016] Let ¢ € S,,. We can express a permutation very compactly,
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by writing down the n X n matrix

called the permutation matrix corresponding to ¢ and the vector ¢é; is standard unit vector.

Remark 14. [Barwick, 2016] The determinant of a permutation matrix Pg is called the sign
of the permutation ¢

sgn(c) = det (Ps).

Lemma 3.7. (Vandermonde determinant)[Smith, 2021 ] For any non-negative integer n, we

have
n—1 n
det(V,) = H H (e —x)) | = H (o — ),
j=1 \k=j+1 I<j<ksn
where -~ .
1 1 1
Xl X2 . _xn
x}il—l xg—l xzfl

The next proposition expresses the determinant of a square matrix in terms of permuta-

tions of the matrix entries.

Proposition 3.8. Let Ps be a permutation matrix, 6 € S,, and V,, be a Vandermonde deter-

minant then we have

sgn(c) H (xc(k) _Xc(j)) = H (xk —Xj) .

Proof. We know that the determinant of the product of square matrices is equal to the
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product of their determinants. Therefore by Remark 14 and Lemma 3.7, we have:

det(V,-Ps) =detV,-detPs = [] (x—x;)sgn(o).
1<j<k<n
On the other hand V,, - Ps is represented by V,, - Ps(I,) where I, is the identity matrix. It
means that Ps(1,,) just reorders the columns of matrix V,. We denote the columns of matrix

V, by Xi where i is the number of column, so V,, is represented by [X}X‘z .- -fn] and we have

_ - 1 1 1
Zo(1)
A Xo(l) Yo(2) " Xo(n)
TS A Al B e =1 2 2 2
Virfo=XiXo--Xl || = oXor) - Xom] = | ) 250 0 R
RON n—1  _n—1 n—1
| Yo() Yo(2) Yo(n) |
Therefore, det(V, - Ps) = [Ti<j<k<n (¥o(k) — Xo(j)) and we get the result. O

The following definitions are given in [Cox, 2011b], with some modifications.

Definition 3.9. Let F C L be a finite extension. Then Gal(L/F) is the set
{o:L— L|oisan automorphism ,6(a) =a foralla € F}.

In other words, Gal(L/F) consists of all automorphisms of L that are the identity on F'.

Fact. There exists a root o of polynomial f(x) that is also a root of polynomial g(x) if

and only if (x —a) | f(x) and (x — a) | g(x). In the other words, ged(f(x),g(x)) > 1.

The following Lemma and Lemma 3.11 are standard and well-known results in number

theory.
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Lemma 3.10. If p is prime, and P(x) € Fp[x| then P(x) | P(x").

Proof. Define P(x) = x" +a,_1xX" ' +--- +agp where a; € IF,. We know that the equation
xP = x has p roots in F, by theorem 2.1.

Let P(xP) = (x)" +ay—1(x”)" "1 + -+ ap. Since P(x?) € F,[x], we have

P(xP) = (X" +ap_1X" - Hap)P.

Using that (x+y)? =x”+y” in F, because of p | (]’;) fork=1,---,p—1. Thus, P(x") =

(P(x))? and we get the result that P(x) | P(x?). O
Lemma 3.11. [f p is prime, and P(x) € IF,[x] then P(x) | (xl’d! —X).

Proof. By Lemma 2.14, we can rewrite the polynomial " —x over F p as

¥ —x= [T s (mod p).
deg(g(x))=i
ild!
g(x) is irr poly
) d! d!
Since, P(x) | H g(x) | ¥ —x modulo p, then P(x) | x —x. O
deg(g(x))=i
ild!
g(x) is irr poly

Lemma 3.12. Let P(x) € Flx] and m € N, then P(x) | P(xX™) if and only if 9(M) C M.

Proof. (<=) Let m € N and a polynomial P(x) € F|[x|. Thus

d d
P(x) = H(x— o), and P(x") = H(xm — o),

i=1 i=1

where o; € F. Assuming ¢(M) C M then
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Vie{l,---,n},3je{l,--- ,n}sta] =a;. (3.1)

Consider o; € M so

:&

(Xt - (Xl
i=1

By equation (3.1), there exists at least one o; € M such that o = a;. Hence, we have
o' —a; = 0, and P(0o") = 0. Since P(x) has no repeated roots we conclude that all roots
of P(x) are roots of P(x™). Thus, P(x) | P(x™).

(=) Assuming P(x) | P(x™). Thus we have

Means that for all o; € M we have P(") = P(a;)h(o;) = 0. Thus there is at least one

o; € M such that o' — o, =0, or o = o,. Thus ¢(M) C M. O

Lemma 3.13. Assume ¢(M) C M then the map ¢ : M — M is bijective if and only if for

i

some i €N, P(x)| (X" —x).
Proof. (<=) Assuming for some i € N, P(x) divides (xmi —x), thus for all o; € M, we have
of —a; =0or ¢'(a;) = o

Means that for all a; € M we have ¢/ = Id. Hence, ¢ has an inverse ¢'~!. So the map ¢ is
bijective.

(=) In this part, we want to show that if map ¢ is bijective then there exists at least one
i > 0 such that P(x) | x" —x. Since the map 0 is bijective then it is also a permutation map.

So it can be written in terms of cycles, and each root of polynomial P(x) is in one cycle.

Consider the following cycles of roots of a polynomial P(x), where sy,---,s; are the
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order of ¢(op),---,d(0ty) respectively.

ar S & o bt gt — g,
0 — O 9, oc’z’l2 - oc’z’l3 9, o = 0y,
ad%ag”gocgz Lo &agsd = 0.
So for each cycle we have
V(Xj S M,(I)SJ(OCJ') =Q;.
Consider the integer S = lem(sy,...,s,). We will show that S is the desired integer such

that P(x) | (xms —x). We know s; | S means that there exists k; € N such that s;k; = S. By

the following k-cycle of o

¢ 9% ¢ ¢
9 %0 O
kj times

e s S . .
we find that ¢%/% (o) = ¢5(at;) = i}, or o —o; = 0. Since these expression are true for

S

—X. O]

all roots of polynomial P(x) then we have P(x) | x™

Corollary 3.14. The map ¢ acts as a permutation of the roots of P(x) if and only if

d!

P(x)|P(xX™) and P(x)|xX™ —x.

Lemma 3.15. Assume ¢ permutes the roots of P(x). If d € N and the permutation ¢ has a

d-cycle, then gcd(P(x),xmd —x)> 1.

Proof. The assumption that ¢ has a d-cycle implies that there exists o; € M such that
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0d(aj) = ie oc;."d =0o;. Sox—ay | X —x. As o; € M implies that x —a; | P(x).

Therefore gcd(P(x),xmd —x)> L. O

Lemma 3.16. Assume ¢ permutes the roots of P(x). If gcd(P(x),x’"d —x) > 1 then the

permutation ¢ has an i-cycle with i | d.

Proof. The assumption gcd(P(x),x’”d —x) > 1 gives that there exists a root o of P(x) such
that x — o} | " —x. So oc’]’-“d = ;. On the other hand, (ocj)ord(‘xj) = o.; means that, we have

ord(at;)-cycle; (o, d(at;), - ,0°4%)~1) Thus ord(e;) | d by Lagrange’s theorem. O

Lemma 3.17. Assume ¢ permutes the roots of P(x) and let d € N. Suppose P(x) | oy
and for all i | d with i # d we have gcd (P(x),xmi —x) = 1 then the permutation ¢ is a product

of disjoint d-cycles.

Proof. By the assumption, for i = d we know P(x) | x"" _ x which implies that for all

o;EM, och =, i.e 09(aj) = a;. So, all of the cycles in 6 have orders dividing d.

We know that, forall i |d and i #d, gcd(P(x),x’”i —x) = 1. It follows that if oi; is a root
of P(x) then it is not a root of ' x, ie (x;?’i # 0.j, thus ¢'(a;) # o;. Hence, the cycles

must all have a length of exactly d. 0

Lemma 3.18. If F;(x) is defined and satisfies the Factorization and Frobenius steps as in

Definition 2.24 then the map ¢ permutes the roots of Fy(x) modulo p for each p|n as a

product of w

disjoint i-cycles.

Proof. From our hypothesis we have

Fi(x) |x'"i —x (mod n) and gcd(Fl-(x),xmj —x)=1 (modn) j<i.
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Thus this also holds for each p|n. So by Lemma 3.17 the permutation is a product of disjoint

i-cycles. We conclude the number of i—cycles is equal to m. [

Lemma 3.19. Suppose as in Definition 2.24, we have fs(x) =1 (mod n) and f(x)|f(x")
(mod n), that is the Factorization and Frobenius conditions are satisfied. Then ¢ permutes
the roots of f(x) modulo p for each p|n and the sign of the permutation ¢ is (—1)5, where

S is as defined by Grantham in Definition 2.24.

Proof. Foreach 1 <i<d, we replace f;_i(x) in Factorization step of Definition 2.24 with
P;_1(x) and define Fj(x) = gcd (x’"i —x,Pi_ (x)) By Lemma 3.18 we know that the num-
ber of i—cycles is equal to degfﬁ(x). So referring to Definition 3.5, we find that the sign of
the permutation is determined by its odd cycles which by Remark 13 means we we need to
count the even length permutations. Then we have

deg F(x)

—

| {i —cycles,2 | i} ]:Z

2Ji

Note that in Jacobi step of Definition 2.24 we have § =}, w. Thus

| {i —cycles,2 | i} |=S. O

Proposition 3.20. [Cox, 2011b, Proposition 2.4.1] If 6 € S, then
G- VA =sgn(c)VA,

where sgn(G) is the sign of  defined in Definition 3.5, and 6-\/A is the polynomial obtained

from /A by permuting the variables x;,- - - ,x, according to G.

Lemma 3.21. Let oy, ...,0 be the roots of polynomial P(x) (in any order). Consider the
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Vandermonde determinants

M, = (—1)4d=1/2 H (ot — ), and My = (—1)dd=D/2 H (o — ).
Isi<j=d 1<i<j<d

Then the sign of the permutation ¢ is My /M,, and M% = M% = Ap(x)-
Proof. We rewrite M, using the permutation ¢ and Proposition 3.8 then we have

Mo = (1" D2 T (@ — o)

1<i<j<d
= (=172 T (0(0s) —o(ory)
1<i<j<d
= (=) sgn(0) [T (u-a))
1<i<j<d
=sgn(¢)M;.
Thus the sign of permutation G is obtained by
% = sgn(9).

In addition, as G is a bijection map on the roots of polynomial P(x), thus we have that

d(d—

My = (—1)“T"V/A. Then M? = M2 = A. O

The following lemma comes from the second part of [Cox, 2011b, Proposition 7.4.1]

with a few changes.

Lemma 3.22. Let Ap(y) and (A';(x)) are not equal to zero. If 6 is in Gal(F,/F ), and M,

is in IF, then sgn(c) = 1.

Proof. The permutation 6 € Gal(F,/F,), where o(F,) = F,. By assumption M; € F,

and referring to Lemma 3.21 we have M| = | /Ap(,) € . So by Proposition 3.20, for all
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6 € Gal(F,/F,) we have

¢Z;5€Wb¢=>6'¢ﬁmm=:thw

<= sgn(o) \/ Ap(y) = \/ Ap(x),

since Ap(y) # 0 then sgn(c) = 1. O
Corollary 3.23. [fM; ¢ F, then there exists © in Gal(F,,/F,) such that sgn(c) = —1.
Proof. By Proposition 3.20 and Lemma 3.22, there exists 6 € Gal(F,/F,) such that

G- \/AT(X) = sgn(o) \/AP(x) # \/AP(X)’

so sgn(c) = —1. O

Lemma 3.24. Let p be prime and <A‘;(")> % 0. Referring to Lemma 3.19 then we have
1S = (2w
(—1)F = (222,

Proof. Similar to Definition 1.11 we have

(

2 (mod p),

Ap(x
(P())= —1  if Apy Zx*  (mod p),

1 lfAP(x) =X

0 ifp | AP(x)-

\

In the first case, Ap(y) is a square in '), means that | /Ap(,) € F),. So by Lemma 3.22 we have

sgn(c) = 1. For the second case, Ap(,) is not a square in I, means that  /Ap(,) ¢ . So by

Lemma 3.23 we have sgn(c) = —1. So in these two cases, we find that (%) = sgn(o).

On the other hand, by Lemma 3.19, we know sgn(c) = (—1)5. As we know the third case
Ap(x)

never happens because of the assumption so we have (—1)° = (T) [
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Lemma 3.25. Suppose P(x) € (Z/pZ)|x] and p | m. Then for all r € N and unique poly-
nomial P.(x) € (Z/p"Z)|x] such that P.(x) = P(x) (mod p) where ¢ permutes the roots of
P.(x) .

