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Abstract

Assume G is a finite group, such that |G| = 6pg or Tpgq, where p and ¢ are distinct
prime numbers, and let S be a generating set of G. We prove there is a Hamiltonian

cycle in the corresponding Cayley graph Cay(G;S).
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Chapter 1

Introduction

1.1 Statement of the main result

Arthur Cayley [9] introduced the definition of Cayley graph in 1878. All graphs

in this thesis are undirected.

Definition 1.1.1 (cf. [23] p. 34]). Let S be a subset of a finite group G. The Cayley
graph Cay(G;S) is the graph whose vertices are elements of GG, with an edge joining

g and gs, for every g € G and s € S.

Since then, the theory of Cayley graphs has grown into a substantial branch in
algebraic graph theory. It is an interesting topic to work on because not only is it
related to pure mathematics problems, but it is connected to fascinating problems
studied by computer scientists, molecular biologists, and coding theorists (see [30] for
more information).

Recall that a Hamiltonian cycle is a cycle that visits every vertex of a graph.
Finding Hamiltonian cycles is a fundamental question in graph theory, but in general,
it is extremely difficult. To be precise, it is an NP-complete problem, which means
most mathematicians do not believe there exists an efficient algorithm to determine
whether an arbitrary graph contains such a cycle. (Finding a method would win a
US$1,000,000 prize from the Clay Mathematics Institute [27].) Because the general
case is so hard, it is natural to look at special cases.

Cayley graphs are one of these cases that mathematicians are interested in working

on. There have been many papers on the topic, but it is still an open question whether



1.1. STATEMENT OF THE MAIN RESULT

every connected Cayley graph has a Hamiltonian cycle. (See survey papers [14], 50, 42]
for more information. We ignore the trivial counterexamples on 1 or 2 vertices.) There
are several different lines of research in the area. We mention some of the approaches
that have been taken:
e Restrictions on |G| that imply every connected Cayley graph on G has a Hamil-
tonian cycle (see Theorem below). The main results of this thesis are a
contribution to this topic (see Theorem and Proposition below).

e Cayley graphs on groups that are almost abelian: commutator subgroup of prime
order [I7, 18, B7] (or cyclic of prime-power order [29]), commutator subgroup
that is cyclic of order pg (where p and ¢ are prime) [40, 39], dihedral groups ([6]
and [51, Proposition 5.5]), nilpotent groups [22] [38), [49].

e Existence of small-valency Cayley graphs that have a Hamiltonian cycle: [42]

Theorem 1] and [51, Theorem 3.1].
e Random Cayley graphs: [31, Theorem 4.1].

e Hamiltonian paths (or cycles) in certain Cayley graphs on symmetric groups:
These provide a list of all the permutations of a set. Several examples are
described in [45, Section 3.

e Hamiltonian cycles in vertez-transitive graphs (graphs such that all vertices are
in the same orbit of the automorphism group): See the survey [32]. Cayley
graphs are examples of vertex-transitive graphs.

e Directed Hamiltonian paths or cycles in Cayley digraphs: [16, [38] 43, 44].

e Stronger or weaker results than Hamiltonian cycles (for Cayley graphs): Hamil-
tonian connected or Hamiltonian laceable: [4] [5 13|, 47], Hamiltonian decom-
posable [3, 8 [48], edge-Hamiltonian [10, 35 B36], Hamiltonian paths [38].

The following result combines the work of several authors (C. C. Chen and N. Quimpo

[11], S. J. Curran, J. Morris and D. W. Morris [15], E. Ghaderpour and D. W. Mor-
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ris [20, 21], D. Jungreis and E. Friedman [28], Kutnar et al. [33], K. Keating and
D. Witte [29], D. Li [34], D. W. Morris and K. Wilk [41], and D. Witte [49]).

Theorem 1.1.2 ([33, 41, 49]). Let G be a finite group. Every connected Cayley graph
on G has a Hamiltonian cycle if |G| has any of the following forms (where p, q, and

r are distinct primes):
1. kp, where 1 < k < 47,
2. kpq, where 1 < k <5,
3. pqr,
4. kp?, where 1 < k <4,
5. kp3, where 1 < k < 2,

6. p*, where 1 < k < 0.

This thesis extends part of Theorem by improving the condition on k:

we show that 5 can be replaced with 7. The hard part is when k& = 6:

Theorem 1.1.3. Assume G is a finite group of order 6pq, where p and q are distinct
prime numbers. Then every connected Cayley graph on G contains a Hamiltonian

cycle.

This generalizes [21], which considered only the case where ¢ = 5. The proof takes
up all of Chapter [3] after some preliminaries in Chapter
Unlike Theorem [1.1.3] the following observation follows easily from known results,

and may be known to experts. The proof is on page [35]

Proposition 1.1.4. Assume G is a finite group of order Tpq, where p and q are
distinct prime numbers. Then every connected Cayley graph on G contains a Hamil-

tonian cycle.

The remainder of this chapter explains some of the key ideas in the subject. Sec-

tion provides a brief description of the new part of the proof of Theorem [1.1.3]

3



1.2. BASIC METHODS

and gives a fairly complete proof of an illustrative special case. The other sections
discuss results that are already in the literature. Section explains the structure
of groups of square-free order. Section explains the key ideas in the proof of the
previously known special case where the commutator subgroup has prime order. Sec-
tion |1.5(explains the proof of parts and (|3) of Theorem . Section 1.6 describes
a method that has been used to prove part of Theorem m

The other chapters are devoted to the proof of Theorem [I.1.3} Chapter [2] covers

preliminaries, and the proof is carried out in Chapter

1.2 Basic methods

In this section we explain some of the key ideas in the proof of our main re-
sult (Theorem . We use standard terminology of graph theory and group theory
that can be found in textbooks, such as [23] 25].

It is easy to see that Cay(G;S) is connected if and only if S generates G ([23]
Lemma 3.7.4]). Also, if S is a subset of Sp, then Cay(G; S) is a subgraph of Cay(G; Sp)
that contains all of the vertices. Therefore, in order to show that every connected
Cayley graph on G contains a Hamiltonian cycle, it suffices to consider Cay(G;.S),
where S is a generating set that is minimal, which means that no proper subset of S

generates G.
Notation 1.2.1 ([21, Notation on page 3615]). For S € G, a sequence (s1, Sa, ..., Sp)
of elements of S U S™! specifies the walk in Cay(G; S) that visits the vertices

€, 81, S5189,..., 81892 Sp.

Additional notation, terminology, and basic results can be found in Chapter
The following well known (and easy) result handles the case of Theorem where

G is abelian.
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Note Cay(Cy; {a}) is a Cayley graph with two vertices, where Cy = {(a). We consider

(a,a) as its Hamiltonian cycle which is:

Although graph theorists would not typically consider this a cycle, it satisfies the
basic property of visiting each vertex exactly once. In some of our inductive proofs,
we require a Hamiltonian cycle in a Cayley graph on a quotient group. When this
quotient group is Cs, this Hamiltonian cycle provide the structure we need for our

inductive arguments to work.

Lemma 1.2.2 ([12] Corollary on page 257]). Assume G is an abelian group. Then

every connected Cayley graph on G has a Hamiltonian cycle.

Proof. Let S = {s1,52,...,8,} be a minimal generating set for G. By induction on
n = |S|, we prove that Cay(G;S) has a Hamiltonian cycle. If n = 1, then G is cyclic

and Cay(G; S) has a Hamiltonian cycle:

e s B2 B0
Now assume n > 1, and let G = G/{(s1). Then |S\{s;}| < n — 1, so by the induction
hypothesis Cay(G; S) has a Hamiltonian cycle (1,2, ... ,%,). Clearly, |G/{s;)| = m.
Let |s1| = k. If m is even, then by considering {t1,%s,...,t,} as the horizontal edges

and s; as the vertical edges, we can see in Figure that

k=1 =1 —(k=2) ,—1 k-2 —1 —(k=1)
(t17t27---;tm—1781 ,tm_l,Sl ’tm—2781 ,...7t1 ’81 )

is a Hamiltonian cycle in Cay(G; S). If m is odd, then with the same understanding
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Figure 1.1: A zig-zag Hamiltonian cycle when the number of columns is even
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Figure 1.2: A zig-zag Hamiltonian cycle when the number of columns is odd
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of the edges, we can see in Figure [1.2] that

k=1 4—1  —(k=2) ;-1 k-2 -1 (k=1)
(t17t2,...7tm_1781 7tm71781 7tm72781 7...,t1 781 )

is a Hamiltonian cycle in Cay(G; ). O

Theorem 1.2.3 (Marusi¢ [37], Durnberger [17, 18], and Keating-Witte [29]). If the
commutator subgroup G' of G is a cyclic p-group, then every connected Cayley graph

on G has a Hamiltonian cycle.

Theorem 1.2.4 (Chen-Quimpo [13]). Let v and w be two distinct vertices of a con-
nected Cayley graph Cay(G;S). Assume G is abelian, |G| is odd, and the valency of
Cay(G; S) is at least 3. Then Cay(G;S) has a Hamiltonian path that starts at v and

ends at w.

We will always let G’ = [G, G] be the commutator subgroup of G. Then G = G/G’
is always abelian, so Lemma m provides a Hamiltonian cycle in Cay(G;S). The
following lemma (and its corollary) often provide a way to lift this Hamiltonian cycle
to a Hamiltonian cycle in Cay(G;.S). Before stating the results, we introduce a useful

piece of notation.

Notation 1.2.5. Let N be a normal subgroup of G, and G = G//N. For a Hamiltonian

cycle C = (31,8s,...,3,) in Cay(G; S), V(C) = 8185 - - - 5, is the voltage of C.

Factor Group Lemma 1.2.6 ([50, Section 2.2]). Suppose:

e S is a generating set of G,

N s a cyclic normal subgroup of G,

G =G/N,

e C = (51,53,...,8,) is a Hamiltonian cycle in Cay(G/N;S), and

the voltage V(C') generates N.
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Then there is a Hamiltonian cycle in Cay(G;S).

Proof. Let a = V(C) = s155---8,. We claim that CVl = (s1,55,...,5,)" is a

Hamiltonian cycle in Cay(G;S). Here is the walk CV:

S1 59 83 Sn
€—> 81 —>81852 > —>81S9" S, = a

S S S S
2 oas1 B asisy S - B as189 -8, = a’

sy INI-1g 32 1 53 Sn IN|.

1_)a/‘N|7 8152_)..._)a|N‘7181$2...8n:a

INI = ¢, then the walk is closed. Also, since C'is a Hamiltonian

Since alNl = (5155 - - - 5,,)
cycle in Cay(G/N;S), then its length is |G|/|N|. So the length of the walk C!Vl is
equal to (|G|/|N]) - |N| = |G|, which is the correct length for a Hamiltonian cycle in
Cay(G; 9).

Therefore, if the walk is not a Hamiltonian cycle, then there must be a repeated

vertex, which means

ai(SISQ e Sk) = aj(8182 T Sl>,

and (i,7) # (k,l) where 0 < ¢,7 < |[N|—1and 1 < k,l <n—1. If k # [, then they are
in two different cosets of N which is a contradiction, so £ = [. Now we may assume

j =14, then multiplying by @~ from the left side we have

a’ (5159 5k) = (5182 51).
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Therefore,

@’ (s150- - sk) (s spty e syt) = (s182+ - s) (s 'Sty sy )

This implies that a’~* = e, which means a’ = a’, so i = j. Therefore, CVl is a

Hamiltonian cycle in Cay(G;S). O

Corollary 1.2.7 (|21, Corollary 2.3]). Suppose:
e S is a generating set of G,
e N is a normal subgroup of G, such that |N| is prime,
e sN =tN for some s,t € S with s #t, and
e there is a Hamiltonian cycle in Cay(G/N; S) that uses at least one edge labeled 3.

Then there is a Hamiltonian cycle in Cay(G; S).

Proof. Let C' = (51,52,...,5,) be a Hamiltonian cycle in Cay(G/N;S), such that
s; = s for some i, and assume, for simplicity, that i = n. If V(C) # e, then since
|N| is a prime number, the subgroup generated by V(C') is N. Thus, Factor Group
Lemma applies. Now if V(C) = e, then let C; = (51,5,...,5,_1,t). Since
t =tN = sN = s,N, this is another representation of the Hamiltonian cycle C.

However,
V(C1) = 8189+ Sp_1t = 5189 Sp_18n - (8,) "t =e€-(s711) #£e

since s # t. So Factor Group Lemma [1.2.6| applies. O

Definition 1.2.8. The Cartesian product X;0X5 of graphs X; and X, is a graph such
that the vertex set of X; 0 X5 is V(X3) x V(Xs) = {(v,v");v € V(X3),v € V(X2)},
and two vertices (v1,v9) and (v}, v}) are adjacent in X; o X5 if and only if either

e v; = v} and v, is adjacent to v} in X5 or
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e vy = v and v, is adjacent to v} in Xj.

Lemma 1.2.9 ([13, Lemma 5 on page 28]). The Cartesian product of a path and a

cycle is Hamultonian.

Proof. Let L, o C,, be a Cartesian product of a path and a cycle, where m > 3. (L,

is a path and C,, is a cycle of length m.) Figures on page @ and on page @

show a Hamiltonian cycle in L,, o C,, depending on whether n is even or not. [

Corollary 1.2.10 (cf. [I3] Corollary on page 29]). The Cartesian product of two

Hamiltonian graphs is Hamiltonian.

Proof. Let X,, 0 X,,, be a Cartesian product of two Hamiltonian graphs. Assume C,
and (), are Hamiltonian cycles of X,, and X,,, respectively. Then C,,0C), is a spanning
subgraph of X,, 0 X,,. Also, since (), is a Hamiltonian cycle, then clearly there is a
Hamiltonian path L, of C,, so L, o C,, is a spanning subgraph of C,, o C,,. This

implies that L,, o (), is a spanning subgraph of X,, o X,,, so Lemma applies. [J

Lemma 1.2.11 (33| Lemma 2.27]). Let S generate the finite group G, and let s € S,
such that (s)< G. If Cay(G/{s);S) has a Hamiltonian cycle, and either

1. se Z(G) , or
2. Z(G) n (s) = {e},
then Cay(G;S) has a Hamiltonian cycle.

Proof. (|33, Lemma 2.27]) Let (31, 3o, . . ., 5,) be a Hamiltonian cycle in Cay (G /{s); S),

k

and let k = [s189- -+ sy, s0 (81, 82,...,5,)" is a cycle in Cay(G; S).

(1) Since s € Z(G), by considering a Cartesian coordinate system such that the

vertical axis has vertices labeled

(e,s,8%, ..., sk

10
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and the horizontal axis has vertices labeled

(67 81,5152, ...,5152" "¢ Sn—l)

it is easy to see that Cay(G;S) contains a spanning subgraph isomorphic to the
Cartesian product P, o Cj, of a path with n vertices and a cycle with |s| vertices. By
Lemma this Cartesian product is Hamiltonian, so we conclude that Cay(G;S)
has a Hamiltonian cycle.

(2) Let m = |G|/(nk). We claim that

is a Hamiltonian cycle in Cay(G;S). Let

1 . -1
Gi = (8182...5;) " for 0 < i < m, 80 g;g;1 = Si41

and note that, since (sy, sy, ..., s,) is a Hamiltonian cycle in Cay(G/{s); S), we know
that {1,g1,92,...,9n_1} is a complete set of coset representatives for (s) in G. Then

for any h € G,

{h> g1h> g2h> cee 7gn71h}

is also a set of coset representatives. Also, since (s) is abelian, we know that if z and

y are elements in the same coset of {s), then s* = s¥. Thus, for any t € {s), we have

{t, 09,192, 9y = {0t et ey

SO

HILE92 L. pIn—1 — thtglhtsnh . ,t9n71h

because both products have exactly the same factors (but possibly in a different

11
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order) and all factors are in the abelian group (s). Since the right-hand product is
(tt91¢92 - . . t9n=1)" "and h is an arbitrary element of G, we conclude that t£91¢92 . . . 921 €

Z(G). Since Z(G) has trivial intersection with (s), this implies that

tt91t92 . tgnfl = e.

