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Abstract

Chebotarev’s density theorem generalizes the prime number theorem and Dirichlet’s theorem
for primes in arithmetic progressions to the setting of number fields. In particular, it asserts
that prime ideals are equi-distributed over the conjugacy classes of the Galois group of any
given normal extensions of number fields. The first part of the thesis investigates the works by
Lagarias and Odlyzko together with the work of Winckler which provides an explicit error term
for the prime counting function in Chebotarev’s density theorem. We rework their argument
and improve their bounds. The second part improves on the results from the first part by inves-
tigating more modern tools. The second part improves further by investigating more modern
tools. Some of the main ideas are deriving an explicit formula for a smooth version of a certain

prime counting function, and estimating associated sums over the zeros of Hecke L-functions.
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Chapter 1

Introduction

1.1 The prime number theorem

The main focus of this thesis is to study of distribution of primes in number fields of degree
greater than 1. In the base number field, Q, the distribution of primes is studied in the form of
the Prime Number Theorem (denoted PNT) and Dirichlet’s Theorem for Primes in Arithmetic

Progressions. For = > 1, let us define

m(x) = #{p < x| p prime }

and the logarithmic integral
Todt

Li(z) = —.
i(@) 5 logt

(1.1)
The famous prime number theorem (PNT) states that
m(x) ~ Li(x),

where f(z) ~ g(x), for positive functions f,g, means limx_wo% = 1. PNT was proven

N

independently by Hadamard and de la Vallée Poussin in 1896. More precisely, they proved

m(x) — Li(z) < zexp(—cy/log z),

where ¢ is a positive effective constant (effective means the constant ¢ can be computed). The
notation f(x) < g(z) means there is a positive constant C' such that for all sufficiently large x,

|f(z)] < Cg(z). For details of this proof, see Davenport’s book [6, Pages 115 - 124].
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Let us introduce the classical Riemann (-function defined as

1 1\ "
&) =2 5 = IT(1- »)
n=1 P
for R(s) > 1. Here the product is over all primes p. This function is holomorphic in the complex
plane except at s = 1 where it has a simple pole. All its zeros outside the so-called critical
strip 0 < Rs < 1 are known and it has been conjectured by Riemann in 1859 that the zeros
inside that strip all lie in the line Rs = 1/2. This conjecture, famously known as the Riemann
Hypothesis (denoted RH), remains open to this day.

The PNT is equivalent to

lim ¥lz) =1 where ¥(x) = Z log p

r—00 I
pk<a,k>1

is a weighted prime counting function. As Riemann showed in his 1859 memoir, the approach
of directly using ¢ (x) allows us to directly connect to the complex valued Riemann (-function
and to make use of powerful analytic tools to extract information about prime numbers.

We denote the normalized error term in PNT by:

The conjectured size of E(x) is 272+ and this is equivalent to the infamous Riemann Hypothesis
(RH). Unconditional (without RH) results exist (valid for sufficiently large z) and we refer the
interested readers to [6, Chapters 17 and 18]. Next, we provide a brief history about the explicit
treatment of this error term (so valid for known values of x). This was initiated by works of
Rosser and Schoenfeld ([23],[24],[25]) : Rosser in [23, Theorem 22] proved E(z) < \/@e_\/%
for z > %000 and in [23, Theorem 21] proved E(z) < 0.0119 for x > €. This was later refined
by Dusart [7] in his PhD thesis and successive articles. He proved that F(z) < 9.05 x 1078 for
x > €. Later, Faber (Chinook 2010) and Kadiri [8, Theorem 1.1] proved E(z) < 9.47 x 10710
for > €°0. They introduced a family of smooth weight functions to prove their theorem. This
is one of the key tools used in this thesis. This idea was later used by Biithe [5, Theorem 1]

(with a different weight). He established bounds on E(x) for smaller values of = and improved
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bounds on E(x) for previously established values of x, for instance, E(z) < 1.12 x 10710 for

x > €. Finally, Platt and Trudgian proved in 2020:

Theorem 1.1. (/20, Theorem 1]). Let R = 5.573412. For each row X, A, B,C, ey from [20,

Table 1], we have that, for alllogz > X,

B
E(£)§A<10§x> exp<C loj;gzrv)7

and

|Y(z) — x| < eox.

For instance, they obtain (X, A, B,C,ey) = (6000,611.6,1.51,1.94,4.23 x 1072!) is valid.
New work of Fiori, Kadiri and Swindisky (USRA 2020) [9, Theorem 1.2] claims improvements
to (X, A, B,C, e) = (6000,135.7,1.5,2,1.349 x 10722).

Now let a and ¢ be fixed co-prime numbers with ¢ > 3. Let ¢ denote the Euler phi function

defined by ¢(q) = #{k €Z | 1 <k < q and ged(q,k) =1} and let

m(z;a,q) = #{p <z | p= amod ¢}

Dirichlet’s prime number theorem for arithmetic progressions states that, for any fixed modulus

q,
(v10,0) ~ 7~ Li(a), as 2
m(z;a,q) ~ — Li(z), as x — oo.
o(q)
This is equivalent to
. Y(wsa,q) . _
zlg{)lot =1, where ¥(z;a,q) = kz log p.
20 FE,

Explicit results regarding the primes in arithmetic progression are well-known. Let

(r;a,9) = 55

xT

#(q)

E(z;a,q) = ‘

In 1984, McCurley generalized the approach of Rosser and Schoenfeld to primes in arithmetic

progressions and obtained the first explicit results regarding primes in arithmetic progressions.
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In [17, Theorem 1.2], he obtained bounds for sufficiently large moduli. For instance he proved
E(z;a,q) < 11.50 for z > 189" and ¢ > 10'3. In [22, Theorem 1], Ramaré and Rumely proved
that E(z;a,q) < 0.002 for z > 10'% and ¢ = 13, and in [14, Theorem 1.1], Kadiri and Lumley
using the technique of smooth weights proved that E(z;a,q) < 4.992-107% for x > 10'% and
g = 13. Both results are actually proven for a finite family of “small” moduli (including ¢ = 13)
for which the Generalized Riemann Hypothesis (GRH) was partially verified.

In order to state precisely GRH, we first introduce Dirichlet characters. A Dirichlet character,
X (mod ¢) is a completely multiplicative function of period ¢ on integers n € Z which takes
complex roots of unity as values when ged(n, g) = 1 and is 0 otherwise. For a Dirichlet character

X (mod ¢), the Dirichlet L-function associated to it is given by

oo -1

L) = XM~ (122

n=1 P

for R(s) > 1. Here the product is over all primes. xg is called the principal character if yo(n) =1
for all n with ged(n,q) = 1 and is 0 otherwise. If we take ¢ = 1, then g is identically 1 and the
corresponding L-function is the Riemann (-function, {(s). It is conjectured that each Dirichlet
L-function satisfy the so-called Generalized Riemann Hypothesis, that is that all its zeros in the
critical strip align on Rs = 1/2. It can be proven that they do not vanish on a slim region to
the left of ®s = 1, namely that there exists some absolute positive constant Ry (depending on

q) such that L(s,y) modulo ¢ has at most one zero in the region s > 1 — and |Qs| < 1.

1
Rjlogq

This zero if it exists is real, and is called exceptional (also referred to as Siegel zero). It is
another open famous conjecture in analytic number theory that this zero does not exist.

Similar to Theorem 1.1, Bennett et al. proved :

Theorem 1.2. ([4, Lemma 6.10]). Let Ry = 5.645908801. For ¢ > 10° and z > e*ft1(log)*

1 1
El(z;a,q) < 1.0122%71 1 1.4579 ¢(q)1/ 2L exp ( — \/@ ,
Rl R1

where the term in [y is present only if one of the Dirichlet L-function (mod q) possesses an

exceptional zero By.

The classical tools to prove above theorems are:
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1. An explicit formula relating the prime counting functions ¢ (x) and ¢ (x; a, q¢) to some sum

over the zeros of Riemann (-function or Dirichlet L-functions respectively.
2. An estimate of the count for the number of zeros in a specific region of the complex plane.
3. A zero-free region for the corresponding function.

4. Numerical verification of RH / GRH for the first zero. See the latest work of Platt-Trudgian
[21] and Platt [19] for current records (for instance if the imaginary part is under 3 x 1012,

then the zeros of ((s) are on the R(s) = 1/2 line).

All these tools have been adapted to the general number field case recently except the fourth

one which is yet to be done.

1.2 Primes in Chebotarev’s density theorem

Our next step is to explore prime ideals in number fields. In order to do so, we require some
notation and definitions.

Let L/K denote a normal extension of number fields with Galois group, Gal(L/K) = G. Let
Ok denote the ring of integers of the field K. Let N denote the absolute norm of an ideal I in
Ok (i.e., N(I) = [Ok : I]). A prime ideal p in Ok is said to be unramified in L if the ideal pOp,
has a unique decomposition into a product of distinct prime ideals in Oy, with multiplicity 1. For
every unramified prime ideal p in O, let o, denote the Artin symbol at p. Then Chebotarev’s
density theorem essentially tells us that the Artin symbols are equidistributed in the set of

conjugacy classes of G. More precisely, Chebotarev proved in 1922 that :

Theorem 1.3. (Chebotarev’s density theorem [29]). Let C C G be a fixed conjugacy class and

denote
mo(x) = #{p C Ok | p is unramified with Np <z and o, = C}.
Then
wo(z) ~ :g: Li(x).
This theorem tells us that for a random prime ideal p, the probability that o, equals C'is %

Note that if K = L = Q, Chebotarev’s density theorem reduces to the Prime Number Theorem

(C =G ={1} and m¢(x) = w(x)) and if K = Q and L = Q({,) where (; is a primitive g-th root
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of unity, then Chebotarev’s density theorem reduces to Dirichlet’s theorem for primes in a fixed
arithmetic progression (modulo ¢) (C' = 0, and 7¢(x) = 7(x;a,q)).
Let us introduce (7 (s), the Dedekind (-function corresponding to the field L, given by the

Dirichlet series
1

CrL(s) = ———, for R(s) > 1,
2 Wy
=YL
where I runs through the non-zero ideals of the ring of integers, Or. As the Riemann (-function,

Cr(s) is expected to satisfy the GRH for Dedekind ¢(-function : for every complex number s with
R(s) >0 and (1(s) =0, R(s) = 1/2. In 1974, Stark proved the first zero-free region for (z (s):

Theorem 1.4. ([27, lemma 4]). If np, > 1, then (1(s) has at most one zero p = B + iy in the
TEGLON

Iv| < (4logdy)™t and > 1 — (4logdy)~?, (1.2)
and if this zero exists, then it has to be real and simple and is denoted as (.

Effective versions of Chebotarev’s density theorem provide explicit error terms which depend
on field constants, namely on ny, the degree of extension of L over QQ, and on d,, the absolute
value of the discriminant of L. These versions are important since many number theoretic
applications depend on the size of error terms involved. In this regard, Serre provided explicit

bounds which were conditional on the Generalized Riemann Hypothesis (GRH):

Theorem 1.5. (Serre [26, Theorem 4]). Let L/K be a normal extension of number fields with
G = Gal(L/K). Let C C G be a conjugacy class. Assume the GRH for the Dedekind zeta
function, (s). Then there exists an absolute constant ¢c; > 0 such that

Cl

@Li(x) < clﬁx%(logdL—knLlog(x))

WC(’:C) - ‘G|

for all x> 2.

In 1977, Lagarias and Odlyzko proved the first unconditional version of Chebotarev Density

Theorem:

Theorem 1.6. (Lagarias and Odlyzko [15]). Let L/K be a normal extension of number fields

with G = Gal(L/K). Let C C G be a conjugacy class. There exists absolute effectively com-
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putable constants ca and cs3 such that if © > exp(10n(logdy)?), then

_
G

o(X) Li(z)| < 1] Li(2™) 4 coz exp ( —c3 log:c>7

G| ng
where By term is present only if Dedekind (-function, (;, has an exceptional zero By.

Chebotarev’s density theorem is equivalent to

ILm Yo(z) =1 where vYo(x)= Z log(Np).
T—$00 g e
|G|m) P {:Inr"ramgiﬁed
oyt=C
Let C
Yo(z) — He
EWC):‘ & ¢ (1.3)

Lagarias and Odlyzko proved that:

Theorem 1.7. ([15, Theorem 9.2]) There exists cs,c5 > 0 constants such that if v > exp(4ny (logdr,)?),

then

Bo—1 1
Ey(x) < m +C4exp<—05 ng),
Bo nr

where By term is present only if the Dedekind (-function (g, has an exceptional zero By.

In his Ph.D (2013), Winckler made every result in the article of Lagarias and Odlyzko [15]

explicit, and he proved:

Theorem 1.8. (/30, Theorem 1.2]). Let L/K be a normal extension of number fields with
G =Gal(L/K). Let C C G be a conjugacy class. If x > exp(8nr(log(150 867di4/5))2), then

ICl . IC] . 8 1 [logzx
X) - =, < M Li(2Po =]
7TC( ) |G’ 1(1") = |G| l(l' ) —+ C6T €XP 99 n s

where cg = 783846699 796966 < 7.84 x 10 and the By term is present only if the Dedekind

C-function, (1, has an exceptional zero By.

This follows by partial summation and integration by parts from:
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Theorem 1.9. ([30, Theorem 8.2]). Let L/K be a normal extension of number fields with

G =Gal(L/K). Let C C G be a conjugacy class. If x > exp(4nr,(log(150 867di4/5))2),

1»/30 -1
Bo

By(o) < 7T— 43 10gx>

+ c7exp < 5 L

where ¢; < 1.51 x 1012 and the By term is present only if the Dedekind C-function, (1 has an

exceptional zero By. Note that ig/g =0.01436. . ..

In this thesis, we will only look at the unconditional versions of Chebotarev’s density theorem.
In Chapter 2 of the thesis, we study Winckler’s [30] closely. We were able on one hand to
correct some errors and on the other hand to improve some of his results which leads to the
improvement of the constants cg ad ¢7. For instance, we modify Theorem 1.8 and Theorem 1.9

into the following three theorems:

Theorem 1.10. Let L/K be a normal extension of number fields with G = Gal(L/K). Let
44
C C G be a conjugacy class. If ny, > 2 and x > exp <8nL(log(1 114759dp ))2>, then

<] . Cl o sy, 1C] 1 [logz
- ML S Li(zPoy 4 ) — =/ 1.4
ﬂ-C(x) |G’ 1(1") < |G| l(l' )+ |G|CGIL‘GXP 99 nr ) ( )

where ¢ = 0.4958 and the By term is present only if the Dedekind -function, (1, has an excep-

tional zero By.
Theorem 1.11. Let L/K be a normal extension of number fields with G = Gal(L/K). Let

44
C C G be a conjugacy class. If ny, > 2 and x > exp <8nL(log(10478 733d. ))2>, then

_l

. ICl .., 5 4 1C| 1 [logx
L P Li(afoy 4 ™1 ]
| i(z)] < I i(z7) + ¢ ‘G’xexp oo\ n, )

where ¢ = 0.4 and the By term is present only if the Dedekind -function, (1, has an exceptional

mo()

zero By.

Theorem 1.12. Let L/K be a normal extension of number fields with G = Gal(L/K). Let
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44
C C G be a conjugacy class. If ny, > 2 and © > exp <4nL(log(1 114759d ))2>, then

pBo—1

Bo

By(x) < 7— 43 log:z>

/
Co € —
+ 7 €XP < 5 nL

where ¢; = 5805.17 and the [y term is present only if the Dedekind (-function, (r, has an

exceptional zero By.

In Theorem 1.10 and Theorem 1.11, we replace c¢g by ¢ = 0.4958 and ¢f = 0.4 which
is an improvement by a factor of 10'5. The larger z is, the smaller cg, cf, cf, ¢z and ¢ will
become. Moreover, we correct errors in Winckler’s work and as a consequence the value 150 867 in
Theorem 1.8 should be corrected to 1114 759 (the same constant that appears in Theorem 1.10).
Note that Theorem 1.10 and Theorem 1.11 differ by the choice for one of the key parameters
(labelled Tj) which occurs in the proofs. More precisely, in Theorem 1.10, we take Ty = 2 and
in Theorem 1.11, we take Ty = 44.

The reasons behind our improvements to Winckler’s result, although we followed the same
techniques he employed, are explained in Section 2.10. We summarize corrections to Winckler’s
[30] article in Table 2.1, and improvements in Table 2.2.

In Chapter 3, we prove a new explicit version of Lagarias and Odlyzko’s result on Cheb-
otarev’s density theorem. Instead of establishing an explicit formula relating 1o (x) to the zeros
of Dedekind (-function, ¢z, we introduce a smooth weight in the definition of ¥¢(z) and study
the approximation 12(;(3:) We appeal to the theory of inverse Mellin transform instead of using a
Perron’s formula (as used in Lagarias and Odlyzko [15] and Winckler [30]) and prove an original
explicit formula for &c(:n) We then proceed to study new weighted sums over the zeros of the
Dedekind (-function. The sums over the zeros can be estimated by using bounds for the number
of zeros in a box. We modify the original approach for the sums over the zeros closer to the
real line and for the sums over the zeros of the large imaginary part. This leads to a better
optimization of one of the key parameters and allows us to establish a result valid for more
values of = than in Lagarias and Odlyzko [15] (and consequently of Winckler). For instance,
we prove a new result for the number of non-trivial zeros of the Artin L-function, L(s,x, L/E),
where L/E is an abelian extension and x is a character of Gal(L/E), and thus improve [30,

Lemma 5.4]. Note that by class field theory, L(s, x, L/FE) is a Hecke L-function and therefore is



1.2. PRIMES IN CHEBOTAREV’S DENSITY THEOREM

holomorphic in the case x # 1.

Proposition 1.13. Let 0 < € < 1 and a > 0. Let A(x) and 6(x) be the non-zero numbers
defined in (2.43) and (2.44) respectively. Let T be a real number and let ny (1) denote the

number of non-trivial zeros p = 3 +ivy of L(s,x, L/E) with |T —~| < a. Then

Ny.a,e(T) <ng(ci(a,e)log(2+ €+ |T|) + ca(a, €)) + ci1(a, €) log A(x) + 4er(a, €)d(x),

where
€)% + a?
o, = ETH (15)
and
€)% 4 a?
caa,€) = <(1+)6+) <1 + 11(14> (1.6)

As a consequence, we obtain two theorems. The first one has Ey(z) dependent on both np,

and dj:

Theorem 1.14. Let C' be a fized conjugacy class of the Galois group, Gal(L/K) = G. Let

R =29.57. Let m > 2 be an integer. If logx > 4mRny (log 88d2/nL)2, then

:L'BO_I

Ey(z) < 5

+ 61(m7x7nL7 dL)7

with

1

1
. m 2m2 /1
e1(m,x,np,dr) = A(m) max {(log dp)n; ™, Dm+1 }(logm) e exp < - mnj—zl ;if) (1.7)

where X is defined in (3.163) and the By term is present only if the Dedekind (-function, (;, has

an exceptional zero [3.
For the second one, we remove the dependence of dy, in Ey(x):

Theorem 1.15. Let C' be a fized conjugacy class of the Galois group, Gal(L/K) = G. Let

R =29.57. Let m > 2 be an integer. If logx > 4mRny (log 88d2/nL)2, then

:Bﬂ(]_l

Bo

Ey(r) < + ex(m, x,np),

10
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with

1
a1 15ms [
e2(my,np) = v(m) n, ™ (log z) 7 exp ( - mB_Ti \/ ;if) (1.8)

where v is defined in (3.167) and the By term is present only if the Dedekind (-function, (r, has

an exceptional zero Py.
As a corollary to Theorem 1.15 (taking m = 2), we have

Corollary 1.16. Under the assumptions in Theorem 1.15, we have

v 3 1 log dy.)?
Ey(z) < r + Alnz(logx)% exp ( — 0.13\/@> for all logz > 19810 M7
Bo nr, o

where A1 = 0.0396 if By exists and 0.0249 otherwise.
We then deduce an explicit bound for m¢(z) from e (z):

Theorem 1.17. Let C be a fized conjugacy class of the Galois group, Gal(L/K) = G. Let [y
be the possible exceptional real zero of (r(s). Then

.. |
— — Li(2)| < —
G M@ =g

mo()

I
Li(z™) + Eoglnmc exp ( —0.0919 (;gj),

for all
(logdp)?
nr,

logx > 39620
where Ey = 4.714 x 1075 if By exists and 2.97 x 1076 otherwise.

Corollary 1.18. Under the assumptions in Theorem 1.17, we have

el

_ [l
G|

Li(z)| < Il

1
mo(x) Li(z™) + Elgaj exp ( - F ng)

|G| nr,

for all

logx > Ging(log dL)2

where By = 1.65 x 107°, Fy = 0.09 and G1 = 9906. Another admissible value for (B, F1,G1)
is (1.23 x 1072,1/99, 9 906).

11



1.3. COMPILATION OF IDEAS

Comparison: Notice that Winckler’s result as shown in Theorem 1.8 gives (Fy, F1,G1) =
(7.84 x 10'4,1/99,3090). Our corrections leads to (Ey, F1,G1) = (0.4,1/99,16006) as shown
in Theorem 1.11 and a new result for Corollary 1.18 gives (1.23 x 107?,1/99,9906). Therefore,
we improve both the error term (factor of 10*%) and the range (factor of 1.6). Notice that
the formula for range of logz given in Theorem 1.17 has ny, in the denominator whereas both
Theorem 1.11 and Theorem 1.8 have ny in the numerator. Therefore, as the degree of the field
increases, our Theorem 1.17 improves the range of logz by a factor of n?. A more detailed
comparison with Winckler’s result is given in Section 3.10.

Finally Table 1.1 lists best known explicit versions to Lagarias and Odlyzko’s [15] lemmas
used to establish their main theorem.

Table 1.1: Making Lagarias and Odlyzko explicit

Results from Lagarias and Odlyzko [15] | Best explicit version of their results
Lemma 5.2 [30, Lemma 4.3]
Lemma 5.3 [30, Lemma 4.5]
Lemma 5.4 Proposition 1.13
Lemma 5.5 Lemma 3.21
Lemma 5.6 Lemma 3.20
Lemma 6.1 [30, Lemma 4.4]
Lemma 6.2 Lemma 2.19
Lemma 6.3 Lemma 2.23
Lemma 8.1 Lemma 2.32
Lemma 8.2 [2, Theorem 1]

Theorem 9.2 Theorem 1.15

1.3 Compilation of ideas

Next, we mention the tools, ideas and motivations which form the basis of chapter 3.

e First of all, the idea for using smooth weight has been derived from the works of Faber and
Kadiri in [8] who used smooth approximation of the prime counting functions in their work.
In chapter 3, we introduce a smooth weight h as in (3.10) approximating the identity on
[0, 2] and obtain a smooth version of ¥¢(z), denoted as 1c(z) as in (3.21). We introduce
the smooth sum over all primes ideal, I1 /x(7) as in (3.26) and relate it to Yo (z) as in

(3.25).
e Then using the inverse Mellin transform of h, we express I,k (z) as a sum over Artin

12



1.3. COMPILATION OF IDEAS

L-functions as in (3.5.1). Since the holomorphicity of the Artin L-functions is yet to be
proved, we use Deuring’s reduction to express Iy /i (X) as a sum over Hecke L-functions
over an intermediate field (which are holomorphic) as in (3.5.1). This allows us to use
Cauchy’s residue theorem to obtain an explicit formula for the sum I,z (x) which involves

sums over the zeros of the Dedekind (-function, (7, (s) as shown in Proposition 3.16.

Next we split this sum over zeros into four different regions as in (3.63), (3.64), (3.65), (3.66)
and bound each one separately. This approach is different from Lagarias and Odlyzko’s
approach in [15] where they divided the sum over the zeros into three different sums. In
particular, we add an extra region to better estimate the sum over the low-lying zeros

(zeros close to real line).

When bounding the sum over the zeros of (1 (s), two of the most important tools we require

are :

1. Zero-free regions (regions which can not contain a single zero of (1(s)). Inspiration
for this comes from the works of Kadiri [13] on explicit zero-free regions for Riemann

(-function generalized by Ahn and Kwon [2][3] to Dedekind ¢(-function.

2. Zero-density formulas (estimates for the number of zeros in a particular region).
Recently, Hasanalizade et al. in [11] improved the bound given by Trudgian [28]. We

use their result in this thesis as Theorem 3.10.

Moreover, since there is no verification of GRH for number fields, a more cautious approach
is taken to bound the sums over the low lying zeros of the Hecke L-functions. We prove a
new result for the number of non-trivial zeros p = 8 + iy of the Hecke L-function, L(s, x)
with |T'—~| < a denoted as ny (1) where T is any real number and € is a constant taken
close to 0. This is shown in Proposition 1.13 in this thesis. Note that n, ,(7") generalizes
ny(T) as in [15, Lemma 5.4] which counts the number of non-trivial zeros p =  + iy of
L(s,x) with |T'— ~| < 1. Following this, we also prove a new bound for the logarithmic

derivative of L(s,x) in a restricted range as given in Lemma 3.20.

As mentioned earlier, to bound the sum over the non-trivial zeros above an arbitrary

height T' > 44, we use the zero density formula as proved by Hasanalizade et al. in [11]

13



1.4. NOTATION

and additionally generalize the techniques used by Fiorelli and Martin in [10] for Dirichlet
L-functions. This results in obtaining integrals which are called Bessel integrals and are

given in (3.129) and (3.130).

e To compute the required bounds for the remaining sum over the non-trivial zeros of the
Dedekind (-functions, we use types of incomplete Bessel functions as already introduced
by Rosser and Schoenfeld [24], and recently studied in more detail by Kadiri and Lumley

in [14] and by Bennett et al. in [4].

e Finally, we choose an appropriate T" as in (3.148) to obtain the error term E; as shown
in Theorem 1.14 and Theorem 1.15. Our choice is different from Lagarias and Odlyzko
[15] and from Winckler [30]. This allows an improvement on the range for log z for both
papers. Then, using partial summation and integration by parts, we obtain Theorem 1.17

for o (x).
1.4 Notation
This section introduces notation and definitions which are used in this thesis.

e Let N, Z, R, C be the set of natural numbers, integers, real numbers and complex numbers

respectively.
e Let dp denote the absolute value of the discriminant of the number field F'.
e Let np denote the degree of extension of F' over Q, [F : Q.
e Let Op be the ring of integers of the number field F.
e Let N denote the absolute norm of an ideal I in Op (i.e., N() = [OF : I]).

e Let (r(s) denote the Dedekind (-function corresponding to the field F' and is defined for

complex numbers s with real part R(s) > 1 by the Dirichlet series

1
Cr(s) = Z W7

1COF

where I denotes the non-zero ideals of the ring of integers, Op.

