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Abstract

A Cayley graph is a certain graph constructed from a group and a generating set.
It has a natural edge-colouring that specifies the generators corresponding to each
edge. An automorphism of a Cayley graph is colour-preserving if it preserves each
colour class of edges, and colour-permuting if it permutes the colour classes. A Cayley
graph is called C'CA if every colour-preserving automorphism is affine, and strongly
CCA if every colour-permuting automorphism is affine. The main goal of this thesis
is to study colour-preserving automorphisms and colour-permuting automorphisms
of Cayley graphs, with particular emphasis on abelian groups and complete Cayley
graphs.

For connected Cayley graphs on abelian groups, we prove that non-affine be-
haviour can occur only in the presence of a specific configuration of elements of order
4 in the connection set. Using local permutations induced by colour-permuting auto-
morphisms, we obtain a complete characterization of connected abelian Cayley graphs
that are CCA, and show that they are strongly CCA. Specifically, for a connected
Cayley graph Cay(G;S) on an abelian group G, the graph is strongly CCA if and
only if

|G ({25} U{t €S |2t+#2s})| <2

for every element s € S of order 4. As a consequence, we obtain a complete classifi-
cation of non-CCA connected two-generator abelian Cayley graphs.

We also study graphical regular representations (GRRs), Cayley indices, and nor-
mal Cayley graphs. We give a proof of the known fact that elementary abelian 2-

groups admit a GRR exactly when their rank is not 2, 3, or 4. We also verify the

v



ABSTRACT

Cayley indices of all finite groups and correct some previously published connection
sets for certain generalized dicyclic groups. Using these results, we obtain an alterna-
tive proof of the classification of finite groups that admit a normal Cayley graph.
Finally, we prove that the complete Cayley graph K¢ is strongly CCA unless
G = Qg x B, where Qg is the quaternion group of order 8, and B is an abelian group
of exponent 2. We also prove that every colour-permuting automorphism of a complete
Cayley graph is the composition of a group automorphism and a colour-preserving

automorphism.
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Chapter 1

Introduction

A Cayley graph is a certain graph constructed from a group and a generating set,
and it inherits a natural edge-colouring from the generators. (See Definitions 2.3.3
and 2.4.1.) Automorphisms of Cayley graphs that preserve this colouring reflect
algebraic properties of the underlying group and play an important role in the study
of graph symmetries. In particular, an automorphism of a Cayley graph is called
colour-preserving if it preserves each colour class induced by the connection set, and
colour-permuting if it permutes the colour classes.

A central problem in the theory of Cayley graphs is determining when every colour-
preserving automorphism is induced by the algebraic structure of the group. A Cayley
graph is called CCA if every colour-preserving automorphism is affine, that is, a
composition of a left-translation and a group automorphism. Similarly, a Cayley
graph is called strongly CCA if every colour-permuting automorphism is affine. These
properties have been studied for many classes of groups, including abelian groups,
generalized dihedral groups, generalized dicyclic groups, and groups of odd order.

The main goal of this thesis is to study colour-preserving automorphisms and
colour-permuting automorphisms of Cayley graphs, with particular emphasis on con-
nected abelian Cayley graphs (Chapter 4), complete Cayley graphs (Chapter 8),
graphical regular representations (Chapter 5), Cayley indices (Chapter 6), and normal
Cayley graphs (Chapter 7). One of the main results gives a complete characterization

of connected abelian Cayley graphs that are CCA and shows that they are strongly



1.1. NOTATION

CCA. (See Theorem 1.2.3 for an overview, and Theorem 4.0.5 for the full proof.)
Specifically, we show that non-affine behaviour occurs only in the presence of a spe-
cific configuration of elements of order 4 in the connection set. (See Theorems 1.2.1
and 4.0.1.)
We also study colour-permuting automorphisms of complete Cayley graphs. For
a group G, let
K¢ = Cay(G; G\ {1})

denote the complete Cayley graph on GG. We prove that K¢ is strongly CCA unless

GgQSXB7

where Qg is the quaternion group of order 8, and B is an abelian group of exponent
2. (See Theorems 1.4.1 and 8.0.1.) We further prove that every colour-permuting
automorphism of K can be expressed as the composition of a group automorphism
and a colour-preserving automorphism. (See Theorems 1.4.7 and 8.3.1.)

In addition, we investigate graphical regular representations, Cayley indices, and
normal Cayley graphs. Using these results, we obtain an alternative proof of the
classification of finite groups admitting a normal Cayley graph. (See Theorems 1.3.3
and 7.0.1.) The remaining sections of this introduction describe the main results of

each chapter in more detail.

1.1 Notation

Notation 1.1.1. The following will hold for the remainder of the thesis:
e the identity element of the group G, will be denoted 1 or 1.
e The symbol S will denote an inverse-closed subset of G\ {1}; that is, S = S~

e The notation Cay(G;.S) will denote the simple undirected Cayley graph of the



1.2. MAIN RESULTS ON ABELIAN GROUPS

group G with connection set S. (See Definition 2.3.3.)

Throughout this thesis, we study automorphisms of Cayley graphs that preserve
the natural edge-colouring induced by the generating set.

Recall that a function ¢ : G — G is called affine if it is the composition of an
automorphism of G with a left translation by an element of G (see Definition 2.2.2).

An automorphism of Cay(G; S) is
e colour-preserving if it preserves each colour class, and
e colour-permuting if it permutes the colour classes.

A Cayley graph is said to be CCA if every colour-preserving automorphism is
affine, and strongly CCA if every colour-permuting automorphism is affine. (See
Section 2.4.) Understanding when a Cayley graph is CCA or strongly CCA is a

central theme of this thesis.

1.2 Main Results On Abelian Groups

Throughout this section, all groups are abelian, and we use additive notation.
Thus, the group operation is written as addition, the identity element is denoted by
0, and the inverse of s is denoted by —s. In particular, 2s = s + s for every s € G.
We also write |g| for the order of an element g € G.

Abelian groups provide a tractable setting for studying colour-preserving automor-
phisms and colour-permuting automorphisms of Cayley graphs. Because the group
operation is commutative, one can compare the images of g+ s+t obtained by moving
first along s and then ¢, or first along ¢ and then s. This leads to strong restrictions
on the local permutations induced by an automorphism.

Let ¢ be a colour-permuting automorphism of Cay(G; S). For each vertex g € G,

¢ induces a permutation 7y of the connection set S, describing how the colours are



1.2. MAIN RESULTS ON ABELIAN GROUPS

permuted locally at g. The formal definition of 77 and its basic properties are given
in Definition 2.5.1 and Lemma 2.5.2.

Our first structural result shows that if these local permutations are not constant
from vertex to vertex, then this can occur only in a very restricted situation: there

exist s,t € S such that

2s =2t and |s| = |t| = 4.

Thus any obstruction to affine behaviour is forced by a specific configuration of ele-

ments of order 4 in the connection set.

Theorem 1.2.1 (see Theorem 4.0.1). Assume G is abelian, ¢ is a colour-permuting

automorphism of Cay(G;S), g € G, and s,t € S. If m),(s) # 77 (s), then

Toe(s) = —mg (), 7mgps(t) = —mf (D),

and t ¢ (s). Moreover,

2s =2t and |s| = |t| = 4.

Theorem 1.2.1 shows that non-affine behaviour can occur only in the presence of
elements of order 4, and even then only in a very restricted configuration.

To describe this obstruction more precisely, we introduce the following notation.

Definition 1.2.2. Let G be an abelian group and S C G. For ¢ € GG, define

T(S,c) :={cfu{teS|2t#c}.

Using this construction, we obtain a complete characterization of when a connected

abelian Cayley graph is CCA (equivalently, strongly CCA).



1.3. MAIN RESULTS ON GRR, MRR, AND NORMAL

Theorem 1.2.3 (Theorem 4.0.5). Assume Cay(G;S) is connected and G is abelian.

Then the following are equivalent:
1. Cay(G;S) is strongly CCA;
2. Cay(G;S) is CCA;
3. |G : (T(S,2s))| <2 for every s € S of order 4.

Theorem 1.2.3 shows that, for connected abelian Cayley graphs, the CCA property
is governed entirely by a simple index condition determined by elements of order 4.
In §1.5A of this introduction we explain some of the main ideas behind the proof.

As an application, we obtain a sharp classification in the two-generator setting.
Corollary 1.2.4 (see Corollary 4.0.7). Let G be an abelian group generated by two
elements a and b. Then the Cayley graph

I' = Cay(G; {+£a, £b})
is not CCA if and only if
G274 x7Zy and la|=|b|=4.
This provides a sharp and explicit description of the only obstruction in the two-

generator abelian case.

Remark 1.2.5. Up to isomorphism, this yields a unique example. Indeed, by Corol-
lary 4.0.7, the only possible group is Z4 X Zy. The elements of order 4 in this group
are {£(1,0),+(1,1)} which form exactly two inverse pairs. Therefore, up to inter-
changing a and b and replacing either generator by its inverse, the unique connection

set of the form {+a, £b} with |a| = |b| =4 is {£(1,0), £(1,1)}.



1.3. MAIN RESULTS ON GRR, MRR, AND NORMAL

1.3 Main Results On GRR, MRR, and Normal

We now turn to several related notions that concern the full automorphism group
of a Cayley graph. In particular, we study GRRs, MRRs, and normal Cayley graphs.
These notions provide different ways of measuring how close a Cayley graph is to
having the smallest possible automorphism group.

Understanding when Cayley graphs have these properties is closely related to
the study of colour-preserving automorphisms and colour-permuting automorphisms

discussed above.

Definition 1.3.1 (see Definition 3.2.2). A Cayley graph I' = Cay(G;S) is a GRR
(Graphical Regular Representation) if every automorphism of I' is a left translation
by an element of G; that is, Aut(I') = L(G), where L(G) denotes the group of all left

translations by elements of G.

Godsil, Hetzel, Imrich, Nowitz, and Watkins showed that, apart from generalized
dicyclic groups and abelian groups of exponent greater than 2, there are only thirteen

additional finite groups that do not admit a GRR [14, pp. 222-223].

Theorem 1.3.2 (Godsil, Hetzel, Imrich, Nowitz, and Watkins; see Theorem 5.0.1).
The groups listed below are the only ones that are neither generalized dicyclic nor

abelian with an exponent greater than 2, yet do not admit a GRR:

2 3 4.
o ZQ, ZQ, Zz?

Dg, Dg, Dyg, where D,, denotes the dihedral group of order n;

Ay, the alternating group of degree 4;
e Hy = (a,b,c:a*=0b*>=c®=1,abc = bca = cab);
o Hy={(a,b:a®=10%=1,bab = a°);

o Hy={(a,bc:a®=0>=c®=1,ab=ba, (ac)? = (bc)* = 1);

6



1.3. MAIN RESULTS ON GRR, MRR, AND NORMAL

o Hy={a,bc:a®=0>=c®=1,ac = ca,bc = cb,b~rab = ac);
o QgXZg anngxZ4.

We briefly introduce the notion of Cayley index here; a formal definition is given
in Definition 3.2.4. The Cayley index of a Cayley graph I' = Cay(G;S) is the ratio
| Aut(I")|/|L(G)|, and the Cayley index ¢(G) of a finite group G is the minimum of
c(I") over all Cayley graphs on G. A Cayley graph achieving this minimum is called
a most rigid representation (MRR). In particular, a finite group G admits a GRR if
and only if ¢(G) = 1.

In Corollary 6.0.2, we verify that none of these thirteen groups admits a GRR by
computing its Cayley index and showing that ¢(G) > 1.

The full classification theorem of Godsil et al. is much deeper; rather than reprov-
ing it in full generality, we illustrate some of the methods involved by treating an
important infinite family.

A key role is played by elementary abelian 2-groups. Imrich proved that such a
group admits a GRR if and only if its rank is not 2, 3, or 4 [19, 20]. The construction
for the case n = 5 was later corrected by Alspach, Hell, Hetzel, and Lim [22].

In Section 5.1, we give a complete proof of this characterization. We first show that
the groups of ranks 2, 3, and 4 do not admit a GRR. (See Corollary 6.0.2.) We then
verify computationally that GRRs exist for ranks 1, 5, 6, and 7. (See Theorem 5.1.4.)
Finally, we prove that GRRs exist for all higher ranks n > 8. (See Theorem 5.1.5.)

This yields a full construction-based understanding of when an elementary abelian
2-group admits a GRR and illustrates the techniques used in the broader classification.

The main tool used in these constructions is a structural lemma that allows one
to certify that a Cayley graph is a GRR by examining only the local structure around
the identity element. (See Lemma 5.1.2.)

Specifically, if the induced subgraph on the neighbourhood of the identity element

has no nontrivial automorphisms, then every automorphism of the Cayley graph fixing

7



1.3. MAIN RESULTS ON GRR, MRR, AND NORMAL

the identity element must also be trivial. Since Cayley graphs are vertex-transitive,
this forces the entire automorphism group to consist only of left translations, and
hence the graph is a GRR.

Using an idea of Imrich [19], who constructed GRRs of Z} by creating an asymmet-
ric neighbourhood of a vertex, we reformulate this construction in terms of connection
sets, using modern terminology and notation. Our formulation provides an algebraic
description of Imrich’s graph-theoretic construction, expressed directly in the language
of Cayley graphs. The proof proceeds by designing a generating set with carefully
controlled combinatorial properties and showing that the induced subgraph on this
set has no nontrivial symmetries. This reduces the problem of proving that a Cayley
graph is a GRR to a purely local asymmetry argument.

Groups given by generators and relations are often difficult to interpret concretely.
To make these groups more accessible, the end of Chapter 5 provides explicit descrip-
tions of the groups Hy, Hy, Hs, and Hy. (See Sections 5.3A to 5.3D.)

The main outcome of Chapter 6 is a complete list of Cayley indices for all finite
groups, summarized in Table 1.1; this table is a verification of the values reported in
28], together with the correction of two MRR connection sets for generalized dicyclic
groups; see Remark 6.0.9.

The justification of Table 1.1 begins from the classical GRR classification: a finite
group has Cayley index 1 unless it is abelian, generalized dicyclic, or one of the
finitely many exceptional groups listed in Theorem 1.3.2. Thus the problem reduces
to determining ¢(G) for these three families.

For the exceptional groups, we compute ¢(G) directly by explicit search: for each
of the 13 groups in Theorem 1.3.2, a SageMath program produces a Cayley graph
with the smallest automorphism group found, yielding the Cayley indices recorded in
Table 1.1 (and, in particular, confirming that none of these 13 groups admits a GRR).

For abelian groups, we use the theorem of Imrich-Watkins [22, Thm. 2], which
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implies that ¢(G) < 2 for every finite abelian group, except for seven explicitly listed
groups. The remaining small cases (including the exceptional abelian groups) are
verified computationally, and the elementary abelian 2-groups are handled separately
in Chapter 5.

For generalized dicyclic groups, we separate the Hamiltonian 2-groups from the
remaining cases. The Cayley indices for the Hamiltonian groups Qg x Z% follow from
28, Prop. 4.8]. For non-Hamiltonian generalized dicyclic groups of order |G| > 96,
we invoke a theorem of Imrich-Watkins [22, Thm. 2(1b)] guaranteeing ¢(G) = 2. It
therefore remains to treat only finitely many small generalized dicyclic groups; these
are checked by computation, producing Cayley graphs of index 2 except for four
explicit families, which have index 4 as recorded in Table 1.1.

During this verification we discovered two inaccuracies in [28, Table 4]: the con-
nection sets listed there for Dic(Zy x Zy4;(2,0)) and Dic(Zg x Zy4; (0,2)) do not yield
Cayley index 2. We give corrected MRR connection sets for both groups; for more
details, see Remark 6.0.9.

One of the main structural results we obtain in Chapter 7 is the following classifi-
cation of finite groups that admit a normal Cayley graph. This result was originally
proved by Wang, Wang, and Xu [33]. Here we give an alternative proof that fits

naturally into the framework of Cayley indices developed in Chapter 6.

Theorem 1.3.3 (see Theorem 7.0.1). A finite group G has a normal Cayley graph if
and only if
G277y xZs and G % Qs xZy for any r > 0.

The proof relies on the classification of Cayley indices established in Table 1.1. A
Cayley graph is normal whenever its Cayley index is at most 2. Therefore, any group
that does not admit a normal Cayley graph must have Cayley index greater than 2.

By the results of Table 1.1, the groups with Cayley index greater than 2 are very

restricted. There is only one infinite family of such groups, namely the Hamiltonian

9



1.3. MAIN RESULTS ON GRR, MRR, AND NORMAL

Group Order Cﬁgi}e}g]
Elementary abelian 2-groups
Zo 2 1
Zs 4 2
7 8 6
74 16 8
Zy,n>5 2" 1
Other abelian groups
Ly X Uy 8 6
73 16 4
Zy X 73 16 8
VA 9 8
73 27 12
All other abelian groups 2
Hamiltonian 2-groups
Qs 8 16
Qs X 7oy 16 16
Qs X ZY,n > 2 2n+3 8
Other generalized dicyclic groups
Dic (Zg, 3) 12 4
Dic (Zs, 4) 16 4
Dic (Zq0,5) 20 4
Dic (Z4 X Z2,(0,1)) 16 4
All other
_generalized 2
dicyclic groups
Exceptional groups
Dg 6 2
Dg 8 2
Dy 10 2
Ay 12 2
Qs X Zs 24 2
Qs X Zy 32 2
H, 16 2
H, 16 2
H; 18 2
H, 27 2
e e above ™" !

Table 1.1: Cayley indices of all finite groups

10



1.3. MAIN RESULTS ON GRR, MRR, AND NORMAL

2-groups

Q8 X Zga

together with finitely many additional exceptional groups:

Zyx Ty, 75, 7o, 72, TZ4x72 72, 73,

DiC<Z6, 3), DiC(Zg, 4), DiC(Zlo, 5), D1C<Z4 X ZQ, (0, 1))

The finite exceptional groups are checked computationally, and each admits a
normal Cayley graph except for Z, X Zs.

On the other hand, the infinite family Qs x Z; does not admit a normal Cayley
graph. Indeed, inversion

p(x) ="

is a graph automorphism of every Cayley graph on these groups, but it fixes the
identity and is not a group automorphism. Hence it is not affine, and so no Cayley
graph on (Js X Z} can be normal.

Thus the only finite groups that do not admit a normal Cayley graph are Z, x Z,
and the Hamiltonian 2-groups (g x Z5.

This classification highlights the role of normal Cayley graphs as an intermediate
notion of rigidity. GRRs represent the most rigid situation, in which the automor-
phism group consists only of translations, while non-normal Cayley graphs arise when
additional symmetries are present.

The groups Z, X Zs and Qg X Z} emerge once again as exceptional cases. They
appear not only in the study of GRRs and Cayley indices, but also in the analysis of

normal Cayley graphs. In each setting, the inversion map

T—x

11



1.4. CCA AND STRONGLY CCA CHARACTERIZATION

acts as a non-affine graph automorphism and serves as a common source of additional
symmetry. This recurring phenomenon links the results of Chapter 5, Chapter 6, and
Chapter 7, and foreshadows their role in the study of colour-preserving automorphisms

in later chapters.

1.4 Main Results on complete characterization of when a

group admits a CCA or strongly CCA Cayley graph

Although many groups are CCA but not strongly CCA (the smallest example is the
dihedral group of order 12 [18, Prop. 7.3]), this distinction behaves differently when
one considers complete Cayley graphs (that is, the complete graph Cay(G; G~ {1}))
In general, there exist groups G for which every connected Cayley graph is CCA,
yet some connected Cayley graphs are not strongly CCA. However, our results show
that this disappears when the complete Cayley graph is considered. More precisely,
we prove that if a group admits even a single CCA Cayley graph, then its complete
Cayley graph is automatically strongly CCA. Thus, for complete Cayley graphs, the
CCA and strongly CCA properties coincide. This leads to the following equivalence
theorem, which provides a complete characterization of when a group admits a CCA

or strongly CCA Cayley graph.

Theorem 1.4.1 (see Theorem 8.0.1). If G is a (finite or infinite) group, then the

following are equivalent:
1. G has a Cayley graph that is strongly CCA.
2. The complete graph Cay(G; G~ {1}) is strongly CCA.
3. G has a Cayley graph that is CCA.

4. The complete graph Cay(G; G~ {1}) is CCA.

12



1.4. CCA AND STRONGLY CCA CHARACTERIZATION

5. G is not of the form Qg x B, where Qg is the quaternion group of order 8, B is

an abelian group of exponent 2.
Furthermore, if G is finite, then these are also equivalent to:
6. Fither G has a Cayley graph that is normal, or G = Zy X Zs.

In the finite case, several implications in Theorem 1.4.1 follow from known classi-
fication results (see Note 1.4.5). In particular, results concerning GRRs and normal
Cayley graphs play an essential role. However, the implication that passes from an ar-
bitrary CCA Cayley graph to the complete Cayley graph requires new arguments and
a careful analysis of colour-permuting automorphisms of complete Cayley graphs. For
finitely generated infinite groups, a theorem of Leemann and de la Salle [24, Thm. 1]
shows that every such group admits a normal Cayley graph (see Corollary 7.0.3). Con-
sequently, all of the conditions in Theorem 1.4.1 hold automatically for these groups.

This leads to the following corollary.

Corollary 1.4.2. If G is an infinite group that has a finite generating set, then

Conditions 1-6 in the statement of Theorem 1.4.1 are all true.

For finitely generated groups, one is usually most interested in the Cayley graphs

that come from finite generating sets, and we have the following standard definition:
Definition 1.4.3. A Cayley graph Cay(G;S) is locally finite if S is finite.

The theorem of Leemann and delaSalle that was mentioned above provides a
Cayley graph that is locally finite, in addition to being normal (see Corollary 7.0.3
again). Combining this with Theorem 1.4.1 yields the following result. (Note that

the complete graph on an infinite group is never locally finite.)

Corollary 1.4.4. If G is a (finite or infinite) group that has a finite generating set,

then the following are equivalent:
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1.4. CCA AND STRONGLY CCA CHARACTERIZATION

I". G has a locally finite Cayley graph that is strongly CCA.
2. The complete graph Cay(G; G~ {1}) is strongly CCA.
3. G has a locally finite Cayley graph that is CCA.

4. The complete graph Cay(G; G~ {1}) is CCA.

5. G is not of the form Qg X B, where Qg is the quaternion group of order 8,B is

an abelian group of exponent 2.
6. FEither G has a locally finite Cayley graph that is normal, or G = Z4 X Zs.

Note 1.4.5.

1. The following several implications of Theorem 1.4.1 are more-or-less obvious

(see Lemma 8.0.2):

2. The implication (5 = 4) is also known (but it is not obvious). It was proved by
D.P.Byrne, M. J. Donner, and T. Q. Sibley [6, cf. p. 324] for finite groups, and
the general case was established by E.Dobson, A.Hujdurovi¢, K. Kutnar, and
J. Morris [9, Thm. 2.3].

3. For groups that are finite, the implication (5 = 6) was established by C. Wang,
D. Wang, and M. Xu [33]. The proof relies on the classification of finite groups
that do not have a Graphical Regular Representation (GRR), which is a difficult

theorem that was proved in a series of papers by several authors (see [14]).

Most of the implications in Theorem 1.4.1 for finite groups rely on previously
established classification theorems. The principal new contribution in the finite setting

is the passage from the existence of a CCA Cayley graph to the strongly CCA property

14
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of the complete Cayley graph. For infinite groups that are not finitely generated, the
argument requires additional work. In fact, we establish a stronger statement, namely
that if G is not of the exceptional form (g x B then the complete Cayley graph on G
is strongly CCA (see Corollary 8.2.8). This result subsumes the key new implications
in both the finite and infinite cases.

We also prove the following result (see Corollary 8.2.7), which was conjectured
by Byrne, Donner, and Sibley in [6, cf. p. 332]. As a consequence of our proof of
Theorem 1.4.7, this result shows that placing a natural restriction on the colour-
preserving automorphisms of a Cayley graph can also restrict the colour-permuting

automorphisms:

Proposition 1.4.6. If every colour-preserving automorphism of Cay(G;S) is a trans-

lation, then every colour-permuting automorphism of Cay(G;S) is an affine map (i.e.,

Cay(G; S) is strongly CCA).

A second main result of Chapter 8, concerns colour-permuting automorphisms
of complete Cayley graphs. Byrne-Donner—Sibley conjectured that every colour-
permuting automorphism of a complete Cayley graph splits into a group automor-

phism and a colour-preserving automorphism; we prove this for all groups:

Theorem 1.4.7 (see Theorem 8.3.1). If G is any group, then every colour-permuting
automorphism of the complete graph Cay(G; G~ {1}) is the composition of a group

automorphism and a colour-preserving graph automorphism.

1.5 Proofs

1.5A Ideas of the proofs in the abelian case

Our analysis of CCA Cayley graphs and strongly CCA Cayley graphs on abelian
groups is based on tracking how an automorphism acts on the coloured edges incident

with each vertex.

15



1.5. PROOFS

To formalize this, let I' = Cay(G; S) and let ¢ € Aut(I'). For each vertex g € G,

the automorphism ¢ induces a permutation

7T;":S—>S

defined by the rule

pg+s)=¢(g) +m7(s) (s€S9).

Thus 77 records how ¢ permutes the colours of the edges incident with g.

Affine automorphisms act uniformly across the graph, so the maps 7} are indepen-
dent of the vertex g. Non-affine behaviour therefore manifests itself through variation
in these local permutations.

The key observation is that such variation is highly constrained in the abelian
setting. In fact, if the local permutations differ between two adjacent vertices, then
strong algebraic restrictions must hold. This leads to the structural result stated in
Theorem 1.2.1.

The basic properties of these local permutations are summarized in Lemma 1.5.1.
In particular, Item 1 and item 2 translate the colour-preserving and colour-permuting
conditions into simple constraints on the values 7¥(s), and Item 3 shows that ¢ is
affine exactly when the permutations 77 do not depend on g.

Thus the central question becomes: when can the local permutations vary from

vertex to vertex?

Lemma 1.5.1 (see Lemma 2.5.2). Let I' = Cay(G; S) and let ¢ € Aut(I"). For each

g € G, letmy be defined by

w(gs) = p(g)my(s).
The following rules will be used throughout the analysis:
1. @ is colour-preserving <= 7¥(s) € {s,s7'} forallge G and s € S.
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2. ¢ is colour-permuting <= 7y (s) € {n¥(s),77(s)"'} Vg,he G, VseS.

3. is affine <= 77 (s) is independent of g for all g € G,

4. ¢ is invariant along cosets of (s), meaning that Wg‘psk(s) =nf(s) for all g € G,

s €S, and k € Z. Thus the image of s depends only on the coset g(s).

5. my preserves the order of elements, so that |7£(s)| = |s| for allg € G,s € S.

We repeatedly used these properties to translate global symmetry conditions into
local algebraic constraints to prove Theorem 1.2.1. We are now going to explain the
ideas of the proof of Theorem 1.2.3.

(1 = 2). Assume that the Cayley graph Cay(G;.S) is strongly CCA. Then every
colour-permuting automorphism of Cay(G;.S) is affine. Since every colour-preserving
automorphism is, in particular, a colour-permuting automorphism, it follows that
every colour-preserving automorphism is affine. Therefore Cay(G;.S) is CCA.

(2 = 3). We prove the contrapositive. Suppose there exists s € S with |s| = 4
such that |G : (T'(S,2s))| > 2. Let ¢ = 2s, so ¢ has order 2. Define a map ¢? : G — G
by translating elements of the coset (T'(.S,c)) by ¢, and fixing all other elements.