1

Therefore, by letting t = s, we see that

((sm_l)sl(sm_1)32 L (Sm—l)sn)k _ g;k = (5189 Sn)k =e,

so the walk is closed. Furthermore, since m = |(s)/{g,)|, it is clear that the walk
visits every element of (s), and it is similarly easy to see that it visits every element
of all of the other cosets. So it visits every element of GG. Since it is also a closed walk

of the correct length, we conclude that it is a Hamiltonian cycle. O]

Known results easily imply many cases of our main theorem. Almost all of the
remaining cases are proved by using the Factor Group Lemma m (or its corollary).
In most of these cases, we apply the Factor Group Lemma to G = G/G'.

Let S be a minimal generating set of G. As explained in Lemmal[l.2.2] it is easy to
find Hamiltonian cycles in Cay(G; S) since G = G/G’ is abelian. However, we need to
find a Hamiltonian cycle whose voltage generates G'. This requires a careful choice of
the Hamiltonian cycle, and also requires calculating the product s;ss...s,, to show
that it generates G'. This calculation can be rather complicated. Also, there are many
different possibilities for the generating set S, so we need to find Hamiltonian cycles
in many different Cayley graphs Cay(G;S), and calculating the voltage siss... s,

depends on the particular generating set S, not only on its image in G. In a few

12
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cases, there does not exist a Hamiltonian cycle in Cay(G;.S) whose voltage generates
G'. In these situations, we apply Factor Group Lemma, to a Cayley graph on a
quotient G/N, where N is a proper subgroup of G’ that has prime order. Since G/N
is not abelian, it is more difficult to find Hamiltonian cycles in this Cayley graph.

We now describe the main ideas of our proof, which is in Chapter 3] We may
assume |G| is square-free, for otherwise {p, ¢} n{2, 3} # &, so Theorem applies
(because |G| € {12p, 12q, 18p, 18¢}). Now elementary group theory implies that G’ is
cyclic (see Proposition ) Now, known results apply unless G’ is either C, x C,
or C3 x Cp, perhaps after interchanging p and ¢ (see Proposition . (We use C, to
denote the cyclic group of order n.) The proof is divided into three parts, depending
on the cardinality of S: |S| =2, |S| = 3 or |S]| = 4. (Note if |S| = 1, then G is abelian
and Lemma applies.) This is the same general argument as in [21], which is the
case where ¢ = 5 and we use similar techniques. However, one of the reasons that
our result is harder to prove is that C3 does not need to centralize C, in our situation
unlike when ¢ = 5. Thus, the arguments of [21] did not apply to any of the cases we
consider in which Cs does not centralize C,.

The easiest part of our proof is when |S| > 4. Section (which is very short)
shows that if we make some additional assumptions to rule out cases that are already
known, then Cay(G;S) is a Cartesian product of smaller connected Cayley graphs.
Each of these smaller Cayley graphs is known to have a Hamiltonian cycle (by Theo-
rem , and it is well known that the Cartesian product of Hamiltonian graphs is
Hamiltonian (see Lemma [1.2.10)).

The hardest part of our proof is when |S| = 3. This part of the argument is in
Sections Since there are many different possible minimal generating sets,
it is broken into many cases and subcases. (See Figures , and on pages
and for a list of the cases.) In most situations, we apply Factor Group Lemmam

to G/G’'. Indeed, there are only three cases where this is not possible. These are in

13
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Cases [2], [3} and [4] of Section where we apply the Factor Group Lemma to
G/C, or G/C,.

The other part is when | S| = 2. This part of the argument is in Sections[3.1and 3.2}
To give the flavour of the general arguments, we provide some details of one special
case here.

We remark that in our notation for cycles, if |a| = n we use a"~* to indicate n — i
copies of a, while ¢~ indicates i copies of a~!. Additionally, even when |a| = 2, we
may write @~ ! in a cycle, if |a| # 2. This is used to indicate that when calculating

the voltage, we will using a~! rather than a.

Proposition 1.2.12. Assume
e G=(CyxC3) x &,
o ' =C, xC,, where p and q are distinct primes greater than 3,
o G =0G/¢,
o S ={a,b},
e |a| =6 and |b| = 2.

Then Cay(G;S) contains a Hamiltonian cycle.

Proof. Since [a| = 6, then |a| € {6,6p, 6¢,6pq}. If |a| = 6pg, then G = {(a), which
contradicts the minimality of S. If |a| = 6p, then C, < {(a), so C, centralizes Cy x Cs,
and we already know that C, centralizes C,. Therefore, C, € Z(G), which contradicts
the fact that Z(G) n G’ = {e} (see Proposition [1.3.12][2))). If |a| = 6¢, then the same
argument as when |a| = 6p works, by interchanging p and ¢q. Thus, |a| = 6. So we
have b = @, then b = a’y, where G’ = (v) (otherwise {(a,b) = {(a,a*y) = {(a,7) # G
which contradicts the fact that G = {a,b)).

Now by Proposition [1.3.12[4), we have 7 € Z* such that aya™' =7 and 7° = 1

(mod pq), and ged(7—1, pg) = 1. This implies that ged(7—1,p) = 1 and ged(7—1,¢q) =

14
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1. Therefore, 7 # 1 (mod p) and 7 # 1 (mod ¢). Since 7 =1 (mod pq), then
0=7"-1=F-D+1)=F-DF+7+ )T +1)(*-7+1) (mod pq).
Since 7 # 1 (mod p) and 7 # 1 (mod ¢), then we conclude that
O=(+7+D(r+D(*—7+1) (mod pq). (eq.1)

Up to automorphisms, there are only three different Hamiltonian cycles in Cay(G; S),
which are: C; = (@®), Cy = ((@,b)?) and C3 = (@%,b,a"2,b). Now we calculate their

voltages. We have V(C}) = a® = e, so clearly it does not generate G’. We have

V(Cy) = (ab)® = (a-a®y)® = (ay)® = a’y - a'y-a'y =47 at - a'y - a'y

4 T4 7.2 6

T T4 7'4 7'2
=97 cd¥y-aly =97 -dPy-aly =97 AT @ aly =97 4T -aly

4472 . ,}/7'4-%-7'2-&-1 _ 7(72+T+1)(T2—T+1)

We may assume the subgroup generated by V(Cy) does not contain G’, for otherwise

Factor Group Lemma applies. Therefore,
ged((P2+ 7+ D)(72 =7+ 1),pq) # 1,

which by looking into we see is possible. Assume, without loss of generality,
that either 72+ 7+ 1 =0 (mod p) or 72 —7+1 =0 (mod p). Note that this implies
7 # 11 (mod p).

We can now calculate the voltage of Cs.
V(Cs) = a*ba b =a*-a*y-a”? a*y = d’yay = 7T5+1.

We may assume this does not generate G/, for otherwise Factor Group Lemma [1.2.6]
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applies. So ged(7® + 1,pq) # 1. This implies that 7° +1 =0 (mod p) or 7°> + 1 =0
(mod ¢). Therefore, 7 = —1 (mod p) or 7 = —1 (mod ¢). Since 7 # —1 (mod p),
this implies 7 = —1 (mod gq).

We are now in a situation where the voltages of C7, Cy and C3 do not generate G'.
Since |b| = 2, we could try to obtain different voltages by replacing some occurrences
of b with & . However, if 72 — 7 + 1 = 0 (mod p), then 7> = —1 (mod p). Since
73 = (—1)> = —1 (mod q), this implies that b has order 2, so b = b~'. Hence replacing
bwith 5 ' will not change the voltages of Hamiltonian cycles in this case. Thus, the
Factor Group Lemma cannot be applied to G/G’. In this situation, we will
therefore look at G = G/C,.

Consider G = G/C, = (Cy x C3) x Cg. Since b = a®y, where (v) = G, we have
b = @%a,, where (a,) = C,. Since 7 = —1 (mod ¢), then a? centralizes v and a® inverts
7, so C3 centralizes C, and Cy does not centralize C,. Therefore, G~ Dy, x C3, where

Dy, is the dihedral group of order 2g. Now we have
Cy = ((@,b,a, b)), @,5)°)

as a Hamiltonian cycle in Cay(CAJ .S ). The picture in Figure 3.4 shows the Hamiltonian
cycle when ¢ = 7.
If in Cy we change one occurrence of (85,3, a-o, B) to (6*5,8, 65,8) we have another

Hamiltonian cycle. Note that,
a’ba*h = a®-aPy-a " aly = atya Py =47,
and

a"ba’h =a=" G37 a’ - a37 = a_27a27 = 7T‘2+1.
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1.3. GROUPS OF SQUARE-FREE ORDER

Since 74 # 0 (mod p) we see that 72 + 1 % 772 + 1 (mod p). Therefore, the voltages
of these two Hamiltonian cycles are different, so one of these Hamiltonian cycles has

a nontrivial voltage. Thus, Factor Group Lemma applies. [

1.3 Groups of square-free order

In this section we describe the structure of groups of square-free order. We start
the section by stating the following proposition about the solvability of groups of

square-free order.
Proposition 1.3.1 ([19 Proposition 17]). Every group of square-free order is solvable.

The proof of this proposition needs a concept in group theory named transfer
homomorphism. Since the goal of this thesis is to prove Theorem in which the
order of the group is 6pg (p and ¢ are distinct primes which can be assumed to be
greater than 7 by Assumption ), then it suffices for our purposes to prove the

following special case, which does not require the transfer homomorphism.

Proposition 1.3.2. Assume |G| = 2pqr, where p, q¢ and r are distinct odd prime

numbers. Then G is solvable.
Before proving this proposition, we establish several well known lemmas.

Lemma 1.3.3. Assume |G| = pq, where p and q are distinct prime numbers and
p > q. Then G has a unique subgroup of order p (this subgroup is normal) and G is

solvable.

Proof. By the Sylow existence theorem, there exists a Sylow p-subgroup of G. Let n,
be the number of Sylow p-subgroups of G. Then by Sylow’s theorem we have n, =1
(mod p) and n,|g. Since p > ¢, then n, = 1, which implies that there is a unique P
as the Sylow p-subgroup of G. This implies that P < G, where |P| = p.

Since we have (¢) < P < G as a normal series with abelian quotients, then G is

solvable. [
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1.3. GROUPS OF SQUARE-FREE ORDER

Lemma 1.3.4. Assume |G| = pqr, where p, q and r are distinct prime numbers and

p>q>r. Then G contains a normal subgroup of order either p, q or r.

Proof. Let n,, n, and n, be the number of Sylow p-subgroups, Sylow g¢-subgroups
and Sylow r-subgroups of G, respectively. We may assume n, > 1, for otherwise we
have a unique Sylow p-subgroup of G, which is normal and we are done. Similarly,
assume n, > 1 and n, > 1. By Sylow’s theorem, we have n, = 1 (mod p) and
np|gr. This implies that n, € {1,7,¢,¢r}. Since n, > 1 and p > ¢,r, then n, = gr.
Also, by Sylow’s theorem, we have n, = 1 (mod ¢) and n,|pr. This implies that
ng € {1,p,r,pr}. Since n, > 1 and ¢ > r, then n, > p. By applying Sylow’s theorem
we also have, n, = 1 (mod r) and n,|pg. This implies that n, € {1,p, q, pq}. Since
n, > 1, then we have n, > q. Each Sylow p-subgroup contains p — 1 elements of order
p. Since distinct Sylow p-subgroups intersect trivially, there are (p —1)n, = (p—1)gr
elements of order p in G. By a similar argument, the number of elements of order

either p, g or r is greater than or equal to

(r=1)q+(@—1)p+ (p—1)qgr =qr—q+pg—p+pgr—qr = pgr+pqg—q —p.

Clearly, this number must be less than or equal to |G| = pgr. Therefore,

pqr+pq —q —p < pqr-

This implies that (since p > ¢ > r > 2)

g<p/lp—-1) <2

which is a contradiction. O

Lemma 1.3.5. Assume |G| = pqr, where p, q and r are distinct prime numbers and

p > q > r. Then the Sylow p-subgroup of G is normal.
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Proof. By Lemma [1.3.4] we know that there exists a normal subgroup of order either
p, q or r. If the normal subgroup of G has order p, then we are done. So we may
assume N <1 (G, where the order of N is either ¢ or r. Now G/N has order either
pr or pg. Thus, by Lemma we have M as a Sylow p-subgroup of G/N, which
is normal. Since M < G/N, then by the Correspondence Theorem, it corresponds
to a normal subgroup N; of G of order pr or pg (depending on whether |N| = ¢
or [N| = r). Now by applying Lemma to N1, we conclude that there exists
M; < Ny as a unique Sylow p-subgroup of N;. Let g € G be an arbitrary element.
Then gMyg~' < gN1g~! = N,. Since [gM1g7!| = | M|, and we know that M; is a

unique Sylow p-subgroup of Nj, then gM;g~' = M,. This implies that M, <G. O

Lemma 1.3.6. Assume |G| = pqr, where p, ¢ and r are distinct prime numbers and

p>q>r. Then G is solvable.

Proof. By Lemma [1.3.5] we know M < G as a Sylow p-subgroup of G. We have
|G/M| = qr, so by Lemma there exists @ < G/M as a Sylow g-subgroup of
G/M. By the Correspondence Theorem, @) corresponds to N < G with |N| = pq.
Therefore, {¢) < ) < N < G is a subnormal series of G with abelian quotients. This

implies that G is solvable. O
Lemma 1.3.7. Assume |G| = 2k, where k is odd. Then G has a subgroup of index 2.

Proof. Let ® : G — Sy, by ®(g) = o0, for every g € G, where o0, is the permutation

in Sy, defined by o,(¢’) = g¢’ for every ¢’ € G. For arbitrary g1, g2 € G, we have

P(g192) = Ogigs = 0g10gy = D(g91)®(g2)-

So @ is a group homomorphism. Since |G| = 2k, then there is an element of order 2
in G, say a. Note that 0,(ag) = a®g = g. So for every g € G, (g, ag) is a transposition
in o,. Thus, o, is a product of transpositions. Since every g € G belongs to exactly one

transposition, and |G| = 2k, then o, has k transpositions, so g, is an odd permutation.
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1.3. GROUPS OF SQUARE-FREE ORDER

Now define ¥ : Sy, — {1,—1} by ¥(o) = 1 if the permutation o is even, and
V(o) = —1 if the permutation o is odd. We claim that ¥ is a group homomorphism.
Suppose not, then there exists o1, 09 € Sog, such that W(o109) # ¥(o1)¥(03). Without
loss of generality assume W(oj09) = 1 and ¥ (oy)W(02) = —1. Since ¥(oy09) = 1,
then either both o1 and o9 are even or both oy and oy are odd. So ¥(o1)¥(09) = 1,
which is a contradiction. Now since ® and ¥ are group homomorphisms, then W o & :

G — {1,—1} is a group homomorphism. Since

and Wo®(e) = 1, then Wod is onto. Now by the First Isomorphism Theorem, we have
G/Ker(V o ®) =~ {1, —1}. This implies that Ker(V o ®) is a subgroup of index 2. [

Lemma 1.3.8. Assume |G| = 2k, where k is odd. Then |G'| is odd.

Proof. By Lemma [1.3.7, there is a normal subgroup H of G such that [G : H| =
2. Now since G/H has order 2, then G/H is abelian, so G’ € H. Therefore, |G’|
is odd. ]

Lemma 1.3.9. If N is a normal subgroup of G, such that N and G/N are solvable,

then G is solvable.