14



1.4. NOTATION

Let L/K be a normal extension of number fields.

Let G denote the Galois group, Gal(L/K) and let C' denote a conjugacy class of G.

Let p: G — GL,,(C) be a group representation.

Let p denote a prime ideal in O

Let g be a prime ideal in Op, such that q lies over p.

Let oy, denote the Artin symbol at p.

Let L(s,p, L/K) denote the Artin L-function attached to p.

Let ¢ denote the character of p and given by ¢ = trp. We also write L(s, ¢, L/K) to
denote L(s, p, L/K). Fixing L and K, we denote L(s, ¢) for L(s, ¢, L/K).

Let C be a conjugacy class of G = Gal(L/K), g € C, Gy =< g > be the cyclic group
generated by g, E be the fixed field of G, and x denote any irreducible character of Gj.

Let L(s,x,L/E) or L(s, x) denote the Hecke L-function related to the character .

We say f is big oh of g and denote it as f(x) = O(g(z)) or f(z) < g(z) if there is a

positive real number ¢ such that for all sufficiently large x, | f(z)| < cg(x).

The prime ideal counting functions studied in this thesis are:

mo(x) = Z 1, Yo(z) = Z log(Np)

p unramified p unramified

Np<z, op=C Npm<z, of'=C
fc(z)= > log(Np)and 6p(z) = Y  log(Np).
p unramified p unramified
NPS$, UP:C Npgl‘

e Let h be a chosen smooth weight with its corresponding Mellin transform H defined as
oo
H(s) = / h(t)ts~1 at.
0

e Let 6 characterize the Artin symbol at p coinciding with the conjugacy class C. More

15



1.4. NOTATION

specifically, for p unramified in L, we have

1 ifoy =C,
o(p™) =

0 otherwise,

and |0(p™)| < 1 if p ramifies in L.

e The smooth version of the prime ideal counting functions studied in the thesis are:

G = X Y tosvepn(~2)

p unramified m>1
ot=C

Ig() =YY 0(p™)(log Np))h<prm>

p m>1

L@ = 3 3 6™ (log Np))h(N£m>.

p ramified m>1

e Let Fy denote the error term defined as

vo(o) — fgle
Ey(x) = eiplt
G
and its smooth version, E1/3 is defined as
@CE

§\/

The following are related to the Dedekind (-function, (z,(s) and the Hecke L-function, L(s, x):
e For 5,7 € R, p = 3+ iy denote the zeros of (1(s) or L(s,x).
e Let [y denote the possible real exceptional zero of (f,(s).

e Z(({) denotes the set of non-trivial zeros of (r(s), i.e.,

Z()={p=0+iv|Clp) =0, 0< B <1}
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e Z(x) denotes the set of non-trivial zeros of L(s, x), i.e.,

Z(x)={p=B+iv| Llp,x) =0, 0 < B <1}

e The zero counting functions used in the thesis are : For t € R and a > 0,

ny(t) =#{p=6+iv | L(p,x) =0, 0< <1, |y —t| <1} and

Nyae(t) =#{p=B+iv| Lip,x) =0, 0< <1, |y —t| <a},

where € is some real number taken close to 0 and for 7" > 1,

NL(T)=#{p=B+iv|Clp) =0, 0< B <1, W[ <T}.

e We define the sums over the zeros, p =  + iy of the Dedekind (-function, (1(s) as: Let

T >1and ayg, Rp, D > 0, then

1
J(?’)(:E) — Z xPH (p) — ,0"
p#1—PBo,lpl<3
IO () = > 27~ H (p),
p#Bo.lp125.V< s gy
T (@, T) = > 271 H (p)],
|P|Z%7m<|V|<T
JO (@, 1) = > 2" H(p),
[>T
1
SOm, 1))=Y T
[y|>T 7

1
x Ry, log(D[~])

5(2)(m,T,x) - Z W

[y|>T

Other special functions and notation used in the thesis:

e Let M(d,m) be the function defined by:

M(6,m) = Ella}géM(a,a+5,m)
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1.4. NOTATION

where

1
M (o, a0+ 6,m) = / |9 D ()| (6u + @)™ du,
0

with 0 < § < 0.01, « =1 —4, 1 and g being the smooth function h compressed to [0, 1].

Mp and Mg denote the function M corresponding to the smooth functions gr and grg .

Forme N, m>2, R >0and T > 1, we denote

T if logx < X, 7,
Xy = (m+1)Rylog?(DT), and Ty =

W:%exp(

log x )

Ry (1) if logx > X, 7.

For aq, ag, a3, D > 0, we define the function @) as

D t Dt D+ut
Q(t,u) = nLu log < u> _ et log <4> + 2a1nL<log 4 ) + 2aiomny, 4 203.
m me

dre ™ 2

Given positive real numbers n, m,«, S and [, we define an incomplete modified Bessel

function of the first kind as

> (log Bu)"~! a
Inm sy P50) = - 1 - .
m(a, B;1) /l omiL eXD Tog Bu du

Given positive constants n, z, and y, we consider a variant of incomplete Bessel function

of the second kind as

For x > 0, the complimentary error function, erfc is given by

erfe(u) = \/27? /Oo e~ dt.
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Chapter 2

Studying different versions of Chebotarev’s
density theorem [15] and [30]

In this chapter, we give a survey of articles [15] and [30] and improve the results in [30]. As a
consequence, we derive an asymptotic formula with an explicit error term for a weighted prime

power counting function

vo(w) = oz, L/K) = Y log(Np),

Npm<z
p unramified
ot=C

and prove the following theorem :

Theorem 1.12. Let Sy be the possible exceptional real zero of (r(s), and xo be the character
44
(real) such that the L-function L(Bo, x0) = 0. Ifny, > 2 and x > exp <4nL(log(1 114759d, ))2>,

then

cl . IC]

— =%+ —xo(g
a® T aret)

:L'EO

Bo

Cl

< @61/;(33), (2'1)

'1/10(37)

where e;(x) = 5805.17x exp < - %\/g ng) and the third term in the left hand side of (2.1)

nr

can be suppressed in the absence of the exceptional zero [y.

The L-function mentioned in this theorem are introduced and studied in Section 2.1.
In general, this chapter can be summarized as the study of the five following steps which

will be explained in detail:

1. ¢¢c(x) differs from a truncated inverse Mellin transform I¢(z,00,7T) defined in (2.8) by
a remainder term Rj(x,00,T) defined in 2.11 which is shown in Lemma 2.3. Further

Ri(x,00,T) is bounded in Section 2.3.
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2.1. ARTIN L-FUNCTIONS

2. Io(x,00,T) can in fact be reduced to a linear combination of logarithmic derivatives of

Hecke (abelian) L-functions using During reduction as shown in Section 2.4 and (2.42).

3. Ic(z,00,T) is expressed as a sum of I, (x,T)’s defined in (2.60) which differs from a certain
contour integral I, (z,T,U) defined in (2.61) by a remainder term R, (z,7,U) which is
shown in Section 2.6. This step is traditionally labelled * shifting the line of integration to
the left 7. Certain results on the density of zeros of (7, (s) in the critical strip 0 < Re(s) < 1

are required to estimate R, (z,T,U).

4. The contour integral I, (z,T,U) is evaluated by Cauchy’s residue theorem. The integrand
has poles at the zeros and the poles of (1(s), and the result is a main term %x coming
from the pole of (1(s) at s = 1, together with a certain sum S(z,T) over the zeros of (1(s)
within the contour Br . The end result of these steps is a truncated explicit formula for

Yo (x) with an unconditional error term, which is stated as Theorem 2.29 and Theorem 2.30

depending on the position of T'. This step is explained in detail in Section 2.7.

5. Finally Section 2.9 gives the required explicit estimates. The asymptotic formula ¥ (x) ~

%m with an explicit remainder term is derived by making an appropriate choice of T" as
a function of x, to minimize the accumulated error terms as shown in Theorem 1.12. The
asymptotic formula 7o (z) ~ % Li(x) with an explicit remainder term is derived by partial

summation from that for ¢)c(z) as shown in Theorem 1.10.

Before commencing with the proof, we introduce Artin L-functions.

2.1 Artin L-functions

In this section, we give a definition for Artin L-function. This requires a lot of notation.
Let L/K be a normal extension of number fields with the Galois group, Gal(L/K) = G. Let
p: G — GL,(C) be a group representation. Attached to this representation is a meromorphic
L-function originally defined by Artin. We shall define this function, giving all required details.

Let dr, and dx denote the absolute values of the discriminants of L and K, respectively, and
let np, =[L: Q] and ng = [K : Q]. Let O, and Ok be the ring of integers of the number fields

L and K respectively. Let p be a prime ideal in Og. Let q be a prime ideal in O, such that g
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2.1. ARTIN L-FUNCTIONS

lies over p (denoted as q|p). Define the decomposition group as

Dy = {c€G|o(q)=q}.

We know that Ok /p can be identified with a finite field I, for some ¢ = p™ where p is prime and
m is a positive integer. Furthermore, if [O1/q : Ok /p] = f, then we can think of Ok /q as F ;.
Therefore we see that Gal(O1/q/Ok /p) is isomorphic to Gal(F s /F,). By Galois theory, we get
that the group Gal(F,/F,) is cyclic of order f and is generated by the element 7, : x — 27 for
z € Fyr. Using the isomorphism of groups, we may assume 7, to be an element of the group
Gal(Or/a/Ok /p).

We now check that there exists a canonical map from Dy to Gal(Or/q/Ok/p) which is
defined by sending ¢ — @ where (z + q) = o(x) + q. We define the inertia group to be
Iy = ker(Dy — Gal(Or/q/Ok/p)). I can also be described as

I; = {ceG|o(x)=x (modq), Vz € Or}.

Therefore, we obtain a canonical isomorphism

Dy/Iy = Gal(OL/q/Ok /p)-

Therefore, we can now choose an element o4 € Dy/I; whose image in Gal(Or/q/Ok/p) is the
generator 7, as described above. Such an element oy is called a Frobenius automorphism at q
and it is only well-defined modulo 1. Notice that oq is no longer an element of the Galois group
G but a coset of Ij.

Now if p is unramified, then one can show that I is a trivial group for every q|p. Besides,
since there are finitely many ramified prime ideals in O, one can deduce that all but finitely
many [, are trivial for g|p. Also, for unramified primes p, we can show that q ranges over the
prime ideals above p and the o4’s form a conjugacy class. This class is called the Artin symbol

at p, denoted as oy and explicitly defined as

op = {oq | q divides p}.
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2.2. FORMULA FOR t)¢(X)

Using the above theory and representations of finite groups, Artin introduced his L-functions

that generalize Dirichlet L-function as follows. The Artin L-function attached to p is defined by

L(s,p,L/K) = HLP(Svp’ L/K),
p

where the local L-function at p is defined as

—1
Ly(s.p 1/ ) = det 1" o) Ny

for Re(s) > 1. Here, the product runs over prime ideals in Ok, N denotes the norm of a non-zero
ideal, q denotes a prime ideal above p, VIe = {v € V | p(g)v = v for all g € I,}, and for our
case V' = C. Sometimes, we also write L(s, ¢, L/K) for L(s,p,L/K), where ¢ = trp denotes
the character of p. Also, once we fix the fields K and L, we abbreviate L(s, p, L/K) to L(s, p).

One can easily show that

L(s,¢1+ ¢2) = L(s,¢1) L(s, ¢2),

for any characters ¢; and ¢9 of G.

2.2 Formula for ¢ (x)

In this section, we will derive an explicit formula for 1o (x). The proof follows the classical
arguments for ¢(x) as outlined in Davenport’s book [6, Chapter 17].
Let ¢ be a irreducible character of G = Gal(L/K). Let us define

o (p WZ¢T ) (2.2)

where [ is the inertia group of g, one of the prime ideal factors of p, and 7 is one of the Frobenius
automorphism corresponding to p.
If L(s,¢,L/K) is the Artin L-series associated to ¢, then from [18, Proposition 2.3.1], we

get that for Re(s) > 1,
log L(s, ¢, L/ K) = Z oK ) W)l (2.3)
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2.2. FORMULA FOR t)¢(X)

Hence taking the derivatives on both side with respect to s, we get

L’ log )

5,0, L/K) = ZasK Ny

where the outer sum is over all the prime ideals of K. To single out those p™ with op" = C, we

will use the characters ¢. This is done as the following:-

Suppose that g € C. We define a function fo : G — C by

=> d(g)p(h)
5

(2.4)

where ¢ is the complex conjugate of ¢. By the orthogonality relation of characters, we get

Ca(h)| ifhecd,
fe(h) =

0 otherwise,

where |C¢(h)| denotes the centralizer of h in G. Hence if

lal
then for Re(s) > 1, we have the Dirichlet series expansion

_le] _1cl
= P(9)—(s,0, L o(9) ) _ or(p

gl Z al Z Z

C
— G: Zqﬁ Z, |Z¢ 7" ) log(Np)(Np) ™"
acl

= <| Iﬁc';| Z¢ ) log(N ) (Np) ™
p,m

= Ze ) log(Np)(N p)~"™
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2.2. FORMULA FOR t)¢(X)

where for p unramified in L, we have

C _ 1 ifoy" =C,
06 = i 3 Bla)o(r™a) =
aé ; 0 otherwise,

and [0(p™)| < 1 if p ramifies in L. Notice that if p unramified in L and oy = C, then I = {1}
and ), ?(9)p(7™) = |Ca(t™)| = % which yields 6(p™) = 1. Now (2.7) shows us that except
for the ramified prime factors, 1o (x) is a partial sum of the coefficients of Fz(s). Now let
oo > 1,z > 2 and define

1 oo+iT CCS
Io(z,00,T) / Feo(s)—ds. (2.8)

270 ) gy—iT s

2.2.1 Difference between ¢¢(z) and I¢(z,00,T)

Lagarias and Odlyzko in [15, (3.8)-(3.11)] proved that for Re(s) > 1 and 7" > 0,

Io(z,00,T) = ) G(Pm)log(NP)’ < ngooT ™' + ng(log z) + Ro(x, 00, T),

p,m
N(pm)<z
and
3 0™ on(ND) ~ ol < 2log)log o)
N(p™) <z
where
(2 hog <2 | ) tog(p) (29)
Ry(x,00,T) = < m> min(l,T log —— >long. 2.9
—  \Np Np
N(pm)#x

Using this they obtained that

w0($) = IC(xa UOvT) =+ Rl(xa O'(),T),

where

Ri(x,00,T) < 2(logz)(logdr) + ngooT ' + nk (logx) + Ro(z,00,T).

We prove an explicit version of their result. The key is to use Perron’s formula [6, Page 109-110]:
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Lemma 2.2. If y > 0,0 >0 and T > 0, then

1 o+iT y
/ Zds—1| < ymin(1, T logy| ") ify >1,
g

21t Jyo_ir S

1 o+iT , s 1
/ Yas— | < or ! ify=1,
271 o—iT S 2

1 o+iT y
2/ Tds| < y”min(1, T [logy|™!) if 0 <y < 1.
™ Jo—iT

Lemma 2.3. Let x > 2 and T > 0. With the above notations, we have

Wc(ﬂﬁ) - IC(xa007T)| < Rl(.’B,Uo,T), (210)
where
2 (loga)(log dp) L
< = T). 2.11
Ry(z,00,T) < og 2 c + ni (log x) 5t ooT " | + Ro(x,00,T) (2.11)
Proof. We notice that
Wo(x) — Ic(x, 00, T D> (™) log(Np) — vo(z)| + |Io(z,00,T) = > 6(p™)log(Np)|.
NG NG
(2.12)

Since the Dirichlet Series Fr+(s) in (2.7) is absolutely convergent for Re(s) > 1, we can integrate

Io(x,00,T) term by term to obtain

1 oo+i+T

IC(an'OaT) — % - FC(S)de
o0—1

1 oo+iT 78
= 5= > 0(p™)(log(Np))(N p)T—ds

2mi oo—iT pm

= o /” <<Ni>m>scf'

o—1T

Now we split at N(p") = x and define:

1 oo+il’ x Sds "
=% moa o) [ () S X om o)

0—iT
(p’“)—aC N(p™)=z
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and

1 oo+il’ T Sds "
Y= X ot I (o) S X 06 oeve),
™)#T

0—iT
N(p

Thus we obtain,

Ie(x,00,T Z 0(p™) log(Np) = Zl +Zz (2.13)

N(pm)éw

and we study each sum separately. For ), we get

< ‘ Z O(p™)(log(Np))=— ! /UOHT< ’ >Sds— Z O(p™) log(Np)
B 2mi oo—iT (Np)m 8 pom

(pm) T N(pm)==

1 oo+iT’ T Sds

- ‘ 2 long”(m/am ((Np)m) Jl)‘

(p"’)

1

< ) (logNp)(5 +ooT™), (2.14)

N(p)=z

by using Lemma 2.2 for y = 1 and |6(p™)| < 1.
Also, since the Galois group of K/Q has nx elements, therefore any p with Np™ = =z
is mapped to at most ng distinct primes under action of the elements of the Galois group.

Therefore we have at most nx distinct pairs of p and m such that N p"™ = z. Hence

Z log(Np) < nglogz. (2.15)
Ng;’T:a:
Using (2.15), we obtain
1
’21' < nk(logz) (2 + O'()T1>. (2.16)
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2.2. FORMULA FOR t)¢(X)

For )", we split between N(p") > 2 and N(p™) < z to obtain:

:‘ Z o(p long))2:rZ/‘joo+iT<(Ni > ; Z 0(p logNP)‘

0—iT
(p’")#r (Pm)<x
1 oo+iT T
‘ Z o long))27”/aoiT <(NP ) Z o long)‘
(p'”)<:r (pm)<x
1 oo+il’ T Sds
O(p™)(log(N —
‘ Z d p))QTW/UOiT <(Np)m> s
(p'”)>:v
1 oo+iT T Sds
‘ Z O™ log Np))27”</aoiT ((Np)m> 5_1»
(p’”)<x
1 oo+iT’ T Sds
O(p™)(log(N — .
‘ Z d p))QTW/UOiT <(Np)m> s
(p’”)>:v

Now we use Lemma 2.2 for both y > 1 and y <1 with y = ({5 and the fact that [6(p™)] < 1

to obtain

z \%° z |7t
in (1,771 log(Np) = T).
pz; (Npm> H11H< ) 0og Npm > Og( p) Ro(l',O'(), )
N(pm)#w
(2.17)
Therefore, using (2.13), (2.16) and (2.17), we get that for Re(s) > 1,
1
Io(x,00,T Z O(p™)log Np)‘ < ng(logx) (2 + 0’0T_1> + Ro(z,00,T). (2.18)
N(pm)
Now we focus on the first difference in Lemma 2.12. We notice that
‘ Z O(p™)log(Np) —ve(z)| < Y log(Np)< D log(Np) > L
(pm)S 'Ngﬁ?g? p ramified N(p:’r;)gx
Serre [26, Proposition 5] proved
2
Z log(Np) < @bg dr,. (2.19)

p ramified
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2.3. ESTIMATING REMAINDER TERMS Ry (X,T) AND Ry(X,T)

Also we know that for each prime ideal p, Np > 2. Hence,

— log 2

N(pm)<z

Therefore combining this with (2.19), we get

2 (loga)(log dy)

10gx
O(p™) log(N log(N . 2.2
X e sNe) el < 7 S toaN) < g5 (5 (2.20)
p ramified
N@)<a
Now combining (2.18) and (2.20), we obtain the required result. O

Revision 1. Lagarias and Odlyzko in [15, (3.8)] and Winckler in [30, (1)] proved that for x > 2,

lelrao D)~ 3 0p™)og Np)] S (log(N(p)) + 0oT) + Ro(z.00.T).
N(p)<a N(p)=z

We corrected the sum on the right hand side of the above equation with

> (log(Np))<1+aoT )

p,m

N(pm)==

as shown in (2.14).

2.3 Estimating remainder terms Ry(z,T) and Ry(x,T)

In this section, we will establish an estimate for Ro(z,00,T") as defined in (2.9). From here

—1. We thus get 2°° = ex. Since this fixed oy

onwards we will fix o9 = og(z) = 1 + (logx)
depends on z, we write Ro(z,00,T) as Ro(x,T), Ri(x,00,T) as Ri(z,T) and Ic(z,00,T) as
Io(x,T) from now on.

We will write Ro(z,T) = S1 + S2 + S3, where S7 consists of those terms of (2.9) for which
|N(p™) —z| > 1, S> consists of those terms of (2.9) for which | N(p™) — x| < 1, and S5 consists

of the remaining terms of (2.9).

Lagarias and Odlyzko in [15] proved bounds for S7, S, S3 and therefore proved a non-explicit
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2.3. ESTIMATING REMAINDER TERMS Ry (X,T) AND Ry(X,T)

bound for Ry(z,T). They proved that

S, < ngxT togz, Sy < nilogr and S3 < nK:cT’l(loga;)Q.

Putting all this together, they got, for x > 2 and T' > 1, (see [15, (3.17)])

Ro(z,T) < ng(logz) + ngaT *(logz)*.

Using this they also obtained a bound for R;(z,00,T) as defined in (2.11). They proved (see
15, (3.18))

Ri(2,T) < (logx)(logdy) + ni logz + nxaT ' (log x)?.

We try to produce explicit bounds for the terms Sy, Sa, S3, Ro(x,T) and Ry (z,T).

2.3.1 Bounding S

We study

To bound 51, we first prove a bound for the logarithmic derivative of the Dedekind (-function,

Cr(s) :

Lemma 2.4. Foro > 1,

—%(o—) < —nK*,(O') <nglo—1)""

k7 ¢
Proof. By Euler product formula for the Dedekind (-function, (x(s) and the Riemann (-

function, ((s), we obtain their logarithmic derivatives respectively as

(i Np)7 -1 ¢ 71

(o) o 3 RO g gy R
p

where in the second sum p runs through the rational primes. Also, for each prime ideal p,
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2.3. ESTIMATING REMAINDER TERMS Ry (X,T) AND Ry(X,T)

Np = p* for some rational prime p and some positive integer k. Therefore

log(Np)  klogp k y log p - log p

(Np)"—l_pk"—l_p(k_l)g—l—...—l—l p°—1 " p°—1

Note that there are at most nx distinct p lying over a given rational prime p. Hence we get,

Ck (N~ log(Np) logp ¢
R T e

Using Abel’s summation formula for ((o), we obtain

g

((o) = —ol(o), (2.21)

oc—1

where I(0) = [[°(t — [t])t 7 'dt. Taking the logarithmic derivatives on both sides, we get

Coye L (=L o)—ol'(o
(0= oy (o~ 0 -7 @). 22

Now using the (2.21), (2.22) and the fact that I'(c) <0 for o > 1, we get

¢! 1 1 1 1
T 2 e 1)
1 -1 (o) 1 (o)
- C(U)<(0—1)2+ o U—1+O'—1>
_ c(a)(i— = < - d -+ 200_ 1c(a)>. (2.23)

The Laurent series expansion of the Riemann zeta function about s = 1 is given by

o) = 2+ E Iy
n=0 ’

where the constants v, are called the Stieltjes constants and can be defined by the limit

Tn = n}gnoo <<§: (logkk)”> B (IOiT_)erl >

k=1

Notice that for all o > 0, v > 2”(7__11. Now using this with the Laurent series expansion of ¢ and
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2.3. ESTIMATING REMAINDER TERMS Ry (X,T) AND Ry(X,T)

writing 02 = (¢ — 1)2 + (20 — 1), we obtain that for o > 1,

2 o0 1\2
(0= 16(0) ~ gog = L+l — 1+ Y T —1>”“—<(200_11“>
n=1
00 1\2
> 0 (2.24)

Therefore we get,

o
>
e P s Py
and thus
20 — 1 o
(o) = (2.25)
Now using (2.25) in (2.23), we get that
¢ 1
R (o) + e 0.
Therefore,
CI
—nKZ(U) <ng(c—1)7"
(]

Proof. Since |[N(p™) — z| > 1z, thus

log ac ’ 10g§
N(pm)| = 4
and therefore
. N ) 5\\ !
min ( 1,77 | log ) <T" (log ())
( N(p™) 4
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2.3. ESTIMATING REMAINDER TERMS Ry (X,T) AND Ry(X,T)

Now using this above result, 79 = ex and Lemma 2.4, we obtain that

T te xT e !
S1 < S NG log(Np) = S ( - K(«m))

log (i) p,m log (Z)

< eal g < - CIW) < T gy ) = e llog). (226)
log <i> ‘ log <i) o <i>

O
2.3.2 Bounding 55
Now we will bound
x 70 x !
So = < > min (1,T_1 log > log(N p).
2 (som NG| )R
N(p™)#z
[N(p™)—2z|<1
Lemma 2.6. Let © > xg > 2. Then
Sy < 2a1nk (logx + ag), (2.27)

1+—L
o z0 log(zg) . 1
where a1 = e and as =log [ 1+ 7 -

Proof. Notice that Sy consists of those terms p™ for which 0 < | N(p™) —z| < 1. Also, there are

at most 2ng of such p™. Together with

-1
min (1,T_1 log ) <1 and z—1<N((p")<zxz+1,

N(p™)

we obtain,

0
Sy < QnKlog(a:—i-l)(xac_l) . (2.28)
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2.3. ESTIMATING REMAINDER TERMS Ry (X,T) AND Ry(X,T)

oo
Now we study the function log(z + 1) (&) . Notice that

e () = (14 ) ()
() () () e

(o (2)) ()

is a decreasing quantity for x > x¢ and achieves its maximum at z = xg which is ajas. Also,

Now the second term

o0
since <$f1> is decreasing for x > x¢ and its maximum value is at * = xg which is a1, we get

oo
log(z +1) <$1> < ay(logz + a2).
T
Now using this inequality in (2.28), we get the required result. O

2.3.3 Bounding 53

Now we will bound

T oo . . -1
S3 = pzm <Npm) min <1,T log Npm ) log(Np).
N(p™) e
1<\Npmfx|<ix
Lemma 2.7. Let x > x9 > 2 and T > 1. Then
5 —1 2
S3 < ZagnKT z(logx)*, (2.30)
2+ﬁ
where ag = (%) o .
Proof. We rewrite
z\7° x|t
Sz = - in (1,7 log = log(Np).
= X (2) (11 og ] ) g

p,m
n=N(p")#x
1<|n7m|<ix
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2.3. ESTIMATING REMAINDER TERMS Ry (X,T) AND Ry(X,T)

5:(:

Notice that in the region where 1 < |n — z| < fz, we get £ < 3, n < 2¢ and max{z,n} < 47"

Using this and the mean value theorem, we get that for 1 < |n — z| < Zx,

-1

x 4 n
log — <= . 2.31
®nl =3 |z — n (2:31)
oo a0 -1 —1
Now using <§> < <§> , min <1,T1 log % > < T HlogZ| , (logNp) < logn <
log (549”), x > xo and (2.31), we get o9+ 1 <2+ loglzo and

g, <71 4\ 70t ) Sz n i Sz n 5 39
8= 3 8y Z ]:Ufn|_a3 Sy Z |lr —n| (2.32)

p,m p,m
n=N(p™)£e R=N(p™)e
1<|n—x\<ix 1<\n—m|<iw

Now we can bound by 7 and make the variable change ||z —n|] = k. Considering

1
lz—n] Llz— n\

In — x| > k where k € Z and using n < 2 with the identity > ;_; 1+ <log(z) + 1 for z > 1, we

get

) ,$_n| <2 Z Y ;§2x<log(4>+1> (2.33)

n

1<|nfx|<i:r 1<k< I 1<k<i:c
Recall that there are at most nx prime ideals with Np™ = n. Also it can be easily verified that

<log <Ef>> <log < ) + 1> < (logx)? for x > 2. Thus, using (2.33) we obtain

Sx n
< -1 —_— —
S3 < asT <log<4>> En 7] E 1

p,m

1<|n—x\<ix N(p™)=n#z

com (o (5)) 2 () )

< “azng T 'z(logz)?. (2.34)

DO | Ot

Revision 2. Winckler in [30, (9)] showed that

X s X (”@’

n

I<|n—z|<j= I<k<iz
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2.3. ESTIMATING REMAINDER TERMS Ry (X,T) AND Ry(X,T)

which is not correct (for x = 12, the inequality is false). We corrected this mistake by proving

n ) T
Z |Jc—n|S Z k

n 1 keZ
1I<|n—z|< g 1§k<im

DO |

as shown in (2.33).