Proof. By Lemma 3.13, we know that for some integer i > 0 we have P(x) | X" —x. Then
there exists a polynomial Q(x) over Z/pZ such that M x= P(x)Q(x). So all roots of
P(x) are also roots of X" — x. Since p | m, then mix™ =1 120 (mod p). So gcd(x’"i -

x,mixm =1 1)=1.

Now by Hensel’s Lemma, let r be a positive integer. We know that if P(x) € (Z/pZ)|x]
and o € Z/pZ which satisfies P(at) =0 (mod p), and P'(ct) Z 0 (mod p) then there is
a unique o € Z/p"Z such that f(o') =0 (mod p”) and o = o (mod p). In this case,
we apply the Hensel’s Lemma to the polynomial X" —x. Then we get that there is the
set of the roots of the polynomial X" —x over Z /P"7Z that is denoted by M’ is equal to
M ={d;sta’ = o;+1p"forall oj € M} where t € {0,1,---,p— 1} such that 7 to be
unique for each o;. So for all o; € M’ we have a; = o (mod p") or o; = o (mod p).
By the roots o;, we can construct the polynomial Py (x) = H%e w (x— ;) over Z/p"Z such

that P,(x) | X" —x over Z /P"Z.

Now because ¢ permutes the roots of X" —x modulo p" with the same cycle structure as
it does modulo p so ¢ must permute the roots of P,(x) with the same cycle structure as P(x).
Hence, by applying Hensel Lemma to polynomial X" —x we found the desired polynomial,

P(x). O

By Lemma 3.25, Lemma 3.19 and the Definition 2.16, we can reinterpret Theorem 2.18

for all prime p where p” | n.

The forward direction is from [Grantham, 2001, Proposition 3.2].
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Proposition 3.26. Let g|(x), g2(x) be monic polynomials in Z[x]. Then

f(x) = gemd (g1(x), 2(x))  (mod n),

where the gcmd is taken in (7./nZ)|x] if and only if

f(x) = gemd(g1(x),g2(x)) (mod p"),

for all p"||n where the gcmd is taken in (Z/p"Z)[x], and f(x) (mod p") are all monic and

have the same degree.

Proof. For forward direction, since f(x) = gcmd(g;(x),g2(x)) (mod n) for i = 1,2 we

have

gi(x) = ki(x)f(x) (mod n),

for k;(x) € Z[x]. Thus f(x) | gi(x) in (Z/p"Z)|x].
We have that f(x) = g1 (x)h1(x) + g2(x)ha(x) (mod n) for hy(x),hr(x) € Z[x]. Thus f(x) =
g1(x)h (x) + g2(x)h2(x) (mod p”), and by the definition of ged, f(x) = ged(g1(x),g2(x))

in (Z/p"7Z)|x|.

n, ged (g1(x),82(x)) = f(x) (mod p"). Fori=
1,2 there exist ki(x) € (Z/p"Z)|x] such that g;(x) = k}(x)f(x) (mod p"). Additionally,

For the inverse direction, for each p’|

there exist /) (x), A5 (x) in (Z/p"Z)[x] such that f(x) = g1 (x)h} (x) + g2(x)h5(x) (mod p”).
Then by the Chinese Remainder Theorem there exist k;(x), #;(x) such that g;(x) = k;(x) f(x)
(mod n) and f(x) = g1(x)h1(x) 4+ g2(x)h2(x) (mod n). Then because f(x) (mod p") are

all monic and the same degree, f(x) (mod n) is monic, hence is the gcmd. O

Corollary 3.27. [Grantham, 2001, Corollary 3.3] If the gcmd (g1 (x),g2(x)) (mod n) when
computed in (Z/nZ)|x|, then for all p dividing n,gcd (g1(x),g2(x)) (mod p) have the same

degree.
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Reminder. The cycle structure ¢ refers to the numbers M as mentioned in Definition

2.27.

Remark 15. In Lemma 3.19, we found that the cycle structure of ¢ corresponds to the

degrees of polynomials F;(x) in Grantham’s definition 2.24.

In the following theorem by referring to Remark 15, we are going to reinterpret Theorem

2.18in (Z/p"Z)|x] with respect to the cycle structure of G.

Theorem 3.28. (f(x),n) is a Frobenius pseudoprime with cycle structure G if and only if

for all primes p, p"||n we have

1. map x — x" permutes roots of f(x) mod p"with cycle structure G,
2. (&) =sgn(o), and

3. The Euclidean algorithm does not accidentally find a factor of n.

Proof. —:
If (f(x),n) is a Frobenius pseudoprime, then from the Factorization and Frobenius steps of

Definition 2.24, which are
F(x) | ¥" —x, and F(x) | F(x") (mod n).

The CRT implies that these divisibilities hold for each p"||n. By Remark 10, f(x) =
Fi(x)---Fz(x) (mod n), so by CRT again this also holds modulo p". Now, by Lemma 3.12
and 3.13, the map ¢ acts as a permutation of the roots of F;(x) modulo p". So by Lemma
3.18, the map ¢ permutes the roots of f(x) (mod p”) with the desired cycle structure. The
third condition of this theorem holds immediately from Factorization step of Definition
2.24. In this step, the polynomials F;(x) exist if all gcmd exist, and the Euclidean algorithm

does not find the factor of n, as specified by Proposition 2.22.
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Finally, the Jacobi step in Definition 2.24 and Lemma 3.19 prove the second condition here,
that is (&) = (—1)% = sgn(o), where S is defined in Definition 2.24.

=

The map ¢ is a permutation map and permutes the roots of polynomial f(x) modulo p”. So,

we can define polynomials G;(x) by

G,‘()C) = H(X—OC,'), (3~2)

o

where a; are the root of f(x) with ord(o;) = i. By this fact, we have
Gi(x) | ¥ —x, (mod p’)and gemd(Gi(x),x" —x)=1 (mod p’) j<i. (3.3)

Now, we will prove by induction that G;(x) = F;(x) (mod p”) and fi_;(x) = Gj(x)--- G4(x)
(mod p") foralli € {1,---,d}, where Fi(x) and f;(x) are as defined in Definition 2.24. We
will also establish that gemd(fi— (x),x”i —x) (mod n) exists.

For i = 1, by the definition 2.24 and equality (3.2), we have

Fi(x) = gemd(x" — x, fo(x)) = gemd(x" —x, f(x)) = H (x—oy) = Gy (x).
ord(a;)=1

So Fi(x) = Gi(x) (mod p"). Also, since f(x) does not have a repeated root then we have
Jolx) = Gi(x) - Gy(x) = f(x) (mod p").

The induction hypothesis is, for i — 1 = k, we have Fpy(x) = Ggo1(x) (mod p"), and
fi(x) = Gy1(x) - Gg(x) (mod p"). Now we are going to prove that these hold fori — 1 =

k+ 1 modulo p". Using the induction hypothesis and Definition 2.24, we have

Ji(x) Gir1(x) -~ Ga(x)
Fip1(x) Gry1(x)

Jier1(x) = Gis2(x) - Gy(x)  (mod p).
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For the claim about Fj,(x), we have using equation (3.3) that
k+2 nk+2 r
gemd(x" T —x, fir1(x)) = gemd(x" T —x, G2 (%) -+ Gy (x)) = Giga(x) - (mod p").

So, for all i € {1,---,d}, we have G;(x) = F;(x) (mod p") and fi_;(x) = G;(x)---G4(x)
(mod p”). Because G;(x) = gcd(x”i —x, fi—1) (mod p"), and the G;(x) all have the same

degree by the CRT and reverse direction of Proposition 3.26, the gcmd exists modulo n

and we have Gi(x) = F(x) (mod n). Thus fi(x) = 18 = L1l — Gy (x) -+ Gy(v)
(mod n). It follows from the above and the third assumption that the Factorization step

of the Grantham’s algorithm will complete and we will have f;(x) = 1.

For Frobenius step, we know F;(x) = G;(x) and G;(x)|G;(x"*) (mod p") for all p"|n, then
by Chinese Remainder Theorem, G;(x)|G;(x") (mod n) which gives the result.

For the Jacobi step of Grantham’s algorithm, we apply Lemma 3.19 to f(x). [

We need the third condition of Theorem 3.28 because of Proposition 2.22.
In the next chapter, we will focus on using this interpretation to count the number of Frobe-
nius liar pairs (f,n) that only satisfy the first and second conditions in Theorem 3.28, and

we will ignore the third condition.
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Chapter 4

The Number Of Degree-3 Polynomials
f(x) Over (Z/p'7Z) For Which n Is A
Cubic Frobenius Pseudoprime At p

In Chapter 2, we mentioned that Fiori and Shallue worked on the quadratic Frobenius pseu-
doprimes and liars [Fiori and Shallue, 2020]. They denote by L(n) the number of Frobe-
nius liars of degree 2 with respect to n and divided L, (n) into L; (n) and L; (n) with respect
to the Legendre symbol (%) = =£1. In this Chapter, we denote the number of Frobenius liars
of degree 3 with respect to n by L3(n). By Theorem 3.28, we see that for the general form
of Frobenius pseudoprime, we can use the reinterpreted form of Grantham Theorem. This
means, here, in cubic Frobenius pseudoprime, we comprehend the different types of the cy-
cle structures of permutation ¢ which corresponds to the different factorization structures

of polynomials Fi(x), F>(x) and F3(x) in (Z/nZ)|x].

Note that if (f,n) is a liar pair, and f(x) be a cubic polynomial thus by Remark 10, it
can be written as f(x) = Fy(x)F>(x)F3(x) such that 3 | deg(F3(x)) and 2 | deg(F>(x)). This

leads to the following possibilities.
Lemma 4.1. If n is a Frobenius pseudoprime for cubic polynomial f(x) then either:

1. f(x) = F3(x) with F3(x) a cubic polynomial and F\(x) = F>(x) =1,
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2. f(x) = F1(x)F>(x) with F(x) a linear polynomial, F;(x) a quadratic polynomial and

F(x)=1, or
3. f(x) = Fi(x) with F\(x) a cubic polynomial and F>(x) = F3(x) = 1.
Remark 16. If 7 is a Frobenius pseudoprime for a cubic polynomial f(x) then
1. The cases f(x) = F3(x) and f(x) = F;(x) correspond to (&) = 1.

2. The case f(x) = Fy(x)F>(x) corresponds to (é) =—1.

n

Definition 4.2. Let f(x) be a polynomial in (Z/nZ)[x]. We say a Frobenuis pseudoprime
(f,n) with cycle structure ¢ modulo p has a factorization structure F iy >+ X, if the

roots of f (ordered relative to the action of 6) are in [F i

Remark 17. Note that we need to split the cases by factorization modulo p so we consider

the factorization of f(x) either
1. splits completely if all the three roots are in I,
2. splits partially if one of the roots is in I >, or
3. is irreducible if all the three roots are in F 3.

By augmenting the Chinese Remainder Theorem and recalling Lemma 3.25, for count-
ing cubic Frobenius pseudoprimes (f,n) we can work with (Z/pZ)[x] for each p" | n,
instead of (Z/nZ)[x]. Here, we focus on different cycle structures and the factorization

structures of the roots of f(x) in (Z/pZ)|x].

The Fi(x) indicates the cycle structure of roots of f(x) and the subscript F,; on the
superscript Fj(x) indicates the factorization of f(x) in (Z/pZ)[x]. Consequently, we have

the following structures.
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Definition 4.3. If n is a cubic Frobenius pseudoprime, then for each p | n we have eight
possible options for combination of cycle structures and factorization structures for f(x).
To count the number of polynomials f(x) over (Z/nZ) [x], that satisfy the first condition of

Theorem 3.28, we consider the following cases for each option:

1. Where f(x) = Fi(x) (mod p) and Fj(x) splits completely over (Z/pZ). We denote

Fi(X)F ), xFpxF)
3 (

by L n, p) the number of polynomials over (Z/pZ) that split completely

which 6 permutes the roots of f(x) (mod p) with cycle structure of type Fj(x).

2. Where f(x) = Fi(x) (mod p) and Fj(x) splits partially over (Z/pZ). We denote

FI(X)F,xF ,xF
(bt 8

by L, (n, p) the number of polynomials over (Z/pZ) that split partially

which ¢ permutes the roots of f(x) (mod p) with cycle structure of type Fj (x).

3. Where f(x) = Fi(x) (mod p) and Fj(x) is irreducible over (Z/pZ). We denote by

Fl(x)]F 3xF 3xF 3 . P .
Ly 7 7 "(n,p) the number of polynomials over (Z/pZ) that is irreducible

which ¢ permutes the roots of f(x) (mod p) with cycle structure of type Fj (x).

4. Where f(x) = F3(x) (mod p) and F3(x) splits completely over (Z/pZ). We denote

F: xXFpx . .
by L33(X)F” 757 (, p) the number of polynomials over (Z/pZ) that splits completely

which 6 permutes the roots of f(x) (mod p) with cycle structure of type F3(x).