Since the coset (T'(S,c)) has size less than |G]/2, the map ¢? fixes more than
half of the elements of G, so it is not affine (see Lemma 2.2.5). One checks that
©? is colour-preserving on Cay(G;S). Thus Cay(G;S) admits a colour-preserving
automorphism that is not affine, so it is not CCA. This proves the contrapositive.

(3 = 1). A key consequence of Theorem 1.2.1 is that if 7, ,(s) # 77 (s) for some
g € G and s,t € S, then |s| =4 and s ¢ (T(S, 2s)).

Suppose @ is a colour-permuting automorphism of Cay(G; S). If ¢ were not affine,

then for some g € G and s,t € S we would have

W;DH(S) # 7;0(5’)‘
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By the observation above, this forces

s ¢ (T(S,2s)).

Hence, whenever (T'(S,2s)) = G, such a discrepancy cannot occur. This is the es-
sential idea behind the proof. The full argument shows that the same conclusion
still holds under the weaker assumption |G : (T'(S,2s))| < 2. Therefore Cay(G;S) is

strongly CCA.

1.5B Ideas of the proofs for complete Cayley graphs

The analysis of complete Cayley graphs relies on the fact that every pair of vertices
is adjacent. This provides much stronger constraints on automorphisms than in the
general case, since every group element appears as a generator.

Let I' = Cay(G; G \ {1}). As in the abelian case, we study automorphisms by
tracking how they act on edges. However, in the complete setting, the situation
simplifies significantly: every element of G' appears as a colour, so the behaviour of
an automorphism is determined by its action on the group.

The first key step is the classification of colour-preserving automorphisms. A result
of Byrne, Donner, and Sibley [6, p. 324], extended to infinite groups by Leemann and
de la Salle [24, Thm. 2], shows that any nontrivial colour-preserving automorphism
that fixes the identity forces the group to have a very restricted structure: it must be
either abelian or generalized dicyclic. Thus, except for these special cases, the group
of colour-preserving automorphisms is extremely small.

This structural restriction allows us to control the CCA and strongly CCA prop-
erties. In particular, if G is not of the form Q)3 x B, then the set of elements that
are not fixed by any nontrivial colour-preserving automorphism generates the entire
group. This forces all colour-permuting automorphisms to act uniformly, and hence

to be affine. Therefore, the complete Cayley graph is strongly CCA.
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On the other hand, when G = Qg x B, there exist additional colour-preserving
automorphisms coming from the quaternion structure, and these give rise to non-
affine behaviour. This explains why these groups form the unique obstruction in the
equivalence theorem.

The proof of Theorem 1.4.7 uses a different idea. Given a colour-permuting auto-
morphism ¢, one first reduces to the case ¢(1) = 1 by composing with a translation.
If the graph is strongly CCA, then ¢ is already a group automorphism. Otherwise,
the group must be of the form Qg x B.

In this case, one analyzes the action of ¢ on the central subgroup of elements
of order 2, showing that ¢ behaves like a group automorphism on this part. One
then reconstructs an actual group automorphism ( that agrees with ¢ on both the
quaternion component and the central subgroup. The remaining map ¥ = 1y is
then shown to be colour-preserving.

Thus every colour-permuting automorphism decomposes as

o= pBo1,

where 5 € Aut(G) and © is colour-preserving. This shows that all colour-permuting
automorphisms are obtained by combining group structure with the limited set of

colour-preserving symmetries.
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Chapter 2

Preliminaries

This chapter presents basic definitions and results that will be used in the following

chapters.

Assumption 2.0.1. Graphs in this thesis are simple and undirected, but they may

be infinite.

Remark 2.0.2. In the statements of our main results, it does not matter whether
graphs are allowed to have loops. This is because all of our main results concern
automorphisms of Cayley graphs, and adding a loop to every vertex of a graph does
not affect its automorphism group. (For a Cayley graph Cay(G; S), adding a loop at

all vertices is achieved by replacing S with S U {1}.)

2.1 Preliminaries in Group Theory

Contents of this section are based on [8, 31]. In this thesis, G always denotes a

group (which may be infinite) and 1 is the identity element of G.

Theorem 2.1.1 (Orbit-Stabilizer Theorem, [8, Theorem 1.4]). Let G be a group

acting on a set X, and let x € X. Then

|Gx| = [G : Stabg(z)],
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2.1. PRELIMINARIES IN GROUP THEORY

where Gx = {g-x | g € G} is the orbit of x, and

Stabg(z) =G, ={g€G|g -z ==z}

is the stabilizer of z in G.

Definition 2.1.2 ([31, Definition, p. 42]). An elementary abelian 2-group is an abelian

group G such that:
e (G is abelian, i.e., for all z,y € G, xy = yx, and
e cvery non-identity element in G has order 2, i.e., for all g € G, we have ¢ = 1.

Definition 2.1.3 (cf. [18, Definition 2.6]). A group G is generalized dicyclic if it has
an abelian subgroup A of index 2, an element z of order 2 that is in A, and an element
q ¢ A, such that ¢> = z, and every element of A is inverted by ¢ (in the action by

conjugation). We write

Dic(A, 2) = (A, q | ¢* = 2,¢ 'ag = a™* Ya € A).

Notation 2.1.4 ([11, §1.5, p. 36]). We let Qs = {%1, i, £j, £k} be the quaternion

group of order 8, where —1 is central, i2 = j2 = k? = —1, and ij = —ji = k.

Definition 2.1.5 (cf. [39]). A group G is Hamiltonian if it is nonabelian, and every
subgroup of GG is normal. It can be shown that GG is Hamiltonian if and only if it is
isomorphic to Qg X A x B, for some abelian groups A and B, such that every element

of A has odd order, and every element of B has order 1 or 2.

Lemma 2.1.6. If H is a proper subgroup of a group G, then (G~ H) = G, where
GNH={g9geG|g¢ H}.

Proof. Since G\ H is obviously contained in (G \ H), it suffices to show that H C

(G~ H). Since H is proper, there is some g € G~ H. Then, for any h € H, we have
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2.1. PRELIMINARIES IN GROUP THEORY

g 'he G~ H,so

h=g(g'h) € (G~ H)(G~H)C (G~ H). O

Lemma 2.1.7 (internal direct product [11, Theorem 9, p. 171]). If H and K are
normal subgroups of G, such that HK = G and H N K = {1}, then G is isomorphic

to the direct product of H and K, and we write G = H x K.

Lemma 2.1.8 ([11, Proposition 14, p. 94]). Assume H and K are subgroups of G.
The product HK is a subgroup of G if and only if HK = KH.

Corollary 2.1.9 (cf. [11, Proposition 14, p. 94]). Assume H and K are subgroups
of G. If G =HK, then G=KH.

The following definition can be generalized to allow any group in the place of Z,

(see [8, §2.5, p. 44]), but this special case is simpler, and suffices for our purposes.

Definition 2.1.10. Let H be a group, let n € Z-o, and let ¢ € Aut(H) be an
automorphism of H such that ¢" = id. Then the semidirect product of H by the

cyclic group of order n, denoted by H X, Z,, is the group defined on the set

HxZ,={(hi)|he H i €Z,}

with multiplication given by

(R, i) (R, j) = (h-¢'(K), i+ ),

for all h,h' € H, and i, € Z,. Here, the action of Z, on H is determined by powers
of the automorphism ¢, so that the generator 1 € Z,, acts as ¢, and in general, i € Z,

acts as ¢'.
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2.1. PRELIMINARIES IN GROUP THEORY

Remark 2.1.11. The identity element of the group H X, Z, is (1y,0), and the

inverse of the element (h,1) is the element (¢ ~*(h™1), —1).

Definition 2.1.12 ([11, pp. 23-26]). The dihedral group of order 2n, denoted by Dsy,,
is the group of symmetries of a regular n-gon, consisting of rotations and reflections.
This group can be generated by a clockwise rotation r about the origin through an
angle of 27 /n radians, and a reflection s about a line of symmetry passing through a
vertex. All rotations (1,7,7%, ..., 7" 1) are orientation-preserving. Any reflection s is

orientation-reversing. Then the elements of Dy, are
2 n—1 2 n—1
Doy ={1,r, 1%, ... 0" s sy sre L st T}

Additionally, the elements of Dy, satisfy the relations ™ = 1, s> = 1, and srs =

r~1. Thus, the dihedral group D,, can be presented by generators and relations as:
Dy = (r,s| 1" =s*=1, srs =r"1).
Proposition 2.1.13. Dy, = Z,, X, Zs, where v € Aut(Z,,) is the inversion map defined
by 1(z) = —x.
Theorem 2.1.14 (Von Dyck’s Theorem,[31, p. 346], or [26, Theorem 4.1.8]). Assume
o G=(x1,....,0, | R1, Ra,..., Ry) is a group defined by generators and relations.

® Ty,...,T, are elements of a group H, and

e the relations Rl, cee R,, are satisfied in H, where Rj 15 obtained by replacing

the symbols x1, ..., x, in R; with &1,...,%,.
Then there is a homomorphism ¢: G — H such that ¢(x;) = &; for all i.

Here is a useful consequence for finite groups:
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Corollary 2.1.15 ([26, Theorem 4.1.11]). Suppose

o G={(x1,...,x, | R1,Rs,...,Ry) is a group defined by generators and relations,

o H={(Ty,...,%,) is a finite group that is generated by n elements, such that the

relations Rl, Rg, cee Ry, are satisfied, and
o |G| <|H|

Then G = H.

2.2 Affine maps

Throughout this section, let G' be a group.

Definition 2.2.1 (cf. [18, p. 190]). Let G be a group. For each g € G, the left

translation by g is the map

ly: G—= G, ly(x)=gz forallzeG.

The set of all left translations, L(G) = {{, | g € G}, forms a group under function

composition, isomorphic to G.

Definition 2.2.2 ([18, Definition 1.2]). A function ¢: G — G is said to be affine if
it is the composition of an automorphism of G with left translation by an element
of G. This means p(z) = a(gz), for some a € Aut(G) and g € G (or, equivalently,

that ¢(z) = ha(z) for some o € Aut G and h € G).

In this thesis, affine maps are required to be bijections, but most authors do
not have this restriction, because they allow « to be a homomorphism, rather than
requiring it to be an automorphism. We use this more restrictive convention because
all affine maps considered in this thesis arise in the study of automorphisms of Cayley
graphs, and hence are bijections. Thus, allowing arbitrary homomorphisms would

introduce maps that are not needed in our setting.
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Lemma 2.2.3 ([15, 2.1. Lemma]). Let ¢: G — G be a bijection. Then the following

are equivalent:
1. ¢ s affine.
2. ¢ normalizes L(G).
3. ¢ normalizes R(G), where R(G) is the group of right translations.

Proof. 1 = 2. Suppose ¢ = {, o« with a € Aut(G), h € G. Then p~! = a1 o f),-1.
For any g € G:

goﬁggo_l = (Eha)ﬂg(a_lﬂhfl) = Eh(afgofl)th.

Since alya™t = Loy we have ((alya 1) (x) = a(ga(z)) = a(g)z), so

plyp™! = Chloigyln—1 = lhaen— € L(G).

Thus ¢L(G)p~' C L(G). Since ¢! is also affine, the inclusion is equality. So ¢
normalizes L(G).

1 = 3. Again ¢ = {,a. For any g € G:

gorggofl = (fhoz)rg(oflﬁhq) = Eh(ozrgofl)fh—l.

1

Since argat =rqo (as (arga™t)(z) = a(a(2)g) = za(g)), we get:

1

orgo " = Lprog)ln-1.
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Now compute action on x € G:

(CnTa(g)ln—1)(w) = Ly (Ta(g)(}flI))
=0, ((h2)a(yg))

= h(h™"z)a(g)
= za(g)

= Ta(g)(l’).

So pryp~t = 1o € R(G). Hence ¢ normalizes R(G).
2 = 1. Assume ¢ normalizes L(G). Then for each g € G, ol = £y, for some
f(g) € G. The map f: G — G is a bijection. Also:

Crigny = Planp ™" = @lylnp™" = (0lye™ NV 0lho™) = Lpo)liny = Lrigrn)s

so f(gh) = f(g)f(h), hence f € Aut(G). The relation ¢l, = €, applied to e gives:

©(g9) = p(ly(e)) = Ly (ple) = f(g)ple).

Let h = p(e). We can define a(g) = h™'f(g)h. Then ¢(g) = ha(g) = £, o a, so
¢ =l oa with a € Aut(G), hence affine.
3 = 1. Assume ¢ normalizes R(G). Then for each g € G, @r o' = rp( for some

f(g) € G, and f € Aut(G). The relation pry = 14 applied to e gives:

p(9) = plrgle)) = 59 (w(e)) = p(e) f(g).

Let k = ¢(e). Then p(g9) = kf(g) = lx(f(g)), so ¢ =y o f with f € Aut(G), hence
affine. O

The equivalence (1 < 3) of Lemma 2.2.3 can be expressed in the following well-
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known equivalent form:

Corollary 2.2.4. A bijection ¢: G — G is affine if and only if for all g € G, there

erists h € G, such that ¢(xg) = ¢(x)h for all x € G.

Proof. (=). Assume ¢ is affine, so by Lemma 2.2.3(3), for every ¢ € G we have

gm“ggo’l =7}, for some h € G. Then

p(zg) = @(ry(x)) = rrp(x) = @(x)h.

(«<). Suppose for all g € G, there exists h € G such that p(zg) = ¢(x)h for all
r € G. It means p(ry(z)) = rrp(x) so eryp~t = r,. Thus ¢ normalizes R(G). By
Lemma 2.2.3(1), ¢ is affine. O

Lemma 2.2.5. Assume ¢: G — G fizes more than half of the elements of G, but is

not the identity map. Then ¢ is not affine.

Proof. Assume, for a contradiction, that ¢ is affine.
Let
F={reG]|p) =z}

By hypothesis, we have |F| > |G|/2.
Let h be an arbitrary element in F, so that ¢(h) = h. Define the affine map
Y: G — G by

Y(@) = hp(ha).

Then v fixes the identity element:
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and 1 has the same number of fixed points as . Indeed,

V(y) =y <= h7lo(hy) =y <= o(hy) = hy,

so y is fixed by ¢ if and only if hy is fixed by ¢. Thus |Fix(¢)| = |Fix(¢)| > |G|/2.
Also, 1 is affine, since ¢ = Ly-1 0@ o L and the set of affine maps is closed under
composition.

Since 1) is affine, there exist o’ € Aut(G) and g € G such that

P(z) =ga'(z)  forallzeG.

Because (1) = 1, we have

1=9(1) =ga'(1) =g,

and therefore

P(z)=d'(z) forallzed.

Hence, ¢ € Aut(G).
Next, note that Fix(¢) is a subgroup of G. Indeed, if ¥(z) = x and ¥(y) = vy,

then

Dlzy™) = Ple)p(y) ™ = ay™"

We already know that

1Gl

| Fix ()| > 5

In a finite group, the only subgroup whose order is strictly larger than |G|/2 is the
whole group itself. Hence Fix(¢) = G, so ¢ = idg.
Finally, since

Y = Lp-10po Ly,

28



2.3. PRELIMINARIES ON CAYLEY GRAPHS

conjugating by Lj preserves the identity map, so ¢ = idg, contradicting the hypothesis
that ¢ is not the identity map.

Therefore, ¢ is not affine. O

Lemma 2.2.6. Let H < G and let hy,hy € H. Define a map ¢: G — G by

hlg> g S H7
©(g) =

hag, g ¢ H.

Then o is a bijection.

Proof. (Injectivity) Suppose ¢(g1) = ©(g2)-

o If g1,90 € H, then ¢(g;) = hyg; for i = 1,2, so hyg; = hygo, this implies that
g1 = g2.
o If 91,90 ¢ H, then ¢(g;) = hog; for i = 1,2, so hogy = hage, this implies that

g1 = ga.

e If g € H and ¢go ¢ H (or vice versa), then ¢(g1) = h1g1 € H, since H is
a subgroup. But ¢(g2) = hogs € Hgo which is a different coset of H. So

©(g1) # ¢(g2). This is a contradiction, so this case cannot occur.

(Surjectivity) Let y be an arbitrary element in G. We will find x € G such that

p(z) =y.

e If y € H, we may let x = hy'y. Since h;* € H and H is a subgroup, so z € H.
Then

o(z) = iz = hi(hi'y) = .

e Ify ¢ H, we may let 2 = hy'y. Then 2 ¢ H so

o(x) = haw = ha(hy'y) = . O
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2.3 Preliminaries on Cayley graphs

Basic graph-theoretic terminology not defined here can be found in [16].

Definition 2.3.1 ([16, Chapter 1]). Let I' = (V, E)) be a graph. Then a permutation
a € Sym(V) is an automorphism of I" if and only if it preserves the adjacency in T'.
The set of all automorphisms of a graph I' is called the automorphism group of the

graph I' and is denoted by Aut(I).

Remark 2.3.2. The definition and notation for Cayley graphs used here differ from
those in [16]. We write Cay(G; S), whereas the notation X (G, C) was common in the
older literature. The notation Cay(G;.S) is now also widely used.

We join g to gs, whereas [16] joins g to sg. However, these two conventions give

isomorphic undirected graphs. Indeed, the inversion map

vG—=G, g =g,

sends an edge {g, gs} to

{7 (gs) y={g " s g}

Since S = S~!, this is an edge under the convention using left multiplication. There-
fore, the choice between gs and sg does not affect the graph up to isomorphism, and

hence does not cause any essential difference in the results.

Definition 2.3.3 (cf. [16, p. 34]). Let G be a group and S be a subset of G, such
that S = S™! (inverse-closed) and 1 € S. The (simple undirected) Cayley graph on
G with connection set S, denoted by Cay(G;S), is the graph with the vertex set G
and the edge set {{g,9s} | ¢ € G,s € S}. Equivalently, two vertices u,v € G are

adjacent if and only if u='v € S.
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Remark 2.3.4. We assume 1 ¢ S, in order to ensure that the Cayley graph Cay(G;.S)

has no loops.

It is easy to see that the Cayley graph Cay(G;.S) is a |S|-regular graph because
each vertex g € (G is connected by an edge to gs for each s € S. Therefore, every

vertex ¢ is incident to exactly |S| edges, confirming that Cay(G;S) is |S|-regular.

Lemma 2.3.5. Let I' = Cay(G; S) be a Cayley graph on the group G. The left reqular
representation of G, defined by the set of automorphisms L(G) = {{, | g € G} where
ly(h) = gh for all h € G, is a subgroup of Aut(I).

Proof. For every g € G, the left translation ¢;,: G — G defined by {,(z) = gx maps
vertices of I' to vertices such that if there is an edge between x and xs for s € S,

then there is also an edge between gz and gxs. Hence, ¢, is an automorphism of I.

Therefore, L(G) = {{, | g € G} forms a subgroup of Aut(T"). O

Proposition 2.3.6 ([16, Lemma 3.7.4]). The Cayley graph Cay(G;S) is connected if

and only if S generates G.

Lemma 2.3.7 ([16, Lemma 3.7.3]; see also Section 3.7). Assume « is an automor-

phism of G and S = S™! is a subset of G.
1. a is an isomorphism from Cay(G;S) to Cay(G;a(9)).
2. a € Aut(Cay(G; S)) if and only if a(S) = S.

Definition 2.3.8 (cf. [33, Definition 1] and [15, Lemma 2.1]). A Cayley graph I' =

Cay(G; S) is normal if every automorphism of the Cayley graph is affine.

2.4 Preliminaries on colour-permuting automorphisms

Definition 2.4.1 (Edge-Colouring [18, Definition 1.1]). By the definition of Cayley
graphs, there is a natural edge colouring for the edges of a Cayley graph Cay(G;5),

such that the edge {g, gs} is coloured by {s,s™'}.
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Since the Cayley graph is undirected, the edge between a group element g and
gs is the same as the edge between gs and g. But these two directions correspond
to multiplying by s and by its inverse s~!, respectively. To make sure the colouring
doesn’t depend on which direction we are looking at, we assign the edge the colour
{s,s7 '}, treating both elements as part of the same, symmetric label. This way, the

colouring is well-defined for undirected edges.

Definition 2.4.2 ([18, p. 190]). An automorphism ¢ of Cay(G; S) is colour-preserving
if for every edge {x,xs} coloured {s,s™'}, the image edge {p(z),(xs)} is also

coloured {s, s '}.

Definition 2.4.3 ([18, Definition 1.4]). An automorphism ¢ of a Cayley graph
Cay(G; S) is colour-permuting if it respects the colour classes; if two edges have the
same colour, then their images under ¢ must also have the same colour. More pre-
cisely, there is a permutation 7 of the set of colours, such that if the colour of an

edge e is ¢, then the colour of the edge ¢(e) is m(c).

Definition 2.4.4 ([18, Definition 1.2]). A Cayley graph Cay(G;S) is CCA if all of its
colour-preserving automorphisms are affine functions on G. (CCA is an abbreviation

for the Cayley Colour Automorphism property.)

Definition 2.4.5 ([18, Definition 1.2]). We say that G is CCA if every connected
Cayley graph of G is CCA.

Definition 2.4.6 ([18, Definition 1.4]). Cay(G;.S) is strongly CCA if all of its colour-

permuting automorphisms are affine functions.

Definition 2.4.7 ([18, Definition 1.4]). We say that G is strongly CCA if every

connected Cayley graph of G is strongly CCA.

The following result gives several elementary properties of colour-permuting auto-

morphisms. Although all are well known, we list them here for future reference.
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Lemma 2.4.8.

1. A permutation ¢ of G is a colour-preserving automorphism of Cay(G;S) if and
only if, for all g € G and s € S, we have ¢(gs) € {p(g) sT'}. [18, p. 190]

2. An automorphism ¢ of a Cayley graph Cay(G;S) is colour-permuting if and
only if there is a permutation ™ of S, such that p(gs) € {p(g) m(s)F'} for all
g€ G and s € S (and w(s™') = n(s)™'). [18, Definition 1.4]

3. For each g € G, the left translation {y: x — gz is a colour-preserving automor-

phism of Cay(G; S). [18, p. 190]

4. If a is an automorphism of the group G, such that a(s) € {s*'} for all s € S,

then « is a colour-preserving automorphism of Cay(G;S). [18, p. 190]

5. Every strongly CCA Cayley graph is CCA. So every strongly CCA group is CCA.
/18, p. 191]

6. Every normal Cayley graph is strongly CCA. [18, Remark 1.6 (3)]

7. Assume S C S" C G. If Cay(G;S) is CCA, then Cay(G;S’) is CCA. (cf. [13,

Lemma. 3.1])

2.5 Preliminaries on the permutation of the connection set
Definition 2.5.1. Assume ¢ is an automorphism of Cay(G;S). For each g,h € G,
define 7¥(h) € G by

p(gh) = (g) 75 (h).
So, for each g € G, 77: G — G.

We are most interested in the case where i € S, so we let 77’ be the restriction of

%Zf to S. Therefore
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forall g e G and s € S.
We list the following well-known observations for future reference.
Lemma 2.5.2. Assume that Cay(G;S) is connected and ¢ € Aut(Cay(G;S)). Then

1. ¢ is a permutation of S for each g € G.

2. w8 (s7!) =m7(s)" forallge G and s € S.

3. is colour-preserving if and only if T(s) € {s, s} forallg e G and s € S.

4. @ is colour-permuting if and only if 7 (s) € {Wf(s),ﬂ;f(s)’l} for all g,h € G

and all s € S.

5. ¢ 1s affine if and only if ©7 is independent of g: i.e., W;D(s) = 7} (s) for all

g heGandseS.
6. If v is colour-permuting, then for all g € G, s € S, and k € Z, we have
(a) |7¢(s)| = |s|. In particular, if s* =1, then 7% (s)* =1,
(b) m§(s™h) =mg(s)~",
(c) stk<8) =7¢f(s), and
(d) Te(s*) =72 (s)".

Proof. 1. We show that 77: S — S is a bijection for each g € G.

We know ¢ € Aut(Cay(G;9)), so it preserves adjacency. For any s € S, we have:
©(gs) = o(g)t for some t € S.

By definition, 7f(s) =t, so ¢ maps S to S.

We show 7 is injective. If 77(s;) = m¢(s2), then:

p(gs1) = @(g)m8(s1) = p(g)78 (s2) = p(gs2).
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Since ¢ is injective, gs; = gso and thus s; = ss.
Let t € S. Since ¢ is a bijection on G, we know it is onto, so there exists a
x € G such that p(z) = ¢(g)t. Because ¢ preserves adjacency, z is adjacent to g in

Cay(G; S), so x = gs for some s € S. Then

p(gs) = p(x) = p(9)t,

and by the definition of 7 we have 7¥(s) = ¢. Thus, for every t € S, there is some
s € S such that 7f(s) = t. Thus 7 is surjective.

2. By using definition of 77 we have

so w8 (s7') = w#(s)" forall g€ G and s € S.

3. By the definition of 7¥(s), we have

©(gs) = w(g)my(s).

Therefore, for all g € G and s € 5,

o(gs) € {e(g)s,0(9)s™'} <= w(9)me(s) € {(9)s, p(g)s™"}

= my(s) € {5,571}

Hence, by Lemma 2.4.8(1), ¢ is colour-preserving if and only if

T (s) € {s, s}

forallge G and s € S.

4. (=). Assume ¢ is colour-permuting. By Definition 2.4.3, there exists a per-
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mutation 7 of the set of colours, such that for every edge {z,zs} with edge colour
{s,s7'} its image {¢(z), p(xs)} has colour 7 ({s,s'}).
For any x € G we have

p(ws) = p(x) 77 (),

so the image edge {¢(z),p(rs)} has edge colour {n%(s),7¢(s)"'}. By the colour-

permuting property this equals 77({5, s‘l}). Hence for every x € G,

{m2(s), i (s) "} =m({s,s7'}).

Plugging in x = g and x = h yields

{m(s),me(s) "} =m({s,s7'}) = {m(s), 7 (s) '}

Therefore 77 (s) is either 7¥(s) or 7£(s)~", i.e.

i (s) € {mg(s), w5 (s) 7'},

as required.
(«<). We wish to show that if two edges e; = (g, ¢s) and ey = (h, hs) have the

same colour {s, s}, then the colour of ¢(e;) is the same as the colour of ¢(e). Since

p(er) = (¢(9), ©(gs)) = (0(g), w(g)mE(s))

so its colour is {m¥(s),7¢(s)~"}. Similarly, the colour of ¢(es) is {7} (s),m} (s)~"'}.
Also, by assumption, we know that 7 (s) € {7f(s),7%(s)"'}, so these two sets are

equal. Hence ¢(e;1) and ¢(e2) have the same colour.

5. (=). Suppose ¢ is affine, so ¢(x) = ¢’a(x) for some ¢’ € G and a € Aut(G).
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Then for any g € G and s € S we have

©(gs) = g'algs) = g'a(g)a(s)

and

Since a(s) is independent of g, we conclude that 7f(s) = 7y (s) for all g,h € G.

(«=). Suppose ¢ is independent of g, so 77 (s) = 7(s) for some function 7: S — S.
We will show that ¢ is affine by using Corollary 2.2.4.

Let g € G be arbitrary. Since g € G we can write g = s1 - - - s where s; € S. We
let h =m(sy)---m(sk).

We prove by induction on i

o(rs182-+8;) = p(x)m(s1)m(s2) - - - m(s;) for all z € G.

