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Abstract

We study moments and zeros of L-functions in this thesis.

In Chapter 2, by following closely Soundararajan-Young’s method, we prove an asymptotic
for the fourth moment of quadratic Dirichlet L-functions under the generalized Riemann hypoth-
esis. Unconditionally, we are able to give a sharp lower bound that agrees with Keating-Snaith’s
conjecture.

In Chapter 3, we use a recursive method that was pioneered by Heath-Brown and devel-
oped by Young to give an asymptotic with an error O(X %+5) for the smoothed first moment
of quadratic twists of modular L-functions. The result is analogous to Sono’s work on the sec-
ond moment of quadratic Dirichlet L-functions. It improves previous results of Iwaniec and
Soundararajan-Radziwil.

In Chapter 4, we obtain an explicit result for the number of zeros, in a box, of Dedekind
zeta functions, which improves a result of Trudgian. Our argument is based on previous works

of Bennett-Martin-O’Bryant-Rechnitzer, Kadiri-Ng and Trudgian.
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Chapter 1

Introduction

1.1 L-functions and examples.

Many problems in analytic number theory can be studied via the theory of L-functions. For
instance, the prime number theorem and the prime number theorem in arithmetic progressions
rely crucially on nonvanishing results of the Riemann zeta function and Dirichlet L-functions,
respectively. The Riemann zeta function and Dirichlet L-functions are two specific examples
of general L-functions which we now define. The definition is based on Selberg’s axiomatic
definition [93] (see also Iwaniec-Kowalski [55, Chapter 5]). Generally it is believed that all
L-functions arise from automorphic L-functions, but this is far from proven (see Cogdell [15,
Chapter 9] for the definition and further details on automorphic L-functions).

We say L(s, f), s € C is an L-function if it satisfies the following conditions.
(1) L(s, f) has the Dirichlet series with the Euler product of degree d > 1,
_ sy —1 _sy—1
Lis, ) =Y Mmn = =] (1= aalp)p™) " (1—aalp)p™®) ",
n>1 p

with Af(1) = 1, Af(n) € C, a;(p) € C. The series and the product must be absolutely
convergent in the region Re(s) > 1. We call a;(p) the local parameters of L(s, f) at p.
They satisfy

lai(p)| < p for all p.

(2) We have the gamma factor

d 4o
v(s, f) = n95/? HI‘ <82K‘7> .

Jj=1

The numbers x; € C are called the local parameters of L(s, f) at infinity. We assume
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these numbers are either real or come in conjugate pairs. Moreover, Re(x;) > —1.

(3) We have the constant q(f) > 1, called the conductor of L(s, f), such that «;(p) # 0 for
ptq(f)and1<i<d.

(4) From (2) and (3), we define the complete L-function

It is holomorphic in the half-plane Re(s) > 1 and is analytically extended to an meromor-
phic function on the entire complex plane C of order 1 with at most poles at s = 0 and

s = 1. Moreover, it satisfies the functional equation

A(37 f) = €(f)A(1 -5, f)a

where f is an object associated with f (the dual of f) for which Af(n) = Ar(n), v(s, ) =
v(s, f), a(f) = q(f). The complex number (f) is called the “root number” of L(s, f).

The absolute value of ¢(f) must be 1.

We now give some well-known examples of L-functions.

Riemann zeta function.
The simplest example of an L-function is the Riemann zeta function defined by

[ee} 1 o) 1 -1
C(S) = — = (1 — S>

n—=

for Re(s) > 1. One of the best references for ((s) is Titchmarsh [101]. The Riemann zeta
function is a degree 1 function with conductor 1. It can be analytically extended to the entire

complex plane with only a simple pole at s = 1 with residue 1. We define the A-function by

As) == 7 3T(3)¢(5).
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It satisfies the functional equation A(s) = A(1 — s). Due to the existence of the simple pole at

s =1, we also often use the so-called &-function:

E(w) = gs(s — Dr 20(5)¢(s)-
The function £(s) is entire and satisfies the functional equation £(s) = £(1 — s).

Dirichlet L-functions.

A Dirichlet L-function is associated to a Dirichlet character. We call a group homomorphism

x: (Z/qZ)* — C\ {0}

a Dirichlet character modulo integer q. Here (Z/qZ)* is the multiplicative group of integers
modulo ¢. This definition can be extended to all integers by setting x(n) = x(n) if (n,q) = 1,

and x(n) =0 if (n,q) > 1. The Dirichlet L-function associated to x modulo ¢ is defined by

o0 _
e £0(-)
n=1 p
for Re(s) > 1.

The principal character modulo ¢ is defined to be x(n) =1 for all (n,q) = 1. If x is not a
principal character, then L(%, X) admits analytic continuation to an entire function on the whole
complex plane. In the case that x is principal, L(s, x) = ¢(s) [1,,(1 = p*), so L(s, x) behaves
like the Riemann zeta function.

The definition of y tells us that x is a periodic function on Z of period q. However, if
we restrict (n,q) = 1, then the period of x may be smaller than ¢q. It can be proved that
this “smaller” period must be a divisor of g. We call y a primitive character if the period
of x restricted by (n,q) = 1 is exactly equal to ¢q. A Dirichlet L-function associated to a
primitive Dirichlet character is called primitive Dirichlet L-function, which is of degree 1 and
with conductor ¢. In general, we are interested in studying primitive Dirichlet L-functions. The
main reason is that primitive characters are simpler to compute with, and results for primitive

characters can usually be extended to imprimitive characters with minor adjustments.
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In Chapter 2, we are interested in quadratic primitive characters. The set of Dirichlet
characters modulo ¢ forms a group under multiplication. The Dirichlet characters of order 2 in
this group are called quadratic characters. It is clear that a Dirichlet character is quadratic if and
only if it is real and non-principal. Every primitive quadratic character can be denoted by the
Kronecker symbol (4), where d is a fundamental discriminant. (We also often use x4 to denote
the Kronecker symbol.) A fundamental discriminant d is either d = 1 (mod 4) and square-free,
or d = 4a with a = 2,3 (mod 4) and a being square-free. We can see that a fundamental
discriminant is essentially a square-free integer.

Let x be primitive modulo g. The £-function is defined by

Here the number a, depending on Yy, is defined by

0 if y(—=1) =1,
1 if y(=1) = —1.

It is entire and satisfies the functional equation

f(l_S’X) = :

T(X)é(s,x),

2mmai

where 7(x) is the Gaussian sum defined by 7(x) = .7 _; x(m)e ¢ . One can see more detail

in Davenport [22, Chapter 9] and Montgomery-Vaughan [77, Chapter 10].

Modular L-functions.

Modular forms are very important in modern mathematics. For example, the famous Fer-
mat’s last theorem was solved by Wiles via proving the modularity theorem which asserts that
each elliptic curve L-function over QQ arises from a modular form. Modular forms are also

extensively studied in analytic number theory (see Iwaniec-Kowalski [55, Chapters 14-16]).
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A modular form of weight « for the full modular group
b
SLy(Z) = ca,b,e,d € Zyad —be=1

is a complex function f over the upper half-plane H = {z € C : Im(z) > 0} that satisfies the

following three conditions:
e f is holomorphic on H.

e For any z € H and any matrix in SLs(Z), we have

(E5) = @ rarse.

e f is also holomorphic as z — ico. (In other words, the Fourier series of f starts at n = 0.)

Hecke produced Dirichlet series by using the coefficients of the Fourier expansion of a modular
form at ico. Let f be a modular form of weight  for the full modular group SL9(Z) as defined
above. We further assume f is an eigenfunction of all Hecke operators (see [55, Page 370]). The

Fourier expansion of f at infinity is
s —1
F(2) =Y As(n)n'7 e(nz),
n=1

where Af(1) = 1 and |Af(n)| < 7(n) for n > 1. Here e(z) := €™, and 7(n) is the number of

divisors of n. A modular L-function is defined by

00 —1
L(S,f) = Z A);(;”) _ H <1 - /\f(p) + 1)

ps p25

for Re(s) > 1, and it has an analytic continuation to the entire complex plane. The completed

L-function is defined by
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It satisfies the functional equation

A(s, f) = i"A(1 — s, f).

Dedekind zeta functions.

Given a number field K, the Dedekind zeta function (g (s) of K is defined by

1 1 \!
o) = 2 gy~ 11 (- s7)

a#0

for Re(s) > 1, where the sum is over non-zero integral ideals of K, and the product is over prime
ideals of K. The Dedekind zeta functions are used to study properties of number fields. For
example, they can be used to count the number of prime ideals in the ring of integers. If K = Q,
then (x(s) = ((s). A Dedekind zeta function has an analytic continuation to a meromorphic
function on C with only a simple pole at s = 1. Let us assume the degree of the field extension
Q C K is ng, and the discriminant of K is dg. Then (x(s) is an L-function of degree nx with
conductor dg. Let ng = r1 4+ 2r9, where 71 is the number of real embeddings that fix Q and 7o

is the number of pairs of complex conjugate embeddings. The completed zeta function £k (s) is

Ec(s) = (s — D)2k (5)Cre (9),

where

o= (e () (G

It satisfies the functional equation

Er(s) =&x(1—s).

More information on Dedekind zeta functions can be seen in the book of Neukirch [80, Chapter
VIIJ.

In this thesis, we will study Dirichlet L-functions, twisted modular L-functions (which are
modular L-functions twisted by Dirichlet characters) and Dedekind zeta functions, respectively,

in Chapters 2, 3 and 4. We study these L-functions in two aspects. For the family of Dirichlet L-
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functions and twisted modular L-functions, we study their moments; for Dedekind zeta functions,
we are interested in the number of non-trivial zeros in a box.

In the rest of this chapter, in Section 1.2, we discuss some background for the field of moments
of L-functions, and in Section 1.3, we introduce some history and motivation on counting zeros

of L-functions.

1.2 Moments of L-functions.

It is important to understand the distribution of values of L-functions. In particular, where
are the zeros of a L-function located, how often does an L-function get large and small, and how
often do the values lie in a given interval? In reality, it is hard to study a single function (e.g.,
Riemann hypothesis, Lindelof hypothesis). It is often simpler to study a family of L-functions
with the hope that statistical results on average give intuitive ideas for a single L-function
and may provide partial results. We let F denote a family (or collection) of L-functions. Let
LW (s, f) denote the i-th derivative of an L-function L(s, f). The following types of problems

are extensively studied in analytic number theory.
1. Continuous moment of a single L-function.
Estimate
T .
| 1200 + it gy
0
where i € Z>o,k > 0 and 0g € R.

2. Discrete moment averaged over a family of L-functions at a given point.

Estimate

S 120 (5o, £)F

fer

where i € Z>0,k > 0 and sp € C.

3. Discrete moment of a fixed L-function averaged over a set of complex numbers.

Estimate

N .
D19 (s5, NI
j=1

where i € Z>p,k > 0 and {s;} is a complex sequence.
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We remark that in some situations we may prefer the problems without the sign of absolute
value. In Chapters 2 and 3 we study several problems related to Problem (2). Namely we
study moments of quadratic Dirichlet L-functions and moments of quadratic twists of modular
L-functions. On the other hand, some examples for Problem (1) and (3) will be given in

Subsection 1.2.2: continuous moments of {(s) and discrete moments of ¢’(p).

1.2.1 Conjectures.

The field of moments of L-functions has attracted many mathematicians and many fruitful
results have been given in this field. One of many interesting problems in this field is to establish
asymptotic formulae for the moments of various families of L-functions. However, only a few
moments of L-functions have been asymptotically established. Fortunately, we have nice con-
jectures for moments of L-functions. In this section, we introduce two methods that are usually
used to formulate conjectures: the random matrix theory [62, 63] by Keating and Snaith, and
the recipe method [17] by Conrey, Farmer, Keating, Rubinstein and Snaith. We should remark
that the method of multiple Dirichlet series (see Diaconu-Goldfeld-Hoffstein [25]), which we do
not plan to mention in detail here, is another very powerful tool for making conjectures, as well

as giving rigorous proofs.

Symmetries.

There is a surprisingly close connection between the zeros of L-functions and the eigenvalues
of characteristic polynomials of matrices in random matrix theory. This was first observed in
a conversation between Dyson and Montgomery at a tea party in Princeton, where they found
[76] that the pair correlation of the nontrivial zeros of ((s) agrees with the pair correlation of
eigenvalues of large random Hermitian matrices. This discovery was strengthened by Odlyzko
[83] via a profound numerical study.

Later Katz and Sarnak [60, 61] observed that the low-lying zeros within a family of L-
functions follow the statistics of the eigenvalues near 1 of characteristic polynomials of the
matrix ensemble associated to this family. The possible matrix groups are: the unitary group
U(N), the orthogonal group O(N) and the symplectic group USp(N) (see definitions in Remark
1.1). Katz and Sarnak proposed a classification for families of L-functions, which consists of

unitary family, symplectic family, even orthogonal family and odd orthogonal family, according
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to their associated symmetry types in random matrix theory. The following table gives several

examples for each symmetry type.

Table 1.1: Examples for different symmetry types

Symmetry type Examples
T ;
Jo 15 +at)|*dt;

Unitary X is primitive modulo ¢ ‘L(%7 X)‘k’
> 0<y<T |C’(% + W)|k
¢(3+iv)=0
Symplectic > _d fund. disc. L(%a Xd)"
0<d<X

ZfeHz(q) TL(%, f)|k, where
Even orthogonal | Ha(q) is a basis of Hecke new-forms of weight 2 and level q.

. 1 k
. . b
Zd fund. disc L(2 f & Xd) s where
0<d<X

Odd orthogonal f is a holomorphic primitive cuspidal eigenform.

Remark 1.1. The unitary group, U(N), is the group of all N x N complex matrices U that
satisfy the condition UU'T = I, where UT denotes the complex transpose of U, and Iy is the
N x N identity matrix.

The symplectic group, USp(N), is the group of all N x N unitary matrices S that satisfy

the condition SJS* = J, where

and S* means the transpose of S.
The orthogonal group, O(N) is the group of all N x N real matrices O that satisfy the

condition OO! = Iy.

Random matrix theory conjectures.

It can be conjectured (see Conrey and Farmer [16]) that

a(k
= > VL D)~ s o 0, th
o(f)<Q

where V(z) depends on the symmetry type, A is a symmetry-dependent constant, ¢(f) is the
conductor of f and Q* is the number of f with ¢(f) < Q. Here g and B(k) are only determined

by the symmetry type of the family whereas a(k) is an arithmetic factor which depends on the
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specific family involved. We note (1.1) are discrete moments and continuous moments can be
formulated in a similar manner.

The values of a; can be conjectured by an arithmetic method. The difficulty mainly lies
in determining gi. The precise values of g were predicted by Keating and Snaith [62, 63] by
using a random matrix model, which, along with values of ai, completed the conjecture for
the leading main term in the asymptotic formula for the moments of each specific family of
L-functions. The idea of Keating and Snaith is to suggest the moments of L-functions in a
family are comparable to the moments of the characteristic polynomials of random matrices
corresponding to this family. For instance, for moments of the Riemann zeta function (the idea
is applied to other families as well), Keating and Snaith considered the characteristic polynomial

Z(U,0) of a matrix U in the group U(N):

=TT (1-0-).

where ¢, n =1,2,--- | N are eigenvalues of U. Then they computed the following s-th (s is a

complex number) moment of characteristic polynomials of U(N):

1 2T 2T
121 u 0w ::(271)1\7]\7'/ / dfy ---dby H
"0 0 1<j<m<N
N
<IT|( =)

The above complicated integral can be simplified by the Selberg integral. Indeed, one can prove

G?(1 + s)

o,
lm —& (121 vy = G+ 25)

N—oo

where G(s) is defined in (1.3). By comparing the above asymptotic formula with the main
term for the moments of the Riemann zeta function and letting N = log %, Keating-Snaith

conjectured precise values for g; as follows.

Conjecture 1.2 (Keating-Snaith). For any real k > 0,

T g ,
|16+ inphar~ BT os T

10
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where

and
T (TR,
Z;<mww)>p ' (12)

Here G is the Barnes G-function defined by

G(z+1) = (2n)2 exp(—1 (2% + 2% + 2)) H (1 + %)n e*ZJré (1.3)

n=1

for all z € C.

Conjectures by the recipe method.

For integral moments, Conrey, Farmer, Keating, Rubinstein and Snaith [17] proposed the
recipe method which successfully refined the conjecture of Keating and Snaith by obtaining
lower-order main terms. The heuristic of their method (called recipe method) is to evaluate the
contribution from diagonal terms, and assume certain off-diagonal terms, which are (relatively)
complicated, cancel out.

For example, for the 2k-th moment of the Riemann zeta function, we define the following

function

Z(s,a) : =((s+a1) - ((s+ap)C(l —s—arr1) - (1 — s — ag). (1.4)
Here «; are shifts which are very small, and a@ = («1,...,ag). Our goal is to heuristically
evaluate

/WZ@+ﬁﬂM@ﬁ,

— 0o
where g(t) is a suitable weight function. Note that letting o; — 0 in the above gives us exactly
the 2k-th (weighted) moment of the Riemann zeta function. For each zeta function, we use the
approximate functional equation

C(s) = Z — + x(s) Z L + remainder. (1.5)

nl—s

11



1.2. MOMENTS OF L-FUNCTIONS.

Here

It satisfies

W= () e (10 (1)),

Inserting (1.5) into (1.4) and multiplying out Z(s, ), we obtain 22* terms. We only keep those

terms in which the product of y-factors is not oscillating rapidly. For instance, an obvious

non-oscillating term is the one obtained by always using the “first part” of the approximate

functional equation of each zeta factor of Z(s,a) in when expanding Z(s,«). Note this term

does not have any y-factors.

Based on the above philosophy, along with a very delicate combinatorial computation, Con-

rey, Farmer, Keating, Rubinstein and Snaith made the following conjecture for all integral

moments of the Riemann zeta function.

Conjecture 1.3 (Conrey, Farmer, Keating, Rubinstein and Snaith). For k € N,
T 1
/ IC(3 +it)|**dt = TP2(log T) + O(T2 1),
0
where Py (x) is a polynomial of degree k* that can be computed explicitly.

1.2.2 Historical results.

Here we provide historical results of three families of L-functions that have been broadly

investigated. This section may not cover all the existing results because there were so many

results in the past and new results keep coming out constantly.

Moments of the Riemann zeta function.

One of the famous problems in the theory of L-functions is the study of continuous moments

of the Riemann zeta function. Let k& > 0 be real. Let

T
I,(T) ::/0 (L +it)|*at

12
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denote the 2k-th moment of the Riemann zeta function. We introduce this moment here in
order to give an example for Problem (1) in Section 1.2 while we do not study this problem in
our thesis.

Hardy and Littlewood [39] studied I(T") by proving
L(T)~TlogT.
Ingham [52] refined this result to
L(T) = TP (log T) + O(Tz %), (1.6)

where Pj(z) is a linear polynomial. The best error for (1.6) up to date is O(T %“) due to

Bourgain and Watt [7]. Previously Watt [106] proved the error O(T%(log T )%) Moreover,

the fourth moment was obtained by Ingham [52],

IL(T) = ;?(log T)* + O(T(log T)?).

It was improved to

I,(T) = TPy(log T) + O(T57°)

by Heath-Brown [45], where Py(x) is a polynomial of degree 4. The sharpest error term now is
O(T§+5) due to Zavorotnyi [109].

In spite of many attempts, computing higher moments of the Riemann zeta function seems
beyond current techniques. However, many exciting conjectures have been established. Conrey

and Ghosh conjectured [18] that

43&3
9!

I3(T) ~ T(logT)°.

Conrey and Gonek [19] conjectured that

24024a4

L) ~ =4

T(logT)'

13
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for certain precise constants as,as (see values of them in (1.2)). The conjectures of Conrey-
Ghosh and Conrey-Gonek are maded by number theoretic techniques. Generally, Keating and
Snaith [63] made the conjecture for the leading main term of the 2k-th moment as shown in
Conjecture 1.2, and, Conrey, Farmer, Keating, Rubinstein and Snaith [17] refined this conjecture
via obtaining other principal lower-order main terms (see Conjecture 1.3).

We also have many results on the lower and upper bounds of the moments. The lower bound
I.(T)) > T(log T)’“2

was established by Ramachandra [89] for all positive integers k, by Heath-Brown [46] for all
positive rational numbers k, and under RH, by Ramachandra [88] for all positive real numbers
k. In the other direction, for real 0 < k < 2, assuming RH, Ramachandra [89, 90] and Heath-

Brown [46, 47] independently proved that
I(T) < T(log T)**.
For all positive real numbers k, assuming RH, Soundararajan [98] proved that
I(T) < T(log T)*" <.

Building on Soundararajan’s work and developing a number of new techniques, under RH,

Harper [40] proved that for all positive real numbers k,
I(T) < T(log T)*.

Recently, Heap-Radziwill-Soundararajan [44] proved unconditionally that for any real number
k with 0 < k <2,

I(T) < T(log T)¥*.
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1.2. MOMENTS OF L-FUNCTIONS.

Moments of quadratic Dirichlet L-functions.
The family of quadratic Dirichlet L-functions has been extensively studied. Let k£ > 0 and
bL 1 .
Z ( 29 Xd)
ld|<X
b

denote the k-th moment of quadratic Dirichlet L-functions, where Z means the sum over
fundamental discriminants. This is an example for Problem (2) in Section 1.2. This moment is

related to the Chowla’s conjecture that will be discussed in Subsection 1.2.3.

Jutila proved that

Zb L(3: Xd) o x [logf e (1> +4y -1+ 412,(1)] +O(XT79),

0<d<X - 4¢(2) T \4
where
w0=T1( - G
and
Zb L(3:xa)* = ﬁX(IOgX)S +O(X (log X)37),
0<d<X
where

1 4p? —3p+1
C = — 177 .
48 pt+p3

Soundararajan established the third moment by proving

L3, xsa)® = XQo(log X) + O(X 12+
(3, x84)” = XQe(log X) + O( );

0<d<X

(d,2)=1

*

where Qg(z) is an explicit polynomial of degree 6, and Z means the sum over square-free
integers. Note that the above result is for xgq instead of x4. The reason is to focus on the main
methods and techniques. The case of x4 may require further techniques and computation based

on the argument for ygq.

Keating-Snaith [62] made the following conjecture.
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1.2. MOMENTS OF L-FUNCTIONS.

Conjecture 1.4 (Keating-Snaith). For any positive real number k,

9

Z* Lk XSd)k _ Aag Gk+1)y/I'(k+1) X(lOgX)k(k;l)
oty 7 \/G(2k + 1)T(2k + 1)
(d,2)=1

where G(z) is the Barnes G-function, and

S

ak:::2 2
2 D

(k+1) B B
_h(k2) I (1—]%)}”% L+ 5 -
+ .

1
(p,2)=1 p

Conrey, Farmer, Keating, Rubinstein and Snaith [17] gave a more precise conjecture, includ-

ing all other principal lower order terms:

Conjecture 1.5 (Conrey, Farmer, Keating, Rubinstein and Snaith). For any k € N,

> L(3x8a)" = X Q) (log X) + o(X),
0<d<X :
(d,2)=1

as X — oo where Qn(x) is an explicit polynomial of degree n.