Proof. By induction on r, we see that (G/N)") = G N. (Note that G is the rth
derived subgroup of G.) However, since G/N is solvable, there is some r, such that
(G/N) is trivial. Therefore, we must have G € N. By induction on s, we see that
G+ = (G)®) for all s € Z*. However, since N is solvable, there is some s € Z7,

such that N® = {e}. Then GU*) = (GM)®) < NG = {e}. O

Proof of Proposition[1.3.9. Since |G| = 2 x odd, then by Lemma there is a
subgroup N of index 2 in G. Since |G : N| = 2, then N<G. Since |N| = pgr, then by
Lemma N is solvable. Also, clearly |G/N| =2 and G/N is solvable. Therefore,
by Lemma G is solvable. O
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Lemma 1.3.10. If N< G, N <€ Z(G), and G/N s cyclic, then G is abelian.

Proof. By the Third Isomorphism Theorem, we have G/Z(G) = (G/N)/(Z(G)/N).
Since (G/N)/(Z(G)/N) is a quotient of G/N (which is cyclic), then (G/N)/(Z(G)/N)
is cyclic. This implies that G/Z(G) is cyclic. Let ¢Z(G) be a generator of G/Z(G),
where g € G. Now let g; € G be an arbitrary element in G. So ¢1Z(G) = ¢"Z(G)
for some n € Z*. Therefore, g7"g; € Z(G), so there exists z; € Z(G) such that
z1 = g "g1. Thus, g1 = ¢g"z1. Let go € G be another arbitrary element in G, by the

same argument we have gy = g™ 2y, where 2z, € Z(G), and m € Z*. Now we have

GG =g"21 g2 = g "2z = g G 202 = ¢" 2 - ¢ = Ga0n-

This implies that G is abelian. O
Lemma 1.3.11 ([46, 12.6.16 on page 356]). If G is a group and GO~Y/GY and
GO /G are cyclic for some i = 2, then G /G0 = {e}.

Proof. Let H = GU=/GU+). Then H'/H" =~ GU'Y/GY and H" = GW/GU+
are cyclic and H” = GU+D/GE+) = (e}, Define ® : Ny(H") — Aut(H"), where
®(h) = Uy, for every h € H, and ¥, = hh"h~! for every h” € H”. Let hy, hy € Ng(H")

be arbitrary elements. Then

O(hihs) = Up,py = Up, U, = B(hy)D(hs).

This implies that ® is a homomorphism. We claim that Ker(®) = Cy(H"). Assume
h € Ker(®), then ®(h) = ¥, = hh"h™' = h" = U, for every h” € H”. This implies
that h € Cr(H"). So Ker(®) < Cg(H"). Now assume h € Cpr(H"), then ®(h) = W), =
hh'h=' = h" = W,. This implies that h € Ker(®). Therefore, Cy(H") < Ker(®). We

conclude that Ker(®) = Cy(H"). By the First Isomorphism Theorem

Ny (H")/Cyx(H") = Ng(H")/Ker(®) =~ ®(Ny(H"))
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which is a subgroup of Aut(H"”). Now it is clear that Ny (H")/Cy(H") = H/Cyx(H").
So H/Cyx(H") is isomorphic to a subgroup of Aut(H”). We know that H” is cyclic.
So H" = (h"). Now let &1, Py € Aut(H"). Since H” is cyclic, then ®,(h") = (h")*
and ®,(h") = (h")® for some a,b e Z*. Thus,

@10 @y(h") = Dy(Do(h")) = P1((A")") = (h")"* = ((R")")" = @z 0 @y ().

This implies that Aut(H"”) is abelian. So H/Cy(H") is abelian. Therefore, H <
Cy(H"). Thus, H" < Z(H'). Now since H'/H" is cyclic and H" < Z(H'), then H’
is abelian (see Lemma [1.3.10). Since H' is abelian, then H” = {e}, which means
G /G = {e} as desired. O

We can now prove the main result of this section.

Proposition 1.3.12 (|25, Theorem 9.4.3 on page 146], cf. [21, Lemma 2.11]). Assume

|G| is square-free. Then:
1. G’ and G/G" are cyclic,
2. Z(G) n G" = {e},
3. G=C,x G, for somenelZ",

4. If b and ~ are elements of G such that (bG') = G/G" and {y) = G', then
(b,v) = G, and there are integers m, n, and T, such that |y| = m, |b| = n,

o=t =~7, mn = |G|, ged(t —1,m) =1, and 7" = 1 (mod m).

Proof. Since |G| is square-free, then by Proposition G is solvable. (We proved
in Proposition that the group we are working on in Theorem is solvable.)
Since G/G' is an abelian group of square-free order, then G/G’ is cyclic. By the same
argument, G'/G" and G”/G" are also cyclic. Now by Lemma (with i = 2),

G" = G". Since G is solvable, then there exists r € Z* such that G = {e}. By
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Lemma [1.3.11] (with ¢ € {3,4,...,r — 1}) we have
G'=G"=GW=...=G""1=G" = {e}.

This implies that G” = {e}. Since G'/G”" is cyclic, this implies G’ is cyclic. Thus we
have shown that G’ and G/G" are cyclic, as desired.

Let G' = (y), m = |y| = |G'], and let G/G" = (bG"). Hence b and 7 generate G
and byb™! = 47 for some 7 € Z*. If G/G’ is of order n, then 0" € G' = () so b"

centralizes . Therefore, b"yb™" = . Since byb~! = ~7, then

7= (T = =y

So 7" =1 (mod m). Note that G = (b,v) and [b,v] = byb~'y~1 = 47!, Hence r"!
generates G’ (see Lemma [2.2.1]), therefore, ged(r — 1,m) = 1. Also, we know that

b" € G', so there exists k € Z* such that b = +*. We have

YT = AR T = by = B (byb ) = bbb = byl = DT,

This implies that k¥ + 7 = (k + 1)7 (mod m), so k1t —k = 0 (mod m). Therefore,
k(t—1) =0 (mod m). Since ged(7—1,m) = 1, then k =0 (mod m), so b" = +* = e.

Assume Z(G) n G" # {e}. Then there exists z € Z(G) such that z € G’. Since
G' = (v), then z = 4* for some ¢ € Z*. We have

{47 0T

AFT = AT = 2qT = 2(byb7Y) = b(zyb ) = byfyb T = by = (DT

This implies that £+ 7 = ({+ 1)7 (mod m). Therefore, {(7 —1) =0 (mod m), which
implies that £ = 0 (mod m) (because ged(7 — 1,m) = 1). So Z(G) n G’ = {e}.
Since G = (b,7), then every element in G' can be written in the form of b'y? €

(b){7),s0 G < (b){7y), and every element in (b){(y) belongs to G, therefore, G = (b){y).
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Since by N {y) < Z(G), {y) = G, and Z(G) n G’ = {e} we see that (b) n {y) = {e}.
Since G = (b)(y) and {b) n () = {e}, then G = (b) x (). Also, since |b|] = n and
{(y)=G', then G =C, x G'. O

Notation 1.3.13. For 7 as defined in Proposition 1.3.12, we use 7! to denote the

inverse of 7 modulo m (so 771 = 777! (mod m)).

1.4 Marusi¢’s method and an application

Throughout this section, firstly, we state and prove Marusi¢’s method, which is
a fundamental technique that was introduced in [37]. Then we see an application of

this method in proving a case of our main result.

Lemma 1.4.1 (Marusi¢’s method [29, Lemma 3.1]). Let G = {S) with |G'| = p,
where p is prime. Choose a subset T of S with H = {T') non-abelian. Suppose
there are Hamiltonian cycles (y1,Y2,.-.,Ym) and (yf,ys,...,y%) in Cay(H/H';T)
such that y, = vk and y1y2 - Ym # Y7Ys - - ys,. Then there is a Hamiltonian cycle

(z1, 29, ..., 1,) in Cay(G/G';S) such that (x1,zs,...,1,)I is a Hamiltonian cycle

in Cay(G;S).

Proof. (|29, Proof of Lemma 3.1]) Since |G’| is prime, we must have H' = G’ so
(Y1,Y2, -, Ym) and (y5,ys,...,y%) are Hamiltonian cycles in Cay(H/G';T). Since
G’ € H, then G/H is an abelian group. Let (z1, 29,. .., 2;) be a Hamiltonian path in
Cay(G/H;S\T), and let L = (y1,%2,---,Ym—1). If m is even we have

-1 —1 —1 —1 —1 —1 —1 —1 —1
O:<Zlaz27"'72k>L7zk 7ym—17ym—2"'7y2 7Zk717"'a21 7ym—1aym—27'--7y1 )

as a Hamiltonian cycle in Cay(G/G'; S) (see Figure[L.1Jon page[6)). If m is odd we have

-1 , -1 -1 -1 -1 -1
C:(Zlaz%---?zka[/azk 7ym—17ym—27"'>y2 7Zk717"'721 7y27y37~-'7ym)
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as a Hamiltonian cycle in Cay(G/G’; S) (see Figure[L.2]on pagelf]). Now we construct
another Hamiltonian cycle C* in Cay(G/G’; S) by replacing L with (y5,v5,...,y% 1)
in C. Since y1y2 - Ym # Yiys -y, then V(C) # V(C*). Since |G'| is prime,
then one of V(C) or V(C*) must be nontrivial, therefore, this voltage generates G'.
So Factor Group Lemma applies. This means that either C!¢l or C*¢'l is a

Hamiltonian cycle in Cay(G;S5). O

Corollary 1.4.2 (cf. 29, Case 5.3|). Assume S is a minimal generating set of G
such that |G'| = p where p is prime, and let G = G/G'. Also, assume a,b € S with
a ¢ Cq(G"), ab # ba, and either |a| > 2 and b ¢ (@) or aya™" # ~~' for some

generator v of G'. Then Cay(G; S) has a Hamiltonian cycle.

Proof. (cf. [29, Case 5.3]) Let T' = {a,b} and H = {a,b).

Case 1. Assume [a| > 2 and b ¢ (@). Then one of the following is a Hamiltonian
cycle in Cay(H/H';T), depending on whether k = |H : {a,G")| is even or odd (see
Figures and on page @:

C=(0b ,al(a —la|—2 b —(la]—2) b 1)(’{72)/275'5'71,(_)_1,d*(m‘*l))

or

C=(0b ,al(a glal—2 b —(lal-2) b_l)(k—l)/2’a|a|_1>‘

Since |a] > 2 and k& > 1, then each of the above Hamiltonian cycles contains the
string (b, 6'6‘_1,571,6_1) (This is at the right end of Figures and E Now we
form a new Hamiltonian cycle by replacing this string with (@', b,@!, b ) This

Hamiltonian cycle has a different voltage than the original, for otherwise if we let

25



1.4. MARUSIC’'S METHOD AND AN APPLICATION

v = [b,a™'], then
va~t = (ba'ba)a”! = (a0 aT a = (a7 a0 a = a7 [baT = a7y,

This contradicts the fact that a ¢ Co(G’). Therefore, Lemma applies.

Case 2. Assume aya~' # v~'. Then [a| > 2. So we may assume b € (@), for otherwise
the Case [I| applies. Thus, b = @, where 0 < i < [a| — 1. By Proposition
G' N Z(G) = {e}, so we may assume S n G’ = ¢, for otherwise Lemma
applies since G'/(s) is abelian, so Cay(G/{s); S) has a Hamiltonian cycle. Therefore,
i # 0. Also, we may assume ¢ # 1,|a] — 1, for otherwise Corollary applies
with s = a and ¢t = b*'. Since b = @, then b = a'y, where v € G/, and G’ = (v),
for otherwise b = a’ which contradicts the fact that ba # ab. We have (al?) and
(b,a (=Y b, @@=~ as Hamiltonian cycles in Cay(H/H';T). We may assume they

have the same voltage, for otherwise Lemma [1.4.1| applies. Therefore,

i—1

e = a\a| _ ba—(z—l)ba|6|—z—l _ b&—z-‘rlba—z—l _ CZZ")/ . a—z-‘rl . (Zl")/ . a—z—l _ (IZ"}/(I"}/CL_

Multiplying by a*™! on the right side and by a~* on the left side we have

a = yary.

This implies that a inverts v which is a contradiction. O]

Corollary 1.4.3. Assume |G| is odd and |G'| = p, where p is prime. Then every

connected Cayley graph on G has a Hamiltonian cycle.

Proof. Let S be a minimal generating set of G. Since |G| # 1, then Cg(G’) # G.
So there exists a € S such that a ¢ Cg(G’"). We choose b € S such that b does not

commute with a. Since |al is odd, it does not invert G’, so Corollary applies. [
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Corollary 1.4.4 (cf. [11]). Assume |G| = pq, where p and q are distinct prime

numbers. Then every connected Cayley graph on G has a Hamiltonian cycle.

Proof. If G is abelian, then Lemma applies. Additionally, if |G| is odd, then
Corollary applies. So we may assume |G| is even and G is not abelian. By
Proposition we have G = Cy x C, = Dy,. Let S be a minimal generating set of
G. For all s € S, we may assume |s| = 2. (Note that if |s| = 2p, then G is abelian.
Also, if |s| = p, then Lemma applies.) Let a,b € S such that a = ay and
b = ayy,, where as and v, are generators of Cy and C,, respectively. Then we have

(a,b)P as a Hamiltonian cycle in Cay(G; S). O

Corollary 1.4.5. Assume |G| = 2pqr, where p, q and r are distinct odd primes, and

|G'| is prime. Then every connected Cayley graph on G has a Hamiltonian cycle.

Proof. (cf. 29, Case 5.3]) Let S be a minimal generating set of G. We consider

two cases.

Case 1. Assume |G : Cg(G")| # 2. Then there exists a € S such that a ¢ Ce(G’) and
la| is odd. (Note that since |G’| is prime, then |G : Cq(G’)| # 1.) Choose b € S such
that ab # ba. Since |a| is odd, then a does not invert G’ so Corollary applies.

Case 2. Assume |G : Cg(G')| = 2. This implies that G = Ds, x C; x C, (up to

permuting p, ¢, and r).

Subcase 2.1. Assume S has no elements of odd order. Let a and b be two elements of
S whose orders are divisible by ¢ and r, respectively. (So |a| is divisible by 2¢ and [b|
is divisible by 2r.) Now if |a| = 2¢, |b| = 2r and {a,b) = G, then by Theorem
there is a Hamiltonian cycle in Cay(G; {@,b}), and since (@,b) = G any such cycle
uses both a and E, so Corollary applies with N = C,, s = a and ¢t = a~'. If
{a,by # G, then there should be another element ¢ € S such that {a,b,c) = G. Then
there is a Hamiltonian cycle in Cay(G: {@, b, &}) and since & cannot be the only element

in the Hamiltonian cycle, it must use either @ or Z, so Corollary applies with
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N = C, and (by interchanging ¢ and r if necessary), s = a and ¢t = a~'. So we may
assume |a| = 2¢r. We may write G = (Cy x C,) x C; x C,. Let as, v,, a,, and a,
be generators of Cy, Cp, Cy, and C,, respectively. Now, let b be another element of S.
Write a = asaqa, and b = agfypaéai, where 0 <i<g—land 0<j<r—1.

Let G = G/(C, x C,), then @ = ay and b= asy,. We have C) = (E,E)p is a

Hamiltonian cycle in Cay(G; {7, bv}) Now we calculate its voltage modulo C,.

V(Cy) = (ab)? = (asaqa, - azalal)”  (mod Cp)
- @iy

— o+ Dp,(G+1)p
=a, Tay .

We may assume this does not generate C, xC,, for otherwise Factor Group Lemma
applies. Therefore, either i = —1 or j = —1. We may assume j = —1. (Note that
since p, g and r are distinct primes, then p % 0 (mod r) and p # 0 (mod q).)

