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Abstract

This thesis reviews the use of 2-dimensional conformal field theory applied to gravity,
specifically calculating Bekenstein-Hawking entropy of black holes in (2+1) dimen-
sions. A brief review of general relativity, Conformal Field Theory, energy extraction
from black holes, and black hole thermodynamics will be given. The Cardy formula,
which calculates the entropy of a black hole from the AdS/CFT duality, will be shown
to calculate the correct Bekenstein-Hawking entropy of the static and rotating BTZ
black holes. The first law of black hole thermodynamics of the static, rotating, and
charged-rotating BTZ black holes will be verified.
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Chapter 1

Introduction

The holy grail of physics is a grand unified theory, or “the theory of everything”. This
refers to unifying the four fundamental forces of nature (gravity, the strong nuclear
force, the weak nuclear force, and the electromagnetic force) in a theory that is
consistent with quantum mechanics. General relativity is a classical theory of gravity
that describes interactions of very massive objects, whereas quantum mechanics is a
theory that describes interactions of very small packets of energy, or particles. The
strong, weak, and electromagnetic forces have been unified in one consistent quantum
field theory known as “The Standard Model”. However, the standard model is not
a grand unification theory because it excludes a description of gravity at very small
scales, a theory of quantum gravity.

Black holes are classical solutions of general relativity (Einstein equations), re-
sembling strongly gravitating objects, with so-called event horizons, which prevent
matter and radiation entering it from coming out at a later time. Black holes have
been observed in nature at the center of galaxies and elsewhere. They behave as
one-way membranes, and can hide an indefinite amount of information. However

quantum mechanics predicts that black holes can radiate small amounts of energy
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in the form of blackbody radiation (Hawking radiation) [1] and that they also pos-
sess a large amount of entropy (Bekenstein-Hawking entropy) [2]. These pose two
problems: first, if a black hole evaporates altogether, the complete destruction of the
above information seems to be incompatible with the unitary nature of quantum me-
chanical evolution (which forbids any information loss). This is known as the black
hole information loss problem. Second, what could be the origin of its entropy, in
the sense of statistical mechanics? It has been recognized that the two problems may
be related, as an understanding of the degrees of freedom responsible for its entropy
may enable one to study their dynamics and evolution to determine the exact nature
of information loss (if any). Black holes are then ideal theoretical laboratories to test
predictions made from possible theories of quantum gravity.

The aim of this thesis is to show that the origin of the degrees of freedom could
include conformal invariance. Conformal field theory (CFT) refers to the quantum
description of an infinite number of degrees of freedom represented as fields in two
dimensions (normally one space and one time), with conformally invariant physics.
Conformal symmetry is invariance under any transformation that preserves shape
locally, including scale invariance.

Work on conformal field theory developed rapidly during the 1980s and 1990s,
after it was realized that conformal invariance restricts the physical behavior of these
systems enormously and renders the corresponding mathematical treatment signif-
icantly simpler [3-5]. Essentially, the infinite conformal invariance of a theory in
2-dimensions can reduce the infinite degrees of freedom of CFT to a finite number,
so that the theories can be solved. Consequently, CF'Ts have enormous predictive

power and contribute to the understanding of these systems. 2-dimensional CFT
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has been used to study the 2-dimensional Ising model, 2nd-order phase transitions
in 2-dimensional systems, and in string theory. Furthermore, their solution is also
non-perturbative, and so it is hoped that it may help us toward a non-perturbative
solution of other physical field theories with strong coupling (there are many, such as
that describing the strong force, quantum chromo-dynamics).

While superstring theory [6], loop quantum gravity [7], etc. have attempted a
fundamental understanding of quantum black holes with varying degrees of success,
there has been another attempt in the recent past. After recognizing that the degrees
of freedom near the horizon may play pivotal roles, and that the dynamics of the
latter have an effective scale invariance (due to infinite red-shifts of associated physical
quantities), CFT techniques have been applied to understand the microscopic origin
of black hole entropy. Indeed, for a class of black holes, it has been demonstrated
that the logarithm of degeneracy arising in CFT can account for the entropy [8]. The
advantage of this approach lies in its generality (it is not tied to any specific theory of
quantum gravity) and related robustness of calculations coming from exact contour
integrals on the complex plane.

The idea of conformal invariance playing a role in black hole physics started with
the work of Brown and Henneaux [9]. They showed that the asymptotic symmetry
group of AdS; spacetime, a 3-dimensional vacuum spacetime which is curved by a
cosmological constant, is the 2-dimensional conformal group. This idea was extended
by Maldacena [10] to conjecture the AdS/CFT correspondence. The ADS/CFT cor-
respondence states that gravity in ADS is dual to a CFT on the boundary.

Brown and Henneaux [9] also showed that the classical canonical realization of

this symmetry is given by the Possion bracket algebra of the generators, or the Dirac
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bracket algebra of the charges, with a central extension given by what is commonly

referred to as the Brown and Henneaux central charge:

3¢

el (1.0.1)

CcC =

where ¢ is the radius of curvature of the AdS spacetime. After quantization, this
Poisson algebra becomes the Virasoro algebra with a central extension proportional
to the Brown and Henneaux central charge. The Virasoro algebra is the defining
algebra of a 2-dimensional quantum conformal field theory.

Cardy [11,12] used techniques in 2-dimensional conformal field theory to derive

the Cardy formula for the asymptotic density of states:

Inp(A,A) = 2m/c6A + 274/ C6A, (1.0.2)

where p is the density of states, ¢, ¢ are the central charges and A, A is the energy
gap. The Cardy formula gives the entropy of a black hole calculated from the central
charge in a conformal field theory. Strominger [13] used the Brown and Henneaux
central charge with the Cardy formula to show that black hole entropy obtained
agrees with that of the Bekenstein-Hawking entropy of the BTZ black hole, a black
hole that reduces to a AdS3 spacetime far from the origin [14, 15]. Thus, the known
Bekenstein-Hawking entropy of the BTZ black hole is recalculated with the assump-
tion of conformal invariance.

This thesis will review this process and calculate the Bekenstein-Hawking entropy
for a static BTZ, a rotating BTZ, and a charged rotating BTZ black hole.

Chapter 2 will give a short introduction to general relativity. Einstein’s field
equations will be defined as well as the spherically symmetric vacuum solution, the

Schwarzschild solution. Charged, rotating, and charged-rotating or general black hole
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solutions will be examined. The ADS solution will also be examined.

In Chapter 3 will present various properties of black holes, mainly the possibility
of extracting energy from a black hole, Hawking radiation and the laws of black hole
thermodynamics. Formulas for the Hawking temperature and Bekenstein-Hawking
entropy will be derived so they can be used later to analyze the BTZ black holes.

Chapter 4 will give a brief introduction to 2-dimensional conformal field theory.
First, conformal field theory in any dimension will be defined, and then the very spe-
cial case of a CFT in 2-dimensions will be reviewed in detail. Conformal generators
and their corresponding charges will be defined as well as the operator product ex-
pansion, which is used in 2-dimensional CF'T to compute correlation functions. The
operator product expansion will be used to determine the quantum generators of
global conformal symmetries which will be used to derive the Virasoro algebra of a
2-dimensional CFT. A 2-dimensional CF'T on a torus parametized by a single param-
eter, the modular paramter, will also be studied. Modular invariance is a property
which refers to tori of different modular parameters being equivalent. By defining a
partition function on the torus and using modular invariance, the Cardy formula will
be derived explicitly.

The Hamiltonian formulation of general relativity will be covered in Chapter 5.
General relativity will be formulated in the Arnowitt, Desser, Misner (ADM) [16], (3
space, 1 time)-from and the ADM-Hamiltonian will be derived. The surface term,
which is often left out in most treatments of the ADM-Hamiltonian, will be talked
about and given explicitly in the equation of the Hamiltonian generator.

Chapter 6 will cover the conserved charges in general relativity, which will become

the eigenvalues for the Virasoro generators in in AdS3;/CFT,. It will be shown that
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the surface terms in the ADM-Hamiltonian become the conserved charges in general
relativity. The Poisson bracket algebra of the charges will be shown to be isomorphic
to the Lie bracket algebra of the symmetry generators. The general algebra with an
added central extension, proportional to a central charge ¢, will also be discussed. It
will be shown that the asymptotic symmetry of the asymptotically AdS3 spacetime
is the conformal group in 2-dimensions. The conserved charges of asymptotic AdS3
spacetime will be calculated as well as the central charge, which turns out to be the
Brown-Henneaux central charge.

In Chapter 7 the Hawking temperature and Bekenstein-Hawking entropy for the
non-rotating, rotating, and charged rotating BTZ black holes will be calculated. The
first law of black hole thermodynamics will also be verified for each case.

Finally, the Conclusion chapter will summarize the major points of this thesis.
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Chapter 2

Einstein’s field equations and black
hole solutions

In this chapter Einstein’s field equations will be examined. There will be a brief
introduction to general relativity and the essential components of the field equations
will all be defined mathematically. Different solutions of the field equations will be
examined, vacuum solutions and various black hole solutions. The main resources
for this chapter are “Introducing Einstein’s Relativity” by Ray D’Invenro [17] and
“Spacetime and Geometry - An Introduction to General Relativity” by Sean Carroll

18].
2.1 Conventions and notations

In this thesis Latin indices 7,7,k or a,b,c and so on will run over the spatial coordinates
(1,2,3 for 4-dimensions or 1,2 for 3-dimensions). Greek indices p, v and so on will run
over all space-time coordinates with 2" being the time coordinate. This thesis will
employ the 42 signature: for a 4-dimensional Minkowski spacetime 11 = 720 = 133 =

1 and ngo = —1. [19]



2.2

2.2 Einstein’s field equations

Of all of Albert Einstein’s great accomplishments, his greatest might be his field
equations of general relativity:

TG

ij + Ag/“/ = 771“,. (221)

Here g, is the metric tensor, G, is the Einstein tensor (G,, = R,, — %gw,R, with
R being the Ricci scaler: R = ¢g" Ry, ), A is the cosmological constant and 7}, is
the energy-momentum tensor. The metric tensor contains all information about the

geometry of spacetime and is defined by the line-element squared,
ds® = g, dxtdx” (2.2.2)

for the coordinates z*. Einstein’s most famous equation, £ = mc?, states that mass
and energy, which make up matter, are different manifestations of the same thing, and
that mass can be converted into energy and energy into mass. The energy-momentum
tensor contains all information of the distribution of matter and can be determined
by differentiating the action, S with respect to the metric,

oo — 205 (2.2.3)

N vV 9 59#1/'

Einstein’s field equations relate mass and energy to the curvature of space time.

Einstein’s field equations are second-order partial differential equations. Solutions to
this equation are, most often, very difficult to come by and represent different possible
spacetimes.

The Riemann-Christoffel tensor, Riemann tensor, or simply the curvature tensor,

is defined as

R* oy = Oal™ s — 051" o+ T¥ a7 s — T 1517 0, (2.2.4)
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where I'* g, is the affine connection given by [20]

[e3 1 o
e g, = 59 B(augﬁu + 0v98u — 8/39uV)- (2.2.5)

The affine connection is used to define the co-variant derivative of any tensor:
VXU =0, X + Th X0+ = TOXET— . (2.2.6)

The Ricci tensor, R,,, is then defined by contractions of the curvature tensor with
the metric:

R/,LV —_= gaﬁR‘u 110457 (227)

and the Ricci scalar R can be defined by contracting the Ricci tenor with the metric:
R=g¢g"R,,. (2.2.8)

The affine connection is a geometrical object that connects nearby tangent spaces.
It ensures that the co-variant derivative, a derivative along tangent vectors of a mani-
fold, of a tensor remains a tensor. A necessary and sufficient condition for a manifold
to be flat is that the Riemann tensor vanishes [17]. Therefore, since the affine con-
nection is made up of derivatives of the metric, a metric with a vanishing affine
connection would imply a vanishing curvature tensor, which would imply flat space:
the Minkowski metric is an example.

The problem of finding a solution can be simplified be seeking a vacuum solution,
that is 7}, = 0. The problem can be simplified further by assuming a zero cosmolog-
ical constant, A = 0. This admits the flat space family of solutions, the Minkowski
metric and it’s diffeomorphisms. In 4-dimensional Cartesian coordinates the metric
reads

ds® = —c2dt* 4 da® + dy* + d2* (2.2.9)

April 25, 2012 9 Steve Sidhu
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A non-zero cosmological constant allows for curvature in a spacetime in the ab-
sence of any matter distributions (dust, fluid, ... etc.) or fields. Even with 7}, =0
(zero matter or fields), the cosmological constant adds energy to the universe. The
cosmological constant comes from vacuum energy, which can be thought as coming
from of as spontaneous emission and annihilation of virtual particles of the vacuum.
The de Sitter (dS) and Anti de Sitter (AdS) metrics are both solutions to Einstein’s
field equations in vacuum with a non-zero cosmological constant A. de Sitter space
corresponds to a positive A and Anti de Sitter space corresponds to a negative A.
The AdS spacetime in 3-dimensions will be examined in more detail later.

Geodesics can be thought of as the straightest line paths in curved spacetimes.
They describe the motion of inertial test particles [18]. These paths can be determined

by solving the geodesic equation

A2 dx* dx”
o drmart 2.2.10
o2 T T o (2.2.10)

for the coordinates of the geodesic ®(\) [20] parameterized by the affine parameter,
A. Specific geodesics of the sun describe the paths of travel of planets in the solar

system.

2.3 Schwarzschild solution and black holes

The metric of the spacetime around the sun, or any spherically symmetric gravita-
tional object, can be approximated by the Schwarzschild solution, quite possibly the
most well known and most studied solution to Einstein’s vacuum field equations (with

zero cosmological constant). In spherical coordinates (¢,7,0, ¢) it is given by

2GM

c2r

dr® + r*(d¢?® + sin® ¢ d¢?) (2.3.1)

d82:—<1— )CzdtZ—F(l_w]w)

c2r
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The Schwarzschild solution describes the gravitational field outside a spherically
symmetric, uncharged, non-rotating mass, M. Because of these conditions, the
Schwarzschild solution also describes the most basic of black holes, the Schwarzschild
black hole or the static black hole. The Schwarzschild black hole is uncharged and
unevolving, that is the metric is independent of time. By examining the metric one
can see that the metric coefficients behave strangely at r = 0 and r, = 2%M; gt =0
and g, becomes infinite. The second is known as the Schwarzschild radius, r,, and
is the 2-dimensional surface known as the event horizon for a Schwarzschild solution
(Schwarzschild black hole). Since the Schwarzschild solution is a vacuum solution, for
most massive bodies such as the sun or other stars, the interior region, r < rg, is not
a concern because these bodies extend past r,. However, this radius does disconnect
two coordinate patches of the spacetime, the interior and exterior regions.

Radial null geodesics are paths in spacetime along which massless particles, such as
photons, travel. The equations of radial null geodiscs are given by the Euler-Lagrange

equations [17]

0K d (0K
oo " (m) =0 (23.2)

where u parameterizes the geodesic, the dot represents differentiation with respect to
u and
K =g,a2"t" = 0. (2.3.3)
Consider the class of radial null geodesics of the Schwarzschild spacetime defined
by
ds? =60 =¢ =0, (2.3.4)

The variation of the Schwarzchild metric then becomes

-1
K=— (1 — 2GM) A + (1 - 2GM> =0 (2.3.5)

c3r c2r
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The Euler-Lagrange equation corresponding to pu = 0 is

d 2GM .
—|(1- 21&] = 2.3.
du K cr )C 0 (23.6)
which after integrating gives
2GM .
(1 — C’; ) At =k, (2.3.7)
cr

where k is a constant. Substituting & into (2.3.5) leads to 7 = k*/c?, or
P = tk/c. (2.3.8)

Then the equations of the curves can be found by integrating the equation

dt  dt/du 1
- = = - 2.3.9
dr  dr/du 7’ ( )
using (2.3.7) and (2.3.8). Positive k/c leads to
dt r
R — 2.3.10
dr  r—2GM/c*’ ( )
which can be integrated to give the ingoing null geodesics [17]
2GM 2GM
ct=— <r +—5—In|r— ——|+ constant) (2.3.11)
c c

Similarily, a negative k/c leads to the outgoing radial null geodesics are given by

2GM 2GM

ct=r+ 2 In|r— 7| + constant. (2.3.12)

Mapping both geodesics shows the Schwarzschild solution (with 6 and ¢ coordinates
suppressed) gives Figure 2.1.

It turns out that this singularity is actually a coordinate singularity, since it results
from a bad choice of coordinates. By choosing a proper coordinate transformation,

the metric can be made regular at r = r,.
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L —

r=rs

|— Cutgoing mull congruence Ingoing mill consruence |

Figure 2.1: The Schwarzschild solution in 2-dimensions (6 and ¢ coordinates are su-
pressed). The lightcones tip inside the event horizon, and thus events which originate
inside the event horizon can not be observed by an external observer.

April 25, 2012 13 Steve Sidhu
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In the interior region the coordinates t and r reverse their character. That is ¢
becomes spacelike and r becomes timelike [17,18].