In this thesis, we proved Conjecture 1.4 for the the case k = 4 in Chapter 2 (see Theorem
2.1) under the generalized Riemann hypothesis using the method of Soundararajan and Young

[99]. For more details, the readers are referred to the introduction part of Chapter 2.

Discrete moments of ('(p).

Gonek [36] and Hejhal [49] introduced the following 2k-th discrete moment of ’(s) given by

T(T) = 3 (),

0<y<T

where k € R, and the sum runs over the nontrivial zeros p = §+iv of ((s). Note the case k < 0
is also very interesting. These moments provide an example of the type Problem (3) in Section
1.2. One reason the moments Ji (1) are studied is that they are related to the size of Merten’s

function M (x) defined by

M(x):=> p(n).

n<x

16



1.2. MOMENTS OF L-FUNCTIONS.

For example, Gonek (unpublished) and Ng [81] proved that

3
2

M(x) < x%(log:c) ,

assuming RH and the bound J_;(T) < T. Furthermore, Ng [81] has shown the same assump-
tions imply that M (ey)(f% possesses a limiting distribution.

Assuming RH, Gonek [35] showed that

T T
J(T) ~ — log* (277) .

Ng [82] considered the fourth moment and proved that Jo(T') < T(logT)Y. More precisely,

he showed the inequality

Spp (140 (L)) < )< 2o (140 (8L,
73 L 3 L

where L :=log (&), ¢1 = 0.0000687 - - -, and ¢y = 0.0051561 - - -.

The asymptotic formulae for the fourth and higher moments are still open problems. Inde-

pendently, Gonek [36] and Hejhal [49] conjectured that
Ji(T) = T(log T)*+1)°.

By modelling characteristic polynomials of random matrices, Hughes, Keating and O’Connell

. . . 3
[51] refined this conjecture. They predicted that for any k > —3,

T T
I(T) ~ ekjali)g - og (5],

where

 GHk+2)
)= Gorys)y
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1.2. MOMENTS OF L-FUNCTIONS.

Based on the ratios conjecture, Conrey and Snaith [20] proved that
. T 1
Jo(T) =TPy logQ— +O0(T=27°),
i

where Py(z) is a polynomial of degree 9.
Many results on lower and upper bounds of the moments have been obtained. For any k € R,

under RH, Milinovich [73] showed that
Jo(T) < T(log T)*+1)°+e,

This result was improved recently by Kirila [65] using Harper’s method [40] via showing assuming
RH, for k > 1,
Jo(T) < T(log T)*+1?,

On the other hand, under GRH, Milinovich and Ng [75] showed that for any k € N,
Jo(T) > T(log T)*+1)°.
Gao [32] very recently obtained that under RH, for any real k > 0,
Jo(T) > T(log T)*+1?*,
For negative moments, Gonek [36] proved that
J(T)>T

assuming RH and the simplicity of the zeros of ((s). The RH condition was removed by Garaev

and Sankaranarayanan [33]. Milinovich and Ng [74] obtained a precise inequality

JA(T) > (27?;3 - g> T,

assuming RH and the simplicity of the zeros of ((s). With the same assumption, Heap, Li and
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1.2. MOMENTS OF L-FUNCTIONS.

Zhao [43] proved that for any rational k > 0,
J_iw(T) > T(log T)*~1)”.

1.2.3 Applications.

In this section, we give four applications of bounds and asymptotics for moments of L-
functions. There are applications to the size of L-functions (Lindel6f hypothesis), the nonvan-
ishing results of L-functions, the Birch and Swinnerton-Dyer conjecture, and generalized Fermat

equations.

Lindelof hypothesis.

The Lindel6f hypothesis states that for any € > 0,
C(3 +it) <.t

Hardy and Littlewood observed that the Lindel6f hypothesis is equivalent to the following upper
bound

T
/ (L 4 i) PRt <y T,
0

where &k € N. See details in Titchmarsh [101, Theorem 13.2]. This relation enables us to
convert the study of the Lindel6f hypothesis to the research on the moments of the Riemann
zeta function. This method has also been widely used in obtaining subconvexity bounds for

more general L-functions. For example, see Duke-Friedlander-Iwaniec [27] and Kowalski-Michel-

VanderKam [68].

Nonvanishing of Dirichlet L-functions.

It is a hard open problem in analytic number theory to show that L (%,X) # 0 for all
primitive characters y. In 1965, Chowla [14] conjectured this when x is a quadratic character.
Assuming GRH, Katz and Sarnak (unpublished) and Ozliik-Snyder [84] independently proved
L (%, (4)) # 0 for at least % of the fundamental discriminants |d| < X. By establishing the
mollified first and second moments of quadratic Dirichlet L-functions, Soundararajan [97] showed

8d

that there are at least 87.5% of the odd square-free integers d > 0 such that L (%, ( _ )) # 0.
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1.2. MOMENTS OF L-FUNCTIONS.

In the other direction, Balasubramanian and K. Murty [4] proved that a positive proportion
(though very small) of Dirichlet L-functions in the family of primitive characters modulo prime
modulo ¢ do not vanish at s = % Iwaniec and Sarnak [56] refined this by showing L(%, x) #0
for at least 33.33% of the primitive characters modulo integral q. Bui [9] improved this result

further to 34%. Khan and Ngo [64] later refined this to 37.49% for prime modulo p.

Birch and Swinnerton-Dyer conjecture.

Let E be a modular elliptic curve with root number 1 over Q. In a celebrated paper [66],
Kolyvagin proved that if the Hasse-Weil L-function L(s, E') does not vanish at the central point
s = %, then the group of rational points of E is finite, provided that there exists a quadratic
character x4 with d < 0 such that L(s, F ® x4) has a simple zero at the central point and
such that x4(p) = 1 for every p that divides the conductor of E. Bump-Friedberg-Hoffstein [12]
and Murty-Murty [79] independently proved L'(3, E ® xq) # 0 for infinitely many fundamental
discriminants d with d < 0. (See the definition of L'(1, E) in (3.1).) These results successfully
verify the assumption in Kolyvagin’s theorem. Their methods are to investigate the following

types of moments:

b
Z CdL/(%, E® Xd)
ldj<X

where ¢g are complex numbers. By establishing an asymptotic formula for such sums, they are
able to deduce the required nonvanishing result in Kolyvagin’s theorem. The readers are referred

to Chapter 3 and also Ireland-Rosen [53, Chapter 20] for further details.

Generalized Fermat equations.
Moments of L-functions and nonvanishing of L-functions have applications to generalized

Fermat equations. Ellenberg showed a connection between the generalized Fermat equation
gt = 2P (1.7)

and the nonvanishing of certain modular L-functions (see Ellenberg [28, p. 765]). Based on
this he showed that (1.7) has no integral solutions with ged(z,y,z) = 1 for p > 211. Bennett,

Ellenberg and Ng [5] showed that (1.7) has no integral solutions with ged(x,y, z) = 1 for p > 4.
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1.2. MOMENTS OF L-FUNCTIONS.

The nonvanishing result is obtained by computing the moment of a certain family of modular

L-functions.

1.2.4 Original results.

We now mention the original results in this thesis on moments of L-functions. In Chapter 2,
we prove an asymptotic formula for the fourth moment of quadratic Dirichlet L-functions under
the assumption of the generalized Riemann hypothesis. Unconditionally, we prove a sharp lower
bound for this family of L-functions. Our results confirm the conjecture of Keating and Snaith
for the case kK = 4, assuming the generalized Riemann hypothesis. The argument is largely
based on Soundararajan and Young’s method [99] for the second moment of quadratic twists of
modular L-functions and Soundararajan’s work [97] on the third moment of quadratic Dirichlet
L-functions. More precisely, we use the argument of Soundararajan and Young [99] to shorten
the length of the Dirichlet polynomial involved via establishing the shifted version of the fourth
moment of quadratic Dirichlet L-functions. While the off-diagonal terms are bounded as an
error term in Soundararajan and Young’s work, these terms contribute to a main term in our
consideration. We use techniques from Soundararajan’s article [97] to analyze the off-diagonal

terms, which is the main new ingredient of our work. We obtain that

Theorem 1.6 (Chapter 2). Assume GRH for L(s, xq) for all fundamental discriminants d. For

any € > 0, we have

* ay
Z L(%? X8d)4 — & 3 5 2X(10g X)IO 4 O (X(logX)9.75+E) )
26.33.52.7.1
0<d<X
(d2)=1

Here Z* denotes the summation over square-free integers, and a4 is a constant defined in (2.4).

We also prove a sharp lower bound unconditionally. This was also stated without proof by

Rudnick and Soundararajan [92].

Theorem 1.7 (Chapter 2). Unconditionally, we have

* ol 4 a4 10
S L)' 2 (G5 ar + o(1) X(log X)1°
0<d<X

(d,2)=1
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1.2. MOMENTS OF L-FUNCTIONS.

Gao [31] recently established an asymptotic for the fourth moment of quadratic Hecke L-
functions in the Gaussian field with using some of techniques for the above theorems.

Another original result in this thesis concerns the family of quadratic twists of modular
L-functions. In Chapter 3, We obtain an error term of size O(X %+5) for the smoothed first
moment of quadratic twists of modular L-functions. A similar argument allows us to give a
comparable result for the smoothed first moment of the first derivative of quadratic twists of
modular L-functions. The main idea we use is a recursive method. This method was first used
by Heath-Brown [48] to get upper bounds for mean values of sums of real characters, and later
by Young [107, 108] to study asymptotics for the first and third moments of quadratic Dirichlet
L-functions. Our result is analogous to Sono’s work [96] where he considered the second moment
of quadratic Dirichlet L-functions. Note that L(s, x4)? is analogous to L(s, f ® x4). These each
are degree two L-functions as described in Section 1.1. Many of the same techniques apply, for

example, approximate functional equation, Poisson summation formula, etc. We prove that

Theorem 1.8 (Chapter 3). Let k =0 (mod4) and k # 0. Let ®(x) : (0,00) — R be a smooth,

compactly supported function. We have

8 (1)

5 L(1,sym? £)Z*(0)X + O(X2+),

Z* L(3, f @ xsa)®(%) =

(d,2)=1

s

Here Z* is defined via (3.5) and the paragraph below Theorem 3.4, and ® is the Mellin transform
of ® defined by

B(s) := /OOO ()2 dz.

We also establish an asymptotic for the first moment of the derivative.

Theorem 1.9 (Chapter 3). Let Kk = 2 (mod4). Let ®(x) : (0,00) — R be a smooth, compactly

supported function. We have

8d(1
2

L'(1,sym® f) = Z*(0)

(d,2)=1

- )L (1, sym? £)Z*(0) X [logX +9

8 I'(§) ¥
+log%+ F(g) + <i>(1)

| +ocxste).

We remark that a similar argument can lead to the first moment of higher derivatives of twised
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1.3. COUNTING ZEROS OF L-FUNCTIONS.

modular L-functions. The above two theorems improve the previous results (up to multiplying
by a smoothed function): O(X (log X)'~?), where p is an explicit positive real number, of Murty-
Murty [79], O(X %J“E) of Iwaniec [54], Stefanicki [100, Theorem 3] and Luo-Ramakrishnan [71,
Proposition 3.6], and O(X %"“5) of Soundararajan-Radziwilt [87, Proposition 2]. Recall that such
results were used in completing Kolyvagin’s work on Birch and Swinnerton-Dyer conjecture as

described in Subsection 1.2.3.

1.3 Counting zeros of L-functions.

In this thesis we also prove results about the zeros of L-functions. Let us start with the
Riemann zeta function as an example in this section. Zeros of the Riemann zeta function
are intimately related to prime numbers via Riemann’s explicit formula (see (1.8)). The most
important conjecture concerning zeros of the Riemann zeta function is the Riemann hypothesis.
It asserts that all non-trivial zeros of ((s) lie on the critical line Re(s) = 1. Similarly, it is widely
believed that all non-trivial zeros of a general L-function also lie on the critical line. Another
old problem related to zeros is to give a precise formula for the number of zeros of an L-function
in a box.

The following definitions are the number of zeros in a box of two L-functions: the Riemann

zeta function ((s) and the Dedekind zeta function (x(s) associated to a number field K. Set

N(T)=4#{p=B+iv€C|((p) =0, 0<B <1, 0<y<T}

NK(T) = #{p=B+i7 € C| Ck(p) =0, 0< B <1, |y <T}.

Note N(T') = %N xk(T) when K = Q. In Chapter 4, we shall prove a precise explicit asymptotic
formula for N (T).

1.3.1 DMotivation and a brief history.
The Tchebychev ¥-function is

d(x) = An),

n<x
where A(n) = logp if n = p* for some k > 0, otherwise, A(n) = 0. The prime number theorem

is equivalent to the asymptotic ¢(x) ~ x. It was independently proven by Hadamard [38] and
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1.3. COUNTING ZEROS OF L-FUNCTIONS.

de la Vallée Poussin [23, 24]. The basic idea of the proof is to express 1) as a sum over the zeros

of {(s). In fact, for x ¢ N,

zp(aﬁ):x—zgj—g((g))—;log(l—ﬁ), (1.8)

p

where p runs through all non-trivial zero of {(s). A version of this formula was stated in Rie-
mann’s memoir and later proved by von Mangoldt. In order to prove the prime number theorem
one actually requires a version of (1.8) where the sum over zeros is truncated to Z\’Y\ST % with
T > 0. Such a formula can be obtained via Perron’s formula. Thus estimates for ¢ (z) can
be deduced from bounds for ZM < %. Bounds for this latter sum may be deduced from the
zero-free region for ((s) and the size of N(T').

In his memoir, Riemann stated without proof that
T T
N(T) = —log — + O(log T, (1.9)
2 2me

and it was proved by von Mangoldt. The equation (1.9) is crucial for the establishment of
the prime number theorem. Naturally, explicit versions for (1.9) are very useful in establish-
ing explicit versions of the prime number theorem (see Faber-Kadiri [29] and Trudgian [104]).
Moreover, the explicit version is also applied to sums of zeros of the Riemann zeta function (see
Brent-Platt-Trudgian [8]) and the full proof of the ternary Goldbach problem (see Helfgott [50]).

Explicit versions of (1.9) have been established. Namely, there exist positive constants
C1,Cy, C3 such that for T' > Ty > e,

T T
N(T) log (—)‘ < CilogT + Cyloglog T + Cs. (1.10)

——1lo
2T 2me

Below in Table 1.2, we list a table that consists of historical results for the values of C1, Cs, and
Cs.
The first explicit result for N (T') was established by Kadiri and Ng [58]. They showed that

for T > 1, one has

T T \n
Nic(T) = —log (dK (276) K)‘ < Di(logdy + nx logT) + Dang + Ds, (1.11)
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Table 1.2: Explicit bounds for N(7T') in (1.10)

Cq Cy Cs To
Von Mangoldt [105] (1905) 0.4320 1.9167 13.0788 28.5580
Grossmann [37] (1913) 0.2907 1.7862 7.0120 50
Backlund [3] (1918) 0.1370 0.4430 5.2250 200
Rosser [91] (1941) 0.1370 0.4430  2.4630 2
Trudgian [102] (2014) 0.1120 0.2780  3.3850 e
Hasanalizade, S. and Wong [42] | 0.1038 0.2573  9.3675

with admissible triple (Dy, D2, D3) = (0.506,16.950,7.663), where nx and dg are the degree
and absolute discriminant of K, respectively. They also mentioned that D; could be taken as
small as (mlog2)~! ~ 0.459 at expense of larger Dy and D3. This was improved by Trudgian
[103] who showed (D1, D2, D3) = (0.316,5.872,3.655) is valid, and the constant D; in (1.11) can
be made as small as 0.247 (with larger Dy and D3). Unfortunately, as pointed out by Bennett,
Martin, O’Bryant, and Rechnitzer [6], an error appeared in [103]. It will be fixed and also
improved in Chapter 4 by using the method of Bennett, Martin, O’Bryant and Rechnitzer [6],
and Kadiri and Ng [58], and Trudgian [103].

Our new results on Ng (T') shall be described precisely in the next subsection.

1.3.2 Original results.

We show in Chapter 4 that

Theorem 1.10 (Hasanalizade, S. and Wong, Chapter 4). Given a number field K of degree nk

and with absolute discriminant dg, for any T > 1, we have

T T \nk
Ni(T) =~ log (dK(%) )) < 0.228(log dc + nx log T) + 23.108ns + 4.520.  (1.12)

The above theorem was used in the work of Kadiri-Wong [59] and the Master’s thesis of Das
[21]. The techniques of proofs of the above theorem includes Jensen’s formula from complex
analysis, bounds for the Riemann zeta function/Dedekind zeta functions, and Backlund’s trick.

Following a similar manner of the proof for Theorem 1.10, in a following paper [42] joint

with Hasanalizade and Wong, we study N(T') and prove that
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Theorem 1.11 (Hasanalizade, S. and Wong). For any T > e, we have

T T
‘N(T) — —log (27re> ‘ < 0.1038log T + 0.2573 log log T" + 9.3675. (1.13)

See Table 1.2 for a comparison to historical results. Note that the estimate (1.13) of the
Riemann zeta function is better than (1.12) of Dedekind zeta functions. (The equation (1.13)
needs to be multiplied by a factor 2 when doing the comparison.) The reason is that for the
case of the Riemann zeta function, we have better upper bounds for ((3 + it) and (1 + it) in
the literature while only trivial (convexity) bounds are available in the case of Dedekind zeta

functions.

1.4 Contributions of Authors

The Chapters 2, 3,4 are slightly modified versions of the following three papers [41, 95, 94].

e The fourth moment of quadratic Dirichlet L-functions, Math. Z., 298, 713-745, 2021.
arXiv:1907.01107

e The first moment of quadratic twists of modular L-functions, submitted. arXiv:2103.12284

e (with Elchin Hasanalizade and Peng-Jie Wong) Counting zeros of Dedekind zeta functions,

to appear in Math. Comp., arXiv:2102.04663

Chapter 4 is based on collaborations with Elchin Hasanalizade and Peng-Jie Wong in the article
[41]. All authors contributed equally to this project. Specifically, I made significant contribu-
tions to Subsection 4.2.1, Lemma 4.11, Proposition 4.17, Section 4.4 and I prepared the Maple

computation file. Furthermore, all authors proofread the whole article.
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Chapter 2

The fourth moment of quadratic Dirichlet
L-functions

2.1 Introduction.

Let xq = (4) be a real primitive Dirichlet character modulo d given by the Kronecker symbol,

where d is a fundamental discriminant. The k-th moment of quadratic Dirichlet L-functions is

S L xa), (2.1)

0<d<X

where Zb denotes the sum over fundamental discriminants, and k is a positive real num-
ber. One great motivation to study (2.1) comes from Chowla’s conjecture, which states that
L(%, Xa) 7 0 for all fundamental discriminants d. The current best result toward this conjecture
is Soundararajan’s celebrated work [97] in 2000, where it was proven that L(%, Xsd) # 0 for at
least 87.5% of the odd square-free integers d > 0. The key to the proof is the evaluation of
mollified first and second moments of quadratic Dirichlet L-functions.

In 2000, using a random matrix model, Keating and Snaith [62] conjectured that for any

positive real number k,

b k(k+1)
|dI<X

where C}, are explicit constants. Various researchers have studied versions of these moments
summed over certain subsets of the fundamental discriminants. For instance, in (2.1) we consider
positive fundamental discriminants. However, there are no difficulties in also studying negative
fundamental discriminants. Some articles even consider characters of the form xgq4, where d are

odd positive square-free integers. The main reason researchers study these special cases, rather
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2.1. INTRODUCTION.

than consider all fundamental discriminants, is to focus on the methods and techniques. It is
possible to establish results for all fundamental discriminants, but this would involve more cases
that need to be studied. The conjecture analogous to (2.2) for characters of the form xgg, which
can be established by using Keating and Snaith’s method [62], was obtained in Andrade and

Keating’s paper [2, Conjecture 2]. For any positive real number k, it was conjectured that

. k+1)/T(k + 1

3 L(%,ng)’%i“j G+ 1)vI(k+1) X(log X)*%7, (2.3)
oS x ™ /G(2k + 1)I'(2k + 1)

(d,2)=1

E3
where Z denotes the sum over square-free integers, G(z) is the Barnes G-function, and

<

k(k+1) 1 \—k —k
AT -2 [+ 5 +0-7)" 1
ar =22 ] o 5 ] (2.4)

In this chapter, we prove the conjecture in (2.3) for k = 4 assuming the generalized Riemann

hypothesis (GRH).

Theorem 2.1. Assume GRH for L(s,xq) for all fundamental discriminants d. For any e > 0,

we have

* ay
Z L3, xsa)' = 26.33.52.7. 7TgX(logX)lo + O (X (log X)*™Fe)
0<d<X

(d,2)=1

The proof of Theorem 2.1 largely follows Soundararajan and Young’s paper [99] in 2010 and
Soundararajan’s paper [97] in 2000. In [99], Soundararajan and Young proved an asymptotic
formula for the second moment of quadratic twists of a modular L-function, obtaining the
leading main term. Experts believed that the methods and techniques in [99] could be used to
evaluate the fourth moment of quadratic Dirichlet L-functions. Motivated by this expectation,
we established Theorem 2.1. In fact, Theorem 2.1 may be viewed as a version of [99, Theorem 1.2]
where f is an Eisenstein series. The main difference between this result and [99] is that the off-
diagonal terms (see just after (2.23) for a precise definition) contribute to the main term, whereas
in [99] they are part of the error term. We use techniques from [97, Sections 5.2, 5.3] to evaluate
the off-diagonal terms and this is the main new input. These terms may be written as a certain

multiple complex integral. One of the difficulties in evaluating this integral is that the integrand

28



2.1. INTRODUCTION.

has high order poles, and this makes the calculation more intricate. It should be noted that
in 2017 Florea [30] proved an asymptotic formula for the fourth moment of quadratic Dirichlet
L-functions in the function field setting, with extra lower main terms.

Similar to [99, Theorem 1.1], we obtain an unconditional lower bound that matches the
conjectured asymptotic formula (2.3). This result was stated without proof by Rudnick and

Soundararajan [92] in 2006.

Theorem 2.2. Unconditionally, we have

* a4
> Lizxsa)' 2 (26 3527 a2 +0(1)) X (log X)™
0<d<X
(d2)=1

We now introduce more refined conjectures for the moments of quadratic Dirichlet L-
functions and provide a brief history of related results. In 2005, Conrey, Farmer, Keating,
Rubinstein and Snaith [17] gave a more precise conjecture, including all other principal lower

order terms,

b
> L(3,x0)" = X Pagesny (log X) + Ep(X), (25)
0<d<X ’

where k is a positive integer, P, (z) is an explicit polynomial of degree n, and Ej(X) = ox(X).

For characters of the form ygq, their conjecture may be written as

* A
Z L(3, x8a)" = XQrern) (log X) + Er(X), (2.6)
0<d<X 2
(d.2)=1

where @, (z) is another explicit polynomial of degree n, and Ey, (X) = op(X).

In 1981, Jutila [57] established (2.5) for k = 1 with E;(X) = O(X%J“E). In 1985, Goldfeld
and Hoffstein [34] improved this to E1(X) = O(X £+5) by using multiple Dirichlet series. Their
work implies the error O(X%Jrs) for a smoothed version of the sum in (2.5) when k£ = 1. This was
later obtained by Young [107] in 2009, using a different technique based on a recursive method

and a study of shifted moments. We remark that Alderson and Rubinstein [1] conjectured that
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2.1. INTRODUCTION.