We also have Cy = (@, b71)? as a Hamiltonian cycle in Cay(G; {@,b}). By a similar
argument and calculating the voltage of Cs, we see that if ¢ # 1, then the Factor
Group Lemma applies. Therefore, we may assume i = 1. Then b = ayy,a,a; .

We consider G = G/(Cp, x C,) = Cy x C;. So we have a = b= asa,. We have
Cs = (aQ,E, a,@q—Z) as a Hamiltonian cycle in Cay((C2 x C,); {a,B}). Now we calculate

its voltage modulo C, and modulo C,.

V(C3) = a%bab??

= (aya,a,)? - aga,a,* - azaza, - (azaga; ') (mod C,)

T

— q,9 . -1 . q—2_,—(q—2)
—CLQ(IQCLT a20a40Q, Q2040 agaq a,.

CL?—1-i-1—q-&-2ag-i-2+q—2

2
= a,
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1.4. MARUSIC’'S METHOD AND AN APPLICATION

which generates C,. So (V(C5)) contains C, (cf. Lemma [2.5.1)). Also,

V(C3) = a%bab®?
= (a2a,)" - asypaq - azaq - (az7,a,)"*  (mod C,)

— q. . . q—2
—agaq A27Yplyq + A204 awpaq

_ 9+2+q—2,2
aq 'Yp

which generates C,. So (V(Cj5)) contains C, (cf. Lemma [2.5.1)). Therefore, the sub-
group generated by V(Cs) is C, x C,.. So Factor Group Lemma applies.

Subcase 2.2. Assume S has exactly one element of odd order. Let b be the element
of odd order. If |b] = pgr, then there exists a € S such that |a| is divisible by 2. Let
n = |b| = pgr. Since {b) is normal in G (because |G : (b)| = 2), there is some k € Z*,
such that aba™! = b*. For 0 <i < n, let v; = b* and w; = b'a, so V(G) = {v;} U {w;}.
Then, for each i, Cay(G;S) contains edges (labeled b*!) from v; to v;+; and from w;
to w;b*! = biab*! = bib**a = bi**a = wiyy. It also contains the edge (labeled a) from
v; to v;a = w;. This means that Cay(G; S) contains a copy of the generalized Petersen
graph GP(n, k). Work of Bannai [7] and Alspach [I] has determined precisely which
generalized Petersen graphs are Hamiltonian. Since (b) is of index 2, then a? € (b),
so a’b = ba®. This implies that k> = 1 (mod n). Therefore, gced(n, k) = 1, and
k # +2,+(n — 1)/2. Therefore, GP(n, k) has a Hamiltonian cycle. This Hamiltonian
cycle is also a Hamiltonian cycle in Cay(G; .S).

So we may assume |b| # pgr. Also, we can assume b ¢ Z(G) and (b) n Z(G) # {e},
for otherwise since (b) <« GG, then Lemma applies. (A Hamiltonian cycle in
Cay(G/{b); S) exists by Theorem or Theorem depending on |b].) So |b|
is either pq or pr. Without loss of generality we may assume |b| = pg. Then there is

a € S such that |a| is divisible by r. Since b is the only element in S of odd order, |a]
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is divisible by 2r. We can assume |a| # 2r, for otherwise Corollary applies with
N=C,s=aandt=a"" (since S is minimal and G = {a, b), a Hamiltonian cycle in
Cay(G/N;{a,b}) must use @). So we have |a| = 2¢r. We may assume a = aya,a, and
b = 7pa,, where i # 0. Let G = G/(Cy x C,) = Dyp. Then @ = as and b= vp- We have
Cy = (P~1,&,bP~1, %) as a Hamiltonian cycle in Cay(G; {&,b}). Now we calculate its

voltage modulo C,.

V(Cy) =P tabPta

= (ay)P " - azaqa, - (a))’~' - azaqa,  (mod C,)

— (2= +Dg2

We may assume this does not generate C, xC,, for otherwise Factor Group Lemma

applies. Therefore,
O0=ilp—1)+1 (mod q). (2.2.A)

By replacing & with @' in Cy, we have Cy = (5P~1, @1, b=, &~') as a Hamiltonian
cycle in Cay(G/(C, x C,); {5,5}). By the same argument above and calculating V(C})

modulo C,, we have
V(Cy) = ag(i(p_l)_l)a;Q (mod C,).

We may assume this does not generate C, xC,, for otherwise Factor Group Lemma

applies. Therefore,
0=i(p—1)—1 (mod q).

By subtracting the above equation from [2.2.A] we have 0 = 2 (mod ¢) which is a
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contradiction.

Subcase 2.3. Assume S has more than 1 element of odd order. Assume b and ¢ have
odd order. Now since (b, ¢) is abelian, |(b, ¢)| is odd, and the valency of the Cayley
graph Cay({b, c); {b,c}) is at least 3 (in fact it is 4). If either {b) or {¢) does not
contain C,, then we claim that Cay(G;S) has a Hamiltonian cycle. Without loss of
generality we may assume (b) does not contain C,. We know (b) <« G, Cay(G/{(b); S)
has a Hamiltonian cycle (G/{b) is isomorphic to either Dy, or Dy, x C, or Dy, x C,,
so Theorem or Theorem applies), and b € Z(G), so Lemma
applies.

So we may assume both (b) and {c¢) contain C,. Then clearly C, < (b,c), and
Cp, N Z(G) = {e} (see Proposition [1.3.12[2))). Let a € S be an element of even order.
Now by Theorem we can choose L = (s1,S2,...,5y,) as a Hamiltonian path in
Cay({b, ¢); {b, ¢}) such that s;s5- -+ s, € Cp. So (L, a, L,a™") is a Hamiltonian cycle in
Cay(G;95). O

1.5 Proof of some parts of Theorem [1.1.2
In this section, we prove most cases in Theorem [1.1.2J[2). Then we prove Theo-

rem [1.1.2)(3), and Proposition [I.1.4] In order to prove these results, firstly, we state

some well known lemmas and propositions.

Lemma 1.5.1 (cf. [33 Corollary 2.16]). Every connected Cayley graph on the alter-

nating group Ay has a Hamiltonian cycle.

Proposition 1.5.2 ([28, Theorem 5.4]). If G = Cy x A such that Z(G) = {e}, A is
abelian, and |A| is the product of at most three primes (not necessarily distinct), then

every connected Cayley graph on G has a Hamiltonian cycle.

Lemma 1.5.3 ([33, Corollary 2.3]). If |G| = pg*, where p and q are distinct primes

with ¢> # 1 (mod p), then every connected Cayley graph on G has a Hamiltonian
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cycle.

Proof. ([33, Corollary 2.3]) Let P be a Sylow p-subgroup of G. By Sylow’s Theorem
we have n,|¢?, and n, = 1 (mod p), where n, is the number of Sylow p-subgroups in
G. Since ¢* # 1 (mod p), this implies that ¢ # 1 (mod p), we must have n, = 1.
Therefore, P < G. Now |G/P| = ¢, so G/P is abelian. Therefore, G’ = P. This
implies that |G’| is either 1 or p. If |G| = 1, then G is abelian, so Lemma [1.2.2]

applies. If |G'| = p, then Theorem applies. O

Lemma 1.5.4 ([33, Corollary 2.24]). If |G| = 2p?, where p is odd, then every con-

nected Cayley graph on G has a Hamultonian cycle.

Proof. (|33, Corollary 2.24]) By Lemmal|l.3.8/|G’| is odd. If |G’| = 1, then Lemmal|l.2.2
applies. If |G'| is cyclic of order p, then Theorem applies. If |G| = p?, then

Proposition [1.5.2 applies. O

Proposition 1.5.5 ([33, Proposition 4.1]). If |G| = 3p?, where p is prime, then every

connected Cayley graph on G has a Hamiltonian cycle.

Proposition 1.5.6 ([33, Proposition 6.1]). Assume |G| = 2pq, where p and q are

prime numbers. Then every Cayley graph on G has a Hamiltonian cycle.

Proof. (|33, Proposition 6.1]) Let S be a minimal generating set of G. We may assume
p and ¢ are distinct, for otherwise |G| = 2p?, so Proposition applies. Without
loss of generality assume p > ¢. If ¢ = 2, then |G| = 4p. By Sylow’s Theorem we
have n,|4, and n, = 1 (mod p), where n, is the number of Sylow p-subgroups in
G. Since p > ¢, then p > 3. Now if p > 5, then Lemma [1.5.3] applies. Now we
may assume p = 3. If a Sylow 3-subgroup P is normal in G, then |G/P| = 4, so
G/P is abelian. (Since P is normal it is the unique Sylow 3-subgroup.) This implies
that G’ < P, therefore, |G'| € {1,3}. If |G’| = 1, then Lemma [1.2.2] applies, and if
|G’| = 3, then Theorem applies. So we may assume a Sylow 3-subgroup of G is

not normal. Then G =~ Ay, so Lemma [1.5.1] applies. Thus, we may assume p, g > 3.

32



1.5. PROOF OF SOME PARTS OF THEOREM 1.1.2

Now we may assume |G| is square-free. By Lemma |G’| is odd and by
Proposition 1.3.12 G’ is cyclic. If |G| = 1, then G is abelian, so Lemma m
applies. If |G| is prime, then Theorem|1.2.3|applies. If |G'| = pq, then G = Cax (C,y) =

Dy,q, so Proposition applies. O]

Proposition 1.5.7 (|33, Proposition 6.2]). Assume |G| = pqr, where p, q¢ and r are
distinct prime numbers. Then every connected Cayley graph on G has a Hamiltonian

cycle.

Proof. (cf. [33, Proposition 6.2]) Since |G| is square-free, then by Proposition
G’ is cyclic. If |G| = 2pg, then Proposition[1.5.6/applies. So we may assume |G/ is odd.

If |G| = 1, then G is abelian, so Lemma applies. If |G'| is prime, then
Corollary applies. So we may assume G = C, x (C, x C,) (up to permuting p, g,
and ), where G’ = C, x C,. By Proposition we know G’ n Z(G) = {e}, so
Cq (C,) = {e}. Let S be a minimal generating set of G. We may assume S n G’ = (J,
for otherwise Lemma applies. Therefore, every element of S has order r.
(Note since G' n Z(G) = {e} (see Proposition [1.3.12[2)), C, cannot commute with C,

or C,, so no element belonging to S can have order rp or rq.)

Case 1. Assume |S| = 2. We may write S = {a,b}. Consider G = G/G’ = C,. Then
|a| = |b| = 7. So b =@, where 1 < k < r — 1. Therefore, b = a*y, where G’ = (v),

for otherwise

(a,by = {a,a"y) = (a,7) # G

which contradicts our assumption that G = (S). We also have aya™' = 77, where

7 =1 (mod pg) (see Proposition [1.3.12{)). So ged(r,p) = 1 and ged(r,q) = 1.

Also, since |a| = r is odd, a cannot invert 4* or v, so 7 # —1 (mod p) and 7 # —1
(mod q).

We have C = (b,a~*=Y, b,@*1) as a Hamiltonian cycle in Cay(G;S). Now we
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calculate its voltage.

which generates G'. So Factor Group Lemma applies.

Case 2. Assume |S| = 3. We may write S = {a,b,c} with [a| = |b| = |¢| = r. Also,
since S is minimal, then |a| = |b] = |¢| = r. So we may assume b = a/a, and ¢ = a*,,
where 1 < j,k < r — 1. Therefore, (b,c) = G which contradicts the minimality

Proposition 1.5.8 ([33, Corollary 6.3]). Assume |G| = 3pq, where p and q are prime

numbers. Then every connected Cayley graph on G has a Hamiltonian cycle.

Proof. ([33, Corollary 6.3]) We may assume p, g > 3, for otherwise |G| is of the form

2pq or 2p?, so Proposition or Lemma applies. We may also assume p, ¢ > 3,
for otherwise |G| is of the form pg* with ¢*> # 1 (mod p), so Lemma applies.

Thus, |G| is a product of three distinct primes, so Proposition applies. O

Proposition 1.5.9 ([33, Corollary 6.4]). Assume |G| = 5pq, where p and q are

distinct prime numbers. Then every Cayley graph on G has a Hamiltonian cycle.

Proof. (|33, Corollary 6.4]) We may assume p,q = 5, for otherwise |G| is of the form

2pq or 2p? or 3pq or 3p?, so Proposition or Lemma or Proposition or

Proposition applies. We may also assume p,q # 5, for otherwise |G| is of the
form pg® with ¢> # 1 (mod p), so Lemma applies. Thus, |G| is a product of

three distinct primes, so Proposition [1.5.7] applies. O]
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Proof of Proposition|[1.1.4 If p # 7 and ¢ # 7, then Theorem applies. So we

may assume ¢ = 7, which means |G| = 49p (and p # 7). We may also assume that G
is not abelian, for otherwise Lemma applies.

If a Sylow p-subgroup P of G is normal, then |G/P| = 49, so the quotient G/P is
abelian. (Because if ¢ is prime, then every group of order ¢? is abelian). Therefore,
since P is normal and G/P is abelian, then G’ is contained in P. So |G'| = p.
Therefore, Theorem [1.2.3| applies.

Now we may assume P is not normal in G. Then by Sylow’s Theorem, n,|49 and
n, =1 (mod p), where n, is the number of Sylow p-subgroups in G. Thus, p € {2, 3},

so |G| € {14q, 21q}. Therefore, Theorem applies. O

1.6 Description of the proof of part (1) of Theorem [1.1.2]

In this section we provide a very brief description of methods that D. Morris and
K. Wilk have used in [41] to prove Theorem [@.

In a series of papers published in 2011 and 2012 [15], 20} 21}, B3], it has been proved
that every connected Cayley graph on G of order kp has a Hamiltonian cycle (unless
kp = 2), where 1 < k < 31 (k # 24) and p is prime. These results were verified by
hand and the proofs contain many calculations and other details that are not very easy
to check quickly. On the other hand, most of the results in Morris-Wilk’s paper are
established by using a computer, instead of being verified by hand. In fact, they used
the computer algebra system GAP [24] for group-theoretic calculations, and used G.
Helsgaun’s computer program LKH [26] to find Hamiltonian cycles in many thousands
of Cayley graphs. In the following paragraph we state the Schur-Zassenhaus Theorem,

then we describe Morris-Wilk’s method.

Theorem 1.6.1 (Schur-Zassenhaus Theorem [25, Theorem 15.2.2 on page 224]). If
G is a finite group, and N is a normal subgroup whose order is coprime to the order

of the quotient group G/N, then G is semidirect product of N and G/N .
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Idea of proof of Theorem[1.1.3(1)[41, page 2]. If kp is not too large, then the com-
puter program LKH can find a Hamiltonian cycle in any Cayley graph of order kp.
So large primes are the main problem. If GG is a group of order kp, where p > k, then
Sylow’s Theorem implies G' has a unique Sylow p-subgroup which can be identified
with C,. The uniqueness implies C, < G. Let G = G/C,, so |G| = k. Since C, is
cyclic, then by Factor Group Lemma [1.2.6| it suffices to find a Hamiltonian cycle in
Cay(G; S) whose voltage generates C,,.

The problem is that there are infinitely many primes p so a given group G of order
k is the quotient of infinitely many different groups G of order kp. By Theorem [1.6.1
G = G x C,. Using this fact, Morris and Wilk construct finitely many semidirect
products of the form G=GxZ (where Z is a finitely generated abelian group), such
that, for every p > k, every group G of order kp is a quotient of some G. In almost all
of the cases, they used a computer search to find a Hamiltonian cycle whose voltage
in Z is non-trivial. Then if p is not a divisor of that voltage, they could apply Factor
Group Lemma (1.2.6] Finally, they verified the exceptional cases by hand to complete

the proof of their result. O
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Chapter 2

Preliminaries

This chapter establishes basic terminology and notation, and proves a number of
technical results that will be used in the proof of Theorem [I.1.3] In particular, it is
shown we may assume that |G| is square-free, so the Sylow subgroups of G are Cs,
Cs, Cp, and C,, and that |G'| has precisely 2 prime factors, so G’ is either C, x C, or
Cs x C,.