5. Where f(x) = F3(x) (mod p) and F3(x) splits partially over (Z/pZ). We denote

F X X . . .
by L SN (n, p) the number of polynomials over (Z/pZ) that splits partially

which ¢ permutes the roots of f(x) (mod p) with cycle structure of type F3(x).

6. Where f(x) = F3(x) (mod p) and F3(x) is irreducible over (Z/pZ). We denote by

F3(x)]F 3><]F 3><IF3 . . . .
Ly 7 7 "(n,p) the number of polynomials over (Z/pZ) that is irreducible

which ¢ permutes the roots of f(x) (mod p) with cycle structure of type F3(x).

7. Where f(x) = Fi(x)F>(x) (mod p) and F>(x) is irreducible over (Z/pZ). We de-

R(x)s, 2W)F ,xF 5

note by L, (n, p) the number of polynomials over (Z/pZ) that is ir-
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reducible which 6 permutes the roots of f(x) (mod p) with cycle structure of type

Fz(x).

8. Where f(x) = Fi(x)F2(x) (mod p) and F>(x) splits completely over (Z/pZ). We

X, F2(X)F ) xF) (

F
denote by L31 n, p) the number of polynomials over (Z/pZ) that splits

completely which 6 permutes the roots of f(x) (mod p) with cycle structure of type

Fz(X).

4.1 Formulas For Counting Degree-3 Frobenius Pseudoprimes

In this section we obtain formulas for counting the cubic Frobenius pseudoprime that
localized on prime number p. Before diving into the formulas for the counting cubic liars,

we mention two well-known facts that we will use them repeatedly.
Fact 4.4. The group I, is cyclic of order p" — 1.

Fact 4.5. In a cyclic group of order m the number of elements whose order divides d is

exactly ged(d, m).

Definition 4.6. [Stein, 2005, Definition 2.1.16] (Multiplicative Order of an Element).
Let n € N and x € Z such that ged(x,n) = 1. The Multiplicative order of x modulo # is the

smallest m € N such that X" =1 (mod n).

Remark 18. For proofing of all the following lemmas, we will refer it to Theorem 3.28 and

Lemmas 4.4 and 4.5.

Lemma 4.7. Fix n > 1 and let p"||n. Then the number of polynomials f(x) which satisfy

the first case in Definition 4.3 is given by

L? (X)F ) xFpxF) (n,p) = (gcd(n —31,p — 1)) .
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Proof. Referring to Remark 18 and an assumption,
Fi(x) = (" —x, f(x)) = f(x),
so for oup, 0,003 as the roots of f(x), up to a choice of labelling we have
of = 0,05 = O, 05 = Oi3.

That means by the Lemma 3.16 the representative of the permutations of the roots is equal
to (ot1)(0)(o3). Then order(a;) | n—1 for i = 1,2,3. Now since f(x) splits completely
over Z/pZ we have 0,0, and o3 € F,. So, order(o;) | p—1 for i = 1,2,3. Thus to
select oy, 0y, and o3 it is equivalent to select three distinct elements whose orders divide

ged(n—1,p—1). Hence

WFyx dn—1,p—1
L?(x)F,, FpxFp (n, p) = (gC (n . 4 )) =
Lemma 4.8. Fix n > 1 and let p"||n. Then the number of polynomials f(x) which satisfy

the second case in Definition 4.3 is equal to

Fi(x)
L3

FpxF o xF 1

e (l’l,p) = Eng(n_ lvp_ 1) (ng(l’l— l7p2 - 1) —ng(l’l— 17p_ l)) :
Proof. Similar to Lemma 4.7 we have three distinct roots 0,0y and a3 such that their
permutations is equal to (a)(0)(03). So the order(o;) | n— 1 fori=1,2,3.

Since f(x) splits partially over Z/pZ, up to a choice of labelling we have a; € ), and

0,03 € sz \F,.

Then, order(c;) | p— 1 and order(oy;) | p?> — 1 for i = 2,3. Hence there are ged(n —
1,p— 1) options for o and ged(n — 1, p? — 1) options for op. Note that o, and o3 are

elements of IF» \ IF,. So we must subtract the ged(n — 1, p — 1) choices with o, € F),.

52



4.1. FORMULAS FOR COUNTING DEGREE-3 FROBENIUS PSEUDOPRIMES

We divide the result by 2 because o, and o3 are in the same cycle. So by having one of

them we can find the other one. We conclude

Fi(X)F,xF ,xF
(s e

1
Ly (n,p) = 3eed(n—1,p—1)(ged(n—1,p* ~1) ~ ged(n—1,p~1)). O

Lemma 4.9. Fix n > 1 and let p"||n. Then the number of polynomials f(x) which satisfy

the third case in Definition 4.3 is equal to

F] (x)
1;3

F 3 xF 3 xF
p3 33

(ged(n—1,p* —1) —ged(n—1,p—1)).

W =

(’1717) =

Proof. Similar to Lemma 4.7 we have three distinct roots o,y and o3, such that their
permutations is equal to (a)(0)(03) up to a choice of labelling. So the order(oy) | n— 1

fori=1,2,3.

Now since f(x) is an irreducible polynomial over Z/pZ we have o, 0, and o3 € F 3.
Then, order(a) | p* — 1 for i = 1,2,3. Thus there is gcd(n — 1, p> — 1) options for o, 0
and o3. Additionally, we need to subtract the gcd(n — 1,p — 1) choices for o, when it
belongs to I ;3 and I, at the same time. Note that the roots are distinct and conjugate of

each other hence choosing one determines all three roots.

Fi(x)
‘l‘3

F 2 xF 2 xF
3xF 3xF 3 1

(n,p):g(gcd(n—1,p3—1)—gcd(n—1,p—1)). O

Lemma 4.10. Fix n > 1 and let p”||n. Then the number of polynomials f(x) which satisfy

the fourth case in Definition 4.3 is equal to

X Xty 1
L?(X)F” P (n,p) = §(gcd(n3—l,p—l)—gcd(”—lﬂp_l))‘
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Proof. Referring to Remark 18 and an assumption,
Fy(x) = (¢ —x,f2(x)) = f(x), and fa(x) = f(2),
so for oup, 0,003 as the distinct roots of f(x) we have
oc’f3 = ocl,oc’2’3 = ocz,ocg‘3 = 03.

The permutations of these roots by Lemma 3.16 is represented by (0,0, a3). That means
we have af = 0, af = 03, af = 0. Then order(o;) | n® — 1 and order(oy) f n— 1 for
i = 1,2,3. By the assumption f(x) splits completely over (Z/pZ) then we have order(o;) |

(p—1) fori=1,2,3. For the Frobenius step, we have
order(oy) | n® — p.

Since OL;-“3 = o; and ch = «a;, foro; € Z,. Then we have gcd(n3 —1,p— 1,n° — p) options
for each a;. We need to subtract ged(n — 1, p — 1) choices for o; since we need order(a;) |
n® — 1 and order(o;) {7 — 1. By the cycle structure of the roots, picking one root determines

the other ones. This explains why we divide the result by 3.

F3(X)F, xFpxF)

1
L3 (n,p):g(ng(n3—l,p—1,n3—p)—ng(n—1,p—1))

1

Lemma 4.11. Fixn > 1 and let p"||n. There are no polynomials f(x) which satisfy the fifth

case in Definition 4.3, that is

F3(X)F,xF ,xF
()poszz

L, (n,p) =0.
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Proof. Let f(x) split partially, so we have o € (Z/pZ) or oy € Fp, and oz, 03 € F 2 \ F),.
The permutations of these roots by Lemma 3.16 is represented by (o1, 0tp, 03) and by the
assumption we have of = 02, and o € sz \Fp. Namely, of ¢F p» therefore o ¢ IF, and it
is contradiction. Thus

F3(X)F,xF ,xF
(b8 8

L, (n,p) =0. O]

Lemma 4.12. Fix n > 1 and let p"||n. Then the number of polynomials f(x) which satisfy

the sixth case in Definition 4.3 is equal to

F3(x)
L3

F 2 xF 2 xF
PP

1
(n,p) = g(gcd(n3 —1,p°—1,n—p)—ged(p—1,n—1)

+ng(l’l3— 17p3 - 17n_p27n2_p) _ng<p_ l,l’l— 1))

Proof. By recalling Remark 18, we have
Bi(x) = (¢ —x, f2(x)) = £(x), and f(x) = f(x),
so for o, 01,03 as the roots of f(x) we have
oc'f3 = ocl,ocg3 = ocz,oc’3“3 =03,

and the permutation representation of roots is equal to (0lj,0,03) up to a choice of la-
belling. Then order(ay;) | n? — 1 for i = 1,2,3. By the assumption, f(x) is irreducible over
(Z/pZ). Then we have order(oy;) | p*> — 1 fori=1,2,3.

In this case F>(x) = 1 so we apply Frobenuis step on F3(x), means F3(x) | F3(x"). Thus
o for i = 1,2,3 is also the root of F3(x) or f(x). For instance, without loss of generality,

. 2
assuming that of = 0 and of = 0t3. Now two cases may occur over [ 3

e If af = 41, so in this case, order(a;) | ged(n® — 1, p> — 1,n— p,n® — p?). For clarity,

2
we can say odi7 = o and by the permutation we have of = o which implies of =03
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. . 2 . .
and again by permutation, of = ai3. That is, the permutation on roots x — x" and

x — xP are equal.

2
o If &/ = 041, so in this case, order(oy) | ged(n® — 1,p* — 1,n — p*,n*> — p). For
. . 2 D
clarity, we can say (xlf = o3 and by the permutation we have of = oz which implies
2
Oclf = 0 and again by permutation, o} = 0. That is, the permutation on roots x > x"

and x — x? are inverses.

In both cases we must exclude the roots where the order is a divisor of n — 1 or of p — 1.
Because the order must divide n— p or n— p? the cases of order n— 1 or p — 1 are equivalent.

Hence we have

F3(x)
L3

F 2 xF 2 xF
PP

1
(I’l,p) = §<gcd(n3— 17p3 - 1,I’l—p,}’l2—p2> —ng<l’l3 - 17p_ 1,1’1— 1)
+ng(I’l3 - 1;193 - 17”_1727”2_17) —ng(I’l3 - 17p_ 1,I’l— 1)>

1
= g(gcd(fﬁ— ,p’—1Ln—p)—ged(n—1,p—1)

+gcd(n3—1,p3—1,n—p2,n2—p)—gcd(p—l,n—l)). O

Lemma 4.13. Fix n > 1 and let p"||n. Then the number of polynomials f(x) which satisfy

Fi(x)p, 2(X)F ,xF ,
the seventh case in Definition 4.3 for L, P~ " (n,p) is given by

1
Seed(n—1,p—1)(ged(? = 1,p> ~ 1,n—p) — ged(n—1,p~1)).
Proof. By recalling Remark 18 and up to the choice of labelling we have
Fi(x) = ged(X" —x, f(x)) =x—ay, and F>(x) = gcd(x"2 —x, f1(x)) = x* +ax+b.

Means of = Ocl,ocl’-’2 = o; for i = 2,3. So by the Lemma 3.16 the representative of the

permutations of the roots is equal to (ot)(0,03) up to a choice of labelling. Thus we
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have that order(ct;) | n — 1 and order(o;) | n> — 1 for i = 2,3. Here we assumed F>(x) is
irreducible over (Z/Z,), then order(o;) | p — 1 and order(ay) | p?> — 1 for i = 2,3. For the
Frobenuis step we have:

F(x) [ F2(x"),

thus x" is also the roots of F>(x). So, af = a3 and oz’z’ = o3 since 0,03 € F». Then
order(oy) | n — p for i = 2,3. Hence we have ged(n — 1, p — 1) many choices for o; and
gcd(n? — 1, p* — 1,n— p) choices for oy or a3. Note that ol and o3 are in IF » but not in IF,

so that means ord(cot;) and ord(oi3) do not divide p — 1 and also they do not divide n — 1.