Lemma 2.8. Ifx>2z9g>2 and T > 1, then

Ro(z,T) < ngT tx(log 1‘)2< + 50,3) + 2a1nk (logx + az), (2.35)

(log 3)(log2) ~ 2

and

(log z)(logdy)

Ri(x,T) < 2.89
(,7T) a

1
+ nk(logx) (2 +ooT™ + 2a1>

e 5
+(—+= T (1 242 . 2.36
((log 2)(log2) 2a3> niT"w(logz) K (2:36)

Proof. Putting (2.26), (2.27) and (2.34) in (2.9), we get that,

1

T 5
Ro(z,T) =51+ 52+ 53 < o K loga + 2a1nk (logx + az) + iagnKT’la:(log z)?

_ e )
< nKT 1$(10gl')2 (W(}ng) + 2a3> + 2a1nK(log:U + (IQ).
4

Now using (2.35) in (2.11), we get that,

2 (loga)(log dy)

1
Ri(z,T 1 ~+0oT7" ) + Ro(z,T
1(z,T) < o 2 Il +nK(ogJ;)(2+JO )—i— o(z,T)
1 logd 1
< 2.89(Og$|)(G‘OgL) + ng(log x) (2 + T + 2a1>

e 5
—_— 4 = T 121 2409 .
<(log %)(log ) 2a3)nK z(logx) a1a9m g

O

Remark 2.9. Bruno Winckler in [30] proved similar results for S, Ss, S3 and Ry(z,T'). He proved
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2.4. REDUCTION TO THE CASE OF HECKE L-FUNCTIONS

that for > 2 and T > 1, (see [30, (7),(8),(9)]

S1 < LnKfol(loga:)
5

log <4)

4elog(3)
S —_ 1

2 10g(2) nK( ng)’
8e2 _

53 < WHKT IZE(lOgl‘)z.

and therefore for x > 2 and T > 1, (see [30, (10)])
Ro(x,00,T) < 17.25n (log z) + 21.67Tng T z(log ).

Using this he also proved that for z > 2 and T' > 1, (see [30, (11)])

(log z)(logdy)

Il +18.25n (log ) + 24.17Tng Tz (log z)2.

Rl(a:, ao, T) < 2.89

Remark 2.10. Now if we consider xp = 2, then we compute that a; = 2e, as = log(3/2) and

2
as = BH%IG%. Therefore, we compute further to get

Sy < deng (logz +log(3/2)),

32¢2 _
S3 < WTLKT 1$(10g$)2,
Ro(z,T) < 28.7nx T z(log x)? + 10.88nx log x + 4.41nk,

(log z)(log dr)

1e] +13.83ng (logz) + 28.7nT tx(logx)? + 4.41ng,  (2.37)

Ri(z,T) < 2.89

and observing these new constants, we see that these constants are better than the ones in

Remark 2.9.

2.4 Reduction to the case of Hecke L-functions

In defining F(s) in (2.7), we have already selected an element g € C. Let Gy =< g > be
the cyclic group generated by g, E be the fixed field of Gy, and let x denote the irreducible
characters of Gy. Since Gy is cyclic and the irreducible representations of a cyclic group are

one-dimensional (i.e., the corresponding vector space is C), therefore the characters y are one-
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2.4. REDUCTION TO THE CASE OF HECKE L-FUNCTIONS

dimensional (linear).

Lemma 2.11. We have

Fe(s) = — o1 S X(0) =(5, %, L/ E). (239)

Proof. Let 7 : Gy — C be the class function defined by

|Go| if h=g,
T(h) = (2.39)

0 if h#g.

Now the orthogonality relations for characters of H imply that (since {g} is a conjugacy class of

the cyclic group Gy)
=Y X(9)x
X

Recall that a left transversal of Gy is a subset of elements of G which contains exactly one
element of each left coset of Gg. Let 7% denote the class function on G induced by 7. Recall

that 7* is defined as

Z 7'(] ys

seS
where S is a left transversal of Go and 79 is defined as 79(h) = 7(h) if h € Gp and 0 otherwise.
Notice that with the above definition, if y ¢ C, then 7*(y) = 0. Now if y € C, then y = a"'ga
for some a € G. Thus s lys = (as)"'g(as). Also if S is a transversal of G in G, then aS is a
transversal of Gy in G. Moreover the class function 7* is invariant under the transversals of G

in G. Using this we see that for y € C,

=D (s 'ys) =Y ml(as)'glas)) = Y ml(as)'g(as)) = *(g)-

seS seS as€aS

We know that 7y is only non-zero at g (with value |Go| at g) and s~'gs = g if and only if

s € Cg(g) where Cg(g) is the centralizer of g in G. Therefore

o) = Emlsls) = ED < |Gl = ICalo)l
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2.5. DENSITY OF ZEROS OF HECKE L-FUNCTIONS

Therefore we obtain

() = [Calg)l if yeC, .10)
0 if y¢C.

Now since G acts on itself by conjugation, therefore by orbit-stabilizer theorem, we get |C(9)||C| =

|G|. This gives us that 7* = fc (see (2.4)). This implies that

> XX =D d(9)e
X ¢
where x* is the character of G induced by Go. Therefore for Re(s) > 1, (2.6) modifies into
= L/K 2.41
G SR T LK) (2.41)
From the properties of L-functions as described in [18, Theorem 2.3.2 (d)], we get that
L(s, X"\ L/K) = L(s, . L/E).

Therefore, for Re(s) > 1, (2.41) becomes

C
-- SR (x LB

and by analytic continuation of L-function, this holds for all s. O

2.5 Density of zeros of Hecke L-functions

Now combining (2.8) and (2.38), we obtain

oo+iT s /
77(57X7L/E)d8’ (242)
o—iT S L

C
Ic(z,00,T) = }GZ /

where 0p = 1 + (logx)~! and y runs through the (one-dimensional) irreducible characters of
H =< g >. Our next goal is to evaluate each integrals in (2.42). To achieve this, we first prove
some results relating to L'/ L.

Since L and E are going to be fixed from now on, we will use L(s, x) to denote L(s,x, L/E).
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2.5. DENSITY OF ZEROS OF HECKE L-FUNCTIONS

We let F'(x) denote the conductor of x and set

A(x) = deNgg(F(x)) (2.43)

and

1 if x = x1, the principal character,
5(x) = (2.44)
0 otherwise.

For each y there exists non-negative integers a = a(y) and b = b(x) such that

a(x) + b(x) = ng, (2.45)

such that if we define
b(x) a(x)
T (8) = <7r_ ?F(S ;r 1)) (w—zFG)) (2.46)

E(s,x) = (s(s = 1))’V AQ) T (5) L (s, X), (2.47)

and

then &(s, x) satisfies the functional equation (see [18, Theorem 2.2.1])

5(1 - S)Y) = W(X)f(s, X)’ (248)

where W () is a certain constant of absolute value one. This W (x) is known as the root number.
Furthermore, £ is an entire function of order 1 and does not vanish at s = 0, and hence by the

Hadamard product theorem we have (see [18, Theorem 2.4.1.1])
N (O "

for some constants By (x) and B(x), where p runs through all the zeros of £(s, x), which are
precisely the non-trivial zeros of L(s, x) (i.e., zeros of L(s, x) with 0 < R(s) < 1). Recall that
L(s, x) and hence &(s, x) have no zeros p with Re(p) > 1.

We are interested in the integral (2.42). Therefore we need to find identities involving L’/ L.
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2.5. DENSITY OF ZEROS OF HECKE L-FUNCTIONS

We differentiate (2.47) logarithmically to obtain

¢ B 11 1 Ty r
F(00 = 500§ + 577 ) + 5 1oB(A0) + TX(6) + L), (250)
Similarly we differentiate (2.49) logarithmically to obtain
: (=5+3)
=—(s,x) = B(x) + +— . 2.51
(o =B+ (54 (251)

Now combining (2.50) and (2.51), we obtain

LL'<s,x>:B<x>+§pj( LoD ms00 (5 1) - glostat) - 2o (2s)

s—p s s—1

Theorem 2.12. With the notation as above,

Re(B(x)) = —» Re-, (2.53)

and

Pono+ Zism = 3 (555 + 555 ~toetabo) - 2600 (5 + 127 ) — 22500 (259)

holds identically in the complex variable s, where p runs through the non-trivial zeros of L(s, x).
Proof. Follows from [18, Corollary 2.4.1.2] and (2.54). O

Lagarias and Odlyzko in [15, Lemma 5.2] proved that if Re(s) > 1, then

L/
f(sa X)‘ < Re?s}i—l :

We give an explicit version to this as

Lemma 2.13. If Re(s) > 1, then

L/
L(‘S?X)‘ < %~
Proof. The comparison of the corresponding Dirichlet series gives us

L/

‘(S’X)‘ < _@

CE

7 (Re(s)).

Applying Lemma 2.4 to this, we obtain the required result. O
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Lagarias and Odlyzko in [15, Lemma 6.1] proved that if |z + k| > % for any non-negative

integers k, then
/

Ff(z) < log(|z]) + 2.

As an explicit version to this, Winckler in [30, Lemma 4.4] proved that :

Lemma 2.14. 1. IfRe(z) > a, with a > 1, then

T 1
T(2)| <loglls) + 5 +=.

2. If Im(z)

Y

b

Y

1, then

e

<log(|z]) + 1+l +i
= 0glzl) T %) " 2w

3. If |z + k| > % for every non-negative integers k, then

Fl
]F<z> < log(|+]) + 1

where ¢1 = %.

Lagarias and Odlyzko in [15, Lemma 5.3] proved that if Re(s) > —3 and |s| > é, then

T (s)

Tx

< nglog(|s| + 2). (2.55)
Again as a explicit version to this, Winckler in [30, Lemma 4.5] proved:
Lemma 2.15. If Re(s) > —3 and |s| > %, then

N
Tx

(s)' < "2’3<1og(1 +s]) + C2> (2.56)

where ¢y = @.

Lagarias and Odlyzko in [15, Lemma 5.4] proved that if we let n,(¢) be the number of zeros

p=p+iyof L(s,x) with 0 < <1 and |y —t| <1, then for all ¢, we have

ny(t) < log A(x) + nglog(|t| + 2). (2.57)
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As an explicit version to this, Winckler in [30, Lemma 4.6] proved:

Lemma 2.16. Let n,(t) be the number of zeros p = [ + iy of L(s,x) with 0 < f < 1 and

|y —t| < 1. For all t, we have

(0 my(=1) < ca (1o8A(0) + 1ol +3) + e ) (2.58)
where cg3 = 2 and cy = 1103745.

Revision 3. While going through the proof demonstrated by Winckler for [30, Lemma 4.6], we

notice that the proof gives c3 = 5 instead of %

Lagarias and Odlyzko in [15, Lemma 5.5] proved that for all real e such that 0 < e < 1, we

have

+Z < e Hlog A(x) + ng).
|p|<E

As an explicit version to this, Winckler in [30, Lemma 4.7] proved:

Lemma 2.17. For all real ¢ such that 0 < ¢ <1, we have

‘ )+ Z ’ < cslog(A(x)) + cenp
|p\<6

ahere e = }(57+ 34+ 2 ) and s = (152 + 4.

Lagarias and Odlyzko in [15, Lemma 5.6] proved that if s = o + it with —% <o <3 and

|s| > %, then

r )
’L(S’X)—'_ s(—X)l B Zp:

—tl<1

S_p‘ < log A(x) + nglog(|t| + 2).

Winckler in [30, Lemma 4.8] proved an explicit version to this as :

Lemma 2.18. If s = o + it with —

%§0< and |s \>7 then

]Z<s,x>+f(")— > : ' < 0710g(A(X))+ZEIOg('tH5)<CS+’t’+4>

+ cong + cau, (2.59)
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where c7 = ;’;(1 + er2> L8 = 57,¢9 = 35,c10 = 996 and ¢1q = 2.

2.6 The contour integral

In this section, we evaluate Io(x,T) by evaluating

[ (2,T) = - /U o xs(g(s,x))ds, (2.60)

270 Joo—iT S

for each character xy of H =< g >. From here onwards we impose an additional condition on
T > 1. T should not coincide with the ordinate of a zero of any of the L(s, x). We also introduce
a new parameter, U, which satisfies U = j + % for some non-negative integer j (with the aim of

letting U — o0). We define

[ (2, T.U) = — /Bm z (g(s, X)) ds, (2.61)

2mi s

where Br 1y is the positively oriented rectangle with vertices at og — i1, o¢ + 41", —U + 41" and

—U —¢T. In this section we show that the difference
RX(x?Ta U) = IX('xaT? U) _Ix(x?T) (262)

is small. To do this, we first divide the remainder R, (z,T,U) into one vertical integral and two

horizontal integral. The vertical integral is given by

1 =T x—U—i—it ) J
T,U)= — 2 (Z(-U~+it ¢ 2.
Wt =g [ S (f v i) (2.63)

and the two horizontal integrals are given by

1 —1/4 xafiT I mUJriT I/
H T = — —(o — 1T — — T 2.64
dero) =g [ (e (B i) - o (B vir) )an 2o

and

21

1 o) l.a—iT Ll xcr—l—iT L/
H (2, T) = — —(o =T — — T do. 2.65
e =on [ (g (e -mv) - g (Termo) Jar e
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2.6. THE CONTOUR INTEGRAL

H, (x.T.) H, (xT)
- T S
-U '1{ 4 o Go
|x(X,T)
e — -
-T

In order to bound these integrals, we need the result relating to L'/L. Lagarias and Odlyzko
in [15, Lemma 6.2] proved that if s = o +it with o < —1/4, and |s+m| > 1/4 for all non-negative
integer m, then

/

Y (5,x) < los(A() + s logls| +2). (2.66)

As an explicit version to this, we prove

Lemma 2.19. If s = 0 + it with 0 < —1/4, and |s + m| > 1/4 for all non-negative integer m,

then

’II/j(s, X)’ <log(A(x)) + nE<log(1 +|s|) + 4.452 + cl>, (2.67)

with ¢ = 85—3.

Proof. Now combining the logarithmic derivative of (2.47) and (2.48), we get

L/ L/ ,yl ’Y,
—(5,x) = ——(1 —5,%) —log(A(x)) — X(1 —s) — =X
(520 = =7 (1= 5.3~ log(A(x)) — 2X(1—5) = X

(s). (2.68)
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2.6. THE CONTOUR INTEGRAL

Since o < —1/4, therefore Re(1 — s) > 5/4. Thus we use Lemma 2.13 to obtain

= 4nE. (269)

Now since |s+m| > 1/4 for all non-negative integer m, therefore ;—l—m‘ > L and ‘g‘gl—i—m‘ > 1.
Thus from Lemma 2.14, it follows that

I I’ 1 1

F(;)} < log (‘;') +c1, and F<s—;— )' < log ( S—; D +c1. (2.70)

Also, the logarithmic derivative of (2.46) gives us
I"/s+1 48
T 2 2

Similarly, since |1 — s +m| > 1/4 for all non-negative integer m, therefore

ng b

- & e
og(m) + 5

N
Tx

1'\/

OF e

1-s 1
5 —i—m‘ > 3 and

(s)

S _
2+m‘—

% + m‘ > %. Thus from Lemma 2.14, it follows that

1‘\/

F(l;s)‘ < log <‘1;SD+01. (2.72)

Also, the logarithmic derivative of (2.46) gives us

N
Tx

(1—3)‘:?10g(7r)+g’1;<;>’+g1;<1;8>‘. (2.73)
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2.6. THE CONTOUR INTEGRAL

Now combining (2.68) with (2.69), (2.70), (2.71), (2.72) and (2.73), we get

o] < g+ log(a0) + Zi(l 9| + ”;‘U

< 4nE+1og(A(X))+—1og ( >|+ (1_8)’
+”flog<w>+2?’<3“>\ ()

< np(d+log(r)) + log(A(x) <log ;>+Cl>
2(1%(\\)“1) 3 (s ([75°) +)

< -+ e1-+ log(m) + 1os(A(0) + s 10g (A5

= ng(4+c +log(m) —log2) + log(A(x)) + nE(log(l + Isl))

<

log(A(x)) + nE<log(1 + |s|) + 4.452 + 01>.

O

Remark 2.20. Winckler in [30, Lemma 5.1] proved that under the same condition as that of
Lemma 2.19,

19683)‘ (2.74)

2 (610] < touta0) + s 102+ 1) + 5o

2.6.1 Bounding V,(z,T,U) and H,(z,T,U)

Now we observe that since U = %—k j for some non-negative integer j, we get | —U +it+m/| >
1/4. Thus we employ Lemma 2.19 to bound V, (z,T,U) and H,(z,T,U). Lagarias and Odlyzko
n [15, (6.8),(6.9)] showed that

Vi(z,T,U) < fUUT(log(A(X)) +nplog(T +U)), (2.75)

and
~1/4

H (2, T,U) < (log(A(x)) + nglogT). (2.76)

We prove explicit versions of (2.75) and (2.76). We have:

Lemma 2.21. Ifx > 2, T > 1 and T does not coincide with the ordinate of a zero of any of

46



2.6. THE CONTOUR INTEGRAL

the L(s,x), then

Vi (2, T,U)| < x;ZT <log(A(X)) +np(log(U + T +1) + 4452 + c1)> ,
(2.77)
and
a4 5
(@ T 0| < e [log(A(X)) + nE<log (4 + T) + 4452 + clﬂ
e a (2.78)

27
ﬂT(i+7>(bg@

where c1 1s defined in Lemma 2.19.

Proof. Using Lemma 2.19, we have

1 =T foJrit I/
T = |— —(- it dt
Warol = o [ S (Fevsin)a
zV ! ,
U T
< — log(A(x)) +ne( log(1+ |s|) +4.452 +¢; ) |dt
22U T
= UT
< T log(A(x)) +ne(log(U +T + 1) +4.452 + ¢1) |,
and
1/4 o= /) ot
H T = —iT — — T d
[Hx(@, T,U)| omi /U (o—zT(L( ! ’X)> a+z‘T<L(UH ’X)>> 7
1 1/4 /
< - ,X)|do
7T U L
1 /A
< — ( —|—nE<10g(1+|s|)+4.452+01>>da
7T U
1 —1/4
< — ( —|—nE<log(1—|—]U\+T)+4.452+01>>da
7T U
1 —1/4
< s < —i—nE(log(l—i—|a|+T)+4.452+01>)da.
™ —0o0
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2.6. THE CONTOUR INTEGRAL

Now

—1/4 —1/4

(log(A(x)) + ng(4.452 + 1)) /

—00

2%do = (log(A(x)) + np(4.452 + ¢1)) (Tog:c

>, (2.79)

and we employ integration by parts to obtain

—1/4 5 o174 1 o-1/4
/ 27 (log(1+T + |o|))do < (log < + T)> + (2.80)

2
o 4 log z <Zri n T> (log x)

Now combining (2.79), (2.79) and (2.80), we obtain

—1/4
Hy (2, T,U)| < —

=~ 7T (logx) [log(A(X)) T ”E(log (i + T> +4.452 + cl)] + ~ (nE z !

.
) )

OJ
Remark 2.22. Winckler in [30, (30),(31)] proved that
VT 19683
V(e T,U)| < log(A(x)) + ne( log(U +T+2) + 22 ) ) (2.81)
U 812
and
a1/ 9 19683 ng a1/
|Hy(z,T,U)| §[10g(A(x))+nE<log <+T> +>] + 5
7T (log x) 4 812 WT(Z n T> (log z)
(2.82)
2.6.2 Bounding H}(z,T)
Now we give an estimate for Hy(z,T). Lagarias and Odlyzko in [15, (6.12)] proved that
. xlogx
Hi(2,T) < T8 (log(A(x)) + nelogT), (2.83)
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2.6. THE CONTOUR INTEGRAL

and as a result, they showed in [15, (6.13)] that,

L(z,T) = Li(2,T,U) = =Vy(2,T,U) — Hy(x,T,U) — Hy(,T)

< z(log x) U

%) (log(A(x) + nplog T) + 7

(log(A(x)) + ne(log(T + U)).

(2.84)

We prove explicit versions of (2.83) and (2.84).

Lemma 2.23. Suppose p=+iy, with0< < 1landy#t. If|t| >2,x>2and1 <o <3,

o1 J,‘J-‘rit (120.1 4 27)$01
‘ /1/4 (o +it)(o + it —p) dg‘ = (It[= (o1 — B)’ (2.85)

then

Proof. First we suppose that 7 > ¢t. Let B be the rectangle with vertices at o1 +i(t — 1), o1 +it,

—+ +it and —% +i(t — 1), oriented counterclockwise. By Cauchy’s theorem,

:BS
_ T ds=0,
/B s(s —p)

since the integrand has no singularities inside the contour. Also, on the three sides of the
rectangle other than the segment from —% +it to o1 +it, since 0 < 01— < 3 and i < i—i—ﬁ < g,

therefore the integrand is majorized by

12271
([t| = 1)(o1 = B)

(2.86)

which proves the result for v > ¢. A similar proof for v < t uses the rectangle with vertices at

o1 +i(t+1), o1 +it, =% +it and —1 +i(t +1). O

Revision 4. Winckler in [30, Lemma 5.2] stated that the m s enough to majorize

the corresponding integrands majorized by % as in (2.86) which is not correct and we

corrected it by multiplying a factor of 12 to the numerator as shown in (2.86). For example,

3

(Itl=1)(3+8)"
Using Winckler’s assumption, we have (3 — ) < i + B equivalent to 23 > % which 1s incorrect

taking o1 = 3, s(fi_gp)‘ in the segment —% +i(t—1) to —i + it, is majorized by

because < 1.
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2.6. THE CONTOUR INTEGRAL

Lemma 2.24. If x > 2, T > 1 and T does not coincide with the ordinate of a zero of any of

the L(s,x), then

—1/4

er —x
H(z,T) < —~——
(2, T)] < 7T (log x)

e (1200 +27)x
+o- = 10)(00 Y (cg(log(A(X)) + nE<log(T +3)+ca > _ (2.87)

(crtoe(a0) + " 1o+ 5)(ex + 72 ) + 2)

Proof. Notice that for o € [—i, ool, > 2 and T > 2, Lemma 2.18 gives us

L , 1 ng co (x)
= T _ - | < log(A — log(T e
(0 +4T,x) Zp: UH.T_p' < crlog(A(x)) + =~ log( +5)<68+T+4)+ T
y-T|<1
(2.88)
and
r , 1 n c d(x
4 TI<1
(2.89)
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2.6. THE CONTOUR INTEGRAL

Therefore using (2.88) and (2.89), we get

1 oo xo‘—iT 1 xa-‘riT 1
H(2,T) — — - —— )d
‘ (@ T) 2772'/1/4(0—2'T Zp: o—il —p o+il Zp: a+z’T—p) 7

Iy+T|<1 ly=T|<1
1 oo ZEU_iT L/ 1
- —il,x) — T,
27”'/_1/4(0—2'T<L(0 ) zp: U_iT_p>
+TI<1
xo'JriT I/ 1
_ el T, x) — — ] |d
0’—|—ZT<L(O-+Z 7X) ; O'+ZT_p>> g
ly=T[<1
1 [0 zo/|L 1
1 Ll A L s
= or _1/4T<L(U ) Ep: o—il=p
[v+T<1
L 1
= T v) — — | |d
+‘L(0+z ' X) ; UHT_,,D 7
ly—T|<1
| - ¢\, 90 /
< — | erlog(A — log(T T "d
S 7 <C7 og(A(x)) + 9 og( +5)<CS+ T+4> * T 71/4:6 7
er — :L,—l/4 ng 69 5(X)

Now using Lemma 2.23, we get

1 (o0 g0 1 1 70 x0T
— — ) — d
27ri/_1/4a—iT< Zp: 0—iT—p> 717 |2 Zp: </_1/4(a—iT)(a—iT—p) U)’
[v+T|<1 |v+T<1
1
<
- 27 zp:
h+T|<1
a0

= o (T'=1)(00 — B)
y+TI<1

1 (1200 + 27)z% Z

do

/UO xa—iT
—~1/4 (0 —iT)(o —iT = p)

“2n (T —1)(op—1)

P
[v+T|<1

1 (1200 + 27)z°°

= o T - Dion D) (2.91)

Similarly, we get

1 oo $0’+iT 1
el e D Dl L
2mi J_qyyy 0 +iT ~ o+ —p

ly=T1<1

i(1200+27)x"0n e
21 (T —1)(og — 1) ¥ 7

< (2.92)
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2.6. THE CONTOUR INTEGRAL

Now combining (2.90), (2.91), (2.92) and Lemma 2.16, we get

exr — 1:_1/4

@ T < - g a) <c7 log(A(x)) + %Elog(T + 5)( Tc_i 4> n 5(TX)>
B (T o (1 (T) + (<)
< W <C7 log(A(x)) + 5~ log(T +5) (CS + M) + % )
" % (éliaf)(t;i?_)ﬁ) (03<10g(A(x)) + nE<log (T+3)+c )

2.6.3 Bounding R, (z,T,U)

Lemma 2.25. If x > 2, T > 1 and T does not coincide with the ordinate of a zero of any of
the L(s,x), then

-U

|Ry (x,T,U)| < v T (log(A(X)) +ng(log(U+T +1)+4.452 + cl)>

+ 7TT<_1(1):$) [(1 — c7) log(A(x)) + nE<log (Z + T> +4.452

+c1;10g(T+5)<08+ ¢ )) 5(><)}

T+4 T
n o174
n E
ﬁT(i + T) (log 2)”
e T n 9 d(x)
+ = T(log) <C7 log(A(x)) + 7E log(T + 5) <68 + T—i-4> + T>
+ ?:W(C;g (10g(A(X)) + nE<log(T +3)+ C4> >)
+ %Ti l (C3(10g(A(X)) + nE<log(T +3)+ C4> ) ). (2.93)
Proof. From (2.62), remember that
|Ry (2, T,U)| = | Iy (z,T,U) — L(2, T)| < |Vy(, T,U)| + |Hy(, T, U)| + | Hy (, T)].