2.1 Basic notation and definitions

Throughout the thesis, as already mentioned in Section [I.2] we have used standard
terminology of graph theory and group theory that can be found in textbooks, such
as [23, 25].

The following notation is used through the thesis:

e The commutator of g and h is denoted by [g, h] = ghg~*h™!.

e Ce(S) denotes the centralizer of S in G'.

e (G x H denotes a semidirect product of groups G and H.

Dy, denotes the dihedral group of order 2n.

e denotes the identity element of G.

Given a fixed normal subgroup N of G, we define G = G/N, g = gN for any
geG, and S = {g;ge€ S} for any S < G.

For S € G, a sequence (s, S2, . .., s,) of elements of S U S™! specifies the walk

in the Cayley graph Cay(G;.S) that visits the vertices: e, $1, 5152, ...,5152 " Sp.
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Also, (s1,89,...,8,) b= (574,80, ..., 870).

We use (571,353,83,...,5,) to denote the image of this walk in the quotient
Cay(G/G"; S) = Cay(G; S).

If the walk C' = (31,53, ...,5,) in Cay(G/G"; S) is closed, then its voltage is the
product V(C) = 5185 - - - s,,. This is an element of G.

For k € Z*, we use (51, Sa,...,5n)" to denote the concatenation of k copies of
the sequence (s1,S2, ..., Sm)-

C,, denotes the cyclic group of order n. When |G| = 6pq (as is usually the case in
Chapter , the Sylow subgroups are Cs, Cs, Cp, and C,. Also, the commutator
subgroup G’ will usually be either C, x C, or C3 x C,, so C, is a normal subgroup
and either C, or Cs is also a normal subgroup.

G = G/G" and G = G/C,. Also, we let G = G/C, when C, is a normal subgroup,
and let G = G/C3 when Cs is a normal subgroup.

We let aq, as, 7,, and a, be elements of G that generate Cs, C3, C,, and Cg,

respectively.

2.2 Some facts from group theory

In this section we state some facts in group theory, which are used to prove our

main result. The following lemmas often makes it possible to use Factor Group

Lemma for finding Hamiltonian cycles in connected Cayley graphs of G.

Lemma 2.2.1 ([15, Corollary 4.4]). Assume G = {a,b) and G’ is cyclic. Then G' =
{[a,0]).

Proof. Since every subgroup of a cyclic, normal subgroup is normal in the larger

group, we know ([a,b]) < G. Since {a,b) = G, and a commutes with b in G/{[a, b]),

then G/([a,b]) is abelian. So G' < ([a,b]). Also, clearly ([a,b]) < G’. Therefore,
G = {[a,b]). O
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Corollary 2.2.2. Assume G = {a,by and gcd(k,|a|) = 1, where k € Z, and G' is
cyclic. Then G' = {[a*,b]).

Lemma 2.2.3. Assume G = (C, x C;) x (C, x C;), where p,q,r and t are distinct

primes. If |a| = pq, then |a| = pq.

Proof. Suppose |a| # pq. Without loss of generality, assume |a| is divisible by r. Then
(after replacing a by a conjugate) the abelian group (@) contains C, x C, and C,, so
C, centralizes C, x C,. Since C, also centralizes C;, this implies that C, < Z(G). This

contradicts the fact that G’ n Z(G) = {e} (see Proposition [1.3.12[2)). O

2.3 Cayley graphs that contain a Hamiltonian cycle

In this section we show that there exists a Hamiltonian cycle in some special
connected Cayley graphs. The following proposition shows that in our proof of Theo-
rem we can assume |G| is square-free, since the cases where |G| is not square-free

have already been dealt with.

Proposition 2.3.1. Assume:
e |G| = 6pq, where p and q are distinct prime numbers, and
e |G| is not square-free (i.e. {p,q} N {2,3} # &).

Then every connected Cayley graph on G has a Hamiltonian cycle.

Proof. Without loss of generality we may assume g € {2,3}. Then |G| € {12p, 18p}.
Therefore, Theorem applies. O

The following proposition demonstrates that we can assume |G’| in Theorem m

is a product of two distinct prime numbers.

Proposition 2.3.2. Assume |G| = 2pqr, where p, q and r are distinct odd prime
numbers. Now if |G'| € {1,pqr} or |G'| is prime, then every connected Cayley graph

on G has a Hamiltonian cycle.
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Proof. If |G’| = 1, then G’ = {e}. So G is an abelian group. Therefore, Lemma [1.2.2)
applies. Now if |G| is prime, then Corollary applies. Finally, if |G’| = pgr, then

G =Cyx (Cp x CyxCr) = Dopyy.

So Proposition [1.5.2] applies. O]

The next theorem tells us that if we have a finite group that can be broken into a
semidirect product of two cyclic subgroups, then there is a Hamiltonian cycle in the

connected Cayley graph of this group that comes from the generators of the factors.

Theorem 2.3.3 (B. Alspach [2, Corollary 5.2]). If G = (s) x {t), for some elements

s and t of G, then Cay(G;{s,t}) has a Hamiltonian cycle.

The following lemmas show that some special Cayley graphs have a Hamiltonian

cycle, and we use these facts in Chapter [3|in order to prove our main result.

Lemma 2.3.4. Assume G = (Cy x C,) x G', and G' = C, x C,, where p, q and r
are distinct prime numbers and let S = {a,b} be a generating set of G. Additionally,
assume |a| € {2,2r}, |b] = r and ged(|b],r — 1) = 1. Then Cay(G;S) contains a
Hamiltonian cycle.

—r—1 T—(r=1) __1

Proof. We have C' = (b ",a,b ,a') as a Hamiltonian cycle in Cay(G;S). Now

we calculate its voltage
V(C) =btab " et = b 4.
Since ged(]b|,r — 1) = 1, then by Lemma we have [0""! a] = G’. Therefore,

Factor Group Lemma applies. O

Lemma 2.3.5 (cf. [21, Case 2 of proof of Theorem 1.1, pages 3619-3620]). Assume

o = (CyxCr)x (C, xCp),

40
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o [S]=3,
e S is a minimal generating set of@ =G/C,,
e C, centralizes C,,

o Cy inverts C,.

Then, Cay(G;S) contains a Hamiltonian cycle.

Lemma 2.3.6 (|21, Lemma 2.6]). Assume:
o G = {ayx{Sy), where {(Sy) is an abelian subgroup of odd order,

o [(Sou Sy =3, and
o (Sp) has a nontrivial subgroup H, such that H < G and H n Z(G) = {e}.

Then Cay(G; Sy v {a}) has a Hamiltonian cycle.

Proof. (J21, Lemma 2.6]) Since {Sp) is abelian of odd order, and |(Sy u Sy *)| = 3,

by Theorem Cay({So); Sp) has a Hamiltonian path (sy,Sa,...,Sm), such that

$189- - Sm € H. Note that

(8182 . Sma)‘tﬂ — (&CL—1$132 R Sma)|“‘ — (a(8182 . Sm)a)\a|

lal=14 glal—24 ...
_ a +a +-4a+1
= (5152 Sm) .

Since this is a product of all possible (a)-conjugation of s1ss--- s, and it is abelian,

then it commutes with a and {(Sp). So

(s189- - Sm)ala‘71+“‘a|72+"‘+“+1 e Z(G)n H.

Therefore,

lal-1_ glal-2 ...
a +a +-+a+1
(5182 Sm) =e.

Therefore, we have (s, s, . .., $m, @)% as a Hamiltonian cycle in Cay(G; Sou{a}). O
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Lemma 2.3.7 ([2I, Lemma 2.9]). If G = Dy, x C,., where p,q and r are distinct odd

primes, then every connected Cayley graph on G has a Hamiltonian cycle.

Proof. (|21, Lemma 2.9]) Let S be a minimal generating set of G, let ¢ : G — Ds,,
be the projection such that ¢(F,i) = F, where F' € Dy, and i € C,, and let T be the
group of rotations in Dsyy,, so it is obvious that T' = C, x C,.

For s € S we may assume that ¢(s) is nontrivial, because otherwise s € C, < Z(G),
therefore Lemma [1.2.11| applies.

Suppose there exists s € S such that ¢(s) has order 2, but |s| # 2. Then we
may assume (S) is not minimal, for otherwise Corollary applies with N = C,
and ¢ = s~'. Therefore, if we let S" = S\{s}, then (S") = Dy, = Cy x (C, x C,).
We may assume S’ n (C, x C,) = &, for otherwise there is an element s} € 5’
such that s} € C, x C,, and there is a Hamiltonian cycle in Cay(Da,,/{s});5") (see
Proposition [1.5.2)), so Lemma applies. Thus, |¢'| = 2 for all s’ € S".

We may now assume a, € S’. Let b = aga;ag be another element of S’. Since %
and j cannot both be 0, we may assume 7 = 1.

We claim that (az,b) = Dapq. If not, then j = 0. There is some ¢ = azalal, € S’
with ¢ # 0. The minimality of S implies {as, ¢) # Dayy, 50 k = 0. Then (b, ¢) = Doy,
which contradicts the minimality of S. This completes the proof of the claim.

This claim means j # 0, so we may assume j = 1, which means b = azaya,. Write
s = agay'aga,. The minimality of S implies that {(az,s) # G, so either m = 0 or
n = 0. Assume, without loss of generality, that n = 0. Now, the minimality of S
implies that (b, s) # G, so we must have m = 1. This means s = asaya,. So s = b
(mod C, x C,).

Let G = G/(C, x C) = Doy, 50 5 = b. We have the following two Hamiltonian

cycles in Cay(G; S):
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Cy = ((da, b)P~2, (da, 5)?).

Their voltages are:

V(Cy) = (agb)pfl(ags) = (ay - agapaq)pfl(ag Cagapay) = b ay,

V(Cy) = (azb)?~*(ags)® = (ag - asay,a,)’ *(ay - asaya,)?® = a? 2a?.

Since at least one of p—1 and p — 2 is relatively prime to ¢ (and 1 and 2 are relatively
prime to r), we know that at least one of these voltages generates C, x C,. So Factor
Group Lemma [1.2.6] applies.

Thus, we may assume that for any s € S, if p(s) has order 2, then s = ¢(s) has
order 2.

Since ¢(S) generates Dy, it must contain at least one reflection (which is an

element of order 2). So S N Dy, contains a reflection.

Case 1. Assume S n Dy, contains only one reflection. Let a € S n Dy, such that
a is a reflection. Let Sy = S\{a}. Since {(Sp) is a subgroup of the cyclic, normal

subgroup 7' x C,, we know {(Sy) is normal. Therefore G = {a)y x {Sp), so:

o If |Sp| = 1, then Theorem applies.

o If |Sy| = 2, then applies with H = T, because 1" x C, is an abelian subgroup
of odd order.

Case 2. Assume S n Dy, contains at least two reflections. Since no minimal gener-
ating set of Dy, contains three reflections, the minimality of S implies that S N Dy,
contains exactly two reflections; a and b are reflections. Let ¢ € S\{Da,,}, so C, < {c).
Since |¢| > 2, we know ¢(c) is not a reflection, so ¢(c) € T. The minimality of S
and the fact that |S| > 2 implies {(p(c)) # T. Since p(c) is nontrivial, this implies
we may assume (p(c)) = C, (by interchanging p and ¢ if necessary). Hence, we may

write ¢ = wz with (w) = C, and {(z) = C,. We now use the argument of (|29, Case
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2.3. CAYLEY GRAPHS THAT CONTAIN A HAMILTONIAN CYCLE

5.3, p. 96]), which is based on ideas of Marusi¢ [37] that are explained in Section [1.4]
Let G = G/C, = Dopy x C, = Dayy x (¢). Then Dy, = Dy, so (a,b)? is a Hamiltonian

cycle in Cay(Dapg; {a,b}). With this in mind it is easy to see that

(cr_l,a, ((b, a)q_l,c_l, (a,b)q_1 )(T D/2 ,(b,a)i™ 1 ,b)

is a Hamiltonian cycle in Cay(G;S). This contains the string

(c,a, (b,a)™" ¢, a),

which can be replaced with the string

(b7 C7 (b7 a)q_17 b? C_l)

to obtain another Hamiltonian cycle. Since ba € T' is inverted by a

ca(ba)? ¢ ta = (cacta)(ba)~ @V

¢ = wz, therefore

(cac™ta)(ba)~9V = (w2)a(wz) " a)(ba)~ @Y

now a inverts w and centralizes z, then

(wz)a(wz) ™ a)(ba)™ @Y = (w?)(ba) =Y,

clearly

(w?)(ba) """V # (w™?)(ba)~ "7V
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2.4. SOME SPECIFIC SETS THAT GENERATE G

we know that b inverts w and centralizes z, so
(w™*)(ba) ™ = (b(w2)b(w2) ") (ba)~ @Y = (bebe™ ) (ba) ™Y,
since ba € T' is inverted by b, then
(bebe™Y) (ba) =Y = be(ba)i™ be L.

Therefore,

(cac™'a)(ba) =™V # be(ba)? tbe !

And this implies that we have two Hamiltonian cycles that have different voltages.
Therefore at least one of them must have a nontrivial voltage. This nontrivial voltage
must generate Cp, so Factor Group Lemma applies and there is a Hamiltonian
cycle in Cay(G; 5). O

2.4 Some specific sets that generate ¢

This section presents a few results that provide conditions under which certain
2-element subsets generate G. Obviously, no 3-element minimal generating set can

contain any of these subsets.

Lemma 2.4.1. Assume G = (CoxC3)xG’, and G' = C, xC,. Also, assume Ce(Cs) =
C, and Cy & Cer(Co). If (a,b) is one of the following ordered pairs

1. (azaq, agaéa’q“fyp),

2. (asas, agag’dp), where k # 0 (mod q),

3. (agasag, aéa’;%), where k # 0 (mod q),

4. (azasaq, awéaé’dp), where k # 1 (mod q),

then {a,by = G.
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2.4. SOME SPECIFIC SETS THAT GENERATE G

Proof. Tt is easy to see that (a,b) = G, so it suffices to show that {a, b) contains C, and
C,. Thus, it suffices to show that G and G are nonabelian, where G' = G/(C5 x Cp) =
D5, and G = G/C,.

Since ag does not centralize C,, it is clear in each of (1) — (4) that @ does not

centralize 7, (and 7, is one of the factors in E), so G is not abelian.

k

;) where

The pair (&,b) is either (ag, azal), (az, af) where k # 0 (mod q), (azaq,a
k # 0 (mod q), or (agaq,aga’;) where k # 1 (mod ¢). Each of these is either a
reflection and a nontrivial rotation or two different reflections, and therefore generates

the (nonabelian) dihedral group Dy, = G. O

Lemma 2.4.2. Assume G = (CoxCs3)xG’, and G’ = C, xC,. Also, assume Ce(C3) =
{e}. If (a,b) is one of the following ordered pairs

1. (asas, aéaga’;fyp), where k # 0 (mod gq),

2. (asaq, agagfyp), where j # 0 (mod 3),

3. (a3, agaéa’;’yp), where k # 0 (mod q),

4. (asasay, abaly,), where j # 0 (mod 3),

then {a,by = G.

Proof. Tt is easy to see that (a,b) = G, so it suffices to show that {a, b) contains C, and
C,. we need to show that G and G are nonabelian, where G = G/C, and G = G/C,,
as usual.

As in the proof of Lemma [2.4.1] since ag does not centralize C,, it is clear in each
of (1) — (4) that @ does not centralize 7, (and -, is one of the factors in E), so G is
not abelian.