By using the Eddington-Finkelstein coordinate transformation

2GM 2GM

T2
t—t=ct+ > In(r — —;

) (2.3.13)

c
the metric becomes

2GM

c2r

A4GM
2, dtdr—l—i(l — zgiw)

ds? = — (1 _ ) AP + dr? +12(d¢? + sin® ¢do?) (2.3.14)

The Eddington-Finkelstein metric can also be written in terms of the advanced time

parameter using the transformation v = ¢ +r

2GM

c2r

ds? = — (1 — ) dv? — 2dvdr — r*(d6* + sin? pd¢p?) (2.3.15)

What results is a “tipping” of light-cones in the interior region, as can be seen from
the intersection of the null congruences. The light-cones of all particles in the interior
region all point towards the r = 0 singularity as shown in Figure 2.2.

Light-cones just outside the event horizon are slightly tipped towards the r = r,
singularity [17] (See Fig (2.1). Therefore, particles at or inside the event horizon can
not exit. To do so they would have to travel faster than the speed of light, and no

such particles have ever been observed. Even light can not escape, hence the name

“black hole”.

2.4 Charged black holes

Hans Reissner and Gunnar Nordstrom found a solution to Einstein’s field equations,

with zero cosmological constant, coupled to electric and magnetic fields and an energy

April 25, 2012 14 Steve Sidhu
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Figure 2.2: The Schwarzchild solution in advanced Eddington-Finkelstein coordinates.
Again, the lightcones are tipped inside the event horizon. The darker curved lines
are the outgoing null congruences and the lighter straight lines are the ingoing null
congruences.
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distribution given by the Maxwell energy-momentum tensor. The Maxwell energy-

momentum tensor is given by

1 1
TH = —_[FreFY | — gtV E s FOP 2.4.1
| 1 FasF) (2:4.1)

where F),, is the Maxwell tensor,

o= (2.4.2)

The Maxwell energy-momentum tensor can be written explicitly in terms of the elec-

tric and magnetic fields,

[ L(E*+B%) S,/c S,/c S./c ]
TMV _ Sz/c —Ozx —Ogzy Oz , (243)
Sy/c TOyz TOyy Oy
L Sz/c Oz _Uzy —O0zz ]

where S is the Poynting vector, which gives the energy flux density of an electromag-
netic field, given by

— C = —
S=—FExB 2.4.4

“FxB (2.4.)
and

1 1
Oij = E (EzEj -+ BzB]) — 877'(' <E2 -+ B2> 51] (245)

The Reissner-Nordstrom solution is

2GM €} 1
ds? = — (1 _GM €Q> Adt® + —dr? +1%(d¢” + sin® pd¢?) (2.4.6)

2 2
c°r r (1—260%+%)

G(Q*+p?

where 5%2 = Tired ) and @ is the electric charge of the mass and P is the total

magnetic charge [17,18]. Since magnetic monopoles have not been discovered in
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nature, P, is usually taken to be zero. However, some theoretical models predict
the existence of magnetic monopoles and it is also possible that a black hole has a
total magnetic charge. This becomes the solution to a spherically symmetric, non-
rotating, electrically charged black hole. It is clear to see that there are event horizons

at ¢"" = 0, solving for r,

r=+

2 2 2 2
ZG‘;Wi\/Giw _G(@*+P?) (2.4.7)
C C

dregct
The metric can be analyzed for the three regions:

I. GM? < Q? + P?: The metric is regular in the coordinates (¢,7,0,¢) and ¢ is
timelike and r is spacelike; the light-cones are tipped in the positive time direction.

II. GM? > @Q? + P? The metric has coordinate singularities at r, and r_. At
the r = r, surface t and r change character, that is ¢ is spacelike and r is timelike.
The light-cones are tipped towards a decreasing radius. At r = r_ ¢t and r change
character again such that ¢ is again timelike and r is spacelike but with the orientation
reversed. Upon reaching the r = r_ surface, the light-cones tip back towards r = r+,
an increasing radius.

III. GM? = Q? + P%: Known as the “extreme” Reissner-Nordstréom solution, there
is a double event horizon at r = GM, that is both horizons coincide at this point. The
coordinate r is null-like at » = GM and spacelike in the regions on other side. The
coordinate t is timelike on either side of the event horizon, and null like at r = GM.
The light-cones are tipped towards the positive time direction on either sides of the

event horizon. [17,18]
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2.5 Rotating black holes

The rotating black hole solution is a solution to Einstein’s vacuum field equations for

a massive spinning source. It is given by the Kerr metric:

2GM 2G M ar sin®
ds* = — (1 2 j) 2ap> — 2N s gy
cp cp
0> sin? 4
+Zdr2 + p*d0? + ——[(r* + a*)* — a’ A sin® 0]d¢” (2.5.1)
p
where
2GMr
Ar) =1 = —3 2 (2.5.2)
and
P2 (r,0) =1 + a® cos*() (2.5.3)

M is the mass of the black hole and a is the angular momentum per unit mass,
a=J/M (2.5.4)

for the angular momentum, J. With these coordinates it is clear to see that there is
a singularity when ¢ = 0, since p* > 0. Setting A(r) = 0 and solving for r gives

two event horizons for the Kerr black hole at

GM = |G2M?
=5 + - —a? (2.5.5)

As a reduces to zero, the metric reduces to the Schwarzschild metric and the two

singularities reduce to the r = 0 and r = ry Schwarzschild singularities. At both

event horizons (at r = ry and r = r_) the coordinates ¢ and r are null-like. There
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Event horizon r=r+ -

Ring
singularity

Infinite redshift
surface S+

Event horizon r=r-
Ergosphere

Infinite red shift surface 5-

Figure 2.3: The event horizons, ring singularity, Ergosphere and surfaces of infinite

redshift for the Kerr black hole.

is a region outside the r = r, event horizon known as the ergo-sphere. The ergo-
sphere is the region of spacetime where particles are free to enter and leave but can
not remain stationary. Instead they must move with the direction of rotation of the
black hole. The true curvature singularity occurs at p?(r,0) = 0. For this to occur
r =0 and 0 = § must both be true. In four dimensions r = 0 actually sweeps out

a disc and with 6 = 7 it actually represents a ring. The rotation has “softened”

the Schwarzschild singularity, spreading it out over a ring [18]. This is illustrated in

Figure 2.3.
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2.6 General black holes

A general black hole solution is that of the rotating, charged black hole. It is given

by the Kerr-Newman solution, in advanced Eddington-Finkelstein coordinates it is

2GM 2 2a (2GM -
ds? = — <1 - G; 27~ + 53) dv? + 2dvdr — —Z ( G2 Lo 53) sin” §dvdg
2 p P\ e
— 2asin® Odrde + p2dd?
2GM in’f -
ot a - (0= T e )t R (26)

where d¢ = d¢ + ~dr.

2.7 The Anti de Sitter metric

The AdS spacetime can be thought of as a cavity where photons can travel to and
reflect off the boundary and come back in a finite time (see Figure 2.4). AdS space is a
vacuum solution of Einstein’s field equations, with a negative cosmological constant,
given by

G = —Agu, (2.7.1)

where A = —d(d — 1)/2¢?, d is the dimension of spacetime and ¢ is the radius of
curvature of the AdS spacetime. The curvature of spacetime results from the energy
of the cosmological constant. Because of these properties, it is a well studied metric
by physicists in the field of cosmology and quantum gravity. It has become of great
interest to the field of quantum gravity because of the AdS/CFT correspondence, and
its applications to string theory. In 3 dimensions the AdS3 metric in polar coordinates

reads,

2
1
ds® = — (1 + ;) Adt? + T r2)d7~2 + r2de?. (2.7.2)
2
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)
)

SI:I—:I
AdSgsa /

Boundary
/

r=0 r = infinity

/

Figure 2.4: a) Penrose diagram for AdS space. b) Massive geodesic is represented by
the darker line and the massless geodesic is represented by the lighter line [21].

It is a vacuum solution to Einstein’s field equations in three dimensions. The BTZ

metric describes a three dimensional black hole ,

ds® = — <—m + TQ) Adt? +
— 7

1
A+ r2d (2.7.3)
—-m+ %)

Gg’—QM and M denotes the geometrical mass of the spacetime and G3 = G

where m =
denotes Newton’s constant in three dimensions. The BTZ metric reduces to the AdSs
metric for large r, and as m — —1. This study of the relationship between the BTZ
and AdS3 metrics will be of great interest in this thesis. There are also other solutions
of AdS black holes. The metrics are given by

2 20 dr? 2 102
ds® = —f(r)c°dt” + 7 + r°dS) (2.7.4)
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where dQ? = df? + sin? d¢? in 4 dimensions and dQ)?> = d¢? in 3 dimensions. For a

Schwarzschild-AdS solution, a solution of (2.7.1),

2GM A,

c2r 3

f(r)y=1- (2.7.5)

The Reissner-Nordstrom-AdS solution is a solution of Einstein’s field equations, in

the presence of an electromagnetic field,

G

GMV = _Agul/ + 7Tuy, (276)

where T),, is given by (2.4.1). The Reissner-Nordstrom-AdS solution is given by
(2.7.4) with
+ = — = (2.7.7)

These are some of Einstein’s field equations and their solutions of general relativ-
ity. With a brief introduction to black hole solutions and how black holes manifest
in spacetimes, physical properties of black holes (such as entropy, temperature, radi-

ation, and evaporation) can now be examined.
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Chapter 3

Aspects of black holes
thermodynamics

After discussing the notion of black hole solutions of Einstein’s equations and different
black hole solutions, it is natural to discuss the different aspects of black holes. This
chapter will give a brief review of energy extraction from black holes (specifically
the Penrose process for rotating and charged black holes and superradiance of black
holes). It will also give a brief review of black hole thermodynamics and Hawking
radiation (a process in which it is proposed that black holes may evaporate). The

main references used in this section are [22-25].

3.1 Area theorem

Hawking showed, under general assumptions, that the event horizon surface area of a
black hole can never decrease [26]. Consider a null geodesic congruence (the focusing
of a bundle of light rays) coming from one side of a spacelike 2-surface. Let the
convergence p of the congruence be defined as a rate of change of an infinitesimal

cross-sectional area A : p = % In A, where \ parametrizes the null geodesics. From

23
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this one can get the equation [27]

d 1
N 5,02 + 0% + R, k'K, (3.1.1)

2 is the square of the shear tensor of the congruence, and k* is the tangent

where o
vector to the geodesics. This equation is known as the focusing equation, often called
the Raychaudhuri equation, or Sach’s equation, or Newman-Penrose equation, which
relates the null geodesic congruence to the Ricci tensor. The focusing equation shows
that an initially converging congruence must reach a "crossing point', where p begins
to diverge, in a finite A provided by R, k*k” > 0 [23].

The future event horizon of an asymptotically flat black hole spacetime is defined
as the boundary of the past of the future null infinity, that is, the boundary of the
points that can communicate with the remote regions of spacetime in the future.
Since R, k*E” > 0, and if there are no naked singularities, the cross sectional area of
a future event horizon cannot decrease anywhere [23].

This is because the focusing equation implies that if the horizon generators are
converging, they will reach a crossing point in a finite A\. But such a point cannot lie
on the future event horizon because the horizon must be locally tangent to the light
cones. And, since the generators cannot leave the horizon, the generators cannot be
extended far enough to reach the crossing point; they much reach a singularity [23,26].
Thus, as shall be seen, the area theorem places an upper bound on the total amount

of energy that can be extracted from a black hole.

3.2 Energy extraction from black holes

In this section energy extraction from black holes by particles and waves will be

examined. For simplicity and pedagogical reasons energy extraction from charged
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black holes and rotating black holes will be examined separately to give the reader
an idea of the basic concepts. The generalization to a rotating, charged black hole

(Kerr-Newman black hole) can be made.

3.2.1 Rotating black holes (Penrose process)

Black holes got their name because they represent a region of spacetime where the
gravitational potential is so strong that even light can not escape. It came as a big
surprise when in 1969 Roger Penrose [28] noted that energy can be extracted from
the ergo-sphere of a rotating (Kerr) black hole, in a process known as the Penrose
process. Consider a Killing vector field £* which is spacelike in the ergo-sphere and
represents time translation asymptotically at infinity. Then for a test particle with

4-momentum p* = mu*, where u* is the 4-velocity, the energy
E = —p'¢, (3.2.1)

does not need to be positive in the ergo-sphere. Energy can be extracted from the
black hole if the particle of negative energy is absorbed by the black hole.
To see this in more detail, consider a particle with 4-momentum p# and a measured
total energy of
Ef = —phe,. (3.2.2)

Now consider that this particle is falling freely towards a black hole, Ey will remain
constant. As it enters the ergo-sphere it breaks up into two fragments. By local

conservation of energy and momentum,

Py =pi +1h, (3.2.3)
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where p}' and pj are the 4-momentum of the two fragments, and also
Ey=FE; + Es. (3.2.4)

However, if it was possible that after the breakup of the original particle that one of
the daughter particles has negative total energy, £; < 0, then it can be absorbed into
the black hole. If the particle with positive total energy is able to escape the ergo-
sphere (in freely falling motion along a geodesic), it should have energy FE, greater
than the energy of the initial particle Ej.

In the case of the Kerr black hole with mass M and a # 0, it can be explicitly
verified that the breakup process can be done so that the second fragment does escape
to infinity and that the negative fragment always falls into the black hole [22]. At the
end of the process, the second particle has energy Ey + |E1|, and the black hole has
the reduced mass M — |E;|. Therefore, the amount of energy equal to |E;| has been
extracted from the black hole. However, as will be shown, extracting energy from the
black hole is self-limiting because the negative energy particles which enter the black
hole also carry negative angular momentum, angular momentum opposite to that of
the black hole. The angular momentum, J = Ma, of the black hole will reduce to
zero while M is still finite. However, when J = 0, there can be no more extraction of
energy because the ergo-sphere no long exists. [22]

The coordinate angular velocity, in the limit » — r of the Kerr metric (2.5.1) is

given by
a
Qg = —— 3.2.5
T2 pa? ( )
and it is related to the Killing field x* by
X" = (0/ot)* + Qu(0/0p)*. (3.2.6)
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(3.2.6) can be thought of as the event horizon of the Kerr black hole rotating with
angular velocity Qg. x* is future directed null on the horizon. Then for any particle

which enters the black hole (including all negative energy particles), what results is
0> ph'x, = p"(& + Qu,) = —E+ QuL, (3.2.7)
where L = p*1,,. Thus we find that

L < — 2.
<QH (3.2.8)

which verifies the fact that negative energy particles entering the black hole carry
negative angular momentum. After absorbing the negative energy particle, the pa-
rameters of the Kerr solution are modified by 6M = E,§J = L. But (3.2.8) restricts

the parameters by

oM
0] < —, (3.2.9)
Qn
which can be rewritten as, [29],
5 My, > 0, (3.2.10)

where the irreducible mass, M;,., is defined by

1
M2, = 5[M? + (M* — JH)V. (3.2.11)
Inverting (3.2.11) gives
1 J?
M?* = M2 +-
wrr + 4 Mz%,.r
> M2, (3.2.12)

Therefore, the Penrose process can not reduce the mass of a black hole below the initial

value of M;,.,. Starting with a Kerr black hole of mass M, and angular momentum
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Jo, the amount of energy that could be extracted from the black hole is My — M,,.,,
which can be interpreted as the rotational energy of the black hole. For a maximally
rotating black hole, Jo = M2, it represents &~ 29% of the mass-energy of the black
hole [22]. Using the area theorem, the area of the event horizon of the Kerr black

hole is given by

A = / V960955 d0d
r=ry
_ / (r2 + ) sin 0dde
= 4n(rl +a®)

= 167 M?

wrr’

(3.2.13)

Thus, from the area theorem, M;,.,. can never decrease, and thus the Penrose process
just changes the parameters of the black hole and does not convert it into a naked

singularity, so the black hole remains.

3.2.2 Charged black holes

Consider once again the Reissner-Nordstrom metric (2.4.6),

2GM | ¢ 1
d52:—<1— ¢ +5Q> Adt® + 5—dr® +1%(d¢” + sin” ¢d¢”)

2 2
c°r r (1_2§2¥+%)

%ﬂf). The energy of a particle in this background [22] is given by

E= m\/(l - T:) <1 - 7;‘) + e%@, (3.2.14)

where m and e are the mass and the charge of the infalling particle. If the charge of

where 82Q =

the particle is opposite to that of the black hole, then close to the horizon the first

term goes to zero and thus the particle has negative energy. Therefore, in this regime,

< elfQl 2.
E o] 3.2.15
T+
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Now consider two oppositely charged bound particles with total energy Ejy near the
horizon of the black hole. One of the particles could have negative energy, by the
above argument. The particle with negative energy falls into the black hole and the

other escapes. Then, by the conservation of energy

E, = Ey+|E_| (3.2.16)

M = M-|E| (3.2.17)

where F, is the energy of the particle that escapes, F_ is the energy of the particle
that falls into the black hole, and M’ is the final mass of the black hole. The net result
is a decrease in the mass of the black hole and a loss of charge with the new charge
of the black hole equal to Q" = Q — e. The escaping particle will have energy greater
than the total energy of the original bound pair of charges. Since for a non-extremal
black hole (v/Geg/ry < 1), (3.2.15) becomes

(&

VG

This shows that due to this process, the rate of decrease of charge is greater than the

> | By (3.2.18)

rate of decrease of mass [30].