We divide the result by 2, since by the permutation map if we have o, or o3 we can find

gl (x)]F,,Fz(x)]sz F ,

the other one. We find that L, (n, p) can be calculated by

1
Eng(n_ 17[7_ 1)(ng(l’l2— 17p2_ 17n_p) _ng(nz_ l,nz—p,p— 1,I’l— 1)>

1
= Egcd(n—1,p—1)<gcd(n2—1,p2—1,n—p)—gcd(n—1,p—1)>. O

Lemma 4.14. Fix n > 1 and let p"||n. Then the number of polynomials f(x) which satisfy

the eighth case in Definition 4.3 is equal to

Fi(X)r, P2 (X)F, xF,,

1
Ly (n,p) = Egcd(n— 1,p— 1)<gcd(n2 —1,p—1)—ged(n—1,p— 1))-

Proof. Similar to the representative of the permutations of the roots in Lemma 4.13 we
have (a1) (0, 03). Here we assumed F>(x) splits over (Z/Zp,), then order(c;) | n— 1 and

order(o;) | n* — 1 and order(o;) {7 — 1 for i = 2,3. For the Frobenuis step we have:
Fa(x) | R2(x"),

so x" is also the roots of F>(x), namely, &5 = a3 and o € Z,, then 0(127 = olp. We figured

out that oc’g2 = 0 also o) = op. Then order(o;) | n2 — p for i = 2,3. Therefore we have
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ged(n— 1, p—1) option for oy and ged(n? — 1, p — 1,n> — p) options for oy and 0i3. As we
mentioned above, order(o;) { n— 1 for i = 2,3 so we need to subtract the multiple choices
of ged(n—1,p—1) for a, and az. We divide the result by 2, since by the permutation map

if, we have o» or oz we can find the other one. Hence

Fi(xX)r, F2(X)F, xF,,

L (’%P)Z%(gcd(n—l,p—1)gcd(n2_17p_1’nz_p)
—ged(n—1,p—1)ged(n—1,p— 1))
— %(gcd(n— 1,p—1)ged(n® — 1,02 — p) —ged(n—1,p— 1)2>
— %(gcd(n— I,p— 1)gcd(n2_ l,p—1)—ged(n—1,p— 1)2>

1
- 5gcd(n—1,p—1)<gcd(n2—1,p—1)—gcc1(n—1,p—1)>. O

By combining the previous counting Lemmas 4.7-4.14, we deduce the following theo-

rem. Let n = [],, p;’ where r; is even or odd.

Theorem 4.15. The number of cubic polynomials over (Z/nZ) with (%) =1 for the first

two cases and (%) = —1 for the last one which n is a cubic Frobenius pseudoprime is
exactly
1 F(x) Fi(X)FpxF 5 xF , Fi(X)F yxF 3xF 5
F, T\A)Fp xFpxF,
L' (n) = EH (Ls PP (n, pi) + Ly " (mpi)+Ly T (”>Pi)>
piln
1 F . Fi(X)F,xF ,xF Fi(X)F 5 xF xF
i E H <L31(x)1Fp FpxFp (Vl,pi) +L3 PrEp2 7 p2 (i’l,pi) +L3 P33 (n;pi))
piln
2|r;
F o Fi(X)F,xF ,xF F1(X)F 5 xF 1 xF
H <L31(X)IF,, FpxFp (n, pi) + (—1)L3 pxF o xF (n, pi) L 3 XE 3xF 3 (n,Pi)),
piln
24r;
4.1)
F FS(X)FP3 XF[;3 X]Fp3 F3(x)]Fp><]Fp><]Fp
L5 =TT (L (n,pi) + Ly (n.1)). (42)

piln
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and
(n.p) 20 )

1 R(X)R(X)F 5 xF , Fi(x) B (x)F, xF
T 25
2 pﬂ" < > (4.3)
2|ri

III <<_1)L3 (n, pi) + L3 (”7Pi)>-
o

Proof. We are going to provide the sketch of proof. The argument for the case L§3 (n) is
easier than the cases L? (n) and ng (n). So for convenience we consider only the case

Lgl (n) which has the similar argument to ng (n).

In equation (4.1), for counting the number of cubic polynomials with (%) = 1 we need
to describe the possible choices of (%) which result in [] (%)ri = 1. Thus by the CRT we
must for each p|n decide on the factorization structure, and correspondingly pick elements
either from the set of all roots of possible cubic polynomials in [, from the set of roots

in F 3\ F 2, or from the set of roots that are in both F), and F ,». The sizes of these sets

F T Fi(X)F 3xF 3xF Fi(X)F,xF ,xF
are given by L3I(X)F” 5 (n, pi), L, P (n,pi),and L, e (n, pi), respec-
tively. This leads us to the formula
A . Fi(xX)FpxF ,xF Fi(xX)F 5xF 5xF
H <L31(x)mp FpxFp (n,pi) + Ly pxEpxF o (n,pi) + Ly 3 7F 3 0F 3 (’%Pi)), 4.4)

piln

if we want to count only polynomials that satisfy condition (1) in Theorem 3.28, but we also
13| (X)le3 XE 3xF 3

n,p;) and L, ,

11 s F(x X X
want to take condition (2) into account. For cases L31( ey (

Fi(X)F,xF ,xF
()poszz

always (l%) = 1, but for the case L, (n, p;i) we have (I%) = —1. So in the case
£ (X)IF,,XIsz <F 2 A o
L, (n, pi), we need to have the even number of (-+) = —1. Notice in the expan-

sion

Fi(X)F,xF, x ) Fl(x)]l‘“p><1F I XF 5 Fi(x)p 3xF 3xF 3
H(L3l FpxFpxFy (n,pi)+(—1)L3 pe P (”api)‘f‘Lg p> P (”l,pi) ’

piln
24r;
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Fl X
(*)r,, XF 3 xF

term L, (n, p;) with odd numbers of (1%) = —1 will get a coefficient —1. So

adding expansion (4.4) and

F CF FI(X)F,xF 5 xF Fi(X)F 3xF 3xF
H <L31(x)1F,, FpxFp (n, pi) VL pxF o xF (n, pi) 1L ,3XF 3xF 3 (fl,pi)>
piln
2|ri
F1(X)F, xFpxF Fi0)gp«F HxF , FI(X)F yxF 3xF 4
[T mp)+ 0Ly P op)+Ly 7 (),
piln
24r;
then dividing by 2 leaves only the desired terms. [

Lemma 4.16. Ifn > 1 is an integer, then

3
Lgl (n) < Hmax (gcd(n— 1,p— 1)3,§gcd(n— lL,p—1)ged(n— 1,p° — 1),
pln

ng(l’l— 17p3 - 1)>7

L?(n) < I_Igcd(n3 —1,p° — 1),

pln
and
L (n) <[] ecd(n—1,p—1) ged(n® — 1, p* — 1
3 — g P gC n P )
pln

Proof. For the Lg '(n) upper bound, we use equation (4.1) and Lemmas 4.9, 4.8 and 4.7.
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Then we have

F Fl]prIprFp JF,,x]F,,x]F}, Fles xF 3xF 3
L5 <1 (L (n,p) +Ls (n,p) +Ls (n.))
pln

1
<H3max< ged(n—1,p— 1)3,§gcd(n—1,p—1)gcd(n—1,p2—1),
1gcd(n—l p3—1)>
3 9

3
SHmaX(gcd(n—l,p— 1)3,§gcd(n—l,p—l)gcd(n—l,pz—l),
pln

ged(n—1,p° — 1))
For the L? (n) upper bound, we use equation (4.2) and Lemmas 4.12, 4.10. So we have

FSIF 3xF 3 xF 3

F3
F FpxFpxF
L33(”>:H<L3 et (”ap)+L3 e p("aP))

pln
1
—|—ng(”3— 17]73 - 17n_p27n2_p) —ng(I’L— lvp_ 1))7§ng<n3 - 17p_ 1))
_H ng 3_17n_p)+
p\n

gcd(n3—1 pP—1,n—p? nz—p)—gcd(n—l,p—l))

<H ged(n® —1,p° = 1)
p\n

<JJged(@ —1,p° —1).

pln

For the ng (n) upper bound, we use equation (4.3) and Lemmas 4.14, 4.13. Then we have

61



4.2. NUMBER THEORETICAL BACKGROUND

Fi(xX)R(®)F ,x ) (X)F,
Py <Tl(s ) )
pln

<H2max( ged(n—1,p—1)ged(n® —1,p* — 1,n—p),
pln

1
Sed(n—1,p—1)ged(?—1,p— 1))

=[1ecd(n—1,p—1)ged(n® —1,p* = 1,n—p)
pln

<JJecd(n—1,p—1)ged(n* —1,p* - 1). O
pln

Our goal in Section 4.3 will be to find the largest possible value for L§3 (n). In equation

. F3(X)IF,,3 F3(X)F, <) xF)
(4.2), we consider two terms: L, (n,p) and L, (n,p) for all p | n. The first
F3(x)

F 3
term,L; "

(n, p), is of particular interest because it has the potential to be larger than the
F
second term. Specifically, the term L33(X)FPXFPXFP (

F(x)F 5 .
Ly " (n,p)is bounded by p®> — 1. We see that

n, p) is bounded above by p — 1, whereas

. F3(x)r B3 (), x5
[0 =TT 7 o)+ )
pln pln
_H< (gcdn —1,p°—1l,n—p)—ged(n® —1,p—1,n—p)
pln

—|—ng(7’£3 - 1;193 - 1;’1_1727”2_17) —ng(l’l3 - lvp_ lan_P27”2_p))

1

<Tl’ -1

pln

Nn3

is an upper bound on what we can hope to obtain. Therefore, we will focus on establishing

F()C)(

conditions that maximize L;** (n, p), aiming for it to be as close as possible to n.
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4.2 Number Theoretical Background

In this section, we are going to recall some important number theory background that

can mostly be found in [Fiori and Shallue, 2020].

Definition 4.17. For each value x > 1 denote by M(x) the least common multiple of all

logx
loglogx*

positive integers up to

The following claim can be found in [Erdds and Pomerance, 1986]. We fill in the details

of the proof from [Fiori and Shallue, 2020, Proposition 20].

Proposition 4.18. We have M(x) = x°") for large x.

Proof. Let maxo; denote the largest value of o such that p{* divides numbers less than

log(x) _ maxo; q: max o logx
Toglog(x) SO W€ have M(x) = I;[(x) D; . Since p; < Toglogr® We have
pi<loglg0g(x)
logx
max o) log p; < lo . 4.5
(max o) log p; < g(loglogx) 45)

By dividing both sides of inequality (4.5) by log p;, we get the term

logx
log <log10gx>

log p;

This expression can be expanded to

(maxoy) < loglogx —logloglogx
v log p;

(4.6)
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4.2. NUMBER THEORETICAL BACKGROUND

By the inequality (4.6), we have

loglogx—loglog long

M(x) = [T »= 111 pi{ e

pi<log(x)/loglog(x) pi< lolg"fffgx

(loglogx%ogloglogx)

< H i log p;

logx

Pi< Toglogx
_ H logx
i logx loglogx
> loglogx
logx
logx ™ Ielogs)
<
loglogx
2logx
loglogx
Tog x
< —logx IOg(m)
loglogx
2
<x10g10gx
< x°),

b
The third and fifth lines of the above claim are derived from the fact that a®e¢ = exp (b).
Additionally, we obtained the fourth line from the third by applying Theorem 1.7, and the
fifth line comes from the bound 7(x) < % due to [Rosser and Schoenfeld, 1962, Equation

(3.6)]. ]

In our construction, we shall need to use prime numbers where certain polynomial val-
ues of them are smooth. The existence of such primes has been well studied, see for exam-
ple [Baker and Harman, 1998] and [Dartyge et al., 2002]. Now we introduce the following

set

P (x,y) =#{p<x:PT(F(p)) <y}, (4.7)

where Pt (m) denotes the largest prime factor of m, with the convention that P*(1) =1,
and F(x) is a polynomial with integer coefficients. Consider F(x) to be a polynomial with

integer coefficients. Let g be the largest degrees of the irreducible factors of F and let k be
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4.2. NUMBER THEORETICAL BACKGROUND

the number of distinct irreducible factors of F(X) of degree g. We use this notation in the

next three theorems.

Theorem 4.19. [Dartyge et al., 2002, Theorem 1.2] Consider F(0) #0 if g=k =1, and

let € be a positive real number. Then the estimate

* X
Wr(x,y) < Jogx (4.8)

holds for all large x provided y > x8T€~1/2k,

Conjecture 4.20. [Dartyge et al., 2002, p. 3] The asymptotic (4.9) is satisfied for any pos-

itive QL.
X

Wi (x,x%) <pq (4.9)

logx

Remark 19. Cecile Dartyge, Greg Martin, and Gerald Tenenbaum have established in their
paper [Dartyge et al., 2002] that a lower bound of the asymptotic (4.9) is satisfied for o0 >
g—1/2k.

We are going to generalize Definition [Fiori and Shallue, 2020, p. 503], in the following

definition.

Definition 4.21. Let F(x) be a polynomial with integer coefficients. The following set is
denoted by Py r(x),
{p < (logx)* such that F(p) | M(x)}.

Lemma 4.22. Let o. > 0 and suppose for all 0 < o < o we have ‘P}(y,yl/“) ~ ylo(D)

then we have W7, (log(x)*,log(x)/loglog(x)) ~ log(x)“_"(l)_
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4.2. NUMBER THEORETICAL BACKGROUND

Proof. Using equation (4.7), we have

W7 (log(x)*,log(x)/loglog(x)) = #{p < (logx)* | P*(F(p)) < 101;5));x}

= #{p < (logx)® | P (F(p)) < logx' (" |
= W (log(x)"" log(x)! ")

= log(x)* (),

By taking y = log(x)®* and noting that eventually 1/ —o(1) > 1/a/, then

P (log(x)%, log(x) /loglog(x)) = ‘Pj}(log(x)a’log(x)l—o(l)) =Fa %.