Base case: i = 0 is obvious (since ¢(z) = ¢(x)).
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Inductive step: Assume the claim holds for i — 1. Then

o(xs189 -+ 8;) = p(xsy - 8i-15;)

= p(xs1- 515 s, (5i) (definition of 7%, . )
= p(xsy -+ s;-1)7(s;) (m¥ is independent of g)
=p(x)m(s1) - 7m(si_1)7(s;) (inductive hypothesis).

Then, for any x € G, by letting ¢ = k, we have

o(zg) = p(z)h.

Then by Corollary 2.2.4, ¢ is affine.

6a. Let I' = Cay(G;S). Fix s € S. The edges of colour {s,s™'} form a subgraph
'y of T, which is a disjoint union of components. FEach of these components has
exactly |s| vertices. In the special case where |s| = 2, each component is a perfect
matching.

Now, if ¢ € Aut(I') is colour-permuting, then ¢ maps I's onto I';¢(,) for some
m¢(s) € S and g € G. Since ¢ is a graph isomorphism, it preserves the number of

g

vertices in each component. Therefore,
7 (s)| = sl
6b. For any g € G and s € S, we have
w(gs™) = olg)me(s7h).

The colour of the edge from g to gs~* is {s,s™'}. Another edge with the same colour

is the edge from g to gs, so the edge from ¢(g) to ¢(gs™!) must have the same colour
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as the edge from (g) to ¢(gs). In other words,
{rg (s, my(s™) ™' = {mg(s), 7y (s) 7'}

So m¢(s™") is either 7#(s) or 7% (s)~".

If 77(s7') = w7(s)~!, we are done.

1

Otherwise, 7#(s™") = n#(s). Since 7¢ is injective, this forces s™" = s, i.e. s* = 1.

g g

In this case by Lemma 2.5.2(6a), 77(s)* = 1, so

which is what we wanted to prove.

6¢. We prove by induction stk(s) =nf(s), for k > 0.

Base case: k = 0 is trivially true.

Inductive step for & > 1: Assume 7y (s) = 77(s) holds for all integers m &
{0,1,2,...,k — 1}. We want to show that 7/ ,(s) = 77(s).

Since ¢ is a colour-permuting, 77, (s) € {77 (s), m(s)7 ) If Tr(s) =7y (s) we

are done. So suppose instead 7, (s) = 7¢(s)~". Then

©(gs*™) = o(gs") 77 (8) (definition of 7/,)
= p(gs*) 75 (s)™ (mr(s) =75 (s)™)
= (p(gs") W;"Sk,l(s)) 7#(s)~"  (definition of 1)
= p(gs" ) T (s)mE(s) " (Inductive hypothesis)
= (gs"™).

Since ¢ is injective, this implies gs*™! = gs¥~1, ie. 52 = 1.
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which is the desired equality.
Thus in all cases we have 7T;08k (s) = m¢(s), which completes the induction for & > 0.
Also, by replacing s with s~!, we have

ﬂ;fs_k(s_l) = W;f’(s_l)

so by Lemma 2.5.2(6b)

SO

mrw(s) =75 (s).

Hence, the desired is also true for k < 0.

6d. We first prove the claim for £ > 0 by induction.

Base case: It is true for k£ = 0 trivially.

Inductive step for £ > 1: Suppose the equality holds for £ — 1. By definition of
),

0(gs") = p(g)7e(s").
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Also,

— gp(gsk_l)ﬂ;osk,l(s) (definition of 77, )

= (p(g)%;f(sk_l)ﬂ;f(s) (by definition of 7} and 6c)
= p(g)m?(s)* 78 (s) (Induction hypothesis )

= p(g)me(s)"

By equating the two expressions we have
~p( kY _ k
(") =7 (s)".

This completes the induction for k£ > 0.
Also,

T(s7F) =7 ((s7HF) = wf(s T = (7(s) )" = 7P (s) 7",

Hence, the desired equality is true for £k < 0. Thus the equality holds for all

integers k. [
For ease of reference we restate a few parts of lemma 2.5.2.

Corollary 2.5.3. Assume ¢ is a colour-permuting automorphism of Cay(G;S). Then
the following hold.

1. If g € G and s,t € S satisfy p(gs) = p(g)t, then p(gs™) = @(g)t" for alln € Z.

2. If p(1) =1, then, for allg € G, s € S, and n € Z, we have

o(gs") € {o(g) p(s)™"}.
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Proof. 1 By the definition of 77, the assumption ¢(gs) = ¢(g)t means that
m(s) =t.
Therefore, by Lemma 2.5.2(6d), we have

Th(s") = m(s)" ="

for all n € Z. Hence

as required.

2 since (1) = 1, we have

By Lemma 2.5.2(4), applied with h = 1, we obtain

n2(s) € {m(s),75(s) ™} = {o(s), ()™ ).

Now Lemma 2.5.2(6d) gives

Therefore

p(gs™) € {p(9)p(s)", w(g)p(s)™},

as required. N

Corollary 2.5.4. If Cay(G; S) is connected, and nf = 7y, for all g € G and t € S,

then ¢ s affine.

Proof. Let g and h be arbitrary elements of GG. Since Cay(G;S) is connected, h can
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be written as a product h = gtity---t, for some t1,...,t, € S. We will show by
induction on k that

© ")
Tgtito-ty — 7Tg.

Base case: If k = 0, then gtity-- -t = g and trivially 7}, ,, ., = .

Inductive step: Suppose that for some k& > 0, we have 7}, = w7, where h =
gty - tg—1.

Since t; € S, from the assumption we have

7T;'f, - ﬂ-;f,tk - W;l"'tk—l'tk - ﬂ-;ftl"'tk'
Thus, by induction,
T =Tt = T

Therefore, 7¢ is independent of g, and by Lemma 2.5.2(5), ¢ is affine. O]

In a 2015 talk, Joy Morris asked whether Cayley graphs of small valency must be
CCA, even when the underlying group is not CCA [27]. Here, the valency of a graph
is the number of edges incident with each vertex; for a Cayley graph Cay(G; S), this is
|S|. Thus, the question asks whether restricting attention to generating sets of small
size can prevent the existence of non-affine colour-preserving automorphisms.

The following new result shows that this is not the case. Indeed, it establishes
that non-CCA behaviour is already visible at the level of two generators: whenever a
Cayley graph Cay(G;S) is not CCA, this failure is witnessed by a 2-generated Cayley

subgraph.

Theorem 2.5.5. If Cay(G;S) is not CCA, then there is a 2-element subset {s,t} of
S, such that Cay((s,t); {sT',t¥}) is not CCA.

Proof. Since Cay(G; S) is not CCA, there exists a non-affine, colour-preserving auto-

morphism ¢. By Corollary 2.5.4, there exist ¢ € G and s,t € S with
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Th(s) # Mo (s). (2.5.6)

We define the colour-preserving automorphism

-1

@' (x) = o(g) " w(gz).

(Since left translations are colour-preserving automorphisms of Cayley graphs, and ¢
is colour-preserving, it follows that ¢’ is also a colour-preserving automorphism.)
Also, let H = (s,t) with generators s, ¢ from the inequality and define ¢ = ¢'|y.

Then ¢y has these properties:

1. pg(1) =1, because

pn(l) =¢'(1) = 1.

2. wf" =y, for all h € H, because:

o (hs) = ou(h)m"(s) (by definition of )

SO

©(9) " o(ghs) = o(g) "e(gh)mi™ (s) (definitions of ¢y andy’)

SO

©(gh) 'p(ghs) = 77" (s) (solving for 77" (s))

But from the definition of ﬂ;fh, we know

p(ghs) = (gh)my,(s)
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Substituting this in:

w(gh) " (gh)mh,(s) = 77" (s)

Thus 73" (s) = 7,(s). This holds for all generators s € S and all h € H.

YH _
Therefore m;" = T

3. 7w (s) # mff(s).
Let h =1 and h =t in 2, so we have 77" (s) = 77(s), and 77" (s) = 7}, (s). By
(2.5.6), we know that the right sides of these two equations are not equal, so

the left sides are not equal too. Le., w77 (s) # 7/ (s).

We claim that ¢g is a colour-preserving automorphism of Cay(H; {s*! t}).

First, note that ¢y (H) = H. For any h € H and u € {s, t}:

/ /

pr(hu) = @'(hu) = ¢ ()} (u) = pr(h)my (u).

So i (u) = W,f/ (u). Since H is a subgroup and ¢’ preserves the colours of the edges

in G, it preserves the colours of edges in H. We have
727 (u) = wf (u) € {u,u'} (by Lemma 2.5.2(3))

This completes the proof of the claim.

However, by (3), we have

w1 (s) # m i (s)

Thus ¢y cannot be affine by Lemma 2.5.2(5).
Therefore Cay(H; {s*!,t*1}) admits a non-affine colour-preserving automorphism
v, making it non-CCA. O

Corollary 2.5.7. Let G be a group. Suppose that, for every 2-element subset {s,t}
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of G, the Cayley graph
Cay((s, t); {s™,t*'})

is CCA. Then every connected Cayley graph on G is CCA.

Proof. Immediate from Theorem 2.5.5. O

We record the following well-known elementary facts for future reference.

Lemma 2.5.8. Assume ¢ is a colour-permuting automorphism of Cay(G;S), such
that (1) =1, and let H = (s € S| s> =1). Then p(gh) = ¢(g9) @(h) for all g € G
and h € H.

Proof. Let S be the set of all elements of order 2 in S. From the definition of 77 we

have

©(gs) = @(g)m?(s). (2.5.9)

plugging g = 1, and using ¢(1) = 1, it follows that 77 (s) = ¢(s).

Since ¢ is a colour-permuting automorphism, by Lemma 2.5.2(4) we have
w2 (s) € {mh(s), 75 (s)"'} forallg,¢ €G. (2.5.10)

On the other hand, since s* = 1, Lemma 2.5.2(6a) implies (W;(S))z =1forall ¢ € G.

So 7}(s)~" = 7/ (s). Therefore in (2.5.10) 7¢(s) = 7,(s). Taking ¢' = 1, we obtain

T (s) = 71 (s) = ¢(s). Substituting into (2.5.9) yields

Let h € H, so h = s189--- s, for some sq,...,s, € Ss.

We prove by induction on n that

0(gs1---sn) = w(g)p(s1) - p(s,) forall ged.
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Base case n = 1: We already showed ¢(gs1) = ¢(g)¢(s1).

Inductive step: Assume the statement holds for n — 1. Then

©(gs1--sn) = p((gs1 - 5n1)5n).

By the base case (with gs; - --s,_1 in place of g and s, in place of s):

90((951 T Snfl)sn) = @(gs1 " 5n-1)p(8n).

By the inductive hypothesis (with g):

p(gs1- - sn1) = 0(g)@(s1) -+ o(sn-1).
Thus:
p(gs1---sn) = p(g)p(s1) - - p(sn-1)p(sn).
This completes the induction.

In particular, taking g = 1, we get

@(h) = p(s1) - p(sn).
Therefore,
©(gh) = @(g)p(s1) - p(sn) = p(g)e(h). O

Lemma 2.5.11. Assume @ is a colour-preserving automorphism of Cay(G;S), and

let H=(seS|s*=1). Then:
1. p(gh) = p(g)h, for allg € G and h € H.

2. In particular, if (1) = 1, then p(h) = h for allh € H.

47



2.5. PRELIMINARIES ON THE PERMUTATION OF THE CONNECTION SET

Proof. Let ¢ be a colour-preserving automorphism of Cay(G;S), by Lemma 2.5.2(3)
m9(s) € {s,s7'} forallge G, seS.

Now, if s € S with s> = 1, then s7! = s, s0

¥(s)=s forall g €@G.

9

By the definition of 77, this implies

This establishes the claim for generators of H.

Let h € H, so h = 5189 - - - 5, with each 5? = 1. We prove by induction on £ that

w(gh) = ¢(g)h

Base case: for k£ = 1 established above.

By the inductive hypothesis, p(gh) = ¢(g)h, and let b’ = hs1. So

!/

©(gh') = p((gh)skt1) = ©(gh)skt1 = ©(9)hsir1 = @(g)(hsis1) = w(g).

Thus the claim holds for k&, completing the induction.

This proves part (1). For part (2), if ¢(1) = 1, then for any h € H we have
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Chapter 3

Literature Review

Arthur Cayley introduced the definition of the Cayley graph in 1878 to illustrate
abstract groups defined by a set of generators. Over the past 50 years, the study
of Cayley graphs has become a significant branch of algebraic graph theory. Cayley
graphs are connected to classical problems in pure mathematics, such as the classi-
fication, isomorphism, and enumeration of Cayley graphs. Notable surveys by Xu
[40], Li [25], and the handbook by Babai [4] delve into these mathematical aspects.
Additionally, Cayley graphs relate to practical problems studied by professionals in
graph theory, group theory, networks, molecular biology, coding theory, and other

areas (see, for example, [1, 12]).

3.1 Automorphisms of Cayley Graphs

In this section, we introduce the key ideas we need to understand the relationship
between automorphisms, vertex-transitivity, and Cayley graphs. We start by defining
an automorphism, which is a way to describe the symmetries of a graph, and the set
of all these symmetries forms the automorphism group, Aut(I'). For any group G, a
natural question to ask is what is the automorphism group for a Cayley graph on G.

We then show that for Cayley graphs, the left regular representation of the group
forms a subgroup of the automorphism group. This tells us that the group’s structure
directly influences the graph’s symmetries.

Next, we explain the concept of vertex-transitivity, it means any of a graph’s
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Figure 3.1: Petersen graph

vertices can be mapped to any other by one of its automorphisms. We prove that all
Cayley graphs have this property.

Finally, we introduce a result that shows when a graph is actually a Cayley graph
based on how its automorphism group acts on its vertices. This helps us understand

which graphs fit into the Cayley graph structure and which do not.

Definition 3.1.1 ([5, Chapter 16]). A graph I is called vertez-transitive if for every

pair of its vertices x and y, there is an automorphism a € Aut(I") such that a(x) = y.
Corollary 3.1.2 ([16, Chapter 3]). All Cayley graphs are vertez-transitive.

Proof. As a result of Lemma 2.3.5, for all z,y € G, the automorphism /,,-1 € L(G)

maps = to y. Therefore, I' is a vertex-transitive graph. O

Example 3.1.3. Let Q@ = {1,2,--- ,n} and let k and i be two positive integers such
that n > k > 4. The Johnson graph J(n,k,7) is a graph with the vertex set as k-
subsets of 2 and two vertices A and B are adjacent when |AN B| = i. In [16, Chapter
3] it is shown that the Johnson graphs are vertex-transitive. J(n,k,0) is called the
Kneser graph K (n, k), and J(5,2,0) is called the Petersen graph, shown in Figure 3.1.
Also, J(n,k,k — 1) is denoted by J(n, k) (see Figure 3.2).
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3.1. AUTOMORPHISMS OF CAYLEY GRAPHS

{1,2}

{1,3} {2,3}

{1,4} {2,4}

{34}

Figure 3.2: J(4,2)

We see that all Cayley graphs are vertex-transitive, but the converse is not true.
There are some classes of vertex-transitive graphs that are not Cayley graphs. For

example, consider the following theorem.

Theorem 3.1.4 ([29, Theorem 2.1]). Let n, k be integers, n >k, 2 < k < 3, and (Z)
is an even integer. Then the Kneser graph K(n, k) is a vertez-transitive non-Cayley

graph if one of the following conditions holds:
e n is an odd integer;
e n and k are even integers.

Definition 3.1.5. A group G is said to act reqularly on a set X if each point in X
has a unique group element mapping it to any other point in X, and no non-identity

element of G leaves any point in X fixed.

Lemma 3.1.6 ([5, Lemma 16.3]). Let I be a connected graph such that G = Aut(T).
Then the subgroup H of G acts regularly on the vertex set of I' if and only if T' is

isomorphic to a Cayley graph Cay(H ;<)) for some subset Q C H.

Proof. Let I' = Cay(H;Q). Let h € H and Ly = {l;, | h € H}, define ¢, : H — H by
Un(g) = hg. We know ¢, € Aut(I"). (It acts transitively on I since for all hy, hy € H,

we have £, -1(h1) = hohi ' (k1) = hs.)
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3.1. AUTOMORPHISMS OF CAYLEY GRAPHS

Let g € H and ¢;(g) = g then we have hg = g, which implies h = 1. Therefore,
¢, = l1. Notice ¢; = id. Thus, Ly acts regularly.

Conversely, Let V(I') = {vy,...,v,} be the vertex set of I'. Let H be a subgroup
of Aut(I") acting regularly on V(T).

Then for each i € {1,...,n}, there is a unique h; € H such that h;(v1) = v;.
For contradiction, let h; # h} and h;(v) = hi(vi) = v;. Then h;'hi(v;) = vy, so
hi'hi € H, = {1} so h;'h} =1 then h; = h/, it is a contradiction.

Let Q = {h; € H | v; is adjacent to vy in I'}. Then Q C H, and 1 ¢ Q. Let
hi(vy) = v; and h;'(v;) = v;. Since H is a group and h; ' € H then H C Aut(T)
and we have h;'(v;) adjacent to h;'(v;). On the other hand, h;'(v;) = v; and
h; Y(v;) = v1. The vertex v is adjacent to vj, which implies that h; 1 Q. Therefore,
Q= Q7! Thus, we can define the Cayley graph Cay(H; ).

Let ¢ : I' = Cay(H;<2) be a map defined by ¢(v;) = h;. We show ¢ is injective.
Let ¢(v;) = ¢(v;) so h; = hj so h;(v1) = hj(v1) so v; = v;.

We now show that ¢ is surjective. Let h € H. Since h is an automorphism of T,

we have

h(Ul) S V(F)

Therefore, there is some ¢ € 1,...,n such that

h(vy) = v;.

By the definition of h;, it is the unique element of H satisfying

hi(Ul) = V;.

Since h(vy) = v;, the uniqueness of h; implies that h = h;. Hence,
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3.1. AUTOMORPHISMS OF CAYLEY GRAPHS

Therefore, every element of H lies in the image of ¢, so ¢ is surjective.

Let v; be adjacent to v; in I'. Since h;' € Aut(l') so h;'(v;) ~ h;'(v;) so
vy ~ hi'(v;) which is equal to h; 'h;(v) = h; ' (v;) ~ vi. Then h;'h; € 2, meaning
h; is adjacent to hj, so p(v;) ~ ¢ (v;).

On the other hand, let ¢(v;) ~ ¢(v;) then h; is adjacent to hj. It means h;'(h;) €
Q. Now we have h; 'hj(v)) = h;'(v;). So h;'(v;) is adjacent to vy, and therefore
h;'(v;) is adjacent to h;(v;). Then we can conclude that v; ~ v;.

Therefore, ¢ is an isomorphism, implying I' = Cay(H; (). m

Next, we define a specific subset of the automorphism group of G that will play a
crucial role in the structure of the automorphism group of the corresponding Cayley
graph.

Let G be a group and S C G. The set of all automorphisms of G' which preserves

S is a group denoted by Aut(G;S). In other words:

Aut(G; S) = {p € Aut(G) | ¢(5) = S},

where for C' C G and ¢ € Aut(G), we define

(C) ={p(g) | g € C}.

There are some things we can always say about automorphism groups of Cayley
graphs. We have already shown that every left-translation ¢, is always in the auto-
morphism group. Now we will show that the elements of Aut(G;S) are also always
in the automorphism group of Cay(G;.5).

To see this, let I' = Cay(G; S) and a € Aut(G) such that a(S) = S. Then for two
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3.1. AUTOMORPHISMS OF CAYLEY GRAPHS

adjacent vertices g,h € G we have g~'h € S. So
(a(g))"'a(h) = a(g™)a(h) = alg™'h) € a(S) = S.

So « is an automorphism of the Cayley graph Cay(G;.S).
We have just shown that Aut(G;S) < Aut(I'). The observation about Aut(G;.S)
was first made by Godsil in [15], where he proved the following group-theoretic char-

acterization of this subgroup.

Lemma 3.1.7 ([15, Lemma 2.1]). Let I' = Cay(G;S) and A = Aut(I'). Then
Nao(L(G)) N Ay = Aut(G; S), where S C G. Note that No(L(G)) is the normal-

izer of L(G) in A; and Ay is the subgroup of A that fixes the identity verter.

Proof. Observe that Aut(G;S) < Aj, since every group automorphism fixes the iden-
tity. Let g € G. Then it is easy to see that o 'lyp = l,-1,, for all ¢ € Aut(G),
so Aut(G;S) € Na(L(G)). On the other hand, it is not difficult to see that every
permutation of G that normalizes L(G) and fixes 1 is an automorphism of G, since

conjugation on L(G) is a homomorphism. Therefore, N4(L(G))NA; C Aut(G; S). O

Putting what we have seen together, it is always the case that

L(G) x Aut(G; S) < Aut(Cay(G; 9)).

Indeed, the semidirect product is taken with respect to the conjugation action of

Aut(G; S) on L(G), and it is identified with the subgroup

{lya ] g€ G, aecAut(G;5)}

of Aut(Cay(G;95)), where ({,0)(x) = ga(z) for all z € G.
Chris Godsil has conducted significant research on the automorphism groups of

Cayley graphs. One of his notable contributions is in the characterization of Graphical
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(1,0)

FIGURE 3. Cay(Zy x Zo; {£(1,0),£(1,1)}).
Figure 3.3: Cay(Z4 X Zo; {£(1,0),£(1,1)})

Regular Representations (GRRs), where he showed that, most groups have a Cayley

graph whose full automorphism group is equal to the regular action of G.

3.2 Graphical Regular Representations (GRRs)

In this thesis, we focus on automorphisms of Cayley graphs that are affine maps,

which we will discuss in more detail in Chapter 5.

Definition 3.2.1 ([18, Definition 1.2]). A function ¢: G — G is said to be affine if it
is the composition of an automorphism of G with left translation by an element of G.

This means ¢(z) = a(gx), for some a € Aut(G) and g € G.

We already saw that L(G) x Aut(G; S) is exactly the subgroup of affine functions
in Aut(Cay(G;9)).

As we mentioned before, sometimes graphs have other automorphisms that are
not easy to detect just by analyzing G and S. For example, consider Cay(Z, X
Z2;{£(1,0),£(1,1)}). There is a graph automorphism ¢ that swaps the positions of
the vertices (0, 1) and (2, 1) while leaving all other vertices unchanged, see Figure 3.3.

It is important to note that although ¢ is a graph automorphism, it is not affine.

95



3.2. GRAPHICAL REGULAR REPRESENTATIONS (GRRS)

Definition 3.2.2 ([22, pp. 243-244]). A Graphical Regular Representation (GRR) of
a group G is a Cayley graph I' = Cay(G; S) such that the automorphism group of the
graph, Aut(T), is exactly equal to the left regular representation of G. (A group G
admits a GRR if there is a graph I" such that G = Aut(I') and Aut(I") acts regularly

on the vertex set of I'. [5, Definition 16.4])

In other words, a GRR just has no other symmetries. As we saw in the previous
section the left regular representation of G is always a subgroup of Aut(I') and those
are the only things that we always know are in the automorphism group of Cayley

graph. Additionally, since

L(G) x Aut(G; S) < Aut(Cay(G; 9)),

for the Cayley graph to be a GRR, the group Aut(G;.S) has to be the identity map.

The study of GRRs involved contributions from many researchers. We can find
some of them in [20, 21].

Chao in [7] and independently, Sabidussi in [32] showed that abelian groups, except
for elementary abelian 2-groups (which are direct products of cyclic groups of order 2),
cannot admit GRRs. This is because Chao proved that no connected graph can have
an abelian automorphism group acting regularly unless the group consists entirely of
elements of order 2, which corresponds to elementary abelian 2-groups. Thus, any
abelian group that is not of this form (i.e., not entirely made up of elements of order
2) cannot act regularly as the automorphism group of a graph, ruling out GRRs for
such groups.

The investigation of groups continued by Imrich in [20] led to the classification
of elementary abelian 2-groups, identifying exactly three groups that do not have a
GRR. Specifically, he showed that there is a GRR for Z7 if and only if n # 2,3, or 4.
However, it was later discovered that the construction provided in [20] was incorrect

for n = 5. This error was identified by B. Alspach, P. Hell, D. Hetzel, and Chong-
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Keang Lim, who, along with R. Frucht and M. H. McAndrew, subsequently provided
a correct construction for the case n = 5. See, for example, the construction in [22].

Watkins, [34], began by exploring whether finite non-abelian groups can have
regular representations as automorphism groups of graphs. He introduced two classes
of groups: Class I consists of groups that admit GRRs, while Class II consists of
groups that do not admit GRRs. He showed that generalized dicyclic groups do not
have GRRs.

Through a series of papers, Watkins, along with coauthor Nowitz in some instances
(30, 34, 35, 36], identified ten other nonabelian groups lacking a GRR. Hetzel [17]
demonstrated that apart from the one infinite family previously described by Watkins,
along with the thirteen small solvable groups (of order at most 32) identified by Imrich,
Nowitz, and Watkins, all solvable groups possess a GRR. Godsil, in [15], completed

the classification for nonsolvable groups, showing that every nonsolvable group admits

a GRR.

Theorem 3.2.3 (Godsil, Hetzel, Imrich, Nowitz, and Wakins; see [14]). The groups
listed below are the only ones that are neither generalized dicyclic nor abelian with an

exponent greater than 2, yet do not admit a GRR:
o 72,73 73;
e Dg, Dg, D1g, where D,, denotes the dihedral group of order n;
o Ay, the alternating group of degree 4;
o H = {a,bc:a®>=0"=c®=1,abc = bca = cab) ;
o Hy={(a,b:a®=0b>=1,bab = a®);
o Hy={(a,bc:a®=0>=c®=1,ab = ba, (ac)? = (bc)* = 1);

o Hy=(a,b,c:a®=0b=c*>=1,ac = ca,bc = cb,b"'ab = ac);
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3.2. GRAPHICAL REGULAR REPRESENTATIONS (GRRS)

° Qg XZg anng XZ4.

In this thesis, we focus on Cayley graphs on groups that have only affine auto-
morphisms. One situation where this is definitely true is when the group has a GRR,
which we explore further in Chapter 5. Thus, we do not need to worry about those
groups. Instead, we focus on groups that do not have a GRR, which we will discuss
in Chapter 6.

We now give the formal definition of the Cayley index, which was introduced

briefly in Chapter 1.

Definition 3.2.4 ([28, Definition 1.1]). The Cayley index ¢(I") of a Cayley graph I'
is defined as | Aut(I") : L(G)|, where L(G) is the left regular representation of G. The
Cayley index of a group G is denoted by ¢(G) and equal to

min {c(Cay(G;9))}.

SCG{1},5=5"1
So a Cayley graph I' is a GRR if and only if its Cayley index ¢(I") = 1.

Definition 3.2.5 ([28, Definition 1.4]). Let G be a group and I' = Cay(G;S) be a
Cayley graph on G then a Cayley graph with the smallest Cayley index is called an
MRR (Most Rigid Representation) for G.

For groups that do not admit a GRR, we consider an MRR, which is a Cayley
graph with the smallest possible automorphism group. The study of MRRs has been
further developed by several researchers: Imrich and Watkins explored the structure
of Cayley graphs and identified the significance of MRRs for groups that do not admit
GRRs. They provided initial results on the minimal automorphism groups of these
Cayley graphs and established early classification results for specific families of groups.