Now combining (2.77), (2.78) and (2.87) with the fact that o9 = 1+ (logx) ™!, we get the required

result.

O
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2.7. THE EXPLICIT FORMULA

Remark 2.26. Winckler in [30, (32)] showed that

H? (2, T)| < <5(13(10gx) +4)ex 5716xm_1/4>10g(A(X)) nE((mM
T 8(I'—1) 25 T(logw) m 2 T(logx)
5(13(log z) + 4)696) log(T + 5) 5375(13(log ) + 4)ex 5921 ex — x—1/4>
8(I'—1) 2144(T — 1) 28 T(logz)

and thus in [30, (33)] showed that

1@, T) ~ L (2. T,0)| < 65””“0“)[ #(A00) + i 1og(T+5) + 50 )|

87 (T —1) 268
1075
1 log(T —
[og +nE< og(T +5) + 263 >]
571 o7 5921
WTlog:c [25 +”E< og(T+5)+ 55 ﬂ
2 UT 19683
[log(A( ) + nE(log(U +T +2)+ 812)]
4nEac_1/4
177T(log )2’

2.7 The explicit formula
2.7.1 Estimating I, (z,T,U)

Recall that the integral I, (x,T,U) is defined in (2.61). We first evaluate this integral. We
recall that = > 2, U = j + % for some non-negative integer j, and T > 2 does not equal the
ordinate of any zero of any of the L(s,x). By Cauchy’s residue theorem, I, (z,T,U) equals
the sum of the residues of the integrand at poles inside By . Now if x = x1, the principal
character, then L'/L has a first order pole of residue —1 at s = 1, and hence (this term being
absent if x # x1) we obtain a contribution of —(x)xz from the possible pole at s = 1. Further,
L'/L has a first order pole with residues +1 at each non-trivial zero p of L(s,x) (the p’s are
counted according to their multiplicity), and so such p’s contribute }_ r—pp. In addition, L'/L
has first order poles at the so-called trivial zeros, which are real and non-positive. Also, the
functional equation of L(s, x) in (2.47) and study of I'-function shows that L’/L has first order
poles at s = —(2m —1), m = 1,2, ... where the residue is b(x), and first order poles at s = —2m,

m = 0,1,2,... where the residue is a(x). Therefore, the residues at points s with Re(s) < 0
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2.7. THE EXPLICIT FORMULA

ey [
:L.f(mel) —2m

PrET

m=1 m=1

contribute

—b(x)

Now the only remaining residue is at s = 0, where we have the complication that both z*/s and

L’ /L may have first order poles. The Laurent series expansions of % about s = 0 gives us

S

1
L=y log x + sh(s),
s s

where h(s) is a function that is analytic at s = 0. Similarly, the Laurent series expansion of

L'/L as defined in (2.52) about s = 0 shows that

20 = 06 4 s,

where hs(s) is a function that is analytic at s = 0 and

00 = B = (o AG)) + “Fllogm) +300 - 0 (5) - YR o

Therefore the residue of %S%(s, x) at s =01is r(x) + (a(x) — d(x)) log(z). Now, combining all

these residue terms, we get

From now on going forward, we let U — oo.

Lemma 2.27. If x > 2, T > 2 and T does not coincide with the ordinate of a zero of any of
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2.7. THE EXPLICIT FORMULA

the L(s,x), then

P ng 1
Li(x,T) +6(x)z — i r(x) = (alx) = 8(x)) log z — =~ log(1 —2™)
|v|p<T

+ (b(x> 3 “(X)) log(1 +27)
Sme(_l(l)/;x) [(1 —er)log(A(x)) + nE<log (Z + T) 4 4.452

+ e —;log(T+5)<08+ ch4>) _5(qu

o174

(log x)

<

7)
leo (C7log +log(T+5)< T+4)+5(TX)>
?’fo“fé}o_gf)( <log( (x ))+nE<log(T+3)+C4>>)

6e «x

+— (s <log(A(x)) +ng < log(T +3) + C4> > )- (2.96)

Proof. Notice that

X gmm 2 glm a(x)+0b >~ (z7h)n a(x) —b — (—2~
03 G +b(x)z:12m_1_< K (X))Zl( ) +( 00~ (x))z;(
= "L log(1 ~ o) + <b(’<);“<x>) log(1+27). (297)

Therefore combining this above equation with (2.95) and (2.93) and using U — oo, we get the

required result. O

Lemma 2.28. Using the notation as above,

1 1
ro)+ Y ‘ < <C5+ )(logA( ))+nE< =+ +10g2+06> +600).  (2.98)
ol<t
Proof. We remember that b(x) < ng, ¥ <§> = —2(log2) — v and F%(1) = —~. Now using
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Lemma 2.17, we get

IN

p

lol<3

Bx) - gog A + F logm) + 600 — "L (3) - L+ B0
lol<3
B(x) - 308 A) + F logm) + 500 + 0 21082) 49) + Dyt 31
lol<3

B(x) + Z ;‘ +1mg;1(x)+5(x)+nE<lo§7r+'2y+log2> (2.99)

lol<3

log A |
<cslog(A(x)) + ceng + L(X) +d(x) + nE( Xl + 7 + log2>

2 2 2

log ™

2

:<c5+;> log(A(x))+nE( 5 +7+10g2+06)+5(><)-

O

Revision 5. Lagarias and Odlyzko in the proof of [15, Theorem 7.1] state that Lemma 5.5 and

(5.4) show

1
r()— Y 5 <log A() +ne.

P
lpl<s5

which is not correct and we correct it by using the estimate for

r(x) + Z;

1
lpl<s5

as shown in Lemma 2.28.

2.7.2 Explicit bounds depending on T’

Lagarias and Odlyzko in [15, Theorem 7.1] proved that for > 2 and T > 2,

dot@)— e 4 5e,1) < (

|C| (z(logz)+ T

T

(logdyp) + nr(logz) + npz(log z)(log T))

|G |G T

+ (log x)(logdy,) + nxaT *(log z)?,
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where

S(x,T) = :g; > Xy < Z -) ;) (2.100)
X 14

"YKT lpl<3
and the inner sums in (2.100) are over the nontrivial zeros p of L(s, x). We prove an explicit

version of this theorem.

Theorem 2.29. If x > 2, T > 2 and T does not coincide with the ordinate of a zero of any of

the L(s,x), then

C
vela) = lgto+ S(.7)
g2.89<lc’gf”|)g‘°g‘m +13.83nx (logz) + 28.7nx T 'z (log z)? + 4.41ng
|C| z1/4 5
T 1)l log (24T +4.452
+|G\ TrT(loga:)( cr)logdr, +ny | log T+ 5

1 1 ny, x4
+C110g(T+5)(Cs+ >> }+ 5
2 T+4 T 7TT<Z-|—T) (log z)

(&

T nr, 9 1
————— | ¢erlogdr + —log(T' + 5 =
+7TT(loga:) (67 08 oL+ 2 og(T + )(CS+T+4>+T>

1
396”3(05596)(63<1ogdL +nL<log(T+3) +C4>>)
2r T —1

6e x
t 1(03<logdL+nL<log(T+3)+C4>))

1 lo log 3
+nr(logx) + (05 + 2> logdy, +np, (§7r + % +log2 + % + CG> + 1). (2.101)

where S(xz,T) is defined as in (2.100).

Proof. Using (2.10) and triangle inequality, we get

|1/)C(m) - Ig:x + S(z,T)| < Ri(z,T) + |Ic(z,T) — lglx + S(z,T)|. (2.102)
Recall that
C
le(e.T) = G L XL 1)
X
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2.7. THE EXPLICIT FORMULA

Therefore using (2.100),

Io(oT) - [+ 8.7 = ~G ( Exto) (e + o000 - ¥ 24 30 1)),
X p

P
[v|<T \p\<%

Also, remember that [\(g)| =1 for all x. Thus (2.102) turns out to be

C C P 1
vela) = It + 8@ )| < R 1)+ G S R D) +doe- ¥ 24 Y 2
X yi<T o<l
(2.103)
Using triangle inequality, we obtain
z’ 1
L(x,T) +d6(x)x — Z — + Z ‘
p p p p
y|<T Ipl<1
z’ ng -1
<y (@, T) 4+ 0(x)x — e r(x) = (a(x) = 6(x))logz — =~ log(1 —z7")
<r
b(yv) —
+< (x) . a(x)) log(1 + 1)
1 ng 1 b(x) — alx) —1
+|r(x) + Z =+ [(alx) = d(x)logx| + |[—log(l — 2z )| + || —=—=— ) log(1 +27)|.
~p 2 2
lol<3

(2.104)

Now we recall that |b(x) — a(x)| < ng and |log(1 — 27 1)| = log ((1 - 1‘1)1>. Hence

ng r+1
< =11

which has a maximum value at z = 2 for x > 2 and the value is % (log 3). Now combining this

%Elog(l —z b

+ ’ <b<x> 3 G(X)> log(1+ 271
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result with (2.104), Lemma 2.27, Lemma 2.28 and the fact that |a(x) — d(x)| < ng, we get

L(z,T) + 6(x x—zxp Z ’

|v|<T |p|<f

< % [(1 — o) log(A(xy) + nE<log (Z . T) 45
+cl—;log(T+5)<cg+T+4>>_5(;()} p-1/4

+ ;@ <C7 log(A(x)) + %E log(T + 5) (

39e z(log z)
2 T -1

(3 ( log(A(x)) +ng ( log(T + 3) + 64) ))

#1080 + e to(T 4 3) 4 ) )

1 1 log 3
+ np(logx) + (65 + ) log(A(x)) + ng <O§7T + % +log2 + % + 06> +d(x). (2.105)

Now the conductor-discriminant formula [15, Page 451] gives us

> “log A(x) = log . (2.106)
We know that the number of irreducible representations of the cyclic group Gy is |Gp|. Also,

by the Fundamental theorem of Galois, |Go| = [L : E] where E is the fixed field of Gy. Hence,
> ne=ngx|[L:E]=ng. Also, > 6(x)=1. Now combining this with (2.103), (2.105) and
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(2.37), we get

C|
vo(x) — —=x+ Sz, T
@) - g (z,T)
<9 ggllog@)(logdz) :”)grg do) 13.83n (log z) + 28.7nx T 'z (log )% + 4.41ng

Ll Ll/4(1— Vogdy +np( log (2 +T) + 4.452
G|\ 7T (log 2) cr)ieaL T nL| 108 | '

1 Co 1 nr, x4
+Cl_10g(T+5)<08+)> —] +
2 T+4 T 1 2
* wT<i+T> (log @)
(&

T ny, Cg 1
—_ log d —log(T +5 —
+  T(log ) ((:7 ogdy, + 5 og(T + )(Cg + ) + >

T+4 T
39e z(log x
+— (log )(03 logdr, +np( log(T +3) +cs ) ))
2 T —1

b6e =«
+WT_1(03(10gdL+nL<10g(T+3)+C4)>)

1 log log 3
+ np(logx) + <C5—|—2> logdL—FnL(g—l-;/—l-logQ—l- §+66> —l—l).

O

Theorem 2.30. Ifx > 2, T > 2, T coincide with the ordinate of a zero of any of the L(s, x)

and € > 0 such that T + € does not coincide with the ordinate of a zero of any of the L(s,x) ,
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then
|
Yo ——x+ Sz, T
(@) = g+ S(@.T)
1 1
< 2.89<()gx‘)(G’()gdL) +13.83n(logz) + 28.7ng (T + €) Lz(logz)? + 4.41ng

+g L (1 —cy)logdr +np| lo §—F(T—Fe) +4.452
G|\ 7(T + ¢)(log ) 708 AL TR 108 | '

rea= a0 49+ ) ) e ¢ (T+f)<nL HT ) b

N ;W<C7log@ + 5 log((T'+€) +5) <08+ (T+CS) +4> * T1+e>
) o 1) )
$1T+j5_1@8<bgdL+nL<bg«T+f)+3f+%>>)

N ;(m(logdL +nL<10g<T+3) ”4)))

1 lo log 3
+nr(logx) + (65 + ) log dy, + nL<§7r + % +log 2 + % + c6> + 1>. (2.107)

where S(xz,T) is defined as in (2.100).

Proof. Let T' = || for some p =  + iy where 0 < § < 1. Now we evaluate (2.101) with T
replaced by T + € for the e very close to zero and T + € not coinciding with the ordinate of a
We also notice that

zero of any of the L(s, x) to obtain |c(x) — IgIaz + S(x, T +¢€)|.

xf 1
S(xz, T +e€) |G!Z < Z — - p)z |G\Z Z? (2.108)

p p
7| <T+e lpl< =T

Recall that the number of zeros p = 3 + iy with |y| = T'is less than or equal to . (n(T) +

ny(=T)). Combining this with [X(g)| = 1, (2.58), (2.106), >° np = np and the triangle
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inequality we get

—gx x
vela) = Ioto + S(.7)
C
< ¢C($)—Hx+5(xT+e) EX: Z p
Iv[=T
_ IC] IC| =
= |Yo(x) — ‘G’x—i—S(:c ,T +¢€) +@T Z(”X(T)+nx(_T))

IN

IN

Yo(r) —

qpc(x)—}g;HS(xTﬂ) }g;TZ<C3<log )>+nE(10g<t+3)+C4>>>

Iglx+5(az T +e) +I2:T( 3<10gdL+nL<10g(T+3)+C4>)>' (2.109)

Now combining (2.101) with T" replaced by T + € and (2.109), we get the required result. O]

Remark 2.31. We can combine Theorem 2.29 and Theorem 2.30 to provide a bound which works

independent of the position of T'. This is done by taking ¢ — 0 in (2.107). Thus

—gm x
Yo(r) | + S(xz,T)

(log x)(logdr,)
G|

c|( x4 5

| ————1(1 —c7)logd 1 -+ T 4.452

+ |G| \ 7T (log x) (1= cr)logdy +ni log 4 * A5

1 1 ny, 174
+Cl—log(T+5)(Cg+ >> :|+ 5
2 T+4 T 7rT< —|—T> (log z)

e x nr, 9 1
—— | 7l — log(T =
+ = T(log 7) <C7 ogdr, + 5 og(T +5) (cs + T—|—4> + T>

39e x(log x
+ %z(fl)(63<logdL +nL<log(T+ 3) + c4>>)

+ <ie+1)T3i 1(63(10gdL+nL<10g(T+3)+C4>>>

1 1 log 3
+nr(logz) + <05+ )10gdL+nL<Og7r+7+log2+O§+c6> +1>,

< 2.89 + 13.83nk (logx) + 28. 70T~ tx(log x)2 +4.41ng

2 2

Revision 6. Lagarias and Odlyzko in the proof of [15, Theorem 7.1] and Winckler in the proof

of [30, Theorem 6.1] used — Z\p\<% throughout the entire proofs which is not correct since they

used the results about 3, 1 (check [30, Page 18, last equation]). We corrected this mistake as
2
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depicted in the proofs of Theorem 2.29 and Theorem 2.30.

2.8 Zero-free regions

In this section, we prove a zero-free region for (1(s). A well-known result as stated in [15,

(8.1)] shows
Ce(s) = [[ L(s.0)- (2.110)
X

Since L is the fixed field of the abelian group Gy, it has already been proved that each L(s, x)
is analytic for s # 1. Also (2.110) implies that any zero-free region for (;(s) immediately gives

a zero-free region for each of the L(s, x).

2.8.1 Zero-free region for (z(s)
Lagarias and Odlyzko in [15, Lemma 8.1] proved that there is an absolute, effectively com-

putable positive constant ¢ such that (7 (s) has no zeros p = 5 + i7y in the region

v > (14 4logdy) ™"

B8>1—c(logdy, 4+ nylog(]y] +2)) %

We prove an explicit version to this as:

Lemma 2.32. The (1, function has no zeros p = 3 + iy in the region

lv| > (1+4logdr)™!

-1
f>1—(7- 4\/§) (22(log dr) +nr, (g(log(\’ﬂ +3)) + 4o + 10g254) + 225> )

Proof. We know that

is = cwozTrL??”L_S
-5 = 3 a(m) 2.11)

m=1
for 0 = Re(s) > 1, where a(m) > 0 for all m. Hence
<L <L

—ia——a 1) — (0 + 2 :oo
Re< 3CL() 4CL(+t) CL( +2t)> >

(34 4 cos(tlogm) + cos(2tlogm)).
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We also know that

3+ 4cosb + cos20 = 2(1 + cosh)? > 0.

Therefore combining this with the fact that a(m) > 0 and m? > 0, we obtain that

CL CL CL
Re< CL( o) — CL( o +it) — oL (o + 2zt)> > 0. (2.112)

Now if we consider the trivial normal extension L of L, then (1(s) is the Artin L-function
associated to the principal character. Let v7(s) denote the gamma factor associated to (z(s).

Then, (2.54) gives us

1 1 2 2
2( )= Z(S—p+S—P>_logdL_s_s_2%(5)’ (2.113)
P

where the summation is over the non-trivial zeros p = S+i7 of (1,(S). Since 0 < 8 < 1, therefore
if Re(s) > 1, then Re(s — p)~! > 0 for each zero p. Therefore, for 2 > ¢ > 1, using Lemma 2.15
and (2.113), we obtain

Re<§i( )):;Re<z< ! + 1>>+ilogdL+i+Ui1+7L(U)

~\o—p o-p YL

1 1 1

< —logdp + — +7+7L( )
2 oc—1
1 1

Let p' = B+ iy be some particular zero with |y| > (1 + 4logdy)~!. Now combining (2.15) and
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(2.113), we get that for 2 > o > 1,

¢ _ 1 1 1 1
“Re(L(o+2)) =— =R logd
e(g(‘” ) 9 ¢ Zp: st 2iv—p ot2iv_p)) 28

1 1 v
R R
- e(a+2i'y+a+2w—1>+ e< (o )>
<llogdy +Re (" tRe (Lo
0 e el =
2 &L o+ 2iy 0'—|-22’}/—1 ’yL
1 ng
<-=logd R —{ (log(2 1
<5 logdr + e(a_i_%7 0—1—21 1>+ 5 <(og Y|+ o+ ))+c2>
1 ng
<-logd — | (log(2 .
<5 log L+Re(0+2m 0’+2Wl>+ 2<0g |7!+3))+62>
(2.115)
Since |y| > (1 + 4logdy)~ !, hence for 2 > o > 1,
1 1 1 1 1 3
R — <1 2logdr, = -+ 2logd
e(a+2iy+a+2z’yl> +2h| +2+ 08 4L + 08 AL
Now combining this with (2.115), we obtain
¢ 3
—Re C(o—{—Qw) flogdL+f (log(2|y| +3)) + c2 +3 (2.116)
L

Now, again combining (2.15) and (2.113), we also get that for 2 > o > 1,

—Re (gL (o + w))
L
1 1 1 1 1 Vv
:—fR —logdr, + R Re [ =
2 e(%:(0+iv—p+0+w—p>>+20g Lt e(a+iv+0+w—1>+ e('yL
1 1 1 Vv 1
< -logdr + R Re [ = —Re| ———
_20g L e<a+i7+a+i'y—1>+ e<7L(a)> e(a—i—i’y—p’)

1 1 1 Vv 1
= —logd R R - .
20g L e(a+i'y+a+i7—1>+ e<7L(a)> o—p

(2.117)

Again since |y| > (1 +4logdy)~!, hence for 2 > o > 1,

1 1 1 1
Re( — + > —+—<1+1—|—410gdL—2—|—410gdL.
o+iy o+4iy—1 v
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Now combining this with (2.117) and (2.15), we obtain

1

!/
—Re <CL(a+z'fy)> logdL—F((log(M +3))+02> +2- . (2.118)
L o—p
Now combining (2.112), (2.114), (2.116) and (2.118), we get
4 3 5 log 54 25
B —|—22(logdL)—|—nL<2(log(|7|+3))+402+ >+2. (2.119)

Now suppose we take | = 22(logdy,) +nr, <g(10g(h| +3)) +4ea+ 10g54> +2 andlet 0 =1+9.

Thus (2.119) turns out to be
41 - 3l Ll
1-Bl+a a
which on further computing turns out to be equivalent to
2
a—a
<1l——.
b (3+a)l

Further, the evaluation of the function f(a) = - shows that f is maximum at 2v/3 — 3 and

(3+a)
f(2v3-3) = = 4\f Now using a = 2v/3 — 3, we obtain

5 log54\ 25\ "
=1+ (2v3 - 3)( 22(logdr) + nr, SUog(lr[+3)) +der + —=— | + )
and using this o in (2.119), we obtain the required result. O
Remark 2.33. Winckler in [30, Lemma 7.1] proved that the (7, function has no zeros p = 8 + iy
in the region

lv| > (1+4logdr)™!

B>1—(7—4V3) (22(logdL) +nr (g(log(\vl +3)) + % +2(lo 3)> * 125> 7

Revision 7. The constant % as gwen in [30, Lemma 7.1] by Winckler is not correct and we

corrected this mistake by replacing that value with % as shown in Lemma 2.32.

Lemma 2.34. [15, Lemma 8.2]. If n, > 1, then (r(s) has at most one zero p = B + iy in the
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2.8. ZERO-FREE REGIONS

TEGLON

Iv] < (4logdy)™ and B> 1 — (4logdy) ™ . (2.120)

Proof. (2.113) shows that 1 < o <2,

o—p 1 1 ¢ fLL
%:(0_5)24_72 —0,_1 10gdL+CL( )+ +7L( o). (2.121)

Notice that %(O‘) < 0. Also, for 1 < 0 < 2, 11:/<(2’> < 0, F’(o;l) < 0 and since ny > 1,

therefore % — " logm < 0. Hence using the logarithmic derivative of (2.46), we get

1 v 1 ng a(L)T (o b(L)T (041
-+ = =(—-——=1 —| = 0. 2.122
oty <a 2 Ogﬂ)Jr > t\2)" 2T 2 )" (2.122)
Now using this, (2.121) gives us
o—0 1 1
—logdry,. 2.12

p

Due to symmetry of zeros about the real axis for (7 (s), presence of one complex zero of (r(s),
p = B+ iy with v # 0 guarantees the presence of another zero. If p = 5 + iy is a complex zero
(i.e. |7 # 0) in the region described by (2.120), then there are at least two zeros in that region

and (2.121) gives us
o—p -
(0=B)+7* " o-1

1
+ §logdL. (2.124)

Now let us choose o = 1 + (logdy )™t < 2. Then —5 + 3 logdL = 3logdL Let p = 8+ iy be
in the region described by (2.120) and v # 0. We thus set § = 1 — ﬁ with 0 < a < 1/4

- with 0 <b < 1/4. We now consider the function f given by f(a,b) = 2at1)

and |y| = @D

log
and use multi-variable calculus to find out that f attains the minimum value in the region

0<a<l1l/4and 0<b<1/4ata=1/4 and b =1/4 and the minimum value is approximately
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1.53846. Therefore,

a+1
o—p Tog d. 2(a+1)
2—— = =2 X = logdy,
(0 —B)2+~2 <a+1>2+< ) >2 (a4 1)%+ b2
logdL logdL
1 1
> 1.538461logd;, > 1.5logdy = p— + §logdL,
o —

and thus we get a contradiction to (2.123) in the case where v # 0. Hence (z(s) cannot have a
complex zero in the region described by (2.120).

Now suppose (7(s) has more than one real zero (i.e. 7 = 0) or a double real zero in the
region defined by (2.120), say p1 = (1 and pa = B2. Let 8 = min{f1, f2}. Then (2.123) together

. 5 1 .
Wlthmza—ﬁ>@glves

o—f o—p o— P 1 1
> + = +
Zp: (c=B)2+7*" (0—P)* (0—-PB2)* o—-P o—Pps
2 2 x4
> > ~ logd;, = 1.6logdy, > 1.5logdy,

oc—pf 5

which is again a contradiction to (2.123). Thus there cannot be more than one zero in the region

described in (2.120) and if such a zero exists, then it must be real and simple. O

Remark 2.35. If the possible zero described by the above lemma exists, we denote it by Sy and
call it the exceptional (Siegel) zero. We also note that if ny, = 1 (so that L = Q, logdy = 0),
then (7, has no non-trivial zeros p = 3 + iy with |y| < 14. If 5y exists, then (2.110) shows that
there exists a unique xo such that L(5p, xo) = 0. This xo must then be a real character, since

L(Bo,Xo) = L(Bo, x0) = 0.