Hence, ¥ (log(x)*,log(x) /loglog(x)) > logx*~°(!) for o > 0. O

A version of the following lemma is assumed in both the Erdés-Pomerance and Fiori-

Shallue papers without proof.

Lemma 4.23. Let o, > 1/2 such that Wi (log(x)*,log(x) /loglog(x)) ~ log(x)* () then
Py r(x) ~ log(x)%—o(),

Proof. The difference between set Py (x) and set B = {p < (logx)* |Vq | F(p),q < ; og’ﬁ));x}

is the set

logx
loglogx

A={p<(logx)*|Vq|F(p),q < and HqB" | F(p),qB" fM},

and P is the largest prime power divisor of F(p).

Now we want to bound the set A, so we use the following set which contains the set A

as a subset.

{n <log(x)*|34",4"|F (n),q < log(x)/loglog(x),q" > log(x)/loglog(x)}.

66



4.2. NUMBER THEORETICAL BACKGROUND

For convenience, we can bound the above set by counting this separately for each fixed g.

Thus we define the set

Ay ={n <log(x)*|3r,q"|F (n),q < log(x)/loglog(x),q" > log(x)/loglog(x)}.

For ¢ < y/log(x)/loglog(x), by the definition of A,, we have n < (logx)* and F (n) =
0 mod ¢". So we simply count the roots of F(n) (mod ¢") which are less than log(x)%.

That means the roots n of polynomial F(x) have to be less that ¢". Then

log(x)

o
| Ag |< Deg(F)—— < Deg(F)(logx)* ' loglogx.

For ¢ > \/log(x)/loglog(x), then we have

(logx)*
¢

| Ag |< Deg(F)
Now, we take a summation over 1 < g < log(x)/loglog(x).

(A<} |Ag]
q

(logx)®

< Y Deg(F)(logx)* 'loglogx+ Y Deg(F) p

log(x) logx
loglog(x) Toglogx

< (y/logx/loglogx)(logx)* 'loglogx+ (logx)*/+/logx/loglogx
< (y/logx)(logx)* 'loglogx+ (logx)“_% Vloglogx
< (logx)“_% (loglogx+ +/loglogx)

< (logx)* 40D,

I1<g< <q

Then

ogx b= Palx) < (logx)(x*%*"(l) < (logx)ocfo(l),

[ {p < (logx)® | P*(F(p)) < 22
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SO

Wi (log(x)*,log(x)/loglog(x))— | Pu(x) | < (logx)ocf%—o(l)

< W (log(x) log(x)/loglog(x)),

and then we have

(logx)® 1) < W (log(x) log(x),/ loglog(x)) — (logx)* 2~
<[ Po(x) |

< W (log(x)* log(x)/loglog(x)). O

We are going to generalize the proof of [Fiori and Shallue, 2020, Prop. 21], in the

following proposition.

Proposition 4.24. For all o < 2/3, where F(n) = n®> — 1, we have
[Po,r(x)| > (logx)®~t!)
as x — oo,
Proof. Here f(x) =x> —1s0g=2and k = 1. By applying Lemma 4.20, o' >3/2. [J

The following conjecture is a consequence of Lemma 4.23, Proposition 4.24, and Con-

jecture 4.20.
Conjecture 4.25. For all o, > 0 we have | Py £ (x)| > (logx)*~°(1),

In Sections 4.3 and 4.4, we are going to work on the lower and upper bound of L§3 ) (n)

using Lemma 4.23 and Conjecture 4.20 frequently.
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We are going to generalize the definition [Fiori and Shallue, 2020, p. 503], in the fol-

lowing definition.

Definition 4.26. For each value x and for each o > 0 we define the set Py ¢ (x,a) by,
Pop(x,a) = {p < (logx)* | p =amod F(p), and F(p) | M(x)},

where F'(a) =0 (mod M(x)) fora € N.

If we assume Conjecture 4.20 then the conclusion of the following proposition will also

hold for all o > 0.

We are going to generalize the proof of [Fiori and Shallue, 2020, Prop. 23], in the

following proposition.

Proposition 4.27. Given o > 0 such that |Po r(x)| > (logx)*°() as x — oo, then there

exists integer a # 1 such that as x — o we have
[Pa.r (x,a)| > (logx)®~().

Proof. We know that each prime p € Py r (x,a) is also in Py r(x). Conversely, each prime
D € Py(x) is also in Py (x,a) for all a satisfying p = a mod F(p). By Definition 4.26, we
know

F(a) =0 mod F(p) and F(a) = 0 mod M(x),

so by the Chinese Reminder Theorem we have

F(a)=0mod M,
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4.2. NUMBER THEORETICAL BACKGROUND

where M’ is the largest divisor of M with ged(M’,F(p)) = 1.
A={a€Z/MZ|F(a)=0 (mod M)},

A(p) ={a € Z/F(p)Z|F(a) =0 (mod F(p))}.

Since there exists at least one value that is as large as the average, we can say that there is

a value @’ such that Py r (x,d’) > ‘71| Y. | PoF (x,a) |. So we have

Pop(x,d’) _Z|PocF X,q)

Y 1
CPo(x )pePai(x a)
| { solutions to F(a) = 0(modM )} |

A

2 deg(F)fwmaX (F(p)) (10gx>(x70(1)

> (logx)*~W).

Notice that [A(p)| < (deg(F))®F (). Since the number of prime divisors of F(p) is
®(F(p)). Then the number of possible solutions for equation F(a) =0 (mod F(p)) are
at most (deg(F))®(F(P)). Now by [Hardy and Wright, 1979, Section 22.10] we know that

when p < (logx)* we have

Omax (F(p)) < (1 +0(1))10;1i(;1i;il)) < (logx)°W,

where Omax (F(p)) is the maximum number of primes that divide a number of size F(p).

Notice that in the sixth line we have deg(F)~@mx(F(P)) = Jog(x)°(). O
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In the construction of Lemma 4.35 and 4.40, it is essential to identify auxiliary primes
that satisfy specific congruence conditions and ensure they are not excessively large. The

following result addresses this requirement.

Theorem 4.28 (Linnik’s theorem). [Linnik, 1944, Xylouris, 2011a] Let P(a;q) be the least
prime in an arithmetic progression a mod g where a and q are co prime positive integers.

Then there exists an effectively computable constant L > 0 such that

P(a;q) < q~.

The current world record for the value of L is 5 due to [Xylouris, 2011b].

4.3 Lower Bound

In this section, we want to find the lower bound for L? ® (n). We present two conjec-
tural lower bounds for L§3 ® (n), with the second relying on a significantly weaker conjec-

ture. At the end of the section, we will briefly discuss the lower bounds for Lgl ) (n) and

L2,

The following definitions generalize [Fiori and Shallue, 2020, p. 505].
Definition 4.29. For fixed 0 < € < o — 1 and for all x > 0 let

* Po(x,a) = Fy 31 (x,a)

o k(x(X) _ \fogx—ZLIOgMJ )

aloglogx

. S((x% % (x,a) be the set of integers s which are the product of k¢ (x) distinct elements from

Py (x,a)\Po—e(x,a).
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That is,

ka(.x)
Sg)s(x, a) = {s|s = [] pi.pi € Pu(x,a)\Pu_¢(x,a) and , p’s are distinct}.
i=1

The following Lemma is similar to the claim [Fiori and Shallue, 2020, p. 506].

Lemma 4.30. Given o > 1, the elements s of S((i 23 (x,a) all satisfy

((logx)_k“(x)€> S <s<

X
M2L — MZL

as x — oo,

Proof. By the definition of S&% %(x,a), let s be a product of ky(x) many primes of size

log(x)* ¢ < p < log(x)®. For upper bound by the definition 4.29 we have :

log(—%+) log(—%57)
logx—2LlogM m2L 2L >

O M=
((logx)ot)koc(x) — ((logx)a)W — (logx)( (xloglogx> _ (logx)( loglogx
Let A = (logx) loglogx J g

Wﬁ)) log( -
logA =log ((logX)< oeloe ) = <%) ‘loglogx = log (z\%)

then A = ;77 and s < 357 For lower bound we have:

ko, (x
((logx)(a_e)> W _ (logx)*a() (Jog x) ~8kal¥)

logx—2LlogM logx—2LlogM

Let B = (logx)®a() = (logx)* akeler = (logx) lzhber . So

logx—2LlogM 1 —2LloeM
IOgB :log <(10gx) gloglogxg) — < Og);: 1 Og ) . loglogx — log (%) ,
oglogx
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then B = 357 and (logx)_gk‘)‘(x)’“11;;;l> <s. O

Proposition 4.31. If k < n and are integer, then (}) > (n/k)~.

—1)x-x(n—(k—1 _ —(k—1 —1n—i
Proof. We have (}}) = " toimtl = o i 0y = T 1

For all 0 <i < k— 1, each fraction E is greater than 7, since

k<n
—ni < —ki
nk—ni <kn—ki

n(k—i

VAN

k(n—i)

n

13
VAN
»‘
|

—1
Hence Z—,]z < (%)

Lemma 4.32. The positive integer ko (x) in Definition 4.29 satisfies the following equalities

1. kalx) = o~ R0 (1 o(1),

2. kg (x) = (log(x))+ol),

Proof. By Definition 4.29 and Proposition 4.18, we have

logx —2LlogM 1 2LlogM
- | et _ g2

aloglogx aloglogx

( 1+o(1) )
=logx| ———
aloglogx

logx

—1
= 1 1)).
“ loglogx( +o(l))
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Consider <L(1)> = (logx)/™ so

aloglogx
log(1+4o0(1)) —log(aloglogx) = f(x)loglogx,

then

log(1+o(1 loga logloglogx
(1+0(1) . .

loglogx loglogx loglogx

Where x goes to infinity f(x) goes to zero. So we can rewrite (logx)/™ as (logx)°("). Then

logx+2LlogM 1+o(1)
aloglogx (logx) . [l

We are going to generalize the proof of [Fiori and Shallue, 2020, Prop. 29], in the

following proposition.

Proposition 4.33. Given o> 1 for which Py(x,a) > (logx)*~°"), then
[SEMw.a)| > o)
as x — oo,

Proof. Using definition 4.29, we have to chose kq(x) numbers of the element of the set

| Po(x,a)\Pa—e(x,a) |
Py (x,a)\Py—e(x,a). So we need to find * o . By the Definition

ko (x)
4.26 and Proposition 4.27, we have

| Po(x,a)\Pa—e(x,a) | >| Pa(x,a) | — | Pu—e(x,a) |

> (logx)*°W — (logx)* & = (logx)* (1),

Because the primes that remain from above subtraction are included in the set Py (x). Using
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Proposition 4.31 and Lemma 4.32, we have:

| Po(x,a)\Po—e(x,a)

| Pu(x,a \Pa ¢(x,a) |)’<«<X>

Z <
ko (x)
ko (x)
(logx)®—of
> ( :
logx—2LlogM
- logx OC O aloglogx
- logx 2LlogM
" aloglogx
1— logx—2LlogM
Z ((log_x OC —o( ) ologlogx

logx

((logx)®~ 1o (0" —~0(1)) poglogs

Vv

(logx)1~% " +o D gl

v

logx

Now, assume (logx)(lforlﬂ’(l))loglogx — A then A is equal to x(!=¢ '+(1) Hence

Seb(x,a)| > i),

In this Proposition, the requirement are |P(x)| > ko (x) and o > 1 since 1 — o~ ! has to be
positive. [
Lemma 4.34. Let n be an integer and p | n. If ged(n® —1,p> —1,n— p) = p> — 1 then

F3(X)F 3xF 3xF 4

Ly "7 " (n,p) #0.

Proof. By Lemma 4.12 we have

F3(X)F yxF 3xF 4

3xF 3 1
L3 g mr (n,p):§<gcd(n3—1,p3—1,n—p)—gcd(p—1,n—l)

—|—ng(1’13 - 1>P3 - 17”_192;”2_17) _ng(p_ 1,1’1— 1))
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We know ged(n— 1, p—1) < p— 1. Without lose of generality we consider that gcd(n —
1,p—1)=p—1. Now we have to show that ged(n® — 1,p> — 1,n*> — p,n— p?) # p> — 1.
Note that

ged(® —1,p—1,n —pn—p?)=p—1.

Since p— 1 | n— 1 and we can write n*> — p as (n> — 1) — (p—1). Then p — 1 | n?> — p. For
the term n — p?, we can write it as (n — 1) — (p> —1). So p — 1 | n — p*. By these notes we
find that

gcd(n3— 1,p3 — l,nz—p,n—pz) >p—1.

If we assume ged(n® — 1, p° — 1,n*> — p,n— p?) = p> — 1, then p> — 1 | n— p?, also by
the assumption we know that p®> — 1 | n— p so p® — 1 divides the linear combination of n — p

and n — p?, that is, p> — 1 | p> — p and this is a contradiction. Therefore,

p3—1 2gcd(n3—1,p3—1,n2—p,n—p2) >p—1,

F3(x)F 5
andL, " (n,p) #0. N

The following lemma generalizes the proof of [Fiori and Shallue, 2020, Lemma 31].