Ei(X) = O(Xi“). In 1981, the second moment was established by Jutila [57],

S L0, xa)? = CaX(log X)P + O (X(0gx)5+).

ld|<x
In 2000, Soundararajan [97] improved this by obtaining the full main term in (2.6), in the case
k = 2, with the power savings Ey(X) = O(X%JFE). In 2020, Sono [96] improved this to O(X%Jre)
for a smoothed variant of E»(X). In [97] Soundararajan was the first to prove an asymptotic
for the third moment, obtaining F3(X) = O(X %+E). In 2003, Diaconu, Goldfeld and Hoffstein
[25] improved this to F3(X) = O(X"#+¢) by using multiple Dirichlet series techniques. In
2013, Young [108] further improved this to O(X %+6) for a smoothed version of E3(X) by using
similar techniques to [107]. Recently, in 2018, Diaconu and Whitehead [26] improved Young’s
result by showing that a smoothed version of E3(X) is of size ¢X T4 O(X §+E), for some ¢ € R.
This verified a conjecture of Diaconu, Goldfeld and Hoffstein [25] of the presence of a secondary
lower order term. Zhang [110] had previously conditionally established a secondary term of size
X7 in 2005.

For the family of quadratic Dirichlet L-functions, moments higher than four have not been
asymptotically evaluated. This seems beyond current techniques. However, there are celebrated
results on upper and lower bounds of the moments. In 2006, Rudnick and Soundararajan [92]
proved the lower bound

(k+1)

b
> L(3,x0)" >k X(log X) 2
0<d<X

for all even natural number & > 1. In 2009, Soundararajan [98] proved under GRH that for all
positive real k,
b k(k+1)
D L5 xa)* <re X(logX) 2 e (2.7)
0<d<X

In 2013, Harper [40], assuming GRH, improved this to

b k(k+1)
> L(3,xa)" <k X(log X) "7 .
0<d<X

The method of this chapter is largely based on the arguments and techniques in [99] and

[97]. We use the approximate functional equation for Dirichlet L-functions and then employ the
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2.1. INTRODUCTION.

Poisson summation formula to separate the summation into diagonal terms, off-diagonal terms,
and error terms. Both diagonal and off-diagonal terms contribute to the main term. To bound
the error terms, by following the argument in [98, 99], under GRH, we established an upper
bound for the shifted moments of quadratic Dirichlet L-functions (see Theorem 2.6).

With further effort, one might be able to heuristically obtain all the main terms that are
expected from the conjecture of Conrey et al. in (2.6). However, the computation will be
complicated. It might be simplified by considering a shifted version of the fourth moment,
analogous to the calculation in [107]. Florea considered the function field version of the fourth
moment in [30]. In her work she was able to identify all the main terms as given by a conjecture
of Andrade-Keating [2, Conjecture 5] (the function field analogue of (2.6)). By using a recursive
method, Florea obtained extra lower main terms in this case. It is possible that her techniques
may be employed to obtain additional lower main terms in Theorem 2.1, and we hope to revisit
this in future work. However, one would need to apply the approximate functional equation
for the fourth power of the L-function rather than the second power (2.10). In addition, one
would have to eliminate the use of the parameters U;, Uz in (2.15). In our work, we use the
approximate functional equation for the second power of the L-function as it is necessary to
obtain the unconditional lower bound in Theorem 2.2.

The outline of this chapter is as follows. The proof of Theorem 2.1 and 2.2 proceed simul-
taneously. In Section 2.2, we introduce some tools. In Section 2.3, we set up the evaluation
of the fourth moment. We apply the Poisson summation formula to split the fourth moment
into diagonal, off-diagonal, and error terms. We evaluate the diagonal terms and off-diagonal
terms in Section 2.4 and Section 2.5, respectively. The error terms are bounded in Section 2.6.
The proofs of Theorem 2.1 and 2.2 are completed in Section 2.7. Finally, we give the proof of

Theorem 2.6 in Section 2.8.

Notation. In this chapter we shall use the convention that £ > 0 denotes an arbitrary small
constant which may vary in different situations. For two functions f(z) and g(x), we shall
use the notation f(z) = O(g(x)), f(x) < g(z) to mean there exists a constant C such that
|f(z)| < Clg(x)| for all sufficiently large z. If we write f(x) = Oq(g(x)) or f(z) <4 g(x), then

we mean that the corresponding constants depend on a. Throughout the chapter, the big O
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2.2. BASIC TOOLS.

may depend on €.

2.2 Basic tools.

In this section, we introduce several tools that shall be used in this chapter.

2.2.1 Approximate functional equation.

For £ > 0, define
s —s ds
w():=-— [ 7%g(s)¢ - > 0, (2.8)

where
s 2
g(s):=n"° <1w> . (2.9)

Here, and henceforth, | (¢) Stands for fcctzc:)o It can be shown (see [97, Lemma 2.1]) that w(§) is

real-valued and smooth on (0, +00), bounded as & near 0, and decays exponentially as £ — +oo.
Define

o= 3 Ol 1y,

where 7(n) is the number of divisors of n. It was proved [97, Lemma 2.2] that for odd, positive,

n=1

square-free integers d,
L(}, xs0)* = 24(d). (2.10)

2.2.2 Poisson summation formula.

The following lemma is [99, Lemma 2.2].

Lemma 2.3. Let ® be a smooth function with compact support on the positive real numbers,

and suppose that n is an odd integer. Then

> (2o (5) =5 (2) Zeorems (57)

(d,2)=1
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2.2. BASIC TOOLS.

where

Gi(n) == (1; + <_nl> 1;”) 3 (%) e (‘;ﬁg) (2.11)

a (modn)

and

o0
D(y) = / (cos(2mzy) + sin(2mzy)) ®(z)dx
1s a Fourier-type transform of ®.

The precise values of the Gauss-type sum Gg(n) have been calculated in [97, Lemma 2.3] as

follows.

Lemma 2.4. If m and n are relatively prime odd integers, then Gi(mn) = Gx(m)Gx(n). More-

over, if p* is the largest power of p dividing k (setting a = oo if k =0), then

0 if B <« is odd,
o(p”) if B <« is even,

Gk:(pﬁ) = —p° if 6=a-+1 is even,
(%) PP if B=a+1is odd,
0 if 6> a+2.

Here ¢ is the Euler totient function.

2.2.3 Smooth function.
Let ® be a smooth Schwarz class function that is compactly supported on [%, %], and 0 <

®(t) <1 for all ¢t. For any integer v > 0, define

ot

®,) == max / 1) (¢)|dt.
1
2

0<j<v

For any s € C, define
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2.3. SETUP OF THE PROBLEM.

Note that ®(s) is a holomorphic function of s. Integrating by parts v times gives us

X s) = 1 > (v) —s+v
W)= e ), MO

Hence, for Re(s) < 1, we see that
S (2.12)

2.2.4 Some lemmas.

The following lemma is the sharpest upper bound up to date for the fourth moment of

quadratic Dirichlet L-functions, due to Heath-Brown [48, Theorem 2].

Lemma 2.5. Suppose o + it is a complex number with o > % Then

b
Z |L(o + it, xq)|* < X114 [t))1+e.
d|<X

Assuming GRH, the bound in Lemma 2.5 can be improved by the following theorem.

Theorem 2.6. Assume GRH for L(s,xq) for all fundamental discriminants d. Let z,z9 € C

with 0 < Re(z1),Re(z2) < 10g1X7 and |Im(z1)], |[Im(22)| < X. Then

|d|§ L 21 P14 X (g ) (1min { Qo )%, st ).

The proof of Theorem 2.6 is postponed to Section 2.8. Note that Section 2.8 is self-contained.
Theorem 2.6 is similar to [99, Corollary 5.1]. Indeed, the proof of it follows closely the proof of
[99, Corollary 5.1] and the argument in [98, Section 4]. Analogous results to Theorem 2.6 were
obtained by Chandee [13, Theorem 1.1] for the moments of the Riemann zeta function, and by
Munsch [78, Theorem 1.1] for the moments of Dirichlet L-functions modulo g.

We remark that Lemma 2.5 is used to bound the error terms in the proof of Theorem 2.2,
while both Lemma 2.5 and Theorem 2.6 are needed to bound the error terms in the proof of

Theorem 2.1.
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2.3. SETUP OF THE PROBLEM.

2.3 Setup of the problem.

Let ® be a smooth function as described in Subsection 2.2.3. We consider the following

smoothed version of the fourth moment

> L)' (4).

(d,2)=1

Using the approximate functional equation (2.10), we have

D L)@ ($) = 3 (Asa(3:80)" @ (£). (2.13)
(d,2)=1 (d,2)=1
where
Ay(3;8d) == Qi Wﬁu (?) . (2.14)

Let X10 < U; < Uy < X be two parameters that will be chosen later. Define

S(ULUs) i= Y Ay, (5;8d) Ay, (5;8d) (4£) . (2.15)
(d,2)=1
We remark that (2.13) is approximately equal to (2.15) by choosing appropriate values for
Uy and Us. This will be explained in Section 2.7.

Combining (2.14) and (2.15), we obtain that

* N ()7 (n2) xsa(nine)
S(UlaUQ) :42 Z Z h(d7n17n2), (216)
(d,?):]_ ni=1no=1 \/m

where

h(z,y.z) = ® (%) w (%fi) W <Zf;> . (2.17)
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2.3. SETUP OF THE PROBLEM.

Using the Md&bius inversion to remove the square-free condition in (2.16) gives

S(UlvUQ)
— = T(n1)7(n2)xsa(ning)
=4 Z Zu(a) Z Z h(danl,nz)
(va):l(l2‘d ni=1ns=1 \/m
n1)7(n2)xsa(n1n2) , - o
IO DD D D Mt m)
(a,2)=1 (d,2)=1 (n1,a)=1 (na,a)=1 V/ning

1R Sl TE Sl DI SRR S

a<Y a>Y (d ni, na,a
(et (a,;):l (d;2)=1 (n1,a)=1 (nz,a)=1

S+ 5 (218)

In the above, we let S denote the terms with ¢ < Y, where Y is a parameter that satisfies

Y < X. The value of Y will be chosen later. Also, we let Sy denote the terms with a > Y. The

terms S7 contribute to the main term. We will discuss S7 in Sections 2.4, 2.5, 2.6. The terms

Sy contribute to the error term by the following lemma.

Lemma 2.7. Unconditionally, we have Sy < X'teY~1. Under GRH, we have
Sy < XY 1logM X.

Proof. Write d = Ib?, where [ is square-free and b is positive. Grouping terms in So according

to ¢ = ab, we deduce that

Sy =4 Z Z Z Z Z \/%(nmz)h(gl’nhm)

(e,2)=1 a>|Y (1,2)=1 (n1,c)=1 (n2,c)=1

U1 Uy
( 1a>Y +5 ( +e) uv
alc

X Z ( > S+ u,x81)?Le(3 + v, x81)? du dv, (2.19)

(1.2)=

where for Re(s) > 1, L¢(s, x) is given by the Euler product of L(s,y) with omitting all prime

factors of ¢. The last equation follows by the definition of h(z,y, z) in (2.17). Moving the lines
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2.3. SETUP OF THE PROBLEM.

of the integral to Re(u) = Re(v) = ﬁ, the double integral above is bounded by
<o )@ [ [ lewe@] Y ILG +uolt dal ol 220
(toax) ¥ (tozx) (1,2)=1

5X
ZS 2c2

Here we use the inequalities 2ab < a® + b% and |Le(% + u, xs1)| < 7(¢)|L(3 + u, xs1)]-

By Theorem 2.6, we see that for [Im(u)| < C%,

x X
> LG+ x| < G logh X (2.21)
(lljg;(l

—2c2

Also, by Lemma 2.5, we get that

" X 1+e
S EG +ult < () (0 ) (222)
(1,2)=1
1<2X

=202

Substituting both (2.21) and (2.22) in (2.20), we can bound (2.20) by

()

c2

< X log! X.

Together with (2.19), this yields

4 5
IS 13 7(c) 13 ™ (c)
o < Xlog™ X E 2 g 1< Xlog Xg =
(¢,2)=1 a>‘Y c>Y
alc

< XY llog* X.

This completes the proof of the conditional part of the lemma. The unconditional part follows

similarly by substituting (2.22) in (2.20). O

Now we consider S;. Using the Poisson summation formula (see Lemma 2.3) for the sum
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2.4. EVALUATION OF S (K = 0).

over d in Sp, we obtain that

S = 2X Z a) Z Z Z nlnnz Gk;g:%:?)

( a%Y . kEeZ (n1,2a)=1 (n2,2a)=
a,2)=

2rkx X
2n1noa?

x/ h(xX,nl,ng)(cos—i-sin)(

—0o0

> dr. (2.23)

Let Si(k = 0) denote the sum above over k = 0, which are called diagonal terms. Let
Si(k # 0) denote the sum over k # 0. Write Si(k # 0) = Si(k = O) + Si(k # O), where
Si(k = O) denotes the terms with square k, and Si(k # O) denotes the remaining terms. We
call S1(k = D) off-diagonal terms. We will discuss Si(k = 0), Si(k = O), and Si(k # O) in

Section 2.4, 2.5, 2.6, respectively.

2.4 Evaluation of 5;(k = 0).

In this section, we shall extract one main term of S; from S;(k = 0). The argument here is
similar to [99, Section 3.2].
It follows from the definition of G(n) in (2.11) that Go(n) = ¢(n) if n = 0O, and Go(n) =0

otherwise. By this fact and (2.23), we see that

Si(k=0)=2X Z &3) Z 7(n)7(n2) (rins) /00 h(zX,n1,n9)dx

asy “ (n1n2,2a)=1 2 Mz J—co
(a,2)=1 ning=
o0
—ox % 7(n1)7(n2) p(n1nz) 3 “(;‘)/ h(zX,n1,n0)de.  (2.24)
(n1mn2,2)=1 v 2 a<yY a -
nins=0 (a72n;n2):1

Observe that

> MO (-g) o0,

a<y plning
(a,2n1ng2)=1

Inserting this into (2.24), combined with

d(nin2) 1 71_ p
ning H <1_2) a H p+1’

plning
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2.4. EVALUATION OF S (K = 0).

we obtain that

e}

_ o) = 16X 7(n1)7(n2) p /
Si(k=0)= — ( Z;) 1 D H pe ) h(zX,ny1,ng)dx
ning,2)= v

ning=0

plnina

X 7(n1)7(n2) [
+0 ?( Z;) lm/m\h(xX,m,nz)dx . (2.25)
ning,z)=

nine=0

Now we simplify the error term above. Recall that w(&) is bounded as & near 0 and decreases

exponentially as & — +o00. It follows that

7(n1)7(n2) /OO
—_ = |h(zX,n1,n9)|dx
(mg,;)l V2 J o

ninge=0
< Z T(nl)’T(ng) - ny —100 - @ —100
/ning U, Uy
(n1n2,2)=1
ning=0
< logh X. (2.26)

The last inequality follows by separating the sum into two parts corresponding to whether

ni,ng < UpUs. Combining (2.25) and (2.26), we have

16X 7(n1)7(n2) p o 1y 11
Sik=0)=—4 > 11 / h(zX,n1,n2)dz + O (XY 'log" X).
T (n1n2,2)=1 AL p|n p+1 e

1n2

ning=0

Recall h(z,y, z) from (2.17) and w(§) from (2.8). We have

Si(k =0)
16X [ 1
_ 16X @ (z)do— ,2/ / 99O e > T(@TET) [1 5 dude
T oo ( 7TZ) (1) J(1) uv (n1n2,2)=1 7112 77,22 p|n1n2p+
ning=0
+0 (XY 'log" X). (2.27)
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2.4. EVALUATION OF S (K = 0).

Lemma 2.8. For Re(),Re(8) > 1, we have

7(n1)7(n2) P ; 3 4
(nlg’;—)uzl niny plgz p+1 1

where Z1(a, B) is defined by

P
Here
1\% 1\° 1\
2= (1-3) (1-3) (1= 5 ) -
and for pt2,
- 1 1 1 \* LA 1 1 1 1

}% + @ + patB  pla  piB T p2a+28 + p2ot4B + plat28 - plataB

<3 3 4 1 1 3 2 2 1)

Furthermore, Z1(a, 8) is analytic and uniformly bounded in the region Re(«), Re(5) > i—}—e.

Proof. We have

Note that
i Z T(n1)T(n2) (1+ pTlcx)(l + ]32%) N 4 1 )
r=1 nyng=p2" n?ng (1 - %)2(1 - 732%)2 pa+ﬁ (1 - ﬁy(l - ﬁy
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2.4. EVALUATION OF Sy (K

=0).
Thus,
7(n1)7(n2) p 1 4 11 1
> = = 1+ t o=t —=5+ 555
B H H _ 121 1 y2 a+B 20 23 20426
(n1n272):1 ntlan p|n1n2 p + 1 (p,2):1 (1 pQO‘) (]' p25) p p b D
nine=0
1 3 3 4 1 1 3 2 2 1
"ot \pe + 228 + P8 pha T pAB T pPatap + pPatp + pAatas ~ pAatds ) |-

Then (2.28) follows by comparing Euler factors on both sides. The remaining part of the lemma
follows directly from the definition of Zi(«, f3).

O
It follows from (2.27) and Lemma 2.8 that

Sk =0) = 18X [

2 )

U1 UYC(1+2u)*¢(1+20)3¢(1 +u+v)*

X Z1(§ +u, 5 +v) dudv+ 0O (XY tlog' X). (2.29)
The double integral in (2.29) can be written as

U1“U2
2m / / BCTE <u+v)4£(u,v) du dv,

where

E(u,v) :

g(w)g(v)¢ (1 + 2u)(2u)*C(1 4 20)*(20)3¢C(1 + u + v) (u + v)* Z1(5 + u, § + )

Clearly, € is analytic for Re(u), Re(v) > —1 +e.

Now move the lines of the integral above to Re(u)

= Re(v)
poles. Next move the line of the integral over v to Re(v)

1—0 without encountering any

—z. We may encounter two poles of
order at most 4 at both v =0 and v = —u. Thus

1 UrUy
(2mi)? /(1) /(1 £(

o) UU(2u) (21})3(u + 1})4 U,U) du dv

1./ < es + Res)[ Uil
271 1 v=0 v=—1u
(i5)

Lo et v)] du+ 0 <U11° Uy é) .

(2.30)

The integral of the residue at v = —w in (2.30) will contribute to an error term. In fact, we
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2.4. EVALUATION OF S (K = 0).

have

Ui'Uy
vli(isu [uv(2u)3(2v)3(u + 1))45(u7 v)]
1 9 UrUY
T3l ovd| [uv(Qu)3(2v)3g(u’ v)}
_ Uiyt

3 3 2 2
N 384u11[5(““’“)(“ log® Uz + 12u* log” Uz + 60u log Uz + 120)
+ EOD (u, —u) (3u® log? Us + 24u® In Uz + 60u)

+ 0D (u, —u) (3u log Uy + 12u?) + £©3) (u, —U)ug} ,

where €04 (u,v) := gz:;zi (u,v). It follows that

1 Uuyy 11
— R 12 & d UOU, 10 Jog3 X. 2.31

It remains to consider the integral of the residue at v = 0 in (2.30). Note that

vty
I = R 1~2 £
1(u> vfg |:uv(2u)3(2,u)3<u i U)4 (u; U):|
Uy 31003 27 2
m [5(“, 0)(u log® Uy — 12u“ log” Uy + 60u log Uy — 120)

+ EOD (4, 0)(3u® log? Uz — 24u*log Us + 60u)

+ 2 (u,0)(3u® log Us — 12u?) + £ (u, O)US} '

Moving the line of the integral below from Re(u) = & to Re(u) = — 55 with encountering a pole
at u = 0, we see that

S
21 (L)

10

I (u)du

_ 1
= Reg I (u) +O(U, ™ log® X)
u=
::Aéxgiglf(—JoglOLﬁ—+5logglﬁlogl5——9logslﬁlog266—%610g7lﬁlog3lb)
11612160

_ 1
+Ooqfx)+0<Ulwm§X). (2.32)
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2.5. EVALUATION OF S (K = 0).

Combining (2.29), (2.30), (2.31) and (2.32), we obtain that

S1(k =0)

16X -

a(1). £0.0

11612160

5 (— log'® Uy + 5log® Uy log Us — 91og® Uy log? Us + 61og” U log? Ug)
T

+0 (Xlog? X + XY 'log' X). (2.33)

where ®(s) is defined in (2.38).
Now we compute £(0,0) above. Clearly, £(0,0) = Z;(3, 3). By the definition of Z; (u,v) in

Lemma 2.8, it follows that

1 1\°¢ 6 1 1 /10 5 4 1
Zi(3h = [T (1-- 1++—(—+—)
1(2 2) 210 ( p) [ P p2 p+1\p pz ps p4

(p,2)=1
1 (1-3)° ( 7 3 6 4 1 )
- — I (l+-—- S+ 5 += ). (2.34)
10 H 1 2 3 4 5
200 L 1t p p* pP ptop

On the other hand, recalling the definition of a4 from (2.4), we have

o= 11 (1_;)10((1+5ﬁ>‘4+<1—;5>—4 1)

_.I_f

12 1

2 ()1 1+ 2 D
5 I g ) ) )
2 S Lty (L gp)i- )t |2 VP 2 v/ P p

1 (1—;)6< 7 3 6 4 1)
- — (1t -—-S+ -+ 2.35
212 (,,12_)[:1 1+1 pop P opt P (239

Comparing (2.34) with (2.35), we conclude Z; (1, 1) = 4a4, which implies £(0,0) = 4as. Together
with (2.33), it follows that

Lemma 2.9. We have

Si(k = 0)

d(1)X
= % C;; (5)7 5 (—1og" Uy + 5log” Uy log Uy — 91og® Uy log® Us + 61og” Uy log® Us)
. . . . 7T

+0 (Xlog’ X + XY " log" X) .
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0).

2.5 Evaluation of S;(k = 0).

In this section, we compute another part of the main term of S; which arises from Sy (k = ).

Many of the techniques used here are from Sections 5.2, 5.3 of [97].
Recall from (2.23) that

Si(k#0)=2X Y u(g) DI Z mnmzz Gkg;;m)

a
( a2§)Y . k#0 (n1,2a)=1 (n2,2a)=
a,2)=

e 2nkx X
x/ h(:xX,nl,nQ)(cos—l—sin)( i

To proceed, we need the following lemma.

2n1noa?

> dz. (2.36)

Lemma 2.10. Let f(z) be a smooth function on Rsg. Suppose f decays rapidly as x — oo, and

) (z) converges as x — 01 for every n € Z>q. Then we have

/ f(x) cos(2may)dx 27”/ f(1 = s)D(s) cos <sg (23/)77 )(27r|y]) *ds,

where f is the Mellin transform of f defined by

F(s) = /0 " fa)rlda.

In addition, the equation (2.37) is also valid when cos is replaced by sin.
Proof. See [99, Section 3.3].

Taking f(z) = h(zX,n1,n2) in Lemma 2.10, we have

/OO h(zX,n1,n2)(cos +sin) (

—00

2rkx X
2n1noa?