More recently, in [28], Morris and Tymburski extended the work on MRRs by

providing a comprehensive classification of groups based on their Cayley indices. They
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determined an MRR for various finite groups, completing the classification for those
that do not admit GRRs.

In Chapter 6, we check some of the finite groups in Table 6.5, which is based on a
similar table from [28], to confirm their Cayley index. First, we describe these groups,
including their specific permutation representations and what they are isomorphic to.
Then, we use Sage to find a generating set and show that using that generating set
as a connection set produces an MRR.

We know that the automorphism group of every GRR consists only of affine maps.

Now, consider the definition of a normal Cayley graph.

Definition 3.2.6 (cf. [33, Definition 1] and [15, Lemma 2.1]). A Cayley graph I' =
Cay(G; S) is said to be normal if L(G) < Aut(T'), where L(G) is the left regular
representation of G. A group G is said to have a normal Cayley graph if G has a

subset S such that the Cayley graph I' = Cay(G; S) is normal.

Remark 3.2.7. A Cayley graph I' = Cay(G; S) is a normal Cayley graph if and only

if every automorphism of the Cayley graph is affine [33, Lemma A].

Thus, every GRR corresponds to a normal Cayley graph.

In Table 6.5, we can see the Cayley index for each group. Our goal is to find Cayley
graphs where all the automorphisms are affine, which is equivalent to identifying
groups that have normal graphs. If a group has a GRR, its Cayley index is 1, and
we are done. If the group has a Cayley index of 2, the left regular representation is a
normal subgroup of index 2 in the automorphism group, so we are also done.

Thus, it is sufficient to focus on groups with a Cayley index greater than 2, ex-

cluding the infinite families (Qg x Z%). These groups are:
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73 Z;
Za X Zs 72
Zy x 73 73
7 Dic (Zg, 3)
Dic (Zs, 4) Dic (Zq0,5)

Dic (Z4 X Z2,(0,1))
We ran a program in Sage for these groups and verified that they indeed have normal

Cayley graphs, which we will discuss in more detail in Chapter 7.

Example 3.2.8. The Cayley index of the group Z, x Zy is 6. Using Sage code in

Appendix A.10, we determined that this group does not admit a normal Cayley graph.

Everything we have set up to this point provides an alternative proof of the fol-

lowing theorem.

Theorem 3.2.9 (Wang, Wang, and Xu [33, Thm. 1]). G has a Cayley graph that is
normal Cayley graph if and only if G is not isomorphic to Zs X Zg or Qg x Zj for

r>0.

3.3 The CCA Problem

Recall from Section 2.4 that every Cayley graph Cay(G;S) has a natural edge-
colouring in which the edge {g, gs} has colour {s,s™'}.

An automorphism is colour-preserving if it preserves each colour class, and colour-
permuting if it permutes the colour classes. A Cayley graph is CCA if all of its
colour-preserving automorphisms are affine, and it is strongly CCA if all of its colour-
permuting automorphisms are affine.

Similarly, a group G is CCA, respectively strongly CCA, if every connected Cayley

graph on G is CCA, respectively strongly CCA.
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3 2
Figure 3.4: Cay(Zy; {%1})

r 1

S Is

Figure 3.5: Cay(Dy; {r,s})

As noted in Lemma 2.4.8, every left translation is colour-preserving. Furthermore,
if @ € Aut(G) satisfies a(s) € {s,s7'} for every s € S, then « is also a colour-
preserving automorphism of Cay(G;.S).

The CCA problem asks when these obvious affine colour-preserving automor-

phisms account for all colour-preserving automorphisms of a Cayley graph.

Remark 3.3.1. Since disconnected Cayley graphs will almost never be CCA-graphs,

connectedness is important in this definition.
Next we are going to present some examples of CCA graphs and groups.

Example 3.3.2. e The Cayley graph Cay(Z4;{£1}), which is a cycle of length
4,is CCA (see Figure 3.4).

e The Cayley graph Cay(Dy; {r, s}) where r is rotation and s is reflection is CCA

(see Figure 3.5).

e The Cayley graph Cay(S3;{(13),(12)}) is also CCA (see Figure 3.6).
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(13)

(123) (1)

(23) (12)

(132)

Figure 3.6: Cay(Ss;{(13),(12)}

e It is known that Qg and Z, X Zs are not CCA groups [18, Example 2.2]; see also
Figure 3.3.

Cay (Qs; {6, £5}) = Cay(Zy x Zy; {£(1,0), (1, 1)}) = Ky4

The colour-preserving and colour-permuting automorphisms of Cay(G; S) are the
automorphisms that respect the colour classes of Cay(G;S).

A directed Cayley graph Cay(G;S) has vertex set G and a directed edge (g, gs)
for each g € G and s € S. The edge (g, gs) is assigned the color s, which represents
the group element that generates the edge.

By [37, Theorem 4-8]|, every colour-preserving automorphism of a directed Cayley
graph Cay(G;S) is a left translation.

In contrast, for undirected Cayley graphs, where edge colors are assigned as un-
ordered pairs {s,s™ '}, the symmetry in coloring introduces the possibility of addi-
tional automorphisms that are not left translations. Thus, the theorem for directed
Cayley graphs contrasts with the more complex situation of undirected graphs.

In [2], the authors explore the structure and properties of automorphisms in Cay-
ley graphs, particularly focusing on those that permute the colors assigned to the
edges. Hujdurovié et al. [18] identifies several classes of groups that have the colour-

preserving automorphism (CCA) property, meaning every colour-preserving automor-
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phism is an affine map. They also determine the orders of all groups that do not have
the CCA property. They provide examples of non-CCA groups and a general con-
struction to generate more examples.

In a normal Cayley graph, we already know that L(G) < Aut(I"). Consequently,
they have only affine automorphisms, making them strongly CCA and therefore CCA.

In the following theorem you can find some main results of [18] about CCA groups.

Theorem 3.3.3 ([18, Theorem 1.3]). o (Existence of Non-CCA Groups) There is
a non-CCA group of order n if and only if n > 8 and n is divisible by either

4,21, or a number of the form p%.q where p,q are prime.

o (Abelian Groups) An abelian group is not CCA if and only if it has a direct
factor that is isomorphic to either Z4 X Zo or a group of the form Zox X Zio X Zo

with k > 2.

e (Odd Order Groups) Every non-CCA group of odd order has a section that is
isomorphic to either the non-abelian group of order 21 or a certain generalization
of a wreath product. (A section of a group G is a group that can be obtained as

a quotient of a subgroup of G.)

e (Product Groups) For two groups G and H, if G x H is CCA then G and H

are CCA. The converse is true when we have ged (|G|, |H]|) = 1.

Note that any strongly CCA group is CCA, since each colour-preserving auto-
morphism is a colour-permuting automorphism. For converse we have the following

theorem. (Conditions for a CCA group to also be strongly CCA.)
Theorem 3.3.4 ([18, Theorem 1.5]). A CCA group is strongly CCA if either:
e it is abelian; or

e it has odd order.
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The abelian case is particularly important in the study of CCA Cayley graphs.
For abelian groups, the obstruction to being CCA is closely related to elements of
order 4. Hujdurovié et al. [18, Theorem 1.3] proved that an abelian group is not CCA
if and only if it has a direct factor isomorphic to either Zy X Zg or Zox X Zg X Zs,
where k > 2. They also proved that, for abelian groups, the CCA property and the

strongly CCA property are equivalent.
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Chapter 4

Abelian groups

This chapter studies colour-preserving and colour-permuting automorphisms of Cay-
ley graphs on abelian groups. Throughout the chapter, all groups are written addi-
tively. Thus, the identity element of a group is denoted by 0, the inverse of an element
s is denoted by —s, and the group operation is written as addition.

We begin by showing that any change in the local permutation induced by a
colour-permuting automorphism can occur only in a very restricted situation involving
elements of order 4. More precisely, we prove that if

Tyi(8) # w(s), then 25 = 2t and [s| = [t] = 4.

We then use this result to characterize the connected abelian Cayley graphs that
are CCA and strongly CCA. This characterization is expressed in terms of the sub-
group generated by the set T'(S,2s). Finally, we apply the characterization to Cayley
graphs arising from two generators and determine precisely when such a graph is not

CCA.

Theorem 4.0.1. Assume G is abelian, ¢ is a colour-permuting automorphism of

Cay(G;S), g€ G and s,t € S. If m] ,(s) # 77 (s), then w7 (s) = =78 (s), myes(t) =

—7(t), and t & (s). Also, 2s =2t and |s| = |t| = 4.

Proof. We first show that ¢ ¢ (s). Suppose, for a contradiction, that ¢ € (s). Then
g+t € g+ (s). By Lemma 2.5.2(6¢), the value 7} (s) is constant on the coset g+ (s),

and hence
7T;0+t(5) = W;(S%
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contradicting the assumption that 77 (s) # 7, 4(s). Therefore t ¢ (s).

For simplicity, let § = 7#(s) and ¢ = 72(t), so

~

e(g+s) =¢(g) + 5 and p(g+1) = p(g) +¢.
Since ¢ is colour-permuting, by Lemma 2.5.2(4), we know
Toi(s) € {my(s), =7y (s)} = {8, —5}.

Given 7}, (s) # 3, it follows that

Tor(s) = —3.

Therefore

elg+s+t)=plg+t+s)=plg+t)+m,(s)=p(g+t)—=¢(g) +1— 5.

Also,
olg+s+t)=plg+s)+ 7T;0+s(t) =(g) + 5+ W;—i—s(t)'

~ A

Furthermore, 7y, (t) € {7¢(t), -7 ()} = {t, —t}.

Case 1. Assume n¥, (t) ={. Then { — § =

>

+1, so 2§ = 0. On the other hand,

because of our assumption 77 (s) # 7y, ,(s), s0 8 # —3. It means 25 # 0. This is a

contradiction. So this case is impossible.

Case 2. Assume w7, (t) = —t. Then { — § = § — {, so 25 = 2{. From this, we can

show 2s = 2t. To do that, we calculate
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©(g +2s5) = @(g) + 77 (2s) (definition of 77)
= ©(g) + 277 (s) (¢ € A%T), Lemma 2.5.2(6d))
= ¢(g) +23 (mg (s) = 9)
= p(g) +2t (28 = 21)
= ¢(g) + 27y (t) (my(t) = 1)
= o(g) + 75 (2t) (p € A°(I"), Lemma 2.5.2(6d))
= (g +2t) (definition of 77).

So, we get p(g + 2s) = ¢(g + 2t) by injectivity of ¢, 2s = 2t.

Now we calculate ¢(g — t) in 2 ways by using the fact that —t =t — 2t.

plg—1) =w(g) + 77 (=t) = p(g) — 77 (t) = p(g) — t.

Also,

plg—1) =p(g+t—21)

= (g +1t—2s) (2t = 2s)

= p(g+1t) + 7 (—2s) (definition of 77, ,)
=(g+1t)+2m8,,(—s) (¢ € A%T), Lemma 2.5.2(6d))
=o(g+1t) =270 (s) (p € AY(T'), Lemma 2.5.2(6b))
= (g +1t) —2(-8) (mgre(s) = —8)
=p(g+1t)+23

= (g) + (L) + 25 (definition of 7¥)

= ¢(g) +1+ 2.
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Therefore, from them we have —f = £+ 25, so —2t = 25. We had 2f = 25, then 45 = 0
and 4¢ = 0.

Now we show 4s = 0 (then 4t = 2(2t) = 2(2s) = 45 = 0).

(g +45) = p(g) + 7¢(4s) (definition of 7¥)
= ©(g) + 47¥(s) (¢ € AYT"), Lemma 2.5.2(6d))
= p(g) +43 (8 =7y (s))
= »(9) (45 = 0).

So we get p(g +4s) = (g) by injectivity of ¢, 4s = 0. We got 2s = 2t , 4s = 4t = 0.
Since 4s = 0, then |s| € {1,2,4}. Also, as mentioned above because of our
assumption 77(s) # 77 ,4(s), so § # —5. It means 25 # 0. Therefore, [3| > 2. So

|s| > 2, by Lemma 2.5.2(6a). So |s| = 4. Similarly, |¢t| = 4. O

Corollary 4.0.2. Assume ¢ is a colour-preserving automorphism of Cay(G;S) (and
S generates G ), and suppose G is abelian. If g € G and s,t € S, such that 7¢(s) #
Ty (s), then 25 = 2t and |s| = |t| = 4, but t ¢ (s). Also, m,,(s) = —7¥(s) and
7, (0) = —w5(0).

Proof. Since every colour-preserving automorphisim is colour-permuting, the result

follows from Theorem 4.0.1. ]

We will work on abelian Cayley graphs that are not strongly CCA.

Definition 4.0.3. Let G be an abelian group and S C G. For ¢ € GG, define

T(S,c):={c}u{teS|2t+#c}.

Lemma 4.0.4. Assume I' = Cay(G; S) is connected, and G is abelian. Let ¢ be a

colour-permuting automorphism of I and the letters s and t always represent elements

of S.
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4. ABELIAN GROUPS

1. If |s| = 4, then 7y ,(s) = 7f(s) for all g € G and all t € {s} UT(S,2s).
2. If |s| =4 and (s,T(S,2s)) = G, then 7¢(s) is independent of g.

Proof. 1. Suppose, on the contrary, that 7}, ,(s) # 7¢(s) for some

te{stUT(S,2s) ={s,2s} U{t €S |2t # 2s}.

By Lemma 2.5.2(6¢), we have ¢t &€ (s), so t ¢ {s,2s}. Therefore, t € S with 2t # 2s.
This contradicts the fact that Theorem 4.0.1 says 2t = 2s.

2. Let g, h be arbitrary elements of G. Since (s,T(S,2s)) = G, we have

h=g+s +sy3+---+s,

where s; € {s} UT(S,2s) for all 7.
Since |s| = 4, we know from part 1, that for all x € G and all t € {s} UT(S,2s),

we have 77, ,(s) = m2(s). Then we have

W}f(‘S) = 7Tg¢+51+52+"'+sn<8) = 7§+51+52+~--+sn71(3) == 7]-;0-1-51 (S) = Wf(S). u

Theorem 4.0.5. Assume Cay(G;S) is connected. If G is abelian, then the following

are equivalent:
1. Cay(G;S) is strongly CCA.
2. Cay(G;S) is CCA.
3. |G {(T(S,25))| <2 for all s € S with |s| = 4.

Proof. (1 = 2). It is obvious.
(2 = 3). This implication is a special case of [18, Proposition 2.5]. For complete-

ness, we provide a direct proof. We prove the contrapositive. Suppose that there is
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4. ABELIAN GROUPS

s € S with |s| = 4 such that |G : (T'(S,2s))| > 2. Set ¢ = 2s, so ¢ has order 2. Since
|G (T(S,c))| > 2, we have G # (T'(S, ¢)).
Define ¢7: G — G by

x+c ifxe(T(S,c)),
wp (x) =
T otherwise.

By Lemma 2.2.6, ¢ is a bijection. Also, since |G : (T'(S,c))| > 2, the coset
(T(S,c)) has size less than |G]/2, so ¢5 fixes more than half of the elements of G,
and it is not the identity map. So, by Lemma 2.2.5, ¢ is not affine. Therefore,
it suffices to show 7 is colour-preserving. Then Cay(G;S) has a colour-preserving
automorphism that is not affine, and hence Cay(G; S) is not CCA, a contradiction.

To complete the proof we now show that 7 is colour-preserving on Cay(G;S).

So we need to show that for all z € G and s € S,
pr (e +s)=gl(x) £s

We have the following cases:

Case 1. Assume x & (T'(S,c)) and x + s &€ (T'(S,c)).

Then ¢3(z) =z and @7 (z + s) = x + s, so

P +8)=a+s5=(1)+s.

Case 2. Assume x € (T'(S,c)) and x + s € (T'(S,c)).

Then ¢ (x) = 2+ c and ¢ (x + s) = v + s + c. Hence

r+s)=x+s+c=x+c+s=¢(z)+s.
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Case 3. Assume x € (T'(S,¢)) but x +s ¢ (T'(S,¢)).

Since z € (T'(S,c)), if s € (T'(S,¢)), then x + s € (T(S,¢)), since (T'(S5,¢)) is a
subgroup. This contradicts our assumption. Hence s ¢ (T'(S,¢)).

Now if 2s # ¢, then s € T'(S,¢) C (T'(S,¢)), a contradiction. Hence we must have
2s = c.

Now ¢3(z) =z + ¢ and ¢?(x + s) = z + s, so using 2s = ¢ we obtain

Wr+s)=as+s=x+2s—s=x+c—s5=p(z)—s.

Case 4. Assume x ¢ (T'(S,c)) but x+ s € (T'(S,c)).
Since x4+ s € (T'(5,¢)), if s € (T'(5,¢)), then

r=(x+s)—se(T(S,c)),

since (T'(S, ¢)) is a subgroup. This contradicts our assumption. Hence s ¢ (T'(S, c)).
Now if 2s # ¢, then s € T'(S,¢) C (T'(S,¢)), a contradiction. Hence we must have
2s = c.

Now ¢ (z) =z and ¢ (z + s) = x + s+ ¢, so using 25 = ¢ and |s| = 4, we obtain

Plr+s)=x+s+tc=a+s+2s=r+3s=2—s= (1) —s.

(3 = 1). We prove by contradiction. Suppose Cay(G;.S) is not strongly CCA. Then
there is a colour-permuting automorphism ¢ that is not affine. By Corollary 2.5.4,
since Cay(G; S) is connected and ¢ is not affine, there exist g € G and s,t € S, such
that 7¥(s) # 7, ,,(s). Then by Theorem 4.0.1, we must have |s| = 4.

We claim that when |s| = 4 and 77 (s) # 7, ,,(s) then s ¢ (T'(S,2s)).

Suppose on the contrary that s € (T(S,2s)) and 7/,,(s) # 7¢(s). By Theo-
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rem 4.0.1 we have

72, (t) = —w¢(t) and |s| = [t] = 4 (4.0.6)

and 2t = 2s. Thus, T'(S,2s) = T'(S,2t). Applying Lemma 4.0.4(1) for ¢, we have for
all u e {t} UT(S,2t),

mp(t) = 7).

Since s € (T'(S,2s)) = (T'(S,2t)), there are uy, ug, ..., u, € T(S,2t), such that

S=uUp +ug+ -+ U

Thus,
7r_qu+S (t> = 7T20+u1+u2+---+uk,1+uk (t)
= W;O+u1+u2+"'+uk71 (t)
= Ty, (1)
=mi(t).
Therefore,

T2(t) = 75, (t) = —72(t) by (4.0.6)

Then by Lemma 2.5.2(6b) 7¢(t) = —7#(t) = 7 (—t). Since 7¥ is a bijection, we must

have t = —t, or equivalently, 2t = 0, a contradiction since |t| = 4.
Since s & (T'(S,2s)) and |G : (T'(S,2s))| < 2, this implies that |G : (T'(S,2s))| = 2.
Since |G : (T'(S,2s))| =2 and s € (T'(5,2s)), then we have two cosets: (T'(S,2s))
and s + (T'(S,2s)) therefore,

G = (T(S,25)) U (s + (T(S,2s))) C (s,T(S, 25)).
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Thus (s,7(S5,2s)) = G.
Therefore by Lemma 4.0.4(2), 7f(s) is independent of g. This contradicts the
assumption that 7% (s) # 7y, (s).

Therefore, Cay(G; S) is strongly CCA. O

Corollary 4.0.7. Let G be abelian group with two generators a and b. Then the
Cayley graph T' = Cay(G; {£a, £b}) is not CCA if and only if G = Zy X Zs and
a| = |b] = 4.
Proof. (=). Let I' = Cay(G;{+£a,+b}) be non-CCA. Then there exists a colour-
preserving automorphism ¢ that is not affine. By Corollary 2.5.4, there exists s,t €
{#£a, £b} and g € G with 77 (s) # 7;,,(s). So, Corollary 4.0.2 implies that 2a = 20,
la| = |b] = 4, and a ¢ (b). The only abelian group with two generators satisfying
these conditions is Zy, X Zs,.

(«). Let G = Zy4 X Zy. The elements of order 4 in G are {£(1,0),4(1,1)}. There
is only one generating set {+a, +b} with |a| = |b| = 4 that needs to be considered.
We show that the Cayley graph I' = Cay(Z, x Zo; {£(1,0),£(1,1)}) is not CCA.

For every t € S we have 2t = (2,0), since
21,00 = (2,0, 2(3,0) = (2,0), 2(1,1) =(2,0), 2(3,1) = (2,0).

Hence

T(S,2s) = {25} U {t € S| 2t # 25} = {(2,0)}.

Therefore (T'(S,2s)) = ((2,0)) = {(0,0),(2,0)} has order 2, so
|G : (T(S,2s))| = @ = ; =4>2

So, by Theorem 4.0.5, I" is not CCA. O
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Chapter 5

Finite groups that do not have a

GRR

Recall (see Definition 3.2.2). A Cayley graph Cay(G;.S) is a GRR (Graphical Regular
Representation) if every automorphism of Cay(G; S) is a left translation by an element

of G; that is, Aut(Cay(G; S)) = L(G).

We will see in Example 5.2.2 and Example 5.2.3 that certain abelian groups and
certain generalized dicyclic groups do not have a GRR. The following theorem, which
was already mentioned in Theorem 3.2.3 shows there are only 13 other finite groups

that do not have a GRR.

Theorem 5.0.1 (Godsil, Hetzel, Imrich, Nowitz, and Watkins; see [14, pp. 222-223]).
The following are the only finite groups that are neither generalized dicyclic nor abelian

of exponent greater than 2, yet admit no GRR:

2 73 4.
(] Z2,ZQ,Z27

Dg, Dg, Do where these represent the dihedral groups of orders 6, 8, and 10

(respectively);

Ay the alternating group of degree 4;
o H = {a,bc:a®>=1"=c®=1,abc = bca = cab);

o Hy={a,b:a®=0b>=1,bab = a®);
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5. FINITE GROUPS THAT DO NOT HAVE A GRR

° H3 = <CL, b,C a3 =0 =2 = 1,CLb — b(l, (CLC)2 — (bC)Q — 6>,‘
o Hy=(a,bc:a*=b=c =1, ac=ca,bc=ch, b~ ab = ac);
o (s X Zs, Qs X Z, where Qg s the quaternion group of order 8.

We will prove only one direction of Theorem 5.0.1: we will verify in Chapter 6
that none of the 13 groups have a GRR (see Corollary 6.0.2). The proof of the other
direction is much longer. As an illustration of the methods used to prove this other
direction, we will prove in Section 5.1 that Z has a GRR if and only if n ¢ {2, 3, 4}.

Groups given by generators and relations are hard to understand, so the end of
this chapter will give a concrete description of the groups Hy, Hs, H3, and Hy. (See
sections 5.3A to 5.3D.)

Lemma 5.0.2 ([23, Lemma 5.2]). A Cayley graph Cay(G;S) is a GRR if and only if
every automorphism ¢ of Cay(G;S) that fizes the identity element satisfies ¢(g) = g
forall g € G.

Proof. Let I' = Cay(G; S).

(=). Suppose that I' is a GRR. Then every automorphism of I is a left translation;
that is, Aut(I') = {{, | g € G}, where {4(h) = gh for all h € G.

Now suppose ¢ € Aut(I') and ¢(1) = 1. Since all automorphisms are of the form

¢y, we must have ¢ = ¢, for some g € G. But then

1=p(1) =4,(1) =g,

so g =1 and ¢ = ¢; = id. Therefore, ¢(g) = g for all g € G.
(«<). Conversely, suppose that every automorphism ¢ € Aut(I') with ¢(1) =1 is
the identity.

Let ¢ € Aut(I') be arbitrary, and define g := ¢(1). Consider the composition
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Y := "Ly, 0. Then

V(1) = L1 (p(1)) = L1(9) =g g =1,

so ¢ € Aut(I") and (1) = 1. By hypothesis, ¢ = id, so

=4,

Hence, every automorphism of I' is a left translation, and so I' is a GRR. O
Proposition 5.0.3. Every Cayley graph that is a GRR is also normal.

Proof. Let I' = Cay(G;.S) be a Cayley graph that is a GRR, i.e., Aut(I') = L(G). So
all automorphisms of I" are left translations. Since left translations are affine maps (we
can assume « = idg in the definition of affine map) it follows that every automorphism

of I' is affine, so I' is normal by definition. O]

5.1 Elementary abelian 2-groups that have a GRR

We will prove a complete characterization of elementary abelian 2-groups that

have a GRR in this section.

Theorem 5.1.1 (Imrich [19, 20]; corrected by Alspach et al. in [22]). Z has a GRR
if and only if n ¢ {2,3,4}.

(The construction in [20] for n = 5 was later shown to be incorrect. A corrected
construction appears in [22].)

Our proof of this theorem has three different parts. First, we show that the groups
73, 73, and Z3 do not admit a GRR. This is known by Theorem 5.0.1, and we provide
a proof in Corollary 6.0.2.

In Theorem 5.1.4 we verify by using a computer that Z admits a GRR for n =

1,5,6, and 7. In Theorem 5.1.5, we prove that Z3 admits a GRR for every n > 8.
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Lemma 5.1.2 (cf. Imrich [19, proof of Satz 3]). Let I' = Cay(G; S) be connected. If
the induced subgraph I'[S] has no nontrivial automorphism, then I' is a GRR. (T'[S]
denotes the graph whose vertex set is S, where two elements s,t € S are adjacent in

[[S] exactly when they are adjacent in T".)

Proof. Let A = Aut(I'). Consider the action A x G — G. Let

A = StabA(lg) = {(,0 €A ’ gO(lg) = 1g}

be the stabilizer of the identity.

In a Cayley graph I' = Cay(G;.S) the neighbors of 14 are exactly the elements
of S. Thus, T'[S] is the subgraph induced by the neighborhood of 15. Any ¢ € A;
must map neighbors of 14 to neighbors of 14, so ¢ induces an automorphism of I'[S].
Therefore, we get a homomorphism 6 : Ay — Aut(I'[S]) by 6(¢) = ¢|s.

By hypothesis Aut(I'[S]) is trivial, hence 6(yp) is the identity for every ¢ € A;. In
particular,

o(s) =s forall s €S andall p € A4;.

We now prove that this forces ¢ to be the identity on the entire group G, which
implies A; = {id} then I' is a GRR by Lemma 5.0.2. Assume, for contradiction, that
¢ is not the identity on G. So there is a g € G such that ¢(g) # ¢. Since I is

connected then there is a path from 1 to g in the Cayley graph:

1N81N8182N"'NS182...$k:g.

Since ¢(g) # g we have ¢(s182...8;) # S182...5k, so we may let ¢ be the smallest

positive integer for which

o(8182...8;) # $182... S (5.1.3)
Define h = $183...8;_1. By the minimality of ¢ and ¢(1) = 1, we have ¢(h) = h.
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Consider the composition

¢=€h—1ogpo€h.

Then ¢ € Aut(I') and

V(1) =Lly10poly(l) = (ly10p)(h) =Ll,1(ph) =h'h=1,

so ¢ € A;. Therefore, we know from above 1(s) = s for all s € S. In particular,

¥(s;) = s;. Therefore,

$182 - 8i—18; = hs; = hib(s;) = hlp—1 0 p o Uy (s;) = p(hs;) = p(s182 -+ Si_15;).

this contradicts (5.1.3).
Therefore, A; contains only the identity automorphism. So by Lemma 5.0.2, T" is
a GRR. O

Theorem 5.1.4 ([20]). Z§ forn=1,5,6, and 7 has a GRR.