In (1) — (4), a, appears in one of the generators in (@,b), but not the other, and

the other generator does have an occurrence of as. Since az does not centralize aq,

this implies that G is not abelian. O
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2.5. METHODS OF CALCULATING VOLTAGE

Lemma 2.4.3. Assume G = (C2xCy)xG’, and G' = C3xC,. Also, assume Ce/(C,) =
Cs and C3 & Cer(Co). If (a,b) is one of the following ordered pairs

1. (agaq, abalalry,), where k # 0 (mod q),

2. (aqas, azalay,),

3. (abaas, asaly,), where m # 0 (mod g),

then G = {a, b).

Proof. Tt is easy to see that (@,b) = G, so it suffices to show that (a,b) contains C,
and Cs. We need to show that G and & are nonabelian, where G = G/(C, x C,) = D
and G = G/C;.

In each of (1) — (4), a, appears in @, and 7, appears in b (but not in @). Since a,
does not centralize v,, this implies that G is not abelian.

In each of (1) — (4), (a@,b) consists of either a reflection and a nontrivial rotation or

two different reflections, so it generates the (nonabelian) dihedral group Dg = G. [

2.5 Methods of calculating voltage

In this section, we present some methods of calculating the voltage of a Hamilto-

nian cycle. These techniques will be used repeatedly in Chapter

Lemma 2.5.1. Assume G = H x (C, x C;), where G' = C, x C,, and let S be a
generating set of G. As usual, let G = G/C, and G = G/C,. [fV/(E) and V\(g) are

nontrivial elements of G', then V(C') generates G'.

Proof. Since V(C) is contained in G’, then V(C') = alyJ), where 0 < i < ¢ — 1 and

0 <j <p-1 Then a} = V(C) is nontrivial, so 7 # 0. Similarly, 7/ = V(C) is

nontrivial, so 7 # 0. Therefore afﬂg generates C, x C; = G. [

The above lemma means that if V(C') is nontrivial modulo C, and is also nontrivial
modulo C,, then V(C) generates G'. This observation will be used repeatedly in
Chapter [3]
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2.5. METHODS OF CALCULATING VOLTAGE

Lemma 2.5.2. Assume G = H x (C, x C,), where G' = C, x C,, and let S be a
generating set of G. As usual, let G = G/G' = H. Assume there is a unique element
c of S that is not in H x Cy, and C' is a Hamiltonian cycle in Cay(G; S) such that ¢

occurs precisely once in C. Then the subgroup generated by V(C') contains C,.

Proof. Write C' = (51,52, ,5,), and let H* = H x C,. By assumption, there is a

unique k, such that s, = ¢, and all other elements of S are in H*. Therefore,
V(C) = s189..spne H -H*---H* -c-H* -H"---H" = H'cH".

Since ¢ ¢ H*, we conclude that V(C) ¢ H*.
On the other hand, since V(C) is an element of G’ = C, x C,, we have V(C) =

aly) € H~J. Since V(C') ¢ H*, this implies j # 0 (mod p), so {a}77) contains C,. [

Lemma 2.5.3. Assume a,vy € G, and there exists T € Z, such that aya™ = 7. If

% %1, then

m\n mrk(rnk— Tk— n
(akfnmyn = ymr (T =D/ 1) gnk

Proof. For all i € Z, we have a’*y™ = y™"*¢i* Therefore,

(ak,}/m)n _ ak’)/m . (ak,ym)(nfl)

mrk k. .m

= f}/ ak . akfym . (a fy )(7172)

m7F+mr2k m m\(n—

mTk+mr2k 4k . ank

=7

mrk(147F 472k . r(n=Dk) . ank

=7

,ymTk(T"k—l)/(Tk—l) . ank' O
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2.5. METHODS OF CALCULATING VOLTAGE

Remark 2.5.4. In the situation of Lemma [2.5.3] if 7% = 1, then a* commutes with ~.

SO (&k,ym)n _ ,.Ynm&nk‘
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Chapter 3

Proof of the Main Result

In this chapter we prove Theorem [1.1.3] which is the main result. We are given a

generating set S of a finite group G of order 6pq, where p and ¢ are distinct prime

numbers, and we wish to show Cay(G;S) contains a Hamiltonian cycle. The proof is

a long case-by-case analysis. (See Figures , and on pages for outlines

of the many cases that are considered.) Here are our main assumptions through the

whole chapter.

Assumption 3.0.1. We assume:

1. p,q > 7, otherwise Theorem applies.

2.

3.

|G| is square-free, otherwise Proposition applies.

G' " Z(G) = {e}, by Proposition [1.3.12|{2).

G = C, x G’, by Proposition [1.3.12)(3).

|G'| € {pyq, 3p}, by Lemma [.3.8|

For every element 5 € S, |5 # 1. Otherwise, if [5| = 1, then s € G/, so G’ = {s)
or |s| is prime. In each case Cay(G/(s);S) has a Hamiltonian cycle by part
or [3 of Theorem [1.1.2] By Assumption [3.0.1|[3), (s) n Z(G) = {e}, therefore,
Lemma applies.

S is a minimal generating set of G. (Note that S must generate G, for otherwise
Cay(G; S) is not connected. Also, in order to show that every connected Cayley
graph on G contains a Hamiltonian cycle, it suffices to consider Cay(G;.S),

where S is a generating set that is minimal.)
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3.1. ASSUME |S| = 2 AND &' = C, x C,

See Figures and [3.3] for outlines of the cases that are considered.

3.1 Assume |[S|=2and ¢’ =C, x(,
In this section we prove the part of Theorem[I.1.3|where, |S| = 2 and G’ = C, xC,.
Recall G = G/G’ and G = G/C,.
L[S =2
A. G’ = C, x Cy (Section B.1)).
1. S is a minimal generating set.
2. S is not a minimal generating set.
B. G’ = C3 x C, (Section [3.2)).
1. |a| = |b] = 2q.
2. |a| = q.
3. |al = 2q and |b| = 2.

4. None of the previous cases apply.

Figure 3.1: Outline of the cases in the proof of Theorem where |S| = 2

Proposition 3.1. Assume
o G =(CyxC3) x(CpxCy),
o |S|=2.

Then Cay(G; S) contains a Hamiltonian cycle.

Proof. Let S = {a,b}. For every s € S, [5] # 1, by Assumption [3.0.1](6]).

Case 1. Assume S is minimal. Then [a], |b| € {2,3}. When [a| = |b| = 2 or |a] = |b] =
3, then G # (@,b). Therefore, G # {a,b) which contradicts the fact that G' = (a, b).
So we may assume |@| = 2 and [b| = 3. Since |b| € {3, 3p, 3¢, 3pq}, then ged(|b],2) = 1.

Thus, Lemma [2.3.4] applies.
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3.1. ASSUME |S| = 2 AND &' = C, x C,

IL. |S| = 3.
3. a = azas and b = asa,.
A.G'=C,xC,.
R 4. a = azas and b = asay,.
a. Cer(Cs) # {e} or S is minimal.

i. Cer(Cs) # {e} (Section [3.3).

5. a = azaz and b = asaza,.

ii. Cer(Ca) # {e} (Section [3.6)).

1. a = ay and b = a,as3.

1. a = asaz and b = azasa,.
2. a = ay and b = asa,as.

2. a = azas and b = asay.
3. a = azas and b = asa,.

3. a = azas and b = asa,.
4. a = azas and b = aqas.

4. a = az and b = aza,.

iii. Cer(Ca) = {e} (Section [3.7).

5. a = azaz and b = asazay.

ii. S is minimal (Section .

1. a = asaz and b = azasa,.
1. Ce(Cy) = C, x Cy.

2. a = azas and b = asay.
2. CG/(CQ) = Cq.

3. a = azas and b = asa,.
3. Ce(Cy) =Cp.

4. a = az and b = aza,.
4. Cer(Cy) = {e}.

R B. G’ = C3 x Cp. (Section [3.).
b. Ce(C3) = {e} and S is not mini-

mal. 1. a = asaqy and b = azay'as.
i. Cer(Cy) = Cp x Cy (Section B.5)). 2. a = aza, and b = asag.
1. a = a3z and b = asa,. 3. a =asa, and b = ag'as.
2. a = a3 and b = asasza,. 4. a = ap and b = agas.

Figure 3.2: Outline of the cases in the proof of Theorem where [S]| =3

Case 2. Assume S is not minimal. Then {[al, |b|} is either {6,2}, {6,3}, or {6}. We

may assume |a| = 6.

Subcase 2.1. Assume |b| = 2. So we have b = @°, then b = a®y, where G’ = ()
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3.1. ASSUME |S| = 2 AND &' = C, x C,

III. |S| = 4 (Section [3.9). This part of the proof applies whenever |G| = pgrt with
P, q, r, and t distinct primes.

1. |G| has only two prime factors.

2. |G’| has three prime factors.

Figure 3.3: Outline of the cases in the proof of Theorem where |S| >4

(otherwise {a, by = {a,a’y) = {a,7) # G which contradicts the fact that G = {(a,b)).
Now by Proposition , we have 7 € Z* such that aya™! = 77 and 7% = 1
(mod pq), also ged(T — 1,pg) = 1. This implies that 7 # 1 (mod p) and 7 # 1
(mod q). We have C; = (@, b, 5_2,1_)_1) as a Hamiltonian cycle in Cay(G;S). Now

we calculate its voltage.
V(Cy) = a®ba™2b7" = a?a®ya 2y la P = 47T = 4T (D),

We may assume ged(7? — 1,pq) # 1 (otherwise Factor Group Lemma applies).
Without loss of generality let 72 = 1 (mod ¢), then 7 = —1 (mod ¢). We may assume
7 # —1 (mod p), for otherwise G = Dy, x C3, so Lemma applies.

Consider G = G/C, = Cs x C,. Since |a| = 6, then by Lemma la| = 6, so
|a| = 6. We may assume |3\ = 2, for otherwise Corollary applies with s = b and
t = b~! since (@) # G, so any Hamiltonian cycle must use an edge labeled b. Thus,
b= a*a,, where {a,y = C,. Since 7 = —1 (mod q), then C3 centralizes C, and C,

inverts C,. Therefore, G~ Dyy x C3. Now we have
Cy = ((@,,a7°,0)92,@,5)°)

as a Hamiltonian cycle in Cay(C:’; S ). The picture in Figure on page |55/ shows the

Hamiltonian cycle when ¢ = 7. If in C; we change one occurrence of (&5,3, 6_5,5) to

23



3.2. ASSUME |S| =2 AND G’ = C3 x C,

(5—5757 65;/1)\) we have another Hamiltonian cycle. Note that,
a’ba™"b = a” - a37 a0 a37 = a27a_27 = 7T2+17
and

a"*ba’h =a™" 037 a’ - a37 = a_27a27 = 7T‘2+1.

Since 74 £ 0 (mod p) we see that 72 +1 % 772 + 1 (mod p). Therefore, the voltages
of these two Hamiltonian cycles are different, so one of these Hamiltonian cycles has

a nontrivial voltage. Thus, Factor Group Lemma [1.2.6] applies.

Subcase 2.2. Assume |b| = 3. Since |b| = 3, then |b| € {3,3p, 3¢, 3pq}. Since |a| = 6,

then by la| = 6. Since ged(|b,2) = 1, then Lemma applies.

Subcase 2.3. Assume |b| = 6. Then we have @ = b or @ = b Additionally, by

Lemma we have |a| = [b] = 6. We may assume @ = b by replacing b with its
inverse if necessary. Then b = a7y, where G' = (v), because G = {a,b). We have

C = (@°,b) as a Hamiltonian cycle in Cay(G, S). Now we calculate its voltage
V(C) = a’b = a’ay = ay = v
which generates G’. Therefore, Factor Group Lemma [1.2.6| applies. O

3.2 Assume |[S| =2 and G' =C; x C,

In this section we prove the part of Theorem where, [S| = 2 and G’ = C3 xC,,.
Recall G = G/G’ and G = G/C,.

Proposition 3.2. Assume

o (G = (CQ ch) X (CS XCp);
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3.2. ASSUME |S| =2 AND G’ = C3 x C,

o |S]=2.

Then Cay(G;S) contains a Hamiltonian cycle.

~o <
- z
- o -
_>% ~a
Phd So Se
3 >0 >o »9 >0 »e 3
—>e- =
- o -
- s -
‘s~ So -
- ><

Figure 3.4: The Hamiltonian cycle C;: a edges are solid and b edges are dashed.

Proof. Let S = {a,b}. Since the only non-trivial automorphism of Cj is inversion,
C, centralizes C3. Since G' n Z(G) = {e} (see Proposition [1.3.12|{4))), C, does not

centralize Cs.

Case 1. Assume |a| = [b| = 2¢. Then b = @™, where 1 < m < ¢ — 1 by replacing b
with its inverse if needed. Therefore, b = a™+y, where G’ = (7). Also, ged(m,2q) =
1. So, by Proposition we have aya™' = 47 where 72¢ = 1 (mod 3p) and
ged(r — 1,3p) = 1. Consider G = Cy,.
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3.2. ASSUME |S| =2 AND G’ = C3 x C,

Subcase 1.1. Assume m > 3. Then we have
C=0 " ababa ™25 ant b a emed)
as a Hamiltonian cycle in Cay(G;S). Now we calculate its voltage.

V(C) = b2a baba~ " 2b e g a2 d)

_ ,y—la—m/y—la—ma—Qam,yaam,ya—m-&-ly—la—mam—4,y—1a—ma—2q+2m+3
L T T L PO P e L

_ ,Y—l—’rfm+T7m72+T*1—T’"”l—’r*m*?’

_ ,y—l-‘r’r*l—T*m+1—7'*m+’r’m’2—fr’m*3

We may assume V(C') does not generate G' = Cs3 x C,. Therefore, the subgroup
generated by V(C') either does not contain Cs, or does not contain C,. We already

know 7 = —1 (mod 3), then we have

47— 2 S = 11 -1+1-1-1 (mod 3)

=—4=—1.

This implies that the subgroup generated by V(C') contains C3. So we may assume

the subgroup generated by V(C') does not contain C,, then

=147t o mme2 3 (mod p). (1.1A)

Multiplying by —7™%3 we have

O=7" 72 17443 741 (mod p). (1.1B)
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3.2. ASSUME |S| =2 AND G’ = C3 x C,

1

Replacing {a@, b} with {6‘1,1_)_1} replaces 7 with 77!, Therefore, applying the above

argument to {6’1,571} establishes that m holds with 7! in the place of 7, which

means we have
0= 7" 4 7mt2 _rm =l 71 (mod p). (1.1C)

By adding [T.1B] and [T.IC| we have

0= 71" -1+ 4+ 2 =F+ DA -7 (mod p).

If 7 = —1 (mod p), then Cy, inverts Cs,, so C, centralizes C,. This implies that
G = Dg, x C4, so Lemma applies. The only other possibility is 7% = 1
(mod p). Multiplying by 7, we have 7™ = 7% (mod p). We also know that 72¢ = 1
(mod p). So 7% =1 (mod p), where d = ged(m — 4,2q). Since m is odd and m < g,

then d = 1. This contradicts the fact that ged(7 — 1,3p) = 1.

Subcase 1.2. Assume m < 3. Therefore, either m = 1 or m = 3. If m = 1, then
@ =0band b= ay. Sowe have C; = (@*!,b) as a Hamiltonian cycle in Cay(G;S).

Now we calculate its voltage.
V(Cy) =a® b =a®ay =y

which generates G’. Therefore, Factor Group Lemma [1.2.6| applies. Now if m = 3,

then b = a3y and we have

72 1771 173 2 7 —2¢-11
Cy=(b,a",b ,a ,b,a*ba?")
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3.2. ASSUME |S| =2 AND G’ = C3 x C,

as a Hamiltonian cycle in Cay(G;S). We calculate its voltage.