3.2.3 Superradiance

Superradiant scattering allows energy to be extracted from a black hole in a similar
manner as the Penrose process, but using waves instead of particles. If a scalar,
electromagnetic, or gravitational wave is incident on a black hole, part of the wave
will be absorbed by the black hole, (“transmitted wave”), and part of the wave will
escape back to infinity, (“reflected wave”) [22]. The transmitted wave will carry

positive energy, and the reflected wave will carry less energy than the original incident
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wave. However, consider a wave of the form ¢ = Re[¢p(r, 0)e~“!e™™?] with
0<w<mQy. (3.2.19)

In this case, the transmitted wave will carry negative energy into the black hole,
(similar to the negative energy particle in the Penrose process). The reflected wave
will carry positive energy to infinity and have a greater amplitude and energy than
the original incident wave.

For a rotating black hole this is easily demonstrated by considering the case of
a Klein-Gordon scalar field ¢. The energy-momentum tensor of the Klein-Gordon
scalar field is given by

1

T = VbV = S Va0V 6 + m*0?) (3.2.20)

and satisfies V#T),, = 0. Contracting the energy-momentum tensor with the timelike

Killing field &* of the Kerr background yields a “energy current”
Ju = =T, (3.2.21)

which is conserved since V*J, = —(V*T,,)¢" — T,,V*¥ = 0 [22]. Integrating
V. J# over a region of spacetime outside and joined to the horizon using Gauss’s law
shows that the difference between the incoming and outgoing energies is equal to the

integrated flux of J* on the horizon. On the horizon the time averaged flux is given

by
(Jun) = =(Jux") = (TuwX"€") = (X'V0uo) (€7V,0))
1
= Sw(w—mQu)le|’, (3.2.22)
where n* = —x* is directed normal to the horizon. Thus, in the frequency range

of (3.2.19) the energy flux through the horizon is negative, and hence superradiance
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is obtained [22]. Similar arguments for the superradiance of electromagnetic waves
and gravitational waves in the Kerr background have been shown by Teukolsky and
Press [31].

Similarly, for a charged black hole consider the simplest case of a charged scalar
field. This field can be solved in the Reissner-Nordstrom background, (2.4.6), and a
relation for the reflection and transmission coefficients , | R|? and |T'|?, can be obtained
as [32],

1
1—|R]?=-= (w - 68Q> TP, (3.2.23)
K Ty

where  is the surface gravity given by (ry —r_)/2r}. For w < ei?,|R|? is greater
than 1, meaning that the scalar wave takes energy away from the black hole. Then,

the condition for superradiance is [30]

m<w<e?, (3.2.24)
r+

The rate of charge and mass loss for the black hole can be calculated by [30]

d ezd
Fao _ —e/ R Pdw (3.2.25)
di m
M erd
A —/ *IRPwdw. (3.2.26)
di -
By (3.2.24),
dZEQ dM
o |2 2.2
dt >‘dt (3.2.27)

This shows that the rate of decrease of charge is greater than the rate of decrease of
mass, as was the case for energy extraction from a charged black hole by particles.

Again, this process holds for electromagnetic and gravitational waves.
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Figure 3.1: The Penrose diagram for a gravitationally collapsed black hole spacetime.
The shaded region is the collapsing body. r = 0 on the left is the worldline of the
center of the collapsing body, » = 0 on the top is the curvature singularity. The H*
is the future even horizon. The ingoing ray with v < vy from Z~ passes through the
body and escapes to ZT as u is constant. Ingoing rays with v > vy eventually reach
the singularity.

3.3 Hawking radiation

The process by which black holes emit a thermal spectrum of particles is known as the
Hawking effect [1,33]. Consider a massless scalar field in the Schwarzschild spacetime.
Assume that the black hole is a result of a gravitational collapse sometime in the past.
This assumption helps avoid issues of boundary conditions on the past horizon. Also

assume that there were no scalar particles present before the collapse began.
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For this case, the quantum state is in the vacuum: [¢) = |0);,. The in-modes,
fioem, are pure positive frequency on Z=. Thus, fomm ~ €“? as v — oo, where
v = t 4+ r* is the familiar advanced time coordinate. The out-modes, F;,,, are pure
positive frequency on Z~. Thus, F,, ~ e % as u — oo, where u = t — r* is the
familiar retarded time coordinate. To determine the particle creation, the relation
between the two sets of modes must be determined. This allows one to calculate the
Bogoliubov coefficients, which in turn are used to define the creation and annihilation
operators for the in and out regions.

The main interest here is emission of particles at late times, (long after the col-
lapse). This region is dominated by modes which leave Z= with high frequency,
propagate through the collapsing body just before the horizon is formed, then un-
dergo a large redshift on the way out of Z*. Since these modes are extremely high
frequency, their propagation maybe described by geometrical optics.

An ingoing ray with v = constant passes through the body and emerges as an
outgoing ray with u = constant, where u = g(v) or equivalently, v = g~ *(u) = G(u).

Then the asymptotic forms for the modes, from the geometrical optics approximation,

are
Yo (6, e”™v  onZ~
fwlm ~ ‘ ( ¢) X { . (331)
Amwr eilWG(u) , on T+
and
Yo (0 e~wu  onZt
Fw(m ~ ' ( ’¢) X { ; ) (332)
vV Amwr 6—zwg(’u), onZ~

where Y, (0, ¢) is a spherical harmonic. Hawking [1] gave a ray-tracing argument

which led to the result

u=g(v) = —4MIn (”Og ”), (3.3.3)
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or

v =G(u) = vy — Ce "/*M (3.3.4)

where M is the mass of the black hole, C' is a constant, and vy is the limiting value
for v for rays which pass through the collapsing body before the horizon forms.

In this section this result will be derived using Ford’s approach, and will closely
follow his work [24] for the explicit case of a thin shell. The inner spacetime of the

shell is flat and may be described by the metric
ds* = —dT? + dr* + r*dQ>. (3.3.5)

Then in the interior region, V. =T —r and U = T + r are the null coordinates,
which are constant on ingoing and on outgoing rays respectively. The shell exterior

is described the Schwarzschild metric:

2M 2MN\ !
d82 - — (1 - 7’) dtz + (1 — 7’) drz - Tde27 (336)

where G = ¢ = 1. The null coordinates in the exterior region are v = ¢t — r* and

u =t — r*, where

(3.3.7)

r*:r+2Mln<T_2M)

2M

is the tortoise coordinate.
Let the history of the shell be described by r = R(t). The metric on the 3-
dimensional hypersurface (the shell itself) must be the same as seen from both sides.

This leads to the condition

() () () (R () s

The extrinsic curvatures on each side of the hypersurface must match (see, for

example, Section 21.13 of [20]), (the extrinsic curvature will be explained in detail in
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Figure 3.2: A ray entering the collapsing shell at point 1, passes through the center
and exits as an outgoing ray at point 2 while the shell is shrinking to that of a shell
with a smaller radius.

chapter 5). This leads to the relation of R(¢) in terms of the energy-momentum in
the shell. For this case however, this relation in not needed and an arbitrary R(t) is
assumed.

There are now 3 conditions to be determined: the relation of the null coordinates
v and V for the ingoing ray, the relation between U and u for the outgoing ray, and
the relation between V and U at the center, (this is illustrated in Figure 3.2).

Suppose that a null ray enters the shell at a radius of R;, which is larger than
2M. R/R—2M and dR/dT are both finite and approximately constant at this point,
and so dt/dT is approximately constant. Therefore ¢ o< T. And since rx is a linear

function of r in the region » = Ry, one concludes that

V(v) =av+Db (3.3.9)
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in a neighborhood of v = vy, where a and b are constants.

Matching the null coordinates at the center, at r = 0 gives
uv)y=v (3.3.10)

because V=T —rand U =T +r.
Consider now the ray exiting the shell. Rays which exit when R is close to 2M
are of the most interest. Let Ty be the time at which R = 2M. It is worth noting

that this occurs as a finite time as seen by an observer inside the shell. Then near

T = T07
R—2M\"2(dR\?>  (2M)?
R(T)~ | ———— — | R = 3.3.11
(T) < 2M > (dT) (T —Tp)*’ ( )
which implies
-T
t~ —2M1n( 0 ) T — T, (3.3.12)
Also, as T — Ty,
r—2M A(Ty —T)
~2M1 ~2MIn | ———= 3.1
- n< o ) n | S, (3.3.13)
and therefore
To—T
u:t+r*~—4Mln( OB, ) (3.3.14)
where B and B’ are constants. However, in this limit
U=T+r=T+R(T) ~ (1+ AT+ 2M + AT,. (3.3.15)

Combining these results with (3.3.9) and (3.3.10) yields the final result (3.3.3) [24].
This was the explicit calculation for the thin shell. The logarithmic dependence
which governs the asymptotic form of u(v) comes from the last step in the sequence

of matchings. This step reflects the large redshift which the outgoing rays experience
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after they have passed through the collapsing body [24]. Consider dividing a spheri-
cally symmetric star into a sequence of collapsing shells. Null rays enter and exit each
shell. Then, each null coordinate is linearly dependent on the preceding one, (until
the null rays exit the last shell). At the exit point of the last shell, the retarded time
u in the exterior spacetime (Schwarzschild spacetime) is a logarithmic function of the
previous coordinate, and also a logarithmic function of v given by (3.3.3).

The out-modes, when traced back to Z—, have the from

e—4Miwln [(UO_U)/C}’ v < Vg

Flym ~ { (3.3.16)

0, v > .
Fourier transforming this function allows one to find the Bogoliubov coefficients. The

Fourier transform is given by [24]

Fwém - /0 d(,d/ (a;k;’wémfw’fm - Bw’wémf:;’ém)7 (3317)

where owem = Quimwem a0d Burwem = Buwt—mwem- This notation ensures that the

dependence of the angular coordinates must be the same in each term in (3.3.17).

Thus
1 rov o ,
a:}/wzm _ 2\/?/ 0 dvet™ ve4M7,w In [(vofv)/C}’ (3318)
T W J—oc0
and
Burwem = —21\/ e /UO dve™ v tMiw In[(vo=v)/C] (3.3.19)
TV W J—o0
or, equivalently,
* 1 w' twvg 0 1 —iw'v! AMiw In (v /C)
Crotm = 5 € /o dv'e e , (3.3.20)
and
]. / ; o0 sl ; /
ﬁw’w@m - gezwvo / dv' ™' e4Mw.; In (v /C), (3321>
2r\ w 0
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Figure 3.3: The closed contour C' of the integration (3.3.22). This integral vanishes
which implies that the integrals along the dotted line and the lighter, thin line seg-
ments are equal. This implies the first equality in (3.3.23).
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where v/ = vy — v.
The two functions above are analytic on the complex plane everywhere but the

negative real axis, the branch cut of the logarithm function. Therefore
% dv'e —iw’v’ 4Miwln(v//C) — 0’ (3322>

where this integration is around the closed contour C' (see Figure 3.3). This integral
can be expressed as
/ dv'e —iw'v’ 4M1,wln( 1C) _/ dv'e iw'v’ 4Mzwln( ' /C'—ie)

_ 47er/ dv'e w'v’ 4Muu1n(v’/C)

(3.3.23)

where in the first step there is a change of variable v/ — —v" applied to (3.3.22).
In the second step of (3.3.23) the relation In (—v'/C —i€) = —im + In (v'/C). Then
comparing (3.3.23) with (3.3.20) and (3.3.21) leads to the result

‘Qw/wfm‘ = €4Ter’Bw’wfm‘- (3324)
There is an equation relating the in-modes in terms of the out modes,

Ii= Z (ajuFy + BirEy) . (3.3.25)
k

In terms of orthogonality relations between in- and out-modes this relation leads to

the condition [24]
Z (%‘ka;'k - ﬁjkﬁ;/k) = 0y (3.3.26)
k

Then the condition (3.3.26) on (3.3.24) can be written as

Z (|aw’w€m|2 - |5w’w€m|2) = Z <€8WMOJ - 1) |6w’w£m|2 =1 (3327)

w’ w’
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The physical number operator N, counts the particles in the out-region. Adopt-
ing the Heisenberg picture of quantum dynamics, the state |0);, remains the state of
the system for all time. Then, the mean number of particles created into mode wfm
is given by

<Nw€m> - m<0|bjuembw€m|0>m - Z |Bw’w£m|27 (3328)

where bZ)Km and b, are creation and annhilation opertors in the out-region given by
botm = Y (aw/wgmaw/ + ﬂ;‘j,wmaLJ (3.3.29)
"
and aL, and a,s are the creation and annihilation operators in the in-region. If the
coefficients f,,¢m are non-zero, that is there is a mixing of the positive and negative
frequency solutions, then the particles are created by the gravitational field [24].
Comparing (3.3.27) with (3.3.28) gives

1

ngm - Z —w/’/Bw/wgm‘Q = W (3330)

(3.3.30) is the familiar Planck spectrum from statistical mechanics with a temper-

ature of

1
T=—— 3.31
S (3.3.31)

which in natural units is the Hawking temperature of the black hole [24],

hed

Ty = ——
B = 8rGMkg'

(3.3.32)
where kg is the Boltzmann constant.
3.4 Black hole thermodynamics

A “black hole” is called that because light rays originating from inside the event

horizon can not escape. But light rays may enter the event horizon, which can be
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thought of as a one-way membrane. Thus things can fall into the black hole and make
it bigger but, classically, nothing can leave to make it shrink. This is reminiscent of
the second law of thermodynamics of one way, increasing entropy. The size of the
black hole, like entropy is always increasing.

The area of the black hole can be used to measure the size of the black hole. For
a spherically symmetric black hole with electric charge g, and angular momentum

J, the total surface area of the horizon is given by [34]

A = 4dmr? (3.4.1)

272 22 4 .2 4 72\ 1/2
A = d4n 2G—522+2G<1 ‘o ¢ J) . (3.4.2)

ct ct - GPM? GPMA
where €3, < M? and J* < M*.,

It is unclear from (3.4.2) that if something effects €7, J?, and M whether the total
area increases or decreases. For example, consider energy extraction by the Penrose
process. Under the Penrose process for a rotating black hole, J and M both decrease.
But examining (3.4.2) shows that when J decreases the total area increases, and when
M decreases the total area decreases. The changes in J and M are in competition,
but it can be shown that J always wins and the total area always increases.

This analogy between entropy and the area of a black hole, along with Hawking’s

Area theorem, gives rise to the second law of classical black hole thermodynamics:
dA >0, (3.4.3)

analogous to the second law of thermodynamics.
There are also laws in classical black hole thermodynamics analogous to the zeroth,

first, and third laws of thermodynamics. From (3.4.2) one can obtain,

dM = (87) 'k dA+ Qg dJ + ® dg, (3.4.4)
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where (87)71k = OM/OA, etc. (3.4.4) is an expression of the mass-energy conserva-
tion, which corresponds to the first law of thermodynamics. Inspecting (3.4.4) and
considering the fact that A is thought of as the entropy, then comparing with 7" dS,
k is considered to be the temperature. Interestingly, x can be shown to be constant
across the event horizon surface. This is therefore analogous to the zeroth law of
thermodynamics, which states that there exists a common temperature parameter
for a system in thermodynamic equilibrium [25]. & is known as the surface gravity
of a black hole. The last two terms in (3.4.4) describe the energy extracted from
changes in angular momentum and electric charge; 2y is the angular velocity and ®
is the electric potential at the event horizon.

If J? or €3 become large enough, then

J? el
Tat ﬁ% =1, (3.4.5)

then x vanishes (but A does not). (3.4.5) is analogous to the third law of thermody-
namics. A black hole under these conditions is known as an extreme Kerr-Newman

black hole. It corresponds to x = 0, or absolute zero.

For the simplest black hole, the Schwarzschild black hole (J = ¢¢ = 0), (3.4.2)

becomes
G?M?
A=16m" (3.4.6)
and since Kk = 8%%—]\:, for the Schwarzschild black hole
2
c
= ) 4.
K= G (3.4.7)

Also, (3.4.4) becomes dM =k dA =T dS. Integrating this expression yields:

energy = 2 entropy X temperature, (3.4.8)
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where the factor of 2 arises because A is proportional to the square of M [25]. Thus,
the energy M is finite, and zero temperature implies infinite entropy. However, by
rewriting (3.4.6) in the form (3.4.8) gives

Ak

- e

(3.4.9)

and the right hand side becomes a product of two finite quantities.

Questions that arise are how can the notion of entropy of a black hole be under-
stood, and why should it be infinite? Entropy can be related to information: the
more information about a system, the lower the entropy; the less information about
a system, the greater the entropy. A Kerr-Newman black hole is described by three
quantities, mass, charge, angular momentum. Therefore since there is minimal infor-
mation known about a Kerr-Newman black hole, one would expect it to have a very
large entropy.

Counting the number of internal degrees of freedom and assigning one bit of
information to each gives a crude estimate of the entropy of a black hole. This means
calculating the number of particles that go into making up a black hole. However, this
number is still arbitrary because one can always choose a large number of particles
with low energy: zero rest mass particles like photons or neutrinos with low energy,
for example. Then the number of bits, and hence the entropy of a black hole, should
be unbounded. This seems to be a problem. However it is rectified when quantum
theory is applied to the system.

Using quantum theory, a particle inside the black hole can not be chosen of an
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arbitrarily small mass because of the relation
E=hv
= hc/\ (3.4.10)
= 2mhe/ .