X1 T8

2 |k

- : }~1(1 — s;m1,n2)(s)(cos + sgn(k) sin) (*) (n1n2a2>s ds,

21 (%)

where

- [ee)
h(1 — s;m1,n9) = / h(z,nq,n9)x” dx.
0
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2.5. EVALUATION OF S (K = 0).

Recall from (2.17) the definition of h(x,y, z). The above contour integral is

1 / / / <a2>5 1 URUIX—S
— L(s) (o7 ) T(s,k)g(u)g(v)— == ds du dv,
(27TZ)3 (5) (a) (5) ( ) ‘k‘ ( ) ( ) ( )nl n2 uv

where
TS

T(s,k) = ®(1 — 5)(cos +sgn(k) sin) (?) .

Move the lines of the triple integral to Re(s) = 1 + ¢, Re(u) = Re(v) = 1 + 2¢, and change the

variables v/ = u — s, v/ = v — 5. We obtain that

° 2rkx X
/ h(zX,n1,n2)(cos + sin) (m) dx

2ninoa?
° 1 Ufuytex s
k L 2 ds du dv.
2m /g)/(s /+5) <|k:|> J (s, )9(u+s)g(v+s)n%ng (T 5)wTs) s du dv
Substituting this in (2.36), we get that
Si(k #£0)=2X Z 'u - / / / <a> J(s,k)g(u+s)g(v+s)
27rz +e) k
(;%Yl k;é()

u+s v+sX s
X L Z Z 7(nz) Gr(minz) ds du dv. (2.39)

u+s v+s ltu 40 pn
( 20)=1 (n2,2a)—= 1n12 n2 172

Lemma 2.11. Write 4k = klkg, where k1 is a fundamental discriminant (possibly k1 = 1), and

ko is a positive integer. In the region Re(a), Re(8) > 3, we have

PORED DI n2 ) Gilmana) _ L(§ + a, Xk *L(5 + By Xk )* Zo(e, B,a, k). (2.40)

(n1,2a)=1 (n2,2a)=1 nl n2 e
Here Zs(a, B,a, k) is defined as follows:

Zs(a, Bya, k) : Hngaﬂ,a k),

where

2 2
Zs (0, B0, k) = (1 X’?ﬁ?) (1—”“3;)) if pl2a,
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2.5. EVALUATION OF S (K = 0).

and

2
(1w ®) () w PO Gl )
Z2,p(067ﬁaa, /f) = (1 - 1+a> ( p2+ﬁ ) Z Z n1a+n25 pn1+n2 prf?a.

p2 n1=0n9=0

In addition, Zy(«, B, a, k) is analytic in the region Re(a),Re(B) > 0, and we have

Zo(a B,a, k) < 7(a)7 (k) log!* X (2.41)

in the region Re(a),Re(5) > ng, where the implied constant is absolute.

Proof. The formula (2.40) follows from the joint multiplicativity of Gx(ning) with variables nq

and ns. In fact,

G n nz G n1+n2
Z Z n2 kn::;m - H Z Z n1a+n25 kp(nl-‘rng )

(n1,2a)=1 (n2,2a)= n{ nQ (p,2a)=1n1=0n2=0

Then we obtain (2.40) by comparing Euler factors on both sides.

For p 1 2ak, by Lemma 2.4, we know that

2 2
2 2
Z2,p(a7 Ba a, k) =1|1- Xk1:l <p) 1- Xkll (p) 1+ X]fl (p) + X’fl (p) . (242)
p§+a p§+/3 p§+a p§+5

This shows that Zs(a, 3, a, k) is analytic in the region Re(«),Re(8) > 0.

It remains to prove the upper bound of Zs(«, 3, a, k). It follows from (2.42) that for p t 2ak,

3 3 4 1 10
(p,2ak)= (p,2ak)=1

For p|2a, we get that

1 Z2p(e. 8.0, k) < 1 ( )4 < (a).

p|2a p|2a

For p 1 2a, p|k, using the trivial bound Gg(p™) < p", we obtain that

4
I Zslas.ak)< ] <1+> > (n1+1)(n2 + 1) < 78(|k|).

plk,pt2a plk,pt2a \/]3 0<ni+nz<ordp(k)+1
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2.5. EVALUATION OF S (K = 0).

By the above three bounds, we have obtained (2.41). O

By (2.39) and Lemma 2.11, it follows that

Sl(k # 0)
Uu+SUU+SX—s
Z / / / R)aZg(u+ $)g(v + ) L2 X
= 3+ (uts)(o+3)
a,2)=1
1
X WL(l +u, Xy ) L(1 + v, x0,)* Z2(5 + u, & +v,a,k) ds du dv. (2.43)

Note that when moving the lines of integration of the variables u,v to the left, then we may
encounter poles only when & = O (then ky = 1). Thus, we break the sum in (2.43) into two

parts depending on whether k£ = O.

Write
2X
Si(k=0):= 0)3 / / / k)a?g(u+ s)g(v + s)
asy k;ﬁo (e) /(5+2)
(a,2)=1
U{"LSU;JFSX 1 o 1 )
Y 1 1 Zo( L 1
x (u+s)(v+s) WsC( +u)?C(1+v)2Zo(2 +u, 2 +v,a,k) ds du dv,
and
2X
Si(k#0): 0)3 # / / / Jk)a*g(u+ s)g(v + s)
a<Y (2+5
(a,2)=1

UpUyt X 1

X m |k;|3L(1 + u Xkl) L(]. + 'U, Xkl)ZZQ(% + u, % + 'U, a, k) dS du dv. (244)

We will give an upper bound for S;(k # O) in the next section. In the rest of this section,

we focus on S1(k = O) and obtain a main term. By the change of variables (replace k by k?),

we get that
2X ula =
Sik=0)=——3 >, <2 / / / D)a*g(u + s)g(v + )
( 7”) a<y a (e) J(e) (2+5
(a,2)=1

0 Sl

)0 15) kZSC(l +u)?¢(1 + v)2Z2(% +u,+v,a, k?) ds du dv. (2.45)
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2.5. EVALUATION OF S (K = 0).

Lemma 2.12. In the region Re(a), Re(3) > 0, Re(v) > 3,

> k%) a,B,a,k%) = (2172 = 1)¢(27) Zs3(a, B, 7, ). (2.46)
k=1

Here Zs(a, B,7,a) is defined by

Zs(a, B,7,a) = C(2a + 29)°C(28 + 29)* [ [ Zs.p(e 8,7, a),

p

where for p|2a,

1\ 1\ 1 \? 1 \?
Zsp(a, B,7,a) = (1—p;+a> (1—p5+5> <1_W> <1_p?ﬁ+2"/> o (247)
and for p 1t 2a,
1\ 1\ 1 1 1
Zples )= (1‘ w) (1‘ p;w) [(%) (14 e ) (14 )
L/, 1 \? . 1 \? - 4
o g T pm ) T\ T, ) perErm

5 (1 1 1 1 1 1 (2.48)
T S op pém + p§+,5 + p%+2a+5+2~, + p%+a+25+2'y ' ’

Moreover,

(1) Zs(a, B,7,a) is analytic and uniformly bounded in the region Re(«), Re(8) > %4—5, Re(y) >
2¢.

(2) Zs(a,B,v,a) is analytic and Zs(o, B,7,a) < log!* X in the region Re(a),Re(3) > %—l—

logX, Re(y) > g2X' The implied constant is absolute.

Proof. We first compute the left-hand side of (2.46) without (—1)*. Note that

Z 0uBra k) = 30 1o [] Zonen o) = [T 3 2221 L P ga)

= k=1 p P b=0
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2.5. EVALUATION OF S (K = 0).

We remark here that Zs ,(a, 5, a,1) may not be 1. If p|2a, we have

2 2
i Z2,p(a75> a’pr) — 1 1— 1 1— L (2 50)
P2y 1 L lia p%”’) ' '

b=0

If p 1 2a, we have

2 2
i Z2,p(a7/67 a’pr) — 1— 1 1— 1
p2b'Y p%-‘roc p%-i-ﬁ

b=0

oo 2b
1 T(p")T(p"2) PP T(p")T(P"™) P(p™ )
X Zp%"/ Z pn1a+n25 pn1+n2 + Z pn1a+n2,3 pn1+n2 ’ (2'51)
b=0 ni,n2>0 ni,n2>0
ni1+no=2b+1 n1+ng<2b
ni1-+ng2 even
Note that
i 1 Z T(p")7(p"2) P*°\/P
b=0 p2b’7 ni,n2>0 pma—i—mﬁ pn1+”2
ni+ngo=2b+1

T [ () + e ()
p‘7+% (1_W)2(1_ p?ﬁilﬂw )2 | pot p2B+2y pBHy p2at2y )|’

and
i 1 3 T(p")T(P™) g™ ) 1
2by nia+naB ni+n 1 1
=0 P nime>0 P o prTE 1 p*
n1+n2<2b
ni1+n2 even
X

o (3) e mmra i (1 ) (1 s + o)
P\ Uk 20— e U T ) U e ) e ) |

Inserting them into (2.51), combined with (2.49), (2.50), we obtain that
— 1
ZWZZ(aaB’aakg) = C(27)Z3(a56777 a‘)' (252)
k=1

Now we prove (2.46). It is clear that Gy (n) = G(n) for any odd n, so Zs(«, B, a,4k?) =
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2.5. EVALUATION OF S (K = 0).

Zs(a, B,a, k?). Thus,

2 k2v) 0,80, ) = 123 (e Ba ) = Y e B i)
k=1

k%
k=1 k odd

_ it Z (0, B, a0, K2).

Together with (2.52), this yields (2.46).

The first property of Zs(a, 3,7,a) comes directly from its definition. Now we prove the

second property. We know that for Re(a),Re(8) > 1 + logX’ Re(y) > 10g2X,

Z3(Oé,,8,’}/,a)
8
1 6 4 1
< (log* X 1+ — 1+ + +O<> < logh
( & )g:!;[zz ( p1+log1X> pl;la ( p1+log6X p1+1og5x p2 &
as desired.

It follows from (2.45) and Lemma 2.12 that

2X Urt Uyt X

L=0)= —— 1 -1 ~2 -

Si ) (2mi)3 a2 /a) /(e / (L+e) (5, Dag(u+ 5)g(v+5) (u+s)(v+s)
(a 2) 1

x (1 +u)?¢(1+v)*(2'7% — 1)¢(28) Z3(5 +u, 3 +v,5,a) ds du dv.

Note that Z3(3 4+ u, 3 + v, s) is analytic in the region Re(u), Re(v) > €, Re(s) > 2 by (1)

of Lemma 2.12, so we move the lines of the integral above to Re(u) = Re(v

1, Re(s) = {5

) =
without encountering any poles. (The only possible pole lies in ((2s) at s % but is cancelled

by the simple zero arising from 2!=2% —1.) Hence,

Sik=0= g 3 A Ja2g(u + $)g(o 4+ 5) L 0e X
(2mi)3 a T s)wts)
(a2

x C(1+ u)Zgu +0)%(217% — 1)((25) Z3(3 + u, & + v, 5,a) ds du dv. (2.53)
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2.5. EVALUATION OF S (K = 0).

Note that we may extend the sum over a to infinity with an error term

x ¢(1+4 u)QC(l +0)? (217 — 1)¢(25) Z3(3 + u, & + v, 5,a) ds du dv.

Move the lines of the integral above to Re(u) = Re(v) = @, Re(s) = @ without encoun-

tering any poles. Then by (2) of Lemma 2.12; this is bounded by

1

log X

< X1log? X Z

a>Y CL
X
( 1 2

(a,2)=1
(14 [25))|T (s, DI T ()T (452 + )°T(252 + D?| |ds| |dul |dv|
e x) /(e x) /(e x
< X(logQOX)Y_l/ . (1+ 25T (s)||@(1 — )| |(cos + sin) (5£)] |ds|
log X

< XY (log* X)®5).

The last inequality is due to (2.12) and the fact |I'(s)(cos+sin)(%)| < |5]Re(3)7%. Together

with (2.53), it implies that

2X
(273)3

U{HFSU;JFSX_S
(u+s)(v+s)

Si(k=0) = )a**g(u + 5)g(v + )

2) 1
x C(1+ u)2¢(1 + )27 — 1)¢(25) Z3(3 +u, & + v, 5,a) ds du dv

+ 0 (XY '(log* X)®5)) . (2.54)

Let Ki(«, 8,7;p), K2(a, B,7; p) denote the expressions of (2.47) and (2.48), respectively. We

have the following lemma.

Lemma 2.13. In the region Re(a), Re(B) > 3, 0 < Re(y) < 3,

Z u 0. a) = C(2a+27)3C(26+27)3C(a+5+27)4z (

C(5 +a+27)%(5 + B +27) aB7),  (255)

(a,2)=
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2.5. EVALUATION OF S (K = 0).

where

Z4(Oé,ﬁ,’}/) = Kl(@7577;2)
(1 - p2a1+2'y)(1 - 2ﬁ1+2'v)(1 - m)él

A

1 1
p p7+0+27 p7+[3+2'y

11 (KQ(ayﬁw;p) - ];%Kl(a,/@m;po :

(p,2)=1

Moreover, Zs(a, 3,7) is analytic and uniformly bounded in the region Re(a),Re(8) >

ool

—& <Re(y) < 3.
Proof. We have

pi(a)

WS WZS(O% Ba v CL)
— o+ 2@+ 2 Y YT K poyip) [] Kl Bvi)
(a,2)=1 p|2a i2a
— (20 +20)%C(26 + 2 Kn (0,5 1:2) [ <K2<a, B.ip) — Koo, m;m) |
(p,2)=1

This implies the equation (2.55). The later part of the lemma can be proved directly by the
definition of Z4(«, 5,7). O

It follows from (2.54) and Lemma 2.13 that

. Uu+st+sX—s
Sk =00= g [ [ [ T 0C - 0ceast kgt o) (e

L(s)¢(1 + 2u 4 25)3¢(1 + 2v + 25)3¢(1 + u + v + 2s5)*
C(1+u+28)2¢(1 4+ v+2s)

x (14 u)¢*(1+v)

X Zy(3 +u, 3 +v,s) ds du dv+ O (XY_1(10g21 X)) (2.56)

1

where Z4(3 + u, § + v, s) is analytic and uniformly bounded in the region Re(u),Re(v) > —3,

16 < Re(s) <

oo\'—'

Move the lines of the triple integral above to Re(u) = Re(v) = Re(s) = 155 without encoun-

tering any poles. Then move the line of the integral over v to Re(v) = —% + There is a

logX'

pole of order at most 2 at v = 0, and a pole of order at most 4 at v = —s, so the triple integral
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2.5. EVALUATION OF S (K = 0).

n (2.56) is
2ni)? / / (u,s) + Is(u, s) du ds+ O <U5°U 100 X~ 100 (log? X)®s )> , (2.57)
7” (1o0) ﬁ
where I5(u, s), I3(u, s) are the residues of the integrand in (2.56) at v = 0 and v = —s, respec-
tively.

The double integral of I3(u,s) in (2.57) is bounded. To see this, note that

u+s y—s ’LL2 s u 83 3
Iy(u,0) = T (s, 1)(212 — 1)¢(28)g(u + 5) L~ AT WA +2uF25)7 1 d

u+s C(1+u+2s)? 31 dv3 |, __,
g(v+ $)UsT5C(1+0)?¢(1 + 20 +28)3(v + 8)3C(1 +u+ v +28) Zs(5 +u, 3 +0,5)
C(1+ v+ 2s)2 )

Moving the line of the following integral in terms of u from Re(u) = 155 to Re(u) = @ gives

L
00

_ 1
27TZ 100 (log X)(I)() (2.58)

/ ) du ds < U}
(

(100) 100)

Now we handle the double integral of Iz(u,s) in (2.57). Write the integrand in (2.56) in the
form of
Uptsugtsx— 1 (u 4+ 28)%(v + 2s)?
(u+8)(v+ ) u?v? s(2u + 25)3(2v + 25)3(u + v + 25)4

Flu,v,s).

Clearly, F(u,v, s) is analytic in the region Re(u + 2s), Re(v + 2s) > 0, Re(u), Re(v) > —% and
—1—16 < Re(s) < %. We have

UtsUs X —s

T —
2(v,5) 16(u + 2s)3(u + s)*stu?

X []:(u, 0, 5)(uslog Uy + 252 log Uy — 10s — 3u) + FO10 (4,0, 5)(us + 25%)| .

Move the line of the double integral below from Re(u) = 100 to Re(u) = — 2 There is

1
100 + log X *

one possible pole at v = 0. Hence,

1 -l g
riE / / ) du d5—2— Res (I2(u,s))ds + O [ U3 X100 log® X | .
)
100 100

T (%.0) u=0

(2.59)
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2.5. EVALUATION OF S (K = 0).

Note that
USUSX—S
Res Ir(u, s) = 164% (]—“(O, 0, 5)(s*log Uy log Uy — 5slog Uy — 5slog Us + 26)

+ F10.9(0,0,5)(s? log Uy — 5s) + FO10(0,0, s)(s2log Uy — 5s) + FE19(0,0, 3)32).

We see that the expression in the brackets above is analytic for —:= < Re(s) < 1. Then we

move the line of the integral below to Re(s) = —ﬁ with only a possible pole at s = 0, and get
that
1 F(0,0,0 ~1)53B(j ; ; ;
5 Rgg (Iz(u,s))ds = ((;4’) Z %(log]1 U1)(log? Us)(log” X)
™ (5p) U= Jiatgatia=10 J120374°
J1,J2,J3,j4>0
11
+0 <U1 100 77,7100 X 100 log? X + log? X) . (2.60)
where
. —5(og Uy +1logUs) if j =1,
B(j) = (2.61)
210gU110gU2 lfj:2,
0 if 7 > 3.

Next we compute F(0,0,0) above. Note that

F(0,0,0) = 7(0,1)9(0)*Zs(5, 3,0) = =5 (1) Zu(5, 3,0)-
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2.6. UPPER BOUNDS FOR S (K # 0).

Recalling the definition of Z4(«, 3,7) from Lemma 2.13, we have

Z4(%7%70)
11 1\? 11 1 11
:K1(§7§7072)H 1—-- H K(3,5,0;p) — 5 Ki(3,3,0;p)
p _
p (p,2)=1
1 1\’ 7 3 6 4 1
=-Ki(%,10:2 [ 14— —
151(3:3,0:2) H_< p) (+p o R p5)
(p’2)_1
1 (1-2)° 7T 3 6 4 1
= K l717072 L < ) 9 7 >
4(2(2) 1(2 2 ) H 1+l P p2 p3 p4 p5
(p.2)=1 P
32a4
==
The last equality is due to (2.35). Thus,
16®(1)ay

Combining (2.56) with (2.57), (2.58), (2.59), (2.60), and the identity above, it follows that
Lemma 2.14. We have
d(1)X —1)3B(j : : :
Si(k=0) = _“427(T2) S EDBBUY i 1) togi2 ) (108 X)
J1+j2+j3+ja=10 J1-2738°04°
B
+ X - O(log? X + U X~ (log” X))

25 77— 186 v — L _
+UU, "X 100(log2X)(I)(5)—|—Y 1(10g21 X)(I)(5)).

2.6 Upper bounds for S;(k # O).

In this section, we shall prove the following upper bounds for S(k # ). The techniques

applied here are from [97, Section 5.4] and the last part of [99, Section 3].

Lemma 2.15. Unconditionally, we have
11
Si(k #0) < Uf U22YX€(I)(5).

Under GRH, we have

917

1 1
Sl(k‘ 7& D) < U12 UQZY(logX) (13(5)
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Proof. Tt follows from (2.44) that

Si(k #0)

<<XZ ZZ

Y kl;éo 1 ko=1
(a 2)=

/ /6)/+5 T (s, ky)a? g(u+s)g(v+s)(m

48

X mL(l + Xk ) L(L + 0, X0y )2 Z0(3 + u, & + v, 0, k1k3) ds du dv|. (2.62)
)

Separate the sum over ki to the sum over |ki| < T := U1U2Y?X ! and that over |ki| > T.
Clearly, X% < T < X3 since X% <U; <Usy <X and 1 <Y < X. For the first category, we
move the the lines of the integral to Re(u) = Re(v) = —1 + ﬁ, Re(s) = 2, while for the
second category, we move the lines to Re(u) = Re(v) = —3 + m, Re(s) = 2.

By (2.41), the terms in the first category are bounded by

4
< XAUIUJ log" X > T (a) /
= Ve Jesgto et
(a,2)=1

/( , |G RE )+ 9)g(v +9)
8
S TR, 71 g ) 1ds] [dul Jdo]. (263)
k< Fil?

Note that

Zb T (|k’1|)| L+ u, ) < Z Z ww(l‘F%Xh)ﬁ (2.64)

|k1|<T |1|4 1<2l<T2l < |kq | <2041 k1]

By (2.64) and Lemma 2.5, it follows that

b 3(1k
S D 20 4wy < T4 fm(u))) e (2.65)
j=r kil3

This bound can be improved under GRH. In fact, we split the left-hand side of (2.65) into

b 8(|k
T ]i' D201 4wy )

b 78(|k b 8|k
= 3 Tt Y T

1
[k1]<X5 X5<|k1|<T
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By Theorem 2.6, we have for [Im(u)| < X,

b 8(|k

Z lf:‘ ;D\L(1+U7Xk1)|4<<Xé10gHX.
4

<X 5 [k

Later in (2.84) of Section 2.8, under GRH, it will be proved that for —1 < Re(u) < — + 10ng

D[

and [Im(u)| < X,

b .
Z |L(1 4 u, xz,)|® < X (log X)37.
k1| <X

Using dyadic blocks and Cauchy-Schwarz inequality, combined with the above bound, we can

deduce that for [Im(u)| < X%,

IL(1 + u, xg,)|* < T7log?" X.

s 7o)

3
1 ‘kl‘z
X5<|k1|<T
Thus for |Im(u)| < X%,
b 8(|k
2 WL(1+u,Xkl)l4 < Tilog?" X. (2.66)
1

|k1]<T

Recall the definition of T'. Substituting both (2.65) and (2.66) in (2.63), we have proved the
11
contribution of the terms in the first category is < U7 U3 Y (log X)217<I>(5). Similarly, we can
11
deduce that the contribution of the terms in the second category is also < U7 U3 Y (log X )217<I>(5).

The conditional part of the lemma is proved now. The unconditional part can be proved

similarly by substituting (2.65) in (2.63). O

2.7 Proof of main theorems.

In this section, we complete the proof of Theorem 2.1 and Theorem 2.2. The argument is

similar to [99, Section 5].

2.7.1 Proof of Theorem 2.1
Recall the definition of S(Uy, Us) from (2.15). Write U = W. Take Uy = Uy = U and
11
Y = XU, ‘U, L.

o7



2.7. PROOF OF MAIN THEOREMS.

Using these values, we can simplify Lemmas 2.7, 2.9, 2.14 and 2.15. In the following, we give

the detail of the simplification for Lemma 2.14. The summation in Lemma 2.14 is

—1V3 B(j . . ,
Z %(log]1 U)(log” U)(log” X). (2.67)
jitiztis tia=10 J1I2I3T4

We consider the case j; = 0, and other cases can be done similarly. Assume j4 = 0 in (2.67).
Then by (2.61), we have

—1)3 B(0
3 (=1 B(0)

— (logj1 U)(logj2 U)(logj3 X)
Jj1+j2+343=10 J1:32:93:

—1)Js . . )

=26 > %(bgh U)(log? U)(log? X)
ji-+iatja=10 T3

—1)73

=26(log'’ X) > (=1)

3 + O (log”™* X)
J1+j2+7j3=10 J1:92°33°

2
= 1—3 log'® X + 0O (log9+€ X) :

The second last equality is due to log? U = log/ X + O(log? ~1*¢ X)) for j > 0. The last equality
is obtained by

2 : (_1)j3 1 le ( T T —z) 1
1501 9,1 | 10 |
i in =10 J1172178! 10! dz?),_, 10!