Lemma 4.35. Let L be an upper bound for Linnik’s constant. Given any element s of

S((f}_ (x,a) and o > 1 there exists a number M < q < M?" such that
1. sg=a(modM),
2. ged(q,s) =1, and
3. Tplq3 (ged (n* = 1,p> = 1,n—p) —ged(n® —1,p—1,n—p)) > 0.

Moreover, if n = sq then
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as x — oo,

Proof. We construct ¢ as the product of two primes g; and g, which are chosen as the
smallest primes greater than M satisfying certain conditions, as given below. First we write
M = ¢1"14,">M’ where we have picked prime numbers £; and /; that are not equal to 3. Let

ged(l,M") = ged(¢y,M') =1, where a # 1 (mod ¢1),and a # 1 (mod /7).

Now we construct the following system of congruences
gi=a(modl]')  g=s"(modl') g =1 (modM’) (4.10)

@ =a(modl?) q=s ' (modl}) q=as ' (modM). (4.11)

This system has a solution by the Chinese Reminder Theorem. Additionally, by Linnik’s
theorem, we can bound g = ¢1¢> < M?L. It provides all we need for the first condition. For
the third condition, since a # 1 (mod ¢;), and a # 1 (mod ¢>) then exist prime numbers

T1,T2 such that
T | ged(n® — 1,43 — 1,n—q;) and t; f ged(n® — 1,qi — 1,n—g;) fori = 1,2.

So, ged(n® — 1,43 — 1,n—q;) # ged(n® — 1,9, — 1,n—¢q;) and it gives ged(n® — 1,¢3 — 1,n—

gi) —ged(n® —1,q; — 1,n—q;) # 0 for i = 1,2. For showing the second condition, at first,
we show ged(s,M) = 1 then prove why gcd(gq,s) = 1. Assume s € S((f:)g(x,a), by Definition

4.29 we find that (logx)* ¢ < p < (logx)®*. On the other hand, by Definition 4.17, we have

logx

p < loglogx — (logx)lio(l)

. So all primes that divide M are greater than all primes that
divide s means M > s, then ged(s,M) = 1.Thus that g;,q2 > M implies they are greater

than any factor of s, and thus relatively prime to s, then ged(q,s) = 1.
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For the last part of the proof, we know by Theorem 4.15, equation (4.2)

F3(X)F yxF 3xF 5

HL?<)‘)<n,p>=H(L3 A )+ 15 ()

pln pln
]FgX]F gX]F:;
>HL " (n,p)
pln
>11x <gcdn -1,p° 1,n—p)—gcd(n—1,p—1)>.
p\s

AssES(S)(x,a) so for all prime p | s we have p*> —1 | M and p> —1|a— p. Thus p> — 1 |

oLE

(n—a) — (n— p) and we know that M | n — a by the first claim so p*> — 1 | n — p. Consider

(n—p)}=n*=3np+3np* —p* =n® =30’ p+3np* —p> —1+1

=(m—1)—(p>=1)+3np(p—n).

We know p*> —1|n—pand p* — 1| p*—1,50 p* —1|n® — 1. Thus

HL?( (n.p)>T]5 (gcdn —1,p° l,n—p)—gcd(n—l,p—l)>

pln p\s
> H p —1—(p—1))
p\s
> 37]((1 (%) Hp370(1)

pls

> 3—koz(x)s3_0(1)

(logx)o(1) logx
> 3 aloglogx ocloglogxs?’fo(l)

logx

> 3 aloglogx S370(1)

3—o(1
> x~ o) ((logx)—ka(x)f'?@—ﬂ(l))) 2ot

MLB—o(1))"

— logx
By definition 4.29 we have (logx)e(eB3=0(1)) — (logx)(a oD glogs 23 —0(1) Now con-
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— logx €
sider A = (logx)(Oc o) gelegrt3-0(0) 56 4 = x36=°() Then we have

X3_0(1)

—o(l —kg(x)e(3—o(1
X °()<(logx) (el ())>m2

The following theorem generalizes the proof of [Fiori and Shallue, 2020, Theorem 27].

Theorem 4.36. For any value of o. > 1 satisfying Proposition 4.27 we have the asymptotic
inequality
ZL?(X) (n) > x4—oc*1—0(1)

n<x

as x — oo,

Proof. Note that n = sq where s € Sy (x), and ¢ = g1¢> such that ¢; and ¢ are prime. By

referring to the results that we obtained from Proposition 4.33 and Lemma 4.35, we have

F3(X)F xF 4 xF
F 3 3 3
ZL33(X)(n) > Z L, 7 (sq,p)
n<x sq<x

seSE(x)

It holds for all € > 0, so it holds when € — 0 as well. O]

In the previous part, we worked on Theorems and Lemmas which required the strong
conjecture 4.20, Now we want to introduce the alternative o that relies on weaker conjec-
ture.

Weaker form of Lemma 4.35

At first we define the following set which we would be expected to be larger than the set
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Py(x,a).

Definition 4.37. P, ,(x) = {p < (logx)* | p=1 mod¢,p—1 | M}, where ¢ is a prime

number.

In contrast to Conjecture 4.20 for which no strategy of proof is known, the claim of
Conjecture 4.38 would be expected to follow from the same methods used in the proof
of [Dartyge et al., 2002, Theorem 1.2]. These are outside the scope of this thesis, so they

remain conjectures in this thesis.

Conjecture 4.38. For all 1 < a < 2 we have that

P(’M(x)‘ > (logx)* (1) ag x — oo,

The value 2 above comes from using Remark 19 and Definition 4.37. We expect o < 2,

by applying F(x) =x— 1 where g =1 and k = 1.

Definition 4.39. S((f%(x, a) is the set of integers s which are the product of kq(x) distinct

elements from

Py o(x,a)\Py_g o(x, ).

Lemma 4.40. Let L be an upper bound for Linnik’s constant. Given any element s of

S((f:,)g (x,a) and 1 < o. < 2 there exists a number q < M*" such that
1. (sq)® =1(modM), and (sq) # 1 (mod /),
2. ged(q,s) =1, and

3. np‘qg (ged(n®—1,p—1)—ged(n—1,p—1)) > 0.

Moreover, if n = sq then

as x — oo,
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Proof. We construct g as the product of two primes g and ¢g>. We write M = 7" - 132 . M’
such that gcd(7,M’) = 1 and gcd(13,M’) = 1. Now, we construct the following system of

congruences
sq1 = 2 (mod7) g1 =1 (modM’) g1 =1 (mod13) 4.12)

gp=1(mod7) g=s"'(modM)  sq =3 (mod13). (4.13)

This system has a solution by the Chinese Remainder Theorem (CRT). Additionally, by
Linnik’s theorem you can bound ¢ < M* and these provide all we need for the first condi-

tion. For the third condition, we want to show that
(ged(n® —1,q1 — 1) —ged(n—1,q1 — 1)) (ged(n® — 1,2 — 1) — ged(n — 1,g2 — 1)) #0.
By equation (4.12), we have
13|n*—1, 13]|g1—1,and 13f{n—1,

and thus 13 | ged(n® — 1,41 — 1) but 13t ged(n — 1,41 — 1). Then ged(n® —1,q1 — 1) —

ged(n—1,q1 — 1) # 0. Also, by equation (4.13), we have
T\ =1, 7|ga—1,and T{n—1,

then 7 | ged(n® — 1,g2 — 1) but 7{ ged(n —1,g, — 1). Then ged(n® —1,g2 — 1) — ged(n —

1,2 — 1) # 0. Hence the third case is verified.
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For the last condition, we have

1259 (n, p) >H3<gcdn “p—1)—ged(n—1, p—1)>

pln pls
1
>TI50-1-220)
p\s
koc’(x) 0
> (3) [T
pls
> 4k (¥) HPO(I)
pls
1—o(1)
(1) ka(me(4—o(1))) _*
> ((log) ) YD)
> xl* £/ 70(1) D

In the following theorem that is a weaker form of theorem 4.38, we are going to use

Conjecture 4.36 as an assumption.

Theorem 4.41. For any value of 1 < o < 2 satisfying Conjecture 4.38 we have the asymp-

totic inequality

Z LF3 2 al-o(1)
n<x
as x — oo,
Proof. The proof structure is exactly similar to Theorem 4.36. 0

For the last part of this section, we want to interpret the lower bound for L? ® (n) and

ng ®) (n). So at first, we define the sets P\ (x,a) and P2(x,a).

Definition 4.42. We defined the set P (x) = {p < (logx)* such that p — 1 | M} and

P2(x,a) = {p < (logx)*|a=p mod (p>—1),p*> — 1| M}, where > — 1 =0 (mod M).

Proposition 4.43. For all 1 < o < 2 we have that ‘P&(x)! > (logx)® () gs x — oo,
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Proof. In the Definition 4.42, F(x) =x— 1 so g =1 and k = 1 by applying the Remark 19

we find o0=! > 1—1/2 then o < 2. O
Proposition 4.44. For all 1 < o < 4/3 we have that |P§(x,a)| > (logx)*°) as x — oo,

Proof. In the Definition 4.42, F(x) = x> — 1 thus g = 1 and k = 2 by applying the Remark

19 we find o™ ! > 1 —1/4 then o < 4/3. O

4.3.1 Lower Bound For Lg' ®) (n)

Definition 4.45. S((i %(x) be the set of integers s which are the product of kq(x) distinct

elements from

Pa(x)\Pg_e(x).

Lemma 4.46. Let L be an upper bound for Linnik’s constant. Given any element s of Sgi % (x)
and 1 < o < 2 there exists a prime number q < M* such that

1. sq =1(modM),

2. ged(g,s) =1,

3. (ged(n—1,g—1)*> —ged(n—1,g—1)%) #0.

Moreover, if n = sq then

as x — oo,

Proof. For the first claim, all prime divisors of s € Sg’ %(x,a) are greater than all prime

divisors of M since all p|s satisfy (logx)*"® < p < (logx)* where 1 < o < 2. Then

gcd(s,M) = 1. Now by Linnik’s theorem, we can choose ¢ < M to be the smallest prime
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such that sq = 1(mod M) where gcd(g,s) = 1. The third and forth claims are obvious. For

the last part, we use Theorem 4.15, equation (4.1)

SV Fi(X)F, «F - x Fi(X)F 3xF 3xF
LY (n) :H(L?( T ) (—1)L P )Ly P (n.p))
pln
> HL? (X)FpxFpxFp (n,p)
pls
!l T I 2
_g?ﬂ(gcd(n l,p—1) —ged(n—1,p—1) )
1
> TTe- 1= (= 1?)
pls
— 67 [(p* —4p?+ 5p)
pls
>6 ka(X)Hp3—0(1)
pls

ogx—Llo 3—o(1
> 5ol ((logx)_l iuogﬁlgiMs@—ou») Mio—(é»

To get the fourth line above, we note that gcd(n—1,p — 1) = p — 1 since by Definition

4.42 and the first condition, we know
and we get the result. [

Theorem 4.47. For any value of 1 < o < 2 satisfying Proposition 4.43 we have the asymp-

totic inequality

Z Lgl (X) (n) Z x4—(171—0(1)

n<x

as x —» oo,
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Proof. The proof structure is similar to Theorem 4.36. [

432 Lower Bound For L}’ © (n)

Definition 4.48. Sé? %(x) be the set of integers s which are the product of kq(x) distinct

elements from

Pé (x, a)\Pé (x,a).

Lemma 4.49. Let L be an upper bound for Linnik’s constant. Given any element s of
S(()i% (x,a) and 1 < oL < 4/3 there exists a number q < ML such that

1. sq =a(modM),

2. ged(gq,s) =1, and

3. Hp‘q%<gcd(n— 1,p—1)egcd(m® —1,p> —1,n—p) —ged(n—1,p — 1)2) >0.

Moreover, if n = sq then

as x — oo,
Proof. The proof of this lemma is similar to the proof of lemma 4.40. [

Theorem 4.50. For any value of 1 < a. < 4/3 satisfying Proposition 4.44 we have the

asymptotic inequality

Z ng(x) (n) > x4—oc*1—0(1)

n<x

as x — oo,

Proof. The proof structure is similar to Theorem 4.36. [

85



4.4. UPPER BOUND

4.4 Upper Bound

In this section, we are going to show that there is an upper bound for L§3 ) (n) given
by x*£(x)~1+°(1)_ Also, briefly we will provide similar upper bounds for L? ® (n) and
ng(x) (n).

The following definition generalizes [Fiori and Shallue, 2020, p. 508].

Definition 4.51. Given an integer m, define

M (m) = 1Crnp|m(p - 1)7 7‘2(’”) = 1Crnp|m(pz - 1)7 % (m) = lcmp|m(p3 - 1)

The following lemma generalizes the proof of [Fiori and Shallue, 2020, Lemma 33] and

[Erd6s and Pomerance, 1986, p. 264].