The wavelength, A\ must, at least, be less than the size of the black hole if the particle
energy F is assumed to be located inside the black hole. Choosing A\ ~ 2GM/c?, gives
the minimum particle energy of the order of ¢?i/GM. Thus the maximum number
of particles that make up a black hole of mass M is about GM?/c*h. An estimate of

the entropy is then

(3.4.11)

S = thy <GM2>

cth
where kg is the Boltzmann constant and £ is a number of order unity, to be calculated
from a proper, full theory of quantum black holes [25]. Then it is clear in the classical
limit, A — 0, the entropy S diverges.

From (3.4.7) and (3.4.9), (3.4.11) can be rewritten as

ks
167h

S=¢ (3.4.12)

illustrating that the entropy is indeed proportional to the event horizon surface area
of a black hole. Substituting in the known value for the constant &, (3.4.12), in natural

units, then becomes

kBACS
= . 3.4.13
4Gh ( )
The Hawking temperature (3.3.32) can also be written as
he? he k
Ty = (3.4.14)

8StGM kp 27 kg
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3.5 Hawking temperature from a Euclidean metric

As mentioned in [22], the Hawking temperature of black hole can be determined by
Euclideanizing a Lorentzian metric. Although the true underlying physics of this
method is not clearly understood, it is an effective method when possible, in general
for static, spherically symmetric black holes. A brief overview of the calculation,
following the work of Horowitz [35], which follows the original work of Gibbons and
Hawking [36], will be presented here.

Counsider a Lorentzian black hole solution of the form

2
ds* = —a(r)dt* + bd(r) + c(r) r*dQ>. (3.5.1)
r

If there is an event horizon at r = rg, then a(r) ~ a/(ro)(r—ro) and b(r) ~ b'(r)(r—rp).

Then using a coordinate transformation to Euclidean time, 7 = it and p = 2 (;E:OO))

to give a resulting metric

a'(ro) '(ro)
4

ds* = p? dr? + dp* + c(rg) rodS?. (3.5.2)

Then, to avoid the conical singularity at p = 0, that is when ¥/(r¢) = 0, 7 is identified

with the period 4my/a’(rg) ¥/ (r¢). The Hawking temperature is then given by

a'(ro) b/ (o)
Ty = Y= —. (3.5.3)

(3.5.3) will be used later to determine the Hawking temperature of various BTZ
black holes.
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Chapter 4

Conformal field theory (in 2
dimensions)

This chapter will be a brief introduction to conformal field theory (CFT) in 2 dimen-
sions. The goal of this chapter is to provide enough theoretical background to help the
reader understand why it is such a desirable theory to work with and to introduce a
mathematical framework which can be applied with black holes (the Cardy formula).
The main resources for this chapter are [4], [5], and [37,38] to a lesser extent. The

conventions of this chapter are the same as previous chapters.

4.1 Conformal field theory

Consider a metric g,, and line element ds* = g, dz"dz”. The conformal group is a

group of coordinate transformations that preserve the metric up to a scale, that is

G () = g (@) = Q) gy () (4.1.1)

Because the scale factor {)(x) cancels out in

v-w

Z/ 2w2’

cosf =

46
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these transformations also preserve the angle between two vectors v, w (where v-w =

gupv*w”). Note that the Poincaré group (Lorentz group plus translations) is a sub-

group of the conformal group since it leaves the metric invariant (g,,, = g,.,) [4].

In a conformally-invariant field theory (CFT), the action remains conformally

invariant, S[g;,,(7')] = S[gu(v)]. Varying the action with respect to the metric gives

energy-momentum tensor,

1 65
V=909

1
58 = T"sg,,.

- T

(4.1.2)

Under a conformal transformation g,,, would transform as g;,, — €(z)g,,. Taking an

infinitesimal expansion of Q(z),

9 — (1+0(2)guw

g;w = Ggu +0(2)gu-

Therefore,
0w = 0(T) Gy,
where
09w = Gy — Gu»
and then (4.1.2) becomes
1
T

\/__955’ = o(x)T" .

S = o(x)T™ g,

(4.1.3)

But since the action is invariant under conformal transformations, this requires the

energy-momentum tensor to be traceless, 7" , = 0 [5].
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By examining the infinitesimal coordinate transformation in the Minkowski space-
time, z#* — x* + €, the infinitesimal generators of the conformal group can be deter-

mined. The squared line element transforms as
ds* — ds* + (0,6, — O,€,,)dx"dz” (4.1.4)

since g, transforms like a second rank tensor. For this transformation to remain
conformally invariant (to satisfy (4.1.1)), d,e, — O,€, must be proportional to the

original Minkowski metric, 7,,,. Therefore,

2
Ouer + 0p€, = g(a €)M (4.1.5)

where tracing both sides of n* fixes the constant of proportionality. Comparing
(4.1.1) with (4.1.5) gives Q(x) = 14-2(9- €). The conformal Killing equation' describes
vector fields which preserve the metric up to a scale. It can be determined from (4.1.5)
and is given by

(N8 + (d = 2)8,0,)0 - € = 0. (4.1.6)

This is the conformal Killing equation in any dimension. For d > 2 the third deriva-
tives of € must vanish by (4.1.5) and (4.1.6). Therefore, € is at most quadratic in x.
Examining the various possibilities for e:

For € zeroth order in z:
e" = a* which are the ordinary translations independent of x, (2 = 1).
There are two cases for € linear in z,:

e’ = w* ¥ where w is antisymmetric, these are rotations, (2 = 1).

ISolutions of Killing’s equation VX, + VX, =0 are vector fields which preserve the metric g.
Conformal Killing vectors fields, solutions of (4.1.6), preserve the metric up to a scale.
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e = \z* these are scale transformations, (Q = A\72).
When € is quadratic in x,

e = b'z? — 2x#b- x , these are the “special conformal” transformations, (Q(x) = (1+
2b- & + b?z%)?). The “special conformal” transformations can be thought of as

an inversion plus translation followed by an inversion. [4]

The finite conformal transformations are given by

r—1r = z+a (4.1.7)
r—1 = Az (A", € SO(p,q)) (4.1.8)
r—1 = A\ (4.1.9)
po g = ot (4.1.10)

1+ 2b-z + b2
where (4.1.7) and (4.1.8) are translations and rotations (Poincaré), (4.1.9) are the

dilations, and (4.1.10) are the special conformal transformations [4].

4.2 Conformal field theory in 2-dimensions
In 2-dimensions with 7, = d,,, (4.1.5) becomes
8060 = 6161, 8061 = —8160 (421)

which are the familiar Cauchy-Riemann equations.
Any function f(z) satisfying (4.2.1) is known as an analytic function. To see this,
consider € as a function of z, where z, z = 2° & iz! are the complex coordinates, and

e=¢"+iel , €=¢€" —ie'. Then (4.2.1) becomes

8,e=0, Oz=0. (4.2.2)
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so that € = ¢(z), and € = €(Z2)
The conformal transformations in two dimensions therefore coincide with the an-

alytic coordinate transformations given by
2= f(2), zZ— f(2), (4.2.3)

and

2
ds® = dzdz — ‘gf dzdz, (4.2.4)
2

where Q =| % |2. The holomorphic function f(z) can be Laurent expanded to give

f(z)= i 2" (neZ), (4.2.5)

n=—0oo

where a, are symmetry parameters, and an infinite number of symmetry parame-
ters corresponds to infinite symmetries. The infinite symmetries are what makes
2-dimensional conformal field theory solvable.

The energy-momentum tensor is conserved and traceless in any CFT. When

mapped to the complex plane, these equations become:
8ZT55 = O — ng = T(Z), (426)

and

1., =0«—T.,=T(2). (4.2.7)

The generators of symmetry in quantum field theory are conserved charges which
come from conserved currents
oug" = 0. (4.2.8)
For a 2-dimensional CFT, in complex coordinates the conserved current equation is
given by
0:7(2) + 0.5(2) = 0. (4.2.9)
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But if the current is holomorphic, the anti-holomorphic part drops out, and

0:j(z) = 0. (4.2.10)

0:j(2) =0 (4.2.11)

Therefore, since there are an infinite number of analytic functions, f(z), then by
Noether’s theorem there are an infinite number of conserved charges corresponding
to an infinite number of symmetries [4].

The infinitesimal transformations of (4.2.3) give
22 =z4e6,(2), zZ—Z=Zz2+¢2) (neZ),
where

en(2) = —2"T & (2) = =2

The generators of the infinitesimal transformations are
by =—2""10,, {,=—2""0; (n € 7). (4.2.12)

The commutation relations of these infinitesimal generators form the local confor-

mal algebra. The algebra is given by

W, bn] = (M — )i, [Zm,gn] = (m —n)lmin (4.2.13)
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with [¢,,,0,] = 0. This algebra is known as the classical Witt algebra. Since the
¢,’s commute with the £,,’s, the local conformal algebra is a direct sum of A @ A
of two isomorphic subalgebras with the commutation relations (4.2.13) [4]. The two
independent algebras arise naturally because z and z are treated as independent
coordinates; the conformal group in two dimensions has two independent actions on
z and z. There are two copies of the algebra, (holomorphic and anti-holomorphic
corresponding to z and z, respectively). Therefore, it is often convenient to just deal
with the holomorphic sector, and treatment of the anti-holomorphic sector is done in
complete analogy.

The group of conformal transformations, which are well-defined and invertible,
on the Riemann sphere, define the conformal group in 2-dimensions. The confor-
mal group is generated by the globally defined infinitesimal generators {¢_y, o, (1} U
{0_1,0y,0,}. From the finite conformal transformations and (4.2.12) the infinitesimal
generators are identified: ¢_; and ¢_; as the generators of translations, ¢, + {, and
i(fo— o) as the generators of dilatations and rotations, respectively (i.e. generators of
translations of 7 and @ in z = re'), and /1, ¢ are generators of the special conformal
transformations [4].

The finite form of these transformations is
az+b
cz+d

az+b
%77
cz+d

(4.2.14)

where a,b, ¢,d € C and ad—bc = 1. This group is the SL(2,C)/Zy ~ SO(3,1), and is
also known as the group of projective conformal transformations. The quotient by Zs
is due to the fact that (4.2.14) is unaffected taking a, b, ¢, d to minus themselves [4].

The transformations (4.1.7) - (4.1.10) in SL(2, C) become
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. 1 B _ e?? 0
translations: rotations: ,
0 1 0 e %2
_ . A0 . 1 0
dilatations: special conformal: ,
0 A1 C 1

where B = a° + ia! and C' = b° — ib'. In higher dimensions there only exists a
global conformal group, the local conformal group is unique to 2-dimensions. Even
in 2-dimensions the true conformal group is the global conformal group, since the
remaining conformal transformations of (4.2.3) do not have global inverses on CU co.

The global conformal algebra is generated by {¢_1, ¢y, ¢1} U {lll, lo. 51}. It is also
used to characterize physical states, by working in the basis of eigenstates of the two
operators £y and {, with eigenvalues h and h, respectively (where h an h are real
and not complex conjugates of each other). h an h are the conformal weights of the
state. Since the dilations and rotations are given by ¢y + {y and i(ly — go), the scaling

dimension, A, and the spin, s, are given by A = £y + ¢, and s = {y — {,.

4.3 Primary fields

From (4.2.4) the line element ds* = dz dz transforms under z — f(z) as

ds® — (Z) <Z§> ds?, (4.3.1)

where the analytic functions transform as

dz — (gﬁ) dz, dz— (gg) dz. (4.3.2)

A generalization of this transformation law is given by

Bz, 7) = (gf) (gﬁ)hw@),ﬂz» (133)
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where h and h are real numbers. This transformation law is similar to the transfor-
mation law of tensors, but it differs by the exponent of conformal weights. Any field
that transforms under (4.3.3) is known as a primary field of conformal weight (h, h).

All other fields are known as secondary fields.

4.4 Radial quantization and operator product ex-
pansions

To examine conformal invariance in 2-dimensional quantum field theory, the Euclidean
“space” and “time” coordinates, o' and o are first mapped onto the complex plane.
In Minkowski space the light cone coordinates would be ¢° & o!. The complex coor-
dinates in Euclidean space become ¢, = 0%+ ic'. The left-moving and right-moving
massless fields in 2-dimensional Minkowski space become Euclidean fields with purely
holomorphic and anti-holomorphic dependence on the coordinates. To eliminate any
infrared divergences, the space coordinate is compactified, o! = o' 427. What results
is a cylinder in o', 0 coordinates [4].

The cylinder can be mapped to the complex plane coordinatized by z using the
conformal map ¢ — z = ¢, (where ¢ = ¢° +ic!). 0° = 400, the infinite past
and future, are mapped to the points z = 0,00 on the plane. Equal time surfaces,
0% = const, become circles on the complex plane, time translation is scaling, and time
reversal, 0 — —0¥, becomes z — 1/z*.

For a quantum theory of conformal fields on the z-plane, the operators that im-
plement conformal mappings must be realized. Dilations, for example, z — e%z are

time translations on the cylinder, ¢ — 0% + a. Because of this, the dilation gen-

erator, %(@0 + 570), on the complex plane can be considered as the Hamiltonian for
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o~
\J/

(

Figure 4.1: Map of cylinder to the plane under the transformation z = e° +i"

the system, and the Hilbert space is built up on surfaces of constant radius. This
procedure of defining a quantum theory on a plane this way is known as radial quanti-
zation [39-41]. Radial quantization for 2-dimensional conformal field theory is useful
because it exploits the full power of contour integrals and complex analysis to analyze
short distance expansions, conserved charges, etc. [4].

The generators of symmetries can be constructed with the aid of the Noether
theorem ( [5,42]). A d + 1 dimensional quantum theory has a conserved current j*
associated with an exact symmetry. The conserved current must satisfy d,j* = 0.

Integrating over a fixed time slice gives the conserved charge, @, that is

Q= / dz jo(x). (4.4.1)

A consequence of the Noether theorem, extending the Poisson bracket algebra
to Lie commutators, is that the infinitesimal variation in any field A is generated
by the conserved charge according to ;A = €[Q, A] [43]. Local coordinate trans-
formations are generated by charges constructed from the energy-momentum tensor
T,., which has already been shown to be trace-less for conformally invariant the-

ories. The energy-momentum tensor is, in general, symmetric and divergence-free.
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Since the holomorphic and anti-holomorphic components of the energy-momentum
tensor are generators of symmetries, multiplying 7, by a holomorphic function f(z)
results in 77, = f(z)T.,. Then, 0.T., = 0 generates an entirely different symmetry.
The holomorphic and anti-holomorphic energy-momentum tensors should generate
two independent realizations of the classical Witt algebra (4.2.13). Since 7. can be
multiplied by an infinite number of holomorphic functions that still satisfy (4.2.7),
there are an infinite number of local symmetries.
Since T and T generate local conformal transformations on the z-plane, the con-
served charge in radial quantization becomes
Q= 217” j{ <dz R(T(z)e(z)) +dz (T(Z)E(Z))). (4.4.2)
This line integral is performed over some circle of fixed radius, and by convention,
both dz and dz integrations are taken in a counter-clockwise direction. In Euclidean
space, radial quantization of products of operators A(z) B(w) are defined for |z| > |w].
This radial ordering is the familiar time-ordering in quantum mechanics. The radial

ordering operation R is defined as

A(z)B(w) |z] > |w|
R(A(2)B(w)) = 4.4.3
BB { B(w)A(z) |2] < Jwl. 42
The variation of any field is given by its commutator with the charge (4.4.2)
de e®(w,w) = 2;}{ <dz €(2) [T(2), P(w,w)] + dz €(2) {T(E), @(w,w)} ) (4.4.4)

This can be thought of as an “equal-time” (constant radius) commutator since the
integration is over a contour of a specific radius, but the contours can be deformed,

as in Figure 4.2, to give a single integration over a single, closed contour.
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Figure 4.2: Evaluation of “equal-time” commutator on the conformal plane. This
shows the difference of the integration over the closed contour drawn tightly around
w and the integration over the closed contour around the origin and excluding the
point at w. What results is a single contour integral around the point w.