Similarly, we can compute other cases in (2.67). Combining all cases we can show (2.67) is

26 10 1 10 94-¢ _ 1 10 9+e
Using this fact, Lemma 2.14 can be simplified to

as®(1)
Sik=0 =53 7.

5X10g" X + 0 (X 1log”** X + X (log™™ X)®(5)) -
Now by (2.15), (2.18), combined with Lemmas 2.7, 2.9, 2.14 and 2.15, we can obtain that

S(Uy,Uz) = Z* |AU(%%8d)’2‘I’ (4)
(d,2)=1

B as®(1)

T 0.3 5271

5X10g" X + 0 (X 1og”™* X + X (log™" X)®(5)) - (2.68)
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Define By (%;8d) = L(3, xs4)*> — Av(3;8d). We claim that

Z |By(3:8d)?® (£) < X log” X. (2.69)
(d,2)=
In fact, we have
1 8d)% — U?®
Buthisd) = = [ g6)00+ 5.0 S =T
T (c) S

Since (Bd)ss_Us is entire, we move the line of the integral to Re(s) = 0. By the bound |W’ <

log(s—[}i), t € R, we get that

8d o
Bu(L;8d) < log <U> 7 alec + it s Pt

This implies that the left-hand side of (2.69) is

<<(log>/ | latit ngmz (3 -+ i1, Xsa) PIEL + ity xsa) PO(L)dbrdt.
(2.70)

Split the integral according to whether |¢1],|ta] < X. If |t1], |t2] < X, then use Theorem 2.6.
Otherwise, use Lemma 2.5. This will establish (2.69).

Note that

ST LG ) (L) = Y (Au(di8d) + By(d:8d)%e (£)

(d,2)=1 (d,2)=1
= Y Au(dssdpe (£) + Y Bu(disd)Pe (£)
(d,2)=1 (d,2)=1

_|_22 AU 2,8d)BU(278d) (%)
(d,2)=1

Using the Cauchy-Schwarz inequality on the third term, combined with (2.68) and (2.69), we
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obtain that

* a4<i>(1) _
D L(3 xea) ' 0(4) = 26.33.52. 7.W2X10g10X +0 (X 1og™ ™" X + X (log ™ X)&5)) -

(d,2)=1

(2.71)

In the following we remove the function @(%) in the above summation. Choose ® such that
d(t)=1forallt € (14+2Z 1,221, &) =0 forall t ¢ (1,2), and ®¥)(t) <, Z¥ for all
v > 0. This implies that ®(,) <, Z¥, and that ®(1) = ®(0) = 1+ O(Z~!). Then by (2.71), we

get that

> L3 xsa) ' 0(4)
(d,2)=1
ay

= e 2 log'” X + O (X(log" X)Z7! + X 1og” ™ X + X(log° X)Z°).

Take Z = log X. We have

* * ay
Z L(3,xsa)" > Z L(3. xsa) ' ®(%) = 55 33 52T 7r2Xlong + 0 (X log?™*e X) .
X(<d)§2X (d,2)=1
d,2)=1

(2.72)

Similarly, we can choose ®(¢) in (2.71) such that ®(¢) = 1 for all ¢ € [1,2], ®(t) = 0 for all
t¢ (1—2"12427"), and ®¥)(t) <, Z" for all v > 0. Taking Z = log X, we can deduce that

* * a
S L)' < Y LG ®($) = g5 5 X 108" X + 0 (Xlog? T X)
X<d<2X (d,2)=1
(d,2)=1
(2.73)
Combining (2.72) and (2.73), we obtain that
* 1 4 _ a4 10 9.75+
Z L(35,Xs8a) —26.33‘52‘7'W2X10g X+O(Xlog €X).
X<d<2X
(d,2)=1
Applying the above with X = 2, X = %, ... we have proved Theorem 2.1.
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2.7.2 Proof of Theorem 2.2.

Write U = X!174¢. By the Cauchy-Schwarz inequality, we obtain that

2
o Au(L, 8L, xsa)2® (L)
Z* L(%,ng)4<1> (%) > (Z (d,2)=1 U\3 27 X8d X ) (2.74)

* 2
(d,2)=1 Z (d,2)=1 (AU(%’Sd)) ® (%)

Let A2 and B denote the numerator and denominator of the right-hand side in (2.74), respec-
tively.

We first handle B. By (2.15) and (2.18), combined with Lemmas 2.7, 2.9, 2.14 and 2.15,
taking Y = X3U; 10, T and Uy = Uy = U, we get that

as (1— e + 0(=?))

B = S(Uy,U;) = 26.33.52.7. 12

(1) X log"’ X + 0 (X log” X + X®(5))

where the implied constant in O(g?) is absolute.

For A, we have

where
s () () (2)

Note that the difference between A and B lies in the difference between h(zx,y, z) and hi(x,y, 2).
By slightly modifying the argument for computing B, taking Y = X UT1X _i, we can deduce
that

as (1 —Pe+0(e?))

A=
26.33.52.7. 72

®(1)X log"’ X + O (X log” X + X®(5),

where the implied constant in O(g?) is absolute.
Choose ® such that ®(t) =1forallt € (1+2742— 271, &(t) =0 for all t ¢ (1,2), and

dM(t) <, Z" for all v > 0. Take Z = log X. Combining (2.74) with the estimates for A and
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B, we have

* 1 4 2 a4 10
E L(3,x84)" = (14 0(e%)) 26.33_52_7_7r2X10g X.
(d,2)=1
X<d<2X

Having summed this with X = §, X = 7, ..., we obtain Theorem 2.2.

I8

2.8 Proof of Theorem 2.6.

In this section, we shall prove Theorem 2.6. The proof here closely follows [99, Section 6].
The argument in this section does not depend on Section 2.2 — Section 2.7.

Let x € R with z > 10, and z € C. Define

loglogz |z| < (logx)~t,

L(z,x) =1 —log|z| (logz)~!<|z| <1,
0 |z| > 1.
Let z1, 20 € C. We define
1
M(z1, 22, 2) := o (Lz1,2) + L(22, 7)),

and

V(z1, 22, %) == %(5(221, x) + L(22z2, ) + L(2Re(z1), ) + L(2Re(22), x)

+2L(z1 + 22,2) + 2L(21 + Z2,2)).

Remark 2.16. We see that the definition of M(z1, 22, z) is different from that in [99, Section 6]
by a factor —1, while V(z1, 22, x) is the same. The difference is due to the different symmetry
types of families of L-functions (see Katz-Sarnak [60]). The family of quadratic Dirichlet L-
functions is symplectic, whereas the family of quadratic twists of a modular L-function in [99]

is orthogonal. For further explanation, we refer readers to [99, p. 1111] and [98, p. 991].

Proposition 2.17. Assume GRH for L(s,xq) for all fundamental discriminants d. Let X

be large. Let z1,z9 € C with 0 < Re(z1),Re(z2) < @, and |Im(z1)], Im(22)] < X. Let
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N(V; 21,29, X) denote the number of fundamental discriminants |d| < X such that
log ‘L(% + Zl?Xd)L(% + Z2>Xd)‘ >V + M(Z17 z27X)‘

Then for 10y/loglog X <V < V(z1, 29, X), we have

V2 25
. X)< X o v\l ] )
N(Viz1, 22, X) < X exp < 2V (21, 22, X)) < IogloglogX>) ’

for V(z1,29,X) <V < %V(Z]_,ZQ,X) logloglog X, we have

V2 15V 2
& X X — 1-— :
NV;21, 20, X) < Xexp ( 2V(21, 22, X) < V(zl,zz,X)logloglogX> ) ’

finally, for %V(Zj,ZQ,X) logloglog X <V, we have

1
N(V; 21,29, X) < X exp <—1O25Vlog V) )

Proof. Tt is helpful to keep in mind that loglog X +O(1) < V(z1, 22, z) < 4loglog X. By slightly

modifying the proof of the main proposition in [98], we obtain that for any 2 < x < X,

log |L(3 + 2i, xa)|

log(Z
< Re Z A(n)xa(n) log(%) +(1+ )\O)IOgg); +0 ( ! ) , 1=1,2,

1y iz log
9<n<e n? Togs i logn 08

where \g = 0.56.. .. is the unique real number satisfying e 0 = \q. It follows that

log |L(5 + 21, Xa)||L(3 + 22, Xa)|

l log(7) log X 1
< Re Xlef(p—lZl Fp ) P | L 9(1 4 A) 2 4 O . (275)
o lpl(TL%) log log log
psT

>1
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2.8. PROOF OF THEOREM 2.6.

The terms with { > 3 in the the above sum contribute O(1). Using the fact pr% <

logloglog d, we get that

Xd(p2) ( —221 +p—222>10g(1%)

Re
A2 opt . log =
1 log(;z)
= Re Z — i (p*® —1—1072”)7])2 + O(logloglog X). (2.76)
e 2p1+10gg log x
p<
By RH, we can deduce that
1—221 y17222

S %+ p ) logp = +0 (Vy(log Xy)*) (2.77)

1-— 22’1 + 1-— 222
p<y

The above sum also has a trivial bound < y. Combining (2.76) with these two bounds, by

partial summation, we have

1 _ o Jog ()
> 07+ p ) 5 = M(z1, 22, ) + O(logloglog X).

o 2p1+ log z

log =

Inserting above estimates into (2.75), by M(z1, 22, ) < M(21, 22, X), we obtain that

log |L(3 + 21, xa)llL(5 + 22, xa)|

4log X

<Re| ), %@J(f“ +p*22)%

+ M(z1, 22, X) +
25pes p5+1°g1 log

+ O(logloglog X).

(2.78)

For brevity, put V := V(z1, 22, X ). Set

%log loglog X  104/loglog X <V <V,
A= %logloglogX V<V < T%VlogloglogX,
8 V> I—%VlogloglogX.

By taking z = log X in (2.78) and bounding the sum over p in (2.78) trivially, we know that

. _ 5log X 5log X
N(V;21,29,X) =0 for V > Toglos X - Thus, we can assume V < TogTos X -

From now on, we set © = X*4/V and z = /198108 X Let ) be the sum in (2.78) truncated
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to p < z, and S be the sum over z < p < z. It follows from (2.78) that
5V
log |L(5 + 21, Xa)[|1L(5 + 22, xa)| < S1 4 S2 + M (21, 22, X) + o
Note that if d satisfies log |L(3 + 21, Xa)||L(3 + 22, Xa)| = V + M (21, 22, X), then either
Sy>Y, or 5>V =V(1-%).

Write

meas(X; S1) := #{|d| < X : dis a fundamental discriminant, S; > Vi },

meas(X;S2) = #{|d| < X : dis a fundamental discriminant, Sy > %}

For any m < % — 1, by [99, Lemma 6.3], we have

m
! 4
Z 1S, 2™ < x 2m .27)71 Y =] < X(3mlogloglog X)™
|[dI<X z<p<z
By choosing m = | 75| — 1, we get that
V
meas(X; S2) < X exp ~ 1A logV ). (2.79)
. 1 5 log X —loglog X .
We next estimate meas(X; S1). For any m < 2———=——, by [99, Lemma 6.3], we obtain
that
m
S s < x 2 (S 1) (2.50)
|d|<X Pz
where

Re(p™* +p~2) log(3

AL
~—

Ao
ploe= log x
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2.8. PROOF OF THEOREM 2.6.

By using (2.77) and the partial summation, we can show that

2 1 _ _
Sl LS L T 4y ) < Yz, 2, X) + Ologloglog X).
= P 4 p
p=z p<vVX

Together with (2.80), this yields

2m)! 2 O(logloglog X)\™
meas(X’; 1) <<XV1_2m£n‘T;L7)n(V+O(logloglogX))m<<X<m-v+ (log log log >> .

2
e Vi

(loglog X )2

. V2
Taking m = | 535 | when V' < Tog log log X *

and taking m = |10V | otherwise, we obtain that

§ log log log X
meas(X; S1) < X exp —H 14+0 10g log 1og A
log log X

2V ))) + Xexp (=VlogV). (2.81)

Using the estimates (2.79) and (2.81), we can establish Proposition 2.17. This completes the
proof. O
For convenience, in the following we show a rough form of Proposition 2.17. Let k € Ry be

fixed. For 10y/loglog X <V < 4kV(z1, 22, X ), we have

2
: o(1) — B
N(V;z1,22,X) < X(log X) exp( V(1o )>, (2.82)

and for V' > 4kV(z1, 22, X ), we have
N(V;z1, 22, X) < X (log X)W exp(—4kV). (2.83)
Observe that

b o0
Z IL(3 + 21, xa) L(3 + 22, xa)|F = —/ exp(kV + kM (21, 22, X))dN (V'; 21, 22, X))
ld|<X e

= k/ exp(kV + kM(z1, 22, X))N(V; 21, 22, X)dV.

Inserting the rough bounds (2.82) and (2.83) into the integral above, we can deduce that

Theorem 2.18. Assume GRH for L(s, xq) for all fundamental discriminants d. Let X be large.

Let z1, 29 € C with 0 < Re(z1),Re(22) < @, and [Im(z1)|, |Im(z2)| < X. Then for any positive
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real number k and any € > 0, we have

b k2
Z IL(3 + 21, Xa) L(3 + 22, xa)|" <k.e X (log X)% exp <k‘M(21, 22, X) + EV(ZL Zz,X)> :
|d|<X

In the rest of this section, we complete the proof of Theorem 2.6.

Proof of Theorem 2.6. By Theorem 2.18 and the fact that £(z,z) < loglogx for z € C,z > 10,

we can trivially get that

b 2
S TUILG + 21 xa)FIL(E + 22, xa)[F < X (log X )24+, (2.84)
<X

Now we assume [Im(z1) — Im(z2)| > @. Write t; = Im(z1) and ¢ = Im(22).

If t129 > 0, then ’tl —tg‘ < ’tl —i—tg‘ < max(2]t1\,2]t2]), say ’tl —i—tg’ < Q‘tl‘. Note that E(y,X)

is a decreasing function for y > 0. Thus, we have

ﬁ(ZhX)’ £(2217X)’ ‘C(Zl +22aX)7 ‘C(zl +72?X) < ‘C(|t1 _tQ‘aX) +O(1)

< max(0, —log|t; — t2]) + O(1).
This together with
L(z2,X), L(229,X), L(2Re(z1),X), L(2Re(z2), X) < loglog X
implies
2M(z1, 22, X) 4+ 2V(21, 22, X) < 4loglog X + max{0, —6log |t; — t2|} + O(1). (2.85)

On the other hand, if ¢t < 0, then |t1 —t2| = [t1]|+|t2| < max{|2t1], |2t2|}, say |t1—t2| < [2t2].
It implies that |t1] < [t2| and that £(2t2, X) < L(|t1 — t2], X). Note [t1 — to| = 2|t1] + |t1 + 2|,
so |t1 —ta| < max{4|t1|, 2|t1 +t2|}. In fact, if |t; — ta] > 4|t1|, then 2|t1| + [t1 + t2]| > 4]t1], which
implies |t| < 3[t1+1o|. It means |t; —to| = 2ty |+|t1+ta| < 2|t; +ta|. Without loss of generality,

we can say [t; — to| < 4]t1|. It follows that L(z1,X), L£(221,X) < L(|t1 — t2]|, X) + O(1). Now
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we have

E(zle)a £(2217X)1 ‘C(ZQ?X)a £(2ZQ7X)¢ E(Zl + 22, X) < £(|t1 _t2|7X) +O(1)

< max(0, —log [t; — t2]) + O(1).

This combined with

L(2Re(z1), X), L(2Re(z2),X), L(z1 + 22, X) <loglog X

also implies (2.85).

1

By inserting (2.85) into Theorem 2.18, we can show for |Im(z;) — Im(z2)| >

= log X’
b 1
> LG + 21, xa) PIL(5 + 22, xa)” < X (log X)*+ <1 + 6) . (2.86)
[t — to]
ld|<x
By combining (2.86) and (2.84) with k£ = 2, we have proved Theorem 2.6. O
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Chapter 3

The first moment of quadratic twists of
modular L-functions

3.1 Introduction.

The study of moments of L-functions is of much interest to researchers in number theory due
to its fruitful applications. One example is that Bump-Friedberg-Hoffstein [12] and Murty-Murty
[79] independently proved L'(3, E ® x4) # 0 for infinitely many fundamental discriminants d
with d < 0, where E is a modular elliptic curve with root number 1 over Q and x4(-) := (4)
denotes the Kronecker symbol. The method of their work is to investigate moments of the
derivative of quadratic twists of modular L-functions. Their result verifies the assumption of
Kolyvagin’s theorem [66] on the Birch-Swinnerton-Dyer conjecture, where it was proven that if
the Hasse-Weil L-function L(s, F) does not vanish at the center point s = %, then the group
of rational points of F is finite, provided that there exists a quadratic character x4 with d < 0
such that L(s, E ® xq) has a simple zero at the central point and such that x4(p) = 1 for every
p that divides the conductor of E.

In particular, Murty-Murty [79] proved the asymptotic formula for the first moment of
the derivative of quadratic twists of modular L-functions with an error term O(X (log X)'~*),
where p is an explicit positive real number. It was later improved by Iwaniec [54] to a power
savings O(X Tite ) for a smoothed version. In [11] Bump-Friedberg-Hoffstein claimed the error
term O(X %“) without proof. Note that in [54, 79] they considered quadratic twists of elliptic
curve L-functions, but it is no doubt that the methods there would extend to all modular
newforms. This chapter obtains an error term of the size O(X %—i—a). The improvement is due to
the recursive method developed by Young in his works on the moments of quadratic Dirichlet
L-functions [107, 108]. The argument here also allows us to obtain an error term of the same size

O(X %J“S) for the first moment of quadratic twists of modular L-functions, which improves the
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error term O(X 3“) of Stefanicki [100, Theorem 3] and Luo-Ramakrishnan [71, Proposition 3.6]
and O(X %4'6) of Soundararajan-Radziwilt [87, Proposition 2|. Also, with slightly more effort,
we can obtain similar results for the first moment of higher derivatives of twisted modular
L-functions.

To precisely state our result, we shall introduce some notation. Let f be a modular form
of weight « for the full modular group SL2(Z). (Our argument may extend to congruent sub-
groups.) We assume f is an eigenfunction of all Hecke operators. The Fourier expansion of f at
infinity is

Z)\f n)n"z enz)

where Af(1) = 1 and |Af(n)| < 7(n) for n > 1. Here e(z) := €*™*, and 7(n) is the number of

divisors of n. The twisted modular L-function is defined by

Ar(n)xa(n) Xd Ar(p)xalp) | 1\
8, f ®Xd) : Z —H I (3.1)
ptd
for Re(s) > 1, and it extends to the entire complex plane. The completed L-function is defined
by

|d|

M. oa) o=

27r> I(s+ %)L(s, f® xa)-

It satisfies the functional equation

A(57 f ® Xd) = Zne(d)A(l -5, f ® Xd)v (32)

where €(d) = 1 if d is positive, and €(d) = —1 if d is negative. In this chapter we consider the

case d > 0, so € = 1. The case d < 0 can be done similarly. We prove the following assertions.

Theorem 3.1. Let K = 0(mod4). Let ®(z) : (0,00) — R be a smooth, compactly supported

function. We have

S L1, sym® £)2°(0)X + O(x ),

Z* L(L f @ xsa)®(L) =

(d,2)=1
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Here Z* denotes the summation over square-free integers, Z* is defined via (3.5), (3.6), and
® is the Mellin transform of ® defined by

d(s) == /000 ®(z)z* L.

Theorem 3.2. Let k = 2(mod4). Let ®(z) : (0,00) — R be a smooth, compactly supported

function. We have

- 801 . L'(1,sym? f)  27(0)
u%:—l%’f@x“)@(g)‘ o Ly 270X [log X+ 2702005+ 2
8 Iy | ¥ Lie
+10g2W+F(;)+&)(1)}+O(X ).

In the above, the symmetric square L-function is defined by

Lis.sym® f) = ((26) 3 Afg% 1 <1 B af;m?) (1 B af<p;§f<p>>1 <1 ) Bf;p>2>
n=1 P

where Re(s) > 1, af(p) + Bf(p) = Af(p) and af(p)Bs(p) = 1. We see that the main term

in Theorem 3.2 coincides with [85, Theorem 2.3]. Note that the form of the moment and the

definition of Z* in [85, Theorem 2.3] are slightly different from ours.

It is worth mentioning that recently Bui-Florea—Keating—Roditty-Gershon [10] obtained the
error term of the same size O(X %+E) for the function field analogue. The second moment,
expected to be much more difficult, was computed asymptotically by Soundararajan and Young
[99] under the generalized Riemann hypothesis. Their method was also used by Petrow [85] for
studying moments of derivatives of twisted modular L-functions. The computation of asymptotic
formulas for higher moments is believed beyond current techniques, whereas we do have beautiful
conjectures due to Keating-Snaith [62] and Conrey-Farmer-Keating-Rubinstein-Snaith [17].

The moments of quadratic twists of modular L-functions are comparable to the moments
of quadratic Dirichlet L-functions. The iterative method, initially used by Heath-Brown [48] to
study mean values of real characters, was applied by Young [107] in obtaining the error term
O(X %JFE) in the asymptotic formula for the first moment of quadratic Dirichlet L-functions.

The error term O(X %JFE) was also essentially implicit in Goldfeld-Hoffstein’s work [34]. In
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addition, by using the recursive method, the third moment of quadratic Dirichlet L-functions
was improved to O(X %+5) by Young [108], and recently the second moment was improved to
O(X %JFE) by Sono [96]. The moment in Theorem 3.1 is analogous to the second moment of
quadratic Dirichlet L-functions, so it should not be a coincidence that Sono’s work [96] and
Theorem 3.1 have the same error term O(X %+5). The conjectured error term for the second
moment of quadratic Dirichlet L-functions is O(X %Jrs), so it may be hard to improve Theorems
3.1 and 3.2

The proof for Theorems 3.1 and 3.2 is similar to [96, 107, 108]. To adapt to the recursive

method, we consider the shifted first moment twisted by a quadratic character as follows:

M(a,0):= Y xsd(OL(5 +a, f @ xsa)2(§), (3.3)
(d,2)=1
where / is a positive, odd integer. Write ¢ = ¢1/3, where {1 is square-free. We may make the

following conjecture.

Conjecture 3.3. Let h > % Let ®(z) : (0,00) = C be a smooth, compactly supported function.