Remark 2.36. Many number theorists have proved several results related to the zeros of Dedekind
(-function. For example, Stark [27] in 1974 also proved that (r,(s) has at most one zero p = S+ivy
with 8 > 1—(4logdy)~! and |y| < (41ogd;)~!. Habiba Kadiri [13, Theorem 1.1] in 2012 proved
that for sufficiently large dr, (r.(s) has at most one zero p = B+iy with 8 > 1 —(12.74logdy) ™"
and |y| < 1. But the result that we will use is the one proved by Ahn and Kwon in [2, Theorem

1]. They proved:
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Theorem 2.37. [2, Theorem 1] If ny, > 2, then r(s) has at most one zero p = 3 + iy with
B>1—(2logdr) ! and |y| < (2logdy)™*
and if this zero exists, then it has to be real and simple.

2.9 Final Estimates

We finally conclude by applying Remark 2.31 to estimate ¢¢(x) and 7¢(x).

2.9.1 Estimating ¢ (z)
Lagarias and Odlyzko in [15, Theorem 9.2] proved that there is an effectively computable

positive absolute constant ci3 such that if x > exp(4ny (logdr)?), then

e el e*

vela) = g1~ gl 5+ el), (2125)

where

D=

);

ley(x)] < :L'exp(—clgnL (log x)

and where the second term on the right side of (2.125) occurs only if (7(s) has an exceptional
zero Py, and xo is the (real) character of Gy = Gal(L/E) =< g > for which L(s, xo) has fy as

a zero. We prove an explicit result to this as Theorem 1.12.

Proof of Theorem 1.12. Let a = egfi, b=35¢3% and ¢ = 2 x isx/?:_ If p = B + iy with

p # Bo be the non-trivial zeros of some L(s, x) with |y| < T, then by Lemma 2.32 and checking

= Tog((ady )3 (b(T + 3))7r)"

(7-43) (2200 dp) - (S tou(l+3) 1+ 5 )+ )
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we get

—1
1—(7—4/3) (22(logdL)+nL (g(log(7+3))+402+108 54> +225>

|a:p|:mﬂ§m

—1
—(7—4/3) <22(10g dr)+ng <2(1og(|7|+3))+402+log54> +225>

=TT

-1
—(log z)(7—4v/3) (22(1og dp)+nr (3 <log(lv+3))+4c2+l°g254> +2§>
= XTe

o c(log x)
< ze los(adp)/3(b(T+3) L) (2.126)

forx > 2 and T > Ty > 2. Also, by Lemma 2.16, 3, log A(x) = logdy and 3, np = ng, we

get,

2.0

X p>4
|7|<T

27 +1

‘ Z( I CARELNG (2j+2))+2nx(0)>

0<j< Tt

v ( 5 cs(log(A(X)) + r;]j glc;g(m‘ +5) + C4>> . <1Og(A(X)) . <(log - c4>>>

o T—1
X Nogj<Tst

< Cg(log dr, +np, ((log(T +4)) + C4>> ( > 2jl+ o+ 1). (2.127)

_T—1
0<j<TFt

Recall that log(K +1) <3 1<k % < (log K') 4+ 1. Therefore

=z o, ol T
= 2N S <(logT)+1-=(1 1
212y g =)y <Og(M+>>
1 T log T
g(logT)+1—2<1og (2>> < Og +1.35. (2.128)
Therefore using (2.128) in (2.127), we get
logT
> Z < e3 +2.35 ) ( logdr 4 np | (log(T +4)) 4+ ¢4 | ). (2.129)
X o2
\’Y|<T

Now for p # 1 — B, using (r(s) = [], L(s,x) and the result of Ahn and Kwon as given in
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Theorem 2.37, we get || > 57 . We use this result, Lemma 2.16,

1 1
ioga;y and hence lp| > 5T

logdy,)
> log A(x) =logdy, and ), np = ny, to obtain:

P 1 1
gm;ﬁo(p +'p‘)§(ﬁ+1)gp§ﬁo ,0'
lpl<3 ll<3
< (Va+1)(2logd) Y. Y 1
X p#1-Fo

1
lpl<s5

< (Vo +1)(2logdr) Y ny(0)
X

< (Vo +1)(2logdr) ) (623 <log(A(X)) e <(log D+ c4>>)

X

< (V& -+ )togdy) (a0 dr) + e (063 + 1) ) )
— es(logdy)(vVz + 1) ((log dr) + <<1og 3) + 4>)

(2.130)

Now by Hermite-Minkowski identity, we have ny < llggfl/% = Qigg gL for ny, > 1. Using this in

(2.130), we get

39 < 214 ‘;D < e5(log di)(V + 1>(<logdL> " fggf/% (<10g3> m))
lol<3

(2.131)

— caogdp 5 + 1)1+ EDEEL),

log V3

Note that if n;, = 1 (and logdy, = 0), then (2.131) is trivially true since (;, has no non-trivial
zeros p = [+ iy with |y| < 14 as mentioned in Remark 2.35. We remember that 0 < 1— 5y < %

Therefore by Mean Value Theorem,

z1=Po 1 A |

— - < Q < p1=Bo < ' '
Ty —cy T (logz) <z 7 (logz) < Vx(log x) (2.132)
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Now using (2.100), we have

] | || ( x xP 1) x ‘
S, T Gl — = - 2.133
@ T) = go@ 5| = @ ZX: (9) Z:l 2 }: ~) (o) (2.133)
yl<T < 2

Now using the fact that

B
IRODIE RO ED DD DI !
X ‘| EIT X Jpl= %080
v

along with ny, < logf’} (2.126), (2.129), (2.131), (2.132) and triangle inequality, (2.133) becomes

C xﬁo
(a.1) - ;G:mg)
1IC| [ P x1—Fo 1
<
S5 SED SR LATS I Sl (L4 Y H) R
T X Jpl>4.0#80 X p#L=00
y[<T lol<3

+ es(logdp)?(vVr +1) <1 + (log?))—i—cZ;) + \/E(log:c)]

O [ _ c(log x) - 1 T
;G: re loe((adp) /5 (b(T+3)"L) <C3< og + 2.35) <log dr, +np, <(log(T +4))+ C4> ))

log V3
|C - Aff/%gw) — ( <logT > < <(log(T+4))+C4>>>
< Tl ge los((ad )M/ 1(T+3) L) ( cq(log d +235 )1+
+f< (logd )2<1+ 1 )(3(1og3)+c4>+1 > (2134)
x| e3(lo — | = ogx ||. )
3llogar, Nz log\/§ g
1o,
Let T = —1 eV "gL — 3 > 1T} and consider x > 2 such that
b(adr,) s
logz > 4ny (log((Tp + 3)b(adr) s ))>.
- 1 1 5 /1
Set To = 2. Thus we have T > 2, 1og((adL)4475g(§(T+3))nL) > %ng for ny > 2, logdy < & (;Lng

and therefore using 7'+ 4 < 47" (2.134) turns out to be

P

S(z,T) — ‘G| (E1 + Es), (2.135)
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where

log z
e log = o +(log4)+04>>)
B = nrL log d +2.35 )1+ 2.136
= V5 atopan) (525 2 ) (1 (VT 2130

and

Ey = \/:E(cg,(logdL)Q(l + \}5> <g(li)gg§)’\)/§%> +1ogx>.

Now we use Remark 2.31 and (2.135) to obtain

_la, el %

|C’| 2P0

_ 4] 1¢] z
= |yo(z) — ’G|x+5’(m 1) — S(x,T) + ’G|X0(9)ﬁ

2P0
< |veto) - o + 5. 1) + |3 1) - [l 5
_ ]

|<E +E2—|—D1+D2+D3+D4+D5+D6+D7>

where

z(log z)?

D1 = 2877”LL T s

x4 5
Dy= ———|(1— log d 1 -+ T 4.452
9 TT(log ) [( c7) log L+nL<og<4—|— )—I— + 1

_élog(T“’)( Tc~i4>> _H

L1/4

nr

Dy =
1 2’
- <451 )(ogx)

_c_r
- 7 T(logx)

ny Cg 1
(oot

1
D5=—396$(0g$) c3| logdr +np| log(T +3) + ¢4
2r T -1

Dg = @—1—1 ;1: c3| logdr +np| log(T +3) + ¢4
T T—-1
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(2.141)

(2.142)
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(logz)?

D7 =0.165
7 T

1 1 log 3
+14.83nr(log x)+ <C5—|— >10gdL—|—nL <0§7r—|—g+log2+0§—|—06+4.41>+1

(2.145)

44
Notice that by using ny, > 2 and log d;, > log 3, the condition x > exp <4nL (log(1114759d, ))2)

log x
L eV — 3> 2 with the iden-

gives h;ﬂ > 2226 and log x > 4452. Moreover using T =
L b(adr)™s

tities

log eV
) T — 1 N
nr 2b(adL)?

l\.’)\»—t
=

44
glog dr < log(b(adL) ) < > (2.146)

g;
l\DM—t

N |

and the Hermite- Minkowski’s inequality which gives

5 /log x
2<nr < , 2.147
== 88(logv/3) V nr ( )

we compute each term in (2.138) using MAPLE to obtain

c log x

Fy+ Dy+ Ds+ Dy + Dg+ D7 <10 Tze” 2V L

and
log @

_c [logz _c [logz _c
E, < 5801.4ze 2V ne . Dy < 3.71ze 2V ni Dy < 0.06z¢ 2V nL

74\/

Inserting these values and ¢ = 2 x into (2.138), we complete the proof. O

Remark 2.38. Winckler in [30, Theorem 8.2] proved that if [y is the possible exceptional

real zero of (1(s), and xo is the character (real) such that L(5p,xo) = 0, then for = >

44
exp <4nL(10g(150867d5 ))2> 9

_lel, el ot el
vola) = g~ gl 5+ gl (2.148)

nr

where |e,(2)] < 1505234280710z exp ( — 7_27\/5 bgw) and the second term in (2.148) can be

suppressed in the absence of the exceptional zero 3.
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2.9.2 Estimating 7¢(z)

Lagarias and Odlyzko in [15] showed that there exists absolute effectively computable con-

stants c3 and ¢4 such that if z > exp(10ny(logdy)?), then

mo(x) — ;gl Li(z)| < }g; Li(z) + 3z exp(—cany

N[

(log z)?), (2.149)

where the [y term is present only when [ exists. Now we prove an explicit version to this. To

go from ¢ (z) to mo(x), we introduce new quantities as

Oco(x)= > log(Np)andfy(x)= > log(Np). (2.150)
P ulll}rpa%n;ﬁed p ugn;;gijed
op=C

Theorem 2.39. Let By be the possible exceptional real zero of (r(s), and xo be the character
44
(real) such that L(Bo, x0) = 0. If np > 2 and x > exp <4nL(log(1 114759d; ))2), then

el IC]

‘Hc(aj) @x + @XO(Q)

xﬂo

Bo

< 12:69(93), (2.151)

eg(r) = 5805.17z exp ( - %\/g logx). The third term in the left side of (2.151) can be

nr

suppressed in the absence of the exceptional zero By.

Proof. Notice that there are at most ng ideals p”* with p prime whose norm has a given value.

Also N(p) > 2 and for N(p™) <z, m < | log | < Llong. Using this, we obtain

log(Np) log 2
: 1
1 1 og T
S log(Np) = fp(at) + Oo(ah) + -+ o (:ct ) (2.152)
p,m>2
p unramified
N(pm)<=z

Clearly, O0c(z) < 6Og(z). Also, it can be easily verified that 6y(z) < nx6(x) where 0(x) =

> p<zlogp. Rosser and Schoenfeld in [24, Theorem 9] showed that for x > 2, 0(x) < 1.01624x.
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Combining all this we obtain, 0y(x) < 1.01624nxz and

Wo(x) —bo(@)| < Y log(Np) = fo(x?) + fp(5) + .+90< H)

p,m>2

p unramified
N(p™)<wz
closTy Ay 08T 1624t < 22 ny/E(log ) (2.153)
x . NK —ngvz(logx). .
~ log?2 0 log 2 K 15 = &

44
Therefore, using Theorem 1.12, (2.147), |G| x ng = ny, for z > exp <4nL(log(1 114759d, ))2>,

we obtain
Icl  IC] - Cl . IC] -
Oc(x T+ —x0(9) Oc Yo(r)| + [Yo(x T+ —=xo(9)——
rote) - o+ igpola) ;| < 6ete) = ool + octe) - e + rrolo)
c log =

< %an(logx) :g (5805 17 2V nr )

_loj22 €] g,/

\G| e Vz(logz) + Gl 5805.17xe L

c log x
}g: (5805 172¢” 2V e ) (2.154)

since we compute using MAPLE that 32n;/z(logz) < 107%zexp < — 54/ logx) for logz >

4452 with ¢ = 2 x T=50/3, O

Remark 2.40. Winckler in [30] proved that if §j is the possible exceptional real zero of (.(s), and

44
X0 is the character (real) such that L(fSy, xo) = 0, then for x > exp <4nL(log(150867dL5 ))2>,

Cl €] z% 0]

bela) = (10— Gl G+ [greot), (2155)

nr

where |ep(z)| < 1505234280719z exp ( — 7*‘;7\/5 log“’) and the second term in (2.155) can be

suppressed in the absence of the exceptional zero .

76



2.9. FINAL ESTIMATES

Proof of Theorem 1.10. Now using partial summation and integration by parts, we obtain

NGl = Pe@) [T be(D) [e] Todt
mo() |G’L() og 2 +/2 t(logt)zdt @ <10gx+/2 (logt)2>
1l

QC(x)—I%Ix v Oo(t) - o]
+/2 t(logt)?

(2.156)

(Note that the equality defined in (2.156) is true up to a constant < nx which depends on
#{p|p unramified, Np = 2 and o, = C'}. This quantity is very small and so we neglect this in
our computations.)

Now let a = exp <4nL(log(1 114759 d;igl))2> . Therefore for > a?, using triangle inequality,

Ixo(g9)] = 1 and Theorem 2.39, we obtain:

1] €]
IC| Oc(z) — gz /""f Oc(t) — &t
Li < | — dt
mel(@) - |G| (2)| < log * 5 t(logt)?
Oo(t) — 1St C| 8 c
1] % [Clep(e) /\/E o 1 dt+/w H‘T‘?JF%R/@)(# (2.157)
|G| log(xf0) |G| logz /sy t(logt)? vz t(logt)2 '
Now since ¢ (z) < 1.01624n gz, thus |0c(t) — %t < 2.01624nkt. Using this and |G| xng = ng,
we obtain
C C
le] C] 2% || epla) VE 201624 e Qe+ R
mo(x) — —; Li(z)| < —; 3 — s dt
|Gl |G| log(z%) |G log 2 (logt) Vi t(logt)?
ICI( z 1 /x ! ) Cleo(@) | 4,IC] C] R(t)
< + = dt ) + 41 VT +
|G \log(z) ~ Bo J /z (logt)? Glloge ~Ha" Gl Jyz t(logt)?

(2.158)

Now it can be easily checked that

250 1 [ Po—1

— ———dt < Li(z™). 2.159
e * o J . Togrt < ) (2159

c logx
We know from Theorem 2.39 that eg(z) = dore 2V "z with dy = 5805.17. Using MAPLE, we

_c log = ¢ log x
compute that e 2V "L < 0.76e 2v2V "L for the given range

1 44
28T > 8(log(1114759d; )2 > 4452.

nr
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Therefore using logx > ny, x 4452 > 2 x 4452, we compute that

c log @
(%) (854 x 1075)dgwe” 3V i |
log

Using (2.147) and computing with MAPLE for log x > 2x4452, we also obtain that (4.2)n/x <

__c_ [logz
(1.9 x 107 1932)ze 2v2V m" . Moreover in the same range,

c

log t c_ [logz
T / 2\ nr T2 n e log =
/ ROy g/ Ldt < do <4x“> < (5.05 x 10~8)dgwe 22V iz |
NG

vz t(logt)? (logt)? (log z)?

Now combining all this, we get

(4] [N (&
L Li(z%) + (8,54 x 107%)doze 22 2.160
() — 1 Li)| € 1 Lia™) + 1 (8.54 5 10 ) (2:160)
Now using dy = 5 f 99, we complete the proof. O
1 Jlog=z
Remark 2.41. Winckler in [30, Theorem 1.1] proved that e;(z) < 7.84 x 10ze % "L for

44
T > exp (8nL(10g(150867d£’ ))2)

Proof of Theorem 1.11. In the proof of Theorem 1.12, we set Ty = 44 instead of Ty = 2. As

a result, we obtain the corresponding regions :
+ > exp (4nL(log(10478733dZ54))2> > exp <4nL(log((Tg +3)b(adp) ¥ ))2),
which gives % > 2670 and logxz > 5340. We use this in MAPLE to compute
Fy+ Do+ Dy + Dy + Dg + Dr < 10-Tze 5V 5o

and

c log @

By < 5801.38z¢ 2V ", Dy <0793z 5V D < 0.011ze 2V 01

)

c

log
where ¢ = 2 x %‘/5. As a result we obtain, e,(z) = doze 2V WL with dp = 5802.19 which

c log =
also implies ep(z) = doze 2V " for logx > 5340. We also check that the condition logz >

44
16006 (logdr,)? ensures that logz > 8np(log(10478733d° ))?, since logd; > log3. Using
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IMPACT

MAPLE for logxz > 2 x 5340, we compute (other terms are smaller in size and can be neglected

in computation)
€9()
log

__c log
< (6.89 x 107 %) dgze 22V 7L
and putting everything together as in the proof of Theorem 1.10, we obtain,

| . C] . g, IC
— —Li(z)| < — Li(2"°) + —0.4xe °V "L .
¢ M) < g L) g

’ | 1 log z

mo()

for logx > 16006n (log dy)?. O

Remark 2.42. The reason for using Ty = 44 as shown in the proof of Theorem 1.11 is to compare
the values of the error term as well as the corresponding range for x (the larger x is, the better
the bound for the error term will become). The next chapter uses the assumption 7' > Ty > 44

to estimate the error terms. Hence, we compare the values by fixing Ty = 44.
2.10 Reasons for improvements to Winckler’s results and their impact
This section provides a list of the changes made in comparison to the work in [30].

1. We recall the list of revisions.

Table 2.1: Revising Lagarias and Odlyzko’s and Winckler’s results

Results from Winckler [30] and Lagarias and Odlyzko [15] | Corrections/Revisions
[15, (3.8)] and [30, (1)] Revision 1 (Page 28)

[30, (9)] Revision 2 (Page 34)

[30, Lemma 4.6] Revision 3 (Page 42)

[30, Lemma 5.2] Revision 4 (Page 49)

Proof of [15, Theorem 7.1] Revision 5 (Page 56)

Proof of [15, Theorem 7.1] and [30, Theorem 6.1] Revision 6 (Page 62)

[30, Lemma 7.1] Revision 7 (Page 66)

2. In this chapter, certain new and improved estimates for the zeros of Hecke L-functions and
Dedekind (-function have been used rather than the ones used by Winckler. For instance,
the coefficient of nz in [30, Lemma 5.1] has been improved from log(2 + |s|) + % to

log(1+ |s|) +4.452 + % in Lemma 2.19. Moreover, Winckler uses the zero-free region for

Dedekind (-function given in Lemma 2.34 which states that if ny > 1, then (7 (s) has at
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most one zero p =  + ¢y in the region
Y| < (4logdr)™" and B > 1 — (4logdy,) ™"

Instead, we use the result proved by Ahn and Kwon and shown in Theorem 2.37 which

gives us the zero-free region
7l < (2logdy) ™" and > 1 — (2logdy) ™,

which is clearly an improvement to the one Winckler used. Additionally, Winckler uses

logdy,

the Hermite-Minkowski inequality ny < Tog T

whereas we use ny; < % instead. All

these changes contribute towards the improvements we obtain.

3. For computing the bound for the error term Ey(x), Winckler used « > 2, which is a trivial
lower bound on x. But we notice that the condition = > exp <4nL(log(1 114759 dzj))2>
given in Theorem 1.12 for Ey,(z) ensures that % > 2226 and thus log x > 4452. Similarly,
the condition x > exp <8nL(log(1 114759 dz;))2> given in Theorem 1.10 ensures that
% > 4452 and thus log x > 2 x 4452. Since the bounds for the error terms are decreasing
in z, large values of « will give improved results. This is the main factor which makes such

a significant change in our values than that of Winckler’s.

Table 2.2: Improving Winckler’s results

Results from Winckler [30] | Results in this thesis
Theorem 1.10
Theorem 1.1 Theorem 1.11
Lemma 5.1 Lemma 2.19
Theorem 8.2 Theorem 1.12
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Chapter 3

A new explicit version of Chebotarev’s
density theorem

3.1 Introduction

The objective of this chapter is to provide a new explicit version of Lagarias and Odlyzko’s
result on Chebotarev’s density theorem. We derive an asymptotic formula with an explicit error

term for a weighted prime power counting function

vo(@)= Y log(Np).

Npm<g
p unramified

m_—
ogt=C

Our main objective going ahead will be to study the error term E, defined by

(3.1)

Recall that dz, denotes the absolute discriminant of the number field L and ny, = [L : Q]. In
this chapter, we prove two main theorems based on the dependency of Ey(x) on dr. The first

one has Ey(x) dependent on dy, :

Theorem 1.14. Let C be a fized conjugacy class of the Galois group, Gal(L/K) = G. Let
Bo be the possible exceptional real zero of Cr(s). Let m > 2 be an integer. Let R = 29.57. If

logx > 4mRny (log 88d1L/nL)2, then

1'50_1

Bo

Ey(z) < +er(m,z,np,dr),
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3.1. INTRODUCTION

with

1
. m 2m2 |1
er(m,x,ng,dr) = A(m) max{(logdL)anJ“l,Dm+1}(logac)ml+1 exp<— me \/ ;ix> (3.2)
L

m—+1

where X is defined in (3.163).

Corollary 3.2. Under the assumptions in Theorem 1.14, we have

Bo—1 o Ey 1
By(@) < =5+ Agmax{(logdp)n; ", 254" }(log ) exp ( ~ By (:im)
for all
logdr)?
logz > COM
nr,

where Ay = 0.782 if By exists and 0.493 otherwise, By = 0.173 and Cy = 19810.
The second theorem has Ey(x) independent of dy.:

Theorem 1.15. Let C' be a fized conjugacy class of the Galois group, Gal(L/K) = G. Let
Bo be the possible exceptional real zero of Cr(s). Let m > 2 be an integer. Let R = 29.57. If

logx > 4mRny (log 88d1L/nL)2, then

'1:50_1
Ey(x) < + ea(m,x,np),
Bo
with
(m,,nz) = v(m) ny ™ (log a) Lom? [logz (3.3)
m n =rvim)n O m X — .
€2(m,x,ny, L gx exp m+1V Rny

where v is defined in (3.167).

Corollary 1.16. Under the assumptions in Theorem 1.15, we have

Ey(z) < : + Alni(logm)% exp < — B ng) for all logx > C1m
Bo L .

where A1 = 0.0396 if By exists and 0.0249 otherwise, By = 0.13 and C; = 19810.
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Corollary 3.5. Under the assumptions in Theorem 1.15, we have

Bo—1 1
Ey(z) < x,B + Asexp < — Bay (;Lng> for all logx > C’g?”LL(logdL)2

0

where Ay = 3.11, By = 0.125 and Cy = 4953.

Remark 3.6. Another admissible value for (Ay, Ba, Cs) is (1.84 x 1074,0.014, 4953). Winckler in
[30, Theorem 8.2] proved (As, B2, Cy) = (1.51 x 10'2,0.014, 1545).

Theorem 1.17. Let C be a fized conjugacy class of the Galois group, Gal(L/K) = G. Let [

be the possible exceptional real zero of (r(s). Then

_
G

mc(z) Liz)| < 19 Lie) + Bl exp ( s logx>

|G| G| nr

for all
(log dr)?
nr

logz > Gy
where Eg = 4.714 x 1075 if By exists and 2.97 x 1076 otherwise, Fy = 0.0919 and G = 39 620.

Corollary 1.18. Under the assumptions in Theorem 1.17, we have

|C| .. IC| .. 3 |C| < logm)
mo(x) — +— Li(x)| £ — Li(2™) + E1—=xexp | — F

for all

logz > Ging(log dL)2

where By = 1.65 x 107°, F} = 0.09 and G1 = 9906.

Remark 3.9. Another admissible value for (Ey, Fy,Gq) is (1.23 x 1079,1/99,9906). Winckler in
[30, Theorem 1.1] proved (FE1, F1,G1) = (7.84 x 10'4,1/99,3090).

Next, we give some pre-requisites concerning the zeros of the Dedekind ¢-function, (z(s).

Theorem 3.10. (/11, Corollary 1.2]). Let T > 1 and Nr(T) be the number of zeros p = 3+ iy

of Cr.(s) in the region 0 < B <1 and |y| <T. Then

‘NL(T) — P(T)' < E(T), (3.4)
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where

T

nr,
P(T) = - log (dL (27‘(6) ) and E(T) = ai(logdr + nrlogT) + cony, + as,

with
a1 = 0.228, ap = 23.108 and «g = 4.520. (3.5)

Theorem 3.11. Let L be a number field with ny, > 2. Then there exists ay > 0 such that the

Dedekind zeta function, (r(s) has at most one zero p = [ + iy with

1
>1—-— d < — . 3.6
b aqlogdy and || aqlogdy, (3.6)
This zero, if it exists, has to be real and simple, and denoted as By.
Table 3.1: Improvements to oy

Author Region Qy

Stark [27, Lemma 3] All dp, 4

Kadiri [12, Corollary 1.2] dy, sufficiently large | 2

Ahn and Kwon [2, Theorem 1] All dp, 2

In this thesis, we will use

ay = 2. (3.7)

Theorem 3.12. Let L be a number field with ny, > 2. Let p = [ + iy be non-trivial zero of

Cr(s) with p # By and 7 = |y| + 2. Then there exists R > 0 such that

1— 8> (Rplog(D7/2))7 1, (3.8)

1

where Ry, = Rny,, D = QdZT.