This defines the meaning of the commutators in (4.4.4). The equal-time commuta-
tor of a local operator A with the spatial integral of an operator B will become the con-

tour integral of the radially ordered product, [[ dzB, Alpr. — $ dzR(B(2)A(w)) [4].
Then rewriting (4.4.4) in the form

5. 20 (w, &) — 21m (ﬁ{wmf |z<|w|> (dz (=) R(T(2)®(w, ©))
+ dzZe(Z)R(T(2)®(w, w)))
_ 1 / (dz (=) R(T(2)®(w, 0)) + dz g(z)R(T(z)@(w,w)))

211

= h 0y e(w)P(w, w) + e(w) 0y ®(w,w)

+h Oy &) ®(w, ) + &) ®(w, @)

M|

where the infinitesimal expansion of f(z), f(z) = z + €(z) under the transformation
(4.3.3), has been substituted in the last line to give the desired result and Cauchy

integral formula has been applied. The Cauchy integral formula is given by

£y = 75 (ﬂz)dz (4.4.5)

2mi Jy (z —w)rtt

For (4.4.2) to induce the correct infinitesimal conformal transformations, the short
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distance singularities of 7" and T with ® should be

R(T(z)@(w,w)) = LCI)(QU?@)_F 1

(z —w)? z—w

O ®(w, w) + -

_ 3 B 1 3
R(T(z)q>(w,w)) = G )+ 0w 4

These become the short-distance expansions of radially-ordered operator product ex-
pansions (commonly referred to as OPE’s) for the holomorphic and anti-holomorphic
energy-momentum tensors, 7' and T, with the primary field. The symbol R will be
dropped from now on, and the operator product expansion will assumed to be radially

ordered. The operator product expansions become

(z —w)? O, @) - (44.6)

0 ®(w,w) + - - - 4.4.7
—Opb(w, W) + (147)

The quantum energy-momentum tensor can be thought of as being defined by
these short distance properties. In quantum field theory, when operators approach

one another singularities can occur. The singularities are encoded in operator product

expansions of the form

A(@)B(x) ~ 3 Cix = y)Oi(y) (4.4.8)

where the O;’s are a complete set of local operators and the C;’s are (singular) numer-
ical coefficients. Quantum field theory traditionally deals with scattering amplitudes
between various asymptotic states (free particles). In practice these amplitudes are
given by m-point correlations functions [5] and are a perturbative result. OPE’s in
2-dimensional conformal field theories are non-perturbative and make use of power-

ful contour integrals in complex theory. Taking the basis of operators ¢; with fixed
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conformal weight, the normalized 2-point functions become

1 1
(z — w)hi (7 — w)Qﬁi '

(9i(z,2)0;(w, w)) = d;; (4.4.9)

Higher point correlation functions can be written as ordered product expansions
and can be written in terms of 2-point functions using Wick’s theorem. Wick’s the-
orem extracts operators from their normal ordering by replacing the operators with
their n-point function. n-point correlation functions can be written in terms of singu-
lar 2-point ordered product expansions which can be solved using the Cauchy integral
formula.

In general, the OPE of the energy-momentum tensor with the primary field is
given by (4.4.6) and (4.4.7), with conformal dimensions & and h. The ordered product

expansion of the energy-momentum with itself is given by

TETW) = o ‘3_/1)4 o _2w)2T(w) + (Z_lw)awT(w) (4.4.10)
T(Z)T(w) = /2 2 T(w) + ———0T(w)  (4.4.11)

(z—w)*  (z2—w)? (2 — w)

where c is a constant and turns out to be the central charge. Later it will be shown
that modular invariance constrains ¢ — ¢ = 0. A theory with a Lorentz-invariant,
conserved 2-point function requires ¢ = ¢. This is equivalent to requiring cancellation
of local gravitational anomalies [44], allowing the system to be consistently coupled

to 2-dimensional gravity [4].

It is often convenient to define the Laurent expansion of the stress-energy tensor,

T(z)=> 2""L,, T(z)=> z""Ly, (4.4.12)

nez neZ

in terms of modes L,, (which are also operators themselves) [4]. Inverting the relations
gives

d = dz =
L= Lonr), L= Eanrg, (1.4.13)
211 211
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A finite subset of the L,,’s and L,,’s are the quantum generators of global conformal
symmetry, like the classical generators (4.2.12). L_4, Lg, L; close, under commutation,
forming a subalgebra of operators. The commutation relations can be determined

from the classical Witt algebra (4.2.13):
[L:tl, Lo] - :l:L:tl [Ll, Lfl] == 2L0 (4414)

It is easy to see why L_q, Lo, L1 are generators of global conformal symmetry. From
the definition of L, in (4.4.13), it is clear that in the Cauchy integral L_; and Lo
do not produce any poles; thus the generators are globally defined over the entire
complex plane. The generator L, also does not produce a pole, however this can be
rectified by the conformal transformation w = 1/z, which gives the same argument
as for the generator L_; with the coordinate w in place of z, and thus L, is globally
defined. This transformation does not work for n > 2.

The commutation relations of the operators, and therefore the algebra, can be
determined by simply knowing the OPE’s between the operators. Consider the holo-

morphic fields a(z) and b(w) and the integral

j{vdz a(z)b(z) (4.4.15)

where the integration is over the contour of counterclockwise circles around w, and
radial ordering of fields is assumed, as usual. This integral can be split into two
by the difference of two integrations of contours in opposite directions to give the
commutator:

]{Udz a(z)b(w) = .. dz a(z)b(w) — . dz b(w)a(z) (4.4.16)

= [Ab(w)], (4.4.17)
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where A is given by the contour integral
A= fa(z)dz, (4.4.18)

and C and Cy are fixed-time contours around the origin.
Then the commutator of two operators, [A, B], each the integral of a holomorphic

field, is determined by integrating (4.4.17) over w [5]:

(A, B] = 7[5 dw 7{0 dz a(2)b(w), (4.4.19)

where
A= fa(z)dz B = jl{b(z)dz. (4.4.20)
For fermions this commutator becomes an anti-commutator. This is again an “equal-
time” commutator which is allowed by the subtraction of contours as seen before in
Figure 4.2. The commutator (4.4.19) is evaluated by substituting the OPE of a(z)
with b(w), of which only terms in 1/(z—w) contribute, by the theorem of residues [5].
Everything is now in place to write the algebra of the charges (mode expansions
in (4.4.13)) using the relation (4.4.19) and the OPE (4.4.10):

Ly, L) = N fgdw wmﬂf dz z”“{( /2 + 2T (w) + O T(w) —i—reg.}

(2mi)? z—w)t  (z—w)?  (z—w)

1
=5 fgdw me{lCQ(n + n(n — w" 2

+2(n+ Dw"T(w) + w"+18wT(w)}

_ %n(rﬁ — Ddnsmo +2(n+ 1) Ly
1
~ 5 jg dw (n+m+ 2)w™ T (w)
c
= En(n2 — 1)0ntmo + 2(n+ 1) Lyytn + (n — M) Lyptn,
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where in the first step the contour integral over z is solved using the Cauchy integral
formula, and the last term in the third step is solved using integration by parts. This

is the Virasoro algebra. It is the quantum extension of the classical Witt algebra.

4.5 Free boson example

The massless, free boson, ¢, is the simplest conformal field theory. Its action is given
by

_1 2 “w
S = 2g/d x 0,p0"p (4.5.1)

where ¢ is a normalization constant. The 2-point function in complex coordinates is
given by

(p(z,2)p(w,w)) = _471rg{ In(z —w) +1In(z — ’lIJ)} + const. (4.5.2)

Taking the derivatives 0, and 0sp separates the 2-point function into holomorphic

and anti-holomorphic components:

(0:0(2, 2) Ouip(w, w)) = —471Tg(2_1w)2 (4.5.3)
(0:0(2, 2)Duplw, @) = —;Tg(_lw) (45.4)

Focusing just on the holomorphic field from now on, the ordered product expansion

of the holomorphic field with itself is given by

1 1

9.0(2)0xp(w) ~ Thrg (e —w)

(4.5.5)
The quantum energy-momentum tensor associated with the massless, free boson

in complex coordinates is

T(z) = —27mg : 0,00,¢ : (4.5.6)
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where : ¢;---p; : denotes the normal ordering (annihilation operators to the left
creation operators to the right) of field operators. The ordered product expansion of

T(z) with 0.p can be calculated using Wick’s theorem:

T(2)0up(w) = —2mg: 0:p(2)0:0(2) : Owip(w)
~ —4rg: 0,0(2)0.p(2) : Opp(w)

_0(2)

(z — w)?

Taylor expanding 0,¢(z) around w yields

T(2)0pp(w) ~ Duip(w) + 85}90(10)' (4.5.7)

(z—w)* (2 —w)

By comparing with (4.4.6), this shows that 0, is a primary field with conformal
dimension A~ = 1. The field ¢ has no spin and no scaling dimension, however its
derivative, 0., has scaling dimension A = 1.

Calculating the OPE of the energy-momentum tensor with itself gives

T(:)T(w) = 4n’g*: 0.0(2)0:0(2) = Ouwip(w)dup(w) :
1/2 dmg: 0.0(2)0up(w) :
(z —w)! (2 —w)?
N /2 21(z) N GwT(w)‘ (4.5.8)

(z-w?t (z-w)?  (z-w)

By (4.4.10) it is clear that the central charge for a massless, free boson is ¢ = 1. It
is also clear that the energy-momentum tensor is not a primary field because of the
anomalous term 1/(z — w)* which does not appear in (4.4.6) [5]. This anomalous

term is of great interest, and will be dealt with later.
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4.6 Highest weight representations

Consider the state
|h) = ¢(0)]0), (4.6.1)

created by the holomorphic field ¢(z) of weight h. Substituting (4.4.13) into (4.4.6)

and then simplifying using the Cauchy integral formula (4.4.5) gives

[Ln, p(w)] = ﬁz““T(z)qb(w) = h(n+ Duw"p(w) + w1 d,o(w),  (4.6.2)

271

so that [L,, ¢(0)] = 0,n > 0. The state |h) then satisfies
Lo|h) = hlh)  Ln|h) =0,n > 0. (4.6.3)

The anti-holomorphic sector follows similar arguments for the anti-holomorphic op-
erators. In general a state |h, h) is created by a primary field ¢(z,2) of conformal
weight (h, h). |h,h) is known as an “in” state. Any state satisfying (4.6.3) is known
as a highest weight state. Descendant states are states found by acting on the highest
weight states with other quantum operators, L_,,...L_,, |h).

The “out” state, (h|, satisfies
(h|Lo = h({h| (h|L, =0,n <0 (4.6.4)

where LL = L_,. Lo+ Lo are the generators of dilatations and rotations, thus h + h
is identified as the scaling dimension and Euclidean spin of the state. The states
(h|Lp, -+ Ly, (n; > 0) are descendants of the out states [4].

Representations of the Virasoro algebra start with a single primary field and re-
maining fields in the representation are found by successive operator products with

the energy-momentum tensor. All the fields together make up a representation [¢,].

April 25, 2012 64 Steve Sidhu



4.6

If dealing with modes, then descendant fields are found from commuting L_,’s with
the primary field. Acting on the vacuum with descendant fields creates descendant
states.

Descendant fields ﬁ_n¢, n > 0 can be found from the less singular parts of the
OPE of T'(z) with a primary field, ¢,

T(2)p(w,w) = Y (2 — w)"*L_,¢(w, )

n>0

:%ﬁogwr Ino+ Lo+ (z—w)lsp+--- (4.6.5)

(2 —w)

zZ—Ww

The fields

« B dz 1
Lowolww) =g o eyt

T(z)p(w,w) (4.6.6)
are often denoted as ¢(~™. The conformal weight of the descendant field L_,¢is
(h+n,h). By (4.4.6) and (4.4.7) the first 2 descendant fields are ¢(©) = Ly ¢ = ho
and ¢V =L_1¢=08¢. L, =0 forall n >0 [4].

The first few descendant fields, ordered by their conformal weights, are

level dimension field
0 h o)
1 h+1 L 16
2 h+2 L_op, L2,6 (4.6.7)
3

h+3 i73¢7 E71E—2¢7 i§1¢

N h+ N P(N) fields,

where P(N) is the number of states at level N. P(N) is given in terms of the

generating function

v
mey (T—qm)

P(N)q", (4.6.8)

hE

=2
I

0
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where P(0) = 1. The fields in (4.6.7) arise from repeated short distance expansions
of the primary field ¢ with T'(z) [4].

This process can be repeated with any other highest weight states. Removing
the null vectors results in what is known as the Verma Module. Taking the tensor
product of all the Verma Modules obtained from all the different highest weight
states, corresponding to all the different primary fields, makes up the Hilbert space

of 2-dimensional conformal field theory.

4.7 Central extension and the central charge

It must be determined if the algebra of the operators is the same as that of the

infinitesimal generators, the classical Witt algebra,
(Lo, L] = (m = n) Lyyn. (4.7.1)
Acting the commutation relations, (4.7.1), on the vacuum yields:

< O|[Lon, La][0 > = < 0[(n — m)Lypyn]0 >

< O|[L_pn,L,]|0 > = < 0] —2nL|0 > where m = —n
<O0|L_p,L,—L,L_,|0> = —2n<0|L|0 >
— <0|L,L_,|0 > = —2n <0|Lo|0 > since L,|0 >=0,(4.6.3)
<nln> = 2n <0|L|0 > since L_,, is the raising operator

Because Lg|0 >= 0, the only unitary solution that exists is the trivial solution. This

3

can be fixed by adding a central extension of the unique form 5 (n” —n)d,4m,0, where
c is the central charge.
The central charge can not be determined solely from symmetry considerations.

It depends on the specific model studied: ¢ = 1 for a free boson, ¢ = % for a free
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fermion, for example. When free fields are put together, the central charge becomes
the sum of the number of free fields. The central charge is somehow an extensive
measure of the number of degrees of freedom of the system [5]. Accordingly, the
central charge is related to Casimir energy, the ground state vacuum energy from
quantum fluctuations.

Thus the holomorphic and anti-holomorphic commutation relations of the quan-

tum operators becomes

(L, L] = (1 — 1) Ly + 1—02(713 — )80 (4.7.2)
[Loy Lin) = (n —m) Lyyyon + E(n3 — 1)0n+m,0 (4.7.3)
[Ln, L] = 0. (4.7.4)

The algebra obeyed by the L,, in (4.7.2) and the L,, in (4.7.3) is again the Virasoro
algebra. The conformal field theory realizes two copies of this infinite-dimensional

algebra.

4.8 Modular invariance

Consider the mappings of a segment of the z-plane to the cylinder, and the cylinder
to the torus. This can be done by identifying two opposite sides of the segment on
the z-plane to map the plane to the cylinder, then identifying the two remaining sides
to map the cylinder to the torus.

The identifications made in order to achieve this are described by the equations
z~ z+ Ly, z~ 2+ 1Ls. (4.8.1)

The identifications are analytic identifications: z ~ f(z), with f an analytic function.

Neither L; nor L, is a parameter of the torus. Since the z-plane is governed by a
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1 =
il >>
I /N
I N
) N
N i T
(a) (b) ©

Figure 4.3: (a) A rectangular torus is a rectangular region of the complex z-plane
with identifications. (b) Gluing the vertical sides of the rectangular region gives a
cylinder. (c¢) Gluing the horizontal sides as well gives a torus.

conformally invariant theory, there is no change from scaling the coordinate z by a

constant. Letting 2’ = z/L; gives a new form of (4.8.1):

L
PRSP Yo +iT, T = f2 (4.8.2)
1

Thus, the torus is only parameterized by a single parameter, T'. Rectangular tori with
different T parameters can sometimes be conformally equivalent; tori with parameters
T and 1/T are conformally equivalent. Therefore, tori with 0 < 7" < 1 are conformally
invariant to tori with 1 < T < co. So the moduli space of rectangular tori can be
chosen to be the interval 0 < 7' < 1or 1 <T < oo [45].

Rectangular tori are not the only conformally equivalent tori. Tori can be twisted
and identified to produce a cylinder with a twist. Consider the z-plane in Figure 4.4.

The torus is obtained from the identifications
Z o~z 4w, Z~ 2z 4 wo (4.8.3)
where wy; and wy are both complex numbers. Then by defining

(4.8.4)

\]
I
&
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Im W A\ lz

Wz

-y

Re w

Figure 4.4: A general torus is obtained from the complex z-plane by identifying
z~zZ+wp and 2 ~ z + ws.

T+1
i T T +1
; 0 1
) (b)

(a

0

Figure 4.5: The modular transformations: (a) 7: 7 — 7+ 1, (b) U : 7 — 7/(7 + 1).
and scaling z by a factor of 1/w; the identifications are equivalent to
z~z+1 z~z4 T (4.8.5)

In general a torus is specified by two periods, wi,ws. By rescaling the coordinates,

these 2 periods can be written in terms of 1 and 7, the modular parameter [5,45]
The group of disconnected diffeomorphisms of the torus is the modular group.

It is generated by cutting along either of the non-trivial cycles then regluing after a

twist by 27. The transformation 7" : 7 — 74 1 is generated by cutting along the line
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of constant ¢° then regluing. The transformation U : 7 — 7/(7 + 1) is generated by
cutting along the line of constant o' then regluing. For the modular transformation
U, the new modular parameter after coordinate rescaling becomes w — w/(7 + 1).
The transformations 7" and U generate a group of transformations, known as the

modular group, given by

ar +b
cT +d

T —

( Z Z ) € SL(2,7), (4.8.6)
where a,b,c,d € Z, and ad — bc = 1. Since 7 is invariant under change in sign of
a,b,c,d in (4.8.6), the modular group is actually SL(2,Z)/Zy. The generators of
the modular group are S = T 'UT ! satisfying S? = (ST)® = 1. S and T can be

represented explicitly as

(1 1) (0 1)
T= . S= . (4.8.7)
10 ~1 0

S acts to interchange the boundary conditions in “time” and “space” directions [4].
The S transformation is given by S : 7 — ’71
Therefore, in the mapping of the complex plane to the torus, the only parameter

to consider is the modular parameter 7.