Assume |Re(a)| < @ and |Im(a)| < (log X)2. Then for any € > 0, we have

4X®(1
M(a,l) = 71()L(1 + 2a,sym? f)Z (1 + a, 0)

7r2£§+a

4 Xl 20‘(1)( ) (3'4)
tir1e L(1 — 2a,sym? £)Z(L — o, £) + O(¢3+ XI+e),
7T2€2 -
Here the big O is depending on €,h and ®, and we define, for Re(y) > 0,

Z(5+7,0) = L(1+2v,sym> /)™ T[ Zo(3+7.0), (3.5)

(p2)=1
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where Zp(% +7,4) is defined by

Zp(% + 7, 4)
P27 () [h - M b)) 7] i,

=19 7 {%(1 - :g(fj + o) (1 :g(fj + plflh)il] if ptr,plla,
b 300+ o) T S0 )T 1] 20 = 1,

The function Z(% + ,£) has an analytic continuation to the region Re(vy) > —i, by Lemma

3.10.

The main term in (3.4) can be conjectured by heuristically following this chapter’s argument
or using the recipe method in [17]. To obtain Theorems 3.1 and 3.2, it suffices to prove the

following theorem.

Theorem 3.4. If Conjecture 3.3 is true for some h > % (for any € and any ® that satisfy the
conditions described in Conjecture 3.3), then it is true for 4}}1—;1 replacing h (for any € and any

O that satisfy the conditions described in Conjecture 3.3).

Proof of Theorems 3.1 and 3.2. We see Conjecture 3.3 is true for h = 1 by Lemma 3.9 in the
next section. By Theorem 3.4 we can reduce it to h = 1, %, %, - -+, which tends to h = % Set

¢ =1 and write
Z*(@) = Z(3 + o, 1). (3.6)

Then Theorem 3.1 follows by letting o« — 0 in (3.4). We can differentiate both sides of (3.4)
in terms of a. Note that the error term in (3.4) is holomorphic on the disc centred at (0,0)

IX. Hence the size of the derivative of the error term is still O(X%%) by

with radius < Tog

Cauchy’s integral formula. This gives Theorem 3.2 by letting o« — 0. Note that we can compute
asymptotic formulas for the first moment of higher derivatives of twisted L-functions in a similar

way. ]

The rest of the chapter will focus on proving Theorem 3.4. The idea is as follows. We first

apply the approximate functional equation in the twisted L-function in (3.3). Then the Mobius
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3.2. PRELIMINARY LEMMAS.

inversion is used to remove the square-free condition where the new parameter a is introduced.
We split the summation over a into two pieces. For large a, the Poisson summation formula
is employed to separate the summation into diagonal terms and non-diagonal terms (see their
definitions below (3.14)). On the other hand, for small a, we convert the summation back to
that with the square-free condition, where we will use the induction hypothesis (3.4). We obtain
partial main terms and error terms there. These partial main terms can be perfectly combined
with the diagonal terms after some simplification, finally leading to the main term in (3.4).
We remark that there are nice cancellations between specific terms in the moment of quadratic

Dirichlet L-functions (see [107, 108, 96]), which seem to not appear in our case.

3.2 Preliminary lemmas.

Lemma 3.5. Let G(s) be an even, entire function with G(0) = 1, bounded in any fized strip

|Re(s)| < A, and decaying rapidly as |Im(s)| — co. Let

1 G(s) s
ol = gz [ 7 (o)
where
_SF(%—Fa—i—s)
o = (2 _—

c—100 °

—2a K
Xad = M 7F(§ — a)
’ 27 I'(§+a)

and f(c) denotes the contour integral fc+io° Set

Then we have

g = SO (1 g, SO, (1,
-1 n2te |d| o1 nz @ |d|
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3.2. PRELIMINARY LEMMAS.

Proof. Set
1 [\ (G +ats) G(s)
Ii=_—— — ) 22— L+a+sf® d
271 (1) <27T> F(% +Ck) (2 @ 5 f Xd) S 5
1 [ AG d\ e
_ L [ Algtats)Gls) () ds. (3.7)
2mi Jqy T(5+a) s 2
Move the line of integration to Re(s) = —1. The residue theorem gives
Lz +a,fox)=1-T, (3.8)
where
P AG+a+s)Gls) (d) 2 .
Co2mi Joy T(54a) s \2r ’

By changing the variable s — —s and the functional equation (3.2),

1
b 1/ A3 —a+s)G(s) [\ "=
I N ¢ 6(d)27'("L (1) F(%—Fa) 27 dS

_ 1 I\ T'(5 —a+s) G(s)
= —i dd)Xa’dQTri /(1) <27r> ﬁL(% —a+s,f® Xd)TdS- (3.9)

Insert (3.7) and (3.9) back into (3.8) and write L(5 + a + s, f ® x4) as their Dirichlet series.

This completes the proof. O

Remark 3.6. Write
Z(a,s):=C2+4a+4s)(1 +4a +4s)(1 — 4o — 4s).

We can take

Z(a,8)Z(a,—s) - Z(—a, $)Z(—a, —s)
Z(a,0)2Z2(—a,0)2 '

G(s) = e’

The purpose of adding some zeta factors into G(s) is that they cancel out certain terms in

Z(3 £ a+s). See Lemma 3.10 and (3.48) for an example.

The following lemma is a generalized version of Poisson summation formula established by
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3.2. PRELIMINARY LEMMAS.

Soundararajan [97, Lemma 2.6] (also see [99, Lemma 2.2]).

Lemma 3.7. Let ® be a smooth function with compact support on the positive real numbers,

and suppose that n is an odd integer. Then
d d Z (2 & ~ (kZ
—)e(=)= — -1 o —
2 () (3) = ) Zorams (5)

where

oo (554(2)1) 5,0 (2)

a (modn)
and
R o0
O(y) = / (cos(2mzy) + sin(2mzxy)) ®(z)dx
1s a Fourier-type transform of ®.

The Gauss-type sum G (n) above can be explicitly computed in the following lemma (see

[97, Lemma 2.3]).

Lemma 3.8. If m and n are relatively prime odd integers, then G(mn) = Gp(m)Gx(n). More-

over, if p* is the largest power of p dividing k (setting a = oo if k =0), then

0 if B <« is odd,
o(p”) if B <« is even,

Gi(p”) = —p° if B=a+1 is even,
<%> PP if B=a+1 is odd,
0 if B> a+2.

Here ¢ is the FEuler totient function.

We need the following upper bound for the first moment of twisted modular L-functions. It
is analogous to [48, Theorem 2] of Heath-Brown.

1

Lemma 3.9. For o > 5, we have

b
> IE(o + it f ® xa)| <o XL+ )2
ldj<X
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3.2. PRELIMINARY LEMMAS.

b
where Z denotes the summation over fundamental discriminants.
Proof. Tt follows from [99, Corollary 2.5] and the Cauchy-Schwarz inequality. O

Lemma 3.10. (1) The function Z(%—i—% ) defined in (3.5) is analytic and absolutely convergent

in the region Re(y) > —1.

(2) Let Re(y) > 0. Then for any integer N > 0, we have

<(2N+1 4 2N+2,Y) N

L(1+2v,sym® f)Z(3 +v,€) = L(1 + 2v,sym” f) Car ) ZN(5 +7,0).

Here ZN(% + 7, £) is analytic and is bounded by (¢ in the region Re(y) > max(—% +e, —% +

sz + oz). Note 20 = Z.

Proof. Recall the definition of L(1 + 27, sym? f)Z(% +7,¢) in (3.5). We see that in the region
Re(v) > 0, for (p,2¢) =1,

b2 p2
where
1 1 As(p) 1 As(p) 1
P(V) - _p+ 1 L+ p1+27 B (1 B p%Jr'y T p1+27 1+ p%+'y + p1+27

We see that P(y) = O(#) when Re(y) > —3 +e. In (3.10), we factor out 1+ zﬁ by

p1+2'y

1 1 1
— i (1= s + PO) PO (3.11)

1 1 1 1
1+W+P(7):1 1 (1_p1+27> <1+W+P(’}/)>

1 - pl+2’y

Note that P(vy) — ler%P(’y) = O(Zﬁ) when Re(y) > —1 +&. It is clear that the expression
1-— Zﬁ + P(v) — IﬁP(y) is exactly the Euler factor of Z(3 +7,¢) in the case of (p,2¢) = 1.

This proves that Z (% + 1, ¢) is analytic and absolutely convergent in the region Re(y) > —%.
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3.3. SETUP OF THE PROBLEM.

Factoring out 1 — in (3.11), we obtain

_ 1
p2+22y

1 1
1—W+P(7)—WP(’Y)

1 1 1 1
1y - (1 * p2+227) L= o, + PO - Wﬂv))

p2+22y

1 1 1 1 1
:Hl<1—pQg+2L~W+P(7)—WP(’Y)+WP(V)—WP(7))

p2+22y

Note that the terms with P(v) are O(ﬁ) when Re(v) > —% + €.

Repeating the above process continuously we can get

N 1 1
=11 H1<1—pZN+1+M+Q(V)>

m=1 p2m2mtly
1— i 1
N p2Hiy
T 1 <1 T oN+1joN+2, + Q('Y)) )
SNT1 oN T2, p

p

where Q(7) is a certain expression satisfying Q(v) = ONﬁg(#) when Re(y) > —1 +¢.
Note the expression 1—W—}—Q(v) is the Euler factor of Z™V (1 ++~, ) when (p,2¢) = 1.

For Re(y) > max(—3 + ¢, —3 + 5552 + 5n2), we have

I1 (1—M+Q(7)> < 1.

(p.20)=1 p

In addition, it is easy to derive the Euler factors of ZV (% + 7, ¥¢) corresponding to p|2¢ and to

prove that they contribute < £¢, as desired. ]

3.3 Setup of the problem.

By (3.3) and Lemma 3.5, we get

M(a,l) = MT(a,0) + M~ (a, £),
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3.3. SETUP OF THE PROBLEM.

where

e Y () 3 M, o1y,

(d.2)=1 n=1
_ . * d Ar(n)xga(fn) n
M~ (a,l) :=1" i) () a.8d " w_q | = -
(d,%:l X Z nz e <8d>

Remark 3.11. Define ®,(z) := 2*®(x). We then can write

M~ (a,0) =7 X 72 Y @0 <;> i %_SZ(M“‘“ (%) !

(d,2)=1 n=1  N?

where

- i —2x F(% )
Vo = <2w> T T a) (3.12)

Notice that M~ (o, £) is equal to iy, X 2¢M T (—a,l) with ®_5, in place of ®. Thus we just
need to evaluate M (a, £), and the results for M~ (a, £) can be obtained immediately.

The square-free condition in Mt («, £) can be removed by using Mébius inversion. This gives

= 3 Sutwe () 3o M, (1)

(d,2)=1a2|d n=1
Ar(n)xsa(fn) n a’d
N Z > A e () 5
(a,20)= d,2)=1 (n,a)=1
=: My (a, 0) + M}J{(a,f), (3.13)

where My (a,¢) and M} (a,€) denote the sums over a < Y and a > Y, respectively. Here
Y (< X) is a parameter chosen later.
We use the Poisson summation formula to split My (v, ¢). Using Lemma 3.7 on the summa-

tion over d in Mj;(a, ), we derive

X a Af(n Gr(In
M=% 3 M s Al sy Gl
(a,20)=1 (n2a)=1 "*  kez
a<Y
o . 2rkax X n
X /Oo(cos—i—sm) (W) Wa (&T—X) O (z)dx. (3.14)
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3.3. SETUP OF THE PROBLEM.

Let My (a, ¢,k = 0) denote the term k = 0 above, and let My («, £, k # 0) denote the remaining
terms. We call My, (a, £,k = 0) diagonal terms and My, (o, £,k # 0) off-diagonal terms.
On the other hand, we convert M7 («,¢) in (3.13) back to the summation over square-free

integers, and then appeal to the induction hypothesis (3.4). To see this, recall that

_ Ar(n)xga(n) n a?d
M (0:0) = (a% 2):1( 2): nita o <8a2d> ® (X) '
a>Y

Write d = eb?, where e is square-free and b is positive. Group terms according to ¢ = ab. It

follows that

M (o, €)
)‘f X8e En) n o e
Z Z Z Z nata o <802e) (X)
(¢,20)= 1a>|Y (e,2)=1 (n,2c)=1
= 2. D nle 1/ Z (f)L (L tats f©xse) X8 gals) S s
(201 4>y 2 (62 Xse(6)Ps c\2 ) X8e Ja S )

a|c

(3.15)

where X' := CXQ Here L.(s, f ® xse), Re(s) > 1 is given by the Euler product of L(s, f ® xse)
with omitting all prime factors of ¢. In the first equation, the condition (¢,¢) = 1 is due to
Xsgea2(£) = 0 if (d,¢) # 1. We use the following lemma to change Lc(3 + a + s, f ® xsc) back to

the form of L(3 + a + s, f ® xse). It is similar to Lemma 9 of Kowalski and Michel [67].

Lemma 3.12. Let d be a fundamental discriminant. Then

H<1_Af<p>xd<p) ) S5 slm)ulmn )P () xalm)xa(n®) . (3.16)

s s
m
p mlc nlc
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3.3. SETUP OF THE PROBLEM.

Proof. Note that the summand on the right-hand side of (3.16) is jointly multiplicative. Thus

S S sl a(mn)2x (m)xa(m) xa(n?) — —

s p2s
mlc nlc mn
r 1 1
=TT X @™m0 20 X X = 5
ple 0<r1,ra<orderp(c) pp

P p28

_ ~ A)xalp) | xa(p?)
— g <1 . + ) ’

as desired.

It follows from (3.15) and Lemma 3.12 that

M0 = 3 S SR S

(e,20)=1a>Y rile ralc logX)
ale

G(s)

ds.

* e 1
X Z Xge(£1710373) D, (F) L(% +a+sf® Xse)r5r25 X°8°ga(s)
(e,2)=1 172

We can truncate the above integral for |Im(s)| < (log X)? with an error O(1) by the rapid
decay of |G(s)| as [Im(s)| — oo. For [Im(s)| < (log X)?, we are allowed to employ the inductive

hypothesis (3.4). Hence we have

M (a,l) = R1<O‘ €)+MR2(04 €)+M;§3(a )+ 0(1),

81



3.4. EVALUATION OF My (a, A\, K = 0).

where
4 p(ri)Ap(r1) u(rire)? 1 4XTH5D(1 + 5)
MR 1@, 0) Z Z Z 1+2a Z P20 95 1 202
e ch) la>‘Y rile ralc 2 (IOgX)
8% G(s
x L(1 + 2o 4 25, sym? HZG+a+ s,ﬁrw%)mga(s) ( )ds. (3.17)
! >\f 1) #(r1ra)? AXT20 0y
M o(a, ) Z Z Z r1¥2 or; / A 77202—401—;5 -
E (c 20)= 1a>Y rile rolc (@)
- 0389 G
x ®(1 — 20 — 8)L(1 — 2 — 2s,sym? f) Z(5 — o — s, 0r173) 7}25 9a(S) (5) ds.
2
(3.18)
p(r )\f 1) p(rirs)?
Z Z Z Z rit2e o [9=10g1X+it
(¢,20)=1 aa>|2/ rile rale It|< (log X)2
1 G
x O ((ﬁrlrz) 2+ 160 X’h+5> mXségsga(s) () ds. (3.19)
172

Note that in (3.17) and (3.18) we have extended the range of integrals from |Im(s)| < (log X)?
to the vertical line Re(s) = m with an error O(1).

Now we have separated M (a, £) into several parts. In summary, we have obtained
M(a, ) = M T (a,0) + M~ (a, 0), (3.20)

and
M (a,0) = My (a, €) + Mp (e, 0),
M (e, €) = M (a, £,k = 0) + My (o, €, k # 0), (3.21)
M (a,l) = ngl(a, 0) + Mg’z(a, 0) + M;_{B(a,ﬁ) +0(1).

We can also split M~ (a, ¢) similarly using Remark 3.11. We will evaluate My (o, £,k = 0),

M]t(a,é, k # 0), respectively, in Sections 3.4, 3.5. The analysis for Mg}l(a,ﬁ), Mg}Q(a,ﬁ) and

Mg’g(a,ﬁ) will be done in Section 3.6. We complete the proof of Theorem 3.4 in Section 3.7.
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3.4. EVALUATION OF My (a, A\, K = 0).

3.4 Evaluation of My (o, k= 0).
Recall My (a, £,k = 0) in (3.14). By the definition of G¢(n) in Lemma 3.7, we know G(n) =

¢(n) if n = O, and Gy(n) = 0 otherwise. Here n = O means n is a square number. Hence

P Y R e () weae

X
J’_
M (o, £,k = 0) = 5 §

G(s)

X 1 -
) 2. ue) / D(s+1)Z1(5 + a+s,a,0)8 X gy(s) ds, (3.22)
1)

where

Ap(n) ¢(fn)

) nztr In

~—

Zl(%—l—’y,a,f) = E
(n,2a)=
In=0

For simplicity we use E1(vy;p), E2(v;p), E3(v;p) to denote the three Euler factors in (3.6),

respectively. For Re(y) > 0, write

1
A(v,a,0) =T Er(vsp) [ Bo(vip) ] <E3(%p)+p2_1>. (3.23)
pll1 iy (p,2af)=1
P|42

Lemma 3.13. For Re(y) > 0, we have

1

Zl(%+7>a76) A(’Y,CL,E)-

CQa( )

—+7

Proof. For each prime p, let bi,by be integers such that pP'||¢; and p®2||¢3. We change the

variable n — £1n?. We can do this because ¢n = O implies ¢1n = 0. It gives

1 At (41n?) 1
7. (1 2: IANS H
1z +70,0) 1ty nl+2v <1 >

£1§ (n,2a)=1 p|£1€2n p
b 2
>~ (-
p1+2’y q :
e (p,2a =17r=0 qlpb1+b2+r

In the following, we consider three cases for the sum over r above.
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3.5. UPPER BOUND FOR M (a, A\, K # 0).

If (p,2al) =1, then by = by = 0. Thus

 As(0) 1y _ 1\ o~ Ar(0™)
Z p(1+2'y)r H 1- 6 =1+ Ty Z 14y)2r

r=0 qlp” p =1 p(2

- ANE Mp) , 1 1 A(p) 1
=1+ <1 — p) 5 (1 — p%+7 + p1+2'y + 5 1+ p%+7 + p1+27 —1]. (324)

If (p,2a) = 1,p|f1, then by = 1 since ¢; is square-free. Hence

00 1+2r 0 1+4+2r
S M) <1_1) _pi+ (1_1>ZW>
—~ pL+27)r P p/) = platnatan)

e AN N PRI () 1 1 A (p) 1
p2? (1 p) 5 1 s + IESY 5 1+ S + peES , (3.25)

If (p,2a) = 1,p1 {1, p|ls, then by = 0,bo > 1. This gives

-1 -1
1\ 1\ |1 A(p) 1 1 Ar(p) 1
(1 - p> B (1 - P> 2 (1 it T | T\t paty T

(3.26)

i s (%)

1427)r
= p( +27)
We then complete the proof by taking out the factor 1— % from (3.24), (3.25) and (3.26). O

It follows from (3.22) and Lemma 3.13 that

Lemma 3.14. We have

My (a, €,k = 0)
4X w(a) 1 1 - 1 G(s)
= — ) 1 ZR5XS .
2€%+a Z a2 Hl—%Qm' /(1) (s + )A(s+a,a,€)€§8 9a(s) p ds
T 1 (a72£):1 p|a p
a<Y
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3.5. UPPER BOUND FOR M (a, A\, K # 0).

3.5 Upper bound for M («a, ¢,k #0).

We shall prove an upper bound for My (a, ¢,k # 0) in this section. Recall in (3.14) that

u Ar(n) Gr(¢n)
M (o, 6,k # 0) = Z Z S -1k kfn

,_l'_oé

(a,20)=1 (n2a)=1 "% k#£0
alY
o . 2rkax X n
X /_Oo(cos—i—sm) (W) Wa (8:1;7X> O (z)dx. (3.27)

Lemma 3.15. Let f(z) be a smooth function on Rso. Suppose f decays rapidly as x — oo, and

) (x) converges as x — 0 for every n € Z>o. Then we have

/ f(x) cos(2mxy)dr = f(1 —w)T(u) cos <sgn(g)7ru> (27|y|) " “du, (3.28)

2mi Jay)
In addition, the equation (3.28) is also valid when cos is replaced by sin.
Proof. See [99, Section 3.3]. m

By Lemma 3.15, the integral in (3.27) is

2% N X" (w)(cos + sgn (k) sin) (%“) (’:‘,ZT)U /0 T o ()a e,

2771 /; /(1)

X ®(1 + s — u) X T (u)(cos + sgn(k) sin) <%) ( o )“ 8° ! 9a(8) Gls) dsdu.

k| ns—u s

(830%) dxdu

K\J

Move the contour of the above integral to Re(u) = %-i—E, Re(s) = %—F 2¢, and change the variable

s’ = s — u. This implies

B Jyeo fo 30+ R () (G57)

1
X 85+“—sga(s + U)Mdsdu.
n s+u
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3.5. UPPER BOUND FOR M (a, A\, K # 0).

Together with (3.27), it follows that

My (o, b,k #0)

_X u(a)
Y Z a?
(a,20)=

a<Y

®(1 + $) X °T(u)(cos + sgn(k) sin) (%lb) (ﬁi!)u

k;éO +6 (e)

G(s+u)

x 85T
ga(s + u) S+ u

Zo(3 + a+s,a,k, 0)dsdu,

(3.29)

where

Zo(v,a,k,0) = Y As(n) Gy (tn)

n”Y n
(n,2a)=1

Lemma 3.16. Write 4k = klk%, where ki is a fundamental discriminant (possibly kv = 1) and

ko is positive. Then for Re(y) > 3, we have

Zo(v,a,k,0) = L(3 +7, f ® xk,) Z3(v, a, k, 0). (3.30)
Here
Zs(v,a, k) := [ [ Zsp(v.a, %, 0),
P
where

A @xa () | xe(p)?

Z3p(v,0a,k,0) =1 p%Jr'Y + REES if p|2a, and
A()Xk (D) | X (0)? ) o= Af(07) Gr(prtorde®)
Z k E = 1 — 1 2 .
3p(7,a,k,0) ( p%'w + P2y ; Iz o if p12a

Moreover, Zs(vy,a,k,0) is analytic in the region Re(y) > 0 and is uniformly bounded by

a€|k|5€%+€(€, k%)% in the region Re(y) > §.
Proof. The proof is similar to [97, Lemma 5.3]. Note that G(n) is multiplicative. Hence

r+ordp (Z))

'y,akﬁ H ZAfr’y Gk pr

(p,2a)=17=0
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3.5. UPPER BOUND FOR M (a, A\, K # 0).