Ahn and Kwon in [3, Proposition 6.1] proved that

R =29.57. (3.9)
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3.2 Introducing a smooth weight

Let 0 <d<l,a=1-3dor 1, meNand m > 2. We define a function h on [0, 00) by

.

1 if 0 <z <a,
h(z) = 9(5%) ifa<z<a+, (3.10)
0 ifx > a+6,

where g is a function defined on [0, 1] satisfying
1. (Condition 1) 0 < g(z) <1for 0 <z <1,

2. (Condition 2) g is an m-times differentiable function on (0, 1) such that for all k = 1,...,m,
9 B(0) = ¥(1) = 0,
and there exist positive constants aj such that

|9(k)($)| <ay forall 0<z<1.

The Mellin transform of A is given by

H(s) = /0 T et (3.11)

Also if H is analytic in R(s) > 0, the inverse Mellin transform formula is given by

1 24100
h(t) = — H(s)t™%ds.

2mi 2—i00

By the definition of h and ¢ as above, we can check that

a+d 1
[ et = (o),
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where for any non-negative integer m, we define

M(§,m)= max Mo, + 0,m)

a=1-46, 1

with

1
M(a,o+6,m) = / 16 ()] (Su + )™ du, (3.12)
0
Let 0< 6 <0.0l,a=1—-3dor 1, meNand m>2. [8 Lemma 2.2] gives us

1. The Mellin transform H of h has a single pole at s = 0 with residue 1 and is analytic

everywhere else.

2. Let s € C such that R(s) < 1. Then H satisfies

Hl)=a+46 [ g(u)du, (3.13)
0
M(a,a+ 6, k
|H(S)| ~ W’ fOI‘ all k = O, 1, ey M (314)

3.2.1 Choice of weight g(x)

In this subsection, we define two choices of smooth weights, i.e, g(x) = gr(x) or grx(x).

1. The first choice of smooth weight, gr is such that it is equivalent to the approach of Rosser

in [23] and is demonstrated in [8, Section 3.4] giving the smooth function

o) % i(_l)Hm <T) <(1 + (64 2((();/;11))3'/111) - x>’”ﬂ (1 e 2(2 — 1))j/m>,
(3.15)

where 1 is the indicator function on (0, 1), with its Mellin transform

ST (=L () (1 (5 + 2 — 1)) )
(0/m)ms(s+1)---(s+m)

Hp(s) = (3.16)

From (3.15), we deduce that

gr(z) = L i(_l)frm (m> (G —2)™1 <‘j) with /aaw hp(x)(x) dt = g (3.17)
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and using [23, Theorem 15], we obtain

(m((1+§/m)™*t +1))™  for m > 1, and
Mpg(6,m) = (3.18)

1+ % for m = 0.
2. The second choice of smooth weight is as chosen by Faber and Kadiri [8], that is

grrc(x) = 1— W /; (1 — t)"dt, (3.19)

and some associated properties are

o [ gri(u)du=1,

e Mpg(a,a+6,0) = 2“;5, Mpg(6,0) =1 —1—% < % since ¢ < 0.01, and

e Mpg (o, 46, m) for this choice of smooth weight is bounded as shown in [8, Equation

3.5] with

(a+8)?m+3 — a2m43 \/(2m)1(2m + 1)

Mrr(a,a+6,m) < \/

d(2m +3) m!
For 1 —§ < a <1, we obtain
(1+0)2m+3 —1,/(2m)!(2m + 1)!
M = . 2
rK(0,m) \/ 5(2m + 3) m! (3.20)

(2m)!(2m+1)!

pro as ¢ is close to 0. Also

We check that Mp(d,m) =~ (2m)™ and Mpk(d,m) ~

(2m)™ < w as soon as m < 5. We also check that for 0 < § < 107100 Mp(5,m) <
Mrpg(6,m) for m <5 and Mpg(d,m) > Mpg(6,m) otherwise. In this chapter, we use only the
first choice of smooth weight, since it produces better bounds for smaller m values, in particular,

m = 2.
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3.3 Introducing smoothed version of ¢¢(z)

We introduce the smooth version of ¥c(z) as

~ N p™
G = Y S tosvenn( ), (3.21)
p unramified m>1
ogt=C

where p runs over all the prime ideals of K and h is defined in (3.10). Recall our definition of

Ey in (3.1). Similarly E; denote the error term corresponding to Yo (z) and defined as

7 \CI
‘ ole (3.22)

)~
1T,

We define 1) and wg as the sums ¢ associated to the weights h defined by o = 1 — 9 and

a = 1 respectively. We also denote Elz and E;r the respective error terms. Observe that

Yo (r) < Yola) < Ph(), (3.23)

and
Ey(z) < max(E, (w),E{Z(m)) (3.24)

We write

120(1:) :IL/K(x)—IZL/K(a:), (3.25)

with
Tuacte) = 50 3 o o) (FE7 ), (3.26)

p m>1
and

I(@)= > > 6(p™)(log(Np))h <prm> (3.27)

p ramified m>1
where 6 is the indicator function characterizing the Artin symbol at p coinciding with the

conjugacy class C. More specifically, for p unramified in L, we have

. 1 ifoy" =C,
o(p™) = (3.28)

0 otherwise,
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(/i)

and |0(p™)| < 1 if p ramifies in L.

3.4 Controlling the smoothed sum over ramified prime ideals

Lemma 3.13. Let C be a fized conjugacy class of G = Gal(L/K). For x > xg > exp(4484),

0<6<d, <1010 and o« =1—06 or 1, we have

I 1
/K () < to(log dy) 1282

where £y depends on xg and Oy, and is given by

t 2 <1 log(1 + do)

= < 2.89. 2
log 2 log g >_ 89 (3.29)

Proof. By definition of 6 in (3.28) and h in (3.10), we get

I < ) > (logNp) < D) log(Np) YL (3.30)

p ramified m>1 p ramified m>1
N pm<a(a+o) N(pm)<a(a+)

Serre [26, Proposition 5| proved

2
Z log(Np) < ?log dr. (3.31)
p ramified | |

Also we know that for each prime ideal p, Np > 2. Hence,

log(x(ar +0))
doooo1< g2 (3.32)

m>1
N(p)<z(a+6)

Putting together (3.30), (3.31) and (3.32), we get

< 2 (logdy)(log(z(a +9)))
~ log2 |G|

e (3.33)

Using § < dp, a < 1 and |C| > 1 in (3.33), we complete the proof. O]
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3.5 Explicit formula for smoothed sum over all prime ideals (/;/x)

To obtain explicit formula for the prime counting function, )c(x), Lagarias and Odlyzko in
[15] and Winckler in [30] use the classical method of Perron’s formula. We instead use inverse
Mellin transform by generalizing the approach for Riemann (-function taken by Faber and Kadiri

n [8], and for Dirichlet L-functions taken by Kadiri and Lumley in [14].

3.5.1 Expressing I7/x in terms of Hecke L-functions

Lemma 3.14. Let g € C, Gy =< g > be the cyclic group generated by g, E be the fized field of
Go, and x denotes the irreducible characters of Go. Let H be defined in (3.11). Then

Ik (z }g: Z (2m /jm H(s)x5<— g(s,X,L/E)> ds).

200

Proof. Let ¢ be a irreducible characters of G = Gal(L/K). Recall from (2.2) that

where I is the inertia group of ¢, one of the prime ideal factors of p, and 7 is one of the Frobenius
automorphism corresponding to p. If L(s, ¢, L/K) is the Artin L-series associated to ¢, then
from [15, (3.2)], we get that for R(s) > 1

L/

— (5.0, L/K) = Zw Jlog(Np)(Np) ™™,

where the outer sum is over all the prime ideals of K. Using [15, (3.1),(3.2),(3.5),(3.6)], 6 defined

in (3.28) can be redefined in a general way as

my — et
60" = ] Z o(g (3.34)

OzGI()

Using (3.34) and the inverse Mellin transform of h in (3.26), we obtain

I k(@ ;g: Z <2m /;fm H(s)x5<— LL,(3,¢, L/K))ds).

Pre: —100
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Deuring reduction as shown in [15, Lemma 4.1] is the process of reduction of Artin L-functions,
L(s,¢,L/K) to the case of Hecke L-functions, L(s,x, L/E) where intermediate field extension
L/FE has a cyclic Galois group. Hecke L-functions have been proven to be holomorphic on the
entire complex plane whereas the same has not been proven for the Artin L-functions. Following
Deuring reduction, we obtain, >, X(g)x" = >4 ¢(g)¢ where x* is the character of G' induced
by Go. Also [18, Theorem 2.3.2(d)] gives us L(s,x*, L/K) = L(s, x, L/E). Therefore,

24100 L/
1 H ol —— L/E) |d
o) = g X (5 100~ F o/ ).
which holds for R(s) > 1, and hence by analytic continuation, for all s. O

3.5.2 Obtaining formula for Iy
From now on, we will denote L(s, x) for L(s,x, L/E). We let F(x) denote the conductor of
x and set A(x) = dgNg/g(F(x)). Let 6(x) be defined as

1 if x = x1, the principal character,
6(x) = (3.35)
0 otherwise.

From (2.44) - (2.48), we recall that, for each y, there exist non-negative integers a(x) and b(x)
such that a(x)+b(x) = ng, and such that if we define 7, (s) as in (2.46) and (s, ) as in (2.47),
then £(s, x) satisfies the functional equation (2.48). From (2.52), we recall that, for all complex

number s,

#2) =000(5 + 1) - glortab) - K. 339

s s—1 Yx

a0 =50+ 3 (2

where B(x) is a constant which depends on x but not defined explicitly and p denotes the

non-trivial zeros of L(s, x), i.e., p = 8+ iy with 0 < 8 < 1. Theorem 2.12 showed that

= —Z@%(j}). (3.37)
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Also, from (2.94), recall that, () is a constant defined as
1 ng b(x) T (1 a(x) T’
=B — —(log A —(1 - == - —(1). .
r(x) = B(x) — 5(log A(x)) + 5 (logm) +0(x) — =~ | 5 5 W (3.38)

Lemma 3.15. Let s =0 + it and p = B + iy denotes a zero of L(s,x) with 0 < f < 1.

1. For 0 < —1/4 and |s +m| > 1/4 for all non-negative integer m,

!/

7 (s,x) < log A(x) + nglog(|s| + 2). (3.39)

2. For —1/2 <0 <3 and |s| > 1/8,

Blo+ 2

1
7 - Z s—p‘ < log A(x) + nglog(|t| +2). (3.40)

P
ly—t|<1

3. Suppose ny (t) = #{p | L(p,x) =0, |y —t| <1}. Then for allt,

ny(t) < log A(x) + nglog(|t| + 2). (3.41)

4. Suppose vy #t, |t| >2, x>2 and 1 < o1 < 3, then

i ot
' e LU R 3.42
/_1/4 (o +it)(o + it — p) o < |t 2% (o1 — B) (3.42)

Proof. See [15, Lemma 6.2, Lemma 5.6, Lemma 5.4, Lemma 6.3]. O

Proposition 3.16. Let C' be a conjugacy class of G = Gal(L/K), g € C, Gy =< g > be
the cyclic group generated by g, & be the fixed field of Gy, and x runs through the irreducible
characters of Go. Let 0 < 0 < 0.01, « =1—0 or 1, h be defined in (3.10) and H be defined in
(3.11). Then for x > 2,

a+d
Iy =«H(1) + :g} > x(9) < —r(x) — (a(x) —6(x)) ((log ar) + /a 0 dt)

Tt
— Y aPH(p) —b(x) Y _ a7 VH(1 —2m) —a(x) Y x_2mH(—2m)>, (3.43)

PEZ(X) m>1 m>1
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where Z(x) denote the set of non-trivial zeros of L(s, x), which are precisely those zeros p = [f+i~y
of L(s,x) for which 0 < 8 < 1.

Proof. Let x > 2 and T' > 2 be such that it does not equal the ordinate of any zero of any of

the L(s,x). We rewrite (3.5.1) as

1) = (g L) ( i 2.7 ). (3.44)
X
where
24T /
Jy(z,T) = % /2'T Y\ (s)ds with Y, (s) = H(s)z® (i(s,x)). (3.45)

Let U =7 + % for some non-negative integer j and By be the positively oriented rectangle
with vertices at 2 — T, 24T, —U + T and —U — iT. We define

1
R, T,U) = o /B Y (s)ds. (3.46)
U

The next step is to study the poles for Y, (s), followed by using Cauchy’s theorem and then take

the limit as T',U — oo. The poles of Y, (s) inside By and their contributions are:

1. At s = 0. The Laurent series expansion of %(s, X) about s = 0 as defined in [15, Page

448, (7.1)] shows that

+7r(x) + sf(s%),

where f(s,x) is a function that is analytic at s = 0. Also, Kadiri and Lumley in [14,
(3.3),(3.4)] showed that H(s)z® has a simple pole at s = 0 and its Laurent series expansion

at this point is

a+o

) . (3.47)

H(s)z® = %(1 + (log z + G'(0))s + O(s?)) with G'(0) = log a + / —

«

Therefore the residue of Y, (s) at s =0 is

=10 = (@) - 500) logaw) + [ " "),

t
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2. At s = 1. We know that H(s)z® is analytic at s = 1, as well as L(s, x) unless y = x1, the

/

principal character, in which case Lf(s, Xx) has a first order pole of residue —1 at s = 1.

Hence, the residue of Y, (s) at s =1 is

o(x)zH(1).

3. At non-trivial zeros of L(s, x). Lf/(s, X) has a first order pole with residues +1 at each
non-trivial zero p of L(s,x) (counted with multiplicity). Also F'(s)x® is analytic at such

points. Hence, the residue of Y, (s) at Z(x) is

4. At trivial zeros of L(s, ). %(s, x) has first order poles at the so-called trivial zeros,
ie,ats=—(2m—1), m = 1,2,... with residue b(x), and at s = —2m, m =0, 1,2, ... with

residue a(x). Therefore, the residue of Y, (s) at trivial zeros with R(s) < 0 is:

-b(0) Y, @ PMVH(=@m 1) —aly) Y @ PH(=2m).

1<m<YH 1<m<¥
Now using Cauchy’s theorem on J, (z,T,U), we obtain

Jy(x,T)

a+9d
= Vi (#, T,U) + Va (2, T,U) + Vi (2, T) = r(x) — (a(x) = 5(x)) (<1og az) + / hf)dg

+O(0zH(L) = Y a’H(p)=b(x) Y, 2 C"VH(1-2m)—a(x) Y« *H(-2m),

PEZ(X) 1<m< Y+t 1<m<¥Y
h<T : :
(3.48)
where Vi (z,7T,U) is the vertical integral defined as
1 [T
Viylz, T,U) = —— Y, (=U +it)dt, (3.49)
2 T
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and Vo, (2, T,U) and V3, (x,T) are two horizontal integrals defined respectively as

L -1/
Vo (a, TU) = o /_ T Mile =) = Vilo +iT)do, (3.50)
and
2
Vi (2, T) = 2% /_ 060 =) = Yyfo + i) (3.51)
v, (% T,U) ! v;, (XT)
- S
U 14 o 2
| J, (x,T)
e — - T

We use the bounds (2.67) for the L-function and (3.14) for the Mellin transform H. For

Vi,x, we use

log U

U
Um+1 X

when 0 < [t| < min(U, T),
Yo (—U +it) <

log|t| —
|t(‘)§n‘+|1x U whenU <o < T,

giving

logU _ logT" _
VLX < W%‘ U+ Tm x7 Y. (3.52)
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For V5, we use

ilrofﬂ 277 when 1/4 < 0 < min(U,T),

Yy(—o £iT) <

:ﬂ,‘?fl 7% whenT <o <U,

giving
logT x4 o= T
Vay < —2 (3.53)

T+ logx =
For V3, we use (3.40) to control the size of the L-function inside the critical strip: since

Lf(SvX) - pEZ(x) ﬁ < logT, then

yFTI<1
/2 () [ E (o 24T, 1) ) ! do < 8T & (3.54)
o —(o — —|do : .
—1/4 L X oxiT —p Tm+ log
PEZ(x)
VFTI<1

On the other hand, it follows from (3.42) that

2 2OET 2
d T .
/1/4 (o £iT) (o it — p) o< T’ (3.55)

and together with (3.41) , we obtain

2 U:I:iTH iT E 1 d xQ 2 IOgT
—1/4 PEZ(X)
hFTI<1

Adding (3.54)and (3.56) gives
o logT
Tm+1 :

Vi, <@ (3.57)

Adding (3.52), (3.53), and (3.57) and taking the limit as 7, U — oo, we obtain, that for any
fixed x > 0,

Sl Vi (@, T,U) + Ve (2, T.U) + Vay (2, T) = 0. (3.58)
U—00

Combining (3.44), (3.48), (3.58) and >_, 6(x) = 1, we obtain the announced identity (3.43). [

Now since [ [, L(s, x) = (r(s), therefore any sum over the non-trivial zeros of all the L(s, x)’s
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can be considered as a sum over the non-trivial zeros of (r(s). Thus rewriting

r(x) + Z 2’H(p Z - Z Z 2" H(p

PEZ(X) p€Z<x PGZ(X) PEZ(X)
|p|<* lpl<3

and using > |a(x) —d(x)| < >_, np = ng in (3.43), we obtain :

Corollary 3.17. Let 0 < 0 < 0.01, a =1—06 or 1, h be defined in (3.10) and H be defined in
(3.11). Then for x > 2 and T > 2,

[C| [C1( 50 0 h(t) © o) @
Ik — a rH(1)| < e 2" H(By) + nr|(log ax) + ; dt| + J%V(x) + JW(x) + J9(x)
+ I8 () + 2 <J<4> (2) + JO) (2, T) + JO(z, T))) , (3.59)
where
JO@) =" < ) > e CmUIH = 2m)| +a(x) > a2 H( 2m)|> (3.60)
X m>1 m>1
1
JO = Z r(x) + Z ‘, (3.61)
P
X lp|<3
IO (@) = 2P H(1 - ) - ——, (3.62)
1 — 5o
= X e -] (3.63)
p#1—PBo,lpl<3 g
T (z) = > 2P H (p), (3.64)
p#ﬁo"p‘>2"’y‘<a4logdL
JO (@, T) = > 271 H(p)], (3.65)
P25 5 gy <MI<T
= > 27 MH(p)], (3.66)

[v[>T

with oy defined in (3.6), By being the possible real exceptional real zero of Cr(s), JU) summing
over the non-trivial zeros, p of L(s,x) for all x and JO JW g6) JO) summing over the non-

trivial zeros, p of the Dedekind (-function, (r(s).
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Assume for the rest of the article,

e meN, m>2

T > Ty > 44,
o x> 10 > exp(11954),

e a=1—-Forlwith0<d<d <1070,

2+ 6o
M(6,0) < 5 (3.67)

1 1
du = -
/0 g(u) du 5

Ry = Rny with R = 29.57,

[
[\
N
3
~
/\

log
and logdy, > log3.

log f

Note that the above assumptions on M and h are satisfied for the weights we consider in this

article and that the inequality on ny, is the classical Hermite-Minkowski’s inequality. Moreover,

following three facts are going to be used repeatedly in this article :
Zlog =logdy, ZnE—nL and 2(5 (3.68)

in terms of sum over zeros

3.6 Expressing

Ik — %xH( )

3.6.1 Preliminary results about sums over zeros of L(s, )

Lagarias and Odlyzko in [15, Lemma 5.4] proved a non-explicit result concerning the zero
counting function, n, (T") which counts the number of non-trivial zeros p = f+1i7y of L(s, x) with
T — | < a where a = 1 and Winckler in [30, Lemma 4.6] made their result explicit. We prove
a more general result for n, (7") with any a > 0 in this section. This is achieved by generalizing
a new technique employed for Dirichlet L-functions by Fiorilli and Martin in [10, Section 5]. In
[10, Lemma 5.3], they used 2+ 4T in their sum to obtain their result. We, on the other hand, use
1+ €+ 4T instead to get closer to the (s) = 1 line and also provide a general result depended

on both a and e. First, from [30, Lemma 4.3, Lemma 4.5], we recall that
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Lemma 3.18. If R(s) > 1, then

L ng

— < —. .
600 < (3.69)
and if R(s) > —% and |s| > &, then

Yy ng 164

X(g)| < £ ). .

’Yx(S)’ <5 (log(l + |s]) + - (3.70)

Lemma 3.19. Let 0 < e <1 and let p =  + iy be the non-trivial zero of L(s,x). For any real

number T,

1 1 1 164 log A(x) = 26(x)
~ log(2 N+ (= +0 .
§)|1+e+iT—p\2<nE<2e og(2+ e+ ’)+<e2+14e>>+ 2 e

P X

Proof. By the classical explicit formula for %(s, X) given in (2.52) and (3.37), we notice that

1 (L , log A(x)
9?( Z 1+E+iT_p>—§R<L(1+6—HT,X)>+2

PEZ(X)
1 1 Yy .
1 ™).
+5(X><§R<1+e+iT+e+iT)>—HR(fyX( tett )>

Using Lemma 3.18 in the above equation, we obtain

1 1 1 164 log A(x)
3CE( g(:)HEHTP) <nE<210g(2+6+ITI)+<€+ 14>>+ S 2000 (3.71)
PEZ(x

Using this Wlth the fact that ZPEZ(X) m < iéR(ZPGZ(X) ].-i-€+17,T—p>’ we obtain the

required result. O

Proof of Proposition 1.13. Since 0 < 8 < 1, therefore e < 1+4+¢€ — 3 < 1+ ¢. Using this we
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get

€
PEZ(X) PEZ(X)

 (1+e?+ad? 1
N € Z R 1+e+dT —p

2 2 _

IT—v[<a

PEZ(X)

Thus using (3.71), we obtain the required result.

Lemma 3.20. Let 0 < e < 1. If s = o +iT with —% <o <2and|s| > L then

L (x)
PEZ(X)
[v—T|<a
where

Proof. Using the formula for %(s, X) as in (2.52) and studying the difference %(s, X) —

+ cr(a, €)6(x),

1(3 1+¢)\?
03(a,6):26(2+6) 1-|—< a€>’

e (e (5 3

es(are) = 2D 4 a0 +1,
1 o) 164

cota,) = -+ 20D I o o)
4

cr(a,e) = derfa, ) + 4es(a, €) + 10.

€

100

164
14e

(T+e= PP+ (T -7

)

)

S | < nnles(a, ) log(3 + IT)) + co(a, ) + (es(a, ) — 1) log A()

(3.72)

(3.73)

(3.74)
(3.75)

(3.76)
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€]

e+ 4T, x), we obtain

L d(x) 1
‘L<3ax)+8_ - Z s—p

PEZ(X)

v—T|<a
/ !/

1 1
X(1 4 e 44T) — X(s)

L/
g‘(l—i-e—i-iT,x) + + ) - :
L X Tx T s 1+e+iT —p
[v—=T|>a
1 1 1 1
0 ——|. 3.77
2 TteriT—p (X)‘1+e+iT+e+iT s (3.77)
PEZ(X)
ly=T|<a

We bound the terms on the right side individually. By Lemma 2.13, we obtain

/

. ng
—(1 T < —=.
St ir| <

By Lemma 2.15 and using € < 1, we obtain

/ !/
DX(1 4 e 44T) — X(s)
Tx Tx

164
< nE<log(3 +|7T) + 7).

Remember that —% <o<2,thusl4+e—0<e+ % Using this, we get

>

1 1 . Z 1+€—O'
s—p l4+e+iT—p| |s — pl|1 + e+ 1T — p

PEZ(X) PEZ(X)
v=T1>a [y=T1>a
3 1+e+dT — 1
() v / —
2 |s — pl |1+ e+ T — pl
PEZ(X)
[v=T|>a

|s—

2
Using Lemma 3.19 and the fact that ‘HLW <4/1+ <1a+€> , we get

> |5 mars
Sl ls—p l+e+dT —p
[y—=T|>a

<ng(cs(a,e)log(2 4 e +|T|) + ca(a, €)) + cs(a, €) log A(x) + 4es(a, €)d(x).
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Since 0 < 8 < 1, therefore, |1 + € 4+ i1 — 5 — iy| > €. Using this, we get

I e EFID MR
1 +e+iT —p| —

PEZ(X) PEZ(X)
Iv—T|<a v=T<a

™

Now using Proposition 1.13 in the above equation, we get

1 c1(a,€) ca(a,e)\  cia,e€) 4cq(ay€)
< log(2 T log A R .
> ey < (P o eriryr 20 8D jop g 2Dy
PEZ(x
[v=T|<a

. . 1
Finally, since [s| > g, thus

1 1 1
) — —| <108(x).
(X)‘1+e+iT+e+iT 5| < 1090
Thus using € < 1 in (3.77), we obtain the required result. O

Recall that B(x) is the undefined constant in the expression for %(5, X) given in (2.52).

Lagarias and Odlyzko in [15, Lemma 5.5] proved that, for any e with 0 < ¢ < 1, we have

Z il M7 (3.78)

€
EZ(X)

lpl<e

and Winckler made their result explicit which is shown in Lemma 2.17. We prove :

Lemma 3.21. For any € € (0,1], we have

1 b4 22.2 4.52
p‘ < <3.19 + O57> log dy, + <79.251 + 05>nL + <15.06 + > 0).
€

€ €

LS

PEZ(X)
|p|<e

Proof. Let r be a positive real number. We split the sum over the non-trivial zeros of L(s, x) as

the following

1 1 1 1
—_— | = -+ | = —_— —.
>3- % Gro) 2 Groers) S &
pEZ(x) pEZ(x trep PEZ(X) P 1+ p PEZ(xX) L+r PEZ(X) p
lpl<e lp|>1 lol<1 e<|pl<1
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1

Note that the second sum can be compared to the convergent sum Z‘ pl>1 In addition, in

ol
the last two finite sums, we have, m < ; and |p| <. Using (3.79), we obtain
1 1 1 1 1
/LIRS DI P 3| CICRED Dl CRRESNESI 1S o] D pl (R
p 1+r—p »p 1+r—p »p
X PEZ(X) X PEZ(X) X ' peZ(x)
lpl<e lp|>1
1 1
DI DI | (350
X 'pez(x) X ' pez(x)
[pl<1 e<[p|<1

Let Z(() be the set of zeros of (1(s), p = B+ iy with 0 < 8 < 1. Since [[, L(s, x) = Cr(s),

Lir < W for |y| > 1, and

1
+5| = e < BE

thus Z(¢) = Uy Z(x). For |p| > 1/2, we use 1+i_p ;

< 7 for |y] < 1 to obtain

1 1
1+r—p +5

2.