Lemma 4.52. As x — o we have

Proof. For convenience, first we simplify the right hand side of the inequality.

—1+o(1) logy x—logsz x logz x
xe L) — rexp (M) NG )
log, x

So for any ¢ > 0 with m < x we have 1 < (2-)° we can compute:

< A (m)=n
Ay (m)=n 3(m)
< x¢ Z m*C<xCZmC
plm plm
p3—1|n p—1in

Now we apply the Euler Product Theorem to }. ,|,, m™*, namely
p—1in
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Yome=T1(=p)"

p—1in p—1n

plm
Rename the product by A and consider c =1 — }gg—;;‘. If we can show that

o)
A < x ‘2% or logA = o(logxlogloglogx/loglogx), (4.14)
then we have
logy x logy x—logy x logy x—logz x logz x
X Z m=¢ :xlﬂogx ‘A :x< Zlogzx : > A< x( 210ng . ) 'xo(h)i;x) — L(x)flJra(l),
p—1|n
plm

which would give the result.

To show the inequality (4.14), take x large enough such that ﬁii < 1/2, from this it

1
517 < 4. Now we have

follows for all primes p > 2 and ¢ > 1/2 we have 17;_0 <

. = p Y 1 N S
oga=— Y logl—p )= ¥ Y=} (0 43p ¥ +zp +)

p—1in p—1jnt=1 p—1in
p¢
< -
p§|n l=p~¢
<4y d
d|n
<4[T(1-p )",
pln

where on the third line we took d = p — 1. Then we again take the logarithm of both sides,
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so we have

Cc

loglogA < 10g4—i—210g(1 —p )< 10g4+2 P

— pn—C
pln pln I=r
<log4+ 42]9*"
pln
#pln
=log4+4 Z p; <.
=1
;Jfln

pi is the i-th prime

The largest possible values of Z?:p ‘1" p; © comes from n divisible by largest possible number
piln
of small primes, namely when it is the product of all primes up to log(x) and hence

#pln
logd+4 Z p; ‘< Z p ‘< Z p -
i=1 p<logx |p|<logx

piln
pi is the i-th prime

We estimate the )|, <jog p~ © using the partial summation formula, then we have

Y e —nllogx) eyt
p‘:nlogx—+c/ w(t)t < dt
|p|<logx (logx)¢ 2

logx :
(1 ¢ t
loglogx (logx) +C/2 logt
1 I—c Viogx p—¢ logx ;—c¢
<o aite /
loglogx 2 logt Viogx logt?

(logx)!—¢ c 1—c 2¢
1 2
< loglogx ~ (1— c)( 0gx) * +

=0 ((1 gzif()):;ogx> '

I—c
Hence loglogA = O <%>. Now we substitute ¢ that is equal to 1 — iggi,

logx y—¢

1 1—c
(1—c) loglogx( 0g)

we have
logz x

1 logs x 1
loglogA =0 X :0( ngx),
log; x log; x
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or there exists positive constant C’ such that logA < log(x)cl/ logloglog(x) " Op the other

hand we have log(x)€'/logloglog(x) — ,, (logx%g?ﬁ) and so logA < logxﬁ*i or logA =

o(logxlogloglogx/loglogx) and it gives the result. O

The following lemma generalizes the proof of [Fiori and Shallue, 2020, Lemma 34].

Lemma 4.53. Assume n is composite and let k be the smallest integer such that A3(n) |
k (n3 —1). Then

1
)= 1=
pln

Proof. We introduce the smallest integer k by the equation k = A3(n)/ged (A3(n),n* —1).
Also by Lemma 4.16 we know that L3 () < [1p), gcd (n3 —1,p*—1). To prove the

lemma, it is sufficient to prove

As(n
gcd(x3(3n()7)ns_1)ngcd(l? —1,m°—1) ‘H P 1)

pln pln

Note that the above claim is stronger than the claim of the Lemma. Without lose of gener-

ality we may consider a prime ¢ and the integer o > 0 such that

o

A3 (n
gcd(k3(3;f)7),13 —1) Hng (p3 — 1,,,3_ 1).
pin

Now the approach here is to show that q°°| [1pn ( P — 1).

Thus there is integer d > 0 such that ¢?||n® — 1. We fix the integer d throughout the
proof. Also, there is integer B; > 0 such that ¢Pi | p? — 1. Based on the definition of A3(n)
as an least common multiple of p? — 1, we have ¢™>Pi||A3(n).

Now two cases happen; First, d > B; for all i and the second one is d < [3; for some ;.

« d > P, foralli,and gP | p? — 1. We set the order for f3; and without loss of generality,
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we may consider B; < By < --- < B,, namely, B, is the largest power of ¢ which
g°r | p? — 1. Then we have o0 = max 3; — min(max B;,d) + Y'_; B; = ¥'_, B; from the

following divisibility

¢ 5 YiiB
o i—1 Pi o i=1Pi
q H qmin(max Bi.d) q=='", orq HC[ B

On the other hand, ¢P1gP2. .. 4P

I1 ,In( - 1) meaning qZ, 1 Bi

I1 ,\n( _1)

* Otherwise, if d is not larger than all of the 3; we may assume, B; <P, <---B; <d <

B]+1 S Br_ SO
% g™ B;—min(max B;,d) qz{:l B qd(rf 7) ‘ qs, Y, B, d(r—j—1)
‘qBr Zl ]Bl i= j+1Bl_qZ;.:1Bi H(p3_l)
pln
Hence, we get the result. [

The following theorem generalizes the proof of [Fiori and Shallue, 2020, Theorem 36].

Theorem 4.54. For large x we have the asymptotic inequality

Z L?(x)(n) §x4L(x)71+0(1)‘

n<x

Proof. Let Cy(x) denote the set of composite n < x where k is the smallest integer such that

da(n) | k(n® = 1). I n € Ge(x), then L™ (n) < LTT,, p* = n°/k. Thus

3
PZIOEDY Z fYm<y ¥ =
n<x k neCe(x k neCy(x) k
< + i
kz%me)c:k(x) L{x) ks%x) neGr) K
4
X 3 |Ci(x)]
< +
Sac) SZL:(X) k
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By the Euler’s summation formula, we find that } ;< /(x) % =log(L(x))+o(1) which is less

than £(x)°(1). Thus the proof will be completed if we can prove that
|Cr(x)| < xL(x) 1o,

For every n € Ci(x), either
1. n<x/L(x)
2. nis divisible by some prime p > {/kL(x), and/or
3. n>x/L(x)and p | nimplies p < J/kL(x).

By assumption the number of integers in the first case is at most x.£(x)~!.

In the second case, if n € Cx(x) and p | n, notice that p* — 1 divides k (n* — 1) by Lemma

4.53. Then
P3 —1 3
A1) |n®—1, (4.15)
namely,
n® =1 mod L. (4.16)
ged (k,p3 —1)

By the application of Chinese remainder theorem, we find that the number of solutions

31
3_ _p =1 +1
for n mod —2—=} (gcd(k.,pll)) .

. (0]
m 1S at most 3

Take Wmax(p> — 1) as the maximum number of distinct prime factors of p* — 1 for all

p | n, then we have

03( ”373] )—H 3 141
3" \ged(kp3-1) < 3Omax(PP—1)+1 4.17)

So in equation (4.16), the number of solutions for n that are less than x and satisfy p | n for
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3_ .
all p, modulo m, is bounded by

1 x30mas(°=1) 1 xkL(x)°)

p P Djecd(p—1) = p(pP—1)

(4.18)

In (4.18), we have 3®max(P’~1)+1 < £(x)°M). As demonstrated in [Hardy and Wright, 1979,

Section 22.10], it has been established that for n < x, the inequality ®(n) < (14+0(1)) 101;1%;; -

holds. In our specific case, considering the range p> — 1 < n® < x3, we deduce that

logx®
3
(wmax(p B 1) + 1)10g3 < (1 +0(1)) (w) 10g3

(Omax(p* = 1) +1) < (1+0(1)) (mgzli—gljgzx)

logx logyx
<(3 D) ————
< @+oll)) (10g2x10g3x)

- (logxlog3x) (1+0(1))

log, x logz x

< log(L(x))o(1)

< o(log(L(x))).
We conclude that the maximum number of 7 in the second case is

3xk L(x)°(V) ) 3xk L(x)°(V)

L o S 1
p>\3/k[4(x)p (1+0(1)) p>3/kL(x) P
3xk o
< X i L) g
p>/kL(x)
0 1
< xkL(x)°) Z A
p>\3/kL(x)
1
= xkL(x)°) —d
Xl (X) o> AL p4

For n in the third case, since all primes dividing n by the assumption of third case are
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smaller than /kL(x), we can construct a divisor d of n such that it satisfies the following

inequality

L(x) /kL(x) <d= L(x)

To construct such a divisor, we remove primes from » until the remaining integer is smaller
than x/ L(x); since each prime dividing n is at most </kL(x), the lower bound follows, as

well.

We have d | n 50 A3(d) | A3(n). Since A3(n) | k (n® — 1) then A3(d) | k (n* — 1), and by
a similar argument we had in equations (4.15) and inequality (4.18). We conclude that the
number of n € Cy(x) with d | n is at most

xL(x)”(l)
dhs(d)/ ged (k,A3(d))

We define the set A by

el i <4< i)

Now, the number of n € Ci(x) in the third case is at most

xL(x)°W ged (k, A3 (d))

d (k,A3(d))
— xL(pe) y EediAstd))
L W@ L )
= xL(x)°D) Z 1 Z 1
m<x m deA
_Md)  =m
ged(kA3(d))
1 1
< o)y — —
< xL(x) ; p” Z Z y
m<x """ ulk d€A
A3 (d)=mu
Note that if % = m, then A3(d) = mged (k,A3(d)) for some u | k. We define the set

Apu by
{d € A; \3(d) = mu}.
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To evaluate the inner sum we use partial summation and Lemma 4.52 to get

—1
ZXAmu(f)t—zdf

d<t

< Y () /X/L(x)
- K T2 () x/L(x) 3/kL(x)

x/ L(x) 1
S TR I "
x/ L(x) d; x/L(x) YKL (x) 12 dd%
e mu

< L(x) x/L(x) /X/L(X) 1 x/L(x)
Tox L(x/L(x) W) £ /kL() 17 L(x/ L(x)) o)
< ! x/L(x) 1

= L(x/ L)) L(x/ L(x)1HW) x/ £ (x) Sk L(x)

< L(x)_1+0(1)

— Y

dr

for large enough x and uniformly for k < L(x). Notice that 34, (d) is a characteristic func-
tion over set A,,;,. Note in the following that we shall use that the count of divisors of an in-
teger k is bounded above by 3(1+o(1))logk/loglogk (see for instance [Hardy and Wright, 1979,

Theorem 317]). Notice that since k < L(x) then

3(1+0(1))10gk/10g10gk < 3(1—1—0(1))log(L(x))/loglog(L(x)))

= exp (log3(1+0(1))log(L(x))/loglog(L(x)))

= £(x)°W).
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Thus the count in case (3) is

D P VI WP EVZRERD W TR

m<x u|k de m<x ulk
A3 (d)=mu
<xL(x —l+o(l Z Zl
m=<x u|k
< XL —1+o(1 Z 3 (140(1))logk/loglogk
m<x

< xL(x)—l+0(l)3(l+0(l))logk/loglogklogx

< xL(x)" o), O

4.4.1 Upper Bound For Lgl ® (n)

In this section, we will present the upper bound for L? ® (n) and highlight its differences
compared to the L§3 () (n) case. Note that by applying Lemma 4.16, we will focus on three

terms, as outlined in inequality (4.4.1).

3
L?(n) < Hmax (gcd(n— l,p— 1)3,§gcd(n— 1,p—1)ged(n—1,p*> —1),
pln

ged(n—1,p° — 1))

The following definition generalizes [Fiori and Shallue, 2020, p. 510].

Definition 4.55. We do need a new piece of notation, namely given a prime p we shall

define

(

(p—1)3 when ged(n—1,p —1)3 is largest,

dn(p) =9 (p—1)(p —1) when ged(n—1,p—1)ged(n—1,p*—1) is largest,

p—1 when ged(n— 1, p® — 1)is largest.
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Lemma 4.56. Suppose n is composite and let k be the smallest integer such that Aj(n) |

k(n® —1). Then

Proof. The proof structure is exactly similar to the Lemma 4.53 with some modification as

in [Fiori and Shallue, 2020, Lemma 35]. ]

Theorem 4.57. For large x we have the asymptotic inequality

n<x

Proof. Let Dy(x) denote the set of composite n < x where k is the smallest integer such
that Ay (n) | k(n® —1). If n € Dy (x), then L? ® (n) < $T1pup* = n®/k. If you check piece
wise function £, (p) for each case, we have h,(p) < p>. So in general, If n € Dy(x), then
L? ® (n) < %Hp‘n p® = n®/k. The rest of proof is similar to Theorem 4.54 with some

modifications. ]

4.4.2 Upper Bound For L? ) (n)
In this section, we will present the upper bound for L?(x) (n). Note that by applying

Lemma 4.16, we will just focus on term ged(n — 1, p — 1) ged(n? — 1, p? — 1) in this case.