Proof. The program in Appendix A.2 computes the Cayley index of Cayley graphs
Cay(Z3; S) for randomly generated nonempty connection sets S C Z3 \ {0}, where
n =1,5,6, and 7. In each case, the program finds a set S for which the Cayley index
is 1. The corresponding connection sets have sizes 1, 18, 32, and 52, respectively.

Since these sets are quite large, we do not list them explicitly. O
Theorem 5.1.5 (Imrich [19, Satz 3|). Z} for n > 8 has a GRR.

Proof (cf. [19]). Let S; = {e1,ea,...,e,} be the set of standard generators of Z7,

SQ = {64 + €1, €64 + €n, €3 + 66},

and

Sg = {61 +€2a62+€37"'76n—1 +€n}
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Now let

S=5USUS;.

Consider I' = Cay(Z%; S). We show that I'[S] the induced subgraph of I' by S, is
asymmetric, that is Aut(I'[S]) is trivial, and so by Lemma 5.1.2, I" is a GRR.
Since e; + e; ¢ S1 we have e; ~ e; if and only if e; +€; € S, U S5, so I'[Sy] is the

graph in Figure 5.1 with vertex set S and edge set £ = {e;e; | e; +€; € S, U S5}

Figure 5.1: The graph I'[S;] with vertex set S} and edges E = {e;e; : e;+e; € S2USs}

We claim that I'[S}] is asymmetric. Let ¢ € Aut(I'[S1]). We will show that ¢ fixes

every vertex of I'[S]].
e ¢4 is the only vertex in the graph that has degree 4.
e 3 is the only neighbor of e4 that has degree 3 (the rest have degree 2).
e ¢; is the only neighbor of e3 that has degree 3.
e ¢y is the only neighbor of e; that has degree 2.
e ¢; is the only common neighbor of e4 and eg that has degree 2.

e ¢ is the only common neighbor of e; and e4 that has degree 2.
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e finally, for i« = 7,8,...,n we see by induction that e; is fixed, because it is the

only neighbor of e¢;_; that is not already known to be fixed.

Thus, every vertex of I'[S}] is fixed by ¢, and therefore ¢ is the identity automorphism.
Therefore, I'[S}] does not have any non-trivial automorphisms.
Now we will show I'[S] is the graph in Figure 5.2, where the black vertices represent

elements of S, U S5.

1. We already know I'[S;] is the graph in the Figure 5.1.

2. We prove each black vertex e; +e; € S U S5 is adjacent to the endpoints e; and

e; of the edge e;e;, and to no other vertices of I'[S].

e We have (e;+e¢;)+e; =e; € Sand (e;+¢j)+e; =e¢; €S. So (e;+¢;) ~ e
and (e; +¢€;) ~ e;.

o Conversely, if (e; + e;) ~ e then e; +e; + e, € S. Since Cay(Z3;5,) is
bipartite it is clear from the definition of Sy, Sy, and S5 that e; +¢e; + ey, ¢

Sy U 83, s0 e; + € + e, € Si. This implies that i = k or j = k.

3. Finally, we prove there are no edges between black vertices. If (e;+€;) ~ (ex+ep)
then (e; + ;) + (ex +€,) € S. Since Cay(Zy; S1) is bipartite it is clear from the
definition of Sy, Sy, and S3 that e;+e;+ex+ep ¢ S, 50 e;+¢e;+ep+e, € S2USs.
This implies that {7, 7} N{k, ¢} # 0. Without loss of generality we may assume
that j = ¢. This means e; + e € Sy U S3, so e; ~ ¢, € I'[S1]. But also since
ei+e; € Sand e, +e; =e,+e €S we know e; ~ e; and e, ~ ¢;. This

contradicts the fact that the graph in Figure 5.1, does not have a triangle.

We now know I'[S] is the graph in Figure 5.2. Let ¢ be an arbitrary automorphism
of T'[S], we have that ¢(S;) = S; because S; consists of precisely the vertices that
have degree bigger than 2. Therefore, ¢|s, is an automorphism of I'[S}], so ¢|s, = id

since I'[S] is asymmetric.
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Also for e; + €; € Sy U S3, we have ¢(e; + €;) = e; + e because e; + ¢; is the
only common neighbor of e; and e; and both e; and e; are fixed by ¢. Thus, ¢ is the

identity. Consequently, Aut(I'[S]) = {id}. O

Figure 5.2: I'[S]: The black vertex adjacent to e; and e; is e; + ¢;

5.2 Infinite families of groups that do not have a GRR

Lemma 5.2.1 ([10, p. 372]). Let G be an abelian group. Then o(z) = z7' is an

automorphism of the Cayley graph I' = Cay(G; S).

Proof. Suppose g,h € V(T') such that g ~ h. Then g~'h € S. We now compute:

e(9)re(h)= (g ) 'ht=gh Tt =hTlg=(g7'h) e ST =S,

Thus, ¢(g) ~ ¢(h), and therefore ¢ is an automorphism of I'. O

Example 5.2.2 ([10, p. 372]). If G is an abelian group and the exponent of G is
greater than 2 (i.e., G is not an elementary abelian 2-group), then G does not have a

GRR.
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Proof. Suppose I' = Cay(G; S) is a GRR. (This will lead to a contradiction.) Let
o(z) = 27! for all x € G. By Lemma 5.2.1, we know that ¢ € Aut(T'), and it is
obvious that ¢(1) = 1.

Now, since I' is a GRR, we know ¢ = id (the identity automorphism). Then for
every x € G we have ¢(r) = id(z), which means x~! = z. Therefore, |z| < 2, but the
exponent of G is greater than 2, which is a contradiction.

Hence, G' does not have a GRR. O

Example 5.2.3 ([10, p. 372]). If G = Dic(A4, 2) is a generalized dicyclic group, then
G does not have a GRR.

Proof. Suppose, for contradiction, that G admits a GRR. Then there exists a subset
S C G\ {1} such that T" = Cay(G; S) is a GRR. By Proposition 5.0.3, every GRR is
CCA, so I'is CCA.

Since S C G\ {1}, we know from Lemma 2.4.8(7) that the complete Cayley graph
Cay(G; G\ {1}) is also CCA.

However, by Theorem 8.1.2, if G is generalized dicyclic, then the complete Cayley
graph Cay (G G\ {1}) admits a nontrivial colour-preserving automorphism fixing the
identity, and hence is not CCA. This is a contradiction.

Therefore G does not admit a GRR. O

5.3 Groups given by generators and relations
5.3A The group H;

In order to provide an explicit description of H;, we first establish some facts

related to the group Qs.

Lemma 5.3.1. In Qs, if i™j™ = i™2j™ then

my =my (mod 2) and ny =ny (mod 2).
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Proof. We know
Z(Qs) = (1) = {1, -1}.

Since Z(G) is a normal subgroup in any group, we conclude that:

(—1) <« Qs.

So we can consider the quotient Qg = Qs/(—1) = {1,4, 7, k}.
Since Qg is a a group of order 4 and is generated by two elements of order two i

and j so it is an abelian group so we have

Qs = (i) x (j) = Zy X Zy.

Now assume that i j™ = {2472 in Q. So the equality is true in Qg:

Since Qg is abelian, we can rearrange the terms:

mi—ma __ ;N1—N2
7 =] .

Since Qg = (i) x (j), we must have:

™M™ =1 and ™M™ =1.

Since the order of 7 is 2, we must have m; — msy even, and since the order of j is 2,

we must have n; — no even. This gives the desired congruences:

m; =my  (mod 2), n; =ny (mod 2). O
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Lemma 5.3.2. Define ( : Qg — {1} by ¢(i"™j™) = (—=1)™"". Then
1. ¢ is a well-defined homomorphism, and
2. ((2) =1 forall z € Z(Qs).

Proof. (1) We show that ¢ is (a) well-defined and (b) a homomorphism.
(a) We need to show that if 5™ =252 in Qg, then (i j™) = ((i™25™?).

By Lemma 5.3.1, equality in )g implies that:

mi+n; =mg+ny  (mod 2). (5.3.3)
Therefore,
C(E™ ™) = (=1)™tm (definition of ()
= (—1)m2tne (by Equation 5.3.3)
= ((i"™25"2) (definition of ()

This proves that ( is well-defined.

For any two elements ™4™ and ¢™25"2 in (Jg, we have:
)

(imljnl ) (Zm2jn2) — Z‘mljm Z'm2jn2
=™ (—1)mmm2 M2 (Using the relations j™i™ = (—1)""™ ;")

_ (_1)m2n1 smi1+ma ;ni+n2

¢ J

= g2manjmitma gnitng (since — 1 =i?)

— ;2mani+mi+ma jni+ng

t J
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Applying (, we get:

C(imljm Z'manz) — C(Z'szm +mq +m2jn1 +n2)

= (—1)mematmitmatnitny (definition of ¢)

— (_1)m1+m2+n1+n2 (since(—l)Qm?m — 1)

_ (_1)m1+m (_1)+m2+n2

= C(™"M)¢ (™2 5")

Hence, ( is a homomorphism.

2. We have
(1) = () = (-1 =1.

Since the center of Qs is Z(Qs) = (—1), this implies ((z) =1 for all z € Z(Qg). O

Lemma 5.3.4. Suppose G is finite and ¢ : G — Z(G) is a homomorphism, such that
((2) = 1¢g for all z € Z(G). If we define a: G — G by a(g) = g-((g), then

1. « is an automorphism of G, and
2. o™ =1, where n = |Z(G)].

Proof. (1) We first verify that a preserves the group operation. For any g, h € G, we

compute:
a(gh) = (gh) - C(gh) (by definition of «)
= (gh) - C(9)C(h) (since ¢ is a homomorphism)
= gC(g)h¢(h) (since ((g) € Z(G), it commutes with h)
= a(g)a(h) (by definition of «)

Now, we show that « is injective. Let g € G such that a(g) = 1. This implies:
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gC(g) = 15. Rearranging this equation, we get:

g="<Clg)"

Since ¢(g9) € Z(G), it follows that ((g)~' € Z(G). Because ((g9)"' € Z(G) by
assumption ((((g)™') = 1g. Therefore, ((g) = 1g. Substituting this back into

g="C(g9)71, we get g = (1g)~' = 15. Hence, we conclude that:

ker(a) = {15}

We now know that « is injective, and since « is a homomorphism from finite group
G to itself, injectivity implies surjectivity. Hence, « is an automorphism.

2. First let us prove by induction on k that

a*(g) = gz* where z = ((g). (5.3.5)

By the definition of «, we have:

afg) = g¢(g) = g=.

which establishes the base case where k = 1.
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Assume that for some k > 1, we have o*(g) = gz*. Then

a1 (g) = a(a®(g))

= a(gzh) (by the induction hypothesis)

= (g2")¢(g2") (definition of o)

= (92")¢(9)¢(2Y) (since ¢ is a homomorphism)

= (92")¢(9)¢(2)" (since ¢ is a homomorphism)

= (92")21¢ (since z = ((g9) € Z(G), so ¢(z) = 1¢)
= gzt

We can now show o™ = 1 where n = |Z(G)|:

a(g) = gz" (by Equation 5.3.5)

= 9¢(9)" (since 2 = ((g))

=g1 (since ((g) € Z(G),and |Z(G)| = n then ((g)" =1)

Lemma 5.3.6. Define a: Qg — Qg by

for m,n € Z. Then « is a well-defined automorphism of Qs, and o is the identity.

Proof. By using Lemma 5.3.2 and Lemma 5.3.4, a is a well-defined automorphism

of Qg, and since |Z(Qg)| = 2 so by part 2 of Lemma 5.3.4, o® = 1. O

Theorem 5.3.7.

H, = {(a,b,c|a*>=b*=c* =1, abc = bca = cab) = Qg Xy Zo,
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where « is the automorphism of Qg defined in Lemma 5.5.6.

Proof. Let H = Qg Xy Zs, and define a = (1,1), b = (3,1), and ¢é = (j,1). We claim
that H = (a,b, ¢).
We will show that Qg x {0} C H.

Since a = (1, 1), we compute:

a* = (1,1)(1,1) = (1-a*(1),1+1) = (1-1,0) = (1,0),

which is the identity in the Zs-component.
Next, observe that a=* = (a™*(17!),—1) = (1,1), since a(1) = 1 and 17! = 1.

Thus:

~

ba~' = (i,1)(1,1) = (i - (1), 1 + 1) = (i, 0).

Similarly,

ca”t = (5,1)(1,1) = (- a(1), 1 + 1) = (5, 0).

Since Qs = (i, ), it follows that:

Qs x {0} ={(q,0) | g € @s} € H.

We show that H contains all elements with second coordinate 1.
By definition, a = (1,1), b= (1,1), and ¢ = (j, 1) are in H. Since Qg x {0} C H,

for any ¢ € Qg, we have:

Thus, H contains all elements of the form (g, 1).
The group Qg X, Zs has order |Qs| - |Zs| = 16. Since H contains:

e All 8 elements of Qg x {0},
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e All 8 elements of Qg x {1},

it follows that |H| > 16. Therefore, H = Qg X, Zs.

Now let us verify that H satisfies the relations of Hi:

o we check a2 = 12 = ¢2 = 1ggz,-

& =000 =0 a(),1+1)=((-4),0)=(1,0).

e To check ab¢ = béa = ¢ab, compute:

abe = (1,1)(i,1)(4, 1)
=(1-a'(i),1+1)(5,1)
= (1-(=1),0)(4,1)
= (=1,0)(5,1)
= (—i-a"(5),0+1)
= (=i-j,1)

— (=k, 1),
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Similarly:

and:

éab = (5,1)(1,1)(i, 1)
=(j-a'(1),1+1)(i,1)
=(5-1,0)(s,1)
= (5,0)(,1)
= (j-a"@i),1)
=(j-i,1)

— (=K, 1).

Therefore d,lA) and ¢ satisfy the relations in the definition of Hj.
Now, we show |H;| < |H|. We know |H| = |Qs X Zy| = 16. So we just need to

show |H;| < 16. Consider the subgroup generated by (z) where x = ab. We have

a-z-a=ava ' =aabat =ba"! =ba = (ab)' =27

Similarity, bzb~! = x~!. Also, by definition of H; we have abc = cab so xc = cx which
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means x and ¢ commute. Therefore, the subgroup generated by (z) is normal in H;.

In the quotient group H; = H,/{x), we know that a = b, because

a'b=ab=z € (z).

By definition of H; we have abé = béa. Combining this with the facts that @*> = 1 and

a = b, we see that

Since @ = 1, this implies a¢ = ca.
Since a and ¢ commute and both have order less than equal to 2, the quotient
group H;/(z) is an abelian group that is generated by two elements of order less than

equal to 2 so |H;/{x)| < 4. Also, in the definition of H; we have the relation

abc = bea = cab. (5.3.8)

By taking inverses in (5.3.8), we obtain

chhlat=a et =bta e (5.3.9)
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We have

(ab)'c =ab-ab- ab - (abc)

=ab-ab-ab- (bca) (by Equation 5.3.8, abc = bca)
= ab - a(bac)a (b =1)
= ab - a(chba)a (by Equation 5.3.9, bac = cba)
= ab(acb) (a®* =1)
= ab(bac) (by Equation 5.3.9, acb = bac)
=c (by definition b* =1,a® = 1)

Therefore, (ab)* = 1 which means |ab] < 4. So, |{ab)| < 4.

Now we can calculate the total order of H; as:
|Hy| = |{z)| x |Hy/{x)| <4 x4=16.

This completes the proof that |H;| < |H|.

Since |H;| < 16 so by Corollary 2.1.15 we can say H; = H. O

5.3B The group H,

Theorem 5.3.10.
Hy = (a,b: a® = b*> = 1, bab = a°) = Zg %y Za,

where Y(n) = 5n for all n € Zs.

Proof. Since ged(5,8) = 1 it follows that ¢ is an Aut(Zs).
Let H = Zg xy Zo, so H = (a, 5), where a = (1,0) corresponding to the generator

of Zg and b = (0,1) corresponding to the generator of Zs. Then
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o 12 =1(0,1)-(0,1) = (0 + ' (0),1+1) = (0+0,0) = (0,0).

e By induction on k we can say a* = (k,0) for all k£ > 0. For base case we see

that a° = (0,0). For the induction step assume a* = (k,0). Then we have

a*t=a"-a=(k0)-(1,0) = (k+¢°(1),0+0) = (k +1,0).

So,
a® = (1,0)® = (8,0) = (0,0) (since 8=0 mod 8)

e We have

bab

((0,1)-(1,0)) - (0, 1)
((049'(1),1+0))-(0,1)

=(0+5,1)-(0,1) (because 1" (1) =51 =5)
— (5+9'(0),1+1) (because ¢'(0) =50 = 0,
= (5+0,0) (because 2 =0 mod 2)

= (5,0)

— (because @ = (1,0)

Therefore G and b satisfy the relations in the definition of Hj.

To complete the proof we will show |Hs| < |H|. We claim that the subgroup
generated by a is a normal subgroup of Hy. We need to show that the normalizer of
(a) is the whole group. We know every subgroup normalizes itself so we just check that
it is normalized by b (because a and b generate the whole group). Since b~'ab = a®,
it follows that b~'a’b = (b='ab)’ = @ € (a). Thus, conjugating any element of the
subgroup (a) by b results in another element of (a). Therefore, because the normalizer

contains both a and b so the normalizer is all of Hy. This completes the proof of the
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claim.

We know |H| = |Zg X Zs| = 16. So we just need to show |H;| < 16.

We know |{a)| < 8. The quotient group Hy/(a) is generated by the element b and
b*> = 1, so the quotient group Hy/(a) has less than equal to 2 elements. Now the order
of Hy can be calculated as the product of the order of the normal subgroup (a) and

the order of the quotient group Hy/(a):

|Hs| = [{a)| x |Hay/{a)] < 8 x 2 =16.

Hence |H,| < |16] so by Corollary 2.1.15 we can say Hy = H. O

5.3C The group Hjy

The following result shows that Hj is the generalized dihedral group over Zgz x Zs.

Theorem 5.3.11.
Hz = (a,b,c:a® =b" = c* =1,ab = ba, (ac)® = (bc)> = 1) 2 (Z3 x Z3) Xy Ly

where Y(v) = (=1)v for v € Zz X Zs.

Proof. Let H = (Z3 X Z3) Xy Zs, so H = (a, b, ¢), where a = ((6) ,0) b= ((?) ,0),
and ¢ = ((8) ,1).

e It is easy to see that a3 = b3 = ¢ = 1.

e We have
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5.3. GROUPS GIVEN BY GENERATORS AND RELATIONS

b= (1) 1) (1) 0)
= (@) +vr (1) 1+0)
= (@) + (%))
- ((©)-1)

This implies bébé = 1 so (bé)? = 1. Therefore a,b and ¢ satisfy the relations in the
definition of Hj.
We will show |Hs| < |H|. In Hsj:

e Since a® = b = 1, and ab = ba, the subgroup N = (a, b) consists of all elements

of the form @'/, where 7,5 € {0,1,2}, so |(a,b)| < 9.

We claim that N < H3. Obviously, N is normalized by a and b so we just need

to show it is normalize by c¢. For n = a‘t’ € N we have

c(a't)ct = ca'(cte)p et = (cac™ M (cbe™ )Y = (a” V(b)Y =ab7 € N.

This shows that conjugation by ¢ preserves the subgroup N.

e Since ¢ has order less than equal to 2, the order of quotient group Hz/N is less

than equal to 2.

Therefore we have

\Hy| = |N| x |Hy/N| <9 x 2= 18.

Since H = |(Zs x Z3) % Zs| = 18 this implies |H3| < |H| so by Corollary 2.1.15 we

can say Hs = H. O
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5.3D The group H,
Remark 5.3.12. The definition of Hy in [28, Theorem 2.1] erroneously omits the

relation v® = 1. (Without this relation the group is infinite.)

Theorem 5.3.13.

Hy= {a,b,c|a®=b"=c*=1, ac=ca, bc = cb, b 'ab = ac) = (Z3 x Z3) xy Zs3

10
where Y (v) = Av, where A = ( ) forv € Zs x Zs.
2 1

Proof. Let H = (Z3 X Z3) Xy Z3, so H = <d,l;, ¢), where a = <<(1)> ,0) b= <<8> ,1),

and & = ((9)0)

It is easy to see that a3 = b3 = &3 = 1. Also:

= ((0)-9) (1)) = (@) +»* (1) 0 +0) = () + (6) -0) = (1) 0)

and

= ((5).0) ((6)-0) = (@) +0* () 0+ 0) = () + () -0) = (1) 0)

S0 a¢ = ¢a. Furthermore:

b= ((8) 1) ((3)0) = ((8) + v (1) 1+0) = ((6) + ((2) 1) = () 1)

= ()0 (0)1) = (@) + 0 (6) 0+ 1) = (1) +((5) 1) = () 1)
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We now verify that a, b, and ¢ satisfy the final relation in the definition of Hy, by

showing that ab = baé. Note that:

= ((0)9) ((6)-1) = ((0) +v* (©)-0+1) = ((6) = (1) 1) = ((6) 1)

We evaluate baé in two steps:

i = ((8) 1) ((6)-0) = ((8) + ¢ (5)-1) = ((8) +(()-1) = (&) 1)

now we have

so ab = bac.
Therefore a,b and ¢ satisfy the relations in the definition of H,. We will show
|H4| S 27. In H4Z

e o and ¢ each have order less than equal to 3, and since ac = ca, so |{(a,c)| < 9.

e The subgroup N = (a,c) consists of all elements of the form a’c’, where i, j €
{0,1,2}. We claim that N is a normal subgroup of Hy. To do this, we need
to show that for any g € H, and any n € N, the conjugate gng=* € N. It is

enough to show the generator a, b, and ¢ of Hy normalize N.

Since a and ¢ are in (a,c), we only need to consider b. We need to compute the

conjugates of the generators a and ¢ of N by b:
e We have b~'ab = ac € {(a,c) = N.
e The relation bc = cb indicates that ¢ commutes with b, so beb™ = ¢ € (a,c) = N.
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Since the conjugates of both generators a and ¢ by the element b remain within the
subgroup N = (a, c) we conclude that b normalizes N. Then a,b and ¢ all normalize
N so N is a normal subgroup of Hy.

The quotient group Hy/N is generated by the coset bN. Since b has order less
than equal to 3, the quotient group H4/N has order less than or equal to 3. So, we
have

\Hy| = |N| x |Hy/N| <9 x 3 =27 = |H|.

so by Corollary 2.1.15 we can say Hy = H. O]
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Chapter 6

Cayley index of every finite group

Recall (see Definition 3.2.4). The Cayley index c(I') of the Cayley graph I' =
Cay(G; S) is the index of the left translations L(G) in Aut(I'); since G is finite,
this is equal to the number of automorphisms of I' divided by the number of left

translations of G.

Recall (see Definition 3.2.5). Let G be a group. A Cayley graph on G with the

smallest Cayley index is called an MRR (Most Rigid Representation) for G.

Theorem 5.0.1, stated that the groups Z3, Z3, Z3, Dg, Ds, D1y, Ay, Hy, Hy, Hs,
Hy, Qg X Z3, and Qg X Z4 do not admit a GRR, but we did not give a proof.

We will now verify that none of these 13 groups have a GRR. (See Corollary 6.0.2.)
The remainder of the chapter will calculate the Cayley index of every finite group that
does not have a GRR. (See Table 6.5.) This is a verification of results that were already

known.

Theorem 6.0.1 ([28, Table 1]). In each line of Table 6.1, the value given in the
Cayley-index column is the Cayley index of the specified group. Moreover, the speci-
fied connection set defines a Cayley graph whose Cayley index is equal to this value.

Therefore, this Cayley graph is an MRR of the group.

Proof. For each of the thirteen groups, the program in Appendix A.3 computes the
Cayley index of the group and produces a connection set for which the corresponding
Cayley graph attains this index. The computed values and connection sets are those

listed in Table 6.1.
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Group | Order | Cayley Index Connection Set
72 4 2 {z1}
Z% 8 6 {Zl, 29, 23}
75 16 8 {21, 22, 23, 24, 2172223, 2124, 2123 }
Dy 6 2 {s,sr}
Dy 8 2 {s,sr}
D10 10 2 {8, Til}
A, 12 2 (1237, (12)(34))
H, 16 2 {a,b,c, (ab)*'}
H, 16 2 {a*!, a™2, b}
H, 18 2 {a*!, ¢, ac, be}
H, 27 2 {a*', b= (a7 t0)*, (bab™1)*1}
Qs x Zs | 24 2 {i*, (i2)*Y, (j2)*'}
Qs X Zy | 32 2 {i=H 75 ()5 (i2)*) (—k2)*}

Table 6.1: Order, Cayley index, and MRR connection set for each of the 13 groups in
Theorem 5.0.1

Corollary 6.0.2. None of the 13 groups listed in Table 6.1 have a GRR.
Proof. The table shows that the Cayley index of each group is greater than 1. n
Our verification of Table 6.5 assumes the following results without proof.

Theorem 6.0.3 ([28, Proposition 4.8]). For every integer n > 2, the Cayley index of
Qs x 72 is 8.

Theorem 6.0.4 (Imrich-Watkins [22, Thm 2]). Let G be a finite abelian group. Then

c(G) < 2 unless G is one of the following seven groups:

73,78, Ty x Ly, Ty x T2, 72,73, and 72.

Remark 6.0.5. Our definition of a generalized dicyclic group (Definition 2.1.3) is
slightly broader than the definition used by Imrich and Watkins in [22, p. 245]. Im-

rich and Watkins require generalized dicyclic groups to be nonabelian, whereas our
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definition includes every group of the form Dic(A, z), including the cases in which this
group is abelian.

We use the broader definition because it allows all groups arising from the construc-
tion Dic(A, z) to be treated uniformly. In particular, this avoids having to separate
the abelian cases from the nonabelian cases whenever results or computations are
stated for groups of this form. When applying a result from [22], however, we must

always verify that its hypothesis requiring the group to be nonabelian is satisfied.

Theorem 6.0.6 (Imrich-Watkins [22, Thm 2(1b)]). Let G = Dic(A, z) be a finite
nonabelian generalized dicyclic group. If G is not of the form Qs x Z} for some r > 0,

and |G| > 96, then ¢(G) = 2.

The above Theorem calculates the Cayley index of generalized dicyclic groups of

order greater than 96. The following result looks at the ones that have smaller order.

Lemma 6.0.7 (28, proof of Thm 5.8]). If G = Dic(A4, 2), |G| < 96, and G is neither
abelian nor a Hamiltonian 2-group, then c¢(G) = 2, except when A is one of the

following groups: Zg, Zs, Zo, or Ly X Zo.

Proof. The program in Appendix A.4 checks (up to) 1000 random Cayley graphs of
each nonabelian generalized dicyclic group whose abelian subgroup of index 2 has
order at most 48. It prints an error message if the program does not find a Cayley
graph whose Cayley index is 2.

The output shows error messages only for the groups listed in the left column of
Table 6.2. The program may describe a group using a different presentation from
the one used in Table 6.5, so the right column identifies the corresponding entry in
Table 6.5. These groups are the exceptional cases mentioned in the statement of the
lemma and Hamiltonian 2-groups.