1 1 1+r L+r
—+ -] < Np(1) +
2 <1+1"—p )‘_ ;e 2 vl

p

X ' pEZ(x) pEZ(C)
lpl>1 hI>1
1+7r > Np(k+1) — Np(k)
< Np(1) + (1
= (1) + (14 ); 12
~ (Lo, Np(1)+ (1 +7) ZN 2kl (3.81)

Using definition of N (k) as in (3.4), we obtain

1 d
Ni(k) < [ Zlog [ =L k+ "L(klogk) + ainplogk + ailogdy, + asng, +as.  (3.82)
s (2me)nL T

We compute that

o0 [e.9]

k(2k — 1 k(log k) (2k % — 1
2.645<§::2(k§k_1)))2<2.65,g ((kg(k)£1)2 < 3.06, 27—1and

(log k)(2k — 1)

k(-1 0.87. (3.83)

x>
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€]

Note that 1 — r changes sign at » = 1. Thus using (3.83) and (3.82) in (3.81), we obtain

1 1
Z 1+7r— T
PEZ(X) p P
[p|>1

1 1
<max<0,——r,|—log diL + aqlogdy, + asny, + ag
r v (2me)ne

2.65 2.6451og(2 3.06
+(1+r) (7r logdy, — og(2me) ny, + - nr, + 0.87a1nr, + aq logdy, + asny, + a3>.

>

X

™

(3.84)

Note that [1 +r —p| > 14+ r — 5 > r. Again using (3.4), we get

2.

X

e KD DI D I CR I G

PEZ(X) X PEZ(X) p
1 1 1 dy,
< (7“ + €> <7T log <(27re)"L> + aq logdy, + agng, + 043) .

Ipl<1 e<lpl<1

(3.85)
For the last part, we use (2.52) with s = 1 4 r. Notice that
1 1
Sl ¥ (r540))
N e Z0) 1+r—p p
r 1 1 1 gl
= |=@ ~log(A 6 (1 :
S|+ gstac) + 00 (T 1) * 20+
Now using Lemma 2.13 and Lemma 2.15, we obtain %(1 + r,x)‘ < “E and %(1 +7r)| <

e <log(2 +7r)+ 1(7"4>. Thus using (3.68), we have

1 1 1 1 log(2+r) 164 2r + 1
B — )| < zlogdy 4 -+ =2 22 :
(x) + Z)<1+T_p+p>‘_2 og L+<r+ 5+ 14>nL+7’(7‘+1)

(3.86)
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Finally, we insert (3.84), (3.85) and (3.86) into (3.80) to obtain

1
Z B(x) + Z ‘ < <m1 + nZQ) logdr, + (mg + n?)nL + (m5 + TT), (3.87)
X PEZ(x) P
lol<e
where
1 1 2.65(1 1 1
mi :max{(),—r}<+a1> —i-(i—m—l-f%- <1+r+>a1+0.5,
r T T rT r
1

mo = — + oy,
T

12 log(2 2.645log(2 .
mgzmax{,—r}(—Og( 7T6))—#042)4—(14—7’)(— 645 log( 7re)—1—306—1—0.87041—1—@2)
T T

rr ™
1  log(2+r) 164
MR RV
log(2me
m4:—g(7r)+0427

2r+1

1 2
— 1 s e
15 max{ +r+r’ +7'}Oé‘q’—|—7“(7'—1—1)’

me — (3. (388)

Finally we insert » = 1 and (a1, a9, a3) = (0.228,23.108,4.520) as given in Theorem 3.10 into

(3.87) to obtain the required result. O

. . . log dL ms
Remark 3.22. We use the Hermite-Minkowski’s bound, nj < log v/5 and check that mi + og 3

is minimized at » = 1. Hence we choose r = 1 in the proof of Lemma 3.21.

Remark 3.23. Both [15, Lemma 5.5] and [30, Lemma 4.7] used the zero counting function, n, (t)
which denotes the number of non-trivial zeros, p = 8 + iy of L(s, x) in the region |y —¢| < 1.
We instead use Np,(t) defined in (3.4), i.e., the zero-counting function which counts all the zeros,
p = [ + iy of all the characters x in the region 0 < f < 1 and |y| < T. We notice that for
T >2,% (ny(T) +ny(=T)) is equivalent to Nr(T'+ 1) — N (T — 1). Also, Winckler’s result

regarding n,(7) in [30, Lemma 4.6] gives

D (0 (T) + ny(=T)) < 2.5logdy, + 250, log(T + 3) + 20.06n ., (3.89)
X
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whereas using [11, Corollary 1.2] regarding N,(T"), we obtain
Ni(T +1) — No(T — 1) < 1.093log df, + 1.093n;, log T + 45.11n;, + 9.04. (3.90)

We use N,(T') to prove Lemma 3.21 with coefficient of logd, as 3.19 + &647 and coefficient of
nr as 79.242 + Lf%. A similar result can be obtained from Lemma 2.17 as proved by Winckler
which uses n,(T") to give 10.42 + 1—35 and 101.33 + Lfl as the coefficient of logd; and np,

respectively.

3.6.2 Bounding the J®)’s

In this subsection, we bound all J()’s defined in Corollary 3.17.

Lemma 3.24. Under the assumptions in (3.67),we have

a+d h(t)

(log ax) + / Tdt

[0}

np + JO @)+ JY < 41 (logdy)(log ), (3.91)

where {1 depends on xg and dy, and is given by

4.782 1 do 2+ 6o 125.214) : 25.10 < 1.842.

= 1
' Jog xo * log\/§< + 2(1 — dp) log = + 2z¢logzy  log g log 3)(log z0)
(3.92)

Proof. First of all, using 6§ < dp, a =1—34d or 1, h = hr and f;M hr(t,a,0) dt = 6/2, we have

a+d h(t)

(log ax) + /

«

do
< _. .
dt’_logw+2(160) (3.93)

Now using (3.14) for k = 0, we get |H(s)| < MO0 which we insert in (3.60) to obtain

Is|

L~ (2m=1) —2m
TO(x) < M(@O)Z <b(X) Z e + a(x) Z 2 >

X m>1 m>1

p—(2m—1)

. —m —2m .
Using 3,51 5 = 2m>1 5 — 2om>1 3 0(X) = nE — a(x) and the Taylor series
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expansion of log z, we obtain

—(2m—1) —2m

T x ng x+1 T

Y — 3 — B,y 1

0002 S Tl 2 5=l (x—1>+a(X) °8 <x+1)

m>1 m>1

Thus

2
JO (@) < M(5,003 %’j < J;‘SO%.
X

(3.94)

Inserting %(%) = —2(log2) — ~, FT/(l) = —v and a(x) + b(x) = ng into (2.94), we obtain

1 1 log A(x) logm ~

— | < — — 7 — .

r(x) + Eé( | ’ < ’B(X) + E p‘ t— +4(x) +ng 5 T3 + log 2
pEZ (X

X pGZ(>{)
|p|<§ |P|<§

We conclude with Lemma 3.21 applied to € = %, and with (3.68) :

JWU) < 4.7821og dy, 4+ 125.214n 1, + 25.10. (3.95)

The announced bound is obtained by putting together (3.93), (3.94), (3.95) and (3.67). O

Lemma 3.25. Under the assumptions in (3.67), we have
J®)(z) < ty(log x)a;%, (3.96)

where £y depends on xg and dy, and is given by

do
V1— 50 log i)

lh=1+ 5 < 1.001. (3.97)
Proof. Using the equation for H(s) given in (3.11) with h(t) =1 for 0 < t < «, we have

SH(s) -+ = 1<(o<:17)5 - 1) e /a e, (3.98)
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For s=1— [y < %, the Mean Value Theorem with o <1 gives

(az)t=FPo —1

- < 21" log(ax) < V/xlog . (3.99)
— Po

Since f;+§ h(t)dt = §, thus we get

zlPo /Méh() —Pogr < \\;g (3.100)

Now combining (3.98), (3.99), (3.100) with the assumptions in (3.67), we obtain the required

result. O

To provide bounds for J®)(z) defined in (3.63) and J®)(z) defined in (3.64), we use the

zero-free region of (z(s) as described in Theorem 3.11 with a4 defined in (3.7).

Lemma 3.26. Under the assumptions in (3.67), we have
J®)(2) < t3(log dy,)?2, (3.101)

where U3 depends on xg and dy, and is given by

2+ (50 1 ) < < ) 4eqq )
l3 =« + — + ———clogd+cor | + —— | <224.97, 3.102
3 4< 5 N c1 logf 11 log 21 g3 ) = ( )
with cj1 = % and co1 = @ and oy defined in (3.6).

Proof. Notice that using (3.14), we have

P 1 1
J@)y < > (M(a, 0)| %] + H) < (VaEM(S,0)+1) Y ’ (3.103)
PEZ(C),p#1=Po p p PEZ(C),p#1—Bg P
lpl<3 lol<3
In the region |p| < % with p # 1 — By, (3.6) tells us that either |y| > m or > m,
which implies that |p| > m Thus,
1
> p' <ay(logdr)d > 1< ay(logdy) an7%71(0). (3.104)
PEZ(C),p#1-Bg X pEZ(x),p#1—Bg X
lol<3 lol<3
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We apply Proposition 1.13 to bound n, 1 ;. Denoting ¢;; instead of ¢i(1/2,1), we get
727
Z n 611 log(3) + 021)nL + c11logdy, + 4cq1. (3.105)

Combining (3.103), (3.104), (3.105) with (3.67) completes the proof. O

Lemma 3.27. Under the assumptions in (3.67), we have
1
JD (z) < t4(logdy)x aatosdr (3.106)
with £4 depends on 0y and is given by

4 1
by = (2 4+ <<3 + )C + ——0c ) < 222.70, 3.107
1= 0) Tog3 )12 oz V3 22 ( )

where cio = ¢i(1/(aalog3),1) are defined in (1.5)(1.6) and with a4 defined in (3.6).

Proof. Recall from (3.14) that |H(p)| < M((S' 9 As a result
4 2!
JW () < M(5,0) > o (3.108)
PEZ(C).p#£B0lp|> % P
< aoea;
For p = B+ iy, (3.6) implies § — 1 < —m when |y| < m and p # Bp. Thus using
lp| > 1/2, we have
xﬁ aylogdy _ﬁ
Y TS EEY, N 1S ERE Y a0
PEZ(C).p#Bolp1> % X pez(x),p£B0:lpl> % X
< Gmogar < Gmogar
(3.109)
Similar to (3.105), using Proposition 1.13 with a = m, e=1, we get
Z X ) ~ (612 10g3+022>nL + c11 logdL +4012. (3.110)
Tay logdL
We conclude by combining (3.108), (3.109), (3.110) with (3.67). O

To provide bounds for J©®)(z, T) defined in (3.65) and J© (z,T) defined in (3.66), we use
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/ G|

the explicit zero free region for (z(s) as shown in (3.8) with R defined in (3.9).

Lemma 3.28. Under the assumptions in (3.67), we have
1
JON (2, T) < t5(logdy)(log T)%a~ RLloaDT+272) (3.111)

where £5 depends on Ty and dg, and is given by

2+ 50 log(To — 1) 1 2 + 2% + (e73] + To +1
2 | w(logTp)?  (logTp)? ") T Qog To)2(Ty — 1) ' w(Ty — 1)(log Tp )2
1 1 (To + 1) log(Ty + ) aq log(Th + 1) 1 < 0.22
+ — 2090 + — + 1.3«
1og\/§< (Th — )(log Tp)2 ' (Tp — 1)(logTp)2 ' (logTp)2\" °* " =« !

a9 2log(2me) 1 a3
- SR S— <72 112
M 7r T g3 og T2 \ 2 Ty —1 )| =720 (3:112)

with oy, as, ag defined in (3.5).

Proof. For all p = + iy with |y| < T and p # Sy, by (3.8), we have f — 1 < —(Rp(log(D(T +

2)/2))~t. Also, (3.12) and (3.14) with k = 0 gives |H(p)| < M((S'O) Therefore,

JON (2, T) < M(6, o)ﬁ_m Z i (3.113)

PEZ(Q).lp1>%

1
aylogdy, <|/Y‘<T

We split the interval [0,T") into blocks [k, k + 1) with k& ranging from 0 to [T — 1]. For k = 0,

we use |p| > 1/2 and |p| > k otherwise to obtain

[T-1] [T—1]
1 Np(k+1)— Np(k) Np(T+1) Ni (k)
Z ol kZ:; k T-1 P kE(k—1)
PEZ(C)slpl= 5
aregag <PIST
(3.114)
Using the bound for Ny, defined in (3.82), and the inequalities
T logk =1 log k
log(T Z — <log z_: < (log T)? + 0.22, Z Wk —1) <13
[T—1]
d A1
an Z =D 1, (3.115)
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we have

[T-1]

N.(1
r)+ =7 ik — T-1" =(T-1)

+(7r((logT)2+0-22)+( TDlog(T+1) | anlog(TH1)  ,, log@ro)T+]1

N(T+1) NL(ki)§<1°g(T_1)+2+2a1+ o, 141 >logdL
T T

(T —1) T-1 T T-1

a2 (6%}

We complete the proof by using (3.67). O

_ log(2me) 2y — log(2me)

To obtain a bound for J(© (z, T) defined in (3.66), we generalize the techniques for Dirichlet

L-functions as used by Bennett et al. in [4, Section 3.1].

Lemma 3.29. Under the assumptions in (3.67), we have

M(6,m)

(6) <
JU (2, T) < S

<x_1+RLlog(D1(T+2)/2)S(1) (m7 T) + S(Q) (m7 CT7 x)) , (3117)

with M defined in (3.12) and

1
xR oe(DAD

- fpen SVt = 3 S

PEZ(Q) PEZ(C)
[>T =T

. 4, .
Proof. Since |H(p)| < gt and [p| = |6 + ] > [y, we get

2JO) (2, T) = 5m Z !vlm“ (3.118)

PEZ(C)
[>T

Using symmetry of zeros of (r(s) across R(s) = 1/2 line with (3.8) and the fact that z + 2'=#

1

increases as 3 moves away from 3 in either direction, we have

1
B 1-8 B Toe(D7/D) (D7/2) TRy log(D7/2)
¥ +x 1  BLlos L

2 w|m+1 3 e S5 X T ta Z T B9

PEZ(Q) PEZ(C) PEZ(Q) p€Z(C)

=T =T =T [>T

1 1 _ 1
where 7 = |y| + 2. Since |y| > T > 2, xRrle@7/2) < g RL1le@T+2)/2) and g RrloeP7/2) <
o 1

x Frlest®PhDh  Finally, we conclude by combining (3.118) and (3.119). O
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Proposition 3.30. Under the assumptions in (3.67), we have

Cl

Itk — e H(1
i~ Gt

Cl( 4 , - L
< @ 2 H(Bo) + ¢1(logdr)(log x) + la2(log x)x2 + ¢3(logdy)“x2 + l4(logdr)x  «alosdr

M(6,m)

1
V= (log dr Ylog T2z~ FL ea(DTT2/2)
+l5(logdyr)(logT) "z Fr T ogm

<xRLlog<Dl(T+m/2)5(1) (m,T) + zS® (m, T, fU)) > )

where £1,0a, 03,04 and U5 are defined in (3.92), (3.97), (3.102), (3.107) and (3.112) respectively.

Proof. We combine Corollary 3.17 with Lemma 3.24, Lemma 3.25, Lemma 3.26, Lemma 3.27,
Lemma 3.28 and Lemma 3.29. O

Therefore, it remains to estimate S and S®), which are the sums over the larger zeros.

3.7 Study of the sums over the larger zeros

We recall the zero-free region obtained for all Dedekind zeta functions as described in The-
orem 3.12: Let p = B + iy be non-trivial zero of (1(s) with p # By and 7 = |y| + 2. Then there

exists R > 0 such that

1
B <1 Riog(Dr/2)" (3.120)

a1
where Ry, = Rny, with R defined in (3.9) and D = 2d;" . Introducing the function

1
q  Rp(ogDu) 1 —logx
m,ax(U) = = | 121
Pma(t) umtl um+1 &P (RL(log Du)) (3121)
we rewrite

SOmT) = 3 ¢ualhl) and SO T.2)= 3 mall). (3.122)

PEZ(p) PEZ(p)

=T [>T

For the rest of the article, we denote

T if logz < Xy, 7,
Xy = (m+1)Rplog*(DT), and Ty = (3.123)

W = %exp( R;?fnil)) if logz > X, 7.
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Note that if logx > X,,, 7, W > T'. We also recall the estimate for the number of zeros N (T)
given by Theorem 3.10 and define Q(t,u) = P(u) — P(T) + E(u) + E(T) so that Q(¢,u) is an
upper bound for Ny, (u) — Np(t) :

D t Dt Dvut
Q(t,u) = Mlog ( u> _nrt log <4> + 2a1nL<log 2u ) + 20onp, + 2a3,  (3.124)
v e

with «;’s defined in (3.5). The next lemma provides a bound for Q(¢,u) similar to [4, Lemma

2.15] for Dirichlet L-functions.

Lemma 3.31. Let Q(t,u) be defined as in (3.124). If 44 <t < u, then

Q(t,u) < L log(Du).
7r
nr, T

Proof. Let e(t,u,D) = ”<“”Llog(Du) - Q(t,u)). We have % = log(4me) — “T and 5)—5 =

t—2a1m

5+, which are both positive as long as v > a7/ log(2me) and t > 2. Thus, for u >t > 44,

€(t,u, D) increases with both v and D, and e(t,u, D) > €(t,t,1) with €(t,¢,1) = (t —2aq7) logt +

2 .
20c1log 2 — 209 — z—zﬂ > 0. O

Remark 3.32. Here, the condition ¢ > 44 is implied by €(¢,¢,1) > 0 and thus depends on the

values of the a;’s.

3.7.1 Estimating the sum over inverse of zeros S(!)(m,T)

Lemma 3.33. Under the assumptions in (3.67), we have,

logT
W (m, T) < lo(m)(log dz) o
where Lg(m) depends on m and Ty, and is given by
200 + oo [ 2L 4+ 209 + 203
1 2 1 4oy log 3 <m+1
l = <1 12
6(m) mm (logS + 10gT0> (log 3)Ty * (log To)To < 1.38, (3.125)

where a1, e and ag are as defined in (3.5).
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Proof. By partial summation,

SO, T) = 3 w|m+1 _ /T°° d(Np(u) = Ni(T)) , (m+ 1)/00 Np(u) = Ni(T)

um—i—l T um+2
[v|>T

Together with Lemma 3.31, we get

™

T r. (T o
+ <2a1 logdr, + aynylogT + 2asny, + 2a3 — — logdy, — e log ( >> / z >
T T T

D * du n > logu > logu
(1) nr au 7L g g
e R (R G VA A

um+2

We calculate the integrals

> 1 du — 1 OOlogud _logT 1
B ¥ A N A T 2Tk

and finally obtain

SO (m, T) < ng 1logT n <logdL +7”LL<(m+1) g <27re>)>1
m

T om T™ mm mm Tm

logT an 1
+ 2aqny, & +<( 1oL +2allogdL+2a2nL+2a3>Tm+1

Tm+1 m —+ 1)
We conclude with the bounds on ny,dy, from (3.67) and the fact that 4L — % <0.

3.7.2 Estimating S(LQ) (m,T,x)

Recall that

1
" Rp log(DIvD)
SO(m, T,a)= Y T

psr It

Lemma 3.34. Under the assumptions (3.67), we have

SO (m, T, 2) < Q(T, T1) .o (T1) + /T h (5@(@ u>>¢m,w<u)du

where ¢, 2, Q, and T1 are defined as in (3.121), (3.124), and (3.123) respectively.
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Proof. Partial summation, Ny, (u) — NL(T) < ulogu and ¢y, (u) < w2 as u — oo, give

SO, Ta) = [ bunalw) dNL(0) = Nu(T) = [ (Nol) = No(T))(~dhp (@) (3126)

T

Note that —d¢/

m,T

Np(u) — Np(T) < Q(t,u) in (3.126), we get

(u) < 0 for v < W and that —¢)

m,T

(u) > 0 for uw > W. Using this and

SO (m Toa) < [ Qw6 ,(u))du.
T

Again integrating by parts yields

o0

S®)(m, 7,2) < QLT )oma(T1) + [
T

(i@(t, u)) Do ()l

Since the last integrand is positive, we can conclude by pushing 77 to T O

Lemma 3.35. Under the assumptions (3.67), we have

O Ty (Th) < 2E(T)dmo(T) = Forid exp <RL‘(§§§1§T)) if 0 <logz < Xy,
sy L1)Pmz(L1) >

m 1 1 .
an RL?Elﬁ-l) exXp ( —(2m+1) RL(()viil)) if logz > X 1,

where T and X, 7 are defined in (3.123).

Proof. In the case 0 < logz < Xy, 7, T1 = T and thus Q(7,7T) = 2E(T), giving the first
inequality:

Q(T’ Tl)d)m,x(Tl) = 2E(T)¢m,x(T)-

In the other case, logx > X,, 7, then 17 = W > T > 44, and Lemma 3.31 gives

o Wny, o ngL logx logg;
QT T) =Q(T,W) < - log(DW) = D\ Frim 1) exp (1 | W) (3.127)

Similarly,

1 log x (m+1)logx
o o(T1) = G a(W) = ——— - —°° ) =pmtl — 24—,
ma(T) = Oma(W) = s eXp< RL(logDW)) eXp< R

(3.128)
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We conclude by putting together (3.127), (3.128) and 2v/m + 1 — \/W \2/”i11 O

To complete the bound for S (m, T, z), it remains to estimate the integral

/TOO <aauQ(’f’ U)> b (w)du

To do so, we introduce the following integral functions. Given positive real numbers n,m, «, 8

and [, we define an incomplete modified Bessel function of the first kind as

00 n—1
wlepid) = [ %em(— - )du. (3.120)

log Bu

Moreover, given positive constants n, z, and y, we call the “imposter” Bessel function of the

second kind the integral

1 [ 1
Kn(zy) = 2/ " Lexp < — ;(y + v))dv. (3.130)
y

Both integrals are related through the change of variable v = (log(fu))/2

«

Lnm(a, B;1) = 28™ (;)ann <2\/o%, \/Tlog(,é’l)) (3.131)

In particular, in our context,

log x log 7\ ™/
Lnm D:T) =20 22N " g (2w ), 3.132
’ < Ry’ > (mRL) Fm, ( )

I /
,/m BT mRL g(DT). (3.133)

Lemma 3.36. Under the assumptions (3.67), we have

where

/OO (aQ(t,u))qsm,m(u)du < 20 pm 1°ng2(zm,wm),

r \Ou mRp,

where Ko and (zp, wy,) are defined in (3.130) and (3.133) respectively.
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Proof. Tt follows from (3.124) that

0 nr Du ainy L

—Q(t =—1 — < —log(D

St = Lo (T4) + 2L < Moy D)
since % — % >0 for u > T > 44. We recognize

> I
/ log (D) bz (w)dte = Iy, <°gx, D, T> :
T ’ b RL

and conclude with (3.132). O

Combining Lemma 3.34, Lemma 3.35 and Lemma 3.36 leads to a bound for S in terms of

Ks:

Lemma 3.37. Under the assumptions (3.67), we have
S@(m, T,2) < BD(m, T, 1),

where

2E(T — .
L) exp (i ) + 220 D" BB Ko )0 < 0B < X

B®(m,T,x) =

Dm 1 1
anr RL?Ezf-l) exp ( —(2m+1) R;&%ﬁ-l))

+2”7LD7",1§%”£ Ko (2m, W) if logx > X, 1,
(3.134)

where Xy, 7, Ko and (2m, wn,) are defined in (3.123), (3.130) and (3.133) respectively.

The last section investigates those “Bessel” integrals.