V(Cy) = b*a b ta bPa b

1 _-3

= a*vaPya~ v la3a Ladyadyadyaadya 1

1(1_1’}/@3’}/(13’76L’}/(l_11

= a’ya’ya~ly”
R e e e
70477476754 rdy 3

We may assume V(C3) does not generate G’ = Cs x C,. Therefore, the subgroup
generated by V(C') does not contain either Cs, or C,. We already know 7 = —1
(mod 3), then

TP PP =141 -14141+1-1=1 (mod 3).

This implies that the subgroup generated by V(C3) contains C3. So we may assume
the subgroup generated by V(C3) does not contain C,, for otherwise Factor Group

Lemma [1.2.6| applies. Then we have

O=7"+7047" 4+ 24+ + 7 (mod p)

=P+ + P-4 1).
This implies that
O=7+7"+7+72 -2+ 74+1 (modp). (1.2A)

We can replace 7 with 77! in the above equation, by replacing {a@, b} with {6‘1,5_1}
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3.2. ASSUME |S| =2 AND G’ = C3 x C,

if necessary. Then we have
O=78+7"+7*+72 72471 +1 (modp).

Multiplying 78, then we have

O=14+7+7"+7 -7 +77+7% (mod p)

R i S L i S

Now by subtracting the above equation from we have

0=7°—7"+7* -7 (mod p)
=72t = 1) (2 +1).
This implies that 7 = 1 (mod p) or 7 = —1 (mod p). If 7 = 1 (mod p), then
it contradicts the fact that ged(r — 1,3p) = 1. Now if 78 = —1 (mod p), then

7% =1 (mod p). We already know 72¢ = 1 (mod p). Then 7¢ = 1 (mod p), where
d = ged(2g,6). Since ged(2,6) = 2 and ged(q,6) = 1, then d = 2. This implies that

72 =1 (mod p), which means C, centralizes C,. Then we have

G = Cq X (CQ X C3p) ;Cq X D6p.

So Lemma applies.

Case 2. Assume |a| = ¢. Then |b] € {2,2¢}. Thus |b| € {2,2q,2p, 2pq}. If |b| = 2pq,

then C, centralizes C,. This implies that

GZCqX<Cgi><Cgp>ECqXD6p
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3.2. ASSUME |S| =2 AND G’ = C3 x C,

so, Lemma applies. Therefore, we may assume C, does not centralize C,, so |a
is not divisible by p. If || = 2p, then Corollary applies with s = b and ¢t = b1,
because we have a Hamiltonian cycle in Cay(@; §) by Theorem . (Since b is
the only generator whose order is even, then any Hamiltonian cycle in Cay(é ; g) must
use some edge labeled b.)

We may now assume |b| € {2, 2¢}. We have C' = (@?~!,5,a@D,5 ') as a Hamilto-
nian cycle in Cay(G; S). Now if |a| = ¢, then by Lemmawe have G’ = {[a?"!,b]).
Therefore, Factor Group Lemma applies. So, we may assume |a| = 3¢. Since C,
does not centralize Cp, then after conjugation we can assume a = agaq and b = azaly,,
where 0 < j < ¢ — 1. We already know that C' is a Hamiltonian cycle in Cay(G;S).
So we can assume ged(3g,qg — 1) # 1 (otherwise Lemma applies, which implies
that Factor Group Lemma applies). This implies that ged(3,¢ — 1) # 1 which
means ¢ = 1 (mod 3).

Consider G = G /Cp. Then @ = asa, and b= azal.  Therefore, there exists
0 < k < 3¢ — 1 such that b=1ab = G*. Since b inverts az and centralizes a,, then we
must have @ = bakh~! = agka';, so k= —1 (mod 3) and k =1 (mod ¢). Since g =1
(mod 3), then k = ¢ + 1. Additionally, we have avy,a™ = fyf,, where 77 =1 (mod p).

We also have 7 # 1 (mod p), because C, does not centralize C,. Now we have

1.3 _ —1_—j Jrny — A 1at1
b™ ab =, a,” azaaxay, =7, a

Vp-

This implies that

b—laib _ (b—lab)i _ (,yp—l&q-l-l,_)/p)i _ P)/]g_lai(q+l)f)/p~

Therefore,

b ta'b = ’yp’la"(q*l)’yp =7, 'a"y, (mod Cs).
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3.2. ASSUME |S| =2 AND G’ = C3 x C,

p—L h—1gqa—2 b—1q24—3 p—1529—2 p—1g39—3 p—1739—2
1 I I"*-,.-!~~. . ® .‘ —~® : e -
' ' S - 1" e Ss s | ="
] ] Sea z 1- _",—‘ -
! 0 2> R OSS 23 se==" - P
' ' P S~el_o v _L--T D, o '
] ] .- .- Zses >=2 ]
' [ ST ' e - ~o !
‘ P o PR : pELII “rel
] ~q— Pid ] _‘——’f > ‘-~~ e
' (R e ' o Sseod S
*—0—0—0P0 060 6—0—0—0—0P0 6—0—0—0—0P0 - )
e a1 a? a2a—1 a3a—!
: . A~ ~
Figure 3.5: The Hamiltonian cycle C: a edges are solid and b edges are dashed.
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Figure 3.6: The Hamiltonian cycle Cs: a edges are solid and b edges are dashed.
We have
Cy =@ a" e ba b a,6,a 20,
a3 b4 b1 a,ba bt am (@) p)

as our first Hamiltonian cycle in Cay(@; S ). The picture in Figure on page

shows the Hamiltonian cycle. In addition,

Cy=(a "o a ¥ b at b ' ar 2 b,a,07",a% b

] ) » Y ) »

~

as=t b=t a~@9 p art bt a,b,a,b7t a7 b)

is the second Hamiltonian cycle in Cay(@; S ). The picture in Figure on page
shows the Hamiltonian cycle. We calculate the voltage of Cy in G = G/Cs. Since

a? = e (mod C3), we have

V(C1) = a3 (b ta*b)a (b ab)a 2 (b a®b)a 2 (b tab)a (b 'a*b)  (mod Cs)
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3.2. ASSUME |S| =2 AND G’ = C3 x C,

=a (v, a*y)a (7, tap)a A (v, ety ) a R () ta)a T (y, Tay,)

75 20 A1\ —1( 72—
v, ta*)a (v ra)aT () ta®)

—2773-37724377 142
p .

We may assume this does not generate Cp, so
=-277-3724+37"+2 (mod p).
Multiplying by 73, we have

0=27 4372 -37-2=(F-1(F+2)(27+1) (mod p).

Since 7 # 1 (mod p), then we may assume 7 = —2 (mod p), by replacing a with a—*

if needed.

Now we calculate the voltage of Cy in G = G/Cs.

V(Cy) =a (b 'a®b)a (b a?b)a(b  a?b)a (b a’b)a (b ab)a(b 'a™b) (mod Cs)
=a" (v, '@’ yp)a” (7, a2 )aly, )
a9, a’y)a (9, ta)aly, Ta T )
a 'y ta)a M (e Paly) a?)

a*(v] ‘1a5) Yypta)aly) e

—1_73-1_2 -1 721 -2 7— 711 —1
=a 7, avp a %; a 7p cwp ayp a

R e G D G D e B e DR G DR G e |

7342722741771 772
» .
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3.2. ASSUME |S| =2 AND G’ = C3 x C,

We may assume this does not generate C,, so

2

0=7"427-27+1-7"=72 (mod p).

Multiplying by 72, we have
0=7"+27"-27"+72 -7 -1 (mod p).

We already know 7 = —2 (mod p). By substituting this in the equation above, we

have
0=(-2)°+2(-2)"—2(-2)%+ (-2 = (-2)—1=21=3-7 (mod p).

Since p > 7, then 21 #£ 0 (mod p). This is a contradiction.

Case 3. Assume [a| = 2¢ and |b| = 2. Since [@| = 2¢, then by Lemma la| = 2q.
We have b = a9y where G' = (v).

By Proposition we have aya™ = 47, where 727 = 1 (mod 3p) and ged(7—
1,3p) = 1. This implies that 7 # 0,1 (mod p) and 7 = —1 (mod 3).

Suppose, for the moment, that 7 = —1 (mod p). Then G = Dg, x C,, so Cay(G; S)
has a Hamiltonian cycle by Lemma [2.3.7]

We may now assume that 7 # —1 (mod p). Recall that G = G/C, = Cyy x C3. We

may assume a = asa, and b = asasz. We have

as the first Hamiltonian cycle in Cay(@; S ). The picture in Figure on page
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3.2. ASSUME |S| =2 AND G’ = C3 x C,

shows the Hamiltonian cycle. We also have
AT A1 T AINGD 3L A2 A1 . A3 7 A3 A3 A1 T A2 A3
Cy = ((a,b,a",b,a,b)?°,a>,b,a*,b,a”",b,a >, b,a’,b,a >, b,a”",b,a*,b,a>,b)

as the second Hamiltonian cycle in Cay(CA}; S ). The picture in Figure on page

shows the Hamiltonian cycle. Now we calculate the voltage of (.

V(Cy) = ((ababa™'b)(aba~bab)) "2 (aba*ba~*ba~'ba*ba’ba~ba~>ba*b)
= ((aaquaaq’yaflaqu)(aaqua’laq’yaaq'y))(q’5)/2
- (aava*a®ya 2 a%va " alyatalyatalya  alya P alyat aly)
= ((a"'ya®yatty) (@ yat T yatty)) 02
(@ yaT iy a T3yt Ly a T 2yt gt Lyt Byt
_ ((77q+1+r2+7q+1aq+1)(qu+1+1+70+1aq+1))(q—5)/2

) (77‘1“ I e A aq+5)

((,}/27—”1+7—2aq+1) (727—‘1+1+1aq+1))(q—5)/2

. (’YTq+5+7—q+4+7q+3+7—q+2+7q+1+27_5+27_aq+5)
_ 279t 4724701 (2791 11) 241 (g—5)/2
= ((v a’))

. (,qu+5+7‘1+4+r‘1+3+r‘1+2+74+1+275+27aq+5)

_ (ABTTTI3TE 2N (q—5)/2(\TITP4rT 4TS 4 p a2 0t 1975 497 45
= (v a”) T (y a®™)

q+1 2Y(q—5__ 2_ _ q+5_ ~q+4 L -q+3 4 q+2 | ~q+1 5
_ (7(37' +374) (T 1)/(r l)aq 5)(77' IR S R S o Bl S o B R Y +2Taq+5)

(3791 4372) (1975 —1) /(72— 1)+ 7973 (79O 47t 4 79+3 L ra+2 p ratl 1975 1 97)

Since 727 =1 (mod p), we have 79 = £1 (mod p).

Let us now consider the case where 77 = 1 (mod p), then by substituting this in
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3.2. ASSUME |S| =2 AND G’ = C3 x C,

QN ‘\‘ /'

ot v N N

Figure 3.7: The Hamiltonian cycle Ci: gedges are solid and a edges are dashed.

the formula for the voltage of C; we have

_ 37'+37'2 T5-1)/(r2 =) +7 3 (P43 2270 27
V(Cy) = ) )/( ) ( )
_ 737(1+‘r)(r—5—1)/(T+1)(T—1)+(1+T—1+‘r—2+7—3+‘r—4+2+27-—4)

73T(T_571)/(771)+(3+T_1+7‘_2+T—3+37_4)

_ 7(72+2T—3)/(771).

We may assume this does not generate C,, then
=-2+27" (mod p).
Multiplying by 73, we have
=-27°+2 (mod p).

This implies that 72 = 1 (mod p), which contradicts the fact that 79 = 1 (mod p)
but 7 # 1 (mod p).

Now we may assume 77 = —1 (mod p), then substituting this in the formula for
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3.2. ASSUME |S| =2 AND G’ = C3 x C,

the voltage of C} we have

V(Cl) _ 7(—3T+3T2)(—T_5—1)/(T2—1)—T_5(—T5—T4—T3—T2—T+2T5+2T)
_ 73T(T—1)(—T_5—1)/(7’—‘1—1)(T—l)-‘r(l-’rT_l+T_2+T_3+T_4—2—2T_4)

_ 737(—7'_5—1)/(7’+1)+(—1+7'_1+7'_2+7'_3—7'_4)

_ 7(—47’-&-27'71+27’2—4T’4)/(T+1) )

We may assume this does not generate C,, then

4

= A7+ 277+ 2772 —477*  (mod p).

Multiplying by (—7%)/2, we have

0=27" -3 7242

=(r+ 12" -2 + 72 =27 +2) (mod p).
Since we assumed 7 % —1 (mod p), then the above equation implies that
0=27" -2 +72-27+2 (mod p). (3A)
Now we calculate the voltage of Cs.

V(Cy) = (aba™bab) "= (a*ba*ba™ba>ba*ba~*ba " ba’ba’b)
= (aa%ya"ta%vaaty) " (a*alya’alya alya 2 alvalalya 2 alva alyalalvyadaty)
_ (aq+17aq71,}/aq+1fy> (g—5) (aq+37aq+27aq71,yaq73,yaq+37aq73,Yaqfl,yaq+2fyaq+3,y>
_ (77q+1+1+r‘1+1aq+1>(q—5) (,qu+3+T5+Tq+4+T+Tq+4+T+Tq+7'2+Tq+5aq+5)

q+1 _ q+5 q+4 q+3 q 5 2
_ (727— +1aq+1)(q 5) (,YT +274T 4TI IO 4T +2Taq+5>

q+1 q+1y(q—5) _ q+1_ _ q+5 q+4 4 q+3 4 q 5.2
_ (7(27 +1)((rat1) 1)/(7 l)a(q+1)(q 5))(77' 42794 74T 4O 4T +2Taq+5)
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3.2. ASSUME |S| =2 AND G’ = C3 x C,

Figure 3.8: The Hamiltonian cycle Cy: gedges are solid and a edges are dashed.

_ 7(27‘1“+1)((7q+1)(‘1*5)—1)/(rf1+1—1)+r<‘1+1>(f1*5) (r9T5 427044 47 a3 4 794 75 724 27)

Since we are assuming 77 = —1 (mod p), then by substituting this in the above

formula we have

V(Cg) _ 7(—27'+1)((—7')*5—1)/(—7’—1)—7'*5(—7'5—27'4—73—1+T5+7'2+27')

_ 7(27*4+27—T*5—1)/(—7—1)+1+27*1+r*2+7*5—1—r*3—2f4

_ 7(27—3—37*1+37*3+37*4—27*5)/(—7—1)

We may assume this does not generate C,, then
21 —3 -3 +3r 3 +37 1 -2r°=0 (mod p).
Multiplying by 7°, we have

0=27—3r° -3 +3r +3r—2=(2 - 12" =3 =7 =37 +2) (mod p).
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3.3. ASSUME |S| = 3, G’ = C, x C; AND Cgi(Cs) # {e}

Since 72 # 1 (mod p), then the above equation implies that
0=2r"-37"-72-37+2 (mod p).
Therefore, by subtracting the above equation from we have
0= (P +2r°+7)=7(r + 1) (mod p).

This is a contradiction.