Therefore, this establishes that the lemma is true. O]
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Group Order of Group in Table 6.5
the Group
Dic(Z4,2) 8 = Qs
Dic(Zy x Zs, (1,0)) 12 =~ Dic(Zs, 3)
Dic(Zs, 4) 16 Dic(Zs, 4)
Dic(Zy x Z4,(1,0)) 16 = Dic(Zy X Zs,(0,1))
Dic(Zy x Z4, (0,2)) 16 >~ Qg X Zs
Dic(Zy x Z4,(1,2)) 16 =~ Dic(Zy X Z2,(0,1))
Dic(Zy x Zs, (1,0)) 20 = Dic(Z10,5)
Dic(Zy X Za X Z4,(0,0,2)) 32 >~ Qg X 73
Dic(Zy x Zy X Zy x 74, (0,0,0,2)) 64 >~ Qg x 73

Table 6.2: Nonabelian generalized dicyclic groups for which no Cayley graph of index 2
was found.

We do not need Table 6.6 for our proof, but for completeness, we verified the

information given in [28, Table 4].

Theorem 6.0.8. Fach line of Table 6.6 lists the correct Cayley index of the specified
group. Moreover, the specified connection set defines a Cayley graph that is an MRR

of the group.
Proof. This is verified by the program in Appendix A.6. O

Remark 6.0.9. While studying the results presented in Table 4 of [28], which we
have reproduced in Table 6.6, we identified two inaccuracies in the listed Most Rigid
Representations (MRRs) for the generalized dicyclic groups Dic(Zy X Zy4;(2,0)) and
Dic(Zs x Zy4;(0,2)) which yields the results in Table 6.3. The authors computed the

Cayley index of these groups using the connection sets

{Zitl? Zg:lﬁ (2122)i17 x:ﬂ? (le):tl} and {Z?ﬂ? Zg:l7 xila (Zir)x):ﬂ? (Zg’z?x)ilh
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Group Connection Set S Cayley Index
Dic(Zy x Z4;(2,0)) | {277, 25 ,(z zg)il,xﬂ (z12)*1} 32
Dic(Zs x Z4;(0,2)) | {277, 25, 2L, (22) Y, (2 20m)F1} 8

Table 6.3: Incorrect connection set in Table 4 of [28§]

Group Connection Set S Cayley Index
Dic(Z4 x Z4;(2,0)) {212’237 2y 22 ey, T, 2y L} 2
Dic(Zsg x Z4;(0,2)) | {271, (2220)F, 2%, (252)F, (292)*1) 2

Table 6.4: Correct connection sets yielding Cayley index 2

respectively, and concluded that the Cayley index in each case is 2. However, our
findings show that these connection sets are incorrect. This is established by the
program in Appendix A.5.

To address these errors, we found connection sets that do give a Cayley index of

2 for each group. Specifically, if we choose

-1 2 -1 —1 -1
S ={z12x,25 , 25,2129 21T, 25 T}

for Dic(Z4 x Z4;(2,0)), and

S {Zl ) (21 Q)ila xila (Zi)x)ila (ZZx)il}

for Dic(Zs x Zy4;(0,2)), the corresponding Cayley graphs do have Cayley index 2 as

shown in the Table 6.4. Our Table 6.6 incorporates these corrections.

Theorem 6.0.10. Each line of Table 6.5 lists the correct Cayley index of the specified
group. Moreover, the specified connection set defines a Cayley graph that is an MRR

of the group.

Proof. Let G be a finite group. By Theorem 5.0.1, we know that the Cayley index
of G is 1 unless either G is abelian or G is generalized dicyclic, or GG is one of the 13
specific groups that are listed in the statement of Theorem 5.0.1. Table 6.1 tells us

the Cayley index and the MRR of each of the 13 specific groups, so we can assume G

104



6. CAYLEY INDEX OF EVERY FINITE GROUP

is either abelian or generalized dicyclic.
Case 1. Assume G is abelian.
Subcase 1.1. Assume G = ZY§ for n > 5. It is verified in Theorem 5.1.1.

Subcase 1.2. Assume G is Zo, 73 or one of the seven exceptional abelian groups

listed in Theorem 6.0.4 which are:

L3, Uy, Ty X Ty, Ty X 75,73, 73, and 7.

All of these (including the connection set of an MRR) were verified using the program

in Appendix A.7.

Subcase 1.3. All other finite abelian groups. We covered all elementary abelian
2-groups so we can assume the exponent of GG is greater than 2. By Example 5.2.2
the Cayley index is not 1. However by Theorem 6.0.4 we know that Cayley index is

at most 2. Therefore, the Cayley index of G is exactly 2.
Case 2. Let G = Dic(A, z) be a nonabelian generalized dicyclic group.

Subcase 2.1. G is a Hamiltonian 2-group.
The cases Qg and Qg X Zy (including the connection set of an MRR) are verified
by the program in Appendix A.8. The general case G = Qg x Z4 for n > 2 is verified

in Theorem 6.0.3.

Subcase 2.2. |G| > 96 and G is not a Hamiltonian 2-group. Then by Theo-
rem 6.0.6, we have ¢(G) = 2.

Subcase 2.3. |G| < 96 and G is not Hamiltonian 2-group. In this case, we
apply Lemma 6.0.7, which states that ¢(G) = 2 unless A is isomorphic to one of the
fOHOWiIng Zﬁ, Zg, Z107 or Zy X .

The Cayley index and the connection set of an MRR of each of the corresponding
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6. CAYLEY INDEX OF EVERY FINITE GROUP

exceptional groups

Dic(Zs,3), Dic(Zs,4), Dic(Z1o,5), and Dic(Zy X Zs,(0,1))

were computed and verified using the program referenced in Appendix A.9. O]
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6. CAYLEY INDEX OF EVERY FINITE GROUP

Group Order %?ﬁgg’ Conré%itlon
Elementary abelian 2-groups
Zo 2 1 {}
73 4 2 {z1}
Z3 8 6 {z1, 22, 23}
Zy 16 8 {21, 29, 23, 24, 212223, 2124, 2173 }
Z3,n>5 2" 1
Other abelian groups
Zy X Zo 8 6 {1 2}
73 16 4 {5 571 zf, (2129)*1}
T x 73 16 | 8 (o S5 Z(?Z’l Zany
VA 9 8 {251}
73 27 12 {1 S
3 (122)*" (2125)% " (222)*"}
All other abelian groups 2
Hamiltonian 2-groups
Qs 8 16 {iil}
Qs X Zo 16 16 I T a1y
Qs X Z3,n > 2 on+3 8
Other generalized dicyclic groups
Dic (Zg, 3) 12 4 {z 2*1)
Dic (Zs, 4) 16 4 {z 2*1)
Dic (Z9, 5) 20 4 {7 2%}
Dic (Zy x Zs,(0,1)) 16 4 {51 2% (z2) )
All other
generalize 2
dicyclic groups
Exceptional groups
Dy 6 2 {s,sr}
Dy 8 2 {s,sr}
Dy 10 2 {r*t s}
Ay 12 2 {(123)*1,(12)(34)}
Qs X Zs 24 2 {i*h, (iz)*, (jz)il}
Qs X 7y 32 2 {75 (2)* (i2)F (—k2)*t}
H, 16 2 {a,b,c, (ab)ﬂ}
H, 16 2 {a*', a*? b}
Hj 18 2 {a*!, ¢, ac, be}
Hy 27 2 {a*, b, (a71b)*, (bab1)*}
Every finite %roup not 1
listed above

Table 6.5: Cayley indices of all finite groups with connection sets for an MRR
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6. CAYLEY INDEX OF EVERY FINITE GROUP

Group Cayley index Connection set for an MRR
Dic(Zg, 3) 4 {7t ot
Dic(Zsg, 4) 4 {2 o+
Dic(Z1, 5) 4 {21 21}
Dic(Zy x Zs,(0,1)) 4 {2 ,xil, (z12)*1}
Dic(Zg x Zs, (4,0)) 2 {25 29, 2, (212)*, (202) ™}
Dic(Zy x Z4, (2,0)) 2 (2120w, 251, 22, 2125 1, 2, 25 )
Dic(Z4 x Z3,(0,1,0)) 2 {25 25, 2, (212)*, (232) '}
Dic(Zg x Z3, (3,0)) 2 {25 2 (29m) L, (21 200)F1)
Dic(Zg x Z2,(4,0,0)) 2 ~ Dic(Zg X Za, (4,0)) X Zq
Dic(Zg x Z4, (4,0)) 2 {2 2 ot (zfz2 L) (22 z2) 1}
Dic(Zs x Z4,(0,2)) 2 {1, (2fz2) !, o™, (2fa) ™, (202) ™'
Dic(Z3 x Zs,(2,0,0)) 2 ~ Dic(Zy X Zy, (2,0)) X Zo
Dic(Zi x Z»,(0,0,1)) 2 {z1!, 2" 2™, (2) ™, (2f230) ™}
Dic(Zy x Z3, (0,1,0,0)) 2 S ch(Z4 X 72,(0,1,0)) X Zo
Dic(Zg X Z3,(6,0)) 2 {2 20, 2% (2] 202) %Y, (23 207) %1}
Dic(Zg x Zg, (3,0)) 2 = Dic(Zg X Z3,(3,0)) X Zq
Dic(Zs X Z4, (6,0)) 2 {25 25 o (2lzom)t, (2)250)* 1)
Dic(Zs X Z4,(0,2)) 2 {25 (B2), o (z12)F, (21202) )

Table 6.6: Corrected version of [28, Table 4]. The connection sets for Dic(Zy X
Z4;(2,0)) and Dic(Zg x Zy4; (0,2)) have been corrected. Some rows do not provide a
connection set, because G has the same Cayley index as G' X Zy unless G is Z2, Z3,
Ly, Ly X Ls, or Z2 [28, Corollary 4.5].
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Chapter 7

Finite groups that do not have a
normal Cayley graph

Recall (see Definition 2.3.8). A Cayley graph I' = Cay(G;S) is normal if every

automorphism of the Cayley graph is affine.

Recall (see Definition 2.2.1). The left translation L(G) = {¢, | g € G} where {,(h) =

gh for all h € G, forms a group under function composition.
In this chapter, we prove the following result.

Theorem 7.0.1 (Wang, Wang, and Xu [33, Thm. 1]). A finite group G has a Cayley
graph that is normal if and only if G is not isomorphic with Zy X Zy or Qs X Z} for

some r > 0.

Theorem 7.0.1 applies to all finite groups. The result can also be extended to

many infinite groups, but we do include a proof here.

Theorem 7.0.2 (Leeman and delaSalle [24, Thm. 1]). If G is an infinite group that
has a finite generating set, then there is a finite, inverse-closed generating set S of G,

such that the translations form a subgroup of index at most 2 in the automorphism
group of Cay(G;5S).
Since every subgroup of index 1 or 2 is normal, this has the following immediate

consequence:

Corollary 7.0.3 (Leeman and delaSalle). If G is an infinite group that has a finite

generating set, then G has a locally finite Cayley graph that is normal.
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7.2. PROOF OF THEOREM 7.0.1

7.1 Preliminaries on normal Cayley graphs
The following result explains why Cayley graphs satisfying the condition in Def-
inition 2.3.8 are called “normal.” The equivalent condition is commonly used as the

definition of normal Cayley graphs in the literature [33, Definition 1].

Corollary 7.1.1. A Cayley graph I' = Cay(G;.S) is normal if and only if the left

translations form a normal subgroup of Aut(I").

Proof. (<). Assume the left translations are a normal subgroup of Aut(I'). Then by
Lemma 2.2.3 every graph automorphism is an affine map, which means the Cayley
graph is normal.

(=). Assume that I' = Cay(G; .S) is a normal Cayley graph. Then by definition,
every automorphism of I' is affine. By Lemma 2.2.3, every affine map normalizes
L(G). Therefore L(G) is normalized by every element of Aut(I'), and hence the left

translations form a normal subgroup of Aut(I). O

Corollary 7.1.2. If the Cayley index of Cay(G;S) is less than or equal to 2 then the

Cayley graph Cay(G;S) is normal.

Proof. Suppose the Cayley index is 1. Then it is obvious that the Cayley graph is
normal because every group is a normal subgroup of itself. If the Cayley index is 2
then the Cayley graph is normal as we know that the group of left translations is a

subgroup of index 2 and every subgroup of index 2 is normal. O

7.2 Proof of Theorem 7.0.1

Example 7.2.1. Z, X Zs does not have a normal Cayley graph.

Proof. This is verified by the program in Appendix A.10, because it prints False as

the result. O

Lemma 7.2.2. p(x) = 27! is a graph automorphism of every Cayley graph of Qg x Z,
(r>0).

110



7.2. PROOF OF THEOREM 7.0.1

Group Connection Set
73 {21, 22, 23}
Zg {zla 22, 23, 2’4}
Z3 {(123)", (R9) ™0, (&)™)
Ly X 73 {(z123)"", (2028) ™", 2023, (2722) 7"}
Z; (s, 2%}
Z3 {25 25"
Dic (Zg, 3) {zF o*1)
Dic (Zsg, 4) {zF o*1)
Dic (Z10,5) {z o*1)
Dic (Z4 X Zs,(0,1)) {7 () ()}

Table 7.1: Connection set for a normal Cayley graph

Proof. We will see in part ¢(0) of the proof of Example 8.1.1, that ¢ is a graph

automorphism. ]

Example 7.2.3. Qg x Z} for r > 0 does not have a normal Cayley graph.

Proof. Consider p(x) = z71.

It is a graph automorphism of every Cayley graph of
Qs X ZL by Lemma 7.2.2 but it fixes 1 and it is not a group automorphism because

the group is not abelian so ¢ is not an affine map. O]

Theorem 7.2.4. FEach connection set in Table 7.1 gives a normal Cayley graph for

the corresponding group.

Proof. This is verified by the program in Appendix A.11, because for every of them

the program said True. O

Proof of Theorem 7.0.1. (=). See Examples 7.2.1 and 7.2.3.

(<). We prove the contrapositive. Assume G does not have a normal Cayley
graph. According to Corollary 7.1.2, the Cayley index of GG is greater than 2. There-
fore, GG is a group in Table 6.5 where the Cayley index is greater than 2. Table 7.1
lists all of these groups except for Z, x Zy and Qg x Zj. By Theorem 7.2.4 all of these
groups have a normal Cayley graph. Since GG does not have a normal Cayley graph

this implies that G is either Zy X Zs or Qg X Zj. O

111



Chapter 8

Colour-preserving automorphisms
of complete Cayley graphs

The main results of this chapter were published in [3].
Theorem 8.0.1. If G is a (finite or infinite) group, then the following are equivalent:

1. G has a Cayley graph that is strongly CCA.

2. The complete graph Cay(G; G~ {1}) is strongly CCA.
3. G has a Cayley graph that is CCA.

4. The complete graph Cay(G; G~ {1}) is CCA.

5. G is not of the form Qg x B, where Qg is the quaternion group of order 8, and

B is an abelian group, such that b* is trivial for all b € B.
Furthermore, if G is finite, then these are also equivalent to:
6. Fither G has a Cayley graph that is normal, or G = Zy X Zs.

We first establish the easy parts of Theorem 8.0.1. As was explained in Note 1.4.5,

the only really new results are (1 = 2) and the case of (3 = 1) for some infinite groups.
Lemma 8.0.2. The implications stated in Note 1.4.5(1) are all true.

Proof. The implications (2 = 1) and (4 = 3) are trivial. See Lemma 2.4.8(5) for
(1 = 3), and see [9, 1st paragraph of proof of Thm. 2.3] (or Example 8.1.1(c)) for

(4=75).
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8.1. COLOUR-PRESERVING AUTOMORPHISMS OF COMPLETE GRAPHS

It is easy to see that Cay(Z4 x Zs;S) is strongly CCA for S = {(£1,0),(0,1)}.
The other part of (6 = 1) is Lemma 2.4.8(6).

To establish the remaining implication (3 = 4), note that if Cay(G;S) is CCA,
then we see from Lemma 2.4.8(7) that Cay(G;G) is CCA, because S C G. Then the

graph obtained by removing the loop at every vertex is also CCA (see Remark 2.0.2),
so Cay (G; G \ {1}) is CCA. O

8.1 Colour-preserving automorphisms of Cay(G; G~ {1})

In this section, we recall a result that provides an explicit description of all the
colour-preserving automorphisms of any complete Cayley graph Cay(G;G ~ {1})
(see Theorem 8.1.2). It was proved by D.P.Byrne, M. J. Donner, and T. Q. Sibley [6,
p. 324] when G is finite, and it was generalized to infinite groups by P.-H. Leemann
and M. delaSalle [24, Thm. 2]. This theorem will be needed in Section 8.2, so, for

completeness, we provide a proof.

Example 8.1.1. Here are some important (known) examples of colour-preserving

automorphisms of complete Cayley graphs.

a. Assume G is abelian, and define t: G — G by 1(g9) = g~

Then ¢ a colour-
preserving automorphism of the complete graph Cay(G; G~ {1}) that fixes 1.

It is a group automorphism, and it is nontrivial if there exists ¢ € GG, such that
9> # 1.

b. Let G = Dic(A, z,q) be a (finite or infinite) generalized dicyclic group, and
define ¢: G — G by p(q'a) = g ‘a for i € Z and a € A. Then ¢ is a nontrivial
colour-preserving automorphism of the complete graph Cay(G; G~ {1}) that

fixes 1, and it is a group automorphism.

c. Let G be a (finite or infinite) Hamiltonian 2-group, so G = Qs x B, for some

group B of exponent dividing 2. For every I C {i, j, k}, there is a unique colour-
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8.1. COLOUR-PRESERVING AUTOMORPHISMS OF COMPLETE GRAPHS

preserving automorphism ¢; of the complete graph Cay(G HEAN {1}) that fixes 1,

and satisfies

for ¢ € {i,j, k}, o1({)=C<=1lel.
Furthermore, ¢; is a group automorphism if and only if || is odd.

There is some overlap between (b) and (c), because any Hamiltonian 2-group is also

a dicyclic group. For example, if we write Qg X B = Dic((k, B), %, 7,)

Qs x B =Dic((k, B),i*) = ((k,B),i | =4, i 'ai =a™", Va € (k, B)),

then the automorphism described in (b) is equal to ¢g.

Proof. All of these examples are included in the main theorem of [6], but the nota-
tion and general presentation there are very different from ours, so we provide brief
justifications for the reader’s convenience.

It is easy to see (and well known) that if ¢ is a group automorphism, such that
©(s) € {st1} for all s € S, then ¢ is a colour-preserving automorphism of Cay(G; S)
that fixes 1 (see Lemma 2.4.8(4)).

(a) Note that ¢ is a group automorphism (because G is abelian). Since t(g) =
g~! is obviously in {g*!'} for all ¢ € G, this implies that ¢ is a colour-preserving

automorphism of Cay(G; 5).

(b) For a € A, we have p(a) = a and

p(ga) =g ra=a"tq" = (qa)".

Therefore p(g) € {g*'} for all g € G.
Hence, all that remains is to show that ¢ is a group automorphism. For b € A, we

have
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and

e((¢'a)(gb)) = ¢(¢" ' (a™'b)) =q¢ " Ta b =q'a- ¢ "b = p(q'a) (qb).

Thus ¢ is a group automorphism. Therefore, by Lemma 2.4.8(4), ¢ is a colour-

preserving automorphism of Cay(G ;G\ {1})

(¢) The uniqueness follows from Lemma 2.5.11(1). So we only prove existence.

0. Let ¢y = ¢, where «(z) = =

~1 asin (a). This is not a group automorphism

(because G is not abelian).

However, we can easily show that it is a colour-preserving graph automorphism

(and it obviously fixes 1), by using an argument that is taken from the first

paragraph of the proof of [9, Theorem 2.3]. Let g,s € G. Then py(gs) =
1,-1

(gs)™' = s7l¢g7l. In G = Qg x B, every element either inverts or commutes

with every other element, so s~ g1 € {g71s*!} = {p(g)s*'}.

. For ¢ € {i,j,k}, we may let pr be the conjugation by ¢. This is a group

automorphism.

If |I| = 2, we have I = {i,j,k} ~ {¢}, for some ¢ € {i,5,k}. Then ¢; =
@y © wp. This is not a group automorphism, because it is the composition of

an automorphism with a non-automorphism.

The automorphism ¢y, jxy is the trivial permutation (i.e., the identity map).

This is a group automorphism. O]

Theorem 8.1.2 (Byrne, Donner, and Sibley [6], Leemann and dela Salle [24, Thm. 2]).

Let

has

G be a (finite or infinite) group. If the complete Cayley graph Cay(G; G~ {1})

a nontrivial colour-preserving automorphism that fizes 1, then G is either abelian

or generalized dicyclic. Furthermore, any such colour-preserving automorphism is one

of the automorphisms in Example 8.1.1.
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Proof. This is similar to the proof of [9, Thm. 2.3].
By assumption, we may let ¢ be a nontrivial colour-preserving automorphism of

the complete graph Cay(G; G~ {1}) that fixes 1. Let

F={feGlef)=1}

and let F° be the complement of F'. Note that F' is a proper subset of GG, because ¢
is nontrivial, and that

w(g) =g ' forall g€ F°

(because ¢ is colour-preserving and fixes 1).

For all f € F and h € G, such that fh € F°, we have

p(fh) = (fh)" =n""f""

and

p(fh) € {o(N)F} = {fh*'}

However, since fh ¢ F', we know that ¢(fh) # fh. So we must have

Rt =o(fh) =h7 7

which means that h inverts f. Therefore fh also inverts f. Thus, we have shown:

every element of F inverts every element of F. (8.1.3)
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Case 1. Assume ¢(x) =z~ for allx € G. For all g,h € G, we have

h'g™h = (gh)™" = @(gh) € {p(g)h™"} = {g~'h*'} C g7 (h), (8.1.4)

so g normalizes (h). Since g and h are arbitrary elements of GG, this implies that every
cyclic subgroup of GG is normal, from which it follows that every subgroup of G is
normal. Therefore, GG is either abelian or Hamiltonian.

We may assume G is Hamiltonian, for otherwise G and ¢ are described in Exam-
ple 8.1.1(a). So G = Qs x A x B, for some torsion abelian group A in which every
element has odd order, and some group B of exponent dividing 2 (see Definition 2.1.5).

We may assume A is nontrivial, for otherwise G and ¢ are described in Exam-
ple 8.1.1(c) (with ¢ = ¢ = ¢y). Now, let a be a nontrivial element of A. For g,h € G,
the calculation in (8.1.4) shows that h='g~' € {g~'h*'}. By taking inverses, we con-
clude that gh € {h*'g}. Therefore, if gh # hg, then gh = h™lg. Letting g = j and

h = ia, we conclude that

Jia = gh = h_lg = (ia)_lj =a i j= (i_lj)a_17

since i71j € Qg and a~! € A commute (elements of Qg commute with elements of A),
resulting in jia~!. So a = a~!. This contradicts the fact that every element of A has

odd order.

Note. Henceforth, we may assume that Case 1 does not apply, so there is some x € G,
such that ¢(z) # x~!. Then p(x) =z, s0 x € F. Since p(x) # !, we also see that
x # x7!. Hence, inverting the elements of F is not the same as centralizing the
elements of F. So we conclude from (8.1.3) that F' contains its centralizer C(F).
For any q € F°, we know that ¢* centralizes F' (because ¢ inverts F'), so ¢* €
Cq(F) C F. This implies that ¢ inverts ¢*. However, ¢ obviously centralizes ¢*. So

it must be the case that ¢=2 = ¢?, which means |¢?| € {1,2}. However, we also know
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from Lemma 2.5.11(2) that |q| > 2, since p(q) # g. So we conclude that |¢*| = 2.
Thus:

lgf =4 for all ¢ € F*. (8.1.5)

Furthermore, for all g,h € F¢, we know that g and h both invert F, so gh™! €

C(F'). This implies that all elements of F'* are in the same coset of C(F):

F¢CCq(F)q forall ge Fe.

Case 2. Assume F is a subgroup of G. We will show that G is of generalized
dicyclic, and ¢ is the automorphism in Example 8.1.1(b).

Fix some q € F*“.

e Since ['° C Cy(F) q C Fq, we see that all elements of F' are in the same coset

of F. This means |G : F| = 2.

e Since ¢ inverts F', and conjugation by ¢ is an automorphism, we see that inver-

sion is an automorphism of F'. This implies that F' is abelian.
e Let z = ¢*>. We know from the above note that |¢| = 4, so |z| = 2.

We have now established that G = Dic(F, z, q).

So it only remains to show that ¢(¢'f) = ¢ 'f foralli € Z and f € F.

e Ifiiseven, then ¢'f € F, so p(¢'f) = ¢'f. However, since i is even and |q| = 4,

we also have ¢* = ¢~".

e If i is odd, then ¢'f € F*°, so

e )= =" =q"f
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since ¢ inverts every element of f (and ¢ is odd).

Case 3. Assume F' is not a subgroup of G. For convenience, let C' = Cg(F) be
the centralizer of F'. As mentioned in the above note, we have C' C F, and we have
¢ C Cq for every q € F°.

Since ¢ C (Cq, we know that F' contains all of the cosets of C' except C'q. Also,
since F' is not a subgroup, we know that (F) is strictly larger than F'| which means
it contains some element of F°, and therefore contains some element of C'q. Since
C' C F, this implies that (F') contains C'q. It also contains F', so it contains all of the
other cosets of C', as well. Therefore (F) = G. This implies that C is the centre of G.

Thus, all elements of F° are in the same coset of the centre, so

the elements of F'° commute with each other.

Also recall (see (8.1.3)) that

every element of F° inverts every element of F'.

Now, let f1, fo € F. If f1fo ¢ F, then it inverts both f; and f2, which implies that
f1 inverts fy and f, inverts f;. On the other hand, if f;f, € F', then the conjugation
action of any element of F'¢ respects multiplication, but inverts fi, fo, and fifs, so

we must have fifo = fof1. Therefore, if f; and f; are any elements of F', then

either f; and f; commute, or they invert each other.

Now consider any f € F, such that f ¢ C. Then qf ¢ qC, so qf ¢ F°. This

means qf € F, so

af =¢(af) € {e() [y ={¢" f*'},
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so ¢ € {1, f7%}. However, we know from (8.1.5) that |q| = 4, so ¢* # 1. So we

conclude that

¢ =f" (8.1.6)

Therefore (recalling that ¢ inverts f) we have

fTaf =f?a=0q=¢ € {q).

So f normalizes (g). Since this is also clearly true for the elements of F' that are in C|,

we conclude that

if f € F and g € F°, then f normalizes (q).

We have now shown that g normalizes (h) for all g, h € G. This means that every
cyclic subgroup of GG is normal. It follows easily that every subgroup of GG is normal.
(Also, G is not abelian, because elements of F invert elements of F'.) Therefore G is
a Hamiltonian group (see Definition 2.1.5).

We claim that G is a 2-group. To see this, write G = Qg x A x B, as in Defini-
tion 2.1.5. We wish to show that A is trivial. Suppose not. Then, since F' contains
all but one coset of the centre, there is some f € F, such that f ¢ C, and the A-
component of f is nontrivial. From (8.1.6) we know that |f?| = 2, which contradicts
the fact that the A-component of f? is nontrivial.

All elements of the centre C' of G have order 2. Therefore, since ¢(g) = ¢~* (and ¢
is colour-preserving), we have ¢(qc) = p(q)c™! = ¢ te = (ge) ! for all c € C. So F€ is
the entire coset ¢C. Hence, F© contains some ¢ € {i, 7, k}. Then it is easy to see that

¢ is the permutation ¢ defined in Example 8.1.1(c), where I = {i,7,k} ~ {¢}. O

The above theorem provides another proof of the (known) implication (5 = 4) of
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Theorem 8.0.1, which was discussed in Note 1.4.5(2) of the introduction.