Lemma 4.58. Suppose n is composite and let k be the smallest integer such that Ay(n) |

k(n® —1). Then
1

—H —1)(p*—1).
pln

Pl

Proof. The proof structure is exactly similar to Lemma 4.53. [
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Theorem 4.59. For large x we have the asymptotic inequality

Z ng(x) (I’l) < x4L(x)fl+0(l)_

n<x

Proof. The proof structure is exactly similar to Theorem 4.54. 0
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Chapter 5

Conclusion and Further Work

In this thesis, we derived explicit formulas for counting cubic liars (f,n). The results we
obtained in the cubic case exhibit essentially the same lower and upper bounds as those
found by Erd6s-Pomerance and Fiori-Shallue for quadratic and Fermat pseudoprimes, re-
spectively once one takes into account the difference in the number of linear, quadratic and

cubic polynomials.

Based on the bounds established by ErdGs-Pomerance, the probability that (f,n) a Fer-

mat pseudoprime for n ~ x is given by
33 < Pr((f,m)) < L),

The probability that (f,n) is a quadratic pseudoprime for n ~ x, according to the bounds

established by Fiori-Shallue, is
x oW < Pr((f,m)) < £(x) D,
Similarly, in the cubic case, using the bounds we have established, the probability is

X %0 < pr((f,n)) < £(x) o0,
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5. RESULT

We expect the probability for quadratic pseudoprimes to be lower than those for linear
pseudoprimes, despite the fact that the current bounds are similar. Furthermore, we antic-
ipate that the probability for cubic pseudoprimes will be lower that that of the quadratic

case. Some ideas to better understand or improve the bounds are as follows.

One interesting area of work would be to improve the precision of the estimates. For
example, our bounds all include a o(1) term. It would be interesting to attempt to further
analyze this term so as to describe a more precise asymptotic. This might reveal differences

between various tests.

An additional interesting discussion is how often L§3 (n, p) is equal to zero, and knowing
it helps find the actual value of L§3 (n). One way to study this would be by computing the
actual values of L§3 (n,p) and L§3 (n). Alternatively, using the Chebotarev density theorem
shows the probability of the factorization structures I ;3 X IF 3 X F 5, F » X F » X Fp,, and

F, xF, xF, occurring is %, %, and %, respectively. Also, by Lemma 4.11 we know that

F3 (X)prmpz <F _ . B()
L, (n, p) = 0 so the consequence is that the probability that L;”" (n) = 0 should
be at least 1 — (1/ 2)‘”(”). Making this estimate more robust, or using it in our upper bounds

somehow, would be interesting projects to pursue.

Finally, Generalizing the approach that we used for finding the upper and lower bounds

in Chapter 4 will be interesting for polynomials with degrees greater than 3.

99



Bibliography

[Aebi and Cairns, 2008] Aebi, C. and Cairns, G. (2008). Catalan numbers, primes, and
twin primes. Elemente der Mathematik, 63(4):153—164.

[Alford et al., 1994] Alford, W. R., Granville, A., and Pomerance, C. (1994). There are
infinitely many Carmichael numbers. Annals of Mathematics, 139(3):703-722.

[Baillie et al., 2021] Baillie, R., Fiori, A., and Wagstaff Jr, S. (2021). Strengthening the
Baillie-PSW primality test. Mathematics of Computation, 90(330):1931-1955.

[Baillie and Wagstaff, 1980] Baillie, R. and Wagstaff, S. S. (1980). Lucas pseudoprimes.
Mathematics of Computation, 35(152):1391-1417.

[Baker and Harman, 1998] Baker, R. and Harman, G. (1998). Shifted primes without large
prime factors. Acta Arithmetica, 83(4):331-361.

[Barwick, 2016] Barwick (8 April 2016). Determinants & Permutations Lecture Notes.
MIT.

[Cox, 2011a] Cox, D. A. (2011a). Galois theory, volume 61. John Wiley & Sons.
[Cox, 2011b] Cox, D. A. (2011b). Galois theory, volume 61. John Wiley & Sons.

[Dartyge et al., 2002] Dartyge, C., Tenenbaum, G., and Martin, G. (2002). Polynomial
values free of large prime factors. Periodica Mathematica Hungarica, 43:111-119.

[Dent and Mitchell, 2005] Dent, A. W. and Mitchell, C. J. (2005). A companion to user’s
guide to cryptography and standards.

[Erd6s and Renyi, 1956] Erdds, P. and Renyi, R. (1956). On pseudoprimes and carmichael
numbers. Publ. Math. Debrecen, 4(1956):201-206.

[Erd6s and Pomerance, 1986] Erdds, P. and Pomerance, C. (1986). On the number of false
witnesses for a composite number. Mathematics of Computation, 46(173):259-279.

[Fiori and Shallue, 2020] Fiori, A. and Shallue, A. (2020). Average liar count for degree-2
Frobenius pseudoprimes. Mathematics of Computation, 89(321):493-514.

100



BIBLIOGRAPHY

[Gallier and Quaintance, 2017] Gallier, J. and Quaintance, J. (2017). Notes on primality
testing and public key cryptography. part I: Randomized algorithms, miller—rabin and
solovay—strassen tests. Philadelphia: University of Pennsylvania, pages 2—163.

[Gordon and Pomerance, 1991] Gordon, D. M. and Pomerance, C. (1991). The distribution
of Lucas and elliptic pseudoprimes. Mathematics of Computation, 57(196):825-838.

[Grantham, 1998] Grantham, J. (1998). A probable prime test with high confidence. Jour-
nal of Number Theory, 72(1):32-47.

[Grantham, 2001] Grantham, J. (2001). Frobenius pseudoprimes. Mathematics of Compu-
tation, 70(234):873-891.

[Grantham, 2010] Grantham, J. (2010). There are infinitely many Perrin pseudoprimes.
Journal of Number Theory, 130(5):1117-1128.

[Grantham, 2020] Grantham, J. (2020). An unconditional improvement to the running time
of the quadratic frobenius test. Journal of Number Theory, 210:476—480.

[Hardy and Wright, 1979] Hardy, G. H. and Wright, E. M. (1979). An introduction to the
theory of numbers. Oxford university press.

[Jacobsen, 2020] Jacobsen, D. (2020). Pseudoprime statistics, tables, and data.
https://ntheory.org/pseudoprimes.html.

[Knapp, 2006] Knapp, A. W. (2006). Basic algebra. Springer Science & Business Media.

[Korselt, 1899] Korselt, A. (1899). Probleme chinois. L’intermédiaire des mathématiciens,
6:142-143.

[Lehmer, 1930] Lehmer, D. H. (1930). An extended theory of Lucas’ functions. Annals of
Mathematics, pages 419-448.

[Linnik, 1944] Linnik, U. (1944). On the least prime in an arithmetic progression II. The
Deuring—Heilbronn phenomenon. Rec. Math.(Sbornik), 15(3):347-368.

[Morain, 1998] Morain, F. (1998). Primality proving using elliptic curves: an update. In
International Algorithmic Number Theory Symposium, pages 111-127. Springer.

[Pomerance et al., 1980] Pomerance, C., Selfridge, J. L., and Wagstaff, S. S. (1980). The
pseudoprimes to 25 - 10°. Mathematics of Computation, 35(151):1003—1026.

[Rabin, 1980] Rabin, M. O. (1980). Probabilistic algorithm for testing primality. Journal
of number theory, 12(1):128-138.

101



BIBLIOGRAPHY

[Rosser and Schoenfeld, 1962] Rosser, J. B. and Schoenfeld, L. (1962). Approximate for-
mulas for some functions of prime numbers. [llinois Journal of Mathematics, 6(1):64—
94,

[Rotkiewicz, 1982] Rotkiewicz, A. (1982). On Euler Lehmer pseudoprimes and strong
Lehmer pseudoprimes with parameters L, Q, n arithmetic progressions. Mathematics of
Computation, 39(159):239-247.

[Smith, 2021] Smith, G. G. (2021). Linear algebra lecture notes-Queens university.
https://mast.queensu.ca/ ggsmith/Math110/notes12.pdf.

[Stein, 2005] Stein, W. (2005). Elementary number theory.

[Xylouris, 2011a] Xylouris, T. (2011a). On the least prime in an arithmetic progression
and estimates for the zeros of Dirichlet L-functions. Acta Arithmetica, 150:65-91.

[Xylouris, 2011b] Xylouris, T. (2011b). Uber die Nullstellen der Dirichletschen L-
Funktionen und die kleinste Primzahl in einer arithmetischen Progression. PhD thesis,
Universitits-und Landesbibliothek Bonn.

102



Appendix A
Appendix

Source codes of Example 2.29

#We take R as a polynomial ring
\frac{\mathbb{Z}}{\mathbb{Z}_89} [x]
R=PolynomialRing (GF (89), \text{’'x'})

#Means the variable here is "x"

x=R.gen ()

{f=x"4+12*x+1}
#S=\frac{\frac{\mathbb{Z}}{\mathbb{Z}_89} [x]}{f (x)}
S=R.quotient (f, \text{’a’})

#Means the variable here is "a",

a=S.gen()

#Here we reduced polynomial f(x) module of polynomial ring
\frac{\mathbb{Z}}{\mathbb{Z}_89} [x]

a"{89}-a

Answer:59*x"3 + 51*x"2 + 19*x + 86

R=PolynomialRing (GF (89),'x")

x=R.gen ()

f=x"4+12*%x+1

#Here g(x) is the reduced form of polynomial f(x) which we found it
in the previous part

g=59*x"3 + 51*x72 + 19*x + 86

#Here we want to find the GCD(f (x),g(x))

f.gcd(g)

#Rename it as F_1(x), F_1(x) is the product of l-degree irreducible
polynomials

F_1=f.gcd(9g)

Answer:x+78
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A. APPENDIX

f=x"4+12*x+1

#By the GCD that we found we use the factor code here to factorize

polynomial f(x)
f.factor ()
Answer: (x + 78) * (x"3 + 11*x"2 + 32*x + 8)

R=PolynomialRing (GF (89),'x")
x=R.gen ()

#f 1(x)= \frac{f 0(x)}{F_1(x)}
f 1=(x"3 + 11*x"2 + 32*x + 8)
S=R.quotient (f_1,"a’)
a=S.gen()

a"{(8972)}-a

Answer:64*a”"2 + 86*a + 19

R=PolynomialRing (GF (89),'x")
x=R.gen ()

f 1=(x"3 + 11*x"2 + 32*x + 8)
c=64*x"2 + 86*x + 19
f_1l.gcd(c)

Answer:1

R=PolynomialRing (GF (89),'x")
x=R.gen ()

f 2=(x"3 + 11*x"2 + 32*x + 8)
S=R.quotient (f_2,"a’)
a=S.gen()

a " {(8973)}-a

Answer:0

R=PolynomialRing (GF (89),'x")
x=R.gen ()

f 3=1

S=R.quotient (f_3,"a’)
a=S.gen()

a"{(8974)}-a

Answer:0

R=PolynomialRing (GF (89),'x")
x=R.gen ()
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A. APPENDIX

f 2=(x"3 + 11*x"2 + 32*x + 8)
S=R.quotient (f_2,"a")
a=S.gen()

a”{(89)}

Answer:25*a"2 + a + 59

f 2(x=25*a"2 + a + 59)
Answer=0

#Checking the third step of Grantham’s test

R=PolynomialRing (GF (89),'x")
x=R.gen ()

f=x"4+12*x+1

#discriminant f(x)
d=f.discriminant () ;d
Answer:16

#Legendre symbol \frac{d}{89}
kronecker (d, 89)
Answer:1

T.<x>=PolynomialRing(IntegerModRing (1763))
f=x"2-3*x-1

S=T.quotient (f,’a’)

a=S.gen()

a"{(1763) }-a

Answer:1760

y_1=1760
F_1=f.gcd(y_1);F_1
Answer:1

a~{(1763)"2}-a
Answer:0

a~ {1763}
Answer:a + 1760

f (x=a+1760)
Answer:1757*a + 18
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T.<x>=PolynomialRing(IntegerModRing (1763))
f=x"2+x+1

S=T.quotient (f,"a’)

a=S.gen()

a"{1763}-a

Answer:1761*a + 1762

y_1=1761*x + 1762
F_1=f.gcd(yl);F_1
Answer:1l

a”~{(1763)"2}-a
Answer:0

F_2=f.gcd(0);F_2
Answer:x 2 + x + 1

a”~ {1763}
Answer:1762%a + 1762

f(x=1762*%a + 1762)
Answer:0

d=f.discriminant () ;d
Answer:1760

kronecker (d, 1763)
Answer:-1
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