Then the identity (3.30) follows directly from a comparison of both sides.
When p t 2ak¢, by the definition of Z3,(v,a, k,¢) and Lemma 3.8, we know

Zo(v.akt) = (1 M) xh(p)?) (1 L A <p>)

p3tY ptt2y p3tY

Xk (p)? B A (p)%xk, (p)? . Ar(p)xk (p)° (3.31)
P2y plt2y patdr '

Hence Zs3(v,a, k,{) is analytic in the region Re(y) > 0.
It remains to prove the upper bound of Z3(v,a,k, ). For p { 2akl, by (3.31) and the fact

[Af(n)] < 7(n), we get

IT Zaw(v.ak o) <1 (3.32)
(p,2ak)=1
For p|2a, we have
I Zsp(v. 0.k, 0) < o (3.33)
p|2a

For p 1 2a, p|kt, we let pPt||k, p*2||¢. We can assume by < by +1 since G(p"+%2) = 0 otherwise (by
Lemma 3.8). We claim Z3 (v, a,k,¢) < (14 b1 + b2)2pmin(b2’tb71j+b72). In fact, the trivial bound
Gr(p™) < P gives Z3 (7, a, k, ) < (14 by + bo)?p*2, which proves the case by < |% | + 2. The
remaining cases include: b; even and bo = b1 +1, or b; odd and by = by, or by odd and by = by +1.
For by even and by = by + 1, by Lemma 3.8, we know Z3 (v, a,k, ) < pbl\/ﬁ = pL%H%. The
other two cases can be done similarly. This combined with (3.32) and (3.33) gives the upper
bound for Z3(v, a, k, ). d

By (3.29) and Lemma 3.16, we have

M (e, £,k # 0)

:% 3 “C(Lj) Z(_l)k(zwliy/@ﬁ) /(E)i)(l—i—s)XT(u)(cos—l—sgn(k) sin) (%“) <7f|“;>u

(a,20)=1 k#0
a<Y

G(s+u)

x g5tu
ga(s + u) S+ u

Ll4+a+s,f® Xkl)Zg(% +a+s,a,k, 0)dsdu.

87



3.6. EVALUATION OF M (o, \).

Move the lines of the integral to Re(s) = —3 — a +¢, Re(u) = 1 + ¢ without encountering any

poles. Together with Lemma 3.9 and Lemma 3.16, it follows that

Lemma 3.17. We have

M (a, 0,k # 0) < L2 X2FeY,

3.6 Evaluation of M} (o, /).

In this section we shall simplify M;{l(a, ¢), and derive upper bounds for M;{Z(a, 0),

MEB (a, £) by proving the follow lemma.

Lemma 3.18. We have

Mg}l(a,ﬁ)
4 11 i G
-y MOl [ a0+ A+ s a0 X0 a0 Dl 33
2 1+a a? 1— L 2w Jo 05 s
5 a>Y pla p @
(a,20)=1
Mj; (o, 0) < X 3FEY. (3.35)
N 1. X hte
My 0) < 0320 (3.36)

We give a proof for the above lemma in the rest of the section. Recall Mgl(a,f) in (3.17).

By interchanging summations and integrals, we know

4X 1 p(ri)As(ry) p(rira)?
M}{l(o"@ S Z /‘(a)m/ (1+43) Z 1+2cx+2s T+2a+2s
w202 a>Y (1) (r1,20)= (r2,20)=1 ' 2
(a,20)=1
11 G
x L(1 + 2 4 25, sym? f)Z(% + a4+ s,0r73) Z —E—X 8°ga(s) (S)ds.
a1 &
fw’lﬂ’zlc
(3.37)
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3.6. EVALUATION OF M (o, \).

Lemma 3.19. For Re(y) > 0,

w(ri)Ag(re) pu( rlrg 1
Z 1+§’y 1-‘,—27 Z gL(l + 277 Sym2 f)Z(% +7 57“17“%)
(r1,20)= [} (re,20)= 2 (c,20)=1
arrale (3.38)
== H — i A(7,a,0).
p2
Proof. The left-hand side of (3.38) is
w(ri)Xe(ry) u( 7“17“2 1
Z 1+§7 T Y. = 1l Bvw) [] B2y [ Bs(viw).
(r1,20)= L] (r2,20)= Ty (¢,20)=1 plliri ptliry (p,20rir2)=1
a,ri,r2lc pllars
(3.39)
Note

1 1 1 1 1 (|rq,r
Z 5 = Z ?Ziaz Z CQ_GQWCQE(> (3-40)

C
(e,20)=1 [r1,r2,a]|c

(c,26)=1
a,r1,rz2|c (¢,20)=1
We also see that
I EB2(vip) = [[ B2(vsp) [] Eetwim)™' [ Eevip) " (3.41)
ptliry pllara p|(r1,m2) p|(€1,€2)

pllars

Inserting (3.40) and (3.41) into (3.39), the expression (3.39) now is

g% HE vip) [[E2(vip) ] E:wp > Z (r1,72), (3.42)

plé1 ple2 (p,20)= (r1,26)=1 (r2,20)=
ptl
where
H(T17T2)
pu(ri)Ag(re) p(rira)? ( 7“1,7“2 _1 -1
2 T [y, ro]2 HEl (v;p) HE2 (v;p H Es(v;p) H E3(v;p) -
1 2 plr1 plra P\(Tl,rz) plrira
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3.6. EVALUATION OF M (o, \).

Clearly H(r1,r2) is joint multiplicative. Then
2, 2 Hium)
(r1,20=1 (r2,20)=

Ar(p) (p,a)? _ 1 (p,a)? _
= I <1— LM( 2) Ey(v;p)Es(v;p) " + 1+27( 2) Ey(v;p)Es(v;ip) ™) -
w2o=1 > PP ey

It follows that

H E3(v;p) Z Z (r1,72)

(p,20)=1 (r1,20)=1 (r2,20)=
Ar(p)
= ] <E3(v;p)— §+27E1(7;p)+ 5o Ea(vip ) Hl
_ p p
(p,2al)=1
1 1

= II (1 - ) <E3(’y p)+ —5— 1) : (3.43)

(p,2al)=1 p p

Substituting (3.43) in (3.42) completes the proof.

We can complete the proof for (3.34) by using (3.37) and Lemma 3.19.
Next recall MIJ%FQ(O" ¢) in (3.18), which is of the form

MEQ(a )

ZZ T(c,a, ).

€f * (c20)=1a>Y

ale

We extend the sum over a > Y to that over all positive integers. Then

MR2(a€ Z Z,u T(c,a, b)) — Z Z T(c,a,?). (3.44)
fl (c,20)=1 alc (¢,26)=1 a<‘Y
We know >, . u(a) =1 when ¢ = 1, and is zero otherwise. Thus

ZZM T(c,a,l)

51 (c 20)=1 alc

_ " 1/ 4X172075y L D(1 — 20 — 5)
(

1 . 2
5—a 271 1 T
Ef logX)

L(1 — 2o — 2s,sym? f)

X Z(3 —a—s,0)(;8°ga(s) Gis)ds.
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3.6. EVALUATION OF M (o, \).

Move the line of the above integral from Re(s) = log < to Re(s) = & —e. We encounter no poles
due to Lemma 3.10 and Remark 3.6. It follows that

Z Zu T(c,a, ) < FX e,

(3.45)
El (cze) 1 alc

For the second term of (3.44), we move the contour of the integral in T'(c, v, £) to Re(s)

without encountering any poles. We have

S Y YT

‘€1 (¢,20)=1a<Y
ale
i w(ry )\f 1) u 7"17“2 2 1
=TI S |
03 agy (7»1,24 (r2,20)= o)
(a,20)=
y 4X1—2a‘57a+5§>(1 — 20— 5)
7r2
038° G(s)
X Z hads L(1 — 20 — 25, sym? HNZG—a-— s,0r173) ;25 9a(8) ds.
(¢,20)= 2
a,r1 r2|c

Treat ). 20—1 Mﬁ as in (3.40). The above is

a,r1 77‘2‘0

it Z Z p(ry )\f 1) w(rire)? 1 / 4X1_2°‘_sfya+5€l:>(l —2a—s)
1_ T 1t2a
2 1,20 r2,20)=1 ry e 2mi (15) m?

1 ( 2?) 1 (17 ) (27 )

a,
1 r,72],a 2—4a—4s
o (0 - 7‘]2]2)40‘45 Co0(2 — 4 — 45)L(1 — 20 — 25, sym? f)
03 G
xZ(3—a-— s,Enr%)T—QISSSga(s) (S)ds.

2

5 — € without encountering any poles by
Lemma 3.10 and Remark 3.6. In particular, the pole of {(2 — 4a — 4s) is canceled by the factor
1 —4a —4s in G(s). By the fact

Move the contour of the integral above to Re(s) = 1

([7“1, T2]> a)2_4a_48 1
a274a74s

1
< —
[Tla 7a2]2740¢743 — 7’%’
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3.7. PROOF OF THEOREM 3.4.

we obtain

Z Z T(c,a,l) < FXEFEY. (3.46)

612 (c%) 1a<y
alc

Combining (3.44), (3.45) and (3.46) gives (3.35).
Finally, recall M 5(cv, /) in (3.19). Note h > 5. Then

h4-¢€

h+e
1, e X = 1 EX
M (o, 0) < L2t Y- (62) D> DD () <o

(¢,20)=1 a>Y ri|e r2lc
ale
which gives (3.36).

3.7 Proof of Theorem 3.4.

By Lemmas 3.14, 3.18,

Mg (a, 0) + My (a, £,k = 0)

_ 3.47

M O L G ) Al + ava, )8 X0 ga(s) T s (3.47)

2027 oo @ e L7 2T 4
T (a,20)=1 pla p

where A(s + a, a,?) is defined in (3.23). It can be deduced that

Z M(g;t)H 11A(S+a,a,€)ZHE1(a—|—s;p)HE2(a+s;p) H Es(a+ s;p)

1 1
(a,20)=1 pla p? pll1 17\|'§1 (p,20)=1
b2

= L(1 420+ 2s,sym” f)Z(3 + a + s,0).
This combined with (3.47) gives

M (o, 0) + My (e, £,k = 0)

4X 1 ~
= - / q)(s-l-1)L(1+2a—|—28,sym2f)Z(%—}—a—i—s,E)
7r2€1§+0¢ 21 (1)

G(s) i (3.48)

SXS
FE X0l
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3.7. PROOF OF THEOREM 3.4.

Move the integration to the line Re(s) = —% + & with encountering one simple pole at s = 0 by

Lemma 3.10 and Remark 3.6. This gives

4X -
My 1 (0, €) + My (a, £,k = 0) = ——®(1)L(1 + 20, 5ym® f) Z(5 + o, 0) + O(X7+r),
7202
(3.49)
By Remark 3.11, we know
Mp (o, 0) + My(a, €,k =0)
4 aXl—ro N
=" §(1 - 20)L(1 — 2a,sym? £)Z(L — o, £) + O(X2T(), (3.50)

2027 ¢
mol]

Similarly we can derive same upper bounds for My (a, ¢,k # 0), M}%z(a,é) and M}%S(a,é) as
those for My (e, £,k # 0), M}}L’Q(a,ﬁ) and Mg’g(a,ﬁ) in Lemmas 3.17, 3.18. Therefore it follows
from (3.20), (3.21), (3.49), (3.50), and Lemmas 3.17, 3.18 that

AX .
M(a,l) = ﬁé(l)L(l + 2a,sym? f)Z (1 + ., ¢)
w203
4 aX1—2oz ~
i §(1 - 2a)L(1 — 20, sym? £) Z(} — a, 0)

2p27 ¢
mols

X hte
+O(6X3Y) 4+ 0 (zé+5 Y%_1> .

Taking Y = X =T completes the proof of Theorem 3.4.
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Chapter 4

Counting zeros of Dedekind zeta functions

4.1 Introduction.

Given a number field K, the Dedekind zeta function (x(s) of K is defined by

1
Ck(s) = %N(a)s’

for Re(s) > 1, where the sum is over non-zero integral ideals of K. It is known that (x(s) has an
analytic continuation to a meromorphic function on C with only a simple pole at s = 1, and its
zeros p = B+1i7 encode deep arithmetic information of K. For instance, the generalised Riemann
hypothesis, asserting that if (x(p) = 0 and g € (0,1), then g = %, leads to the strongest form
of the prime ideal theorem. A related prominent question is to count the zeros of (x(s) in the

critical strip 0 < Re(s) < 1. For T' > 0, we set

Ng(T)=#{p € C|Ck(p) =0, 0<B <1, [y <T},

counted with multiplicity if there are any multiple zeros. The estimate of N (T') is crucial for
proving effective versions of the Chebotarev density theorem as well as bounding the least prime
in the Chebotarev density theorem (see [70, 69]). Moreover, to make these results explicit, it is
natural to further require a determination of the implied constants for the estimate of Ng (7).

Adapting the arguments of Backlund [3], McCurley [72], and Rosser [91], in [58], Kadiri and

Ng showed that for 7" > 1, one has

T T \nk
Ng(T) — glog (dK<%) )‘ < Di(logdg + nglogT) + Dang + Ds, (4.1)

with admissible (Dq, Do, D3) = (0.506, 16.950, 7.663), where nx and dx are the degree and
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4.1. INTRODUCTION.

absolute discriminant of K, respectively; also, D1 can be taken as small as (7log2)~! ~ 0.459
at expense of larger Dy and Ds. This was improved by Trudgian [103] (not only for Dedekind
zeta functions but also for Dirichlet L-functions). In particular, as asserted in [103], the estimate
(4.1) is valid with (Dy, Da, D3) = (0.316,5.872,3.655), and the constant D; in (4.1) could be
made as small as 0.247 (with larger Dy and Ds3). Unfortunately, as pointed out by Bennett,
Martin, O’Bryant, and Rechnitzer [6], there is an error in [103] that appears as the ranges of
various parameters used in the argument of [103] were not verified properly. In [6], Bennett et
al. fixed this problem for Dirichlet L-functions.

The objective of this chapter is to prove the following theorem.

Theorem 4.1. Given a number field K of degree nx and with absolute discriminant dg and ry

real places, for any T > 1, we have

Nie(T) — glog (dK(%e)nK) + %‘ < 0.22737log (

dK(T + Q)nK

Gy ) +23.02528nc + 4.51954.

(4.2)

drc (T+2)"K

In addition, writing the right of (4.2) as C} log( Gy

) + Cong + (3, we have further
admissible triples (C1, Cs, C3) recorded in Table 4.2 in Section 4.4. Moreover, recalling that for
T > Ty, log(T + 2) — logT < log(1 + T%), from the above theorem and the triangle inequality,

we derive the following improved bound for Ng (7).

Corollary 4.2. Given a number field K of degree nx and with absolute discriminant dg, for

any T > 1, we have

T T \nk
- — e <0. . . . .
Ni(T) = —log (dK (%e) ) ‘ < 0.228(log dgc + nx log T) + 23.108ng + 4.520.  (4.3)

Furthermore, by Table 4.2, writing the right of (4.3) as Dy(logdx +ng logT)+ Dong + Ds,
we have the following Table 4.1 of admissible (Dy, D2, D3) that not only repair but also improve
all triples given in [103, Table 2]. (Note that, for all number fields K, our Dy and D3 yield a
smaller vlaue of Dang + D3 than the one given by Trudgian [103].)

The proof of Theorem 4.1 follows closely the arguments of Bennett, Martin, O’Bryant, and
Rechnitzer [6], Kadiri and Ng [58], and Trudgian [103], which are an adaption of the methods of

Backlund [3], McCurley [72], and Rosser [91]. We also take advantage of the refined estimates for
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4.2. THE MAIN TERM AND THE GAMMA FACTOR.

Table 4.1: Admissible (Dy, Dy, D3) in Corollary 4.2 and in [103]

Trudgian [103] Our improvement

T7>1 T >10 T>1 T >10
Dy Do D3 Do D3 D, Do D3 Do D3

0.247 | 8.851 3.024 | 8.726 2.081 || 0.245 | 6.735 4.213 | 6.449 3.124

0.265 | 7.521 3.178 | 7.396 2.101 || 0.264 | 5.276 4.082 | 4.968 3.051

0.282 | 6.776 3.335 | 6.651 2.123 || 0.281 | 4.478 4.010 | 4.149 3.012

0.299 | 6.262 3.494 | 6.138 2.146 || 0.296 | 3.971 3.969 | 3.622 2.990

gamma factors obtained in [6]. Moreover, following the strategy of Bennett et al. [6], we extend
Rademacher’s convexity bound for (x(s) (cf. Propositions 4.13 and 4.14) that, together with
“Backlund’s trick” (see Section 4.3.2), plays a central role in improving the leading constants C
and D;. Furthermore, we track all the parameters and related inequalities in a similar manner
of Bennett et al. [6] to fix the aforementioned error appearing in [103]. Last but not least, we
note that we obtain our results by a direct numerical computation (with help from Maple) and
that it may be possible to use the “interval analysis” as in [6] to prove an estimate similar to [6,
Theorem 1.1]. Nonetheless, since Corollary 4.2 is already as strong as [6, Corollary 1.2], and it
is sufficient for most applications, we shall not devote ourselves to do such an interval analysis

here.

4.2 The main term and the gamma factor.
4.2.1 The main term.

Let K be a number field of degree nx and with absolute discriminant dx. We let 1 and 7o
be the numbers of real and complex places, respectively, of K and note that nx = r1 + 2rs. We

define the completed zeta function {x(s) as

Ex(s) = s(s — Dd5 vk (s)Cx (s), (4.4)

where

VK (8) = (ﬂ—%lr(s 42r 1))?‘2 (ﬂ_gr(g)yﬁ”'

We recall that £k (s) extends to an entire function of order 1 and satisfies the functional equation

Er(s) =&k (1 —s). (4.5)
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4.2. THE MAIN TERM AND THE GAMMA FACTOR.

As in the introduction, we set

Nk(T)=#{peC|(k(p) =0, 0<B <1, |[y|<T}

To estimate Nk (T'), we shall apply the argument principle as follows. For any fixed o1 > 1,
we consider the rectangle R with vertices o7 —iT, o1 +iT, 1 — o1 +iT, and 1 — oy — i7" (that

is away from zeros of £ (s)).! As £x(s) is entire, it follows from the argument principle that

Nk(T) = %AR arg {x ().

Let C be the part of the contour of R in Re(s) > % and Cy be the part of the contour of R in

Re(s) >  and Im(s) > 0. Since £x(s) = £k (5), the functional equation (4.5) then yields

Arargl(s) =2Acargér(s) = 4A¢, arg{x (s),

which implies that

2
Nic(T) = 2 A, arg €x(s) (1.6
Writing B = dg /7K, by (4.4), we have

Ac, arg £ (s) = Ag, arg s + A, arg B3/?
S s+1 (4'7)
+ (r1 + r2)Ag, argT (5) +r9Ag, arg D <2> + Ag, arg ((s — 1)Cx(s)) -

Throughout our argument, we will always assume T is away from zeros of £x (s). As shall be seen in Section
4.4, with this assumption, we will prove (4.27) for T" away from zeros of £x(s). Nonetheless, if T is the exact
height of a zero, we know that N (T') = Nk (T + €) for all sufficiently small € > 0 (in other words, T+ ¢ is away
from zeros). Then, by the triangle inequality, applying (4.27) with T + ¢, we see that

o~ o (e (1)) £

o2me 4
< o () o)) = o))
<o (U™ ) o [ o () ) s ) )

Now, taking € — 0%, we conclude that (4.27) is also valid when T is the exact height of a zero.
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4.2. THE MAIN TERM AND THE GAMMA FACTOR.

It is clear that

A, arg s = arctan(27),

T T d
AcoargBS/2 = glogB: Elog< K ),

TNK

1
Ac, arg'(s) = Ag,(ImlogI'(s)) = Im logf(§ + Z'T).

(4.8)

To control the gamma factor, we shall appeal to the improved numerical bound established

in [6, Sec. 3]. For a € {0,1}, we set

2
9a(T) = —Imlogf( +=-+i=
v

4 2 2
It follows from [6, Proposition 3.2] that for a € {0,1} and T' > 5/7,

2—a

T)| < .

Hence, setting

gx(T) = (r1 +7r2)g0(T) + r291(T),

we then obtain

2nK )
T) < T2
lox (DI < 557 ~ 507
Now, gathering (4.6), (4.7), (4.8), and (4.9), we obtain

T

|

1 a ,T) T (T)_Qa—l‘

(4.9)

(4.10)

Nk(T) = % arctan(27") + g (T') + % log (dK (—)nK> ——+ %ACO arg((s —1)Cx(s)). (4.11)

4

2me

Let Cq denote the vertical line from o1 to o1 + 41" and Cs denote the horizontal line from oy 4 i1

to % + ¢T. We require the following two estimates.

Lemma 4.3. For s = o + it with o > 1, one has

(k(20)
Ck (o)

< [Cx ()] < (o)™,
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4.2. THE MAIN TERM AND THE GAMMA FACTOR.

where, as later, ((s) denotes the Riemann zeta function.

Lemma 4.4. For o; > 1,
T
e, arg(s — 1Cie(s)] < 3 +niclog (o)

Proof. Note that

Ac, arg(s — 1)k (s) = Ag, arg(s — 1) + A¢, arg (x(s) = arctan ( ) + Ac, arg (i (s).

o1 — 1

Now, the lemma follows from the estimate

|Ac, arg (x (s)| = |arg (x (o1 +1T)| < |log Cx (o1 +4T)| < log (x(01) < ng log ((o1),

where the last inequality is due to Lemma 4.3. O

Thus, by Lemma 4.4 and (4.11), we arrive at

T T \nx 1 2ng 2
= - 2l < z — .
Ni(T) = —log (dic(5—) " ) + 5| < 24 gue(T) + = log (1) + —Ac, avg((s — 1)Cie ()|
(4.12)
4.2.2 Bounding the gamma factor.
For a € {0,1},0<d < 9/2 and T > 5/7, we set
TN |5+d TN | %—d
Ea(T,d) = ’Imlogf(m> 2 +Imlogf‘(g+a+z ) 2
2 o=1 2 o=1
and we define
SK(T, d) = (7”1 + Tg)go(T, d) + 7"281(T, d) (4.13)
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4.3. BACKLUND’S TRICK AND THE JENSEN INTEGRAL.

Following [6, p. 7], we let

2T/3 2T/3 AT/3
E.(T,d) = + _
(20 +2d +17)2 +4T2 * (2a —2d +17)2 + 472 (2a + 17)2 + 472

T (2a+17)2\ T (2a + 2d + 17)?
Fylos (14 )~ Jles (14 )
T (2a — 2d + 17)2
Tglos <1 * AT? )
(8 + 67)/45 (8 + 67) /45 2(8 + 6m)/45

(204 2d +17)2 +4T2)3/2 " ((2a — 2d 4+ 17)2 + 4T2)3/2 " ((2a + 17)% + 4T2)3/2
3

2 1+ 4k 2a +2d+ 1+ 4k 2a —2d+ 1+ 4k

+ ,}0 (2 arctan % — arctan —* + 2; rA arctan —— 2; + )
+2a—|—2d—|—15 ¢ 2a+2d+17+2a—2d+15 ; 2a —2d+ 17

——— arctan arctan —————

4 2T 4 2T

2a +15 ¢ 2a + 17

— arctan .
2T

We shall further set

EK(T, d) = (7’1 + TQ)EQ(T, d) + rofFn (T, d) (414)

As shown in [6, p. 6], £E(T,d) < Ey(T,d) for 0 < d <9/2 and T > 5/7, and thus
Ex(T,d) < Ex(T,d) (4.15)

for 0 <d <9/2 and T > 5/7. In addition, from [6, Lemma 3.4] and our definition of Ex (T, d),

we have the following lemma.

Lemma 4.5. For 0 <61 <d<9/2 andT >5/7,
0< EK(T, 51) < EK(T, d)

Furthermore, for d € [3,2] and T > 5/1,

Ex(T, d) 640d — 112 (640 +216)d — 112 — 39 ny
S (Ao Y Imseer a1 2w
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4.3. BACKLUND’S TRICK AND THE JENSEN INTEGRAL.