3.7.3 Study of imposter Bessel function Kj(z,, wn)

Lemma 3.38. If wy, < /57, then

1 1 1 1 1
KQ(Zma wm) <z ( - wm> kb (Zma > + Jog <Zm7 ) + Jap <Zm7 )7 (3135)
2\ wm, Win, Wy, Wi,
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where
Dy e (—a () s <R
K’ <zm> = (3.136)
w /22 /1
" Tvemtl z:”“ exp < — /22, + 1>> if ﬁ > Vet Z:'L+17
35y%/2 + 128y + 135y1/2 + 128y~ 1)z + 105y"/2 + 256
Jaa(23y) = (859" + 128y + 135 * + 128y )z + 108y ' + : (3.137)
25622e2(y+1/y)/2
z 1 12822 + 240z + 105
Jop(23y) = /mer fc = - — , 3.138
26( y) \/> f (\/;(ﬁ \/g)) 256\/525/2€z ( )
with
fe(u) = = /Oo —qt (3.139)
erfe(u) = — e . :
VT Sy
Proof. We assume wy, < /47, i.e. logz > Xy, 1. Modifying (3.130) for n = 2, we have
1 [Ywm Zm 1 1
Ko(zm,wp) = = uexp | — —|u+— | |du+ Ko zm, — ). (3.140)
2 Jw,, 2 U W,

Kadiri and Lumley in [14, Lemma A.4] proved that

1 [Ywm Zm 1 1/ 1 . 1
- _m - < — —wn s — |, 141
Q/wm uexp( 5 <u+u>>du_ 2<wm w )k <z wm) (3 )

where k” is defined in (3.142). Also, since —— > 1, [4, Proposition 4.7] gives us

Wm

1 1 1
KQ (Zm,> < JQa <Zm7> +J2b<zm7)7 (3142)
Wm Wm, W

where Jo, and Jy, are defined in (3.137) and (3.138) respectively. We conclude by putting
together (3.140), (3.141) and (3.142). O

Remark 3.39. The other case, wy,, > which is the same as logxz < X, 7, will be discussed

_m
m+12

in following articles.
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3.8. EXPLICIT FORMULA FOR THE ERROR TERM IN THE CASE LOG X > X1

Lemma 3.40. Iflogz > X,, 1, then

D™ | nrlogx log
BO(m,T,z) < = | DLO8T —@ma1) ]8T
(m,T,x) < - exp( (2m +1) RL(m+1))

Rim + 1)
2 logx(1[ 1 1 1 L
—i——Dm@ | — —wy, K’ Zmy — | + Joa| 2m, — | + J2| 2m, :
T mR \ 2\ wn, W, Wm Wm

Proof. Assuming logx > X,, r is the same as having w,, < T

Lemma 3.38 to complete the proof. O
3.8 Explicit formula for the error term in the case logz > X,,
Let us introduce ag, as the following:
1 if By exists,
(3.143)

agy =
2 otherwise.
Theorem 3.41. Let C be a conjugacy class of G = Gal(L/K). Let By be the possible exceptional

real zero of C1,(s). Under the assumptions in (3.67), we have

Yeo(xr) — gl’ Bo—1
E¢(x):‘ = ] gxﬁ +ep(6,m, T, ),
e ’
where
B 1 M
ep(6,m, T,x) = — + (8, m, T, x)(log T)?(log dp )z~ FLIe®@TF2/2) 4 MB(Q)(W,TJ%
agy
(3.144)
by + 01 1 ?y IO U
0-(§ T _ 1 Ry log(D(T+2)/2) 1 2T Ry log(D(T+2)/2)
7( , M, 756) (lOgT)Q( Og{L‘)CL' L + (IOgT)Q(IOgdL)(ng)x L
U3 Y T M by Ly L
1 d 2 " Ry log(D(T+2)/2) aylogd Ry log(D(T+2)/2)
+ (logT)z(Og L) L (logT)TT alogdy TR
M(6,m) 1 142
L 14 Ry log(D(T+2)/2) 3.145
s+ —en 6(m)(logT)me L (3.145)

and where H, M and B® are defined in (3.11), (3.12) and (3.134) respectively, and where the

li’s are defined in (3.29)(3.92)(3.97)(3.102)(3.107)(3.112)(3.125).
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3.8. EXPLICIT FORMULA FOR THE ERROR TERM IN THE CASE LOG X > X1

Proof. We recall that I,/ = fL/K(ac) + e (z) as defined in (3.25). Therefore

bo(x) — %x Ik — %x fL/K(x) Ik — %51711(1) INL/K(J:)
Byl@) = | =@ S o, | S ] ‘*‘H(l)_m C
1G] |G 1G* [GI* |G| "
(3.146)
Using (3.14) with £ =0 and zﬁﬂoo_l < 1, we obtain
fo—1 5
P THB) < T — 4 2 (3.147)
Bo 2

Combining (3.146), (3.147), |[H (1) — 1| = § and Lemma 3.13 with Proposition 3.30, Lemma 3.33

and Lemma 3.37, we obtain

with

ei(é,m,T, x) = i + (6o + £1)(logdr)(log x)a:fl + /5 (log x)af% + ¢3(log dL)2af 2
agg

L 1
+ Ly(logdy )z @atedr 4 f5(log dy)(log T')?x FLlee(D(T+2)/2)
M(d logdr)(logT) —14— 1 ______
+ m<€6(m)(()g;{gog)x Y eepa@ oD 4 B(Q)(m, T,:U)).
Note that € is independent of a. Hence Ey(z) <max{E~ (z), ET(z)} < E&("L') completes the

proof. O

Remark 3.42. Assume (3.67) with logd; < % which satisfies the condition for The-
orem 1.15 given in (3.165). Then f7(6,m,T,z) < l7(8,m, Ty, x0) < 7.27 for 6 = 107, m =

2, Ty =44, zo = exp(4484), ay = 2 and M = Mp, as defined in (3.18).

Going forward, we are going to use £ and ¢7 to denote the functions l(m) and ¢7(5, m, T, x)

respectively.
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3.8. EXPLICIT FORMULA FOR THE ERROR TERM IN THE CASE LOG X > X1

3.8.1 Explicit bounds for E,(z) independent of 7' and § but dependent on d;,

We choose T as the following:

1 1N
T = = exp < Ogm). (3.148)

ImRy, 1 1/ 1 3
= log(DT) = = d -(—— = -. 3.149
m log x og(DT) 2 M 3 <wm wm> 4 ( )

We determine which case this corresponds to in order to define k”. We have

Thus

1 1 2 1 4
—ZM = (2zm—1)22z3n+1 — 3231—42,%20 =z, > —.
Wy, Zm 3

Remember that we are in the region logxz > X, r, which by using D > 2v/3, m > 2 and

T > Ty > 44 gives

log

ke (m + 1)(log(DT))? > (m + 1)(log(2v/3Tp))? > 3(log 88+/3)? (3.150)

and ensures that z,, > 2v/6(log 88v/3) > %. Hence we are in the case where by (3.142),

4mlog x
1 1+ /22 +1 I+ —x,—t1 1
kb<zm,> :Zmexp<—\/z,2n—|—1> < i exp | —2 MOsL )
Zm 92 /m]l%ogx R
L

. 1B 1 1 .
. < <1.
Using (3 150) and 2\/77"1}.‘50595 B \/4m(m+1)(10g(2\/§T0))2 + \/1 T 4m(m+1)(log(2v/3Tp))2 — 1.042, it
follows
2 logzl/ 1 b T mlog x
—-D™m — | — = — ) < m — 151
T mR 2<wm wm)k (zm’wm> 1D exp( 2\/ R )’ (3.151)

where for m > 2 and Ty > 44,

3 1 1
hm,1 = 5 (\/4m(m ) (lo(2v3Th))? +\/1 + 4m(m + 1)(log(2v/3Tp))?

) < 0.249. (3.152)
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3.8. EXPLICIT FORMULA FOR THE ERROR TERM IN THE CASE LOG X > X1

Now using the definition of Jo, as in (3.137), we find

m log x
1 205v/2 + 320)24/ 2EL 4 105v/2 + 256
J2a<2 m ogx’2> _ ( ) Ry

RL m x m x
(256)(4) ™52 exp <g\ [ e >
205v/2 + 320 N 105v/2 4 256 R; R; . 5 [mlogx
— X -5 .
(256)(2) (256)(4)  \| mlogz |\ mlogz P\ "2V "R,

Using (3.150), we obtain

2 log x mlogx nr, logx 5 /mlogx
—-D™ Jog | 24| ———,2 ) < D™ - = 3.153
7 ‘mR 2“( V"R, >—77m’2 r P\ 2V R, ) (3.153)

where

2 [205\/5 +320 | 105v/2 + 256

1
NMm,2 = E (256)(2) + (256)(4) \/mlog(%/gﬂ))] <0.275.... (3.154)

T™m

Using the definition (3.138) for Jop, together with (/2 (V2 — 55) = ‘/? and the bound

vrerfe(z) < exp(—z?)z " (see [1, 7.1.13]), we get

2 -1 -2
T(om 2) < 2 1285 #2402 +1105 2 s, 1284240z +1052,7 2 s,

VZm 92561/22°/2 VZm 2561/2 Zm

For z, = 2,/ %Lgx > 2y/m(m + 1) log(2v/3Tp), we have

2 log x ny logx 5 /mlogx
Zpm n2) < n s D™ _ 2 , .
- — R Jop(2m, 2) < N3 7 exp( 5 R, (3.155)
with
240 105
3 = 128+ + < 0.086.
T8 128\/§7rm3/2< (2y/m(m + 1)(log(2v/3Tp)) (2 m(m+l)(log(2\/§To)))2>

(3.156)

122



3.8. EXPLICIT FORMULA FOR THE ERROR TERM IN THE CASE LOG X > X1

Inserting (3.151), (3.153) and (3.155) in Lemma 3.40, we obtain

D™ | nplogx 2m+1 [logx log = mlog x
B®(m,T,z2) < = | =" ex (— + Q1 D™ exp | —2
( )< T Rim+ 1) O m+nzV Ry )T TR RL

ny, logx 5 /mlogx
m m,3) D™ - — .
+ (Mm,2 + 1m,3) 7 exp( 2\ R,

As 5y/m > \2/% > 2y/m, and % > (m + 1)(log DT)? > (m + 1)(log(2v/3Tp))?, then

B (m,T,z) < kD™ (log z) exp ( —ovm 1;“), (3.157)
L

1
7TR(m + 1)(10g(2\/§To)) exp < - <2m +1- 2\/m) (10g(2\/§T0))>

Tim,1 Thm.,2 + hm.,3 _ 1 m(m o
+ 7 +Rm(log(2\/§%)) exp< 5 Vm(m+1)(1 g(2\/§T0))) < 0.009. (3.158)

with k,, =

Proof of Theorem 1.14. We apply Theorem 3.41 with the choice (3.148) for T" > Ty > 44

and D > 24/3. More precisely we use

logz > 4m Ry (log DTp)* > 4m Ry (log 88v/3)? > 11954, (3.159)
DT og 2 o /m/oET
(logT)2e_m < (log(DT))Qe_m < %1(;;;:56 2\/5\/}%’
m i

so that we get for €, as defined in (3.144):

) 1 1 _ gz M(§ _ Togz
ep(0,m,T,x) < — + {r(logdL)— 8% o7V, 4 M, m) D™(log x)e 2Vmy T

ag, 4m Rnp, ogm M
(3.160)
Denoting
M _ m log =
A= ((;’m)ﬁmDm(log )e 2V Rap (3.161)

we choose 0 such that % + A6~ with is as small as possible. We check that % + A6
0

0
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3.8. EXPLICIT FORMULA FOR THE ERROR TERM IN THE CASE LOG X > X1

1
minimizes at 6 = (ag,mA)=+1. With this choice of §, we obtain

i _|_ Aéim — mm}kl _|_ m_nz’:—l a_m’rilAmi»l
aso Po
1
M6 DM\ m+1 _og/m [logzx
=(1+ mfl) <m ( émnzl{m ) (log z) m%le 2ot Rnp,
a
Bo

and thus

1

M\ m+1
e(6,m, T,2) < (1 +m1)<mM(5’22}2”mD ) !
Bo

/- logd 1 _gmym [logz 1 _om [logw
i 7R g LUng)l e 2m+1 RnL>(logx)m+1e 2m+1 Rnp, (3.162)
m
om3 [T
1 _2m og T
Since log x > 4mRny (log DTp)? > R:;L, then (logz)' mie ™+ V RnL decreases with z. Hence
3
1 2m2 log _4m2

(logz)' " mte ™V AL < (4mRny (log(2v3Ty))%) e (2v/3T)) ~mit,

1
as D =2d;" > 2v/3. We deduce

ep(0,m, T, ) < <(1 +m ) <mM(57 m)kmD >m+1

2a
2— 2 _am?
log(2v/ 3T mA1 (24/3T,) ~ m+1 o Jm [Togz
+ b (log dy 1082V T (2VBT:) ><logwwe 2/ [Ttz
(4mRny,)m+1

_m_ -1 1 _gm [logz
< max (D=1, (logdp)n; ™" )A(m)(logz)mie ~mF1V Fny

with

1

1 - L
)\(m):(1+m1)<mM(5()W>“m> 7, (og(2vBT) 7 (2V/3Ty)

. , (3.163)
2aﬂ0 (4mR)#+1
where A\(m) < 0.787 if [y exists and A(m) < 0.496 otherwise. O

Proof of Corollary 3.2. We set R = 29.57, Ty = 44 and Mz(5,m) = (m((1 + &/m)™ ! +
1))™. Using GP/Pari, we optimize m and &y to obtain m = 2, §y = 10723, % > 0.942 and the
explicit constant A\(2) = 0.782 if 3y exists and obtain m = 2, o = 10717, % > 0.942 and the
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3.8. EXPLICIT FORMULA FOR THE ERROR TERM IN THE CASE LOG X > X1

explicit constant A(2) = 0.493 if 5y does not exist. Using this, we obtain the required result. [

3.8.2 Explicit bounds for E,(z) independent of 7', 6 and dy,

Proof of Theorem 1.15. Using our choice of T" as in (3.148) and T > T}, we obtain:

| 1 /loga:)
D=2d;" < —exp|—+ , 3.164
L —= TO p (2171,% RTIL ( )
and
1 ny logx
logdy, < —\/ ———. (3.165)
2m2 R

Thus, (3.162) is modified into

vm log x

07 1 /nplogx 1-_1  —omym [loga 1 2
+ logx)  mtie ~m+l V Brp ) (Jogx)miie ~mFLV g
4dmRBRn;, Qm% R (log z) (log z)

_1
< ((1 +mh) <m]\24(i ;Tm) -
45,40

Vvm log x

67 31 72m%+045m% log 1 15
+ ﬁ(log x) 2 mtle m+1 Rnp, (10g x) mil e m+1\ Rnp, (3.166)
8(mR)2n;}

3 1
_2m2+40.5m2 [logx

m+l Brr - decreases with .

3 1
RTZL , then (logx)2 miie

Since logx > 4mRL(log(DT0))2 >

Hence
_ 4m2 +m

3 1
_2m§+0A5m§ log x
. REL < (4mRL(10g(2\/§T0))2)%—m11 (2\/§T0) mil

3
2 m—+1

(logz)2 " mtie

1
as D =2d;* > 2v/3. We deduce

1
[ MM (0, m) Ky \ T —14 L
6¢(5,m,T, lU) S ((1 +m )(W nL +1

E 2 m24m 1 o m log
771(10g(2\/§T0))3 m+1(2\/§T0)_4mf1>n1L m+1 (logx)%ﬂe L5200 By,

+
(dmR)m+T
17L [ . Vm log =
S l/(m)nL m+l (log QL') m+1e m+1 Rnyp,
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3.9. EXPLICIT BOUNDS FOR PRIME IDEAL COUNTING FUNCTIONS IN
CHEBOTAREV’S DENSITY THEOREM EQUIVALENT TO 6 AND =«

with
L+ m~t (mM(S T / 2
- +1 2 Am“+m
vy = g (RGO T T (1og(avam)) T (2B
2 az To (4mR)m+1
(3.167)
where v(m) < 0.0398 if By exists and v(m) = 0.0251 otherwise. O

Proof of Corollary 1.16. We set R = 29.57, Ty = 44 and M (69, m) = Mg(do,m) = (m((1 +
s>

1
§/m)™t1 4+ 1))™. Using GP/Pari, we optimize m and § to obtain m = 2, § = 10719, 1m+12

0.707 and the explicit constant v(m) = 0.0396 if By exists and obtain m = 2, § = 10723,

1
1£T12 > 0.707 and the explicit constant v(m) = 0.0249 if By does not exist. Using this, we

obtain the required result. O

3.9 Explicit bounds for prime ideal counting functions in Chebotarev’s den-

sity theorem equivalent to 6§ and «©
Remember that:

o)=Y L (3.168)
p unramified

op=C, Np<z

To go from ¢ (x) to mo(x), we introduce new quantities as

Oc(x) = Z log(Np) and Oy(x) = Z log(Np). (3.169)

Lemma 3.43. For x > x,

[Ye(r) — fe(@)| < SeniVa(ioga).

Proof. Since Np > 2, therefore for Np™ < z, m < Hgggj Using this, we notice that

1
3" log(Np) = 6o(a2) +6g(25) + -+ <x Liogs ) ) (3.170)
p unramified

m>2, Npm<zx

Clearly, O¢c(z) < 0p(x). Also, it can be easily verified that 0c(z) < 0g(z) < ngb(x) where 6(z) =

126
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> p<z l0gp. Rosser and Schoenfeld in [24, Theorem 9] showed that for x > 2, 0(x) < 1.01624x.

Combining this we obtain, §y(z) < 1.01624nkx and

Wo(@) —bc(@)| < Y log(Np) = bo(z?) + p(a5) + ...+90<xL}3§;J>
p unramified

m>2, Npm<gzg

< 0BTy 0 <

log x
log 2

22
< log2 x (1.01624n,z2) < TV (loga). (3.171)

O

Lemma 3.44. Let C be a fixed conjugacy class of the Galois group, Gal(L/K) = G. Let 3y be

~ - - 19810
the possible exceptional real zero of (1.(s). Let H be defined in (3.11). Forlogxz > T(log dr)?,

we have
Oc(z) — %I pBo—1
Ey(x) = < + eg(x,nr), (3.172)
115 Bo
IG]
where
22 1 2 1
eg(x,nr) = 5" (i}gf + Al(logw)%nz exp ( - B (;zg;)' (3.173)
Proof. Using Lemma 3.43, we obtain
C C C
be(@) o] < 100 (w) ~vol)| + |vole) — ot| < Zngevallogs) + [ve(@) — 1ol
G| G| (€
(3.174)
We complete the proof using |C| > 1, ng X |G| = nz and Remark 1.16. O]

Proof of Theorem 1.17. Using partial summation and integration by parts, we obtain

Ol . belx) | [* 0c(t) . [C] ¢ dt
o)~ g1 = 57+ [ ete (1 (oex * L, g2
bo(x) — lgfe v 0o(t) — It

log © +/2 t(logt)? dt

(3.175)

Note that the first equality defined in (3.175) is true up to a constant < ng which depends on
#{p|p unramified, Np = 2 and o, = C'}. Since this quantity is very small, we neglect this in our

logdy)?, using the triangle inequality and Lemma 3.44, we

; 2x19810
computations. For logz > =752 (
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obtain:
C]
wo(x Li(z
)~ g Lit@
Oo(z) — gl bct) —fgt] . _|C| @ (P v 0o(t) — [t
_ 7dt<
log = +/2 t(logt)? ‘ 1G] logaz< Bo +60(x’nL)>+/2 t(logt)? ’dt
(@]
IC| x (2Pl 22 logx 12 log x /x Oc(t)—@t
L il Al - B e
|G| logz \ o T f+ 1(log)nj exp W * 5 | t(logt)? dt
(3.176)

We know 0¢(t) < 6p(t) < 1.01624nxt. Therefore < 2.01624nkt. Using this and

Oo(t) — Gt

nk X |G| = np, after splitting the above integral at \/z, we obtain:

v |00 (t) — [t V= 2.01624 v 00(t) - Gt
[0, 2o, e -
9 t(logt)? o (logt) vz | t(logt)
IC]
C| / bo®) — Tt
<4.2— _ 3.177
"V ) 5| ozt 1
For the integral on the right side, we can use Lemma 3.44 as log/z > %(log dr)?. Thus, we
obtain: i1, -
“ e —fatt| . 1O [T T, 1l
Bo eg(t,nr)
—|dt < + = et 3.178
I R W e e AT
Now,

T oeg(t,nr) /x 22 logt 12 logt 1
———-dt = —n;——+ Aj(logt - B dt
Lot = | (G + townin o (- 252 )
22nL/ 1 2/56 s ( [log )
= dt + Ain? logt)™ 3 B dt
15/ z Vt(logt) L \/5( 0gt) 75 exp "W

88ny /x 5 2 _s log x
< 15 logz +23A;n} (logx) sz exp ( - B oy ) (3.179)
Also we can easily check that
Bo z  4Bo—1
x 1 t
——dt <L 3.180
logz® | fo / logip®t < L™ (3.180)
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Now combining (3.176), (3.177), (3.178), (3.179) and (3.180), we obtain

Cl

urelt )—@Ll( z)
€| C| 22
—Li — 4.2
< g e+ grevE( T 42+ s log:v
fgdeese (= Gy ) (2 S ooy S (= (0= 75 )50
Anize - — 3(logxz) 3 + (logx) 3 e — | B — —
‘GylLXp 2V nL (logz)™3 + (log x) Xp 1\/§ L
e |C| B; [logz 1 /22 88
Li hed ) [ Z 404
e e greren = 55 )\ E B 42 B )
B 1 -1 B 1
(B2 i vt (23, E)
(3.181)
Using %% > 2 x 8R(log 88v/3)%, log & > 11954, ny, > 2,
1 B logx> 1 (B >
—exp | —= < ex V16R(log 88V/3
7o (V) < comeropmvam o ( 75/ T0RI0z8/5)
with R = 29.57, A; = 0.0249, B; = 0.13 (Bp does not exist) we obtain
8] 6|C| 0.13 /logx
Li <297 x 10 —_— 3.182
mo(z) — |G| (x) X |G’anexp \/§ ( )
and with R = 29.57, Ay = 0.0396, By = 0.13 (f exists) we obtain
&} 1] e 0.13 [logz
wo(r) — Li(z)| < Li(z™) +4.714 x 107 Znpzexp [ — —— . (3.183)
G| 1G] G| V2
O

3.10 Comparison to results from Winckler

We use R = 29.57, % > log /3, ny, > 2 and m = 2 to obtain

— 1 2 logdy \ 2 log 88n 7, 2
4mRnp(log88d;")? = 8Rny ( log 88 + - logdy, | =ng 8(29.57)| ——+1
L

nr, logdy,
(log dp )2 ( ( log 88 >2> 19810 )
< 278 (18(29.57 +1) )< log dp)?.
ng ( ) IOg\/g nr ( g L)
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3.10. COMPARISON TO RESULTS FROM WINCKLER

L

Thus we obtain the form logx > %(log dr)?* > 4mRny (log 88d;*)? as given in Corollary 3.2
and Corollary 1.16. Now to compare our results with Winckler’s [30], we look at the case which
takes into account existence of 5y and work with another form for the above expression. We use

R =29.57, logd;, > log3, ny > 2 and m = 2 to obtain

1

AL 1 ? 1 1)
4mRnp,(log 88d,* )2 = 8RnL<log 88 + - log dL> = n(logdr)? (8(29.57)( 0888 + ) )
L

logdr, np,

1 1\?
< nr(logdy)? <8(29.57)< fog;; + 2) ) < 4953n; (log dz. ). (3.184)

1
Thus log z > 4953n,(log dr,)? implies log z > 4mRny (log 88d,*)?. Thus using logdy, > ny, log /3,
we obtain

log z > 4953nz (nr, log v/3)% = 4953(log v/3)?n3 .
Using this and then computing in MAPLE, for logx > 11954, we get,

2

2 I
0.0396(log )} exp ( — (0.130 — By) ng)

nr
og )3 (logx)% exp | — — log @ o 23
< 0.0396(log z) (1953108 v/3)?)? p( (0.130 Bg)\/ (1ogg;)%(4953(1 g/3)?) >
_ (4953%229\%)2)3 (log )% exp(—(0.130 — By)(4953(log v/3)2)6 (log ) $)

< A27

where (A, By) as given in Corollary 3.5 have the admissible values (1.84 x 1074,0.014) and

(3.11,0.125). Thus

2 1 2 1
0.0396(log ) 3n} exp ( —0.707 ;gx> < 0.0396(log )3 exp < — 0134/ Ogm)
n,

Winckler in [30] proved that for logx > 15450 (logdy)?,

Bo—1
Ey(x) < ©

1
+1.51 x 102 exp (- 0.014 ng).

0 nr
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3.10. COMPARISON TO RESULTS FROM WINCKLER

We instead prove that for logz > 4953n, (log dy,)?,

:L‘BO -1
Bo

1
Ey(x) < +1.84 x 10~ exp ( —0.014 ng).

nr

Using (3.184), we have

1

2 x 4mRny (log 88d;*)? < 9906ny (log dr)?. (3.185)

1
Thus logz > 9906n.(logdy)? implies logz > 8mRny(log88d;*)?. Thus using logd; >

nr, log v/3, we obtain
log z > 99061, (nz, log v3)? = 9906(log V/3)?n3.
Using this and then computing in MAPLE, for logx > 2 x 11954, we get,

1
4714 % 105, exp ( - (03 - F1> ,/10“>
V2 nr,

« 10-6 (logm)% oo [ 013 log = o 1
S A0 06 (log v3)2) p< <\/§ Fl)\/(logx)§(9906(lg\/§)2))

SEla

where admissible values of (E7, F}) as given in Corollary 1.18 are (1.23 x 1072,1/99) and (1.65 x
107°,0.09). Thus

_6|C] 0.13 /logx |C| log z
4. 61C1 2 < Bt - ,
714 x 10 ’G|anexp ( 3 - > < E; |G|xexp Fi .

Winckler in [30] proved that for logx > 30907, (logdy)?,

mo(x) — :g: Li(x)‘ < Ig: Li(z™) + 7.84 x 10"z exp ( %1 / k;ng).

We instead prove that for log z > 9906n 1 (logdr,)?,
IC] .. ICl .., 5 _o|C] 1 Jlogx
——L < —L 0 1.23 x 1077 -— - — .
o(x) Tl i(z)] < a i(z0) 4+ X ‘G’xexp 991/ e
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Chapter 4

Future work

This chapter provides a brief introduction into plans for future works based on this thesis.

1. Recall that in this thesis, I use the zero-free region for the Dedekind (-function as proved

by Ahn and Kwon in [3, Proposition 6.1]:

Theorem 3.12. Let L be a number field with ny, > 2. Let p = S + iy be non-trivial zero

of Cr.(s) with p # By and 7 = |y| + 2. Then

B < 1— (Rnglog(Dr/2)) !, (4.1)

1

where R = 29.57, D = 2d, % .

Recently, Lee in [16, Theorem 1] has improved the zero-free region for the Dedekind (-

function, (1 (s) by proving that Theorem 3.12 holds true for
R =12.2411.

I plan to incorporate this new result into my current research to improve the bounds for

the error term Ey(x) as well as increasing the range of « for which the bounds are valid.

. In this thesis, I have proved unconditional bounds for E,(x). However, stronger bounds are
known under the assumption of Artin’s Holomorphy Conjecture. This conjecture asserts

that:

Let L/K be a normal extension with Galois group G. If p is a non-trivial irreducible

representation of G, then the Artin L-function L(s, p, L/K) is a holomorphic function.
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4. FUTURE WORK

I plan to use ideas from Ng [18, Chapter 3] to provide conditional bounds for Ey(x)

assuming Artin’s Holomorphy Conjecture.

. The study of distribution of zeros of L-functions is critical to finding explicit estimates
related to the distribution of prime ideals in number fields. The distribution of zeros is
affected by several factors including the Deuring-Heilbronn phenomenon which states that
a counterexample to the generalized Riemann hypothesis for one L-function affects the
location of the zeros of other L-functions. In particular, the existence of an exceptional
zero for the Dedekind (-function yields a larger zero-free region. I would like to explore

whether the existence of an exceptional zero leads to an improved bound for Ey(z).
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