Corollary 8.1.7 (Byrne et al. [6, cf. p. 324], Dobson et al. [9, Thm. 2.3]). If the

complete graph Cay(G; G~ {1}) is not CCA, then G is a Hamiltonian 2-group.

Proof. Since Cay(G; G\ {1}) is not CCA, there exists a colour-preserving automor-
phism ¢ of this complete Cayley graph, such that ¢ is not affine. After composing
with a translation, we may assume (1) = 1. Since ¢ is not affine, it is obviously not
trivial, so Theorem 8.1.2 tells us that G is abelian or dicyclic, and that ¢ is one of
the automorphisms in Example 8.1.1. However, since ¢ is not affine, it is not a group
automorphism, so it is not listed in part (a) or (b) of that example. Hence, it must

be part (c) that applies, so G is a Hamiltonian 2-group. O

8.2 Complete graphs that are not strongly CCA

Notation 8.2.1. Let I' = Cay(G;.S) be a Cayley graph of G.
1. A(T) is the group of all colour-permuting automorphisms of T
2. A%T) is the group of all colour-preserving automorphisms of T

3. A;(T) and AJ(T) are the stabilizers of the vertex 1 in A(T') and A°(T"), respec-

tively.

4. For p € A(T'), and g € G, let 7¥ be the permutation of S that is induced by ¢

at the vertex g. That is, for all s € S, we have

5. For ¢ € A(T'), let ™ be the permutation of the colours that is induced by ¢.

Thus, for all g € G and s € S, we have

T ({sH) = {mi ()"}
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6. For g € G, let £, be the left-translation by g, so {;(x) = gz for all x € G. This

is a colour-preserving automorphism of every Cayley graph of G.
We have the following elementary (and well-known) observation:

Lemma 8.2.2. For ¢ € Ay(I'), we have ¢ € AutG if and only if 7§ = n; for all

g,heq.

Lemma 8.2.3. Given ¢ € A1(I'), g € G, and s € S, let
IS fg_l gp_l g@(g) ﬁ;(lgs) ‘ngs-

Then ¢ € AYT) and ¢(s) = s.

Proof. 1t is clear that 1 is colour-permuting, because it is a composition of colour-
permuting automorphisms. Furthermore, letting id denote a trivial permutation, we

have

-1 -1 —1
7 =7l oF? oTlew o Fels) o ¥ o Tlos

) o . translations are
=ido7m? oidoidom¥ oid
colour-preserving

So the colour-permuting automorphism 1 is actually colour-preserving.

Also, a straightforward calculation shows that (1) = 1. Therefore ¢ € AJ(T).
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Furthermore,

w(5_1> = 6;1 90_1 gcp(g) g;(lgs) ¢698(5_1>

= 6571 ('0_1 é‘P(g) g;(gs) S0(-9)

=L o g (7F(57) (Lemma 2.5.2(6b))

So, ¥(s) = s. n

Lemma 8.2.4. Let I' = Cay(G; S) be a Cayley graph of G, and let
S5* = {s € S| no nontrivial element of AJ(T) fizes s}.

If S* generates G, then I is strongly CCA.

Proof. Given ¢ € A;(I'), we wish to show that ¢ € AutG. Fix some g € G and

s € §* and, as in Lemma 8.2.3, let

) = fg_l go_l &0(9) f;(lgs) @ lgs.

so ¢ € AY(T) and 9(s) = s. Since s € S*, it follows from the definition of S* that 1
is the identity map. Thus, for all ¢ € S, we have ¥ (t) = ¢, so, by the definition of 1,

we have

é;(lg)@@(t) - @(198)90695(75)’
which means 7¥(t) = 7, (t). Therefore 7¥ = 7¥,. Since s is an arbitrary element
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of S* and S* generates G, repeated application of this fact implies that 7¢ = wy, for

all g,h € G. Therefore p € Aut(G) (see Lemma 8.2.2). O

Definition 8.2.5 ([38, p. 8]). A permutation group is semiregular if no nonidentity

element of the group has any fixed points.

Corollary 8.2.6. Let I' = Cay(G;.S) be a connected Cayley graph of G. If the action

of AY(T) on S is semireqular, then T is strongly CCA.

Proof. In this case, we have S* = S. Since I' is connected, we know that S generates G.

]

Corollary 8.2.7. Let I' = Cay(G;S) be a Cayley graph of G. If AY(T") is trivial,

then I is strongly CCA.

Proof. Any trivial permutation group is obviously semiregular, so this is almost im-
mediate from Corollary 8.2.6. The only issue (which is minor) is that the corollary
requires I' to be connected. However, it is easy to see that if A%(T) is trivial, then

either I' is connected, or I" has only two vertices. [
We can now establish the implication (5 = 2) of Theorem 8.0.1.

Corollary 8.2.8. If G is not a Hamiltonian 2-group, then Cay(G; G~{1}) is strongly
CCA.

Proof. In the notation of Lemma 8.2.4, it suffices to show that (S*) = G.

To this end, let ¢ be a nontrivial element of AJ(T"). By Theorem 8.1.2 (and the
assumption that G is not a Hamiltonian 2-group), ¢ must be described in (a) or (b)
of Example 8.1.1. Since each of these parts describes a unique automorphism, this
implies that ¢ is the only nontrivial element of A$(T"). (Also note that S = G ~ {1}

in the complete graph Cay(G; G \ {1})).) Therefore, we have

S*=G~NF,where F={geG|plg) =g}

124



8.3. COLOUR-PERMUTING AUTOMORPHISMS OF COMPLETE GRAPHS

Since ¢ is nontrivial, we know that F' is a proper subset of G. Also, in both (a)
and (b) of Example 8.1.1, it is easy to see that F' is a subgroup of G. (In (a), it is the
subgroup {x € G | > = 1}; in (b), it is the subgroup A.) Therefore, it is immediate
from Lemma 2.1.6 that (S*) = G. O

8.3 Colour-permuting automorphisms of Cay(G; G~ {1})

In this section, we prove Theorem 1.4.7, which was stated in the introduction. For

the reader’s convenience, we state the result again here:

Theorem 8.3.1. If G is any (finite or infinite) group, then every colour-permuting
automorphism of the complete graph Cay(G; G~ {1}) is the composition of a group

automorphism and a colour-preserving graph automorphism.

In other words (and using the symbols defined in Notation 8.2.1), we prove:
A(Cay(G; G~ {1})) = Aut(G) - A°(Cay (G; G  {1})).

(Note that the order of the factors on the right-hand side does not matter (see

Lemma 2.1.9).)

Proof of Theorem 8.3.1. Let Kg = Cay(G; G~ {1}), and let ¢ be a colour-permuting
automorphism of K. We wish to show that ¢ is the composition of a group auto-
morphism and a colour-preserving graph automorphism. By composing ¢ with a
translation, we may assume, without loss of generality, that ¢(1) = 1.

If Kg is strongly CCA, then ¢ must be a group automorphism. So the desired
conclusion is true in this case.

We may now assume that Kg is not strongly CCA. By the contrapositive of

Corollary 8.2.8, this implies that GG is a Hamiltonian 2-group:

G:Q8XB,
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for some abelian group B of exponent < 2. Let G5 = (i?, B) be the subgroup generated
by the elements of order 2 in G. (Recall that > = j? = k? is the unique element of
order 2 in (g.) This is the centre of G, and it is an abelian group of exponent 2 that

has index 4 in G. By Lemma 2.5.8, we have
o(gr) = ¢(g) p(z) for all g € G and x € Gy.
Therefore
©(Gy) = Go, and the restriction of ¢ to Gy is a group automorphism. (8.3.2)

Note that Cay(G;{i*'}) is a disjoint union of 4-cycles (because i has order 4).
Hence, the isomorphic graph Cay(G;{¢(i)*'}) is also a disjoint union of 4-cycles,
which means that ¢(i) has order 4. Therefore ¢(i)*? = i?, because g2 = 42 for all
g € G of order 4. Also, we have ¢(i?) € {p(i)*?} (see Corollary 2.5.3(1)). Combining

these observations yields

p(i%) = .

Now, let Qs = (¢(i), ¢(5)), and define a: Qs — G by

a(i™y

(We will soon see that « is well-defined.) Since ¢ and j have order 4 (and ¢ €
A1(K¢)), we know that ¢(i) and ¢(j) have order 4 (by the argument in the preceding
paragraph). Also note that i ¢ j Gy, so (8.3.2) implies that ¢(i) ¢ ©(j) Go; hence,
(i) does not centralize ¢(j). However, any two elements of G either commute or

invert each other; therefore (i) and (j) invert each other, so ¢(7) and ¢(j) satisfy
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exactly the same relations as ¢ and j. We conclude that
a is a (well-defined) isomorphism from Qg to Qs. (8.3.3)

Also note that, for all m,n € Z, Corollary 2.5.3(2) implies

p(i™5™) € {p(i™) ()"} C {e() ™ 0(j)*"} C (Qs) = Qs,

s0 p(Qs) = Qs. Therefore, since Qs N Gy = (i2), we see that

Qs N p(G2) = p(Qs) N (Gs) = ¢(Qs N Ga) = p((i%)) = ().

Since p(B) C ¢(Gs) and i2 ¢ B, this implies Qs N ¢(B) = {1}. Also, since the
restriction of ¢ to Gy is a group automorphism, we know that ¢(B) is a subgroup
of G and we have |G : ¢(B)| = |G : B| = 8; from this, we can conclude that

@8 - (B) = G. So we see from Lemma 2.1.7 that

G = Qs x ¢(B). (8.3.4)

Define 5: G — G by

B(gb) = a(q) p(b) for ¢ € Qg and b € B.

We see from (8.3.2), (8.3.3), and (8.3.4) that § is an automorphism of G.

Now, let ¢y = 371 o ¢. To complete the proof, we will show that 1 is a colour-
preserving automorphism of Cay(G; G \{1}). (This implies that, as desired, ¢ = fot)
is the composition of a group automorphism, namely 3, and a colour-preserving graph
automorphism, namely 1.) First, note that ¢ is a colour-permuting automorphism

(because it is the composition of two colour-permuting automorphisms) and that
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(1) =1 (because 5 and ¢ both fix 1).

If m,n € Z, and n is odd, then conjugation by j" inverts i, so

Z'mj—n — j—n X (]nlm]—n) _ j—n LT = (ijn)—l
On the other hand, if n is even, then j7"

im5 € {(i™5™)F!} for all m,n € Z.

Hence, for all ¢ € Qg, we have

p(q) = (i"5") (for some m, n € Z)
€ {e(i™) ¢(j)*™"} (Corollary 2.5.3(2))
= {o(i)™ ()™} (Corollary 2.5.3(1) with g = 1)
= {B@i)™ B()™"} (definitions of § and «)
= {B@"5=")} (8 is a group homomorphism)
c {B(Em™*) ) ((8.3.5))
= {B(¢*")} (definition of m and n)
= {8(e)*"} (8 is a group homomorphism).

Therefore

B(q) € {p(q)*"} for all ¢ € Qs.
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Now, for any s € G, we have

B(s) = B(gb) (for some ¢ € Qg and b € B)
= B(q) B(b) (8 is a group automorphism)
e {(@)™ B(b)} (8.3.6)
= {(p(a) B®) ™'} P(0) € G fas order L or 2

and is in the centre of G

— {(p(q) ()"} (definitions of 4 and )
= {p(gh)*'} (Lemma 2.5.8)
= {p(s)*'} (definition of ¢ and b).

Since p(s71) = ¢(s)~! (by Corollary 2.5.3(1) with ¢ = 1) and S(s™!) = B(s)™!

(because [ is a group homomorphism), this implies
e({s™'}) = B({s*"}) for all s € G.
Therefore, we have
v({sH}) =87 (p({s1}) = 71 (B({s™1}) = (s}
Hence, for all g, s € G, we see from Corollary 2.5.3(2) that

W(gs) € {w(g) (s} = {v(g) s™'}.

This means that v is colour-preserving, as desired. O

We will close by showing that this theorem yields a direct proof of the implication

(4 = 2) of Theorem 8.0.1. However, this observation does not shorten any of our
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arguments, because the logic is circular: the proof of Theorem 8.3.1 relies on the
implication (5 = 2) (i.e., it relies on Corollary 8.2.8), which is a priori stronger than

(4 = 2), because (4 = 5) is trivial (see Note 1.4.5(1)).

Corollary 8.3.7. If the complete graph Cay(G; G\ {1}) is CCA, then it is strongly
CCA.

Proof. Let ¢ be a colour-permuting automorphism of Cay (G; G~ {1}) By Theo-
rem 8.3.1, we may write ¢ = 1poa, where 9 is a colour-preserving graph automorphism
and o € Aut G. However, since Cay(G; G~ {1}) is CCA, we know that 1) is an affine

map. Hence, ¢ is the composition of two affine maps, and is therefore affine. O

We also mention the following simple observations.
Proposition 8.3.8. Cay(G;G \ 1) is a GRR if and only if |G| < 2.

Proof. We know that the automorphism group of the complete graph Cay(G; G \
1) is Sym(G). Then if |G| = n, then the order of the automorphism group is n!.
Furthermore, n! = n if and only if n =1 or n = 2.

Therefore, the complete graph Cay(G; G\ 1) is a GRR if and only if |G| <2. O
Proposition 8.3.9. Cay(G; G) is normal if and only if either |G| < 3 or G = Zy X Zs.

Proof. Note that every permutation of G is an automorphism of Cay(G;G). There-
fore, Cay(G; G) is normal if and only if every permutation of G that fixes the identity

element of G is an automorphism of G.

(«<). If G has only 1 or 2 elements, then the identity map is the only permutation
of G that fixes the identity element, and this is obviously an automorphism of G. So
Cay(G; G) is normal.

Now we consider G with 3 elements {1, a,a™'}. The only non identity permutation
that fixes the identity element is the transposition (a,a™!). This is equal to the group

automorphism p(z) = z7!. So Cay(G; @) is normal.
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For G = Zy X Zs, we have Aut G = GLy(2), so |Aut G| = 6 = |S3|. Hence, every
permutation of the nonidentity elements of G comes from a group automorphism. So

Cay(G; G) is normal.

(=). We prove the contrapositive: if |G| > 4 and G % Zy X Zso, then G is not

normal.

Case 1. Assume |G| = 4. By assumption, we have G 2 Zy X Zs, so we conclude
that G = Z4 = {0,1,2,3}. Let ¢ = (2 3). Then ¢ is a permutation of Z, that fixes 0,

but it is not an automorphism of this group because

e(I+1)=p(2)=3#4£2=1+1=¢(1)+ ¢(1).

So, this Cayley graph is not normal.

Case 2. Assume |G| > 5. Choose two distinct non-zero elements a and b of G.
Since |G| > 5, there exists ¢ € G that is distinct from 0, a, b, and their sum, a + b.

Now, let ¢ be the permutation that interchanges ¢ and a + b, but fixes all other
elements of G. It is evident that ¢ is not a group automorphism because it fails to
preserve the group operation. Specifically, we have ¢(a 4+ b) = ¢, which is not equal

to p(a) + ¢(b) = a + b. Consequently, Cay(G;G) is not normal. O
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Appendix A
Computer programs

This chapter provides the source code of all programs used throughout this work.
Each file is in a separate section, and the title of the section is the name of the file.
A.1 Dbasic.sage

#This file provides basic definitions
#used within other SageMath code.

Z2 = CyclicPermutationGroup(2)
Z3 = CyclicPermutationGroup(3)
Z4 = CyclicPermutationGroup(4)
Q8 = QuaternionGroup()

def cayleygraph(G,S):
"""Construct a Cayley graph. The connection
set S does not need to be symmetric."""
V = list(G)
E = [[g, g*s] for g in V for s in S]
return Graph([V,E])

def CI(X):
"Calculate the Cayley index of the graph X"
return X.automorphism_group().order() // X.order()

def cayleyindex(G):
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"Find the Cayley index of G."
Glist = []
for g in G:
if (g”-1 not in Glist) and (g != G.one()):
Glist.append(g)
return min(CI(cayleygraph(G,S))
for S in Set(Glist).subsets())

def Dic(factors, z):
"""Construct a generalized dicyclic group. The abelian
subgroup A of index 2 is specified by listing the
orders of the factors in a representation of A as a
direct product of cyclic groups.

EXAMPLE: :

sage: Dic([4,5,6], (2,0,0))
Dic(Z_4 = Z_5 z Z_6, (2, 0, 0))
nnn
gens = []
q=1[]
jumppoint = Integer (1)
for ak,zk in zip(factors, z):
# create a generator of order ak for the
# abelian subgroup 4
gens . append (
[tuple(range (jumppoint, jumppoint + ak)),
tuple(range (jumppoint + 2%*ak - 1,
jumppoint + ak - 1, -1))1)
# add another 4-cycle to the generator g
# that inverts A
for i in range(ak):

q.append (
(jumppoint + i,
jumppoint + i + ak,
jumppoint + ((i + zk) % ak),

jumppoint + ak + ((i + zk) % ak)))
jumppoint = jumppoint + 2x*ak
gens.append(q)
G = PermutationGroup(gens=gens, canonicalize=False)

# provide a nice string representation of G

Astring = " x ".join([f"Z_{n}" for n in factors])
G._repr_ = lambda: f"Dic({Astring}, {z})"
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# vertfy that G ts the correct dicyclic group

Agens = G.gens() [:-1] # generators of the subgroup A
A = G.subgroup(Agens)

q = G.gens() [-1] # generator q that inverts A

# verify that A is abelian
for a in Agens:
for b in Agens:
assert a * b == b x a, "A is not abelian"

# Check that each generator of A has the correct order
for gen, expected_order in zip(Agens, factors):
assert gen.order() == expected_order, (

f"Generator has order {gen.order()},"

+ f"expected {expected_orderl}"

)
# Check that A has the correct order
assert A.order() == prod(factors), "order of A incorrect"
# Construct the expected z element in A
expected_z = prod(gen~exp for gen, exp in zip(Agens, z))
assert q°2 == expected_z, "q 2 != z"
# verify that q inverts each generator of A
for a in Agens:

assert q * a x q°-1 == a”-1, f"q does not invert {al}"
# verify that the order of G is 2 * [A]
assert G.order() == 2 * A.order(), "Incorrect group order"
return G

def is_normal_cayley_graph(G, S):
Determines whether the Cayley graph Cay(G; S)
1S normal.
nnn
# Build the Cayley graph
X = cayleygraph(G, S)

# Check that all automorphisms fixzing tdentity are
#group automorphisms
for phi in X.automorphism_group():
if phi(G.one()) !'= G.one():
continue
if not all(
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phi(g * h) == phi(g) * phi(h)
for g in G
for h in G

return False

return True

A.2 elementaryabelian.sage

# This program checks up to 100 random nonempty connection

# sets S for the groups Z_ 2, Z 275, Z_ 276, and Z_277.

# For each set S that it is considered, the program constructs the
Cayley

# graph Cay(Z_2°n; S) and computes its Cayley indezx.

# When a set S ©s found with Cayley index 1, the

# program outputs G and S then moves on to the next group.

# If no such S 1s found for a particular G, then the program does
not print anything for that group.

from sage.all import ZZ, AdditiveAbelianGroup, Graph
from random import sample

def cayleygraph(G, S):
V = 1list(G)
E=[[g, g+ s] for g in V for s in S]
return Graph([V, EI)

def CI(X):
"""Calculate the Cayley index of the graph X"""

return X.automorphism_group().order() // X.order()

def check_random_GRR(n):
G = AdditiveAbelianGroup([2]*n)

# non-identity elements
e = G.identity()

nonzero = [g for g in G if g != €]

# random size of S
k = ZZ.random_element (1, len(nonzero) + 1)

# random connection set
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wn
Il

sample (nonzero, k)

X

cayleygraph(G, S)
return S if CI(X) == 1 else False

for n in [1, 5, 6, 7]:
for _ in range(100):
S = check_random_GRR(n)
if S:
print ("G = Z_2"{n}, S={set(S)}")
break

A.3 exceptionall3groups.sage

#We calculate the Cayley index and MRR connection sets for
#each of the 13 groups listed im Table 5.1 or Theorem 4.0.1.

load("basic.sage")

# 1

Z2x7Z2 = direct_product_permgroups([Z2,72])

z_1, z_2 = Z2x72.gens()

assert z_1.order() ==

assert z_2.order() ==

assert Z2xZ2.subgroup([z_1,z_2])==722x72

print ()

print(£"|(Z_2)"2|: {Z2xZ2.order ) }")

print (f"Cayley index of (Z_2)"2: {cayleyindex(Z2xZ2)}")
S = [z_1]

X = cayleygraph(Z2xZ2, S)

print (£f"Cayley index of Cay((Z_2)"2; S) : {CI(X)}")

# 2
Z2x72x72 = direct_product_permgroups([Z2,Z2,Z2])
z_1, z_2, z_3 = 7Z2x72x72.gens ()

assert z_1.order() == 2

assert z_2.order() == 2

assert z_3.order() == 2

assert Z2xZ2xZ2.subgroup([z_1,z_2,z_3])==72x72x7Z2
print ()

139



A.3. EXCEPTIONAL13GROUPS.SAGE

print (£"|(Z_2)~3|: {Z2xZ2xZ2.order () }")

print (f"Cayley index of (Z_2)"3: {cayleyindex(Z2xZ2xZ2)}")
S = [z_1, z_2, z_3]

X = cayleygraph(Z2x722x72, S)

print(f"Cayley index of Cay((Z_2)"3; S): {CI(X)}")

# 3
Z2x72x72x72 = direct_product_permgroups([Z2,Z22,722,72])
z_1, z_2, z_3,z_4 = Z2xZ2x72x72.gens ()

assert z_1.order() == 2
assert z_2.order() == 2
assert z_3.order() == 2
assert z_4.order() == 2

assert Z2xZ2xZ2xZ2 .subgroup(lz_1,z_2,z_3, z_4])==722x7Z2x7Z2x7Z2
print ()

print (£"|(Z_2)~4|: {Z2xZ2xZ2xZ2.order () }")

print (f"Cayley index of (Z_2)"4: {cayleyindex(Z2xZ2x7Z2x72)}")
S =[z_1, z_2, z_3, z_4, z_1%z_2, z_1%z_3, z_2* z_4]

X = cayleygraph(Z2x72x7Z2xZ2, S)

print (f"Cayley index of Cay((Z_2)"4; S):{CI(X)}")

# 4

D6 = DihedralGroup(3)
r, s = D6.gens()
assert D6.order() ==

assert r.order() == # rotation
assert s.order() == # reflection
assert D6.subgroup([r, s]) == D6
print ()

print(f"|D_6]: {D6.order()}")

print(f"Cayley index of D_6: {cayleyindex(D6)1}")
S = [s, sx*r]

X = cayleygraph(D6, S)

print (f"Cayley index of Cay(D_6; S):{CI(X)}")

#5

D8 = DihedralGroup(4)

r, s = D8.gens()

assert D8.order() ==

assert r.order() == 4 # rotation
assert s.order() == # reflection
assert D8.subgroup([r, s]) == D8
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print ()

print(£"|D_8]|: {D8.order()}")

print (f"Cayley index of D_8: {cayleyindex(D8)1}")
S = [s, s*r]

X = cayleygraph(D8, S)

print (f"Cayley index of Cay(D_8; S):{CI(X)}")

# 6

D10 = DihedralGroup(5)
r, s = D10.gens()

assert D10.order() == 10

assert r.order() == # rotation
assert s.order() == # reflection
assert D10.subgroup([r, s]) == D10
print ()

print(£"|D_10|: {D10.order(O}")

print(f"Cayley index of D_10: {cayleyindex(D10)}")
S = [s, sx*r]

X = cayleygraph(D10, S)

print (f"Cayley index of Cay(D_10; S):{CI(X)}")

# 7

A_4 = AlternatingGroup(4)

a = A4("(1,2,3)")

a_inv = a"-1

b =A_4("(1,2)(3,4)")

print ()

print(£f"|A_4 |: {A_4.order(O}")

print (f"Cayley index of A_4: {cayleyindex(A_4)}")
S = [a, b]

X = cayleygraph(A_4, S)

print(f"Cayley index of Cay(A_4; S):{CI(X)}")

# 8

H1 = PermutationGroup([
[((1,6), (2,5, (3,4), (7,81, # a
[((2,6), (4,8)], #0b
[((1,8), (2,7, (3,6), (4,5)] # c

], canonicalize=False)
a, b, ¢ = Hl.gens()
assert a"2 == Hl.identity(), "a"2 =1"
assert b"2 == Hl.identity(), "b"2 =1"
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assert c¢”2 == Hl.identity(), "c"2 =1"

assert axb*c == b*c*a == c*axb, "abc=bca=cab"
print ()

print(£"|H_1|: {H1.order()}")

print (f"Cayley index of H_1: {cayleyindex(H1)}")
S = [a, b, ¢, axb]

X = cayleygraph(H1 , S)

print(f"Cayley index of Cay(H_1; S):{CI(X)}")

# 9

H2 = PermutationGroup([
[(1,2,3,4,5,6,7,8)], # a (8-cycle)
[(2,6), (4,8)] #b

], canonicalize=False)
a,b = H2.gens()
assert a"8 == H2.identity(), "a"8 = 1"
assert b"2 == H2.identity(), "b"2 = 1"
assert b * a * b == a”5, "bab = a”b"
print ()
print(£"|H_2|: {H2.order()}")
print (f"Cayley index of H_2: {cayleyindex(H2)1}")
S= [a, a"2, b]
X = cayleygraph(H2, S)
print (f"Cayley index of Cay(H_2; S):{CI(X)}")

# 10

H3 = PermutationGroup([
[(1,2,3), (4,5,6), (7,8,9)1], # a
[((1,4,7), (2,5,8), (3,6,91, #b
[((1,9), (2,8), (3,7), (4,6)] # c

], canonicalize=False)
a, b, ¢ = H3.gens()
assert a”3 == H3.identity(), "a"3 = 1"
assert b~3 == H3.identity(), "b"3 = 1"
assert c¢”2 == H3.identity(), "c"2 = 1"

assert a * b == b *x a, "ab = ba"

assert (a * c)”2 == H3.identity(), "(ac)"2 = 1"
assert (b * c¢)~2 == H3.identity(), "(bc)"2 = 1"
print ()

print(£"|H_3|: {H3.order()}")

print (f"Cayley index of H_3: {cayleyindex(H3)1}")
S=1[a, c, a*c, bx*xc]

X = cayleygraph(H3, S)
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print (f"Cayley index of Cay(H_3; S):{CI(X)}")

# 11

H4 = PermutationGroup([
[(1,2,3), (4,5,6), (7,8,91, #a
[(2,5,8), (3,9,6)], #b
[(1,4,7), (2,5,8), (3,6,9)] #c

], canonicalize=False)
a, b, ¢ = H4.gens()
assert a”3 == H4.identity(), "a"3 =1"
assert b"3 == H4.identity(), "b"3 = 1"
assert c¢”3 == H4.identity(), "c"3 = 1"

assert a * ¢ == ¢ *x a, "ac = ca"
assert b *x ¢ == ¢ *x b, "bc = cb"
assert b"™-1 *a *x b == a*c, "b"-lab=ac"
print ()

print(f"|H_4|: {H4.order()}")

print (f"Cayley index of H_4: {cayleyindex(H4)1}")
S=1[a, b, a~-1 ¥ b, b¥xaxb -1 ]

X = cayleygraph(H4, S)

print (f"Cayley index of Cay(H_4; S):{CI(X)}")

# 12

i,j= Q8.gens()

Q8xZ3 = direct_product_permgroups ([Q8, Z3])

i,j,z_1= Q8xZ3.gens()

assert i.order() ==

assert j.order() ==

assert z_1.order() ==

assert Q8xZ3.subgroup([i,j,z_1])== Q8xZ3

print ()

print(£"|Q_8 x Z_3|: {Q8xZ3.order()}")

print (f"Cayley index of Q_8 x Z_3: {cayleyindex( Q8xZ3)}")
S=1[1, i*z_1, j*z_1]

X = cayleygraph(Q8xZ3 , S)

print(f"Cayley index of Cay((Q_8 x Z_3; S):{CI(X)}")

# 13

i,j= Q8.gens()

Q8xZ4= direct_product_permgroups ([Q8, Z4])
i,j,z_1= Q8xZ4.gens()
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assert i.order() == 4

assert j.order() == 4

assert z_1.order() ==

assert Q8xZ4.subgroup([i,j,z_1])== Q8xZ4

print ()

print(£f"|1Q_8 x Z_4|: {Q8xZ4.order()}")

print (f"Cayley index of Q8xZ4: {cayleyindex(Q8xZ4)}")
S=1[1, 3, z_1, i*z_1, j*i*z_1]

X = cayleygraph(Q8xZ4 , S)

print (f"Cayley index of Cay(Q_8 x Z_4; S):{CI(XD}")

A.4 smalldicyclic.sage

#Thts program checks up to 1000 random Cayley graphs
#of momabelian generalized dicyclic group whose abelian
#subgroup of index 2 has order at most 48.