4.9 The partition function

The partition function (or vacuum functional, in Minkowski space-time) is used to
describe the statistical properties of a system in thermodynamic equilibrium, such as
total energy, free energy, entropy (degrees of freedom), and pressure. The partition
function for the canonical ensemble, (a system in thermal contact with the environ-

ment and with constant number of constituent particles and temperature, T) is given
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by
Z =Y e b, (4.9.1)

where § = RE%T and kp is the Boltzmann constant. Since the energies of a system are

eigenvalues of its Hamiltonian, one can rewrite (4.9.1) as
Z = Tre PH. (4.9.2)

If H and P are the Hamiltonian and total momentum of the theory, the operator
that translates the system parallel to the period wy over a distance a in Euclidean
space-time is

e—‘%ﬂ{HImwg—iP Rews}

(4.9.3)

If a is considered to be the lattice spacing, (4.9.3) translates from one row of the
lattice to the next, but parallel to the period ws. If the complete period contains m
lattice spacings (Jws| = ma) then the partition function is found by taking the trace

of (4.9.3) to the m-th power [5]:
Z (w1, wy) = Tr e~ HImwamiPRews (4.9.4)

H and P can be expressed in terms of Virasoro generators Lo and Lo. Treating
the torus as identifying the open ends of a finite cylinder of circumference L, the
Hamiltonian operator is H = (27/L)(Lo + Lo — ¢/12). Here the Virasoro generators
are defined on the whole complex plane and the constant term is added to make
the vacuum energy density vanish in the L. — oo limit. Similarly, the momentum
operator, (which generates translations along the circumference of the cylinder) is

given by P = (27/L)(Lo — Lg). Since w; has been chosen to be real and equal to L,
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the partition function becomes

Z(t,7) = Tr e’”'{“‘*)<L0+Lo—c/12)+(7+f)<Lo—Lo—a/m)}

Tr 627ri{T(Lofc/24)f7_'([7/076/24)} .

_ (4.9.5)
By defining the parameters
g =TT = e 2T (4.9.6)
the partition function can be written as
Z(r,7) = Tr (g0 />gho=e?) (4.9.7)

This partition function must be modularly invariant. Since 7 parameterizes any

equivalent tori, consider (4.9.7) under the transformation 7" : 7 — 7 + 1:

Z<7_ +1,7+ 1) = Try, <qL0c/24 e2mi(Lo—c/24) (jiofa/zz; 627Ti(Loc/24>

)

_ Z qhi—c/24 qﬁi—é/24 ezm‘(hi—i’zi) ezm‘(*;jé) (4.9.8)

(4.9.9)

where the trace of the operators Lo and Ly is taken over the entire Hilbert space
to give the eigenvalues h; and h;. For the vacuum, hy = ho = 0, there are two
constraints.

Firstly, modular invariance imposes that ¢>™(75") = 1 and therefore &t =17

This leads to the constraint

¢ —c=m mod 24, meZ. (4.9.10)

2mi(

Secondly, modular invariance imposes e2™("~") = 1, which imposes
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Therefore, the partition function is invariant under the transformation 7. A similar
result would be obtained from (4.9.7) under the transformation U.

The partition function will be used to derive the Cardy formula.

4.10 The Cardy formula

The derivation of the Cardy formula, in this thesis, will closely follow Carlip’s [37,
38] derivation. Carlip’s derivation exploits the modular invariance of the partition
function of a 2-dimensional CFT on a torus. This derivation is for a microcanonical
ensemble; an isolated thermodynamical system holding the number of particles, IV,
volume, V', and total energy, F/, constant. The Cardy formula is used to determine the
density of states, p(E) of a conformal field theory. Then the entropy of the conformal
field theory is essentially the logarithm of the density of states [37].

The partition function (4.9.7) on the torus of modulus 7 = 71 4+ im, can be written

in terms of the density of states of the system:
Z(r,7) = Tr e2miTLo ,—2miTLo _ ZP(A7 A)€27riA7'6727riA77 (4.10.1)

where p is the number of states with eigenvalues A, A for the Virasoro generators
Lo, L.

The basic result of Cardy [11,12] is that the quantity
Zo(7,7) = Tr 2miho=5)7 = 2miLo=517) — %72 7, (1 7) (4.10.2)

is modular invariant, under the transformation 7 — _Tl particularly.
Treating 7 and 7 as complex variables p can be extracted from Z by contour

integration by

- 1 dg dgq _
pAB) = (s f s 2@ 0 (4.10.3)
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This integration is not over a specific contour since contours can be deformed as
needed, however the contour is around the origin since there is a pole at ¢ = 0,¢ = 0.
For simplicity of notation, the 7 dependence shall be suppressed.

By noting that

2mic

Z(1) =e20"Zy(7) (4.10.4)

the modular invariance of Z; can be exploited to rewrite the contour integral in a

form suitable for the saddle-point approximation:

27mic _]_
Z = Zo| —
(7) ¢r 2o ( T )
27mic 2mic 1 _]_
= e2Ten 7Y/, <> (4105)
T
and therefore,
271 mic _1
/dTe 2milT BT T 7 () . (4.10.6)
T

With this result, the integral (4.10.3) can be evaluated by a saddle-point approxima-

tion. Let Ag be the lowest eigenvalue of Ly and define
=" p(A)? AR = p(Ag) + p(Ay)e2miBi=RoT 4 (4.10.7)

Then using the result (4.10.6) with (4.10.7) gives

/dT o 2miAT 2wl L 2T Fmel 5 <_1> _ (4.10.8)

T

For large 75, Z(—1/7) approaches p(A), which is a constant. Therefore, (4.10.7)
can be evaluated as long as 75 is large at the saddle point. For the saddle-point
approximation the integrand must be separated into a rapidly varying phase and a

slowly varying prefactor. The integral required should then be of the form

27;%] £(7). (4.10.9)

Ia,b] = /dT exp [27?2’&7’ +
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The exponential term is extremal at 7y = \/g Then, expanding the integral around

To gives

b

4a?

: 1/4
Ia,b] ~ /dT exp {4#2’\/%—1-2;:;)(7—7'0)2”(70) = < ) e Vb £( 7). (4.10.10)

If Ap is small (Ag << ¢) and A is large, the integral (4.10.7) gives

A ¢ )" expamy [ 1 higher order t 4.10.11
p( )_(96A3) exp 27 FJF igher order terms. (4.10.11)

Taking the natural logarithm of both 7 and 7 dependence of the exponential term of

Inp(A,A) = 27”/06A + 271/ C6A (4.10.12)

which is Cardy’s [11, 12] result for the asymptotic density of states, or the standard

(4.10.11) yields

Cardy formula. The leading term in (4.10.11) gives the leading correction.
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Chapter 5

The Hamiltonian formulation of
general relativity

In this chapter the ADM Hamiltonian with the surface term, often left out in other
treatments, will be derived and the Hamiltonian generators, which will be used to
calculate the conserved charges in general relativity, will be defined. The same con-
ventions as previous chapters will be used. The main references for this chapter

are [16,46,47).

5.1 Einstein’s field equations in (143)-form

Einstein’s field equations were talked about in detail in Chapter 1. They related
the curvature of space-time to an energy-momentum. However, there is no notion of
time-evolution, or dynamics of these equations. In their famous 1962 paper, Arnowitt,
Deser, and Misner [16] developed the Hamiltonian formulation of general relativity.
Not only was this an effective formulation to describe the dynamics of general rela-
tivity, but with a Hamiltonian formalism, it was also a possible, in principle, to apply
the machinery to canonical quantization of gravity. The basic idea of [16] is to isolate

the time coordinate in the field equations. This formalism is known as the (1+43)

76
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form. The Hamiltonian follows from it.

Consider a scalar field ¢(z*) such that ¢ defines a family of non-intersecting space-
like hypersurfaces. On each hypersurface X(t) the spatial coordinate g is introduced.
Then, introducing a congruence of curves that are parameterized by ¢ and that in-
tersect the hypersurfaces Y (t), the two hypersurfaces can be connected. Also, the
points on each of the hypersurfaces intersected by the same curve are defined to be
given by the same spatial coordinate 3°. Therefore, this procedure introduces a valid
4-dimensional coordinate system z* = (¢,y*) in the spacetime.

The tangent vectors to the surfaces and to the congruence of curves then are

oz

4 = 5 (5.1.1)
m
th = ag; (5.1.2)

where these act as the projection tetrad to the hypersurface 3(t). Here z* is the origi-
nal spacetime coordinates and v are the new spatial coordinates on the hypersurfaces

Y(t). The unit normal to the hypersurfaces is given by
n, = —NOut, (5.1.3)

where N is the scalar function known as the lapse. N ensures proper normalization.

The time tangent vector t* can be decomposed into the form
t'= Nn* + N'e!, (5.1.4)

where the 3-function N? form a spatial vector known as the shift.
From the coordinate transformation z# = z#(t,"), a differential piece of length

in a (1+3) coordinate system is given by

dat = t" dt + el dy' = (N dt)n* + (dy' + N* dt)el. (5.1.5)
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Similarly, the original spacetime metric can also be written in the (1+3) form as
ds® = g datda” = —N* dt* + hj(dz’ + N*dt)(da? + N7 dt), (5.1.6)
where h;; is the induced 3-metric on X(¢) given by
hij = guweles = gij. (5.1.7)

(5.1.6) and (5.1.7) give the time-time, time-space, and space-space components of
the metric in terms of N, N* and h;; as goo = N°N; — N?%; go; = Ny; gi; = hij. From

these expressions the contravariant components of the metric can be easily computed

to give
g0 = —N?% (5.1.8)
g% = NN, (5.1.9)
g7 = hY — N2N'NJ. (5.1.10)

It is just as easy to verify /—g = Nv/h.

Thus spacetime has been split into space and time mathematically by foliating
it by a series of spacelike hypersurfaces 3(t) labelled by a coordinate ¢ through a
function ¢(z#) in the spacetime [46]. The induced metric on %(t) can be expressed in

the 4-dimensional notation by

h,uu - g,u,l/+n,unz/; (5111)
ng = —N, (5.1.12)
n; = 0, (5.1.13)

where n is normal to X(¢). This leads the metric components
howo = N'N; (5.1.14)
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and the spatial components h;; = g;;. It should be stressed that even though h,, is
the metric on 3-space, hgg and hg; are non-zero because go; is non-zero [46]. Also, h#
acts as a projection tensor onto X(t).

There are 3 important relations with the normal vector n,, which have been used

often to derive many of the upcoming expressions. These are

h¥n? =0, (5.1.16)
n"Vn, =0, (5.1.17)
n[qun,,] = 0, (5.1.18)

where the brackets denote the commutation of indicies. The first relation comes from
the definition of the induced metric; the second from differentiating the normaliza-
tion condition n#n, = —1; the first from the face that n* is normal to the set of
hypersurfaces which foliate spacetime [46].

The covariant 3-space derivative, D, is then defined as
DX, = hhyV, X, (5.1.19)

The right hand side is a projection of the 4-dimensional covariant derivative V, X,
onto (t) using the projection tensor h} = &2 + n*n, [46], which can be obtained
by contracting (5.1.11) with the contravariant 4-dimensional metric g"*. It will be
assumed that D), acting on scalar functions gives D, = h/V,p. Using these two
properties and the standard chain rule, the covariant 3-space derivative of contravari-
ant vectors and second rank covariant tensors can be found (see section 12.2 of [46]).

They are given by

D,V" = R{hIV,VA, (5.1.20)
DT, = hhehiV,T.p. (5.1.21)
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The induced metric and covariant derivative operator intrinsic to the 3-manifold
Y(t) are now defined. They describe the local, intrinsic properties of the spatial slices.
However, to get a full picture about the structure of spacetime, information about
how the spacelike hypersurfaces Y(¢) are embedded in the 4-dimensional geometry
is needed. Intuition would suggest that this information lies in how the normals to
the X(t) surfaces varies from event to event. This can be quantified by the eztrinsic
curvature defined by

K, = —h0hoV i, = —hEV m, (5.1.22)

The second equality follows from writing h = 07 + nn, and using (5.1.17). The
first equality illustrates that K, carries information about V,n, projected onto X(¢).
It also shows that K, n* = K,,n" = 0. K® = 0, since n; = 0, showing that the
contravariant components of K* are purely spatial [46].

Something that is not obvious is that K, is symmetric in its indices. A short
proof can be found in either [20,46]. From this property, the covariant derivative of

the normal can be decomposed into tangentials and normals to X(t):
—V,n, = K, +n,(n"Vyn,) = K,, +n,a,. (5.1.23)

K,, and h,, contain all of the intrinsic and extrinsic information about X(t),
so they should be related to the full Riemann curvature tensor in 4-dimensional
spacetime. The 3-dimensional curvature tensor can first be defined, from the standard
definition:

—®ORE X, = D,Dy X, — DyD,X,. (5.1.24)

The 3-dimensional and 4-dimensional are related via the Gauss-Codazzi relations,

O Rpe = hRERIRS Rogos + ngn’ (K Koo + Ko Ky)). (5.1.25)

p'v'optto
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A derivation for the Gauss-Codazzi relations can be found in either [20,46]. This
result may seem complicated but has a simple geometrical interpretation. The first
term is the intrinsic part of the 3-dimensional curvature obtained by projecting the
full 4-dimensional curvature onto the 3-surface. The second term comes from the

extrinsic properties of the 3-surface embedding into the 4-dimensional space [46,47].

5.2 The gravitational action in (1+3)-form

The (14-3)-form of general relativity defined in the previous section can now be applied
to the standard action principle of general relativity. The standard action in general

relativity is given by the Einstein-Hilbert action

S = 162G / V=9 (R —2A)d*z, (5.2.1)

where A is the cosmological constant.
(5.2.1) can be recast into (143) form by expressing the Ricci scalar R in terms of
the extrinsic curvature K,,.

A useful identity, valid for any vector field n?, is
Rypov” = (V,V, =V, V,)v,. (5.2.2)
This leads to the result

R,on'n’ = g"R,,,on"n’
= n'V,V,nt —n"V,V,nt
= V,.(n"V,n") — (V,n")(V,n") = V,(n"V, ") + (V,n")?

= Va(Kn®+a%) — K, K" + K'K?, (5.2.3)

where K, is the extrinsic curvature (5.1.22), K = K¢ = —V,n®, and a® = n”V n°.
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Then, from the identity
R —2A = —Rg,,n'n" =2(G,, — R,,)n"n” (5.2.4)
and the Gauss-Codazzi relations (5.1.25), the following equations are obtained:

R = O®p_ 2A + K K" — KIK) — 2V o (K n® 4 a®)

= £ADM — QVQ(K n® -+ aa), (525)

where Lapy = @R — 24 + K, K" — KEK} is commonly referred to as the ADM
Lagrangian, named after Arnowitt, Deser, and Misner.
The Einstein-Hilbert action now becomes the sum of two terms, one quadratic in

time derivative h;;, and a surface term

1

1
—= 3 N — 4 _ K [ «
S 167?G/\/dtdx VhLapu 87r/vd /=g Vo (Kn® —a®)

= SADM+Ssqu- (526)

Since the surface term will not contribute to the equations of motion [46], it will be

ignored for the time being [47].

5.3 The ADM Hamiltonian

The ADM action can be written in terms of the ADM Lagrangian as

167G Sapas — / A2 /=g Loapns = / dt / &z NvVh l(?’)R — 20+ K, K™ — KIKY|.
(5.3.1)

The ADM Lagrangian can be Legendre transformed into the ADM Hamiltonian.

It is worth noting that the ADM Lagrangian is written in the classic form of “kinetic

)

energy minus potential energy”. Here, the extrinsic curvature is the kinetic energy
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and the negative of the intrinsic curvature is the potential energy [48]. The canonical
variable for this transformation are N, N’, and h,,. The conjugate momenta to
each canonical variable must first be determined. A quick examination of (5.1.22)
reveals that there are no time derivatives of N and N*. The corresponding conjugate
momenta of N and N’ therefore vanish and this will be interpreted as the fact that
N and N do not represent true degrees of freedom but are undetermined Lagrange
multipliers. Later, the variation of the action with respect to N and N* will be found,
which will act as equations of constraint.

Since the time derivative of h,, does not vanish, it’s conjugate momentum can be

determined:
pij = i(\/ —9LapMm)
8hij
. 0K;; 0
167G)pY = - 167L
= (167G)p e 8Kij( mLapn)
= —Vh(KY — K h¥) (5.3.2)
Inverting the last relation gives
. . 1 -
Vh K9 = —167G <p” — 5P h”) (5.3.3)

which will be important to write the Hamiltonian in terms of the proper variables.

The Hamiltonian can be determined by the equation

HADM = pijilij — \/_Q»CADM- (534)
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Working this out explicitly gives
(167G)YHapy = VR(KY — K h)(2N K;; — D;N; — D;N;)
— (PR —2A+ KK;; — K*) NVh
— (KK — K* = ®R+2A) NVh — 2(KY — K h%) D;N;Vh
= (K7K;; — K* = O R+ 24) NVh — 2D; |(KY — K 1) N;|Vh
+2D,(KY — K h7) NyVh.
(5.3.5)
Ignoring the total divergence term, the Hamiltonian density is given by

(167G)Hapar = VAN (KT K;; — K* = O R 4 24) + 2N, D;(KV — K h7)|, (5.3.6)

Solving for the equations of constraints imposed by N and N*, by treating them

as undetermined Lagrange multipliers, gives

OH g 1

on = 0= ~OIR 4+ 24+ hp'p;; — §h*1p2 (5.3.7)
OH 1.

v = 0= 2\/%Di(ﬁp”). (5.3.8)

Finally, solving for # and H® substituting into (5.3.4) yields

. 1 .
Hapy = NH + NH +2Vh Di(ﬁ 7 N;). (5.3.9)

This expression will be used in the next section to help determine the Hamiltonian

generators.