4.3 Backlund’s trick and the Jensen integral.
4.3.1 Introducing the auxiliary function fy.

For the sake of convenience, we shall set Z(w) = (w — 1){x(w). In order to analyse the

variation of the argument of Z(w) on Ca, we shall introduce an auxiliary function
Faols) = %(Z(s i) + 2(s i)
for N € N. For o € R, it is clear that
(o) = %(zw i) + 20 i)Y = %(Z(a +iT)N + 27 + i)Y ) = Re(Z(o +iT)Y).

We need the following definition that measures the variation of the argument of Z(w)" on Cs.

Definition 4.6. Let by denote the non-negative integer, depending on N, such that
1 N
by < —’ACQ arg Z(w) ‘ <by+ 1.
T

From this definition and the fact that arg Z(w)™ = N arg Z(w), we immediately obtain

by 1

N 2 by + 1
N —

N

‘Acg arg Z(w)) < (4.16)

In addition, we have the following lemma concerning the zeros of fx (o).

Lemma 4.7. In the notation of Definition 4.6, the function fn(o) has at least by zeros in

[%, o1].

Proof. By Definition 4.6, there are at least by different values of o such that % + %arg Z(o +

iT)N € Z. Thus, for such values of o, Z(o +iT)" is purely imaginary, which means that
fn(o) =Re(Z(o +iT)N) =0

for at least by different values o. ]

We shall also require the following lemma regarding the limiting behaviour of fy.
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4.3. BACKLUND’S TRICK AND THE JENSEN INTEGRAL.

Lemma 4.8. For any ¢ > 1, there is an infinite sequence of natural numbers (N, )S°_, such

that fn,, (c) # 0. Moreover, we have

h:;lj})lop ( — ]\}mlog ‘me(C)D < log <\/(c—i)ﬁ§:((;c)))

Proof. Write Z(c +iT) = Re'® for some R, ¢ € R. It is clear that Z(c — iT) = Re™**. Also, as
Z(c+1iT) # 0 for any ¢ > 1, we know that R > 0. Thus, we have
fn(c) 1 ( Z(c—aT)N 1 —2N ¢i
- -(1 ) ! ot
T Zery) e
for any N € N.

Now, applying Dirichlet’s approximation theorem, for any ¢, there is an infinite sequence of

natural numbers (Np,)2°_; such that as m — oo, —2N;,¢ — 0 modulo 27 and N,;, — oco. Thus,

SNy, (€)

ey 1 as m — oo, and hence

Jim (= 5 gy (0 - N log 20 +i7))) = ( fim_ ) ( tim tog | 5 20 ) —o

Moreover, by the left inequality of Lemma 4.3, we have

1Z(c+iT)| > /(c— 1) +T2CZ{((2(;),
KlC

which, combined with the above identity, gives

0> limsup ( - NL g fn,,(¢)] + log (x/mCK(2C)>)

m—00 m CK(C)
, 1 (K (2¢)
=1 ——1 1 —1)2 472 .
imsup ( — o= log | fiv, (9] + log (Ve =1+ 723275
Herein, we complete the proof. O

Let D(c,r) be the open disk centred at ¢ with radius 7. Let (IV,,)5°_; be given as in

Lemma 4.8. For any N € (N,,)o0_;, we set

Sn(e,r) = log —d

2|~

z€SN(D(c,r))
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4.3. BACKLUND’S TRICK AND THE JENSEN INTEGRAL.

where Sy (D(c,r)) denotes the set of zeros of fn(s) in D(c,7). As in [6, Theorem 5.1], we have

the following version of Jensen’s formula.

Theorem 4.9 (Jensen’s formula). For c € C and r > 0, if fn(c) # 0, then

Sy (e, T)———log]f]v |+/ log|fN(c+re )]d@.

Applying Jensen’s formula and Lemma 4.8, we obtain the following upper bound for Sy(c,r).

Proposition 4.10. Let ¢, r, and o1 be real numbers such that
1
c—r<§<1<c<01<c+r.

Let Fi., : [—m, 7] = R be an even function such that Fi.,(0) > ﬁ log | fn,, (c +re)|. Then we

have

1 1 (/7
limsup Sy, (¢,r) < log( Cx(e) ) + = / F..(6)d6.

m—00 \/ 2472 CK 20 T

4.3.2 Backlund’s trick.

We start with the following technical estimate.

Lemma 4.11. Let 0 < d < 1/2 and T > 5/7. Then we have

U

+

NI

‘ arg ((a —14+4dT)Ck (o + iT))N < ‘ arg ((U —1+4T)Ck (0 + iT)>N

N|=

+ NEK(T, d) +Ng,

where Ex (T, d) is defined as in (4.13).
Proof. By the functional equation (4.5) and the fact that {x(s) = £k (S), we have

N -
argég (o +iT)|" | = —argék(o +1T) . (4.17)

1
2 0=3

w\»—t

Since

, T T
arg(o +iT) + arg BT1)/2 = arctan — + 3 log B,
o
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4.3. BACKLUND’S TRICK AND THE JENSEN INTEGRAL.

by (4.4), we have

T T )
arg{x (o +iT) = arctan — + §logB + (r —i—rg)ImlogI‘(U Rl
o

> —i—rﬂmlogf(w)
+ arg ((O’ +iT — 1)k (o + ZT)>

2

(4.18)
As we know that for +zy < 1,

Ly
arctan r + arctan y = arctan

1Fzy
for 0 < d < 1/2, we have

arctan

T
— arctan T + arctan
2

N[

T
T — arctan —)
;-

D[

T
1

3+d
T

1+ 3+d

!

T
1_4g
arctan + arctan -2

t\)\»—t‘ﬂ [NIES

(4.19)

m
< —.
-2

Now, applying the triangle inequality, by (4.17), (4.18), and (4.19), we obtain

‘ arg ((g 1 +iT) (o + z'T)) :

2
o=

1
2

< ( arg ((a i) (o + iT))

1_4 T
3 1‘ + Ex(T,d) + =.
o=3 2
Recalling that

1
N|ltd

arg ((a 1T k(o + z‘T)) = Narg ((a 1T k(o + iT))

1
2

_1’
=3

we conclude the proof.

As argued in [6] and [103], we require the following version of “Backlund’s trick”.

Proposition 4.12 (Backlund’s trick). Let ¢ and r be real numbers. Set

—1/2)? 1
01:C+7(C /2) and 5:20—01—5.
r
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4.3. BACKLUND’S TRICK AND THE JENSEN INTEGRAL.

Ifl<e<r and0<5<%, then

1/2 7TSN(Cv 7’) EK (T7 5)

= 2log(r/(c — 1/2)) > N TaN

arg ((0’ +iT — 1)k (0 + ZT))

o=01

Proof. By the conditions on ¢ and r and the definitions of o1 and §, we know that

<-+4+d=2c— <c<og<c+r.

N

1
<6<
C r B S

As log > 0 for z € D(¢,r), we see that

_r
lz—c|

1 r 1 r
= — —_— > — —_—
Sn(e;r) N Z log |z—¢c| = N Z log |z — ¢

268N (D(c,r)) z€SN((c—r,01])

Recall that by Lemma 4.7, there are at least by values of o satisfying o € [1/2,01] and fx(0) =0,
where by is defined as in Definition 4.6. For 1 < k < by, we then set d; as the smallest non-

negative real number such that

1/246

. 4.2
o=1/2 ( O)

IN(1/246) =0 and k—-1< % arg ((U—i—iT— 1)CK(J+iT)>N

Writing zj, = 3 + 0k, we let 21 denote the number of z; with z;, € [1/2,1/2+6) = [1/2,2¢ — 01)

and let 29 denote the number of z; with z; € [2¢ — 01, 01]. We note that o = by — 21 and that
0§51<52<"'<5$1 <6§611+1<"'<5b1\;§01_1/2-

From (4.15), (4.20), and Lemma 4.11, it follows that

1 . . 3701 N
k—lg—‘arg ((a—l—i-lT)CK(a—i-zT)) ) +*NEK(T75k)+§
T T

0-:5

whenever 1 < k < z; (which implies that 6, < § < 3).

For each j > 1, if there exists a k (chosen to be minimal) such that

1 N
k—1—=-NEg(T,0x) — - > J,
T 2
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4.3. BACKLUND’S TRICK AND THE JENSEN INTEGRAL.

then fy has at least j zeros in [1/2 — 6, 1/2) since

1/2-5y,

1 , RS N
~arg ((0 T — 1) ¢k (o + ZT)) >k—1- —NEK(T o)~ 5 2]

o=1/2

For such an instance, we define d_j as the smallest values of these zeros (to avoid possible
repetition), and we shall say that the zero z; = 1/2 4 §; has a pair z_; = 1/2 — §_. We note
that d_; < &, by the construction.

By the same argument as in [6, p. 11], we have

NEK(Tv(S)"F%"FW

2by — ———2— r
> us
syten z I )
and thus
by < Sn(e,r) +EK(T,6) +1+i’
N = 2log(r/(c—1/2)) 2 4 2N
which combined with (4.16) completes the proof. O

4.3.3 Constructing and bounding F,.

We first recall the convexity bound for (x(s) established by Rademacher [86, Theorem 4].

Proposition 4.13. Let n € (0, f] and s = o +it. If —n < o < 1+, then one has

Gaes) < 312 | (e (LYY T g
Also, for o € [-1,0), one has
Gaelo) < 3 (e () ™) — o, (121)

We note that the second inequality follows from the first bound by taking n = —o. More-
over, Rademacher’s argument [86] can be used to extend (4.21) for o < 0 as follows (cf. [6,
Theorem 5.7]). For z € R, let [z] be the integer closest to x; when there are two integers equally

close to x, we shall choose the one closer to 0.
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4.3. BACKLUND’S TRICK AND THE JENSEN INTEGRAL.

Proposition 4.14. Let s = o + it with 0 < 0. Then we have

—[o]

di_\2e nc(b+lo]-0) e n
GO < () 1+ s = ol E s — 1" ¢(1 — o)"®
Proof. From the functional equation (4.5) we have
1/2—0| VK
o)l < a2 S - )
YK
. D+ 158) ro T (358) yritrs

_ d1/2 O'Tr(o'—i)nK 2 2 2 |CK(1 _ S)|

® FGz+3) I TG

As o < 0, by Lemma 4.3, we have |(x(1—s)| < (1 — 0)"¥. It remains to estimate the ratios

of gamma functions. It was obtained in the proof of [6, Theorem 5.7] that for a,b € {0,1} and

ke,
a | l-s b 1—(5+k k _
I(s+%°) TG+ (HH _1)bm( 5(s+k+1-b))
CE TR T R ¥ L VAT O S

Setting @ = 0 and @ = 1 and taking b = k& (mod2) and b = k + 1 (mod 2), respectively, we

can make sine factors £1. Thus, upon choosing k = —[o] and applying [86, Lemmata 1 and 2]

to D(g+=5)

e % 7 we conclude that
5 —lo]
F(TS) ritre 1 (%‘F[U]*O’)(’I"lﬁ»’rg) 10]( ' ri4ro
< (= — ol(ri+r2) -
Ty <Gl 2 (ITts+5-n)
2 =
and

—[o]

< (%yus—[au)( AR m(]‘[|s+j—1|)

Collecting above estimates and recalling the fact that nx = r1 + 2ro, we obtain the desired

result. O

Lemma 4.15. Let n € (0, %], s=oc+it, and T > 0. If o > 1+ 7, then we have
og | ()] < 3 low((0 — 12+ (It + 7)) + nic log (o).
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4.3. BACKLUND’S TRICK AND THE JENSEN INTEGRAL.

If —n <o <14 n, then we have

1
N

K(1+77—0')+
4

d
log ((275(”}{) + nglogC(1+n).

n 2
log |fn(s)] < log3 + log((o 4+ 1)* + ([t| + T)%)
1+n—-0

2

If 0 < —n, then we have

108 fv(9)] < niclog (1 = 0) + S log((o — 1 + (] + T)?)

+ log((1+ 0 — [o])* + (t| + T)?)

1-20 d (1 —20+2[0])n

5 © ((25%) 1 -
—[o]

+ %K ;log((a +i =12+ (t| + T)?).

Proof. Since 0 > 1+ n > 1, by Lemma 4.3, we derive

IN

v (e)] < 5 (1s 44T =1V icaels +T) Y + | —iT =1V |cae(s —iT) V)

IN

(0= 172+ (1) + ) * gloyre™.

Now, the first estimate follows from taking logarithms and dividing both sides by N.

Secondly, if —n < o < 1+ 7, then by Proposition 4.13, we see that | fx(s)| is at most

Ve + 17+ (1 +T>2)"K)“+";“W

2
(I1+n—0o)N

<3 (o4 17+ (1 + 1) ¥ (e (MAZE S e R

1
5(3N\s+iT—|—1\N+3N]s—iT+HN) (ax ( C(1+ )N

Again, taking logarithms yields the second bound.

Lastly, for o < —n, it follows from Proposition 4.14 that

(1—=20+2[c])Nn g
4

N dg >N<;—o>

() < (@ =12+ + 1)) * (140 = [o)? + (1t + 1)?|

(2m)nx
_[0'] nIgN
< (TT(@+i-02+ 0 +1)%)) * c(1—o)=™.
j=1
We then conclude the proof by taking logarithms. O
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4.3. BACKLUND’S TRICK AND THE JENSEN INTEGRAL.

Following [6], to proceed further, we introduce some notation and auxiliary functions. We

first set

(j +c+rcosh)? + (|rsind| + T)?
(T +2)? '

L;(8) = log

and note that L;(6) is an even function of #. Moreover, if § € [0,7] and T" > 5/7, by the

*(0
inequality logaz < x — 1, one has L;(§) < Li®

773 » Where

L3(0) = 2rsing — 4 + %((g + ¢+ rcosh)? + (rsinf — 2)?).

In light of the choice of F,, () (for Dirichlet L-functions) in [6, Definition 5.10], we shall use
the following F,,(8) for (x(s).

1

Definition 4.16. For § € [—7, 7|, we let ¢ = ¢+ rcosf, with ¢ —7 > —35, and t = rsinf. For

o > 1+ mn, we define
1
F..(0) =nklog((o) + §L,1(0) +log(T + 2).

For —n < o <141, we define

ng(l+n—o0)+2

4
1+n—0o dg

1 ) log 3.
2 (°g @n)=) T8

1 — 2
+n—o)+ log

Li(0) + e 2

Fer(0) = nilog¢(1+n) + (T'+2)

For o0 < —n, we define

dg (T +2)"& )

1 1—-20
Fop(0) = niclog ((1 = o) + 5L1(6) + log(T +2) + ——log ( (2m)nx

(1 —20+2[0])n
4

KLii(0) + 55" Lia(0).

We note that F,,(6) is an even function of ¢ satisfying F,(0) > + log|fn(c + re??)|. In
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4.3. BACKLUND’S TRICK AND THE JENSEN INTEGRAL.

order to bound F (), following [6], for ¢ € R and r > 0, we define

0 ife+r <y
by = arccos =5 if c —r <y < c+r;
T ify<e—r.

\

For the sake of convenience, we define

6_ _ ™ _
51:/ 1479 Ud0+/ 1 20‘d07
%

147 2 -1 2
For Ji, Jo € N, we shall set
T gl T
ko(J1) = 4—Jl(logC(c—Fr) +2 ; logg“(c—i-rcosﬁ)),
and
T—0 J271 mJ ]
_ 17l _ —e— &J _ L
k3(J2) = 7 (logg(l c—l—r)—l—sz:;logC(l c rcos(J2—|—<l J2)9176>)>.
In addition, we define
1 [0
wi= [ aen- o)L,
4 Jor,
1 [0-1/2
s — 4/ (1= 20) L% (0)d6.
0

-n

Similar to [6, Proposition 5.13], we have the following proposition regarding the upper bound

of [T . (0)d6.

Proposition 4.17. Let ¢,r, and n be positive real numbers satisfying

1
—§<c—r<—n<1+n<c (4.22)
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4.3. BACKLUND’S TRICK AND THE JENSEN INTEGRAL.

and 0 <n < % Then for T > %, we have

w 0147 1 0149
< o *
/0 Fop(6)d0 < nc /0 log ()8 + 5 /0 L% 1(6)d6 + 0.+ log(T +2)

di (T + 2)"K
+ng(log C(1+n)(0_y — 611) + (k,g W>”l
ng 1

T M T T )

0y
/ L3(0)d0 + (6, — 614,)) log(3(T +2))

b1+

—i—nK/ log ¢(1 —o)do +
0

-n

1 T
m /en L_1<9)d9 + (71— — 9_77) log(T + 2)
ni

+T+2

K5.

Proof. We first write

s

™ 091+7] 9777
/ F.(0)d6 = / F.(0)d6 + / Fo.(0)d0+ | F,.(0)do.
0 0

0144 0—n

By the definition of F,,(6), we have

0147 0147 1 (O 0147
/ Fop(0)d0 = nic / log C(0)d0 + / L_1(6)d0 + / log(T + 2)d6
0 0 0 0

K e 1 do + 71 e L*.(0)do + 6 log(T +
< 0, (o) 2).
Secondly, we compute

0_, 0_, 0_ 0_
7 1 _ n
/ ’Fc,r(e)dean/ "1ogg(1+n)d9+(1ogdK)/ nde—HogB/ 148
0

n
0144 0147 (2m)n 147 2 0144

6_ 0_
1 — 2 1 — 2
+/ Trx(lEn=o)+ L1(9)d«9+log(T+2)/ TrelEn=o) 2,
01+U 4 91+’H 2

(4.23)

The first three integrals on the right of (4.23) are

d Onl4n—0o
nac(10g C(1+m) (0 — 1) + (log 1550 /9 — 20+ (10g3)(0—y — 1.):
1+n

As1+4+n—o >0 for 8 € [014y,0_,], it follows that the last two integrals on the right of (4.23)
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are

0_ 1 0_
K n(1+77—U)L1(0)d9+2/ 17Ll((9)d9—|—7”LKlog(T+2)/

0141 0147 0141

(6 — O1) log(T +2)

/ " L (6)d + e log(T +2) /

0147 0147

Onl14n-0o

5 do

Onl4n—0o
2

ng 1

< -
STr™ T T2 40

+ (0 — b14) log(T + 2).
Lastly, we have

/ F..(0)df = nK/ log¢(1 —o0)df + ;/ L_1(0)do +/ log(T + 2)df
0 - 0

-n 0 n 6_71 -n
d (T + 2)" /” 1—20 /9; 1—20
1 do L1(0)do
* ( & (2m)n ) 0. 2 K 0. 4 1(6) (4.24)
> (01 120 — 24 1<
—I—nKZ/ T L)+ 5 Y 1)) ae.
g=179_j41 k=1

The first four integrals on the right of (4.24) are

< nK/e log¢(1 —o)df + 2(T1+2)/9 L*(0)d0 + log(T + 2)(m — 0_,)

-n

nK ™ _
dK(T+ 2) ) / 1 20d9.
(2m)nx 0 2

+ (10g

-n

Note that as —% < ¢ —r, we have 9_j+% = H_j_% = 7 for j > 1. Thus, the remaining integral

and sum on the the right of (4.24) is

9.11-92¢ n 01120 n
2 K 2 * K
L1(0)do < —_— 0)do = .
”K/9 ) _T+2/9_n 7 L0 = 7k

—-n

Putting all the estimates together, we complete the proof. O

To control “zeta integrals” in the above proposition, we shall borrow two estimates from [6,

Lemmata 5.14 and 5.15] as follows.

Lemma 4.18. Let ¢,r andn be positive real numbers, satisfying (4.22), and Jy and Ja be positive
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integers. If 614, < 2.1, then for o = c+rcosf), one has

Oren 1 1
[ tonctoran < PECCEEIREL (5 B 1 Ttogg(o) + malon).

In addition, assuming further r > 2c¢ — 1, one has

™= 0170
2.Js

/w log C(1 — )8 < log ¢(1 + 772) +log ¢(c) (Ore—0.)+
0

-n

log ¢(c) + r3(J2).

4.4 Completing the proof

. Gathering (4.12) and Propositions 4.10 and 4.12, for

1 1 1
—5<c—r<1—c<—n<0<1§5:20—01—§
1 —1/2)?
<2<1<1+n<c<01:c+(c/)<c+r, (4.25)
T

satisfying 61, < 2.1, we have

)~ Lo i (1)) 1

Cr (o)
log .
2n T e 1 Ex(T,5
+g (T)+f10gc o1) ( D+ ! )+ Fo (0)dg + ZET0)

<

N | Ot

(4.26)

where g (T) and Ex(T,0) are defined as in (4.9) and (4.14), respectively, and

CK(C) B 2c C/ 2c (/ C(C)
log 1k (20) —/c —g;(a)dagnK/c —Z(a)dagnKlog {20

Finally, using (4.10), Lemma 4.5, Proposition 4.17, and Lemma 4.18 to bound (4.26) and recall-

ing that r1 4+ 2ro = ng, for any Ty > %, we obtain

Nk (T) — glog (dK<%)nK) + %1 log (M

(2m)nx

) + Cong + Cs (4.27)
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whenever T' > T}, where

—1
C’lzm(ﬂlog 1) ,
T2
2 6406 — 112 8565 — 151 6405 — 112 1
Co=g5q, T 7108 osr — ) T {0’ 1536(3T0 + 2)  1536(3Tp — 1)} 210
r \~1/log((1+n)+log((c s s
+<7T10gc—l) ( ( 2) ( )<91+n—2>+MIOgC(0)+Hz(J1)>
2
r N\ ~'/log¢(1+n)+log((c) T—01 ¢
+ <7r log - §> ( 5 (Or1—c —0_p) + By A log (c) + /<53(J2)>

+ (77 log 71)71 ((10g<(1 + 1)) (60— — 014y) + max {O, 2{0125 } + 7log gé%),

r
)

Cs = g + (Wlog ! T )_1 (7rlog (1 + 1%0) + (0 — O144) log3>

=2

+max {o, (Wlogcj;)l(%Tol_i_ 2)(/091” L*_l(e)d9+/:" L{(G)d9+/; L, (0)d9)) }.

1+4+n -n

For Ty = 1 and Ty = 10, choosing J; = 64 and Jy = 39, via a Maple numerical computation,
we have the following table of admissible (Cy, Ca, C3).

Table 4.2: Choices of parameters (c,r,n) and resulting admissible (C1, Ca, Cs)

T>1 T >10

C T n CH C& C& C& C%
1.000011314  1.064340602 4.2826451 - 105 | 0.22737 | 23.02528 4.51954 | 22.97204 3.30668
1.042877508 1.259860485  0.01737451737 | 0.24493 | 6.66558  4.21201 | 6.60397  3.12362
1.079779637 1.410370323  0.03441682600 | 0.26304 | 5.22032 4.08149 | 5.15251  3.05074
1.114294066 1.538391756  0.05247813411 | 0.28032 | 4.43521 4.00936 | 4.36214 3.01124
1.145720440 1.645584376  0.07107039918 | 0.29590 | 3.93889  3.96852 | 3.86136  2.98903

One may find functioning Maple code at https://arxiv.org/abs/2102.04663
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