#It tries to find a connection set that gives Cayley
#index 2. If mo such connection set is found

#after 1000 attempts, the program prints an error.

load("basic.sage")

from itertools import combinations_with_replacement
from random import sample

def cayleyindex_random(G, max_attempts=1000) :
nmnn
Estimate the Cayley index of a group G by
checking up to ‘maz_attempts‘ random subsets of
G \\ {1} as connection sets for Cayley graphs.

For each attempt, a random subset S is selected
and the Cayley graph Cay(G; S) is constructed.
The function tracks the smallest Cayley

index encountered.

Returns 2 immediately if a Cayley graph with
index 2 ts found. Otherwise, returns the minimum
indexr observed after all attempts.

nnn

Order0fAutG = G.gap() .AutomorphismGroup() .0rder ()
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min_index = Infinity
Glist = []

for g in G:
if (g"-1 not in Glist) and (g !'= G.one()):
Glist.append(g)

attempts = 0

while attempts < max_attempts:
subset_size = sample(
range(1, len(Glist) + 1), 1)[0]
S = Set(sample(Glist, subset_size))

X = cayleygraph(G, S)
CI_X = CI(X)

if CI_X < min_index:
min_index = CI_X

if CI_X == 2:
return min_index

attempts += 1

return min_index

def generate_Dicyclic_groups(order):
mnmnn
Generate nonabelian generalized dicyclic groups of a given
order. The function constructs all abelian groups A
of index 2 whose order divides the given input
‘order‘, and returns groups of the form Dic(4, z),
where z 15 an involution in A. Only mon-abelian
dicyclic groups are yielded.
nmnn
prime_power_divisors = [1] + [d for d in order.divisors()
if is_prime_power(d)]
for factors in combinations_with_replacement (
prime_power_divisors, order.bit_length()
):
if prod(factors) == order:
factors = [ZZ(d) for d in factors if d > 1]
# 1gnore abelian groups
if not any(k > 2 for k in factors):
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continue
evens = [
i for i in range(len(factors))
if is_even(factors[i])]
for one_set in Set(evens).subsets():
if one_set:
z=[
factors([i] // 2
if i in one_set else O
for i in range(len(factors))
]
yield Dic(factors, z)

# Run the Search for Cayley Index 2
max_order = 48

for order in srange(l, max_order + 1):
for G in generate_Dicyclic_groups(order):
if cayleyindex_random(G) ==
print (" ", G)
else:
print ("s**x**xx*x*x Error", G)

A.5 table5.3.sage

#For Dic(Z_4 z Z_4, (2,0)) and Dic(Z_8 = Z_4, (0,2)),

#we verify that the Cayley indezx

#obtained from the connection set given in Table 5.3 differs from
#the value listed in the table.

load("basic.sage")

#1

# Dic(Z_4 x Z_4, (2,0))

G = Dic([4,4], (2,0))

z1,z2,x = G.gens()

S = [z1, z2, z1*z2,x,z1%x]

X = cayleygraph(G, S)

print (f"Cayley index of Cay(Dic(Z_4 x Z_4, (2,0)); S):{CI(XD)}")
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#2

# Dic(Z_.8 = Z_4, (0,2))

G = Dic([8,4]1, (0,2))

z1,z2,x = G.gens()

S = [z1, z2,x,z175%x, z1"3*z2*x]

X = cayleygraph(G, S)

print(f"Cayley index of Cay(Dic(Z_8 x Z_4, (4,0)); S):{CI(X)}")

A.6 table5.6.sage

#For each group im Table 5.6, we verify that the Cayley
#index of the group and the connection set for an MRR
#match the wvalues listed in the table.

load("basic.sage")

# Dic(Z_6, 3)

G = Dic([6], (3,))

z_1,x = G.gens()

print (f"Cayley index of Dic(Z_6, 3): {cayleyindex(G)}")
S = [z_1, x]

X = cayleygraph(G, S)

print (f"Cayley index of Cay(Dic(Z_6, 3); S):{CI(XD}")

# Dic(Z_8, 4)

G = Dic([8], (4,))

z_1,x = G.gens()

print ()

print (f"Cayley index of Dic(Z_8, 4): {cayleyindex(G)}")
S = [z_1, x]

X = cayleygraph(G, S)

print (f"Cayley index of Cay(Dic(Z_8, 4); S):{CI(XD}")

# Dic(Z_10, 5)

G = Dic([10], (5,))

z_1,x = G.gens()

print ()

print (f"Cayley index of Dic(Z_10, 5): {cayleyindex(G)}")
S = [z_1, x]

X = cayleygraph(G, S)

print(f"Cayley index of Cay(Dic(Z_10, 5); S):{CI(X)}")
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# Dic(Z_4 =z Z_2, (0,1))

G = Dic([4, 21, (0, 1))

z_1, z_2, x= G.gensQ)

print ()

print(f"Cayley index of Dic(Z_4 x Z_2, (0,1)): {cayleyindex(G)}")
S = [z_1, x, z_1x%x]

X = cayleygraph(G, S)

print (f"Cayley index of Cay(Dic(Z_4 x Z_2, (0,1) ); S):{CI(X)}")

# Dic(Z_.8 =z Z_2, (4,0))

G = Dic([8,2], (4,0))

z1,z2,x = G.gens()

print ()

print (f"Cayley index of Dic(Z_8 x Z_2, (4,0)): {cayleyindex(G)}")
S = [z1, z2,x,z1*x,22*x]

X = cayleygraph(G, S)

print (f"Cayley index of Cay(Dic(Z_8 x Z_2, (4,0)); S):{CI(XD}")

# Dic(Z_4 x Z_4, (2,0))

G = Dic([4,4], (2,0))

z1,z2,x = G.gens()

print ()

print (f"Cayley index of Dic(Z_4 x Z_4, (2,0)): {cayleyindex(G)}")
S = [z1*z2*xx, z2°-1, 2272, z1*xz2"1, zlxx, z2 -1*xx"-1]

X = cayleygraph(G, S)

print (f"Cayley index of Cay(Dic(Z_4 x Z_4, (2,0)); S):{CI(X)}")

# Dic(Z_4 z (Z_2)°2, (0,1,0))

G = Dic([4,2,2], (0,1,0))

z1,22,2z3,x = G.gens()

print ()

print (f"Cayley index of Dic(Z_4 x (Z_2)"2, (0,1,0)):
{cayleyindex(G)}")

S [z1, z3,x, zl*x,z3*x]

X = cayleygraph(G, S)

print (f"Cayley index of Cay(Dic(Z_4 x (Z_2)"2, (0,1,0)); S):{CI(X)}")

# Dic(Z_6 = 2_3, (3,0))
G = Dic([6,3], (3,0))
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z1,z2,x = G.gens()

print ()

print (f"Cayley index of Dic(Z_6 x z_3, (3,0))): {cayleyindex(G)}")
S = [z1, z2,x,z2*x, zl*xz2%x]

X = cayleygraph(G, S)

print (f"Cayley index of Cay(Dic(Z_6 x z_3, (3,0)); S):{CI(X)}")

# Dic(Z_8 =z (Z_2)°2, (4,0,0))
# Define Dic(Z_8 = Z_2, (4,0))
Gl = Dic([8, 2], (4, 0))

# Create the direct product G1 = Z_2
G_prod = Gl.direct_product(Z2) [0]

# Define Dic(Z_8 x (Z_2)°2, (4,0,0))
G_big = Dic([8, 2, 2], (4, 0, 0))

print ()
# Check if they are isomorphic
iso = G_big.is_isomorphic(G_prod)
if iso:
print ("True, the groups are isomorphic.")
else:
print("False , the groups are not isomorphic")

# Dic(Z_8 = Z_4, (4,0))

G = Dic([8,41, (4,0))

z1,22,x = G.gens()

print ()

print(f"Cayley index of Dic(Z_8 x Z_4, (4,0)): {cayleyindex(G)}")
S = [z1, z2,x,z176%z2"-1%x, z1 5*xz2%x]

X = cayleygraph(G, S)

print (f"Cayley index of Cay(Dic(Z_8 x Z_4, (4,0)); S):{CI(XD}")

# Dic(Z_8 = Z_4, (0,2))

G = Dic([8,4], (0,2))

z1,z2,x = G.gens()

print ()

print (f"Cayley index of Dic(Z_8 x Z_4, (0,2)): {cayleyindex(G)}")
S = [z1, z172%z2,x,21"3%x,22*x]

X = cayleygraph(G, S)
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print (f"Cayley index of Cay(Dic(Z_8 x Z_4, (0,2)); S):{CI(X)}")

#Dic(Z_4°2 z Z_2, (2,0,0))

# Dic(Z_4 x Z_4, (2,0))

Gi = Dic([4, 41, (2, 0))

# Create the direct product G1 = Z_2
G_prod = Gl.direct_product(Z2) [0]

# Define Dic(Z_4 = Z_4 = Z_2, (2,0,0))
G_big = Dic([4, 4, 21, (2, 0, 0))

print ()
# Check 1f they are isomorphic
iso = G_big.is_isomorphic(G_prod)
print ()
# Print result
if iso:
print ("True, the groups are isomorphic.")
else:
print("False , the groups are not isomorphic")

# Dic(Z_4°2 <z Z_2, (0,0,1))

G = Dic([4,4,2], (0,0,1))

z1,2z2,z3,x = G.gens()

print ()

print (f"Cayley index of Dic(Z_4"2 x Z_2, (0,0,1)): {cayleyindex(G)}")
S = [z1, z2,x,z273%x, zl1 3%z2"2%x]

X = cayleygraph(G, S)

print (f"Cayley index of Cay(Dic(Z_4"2 x Z_2, (0,0,1)); S):{CI(X)}")

# Dic(Z_4 =z Z_2°3, (0,1,0,0))
# Dic(Z_4 = Z_2°2, (0,1,0))
Gl = Dic([4, 2, 2], (0, 1, O))

# Create the direct product G1 = Z_2
G_prod = Gl.direct_product(Z2) [0]

# Define Dic(Z_4 = Z_2°3, (0,1,0,0))
G_big = Dic([4, 2, 2, 2], (0, 1, 0, 0))

print ()
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# Check 1f they are isomorphic
iso = G_big.is_isomorphic(G_prod)
if iso:
print ("True, the groups are isomorphic.")
else:
print("False , the groups are not isomorphic")

# Dic(Z_12 =z Z_3, (6,0))

G = Dic([12,3], (6,0))

z1,z2,x = G.gens()

print ()

print(f"Cayley index of Dic(Z_12 x Z_3, (6,0)): {cayleyindex(G)}")
S = [z1, z2,x,z1 7T*z2%x, z1"3*z2*x]

X = cayleygraph(G, S)

print (f"Cayley index of Cay( Dic(Z_12 x Z_3, (6,0)); S):{CI(X)}")

# Dic(Z_6 z Z_3, (3,0))
G1 = Dic([6, 3], (3, 0))

# Create the direct product G1 = Z_2
G_prod = Gl.direct_product(Z2) [0]

# Dic(Z_6 = Z_6, (3,0))
G_big = Dic([6, 6], (3, 0))

print ()
# Check 1f they are isomorphic
iso = G_big.is_isomorphic(G_prod)
if iso:
print ("True, the groups are isomorphic.")
else:
print("False , the groups are not isomorphic")

#Dic(Z_12 X Z_4, (6,0))

G = Dic([12,4]1, (6,0))

z1,z2,x = G.gens()

print ()

print (f"Cayley index of Dic(Z_12 x Z_4, (6,0)): {cayleyindex(G)}")
S = [z1, z2,x,z174%z2%x, z179%z2"3*x]

X = cayleygraph(G, S)
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print (f"Cayley index of Cay(Dic(Z_12 X Z_4, (6,0)); S):{CI(X)}")

# Dic(Z_12 X Z_4, (0,2))

G = Dic([12,4], (0,2))

z1,z2,x = G.gens(Q)

print ()

print (f"Cayley index of Dic(Z_12 x Z_4, (0,2)): {cayleyindex(G)}")
S = [z1,x,z1°3*%z2,z1*x, zl*z2%*x]

X = cayleygraph(G, S)

print (f"Cayley index of Cay(Dic(Z_12 X Z_4, (0,2)); S):{CI(XD}")

A.7 tableb.5elementaryabelian.sage

#Thts program verifies the Cayley index and the connection
#set of an MRR of Z_2, Z_272 and the seven exceptional
#abelian groups in Theorem 5.0.5.

load("basic.sage")

# 1

z_1 = Z2.gens () [0]

assert z_1.order() ==

print ()

print(f"|Z_2|: {Z2.order()}")

print(f"Cayley index of Z_2: {cayleyindex(Z2)1}")
S =1

X = cayleygraph(Z2, S)

print (f"Cayley index of Cay(Z_2; S): {CI(X)}")

# 2
Z2xZ2 = direct_product_permgroups([Z2,72])
z_1, z_2 = Z2xZ2.gens()

assert z_1.order() == 2

assert z_2.order() == 2

assert Z2xZ2.subgroup([z_1,z_2])==722xZ2
print ()

print(£"|(Z_2)"2|: {Z2xZ2.order()}")
print (f"Cayley index of (Z_2)"2: {cayleyindex(Z2xZ2)1}")
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S = [z_1]
X = cayleygraph(Z2x72, S)
print (f"Cayley index of Cay((Z_2)"2; S) : {CI(XD}")

# 3
Z2x72x72 = direct_product_permgroups([Z2,Z2,7Z2])
z_1, z_2, z_3 = 7Z2x72x72.gens()

assert z_1.order() == 2

assert z_2.order() == 2

assert z_3.order() == 2

assert Z2xZ2xZ2.subgroup([z_1,z_2,z_3])==72x72x7Z2
print ()

print (£"|(Z_2)"3|: {Z2xZ2xZ2.order()}")

print (f"Cayley index of (Z_2)"3: {cayleyindex(Z2xZ2xZ2)}")
S = [z_1, z_2, z_3]

X = cayleygraph(Z2x72x72, S)

print (f"Cayley index of Cay((Z_2)"3; S): {CI(X)}")

# 4
Z2x72x72x7Z2 = direct_product_permgroups([Z2,Z22,Z2,7Z2])
z_1, z_2, z_3,z_4 = Z2x7Z2x72x72.gens ()

assert z_1.order() == 2

assert z_2.order() == 2

assert z_3.order() == 2

assert z_4.order() == 2

assert Z2xZ2xZ2xZ2 .subgroup([z_1,z_2,z_3, z_4])==722x72x72x7Z2
print ()

print(£"|(Z_2)"4|: {Z2xZ2x72x7Z2.order ()}")

print (f"Cayley index of (Z_2)74: {cayleyindex(Z2xZ2xZ2xZ2)1}")
S =[z_1, z.2, z_.3, z_4, z_1xz_2, z_1xz_3, z_2% z_4]

X = cayleygraph(Z2xZ2x7Z2x7Z2, S)

print (f"Cayley index of Cay((Z_2)"4; S):{CI(X)}")

# 5
Z4xZ2 = direct_product_permgroups([Z4,Z2])
z_1, z_2 = Z4xZ2.gens()

assert z_1.order() == 4

assert z_2.order() == 2

assert Z4xZ2.subgroup(lz_1,z_2])==74xZ2
print ()

print(f"|Z_4 x Z_2|: {Z4xZ2.order()}")
print (f"Cayley index of Z_4 x Z_2: {cayleyindex(Z4xZ2)}")
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S = [z_1, z_2]
X = cayleygraph(Z4xZ2, S)
print (f"Cayley index of Cay(Z_4 x Z_2; S):{CI(XD}")

# 6
Z4x72x72 = direct_product_permgroups([Z4,Z2,7Z2])
z_1, z_2,z_3 = Z4xZ2xZ2 .gens()

assert z_l.order() == 4

assert z_2.order() == 2

assert z_3.order() == 2

assert Z4xZ2xZ2 .subgroup([z_1,z_2,z_3])==Z24x72x72
print ()

print (f"|Z24xZ22xZ2) | : {Z4xZ2xZ2.order()}")

print (f"Cayley index of Z_4x(Z_2)"2:{cayleyindex(Z4xZ2xZ2 )}")
S=1[z.1, z.2, z.3, z_1%x z_2, z_1x z_3]

X = cayleygraph(Z4x72x72, S)

print (f"Cayley index of Cay(Z_4 x (Z_2)"2 ; S):{CI(XD}")

#7
Z3xZ3 = direct_product_permgroups([Z3,Z3])
z_1, z_2 = Z3xZ3 .gens()

assert z_1.order() == 3

assert z_2.order() == 3

assert Z3xZ3 .subgroup([z_1,z_2])== Z3xZ3
print ()

print(f"|Z_3 x Z_3|: {Z3xZ3.order()}")

print (f"Cayley index of (Z_3)"2: {cayleyindex(Z3xZ3 )1}")
S=1[z.1, z_2]

X = cayleygraph(Z3xZ3, S)

print (f"Cayley index of Cay((Z_3)"2; S):{CI(X)}")

# 8
Z3xZ3xZ3 = direct_product_permgroups([Z3,Z3,Z3])
z_1, z_2, z_3 = 7Z3xZ3xZ3 .gens()

assert z_1.order() == 3

assert z_2.order() == 3

assert z_3.order() == 3

assert Z3xZ3xZ3 .subgroup([z_1,z_2,z_3])== Z3xZ3xZ3
print ()

print(£f"|Z_3 x Z_3 x Z_3|: {Z3xZ3xZ3.order(O}")
print (f"Cayley index of (Z_3)"3: {cayleyindex(Z3xZ3xZ3 )}")
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S=1[z_1, z_.2, z_.3, z_1xz_2, z_1*xz_3, z_2*z_3]
X = cayleygraph(Z3xZ3xZ3, S)
print (f"Cayley index of Cay((Z_3)"3 ; S):{CI(X)}")

# 9
Z4xZ4 = direct_product_permgroups([Z4,Z4])
z_1, z_2 = Z4xZ4 .gens(Q)

assert z_1.order() == 4

assert z_2.order() == 4

assert Z4xZ4 .subgroup([z_1,z_2])==Z4x74
print ()

print(f"|Z_4 x Z_4|: {Z4xZ4.order()}")

print (f"Cayley index of Z_4 x Z_4: {cayleyindex(Z4xZ4 )}")
S=1[=z1, z2, z_172, z_1x z_2]

X = cayleygraph(Z4xZ4, S)

print (f"Cayley index of Cay(Z_4 x Z_4; S):{CI(XD}")

A.8 table5.5Hamiltonian2-group.sage

#Thts program verifies the Cayley index and the connection
#set of an MRR of Q_8 and (_8 \times \Z_2.

load("basic.sage")

# 1

i,j= Q8.gens()

assert i.order() == 4

assert j.order() == 4

assert Q8.subgroup([i,jl)== Q8
print ()

print(£"|Q_8]: {Q8.order()}")

print (f"Cayley index of Q_8: {cayleyindex(Q8)1}")
S = [il]

X = cayleygraph(Q8, S)

print (f"Cayley index of Cay(Q_8 ; S):{CI(X)}")

# 2

Q8xZ2= direct_product_permgroups([Q8, Z2])
i,j,z_1= Q8xZ2.gens()

assert i.order() ==
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assert j.order() ==

assert z_1.order() ==

assert Q8xZ2.subgroup([i,j,z_1])== Q8xZ2

print ()

print(£"1Q_8 x z_2|: {Q8xZ2.order()}")

print (f"Cayley index of Q_8 x Z_2: {cayleyindex(Q8xZ2)}")
S=1[1, j, z_1, ixz_1,i"-1xz_1 ]

X = cayleygraph(Q8xz2, S)

print (f"Cayley index of Cay(Q_8 x Z_2; S):{CI(XD}")

A.9 table5.5exceptionaldicyclic.sage

#We verify the Cayley indexr and the connection set of an
#MRR of each of the corresponding exceptional groups in
#Lemma 5.0.7.

load("basic.sage")

# 1
G = Dic([6], (3,))
z_1,x = G.gens()

assert z_1.order() == 6

assert x.order() ==

assert x * z_1 *x x°-1 == z_1"-1

assert x°2 == z_173,"x"2 must equal the involution (3,)"
print ()

print (£"|Dic(Z_6, 3)|: {G.order(O}")

print (f"Cayley index of Dic(Z_6, 3): {cayleyindex(G)}")
S = [z_1, x]

X = cayleygraph(G, S)

print (f"Cayley index of Cay(Dic(Z_6, 3); S):{CI(XD}")

# 2
G = Dic([8], (4,))
z_1,x = G.gens(Q)

assert z_1.order() == 8

assert x.order() ==

assert x * z_1 *x x™-1 == z_1"-1

assert x"2 == z_174,"x"2 must equal the involution (4,)"
print ()

print (£"|Dic(Z_8, 4)|: {G.order(O}")
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print (f"Cayley index of Dic(Z_8, 4): {cayleyindex(G)1}")
S = [z_1, x]

X = cayleygraph(G, S)

print (f"Cayley index of Cay(Dic(Z_8, 4); S):{CI(XD}")

# 3
G = Dic([10], (5,))
z_1,x = G.gens(Q)

assert z_1.order() == 10

assert x.order() ==

assert x * z_1 x x™-1 == z_1"-1

assert x"2 == z_175, "x"2 must equal the involution (5,)"
print ()

print (£"|Dic(Z_10, 5)|: {G.order(O}")

print (f"Cayley index of Dic(Z_10, 5): {cayleyindex(G)}")
S = [z_1, x]

X = cayleygraph(G, S)

print (f"Cayley index of Cay(Dic(Z_10, 5); S):{CI(X)}")

# 4
G = Dic([4, 21, (0, 1))

z_1, z_2, x = G.gens()

assert z_1.order() == 4

assert z_2.order() == 2

assert x.order() ==

assert x * z_1 x x™-1 == z_1"-1

assert x * z_2 *x x*-1 == z_27-1

assert x"2 == z_2, "x"2 must equal the involution (0,1)"

print ()

print(£f"|Dic(Z_4 x Z_2, (0,1)))|: {G.order(O}")

print (f"Cayley index of Dic(Z_4 x Z_2, (0,1)): {cayleyindex(G)}")
S = [z_1, x, z_1 % x]

X = cayleygraph(G, S)

print(f"Cayley index of Cay(Dic(Z_4 x Z_2, (0,1)); S):{CI(XD)}")

A.10 Z4xZ2.sage

# This program verifies that the group Z_4 = Z_2 does

# not have a normal Cayley graph. It tries all subsets S of
#G \ {1}, by wusing is_normal_cayley_graph(G, S)

#to test whether any Cayley graph Cay(G; S) is mormal.
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load("basic.sage")

def has_normal_cayley_graph(G):
rllllll
Verify whether G has a normal Cayley graph
by checking all subsets of G \ {1}. It
builds Cayley graphs and checks if any
of them are normal.
nnn
Glist = [g for g in G if g != G.one()]
for S in Set(Glist).subsets():
if is_normal_cayley_graph(G, S):

return True

return False

#Z 4 x Z 2
G = direct_product_permgroups([Z4, Z2])
print (has_normal_cayley_graph(G))

A.11 table6.1.sage

#This program verifies that each connection set im Table
#6.1 gives a normal Cayley graph for the corresponding
#group.

load("basic.sage")

#(Z_2) "3

G = direct_product_permgroups([Z2] * 3)

z_1, z_.2, z_3 = G.gensQ)

S = [z_1,z_2,z_3]

print ()

print("(Z_2)"3:", is_normal_cayley_graph(G, S))

#(Z_2) 4

G = direct_product_permgroups([Z2] * 4)

z_1, z.2, 2.3, z4 = G.gens()

S = [z_1,z_2,z_3,z_4]

print ()

print("(Z_2)"4:", is_normal_cayley_graph(G, S))
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#(Z_4) "2

G = direct_product_permgroups([Z4,

z4])

z_1, z_2 = G.gens()

S=1[2z_1"2 %z_2"3, z_1"3%x z_2°3, =z_1"31]
print ()

print("(Z_4)"2:", is_normal_cayley_graph(G, S))

#Z 4 x (Z.2)°2

G = direct_product_permgroups([Z4,

z2,721)

z_1, z_2, z_.3 = G.gens()

S = [z_1"2%z_3, z_1"3%z_3, z_2*z_3, z_1"2xz_2]
print ()

print("Z_4 x (Z_2)"2:", is_normal_cayley_graph(G, S))

# (Z_3)°2

G=direct_product_permgroups ([Z3]*2)

z_1, z_2 = G.gens()

S= [z_172%z_272, z_272]

print ()

print("(Z_3)"2:", is_normal_cayley_graph(G, S))

# (Z_3)°3

G=direct_product_permgroups ([Z3]*3)

z_3, z_.2, z_1 = G.gensQ

S = [z_1, z_2, z_3]

print ()

print("(Z_3)"3:", is_normal_cayley_graph(G, S))

#Dic(Z_6,3)

G = Dic([6], (8,))

z_1,9= G.gens()

S = [z_1, d]

print ()

print("Dic(Z_6,3):", is_normal_cayley_graph(G, S))

#Dic(Z_8,4)
G = Dic([8], (4,))
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z_1, q= G.gens()

S = [z_1, d]

print ()

print("Dic(Z_8,4):", is_normal_cayley_graph(G, S))

#Dic(Z_10,5)

G = Dic([10], (5,))

z_1, q= G.gens()

S = [z_1, d]

print ()

print("Dic(Z_10,5):", is_normal_cayley_graph(G, S))

#Dic(Z_4 = Z_2, (0,1))

G = Dic([4, 21, (0, 1))

z_1, z_2, q = G.gens()

S=[z_1"3, z_172%q"~3, z_1%xq~3]

print ()

print("Dic(Z_4 x Z_2, (0,1)):", is_normal_cayley_graph(G, S))
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