5.4 The surface term and the Hamiltonian gener-
ator

Going back to the expression (5.2.5), the surface term that arises from integrating

the divergence term V,(K n® — a®) can now be discussed. This term has one part
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S: 2! =constant; r* : normal; r'n; = 0

Induced metric Yop = gap — 7T }

h
Extrinsic metric: O
a ]
\H_E_D/
Fi

||
7 o
/ ¥: 2% = constant; n’: normal

Induced metric: hgp = gap + Nap
Extrinsic curvature: K,

Q: 2% 2! =constant
Induced metric:
Oab = hab — TaTp k“‘————__—f"/
= Gab T NaMp — TaTb X
Extrinsic curvature: g,

Figure 5.1: The surfaces bounding the region ) that are used to define the action func-
tional. The timelike surfaces S and spacelike surfaces X intersect on a 2-dimensional
surface @ which can be thought of as embedded either in 4-dimensional space or in
3-dimensional space [46]

that depends on K and another which depends on the acceleration a® of the normal
vector field n®. The second part can be reinterpreted entirely in terms of the extrinsic
curvature of the boundary surface.

In order to do this, (5.2.5) is integrated over a four-volume V bounded by two
spacelike hypersurfaces »; and Y, and a timelike hypersurface S and a surface at
spatial infinity, (see Fig. 5.1). The spacelike hypersurfaces are constant time slices
with normals n#, and the timelike hypersurface has a normal r* orthogonal to n*.
The induced metric on the spacelike hypersurface ¥ is h,, = g + n,n, and on on

the timelike hypersurface S is v,, = g, — 7,7. The surfaces ¥ and S intersect along

a 2-dimensional surface Q,with the induced metric o, = hy, — 1,70 = g + 1Ny —
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rury [46]. Let the hypersurfaces 3, S, and their intersection 2-surface Q have the

corresponding extrinsic curvatures K,,,0,, and q,,, then doing the integrals, one

obtains [46]
1
d'av/=gR = 7o | d'ov/=gLaow — 5 d3 e
167rG/ . 167TG ! APM T 8 G o Vh
87TG/dtd2xN\/_(r#a“)
(5.4.1)
The action (5.4.1) can be rewritten using (5.3.9) [49] as
o .
S = /dt[ d"'x (p‘“’hm, — [NH + Nﬂ-[“])

>

(5.4.2)

1 2
d"? —— NO — —=r,p"N, | |.
+/3 x\/E(&TG ) \/Emp )]
Since the Hamiltonian is defined by
S = / dt [ / 4"V i — H] , (5.4.3)
2
(5.4.2) becomes [50,51],

o
He [ e [NH + NMH“}

. ) (5.4.4)
- /Sd"_Qa:\/E e O — \/ETMPWNu]
The Hamiltonian generator is defined by [49],
H= - d"w [eH + 5M’H“}
. (5.4.5)

—/Sd" 2:5\/_[5@ ﬁrup 5,,],

where the parameters € and €* are parameters instead of the lapse and shift vector
and e#n, = 0 is assumed, like the shift vector. The Hamiltonian generator can be
used to determine the conserved charges at the boundary of an asymptotic spacetime.

This will be done in the next chapter for the AdSs spacetime.
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Chapter 6

Conserved charges in general
relativity and asymptotically AdSjy
spacetimes

This chapter shows that the surface terms ii the Hamiltonian generators defined in
the previous chapter become the charges in general relativity. The asymptotically
AdS; spacetime will be defined and its conserved charges will be calculated by adding
a counter term to the gravitation action, as introduced by Balasubramanian and
Kraus. The central charge on the asymptotic boundary of the spacetime will also be

calculated. This main resources for this chapter are [49,52]

6.1 Algebra of charges

As mentioned in previous chapters, conserved Noether charges are associated to each
generator of the symmetries of the action. The Poisson bracket algebra of the Noether
charges is isomorphic to the Lie algebra of infinitesimal asymptotic symmetries [9].
Consider the bosonic generators, d,’s, of a symmetry, whose fine structure constants
satisfy the Jacobi identity, ([0a, 0] = fap “dc, and [0q, [0p, 0c] ]+ [0, [0c, Ia]]+[0e; [0a, 0b)] =

0) and their corresponding Noether charges @,’s, (the indices here are general). It

87



6.1

is assumed that the charges are generators of the algebra, that is when applied to a

field ¢ they give
00 = {Qa, 0}, (6.1.1)

where the curly braces here imply the Poisson brackets. The condition

[507 5b]¢ = fab C(Sc(b; (612)

puts restrictions on the possible Poisson brackets algebra satisfied by the Noether

charges [43]. This is easily demonstrated:

[50” 6b]¢ = fab Céc‘b
5a5b¢ - 5b6a¢ = fab 050¢
5(1{@1)7 ¢} - 517{@(17 ¢} = fab C{QC? ¢}

{Qa: {Qr, 03} = {Q, {Qus 0} = far { Qe 9},
(6.1.3)

where the (6.1.1) has been used in the last two steps. Then using the Jacobi identity
yields
{{Qa) Qb}7 ¢} = fab C{QC7 ¢} (614)

Thus, the algebra of the charges acting on the field ¢ is

{Qav Qb} = fab CQ07 (615)

and the Poisson bracket algebra of the charges is isomorphic to the Lie bracket algebra
of the generators.
However, (6.1.5) is not the most general algebra. The most general algebra is one

with the presence of a central extension:

{Qa, Qo} = fap “Qc + ¢ Agy, (6.1.6)
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where ¢ is a central charge (later will be denoted by ¢ without a bar), and the function
A,y is antisymmetric in indices a and b [43]. The central extension term commutes

with all Charges7 {Qm EAab} = Oa {Qb: EAab} = 07 {Qca EAab} = 07 etc.

6.2 Asymptotically AdS; spacetime

The asymptotically AdS3 spacetime is defined by the boundary condition [9]

,
Gt ) + O(1)
ger = O(1/17)
gto = O(1)

2 (6.2.1)
Grr = 2 + 0(1/7”4)

The asymptotic symmetry of this spacetime is the coordinate transformation
which preserves this boundary condition. This symmetry was determined by Brown

and Henneaux [9] by first writing the asymptotic Killing vector £# (u = t,r, ¢) as

& = 1T(t,0)+ ST(t.0)+ O/,
" =rR(t ¢)+ :R(t, o)+ O(1/r%), (6.2.2)

€ = 0(t.0) + L0(t.0) + O(1/r).

From the definition of the Lie derivative,

‘Cfg;w = Vufu + VVS}L (6 5 3)

= £papg;w + g,upaz/gp + gpuaugpa
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it can be found that T, ®, R, T, ® must satisfy

(6.2.4)
gatq><t7 Qb) = 8¢T(t7 ¢)a
and
_ 1
T<t7 ¢) - _§8tR(t7 ¢)7
i . (6.2.5)
However, R(t,¢) can be arbitrary.
From the conditions (6.2.4),
{628,? — 93| T(t,¢) = 0. (6.2.6)
There are 4 kinds of solutions for this equation
t
CoS % cosng, sin % sinng, sin % cosng,  cos % sin nao. (6.2.7)

The other functions are completely decided by equations (6.2.4) and (6.2.5) [49]. The
solutions are [9]:

A series: &y =& |

22
& = 6(1 — 262) Cosrzt cosng + O(1/r),
T

§h, = rnsinqztcosngb—l—(’)(l/r), (6.2.8)

22
o — (147 g™ 1
£ = (1—i— 27aQ)sm / sinng + O(1/r).

B series: {5 =&,

22
t _”E . @ . 4
s, —E(l P ) sin - sinng + O(1/r%),

{p, = —rncosrztsinnqzﬁ—l— O(1/r), (6.2.9)

22
o — (147 ) s ™ 1
£, = (1+ 573 ) cos — cosng + O(1/r%).
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C series: & = &6,

22
t _n£ . Zt 4
o, —é(l 5z ) sin - cosng + O(1/r%),

t
£6, = —rncos % cosng + O(1/r), (6.2.10)
22
¢ _ n-{ nt . .
&6, = (1 +o 7 ) cos sinng + O(1/r%).

D series: & =&p

22
&, = f(l - M) cos n—tsinn¢+ O(1/r"),

272 1
{p, = rnsin?sinnqﬁ—{—@(l/r), (6.2.11)

22
o (1470 ) g™ 1
§p, = (1+ 572 ) sin — cosng + O(1/r%).

All these vectors make up the conformal group in 2-dimensions, that is, the Lie

bracket algebra of two vectors,

(61, o) = 10,68 — €50,¢F, (6.2.12)

is the conformal group algebra. Therefore, the asymptotic symmetry of the asymptot-
ically AdS3 spacetime enhances from the symmetry of the AdS; spacetime, S0(2,2),

to the conformal group.

6.3 Conserved charges from the Hamiltonian sur-
face term

This thesis will examine mainly black holes in the asymptotic AdS3 spacetime. In

the last section it was shown how the Poisson bracket algebra of the generators of
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symmetries is isomorphic to the algebra of the charges. For this thesis, the generator

of symmetries is given by the Hamiltonian generator

P
H[¢] = d*x

¥

EH A+ g%] +J1¢g], (6.3.1)
(where ¢ = r, ¢), which generates the coordinate transformation
1 , Nt o
t__ el v T el 7 39
=8 =8+ (6:3.2)

where J[¢] is the surface term. The equations of motion place the constraints H =
‘H* = 0 and therefore the generator becomes only the surface term. The surface term

J[€] is thus called the charge.

6.4 Conserved Charges of asymptotic AdS; space-
times

6.4.1 Brown and York stress tensor

Brown and York [53] defined a “quasilocal stress tensor” which is determined from

the gravitational action as a functional of the induced boundary metric v,

TI“/ — \/2__75(%74&0. (641)
ny

However, this stress tensor diverges as the boundary is taken to infinity. But a

boundary term can always be added to the action without affecting the equations
of motion in the bulk. The divergences which appear as the boundary is moved to
infinity may be removed by adding local counterterms to the action [52].

The gravitational action, in any dimension d, with the cosmological constant A =
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—d(d — 1)/2¢? is given by

S =—_

1 . Cdd-1)) 1 . —

+ %5@(%1/)7

where O is the extrinsic curvature on the boundary. The second term is the boundary
term, expressed in the previous chapter, and the third term is a counterterm added
in order to obtain a finite stress tensor.

As seen in Chapter 5, the spacetime metric is written in the ADM decomposition,
ds* = N2dr® + 7, (dz" + N*dr)(dx” + N"dr), (6.4.3)

where the d + 1 dimensional spacetime, M is foliated into a series of d-dimensional
timelike surfaces homeomorphic to the boundary M where the coordinates z* span
the timelike surfaces and r is the remaining coordinate. (7,, is a function of all
coordinates). The boundary OM, is the surface at fixed r, and the interior, or bulk,
is denoted M,..

The quasilocal stress tensor for the M, region is calculated from varying the
action with respect to the boundary metric v,,. Varying an action produces a bulk
term proportional to the equations of motion and a boundary term. Because of the
constraints on the equations of motion, only the boundary term contributes. The

variation of the action becomes

1 oS,
0S = [ da T oy + — | A
om, O + 870G Jom, ©° 0V

Y puws (6.4.4)

where 7 is the momentum conjugate to v, evaluated at the boundary given by

1

T = (O = 0y). (6.4.5)
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The extrinsic curvature, ©, is given by
1 AL N
oM = —g(V“n + V'ar), (6.4.6)

where 1 is an outward pointing normal vector on the boundary. Then, by (6.4.1)

the quasilocal stress tensor becomes

2 0S4
Om — Oy 4 =7
! vV 57}11/

The added S is chosen such that it must cancel divergences that arise as O M, goes

T (6.4.7)

- G

to OM, the AdS boundary.

6.4.2 Conserved charges from counter term

Balasubramanian and Kraus proposed S, to be a local functional of the intrinsic
geometry of the boundary, chosen to cancel the OM, — M in (6.4.7) [52]. They set

Set = [am, Ler which results in

1 1 1
Ly=——-rf—7 =T =_—"_ Q" — @y — —~m 4.
o= TV 817G {@ = ] (6.4.8)
for Ang,
Ly = —2\/—7 1-— gR o= L [@“” — Oy — 27“” - €G’“’] (6.4.9)
¢ I 4 871G I

for AdS,, and

1 3

I i
- __ ./ o Hy 172 pv Y pv T v
L=~/ 7<1 123) =T = [@ O — 7y G ] (6.4.10)

2

for AdSs. All the tensors are functions of the boundary metric v, and G, = R, —

Lians
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To find the conserved charges (mass and angular momentum) of asymptotically

AdS geometry, the boundary metric can be written in the ADM form as
Y drtdz” = —Nadt? + oqp(da® + Ngdt)(ds® + N2dt), (6.4.11)

where X is a spacelike surface in OM with the metric o,,. Letting u* be the timelike
unit vector normal to the surface 3, then u* defines the local flow of time in OM. If £&#
is a Killing vector generating an isometry on the boundary, the associated conserved
charge is given by [53]

Qe Z/Edd‘lx\/E(U“Twé‘”). (6.4.12)

The conserved charge corresponding to time translation is the mass of spacetime. By

defining the proper energy density,

€ = utur'T,

s (6.4.13)

the mass can be determined by multiplying the € by the lapse Ny, and integrating:
M= / d"'+/5 N, (6.4.14)
b

This definition for the mass coincides with the conserved quantity in (6.4.12) when
the timelike Killing vector is £* = Nxu*. The momentum can be defined in a similar

manner as
P, = / A2/, (6.4.15)
b

where

Ja = Oapu T (6.4.16)

When a is an angular direction, P, is the corresponding angular momentum [52].
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6.4.3 Conserved charges of AdS;

The Poincaré patch of the AdS3 spacetime can be written as

ds2:€2dr2+r2(—dt2+dx2) (6.4.17)
= g , A

(see [15] for embedding of the Poincaré patch in global AdS;). The normal vector to

surfaces of constant r is

= S0 (6.4.18)
Then, applying (6.4.7) gives
7"2 2 5Sct
SnGTu =@+ =5
7"2 2 (SSt
STG T,y = = 4 — = 07¢ (6.4.19)
AN
2 48,
G Ty, = S

V= oy
Without the S, results for physical observables, the mass and momentum, would

be divergent. Consider the mass
M = /dx\/gmNgututTtt = /mett ~r? oo, (6.4.20)

Thus, for the spacetime to have a finite mass density, T;; must be independent of r
for large r.

Since one requires that S be a local, covariant function of the intrinsic geometry
of the boundary, it is essentially unique. The only term that can cancel the divergence
in (6.4.20) is Ses = (—1/¢) [ \/—7. This yields a divergence free stress tensor: 7}, = 0.
Higher order counter terms, such as R and R?, vanish at infinity, due to dimensional

analysis. Therefore, the counterterm is completely defined by (6.4.8).
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The stress-tensor can be now used to reproduce the mass and momentum of a
known solution, the rotating BTZ solution [14,15]. In order to check this, spacetimes
of the form

62

2
ds® = = dr® + 22( —dt* + dx2> + Sgunda™da (6.4.21)
,

will be studied. To the first order in dgy;n, the stress tensor components are

rd 09z r
G Ty = — — — 0,002
T = oE T T g
0 T rd
T2t T _ (6.4.22)
87TG xx E 2681“591% 265 597“7"
1 r
8rG Em = Eégtx - ﬁar(sgtx
The mass and momentum are:
1 G T
M:—/d T = 0,60m
src ) “lam T e T 2 ]
(6.4.23)
1 1 T
P=——— [dr|=-0g, — —0,00:1.|.
snG ) [é Jeo = 509t
These formulae can now be applied to the spinning BTZ solution:
ds? = N2dt* + p*(d¢ + N®dt)* + NTderQ, (6.4.24)
with
N2t mr) e 4G
epr P (6.4.25)
1
pr=rtHAGME — ort ol = 8GR - P,
where ¢ has a period 27. Expanding for large r yields
SGM?
591‘7” = 1 5gtt = 8GM, 6gt¢ = —4GJ (6426)
r

Inserting (6.4.26) into (6.4.23) with x — £¢ and [ dx — € ;™ dé yields the correct

mass and momentum for the spinning BTZ solution, M = M and P, = J. The
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spinning BTZ metric reduces to the global AdS3; metric when M = g—é and J =
0. When M = J = 0, the BTZ metric reduces to a black hole which looks like
the Poincaré AdS; with an identification of the boundary [52]. However, the time
directions of the Poincaré AdS; and global AdS; coordinates do not agree, give them
different definitions of energy. Because of this, the two metrics giving rise to different

masses.

6.5 Central charge of asymptotically AdS; space-
time

A classical conformal field theory has a traceless stress, (or energy-momentum), ten-
sor. However, when a conformal field theory is defined on a curved 2-dimensional
manifold, there is a quantum breaking of macroscopic scale invariance created by the
curvature [5]. Therefore the only possible scalar in 2-dimensions for the stress tensor
to be proportional to is the Ricci scalar. The stress tensor of a 2-dimensional, (1 +

1), CFT has a trace anomaly defined as
T = ——R. (6.5.1)

Since the trace anomaly is a quantum effect, the stress tensor is also proportional to
the central charge, c.

It must be verified that the quasilocal stress tensor for the AdS3 spacetime, defined
in (6.4.8), has a trace of precisely this form. The mechanism for determining the
conformal anomaly from the AdS/CFT correspondence was outlined by Witten [54].
This approach was studied in detail by Henningson and Skenderis [55]. This thesis
will follow the approach by Balasubramanian and Kraus [52], which is somewhat

different than that of [55].
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The trace of the AdS; stress tensor (6.4.8) becomes

T = —&TlG<@ + 2/12). (6.5.2)

This trace is expressed in terms of the extrinsic curvature. To compare (6.5.2) with
(6.5.1) it must be expressed in terms of the intrinsic curvature of the boundary.
Since (6.5.2) is manifestly covariant, the right hand side may be computed in any

coordinate system. Choosing the coordinates defined by the metric

62
ds? = jdr2 + Ywdatdz”, (6.5.3)

the extrinsic curvature in these coordinates is

r

@wj — _ﬂ

OV (6.5.4)

Thus, in these coordinates (6.5.2) becomes

2
TH — —1.
l

1 r
gy 6.5.5
H G 7 T ( )

20

For this calculation, 7,, must be expressed as a power series in 1/r. Using the

Fefferman-Graham expansion [56], the boundary metric is written as
Vuw = T2 )+ (6.5.6)

Fefferman and Graham also showed that only even powers appear and that the leading

2

term goes as . There are terms with higher powers of 1/r as well as logarithmic

terms [56], but these will not be needed [52].

The trace of the stress tensor now reads

T = - L [(0) 1) (6.5.7)
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Using Henningson and Skenderis’ method of solving Einstein’s equation perturba-
tively [55] gives

B €2T2
Tr|(v@)14®)] = R (6.5.8)

where R is the curvature of the metric 7,,. Then, inserting (6.5.8) into (6.5.7) in the

limit as r goes to infinity yields

1
TH — _
“ 167G

R. (6.5.9)

Comparing with (6.5.1) gives the same result when ¢ = 3¢/2G, which is exactly the

Brown and Henneaux central charge [9]

April 25, 2012 100 Steve Sidhu



Chapter 7

Thermodynamics of BTZ black
hole

The BTZ black hole is a solution of Einstein’s field equations of the vacuum with
a cosmological constant A = —1/¢%. The asymptotically BTZ spacetime is that of
the asymptotically AdS3; where the asymptotic symmetry follows two copies of the
Virasoro algebra with central charges

3¢

ot (7.0.1)

c=c¢c=

As mentioned in Section 4.6, the dilations and rotations are generated by Lo+ Lo
and Ly — Ly. For the BTZ metric the dilations and rotations correspond to the mass,
M, and angular momentum, .J. In terms of the eigenvalues of the Virasoro generators
they are given by

Ml=A+A,  J=A-A. (7.0.2)

Inverting these relations to obtain expressions for eigenvalues only gives

M+ J
2

Ml—J

A
2

, A= (7.0.3)

With this structure in place, the thermodynamics of various BTZ black holes can be

examined, specifically the first law of black hole thermodynamics (3.4.4) The surface
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gravity term, (87) 'k dA, is written in terms of the temperature, T, and the entropy
S as:
dM =Ty dS + Qg dJ + ¢ dQ), (7.0.4)

where 1y is the angular velocity and ® is the electric potential at the event horizon.
First, the Hawking temperature and black hole entropy for the non-rotating, ro-
tating, and charged-rotating BTZ black holes will be calculated in order to show that

the first law of black hole thermodynamics is satisfied.

7.1 The non-rotating BTZ black hole

The solution is given by the metric,

dr?

ds? = —f(r)dt* + + r2de? 7.1.1
f(r) 0 (7.1.1)
with ¢? = 1, where
2
F(r) = —8GM + %2 (7.1.2)

The event horizon then lies at 73 = 8GM(*. Inverting to obtain an expression for

M gives
2
M=—— 1.
which can be substituted into (7.0.3) to give the eigenvalues of the Virasoro generators:
A-R-3
16GY ( )

The Hawking temperature of the non-rotating BTZ black hole can be calculated
using (3.5.3), where here a'(r,) = b'(ry) = f'(ry) = 2r, /¢*. The Hawking tempera-

ture is then
(2T+/€2)2
47

T+
= o (7.1.5)
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or

Ty = ZGM. (7.1.6)
¥4

The leading order of the non-rotating BTZ black hole entropy can be calculated

using (4.10.12), and is given by
27T7"+
g —
4G 7

(7.1.7)

which is the Bekenstein-Hawking entropy of a non-rotating BTZ black hole. The
Bekenstein-Hawking entropy can be written in terms of the mass,

S = 7g\/QGM. (7.1.8)

The leading correction using (4.10.11) can be calculated as

— 8G£2 27r
p(AA) = ——ce 1"+ higher order terms. (7.1.9)
T+
And therefore,
2mry .
S = C 31In(ry) + constant + higher order terms. (7.1.10)

The entropy can also be written in terms of the mass:

_ 2nV8G M3 B 3

S 1 5 In(8G'M¢?) 4 constant + higher order terms. (7.1.11)

The leading order entropy term (7.1.8) and the Hawking temperature (7.1.6) of
the non-rotating BTZ black hole can be used to show that the first law of black hole
thermodynamics (7.0.4) is satisfied. Using (7.1.8),

l

For the non-rotating BTZ black hole J = 0 and @ = 0, therefore (7.0.4) becomes
simply
dM = TydS. (7.1.13)
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It is clear from (7.1.6) and (7.1.12) that TydS = dM and thus the first law of black

hole thermodynamics is satisfied.

7.2 The rotating BTZ black hole

The BTZ black hole is a (241)-dimensional black hole. The rotating BTZ black hole

is given by the metric

2
ds* = —f(r) dt* + Jfl(i) + 72 (dp + f(9)dt)? (7.2.1)

with ¢ = 1 for simplicity of expressions, where

r?  16G?J?
flr) = —SGM + o+ = (7.2.2)
and
4GJ

f(¢> = —77 (|J| < ME)- (7~2-3)

Similar to how the Schwarzschild solution is asymptotically Minkowski, the BTZ
solution is asymptotically AdS;. The inner and outer event horizons of the rotating

BTZ black hole lie at

TN\
ri = 4GM {1 + ll - (W) ] } (7.2.4)
Inverting (7.2.4) for expressions of M and J gives
- T'Qg;; (7.2.5)
and
J = (7.2.6)

Substituting the expressions (7.2.5) and (7.2.6) into (7.0.3) and simplifying gives

(ry +7.)° o (=)
A= __—7 A=~ _7 2.
16G¢ 16GY (7.2.7)
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The Hawking temperature can be calculated as mentioned in section 3.5, where

d(ry) =V(ry) = fl(ry) =2r /02 —32G*J?/r3. By (3.5.3) the Hawking temperature

is then
Ty 8G2J2
Ty = — 7.2.8
= o2 3 ( )
or
2 g2

Ty =+t —= 7.2.9
a 27l ( )

by using (7.2.6).
The rotating BTZ black hole entropy, .S, can now be calculated using the standard
Cardy formula (4.10.12):

(7.2.10)

where kg = 1. Substituting in expressions (7.0.1) and (7.2.7) and simplifying yields

the correct Bekenstein-Hawking entropy

27y

S = el

(7.2.11)

Using (4.10.11), the logarithmic corrections to the entropy can simply be read off,

AR = SGC  TE  igher order t 7.2.12
p(A, )—me + higher order terms. (7.2.12)
Therefore,
2 3 2 2
S = ng —5 In <T+ e t) + constant + higher order terms
5 5 5 5 (7.2.13)
= ZZ; — 5 In ( Z+> ~ 3 In (Tyl) 4 constant + +higher order terms
where the Hawking Temperature Ty is given by
r2 g2
Ty = = 7.2.14
" 27T€2T+ ( )
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In terms of M and J, (7.2.11) can be written as

2 1/2
§==2 [4GM£2 + 4GP — 2 (7.2.15)

and the leading corrections from (7.2.13) are given as

3
~1 In (M2€2 - J2) + constant + - - - . (7.2.16)

The first law of black hole thermodynamics for the rotating BTZ black hole can

now be examined. Setting f(r) in (7.2.2) equal to 0 and solving for M and J gives,

1 (r2  16G2J?
M=_—|-= 2.1
8G (EQ * r? )’ (7.2.17)
and
M r?
= — — . 2.1
T=r\5e T e (7.2.18)
Written in terms of the entropy, (7.2.17) becomes
GSs?  nJ?
M = . 2.1
222 2057 (7.2.19)
Then the differential of M is given by
oM oM
dM = <> ds + <> dJ, (7.2.20)
95 ) ;0 T )0
where
oM GS wtJ?
ittt =Ty = —— —
oS ), w202 GS3
@ (7.2.21)
. Ty _ 8G2J2
22
and
oM 2] 4AGJ
=) =Qp=—t = 7.2.22
<8J>SQ = agsr ™ 20 ( )

which gives the first law of black hole thermodynamics for the rotating BTZ black
hole:
dM =Ty dS + QydJ. (7.2.23)
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7.3 The charged rotating BTZ black hole

The charged rotating BTZ black hole is given by the metric

d 2
ds? = — f(r) dt? + f(:n) 412 (dé + f() dt)? (7.3.1)
with ¢ = 1 again, for simplicity, where
r?  16G?*J? &
f(r)=—-8GM + 2 + R §Q2 In(r) (7.3.2)
and
4G J
f(g) = R (|J] < M7) (7.3.3)

and @ is the charge of the black hole. The charged rotating BTZ black hole is not a
vacuum solution to Einstein equations, but instead a solution to Einstein’s equations
in the presence of an electro-magnetic field, with 7}, given by (2.4.1).

The event horizons of the charged rotating BTZ black hole are the roots of (7.3.2).
There are three different cases: two distinct roots r, two repeated roots correspond-
ing to a single event horizon that determines an extremal black hole, no real roots
corresponding to no event horizon, which implies a naked singularity [57]. Following
the work of Akbar, Quevedo, Saifullah, Sanchez, and Taj [57], this thesis will examine
the first case of two distinct roots. The analysis of this case is virtually the same as
that of the rotating BTZ black hole with the extra charge term in f(r).

The addition of the charge term does not affect the area of the black hole, therefore
the Bekenstein-Hawking entropy is the same as that of the rotating BTZ black hole,

27T7"+
S = el

(7.3.4)

The Hawking temperature of the charged rotating BTZ black hole is found from

the familiar method outlined in section 3.5. From (3.5.3), with a/(r;) = b'(ry) =
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fl(ry) = 2ry /02 — 32G*J?/r3 — wQ*/2r, the Hawking temperature is given by
5T SG @

T 2l s 8y

(7.3.5)

The black hole mass and angular momentum at the exterior event horizon r, can

be determined by setting f(r) to 0 and solving for M and J to give

1 (2  16G*J* wQ*
M=—|-+ — | 7.3.6
8G (62 + 7,—2*— 2 n(r+)>7 ( )
and
M 2 2
J=ry S ¢ In(r). (7.3.7)

2G 162G22 ' 32G2

(7.3.6) can be written in terms of the entropy:

GS? m2J?  7Q? 2GS
M=50p " 269 ™ 166 m( 7 ) (7.38)
Then the differential of M is given by
dM = (8]\4) ds + (8]\4) dJ + <8M> dQ, (7.3.9)
95 ) 10 7 )50 0Q ) s,
where
(97M B _GS B w2 J? B TQ?
08 ),, " w0 GS  16GS (73.10)
oy 8GR @ -
Com2 wrd o 8y’
oM 2] 4GJ
) === 3.11
(w)SQ T=ags:— 27 (7.3.11)
and
oM Q) 2GS Q)
97) = T (222 2 T 3.12
(acg)sJ 3G n( 7 > sg ) (7.3.12)

which gives the first law of black hole thermodynamics for the rotating BTZ black
hole:
dM =Ty dS + Qg dJ + ®dQ. (7.3.13)
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Chapter 8

Conclusion

The aim of this thesis was to give a review of the applications of CFT techniques
to Bekenstein-Hawking entropy and to seek possible insights into the origin of the
microscopic degrees of freedom that entropy counts.

Einstein’s field equations relate the structure of spacetime to the matter dis-
tributed throughout it. Energy-momentum (including that of matter) curves space-
time and this curving is what is perceived as gravity. The more dense the matter
distribution, the larger the curvature of spacetime and hence the greater the force of
gravity. If a matter distribution is very dense, bigger than a critical value, an area of
spacetime is refered to as a black hole, where the gravity is so strong that even light
is tightly bound to this region.

Black holes have many interesting properties and obey certain laws, the laws of
black hole thermodynamics. In brief, the 4 laws of black hole thermodynamics state
that a black hole event horizon has a constant surface gravity; change in mass of the
black hole is related to change in the area; angular momentum and electric charge of
the black hole, the event horizon surface area does not decrease with time; and zero

surface gravity for a black hole event horizon is impossible to achieve.
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Black holes can radiate particles of various energies in a spectrum similar to black
body radiation with a temperature, known as the Hawking temperature. This thermal
spectrum of radiation from a black hole is known as Hawking radiation, and allows
for a possible mechanism for which black holes may evaporate. Black holes also have
have a measurable entropy proportional to their surface area, known as Bekenstein-
Hawking entropy.

Black hole thermodynamics involves both classical gravity and quantum mechan-
ics. Studying the origins of Hawking radiation and the origins of the microscopic de-
grees of freedom which lead to the Bekenstein-Hawking entropy might provide some
insight to construct a proper theory of quantum gravity. This thesis reviewed the
application of 2-dimensional CFT techniques to BTZ black holes in order to explain
the origin of Bekenstein-Hawking entropy.

2-dimensional CFT is a highly symmetric quantum field theory. It has a defining
algebra realized by 2 copies of the Virasoro algebra. The Virasoro algebra is quantum
extension of the classical Witt algebra with a central extension proportional to the
central charge of the theory. By studying the CFT on a torus modular invariance
is required, which will impose further restrictions on the CFT. Modular invariance
of the partition function can be used to derive the Cardy formula, which relates the
logarithm of the density of states of a system, and hence the entropy, to the central
charge of the system. In 1998 Maldacena [10] conjectured the AdS/CFT correspon-
dence in which the string theory, a candidate for a quantum theory of gravity, on an
AdS spacetime is dual to a CFT on the boundary surface of the spacetime. In this
thesis the Cardy formula was used to calculate the Bekenstein-Hawking entropy of

BTZ black holes.
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The AdS metric is a solution to Einstein’s vacuum field equations with a negative
cosmological constant. Another solution of these field equations is the BTZ solution.
The BTZ black hole is a (2+1) dimensional back hole solution that asymptotically
reduces to a AdSs spacetime. The BTZ black hole solution can be static, rotating,
and more generally, charged and rotating.

The Hamiltonian formulation of general relativity can be used to determine the
Hamiltonian generators of conserved charges of gravity, which can be then used to
determine the central charge of AdS; spacetimes. Because of first class constraints
imposed by the equations of motion, the Hamiltonian generator simply becomes the
surface term in the Hamiltonian formulation. The surface term then becomes the
conserved charge. The Poisson bracket algebra of the charges is isomorphic to the
Lie bracket algebra of the generators. The general algebra has a central extension
proportional to a central charge. The conserved charges of the rotating BTZ black
hole, which lie on the surface of the black hole, become simply the mass, M, and the
angular momentum, J. This agrees with the “No-hair” theorem, which states that all
black hole solutions are characterized by only the external observables mass, electric
charge and angular momentum.

The work of Brown and Henneaux [9] showed that the asymptotically AdS; space-
time has an asymptotic symmetry group equivalent to the conformal group in 2 dimen-
sions (an idea which was later generalized to d-dimensions by the Maldacena conjec-
ture) and the central charge equal to the Brown-Henneaux central charge, ¢ = 3¢/2G.
Using the central charge and the Cardy formula, the Bekenstein-Hawking entropy of

the BTZ black holes can be calculated, as well as the leading order corrections. The
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Hawking temperature can be calculated by FEuclideanizing the Lorentzian BTZ met-
rics.

The general BTZ black hole is the charged rotating BTZ black hole. The Bekenstein-
Hawking entropy and the Hawking temperature of the charged rotating BTZ black

hole were calculated to be

g 27y - Ty 8G?J? _ Q? .

4G H= ore mrd 8y (80.1)
The first law of black hole thermodynamics is shown to be satisfied for the charged
rotating BTZ black hole.

Applying CFT techniques to the BTZ black hole yields the proper Bekenstein-
Hawking entropy, as well as the leading order correction. Furthermore, it offers
insight into the origin of the microscopic degrees of freedom, they are related to the
energy spectrum corresponding to the Virasoro generators and the central charge of
the system. Therefore, conformal invariance must be present in a quantum mechanical
description of black hole entropy.

Future work in this field could be to extend the idea of conformal invariance leading
to microscopic degrees of freedom to offer insight into the black hole information loss

problem. In order to tackle this problem one would first have to explore the role, if

any, of conformal invariance to Hawking radiation.
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