Case 4. Assume none of the previous cases apply. Since (@, b) = G, we may assume
|a| is divisible by ¢, which means |a| is either ¢ or 2¢. Since Case [2| applies when
|@| = ¢, we must have |@| = 2¢. Then |b| = ¢, since Cases |1| and [3| do not apply. So

Case [2| applies after interchanging a and b. m

3.3 Assume |S| =3, G'=C, xC, and C(C3) # {e}

In this section we prove the part of Theorem where, |S| =3, G’ = C, x C,
and Ce (Cs) # {e}. Recall G = G/G', G = G/C, and G = G/C,.
Proposition 3.3. Assume

o G=(CyxCs)x(C,xCy),

e |S| =3,

o Co(C3) # {e}.
Then Cay(G; S) contains a Hamiltonian cycle.
Proof. Let S = {a,b,c}. If Ce(C3) = C, x Cy, then since G' n Z(G) = {e} (see
Proposition [I.3.12|[2)), we conclude that Cg(Cs) = {e}. So we have

G = C3 X (CQ X Cpq) = Cg X Dgpq.
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3.3. ASSUME |S| = 3, G’ = C, x C; AND Cgi(Cs) # {e}

Therefore, Lemma applies.
Since C/(C3) # {e}, then we may assume Ce(C3) = C, by interchanging ¢ and p
if necessary. Since G’ n Z(G) = {e}, then C; inverts C,. Since C3 centralizes C, and

Z(G) n G" = {e} (by Proposition [I.3.12[2))), then C; inverts C,. Thus,

A~

G:(CQX63>D<CQE(CQD<Cq)XngDQqXC;g.

Now if S is minimal, then Lemma applies. Therefore, we may assume S is
not minimal. Choose a 2-element subset {a,b} of S that generates G. From the
minimality of S, we see that {(a,b) = Dy, x Cs after replacing a and b by conjugates.
The projection of (a,b) to Dy, must be of the form (as,a,) or (as,asa,), where as
is reflection and @, is a rotation. (Also note that b # a, because S N G' = & by
Assumption [3.0.1)(6).) Therefore, (a,b) must have one of the following forms:

1. (az,asa,),

2. (az, azazay),

3. (aqas, asay),

4. (aqas, aza,),

5. (agas, asazay).

Let ¢ be the third element of S. We may write ¢ = agaga’;'yp with 0 < 7 < 1,
0<j<2and 0 <k <qg—1. Notesince S nG'" = &J, we know that i and j cannot
both be equal to 0. Additionally, we have azy,a;’ = 75 where 72 = 1 (mod C,).
Also, 7 # 1 (mod p) since Cer(C3) = C,. Therefore, we conclude that 72 + 74+ 1 = 0

(mod p). Note that this implies 7 # —1 (mod p).
Case 1. Assume a = ay and b = asa,.

Subcase 1.1. Assume i # 0. Then, ¢ = agaga’;’yp. Thus, by Lemma (b,c) =

G which contradicts the minimality of S.
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3.3. ASSUME |S| = 3, G’ = C, x C; AND Cgi(Cs) # {e}

Subcase 1.2. Assume ¢ = 0. Then j # 0. We may assume j = 1, by replacing ¢ with
¢ b if necessary. Thus ¢ = aga’;'yp. Consider G = Cy x C3. We have @ = as, b = as
and ¢ = as. Therefore, b = ¢ = a3. We have (@, 52,67 5_2) as a Hamiltonian cycle in
Cay(G; S). Since we can replace each b by ¢, then we consider C; = (@, l_)z, a, 1_771,6_1)
and Cy = (@, 52,6, ¢2) as Hamiltonian cycles in Cay(G;S). Now since there is one
occurrence of ¢ in Cy, then by Lemma [2.5.2] the subgroup generated by V(C) contains
C,. Also,

V(Cy) = ab’ab e

=as-a3a; - az-a;'az' - a ez’ (mod Cp)

_ -2 1k -1
= a, aza, “ag

We can assume this does not generate C,, for otherwise Factor Group Lemma [1.2.6]

applies. Therefore,
—3—k=0 (mod q).

Thus, k= —3 (mod q).

Now we calculate the voltage of C.

V(Cy) = ab*ac™?

_ 2 -1 -1, -1 —1
=ay-az-az-v, az v, a3 (mod C,)

Since 72 + 7+ 1 = 0 (mod p), then —72 — 7 = 1 (mod p). Thus, 7;?2_? = Y%
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3.3. ASSUME |S| = 3, G’ = C, x C; AND Cgi(Cs) # {e}

generates Cp,.

V(Cy) = ab’ac™?

=as-aza; - az - a;%az'a Faz'  (mod C,)

_ =22~k —1_ —k
= a, aza, " az a,

-1
as

_—2(k+1)
= CLq .

We know k = —3 (mod ¢), therefore, —2(k + 1) = 4 (mod ¢), so Factor Group

Lemma [1.2.6| applies.
Case 2. Assume a = ay and b = asasa,.

Subcase 2.1. Assume ¢ = 0, then j # 0. If £ # 0, then ¢ = aga’;%. Thus, by
Lemma (b, ¢y = G which contradicts the minimality of S. Therefore, we may
assume k = 0. We may also assume j = 1, by replacing ¢ with ¢! if necessary. Then
c = as"p.

Consider G = Cy x Cs, thus @ = ag, b = asas and ¢ = as. Therefore, |a| = 2, [b| = 6
and |¢| = 3. Consider C = (7)2,6, b,¢1,@) as a Hamiltonian cycle in Cay(G;S). Now

we calculate its voltage.

V(C) = b*cbeta
= 020304020304 + A3 * A2G0304 - agl %) (HlOd Cp)
-1

which generates C,. By considering the fact that C, might centralize C, or not, we

have

V(C) = b*cbeta

_ 1 -1
= (2030203 - A37p - G203 -7, a3 -az (mod Cy)
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3.3. ASSUME |S| = 3, G’ = C, x C; AND Cgi(Cs) # {e}

_ F1 -1
= WazY, a3

which generates C,. Therefore, the subgroup generated by V(C) is G'. So, Factor

Group Lemma [1.2.6] applies.

Subcase 2.2. Assume j = 0. Then i # 0. If k # 1, then ¢ = asal7y,. Thus, by
Lemma (b, ¢y = G which contradicts the minimality of S. We may therefore
assume k = 1. Then ¢ = asay,.

Consider G = Cy x C3, then @ = ¢ = ay and b = asas. Thus, |[a| = |¢| = 2 and
b| = 6. We have C = (52,6, 572,6) as a Hamiltonian cycle in Cay(G;S). Since there
is one occurrence of ¢ in C', and it is the only generator of G that contains ,, then by

Lemma we conclude that the subgroup generated by V(C') contains C,. Also,

V(C) = b*cb%a
= (2030402030, - A0, - a;1a§1a2a;1a§1a2 ay  (mod C,)
= a;lagaqagai;laglaqaglaq_l
= aq_l.

which generates C,. Therefore, the subgroup generated by V(C) is G'. So, Factor

Group Lemma [1.2.6] applies.

Subcase 2.3. Assume i # 0 and j # 0. We may assume j = 1, by replacing ¢ with
¢! if necessary. So ¢ = azazaf~y,. If k # 1, then by Lemma (b, ¢y = G which
contradicts the minimality of S. We may now assume k = 1. Then ¢ = azaza,y,.
Consider G = Cy x C3. Then @ = ay and b = ¢ = agaz. Therefore, |b| = [¢| = 6 and
|a| = 2. We have C = (¢,a, (b,a)?) as a Hamiltonian cycle in Cay(G;.S). Since there

is one occurrence of ¢ in C, and it is the only generator of G that contains +,, then
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3.3. ASSUME |S| = 3, G’ = C, x C; AND Cgi(Cs) # {e}

by Lemma we conclude that the subgroup generated by V(C) is C,. Also,

V(C) = ca(ba)?
= 9030, - A2 - A2A30, - Ay - Q20304 - a2 (mod Cp)
= agaq_Qaga;lag,

_ 3
_aq

which generates C,. Therefore, the subgroup generated by V(C) is G'. So, Factor

Group Lemma [1.2.6] applies.

Case 3. Assume a = asag and b = asa,. Since b = asa, is conjugate to ay via an
element of C, (which centralizes C3), then {a, b} is conjugate to {azaza;’, as} for some

nonzero m. So Case [2| applies (after replacing a, with ai).
Case 4. Assume a = asag and b = aga,.

Subcase 4.1. Assume i # 0. Then ¢ = agaga’;”yp. Thus, by Lemma (byey=G

which contradicts the minimality of .S.

Subcase 4.2. Assume ¢ = 0. Then j # 0 and ¢ = aéa’;’yp. If £ # 0, then by
Lemma {a,cy = G which contradicts the minimality of S. So we may assume
k = 0. We may also assume j = 1, by replacing ¢ with ¢! if necessary. Then ¢ = a3,.

Consider G = Cy x Cs. Therefore, @ = asas and b = ¢ = a. In addition, |a| = 6
and |b| = |[¢| = 3. We have C = (¢,b,a,b ,a ') as a Hamiltonian cycle in Cay(G; S).
Since there is one occurrence of ¢ in C, and it is the only generator of G that contains
Yp, then by Lemma we conclude that the subgroup generated by V(C') contains
C,. Also,

V(C) = cbab?a™!

= a3 - 30, - A203 - a;2a§2 -aztay  (mod C,)
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3.3. ASSUME |S| = 3, G’ = C, x C; AND Cgi(Cs) # {e}

= agaqagaz

which generates C,. Therefore, the subgroup generated by V(C') is G’. Thus, Factor

Group Lemma [1.2.6] applies.
Case 5. Assume a = asag, b = asasa,.

Subcase 5.1. Assume ¢ = 0. Then 7 # 0 and ¢ = aga’;’yp. If £ # 0, then by
Lemma (b, ¢y = G which contradicts the minimality of S. So we may assume
k = 0. We may also assume j = 1, by replacing ¢ with ¢~ if necessary. Then ¢ = az,.

Consider G = Cy x C3. Therefore, @ = b = asas and ¢ = as. Thus, |[a| = |[b| = 6
and [¢| = 3. We have C' = (@,2%,b ', 2) as a Hamiltonian cycle in Cay(G; S). Now

we calculate its voltage.

V(C) = ac’b'c?
= asaz - a3 - a,'az'az - az®  (mod Cp)
1 2

= Q3 Qq03

which generates C,. Also

V(C) = ac*b~'c?

= ac’a " e?

(mod C,) (because a =0 (mod C,))

1

= ac 'a'c (because |c| = 3)

= [a,c7!].

This generates C,, because {a, c} generates G/C,. Therefore, the subgroup generated
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3.4. ASSUME |S| = 3, & = Cp x Co AND 5 IS MINIMAL

by V(C) is G'. So, Factor Group Lemma applies.

Subcase 5.2. Assume i # 0. Then ¢ = agaéa’;vp. If £ # 1, then by Lemma
(b,c) = G which contradicts the minimality of S. So we may assume k£ = 1. Then

¢ = ayaja,y,. We show that (a,c) = G. Now, we have

{a,c)y = {ay, a3, c) (because {(a) = {(azaz) = {ay, a3))
= {ay, as, azala,y,)
= (az, a3, aqyp)
= {ag, as, ag, 1)

= G,

which contradicts the minimality of .S. [

3.4 Assume |S| =3, G’ =C, xC, and S is minimal
In this section we prove the part of Theorem where, |S| =3, G' =C, x (,

and Ce(C3) = {e}. Recall G = G/G’ and G = G/C,.

Proposition 3.4. Assume
o G=(CyxC5) x (C, xCy),
o |S| =3,
o S is minimal.
Then Cay(G; S) contains a Hamiltonian cycle.

Proof. Let S = {a,b,c}. If Ce(Cs) # {e}, then Proposition applies. Hence we

may assume Cg(C3) = {e}. Then we have four different cases.

Case 1. Assume Cgi(Cy) = C, x Cy, thus G = Cy x (Cs x C,p). Since S is minimal,

then all three elements belonging to S must have prime order. There is an element
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3.4. ASSUME |S| = 3, & = Cp x Co AND 5 IS MINIMAL

el , such that |a| = 2, otherwise all elements of S belong to a subgroup of index 2
of G, so {a,b,c) # G which is a contradiction. If |a| = 2p, then Corollary [1.2.7 applies
with s = a and t = a™!, because there is a Hamiltonian cycle in Cay(C:'; §) (see
Theorem ) which uses at least one labeled edge a because S is minimal.

Now we may assume |a| = 2. Replacing a by a conjugate we may assume {a) = C.
Thus, (b,c) = C3 x C,y. By Theorem , there is a Hamiltonian path L in

Cay(Cs x Cpy, {b,c}). Therefore, LaL™'a™" is a Hamiltonian cycle in Cay(G; S).

Case 2. Assume Cg(Cy) = C,. Therefore,
G =GJC)=CsxCy=Cyx (CsxCp).

There is some a € S such that |a| = 2. Thus, we can assume |a| = 2, for otherwise
Corollary applies with s = a and t = a~'. (Note since S is minimal, then @ must
be used in any Hamiltonian cycle in Cay(CA?; S ).) We may assume a = ay. Since S is
minimal, S "G’ = J (see Assumption @) and each element belonging to S has
prime order, then |3| = |¢] = 3. We may assume a = ao, b= asand ¢ = asa,. We

have the following two Hamiltonian paths in Cay(Cs x C,; {b,e}):
Ly = ((6,0%)71,2,b)

and
Ly = ((b,2,0)71,b,0).

These lead to the following two Hamiltonian cycles in Cay(@; S ):

Cl = (L17a7 L1_17 a)
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and
Cy = (Ly,a, Ly ", ).
Then if we let
HLl = (b)) eb = (b)) ' e az'C,
and
[ [ L2 = (beb)* b = (beb)b™" = b(cb®)b> = (] [ L)b™!

then it is clear that V(C;) = [[]Li,a] for ¢ = 1,2. Therefore, we may assume a
centralizes [ | L1 and [ ] Lg, for otherwise Factor Group Lemma applies. Now,
since a centralizes [ | L1, and [] L, € a3'C,, we must have [[L; = az*. So [[Ls =
baz'b~L. If b does not centralize as, then V(C)) # V(Cy), so the voltage of C; or O,
cannot both be equal to identity. Therefore, Factor Group Lemma applies. Now
if b centralizes ag, then we can assume b = az. Therefore, ¢ = aza,y,. We calculate

the voltage of C';. We have

V(Cy) = (eb®) ta((cb®) 1) a

= (azayyp - ag)q : a:;l ~ag - ((azagyp - ag)q ‘ agl)_l )

= (asagypaz ') az ' azx((asagypas ' )as")  a

1
= asalylas'az ' as(azalylag ag') tay

—2y-1
= azviaz aQ(agfyga?) ) as

— —-q
= azypaz a2a3’yp az 'as

_ 2q —1
- a’3f}/p a3
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3.4. ASSUME |S| = 3, & = Cp x Co AND 5 IS MINIMAL

which generates C,. Thus, Factor Group Lemma applies.

Case 3. Assume C¢(Cy) = C,. Therefore,
G=G/Cy=CsxCp=Cyx (CsxCp).

Now since S n G’ = & (see Assumption [3.0.1)(6])) and C3 does not centralize C,, then
for all a € S, we have |a| € {2,3,6,2p}. If |a| = 6, then |a| is divisible by 6 which
contradicts the minimality of S. (Note that every element belong to S has prime
order.) If [@| = 2p, then |a| = 2 (because S is minimal). Therefore, Corollary
applies with s = a and t = a! (Note that since S is minimal, then there is a
Hamiltonian cycle in Cay(G;S) uses at least one labeled edge @.) Thus, |d| € {2,3}
for all @ € S. This implies that S is minimal, because we need an as; and an ag to
generate Cy x C3 and two elements whose order divisible by 2 or 3 to generate C,. So

by interchanging p and ¢ the proof in Case [2] applies.

Case 4. Assume C¢(C2) = {e}. Consider
G =GJC, = (Cy x Cs) x C,.

Now since S is minimal, every element of S has prime order. Since S N G’ = J (see
Assumption @), then for every § € S, we have |3] € {2,3}. Since Ce(C) = {e}
and Ce (C3) = {e}, this implies that for every s € S, we have |s| € {2,3}. From our
assumption we know that S = {a,b,c}. Now we may assume |a| = 2 and [b] = 3.
Also, we know that |c| € {2, 3}.

If |¢| = 2, then ¢ = av, where v € G’. Suppose, for the moment, {(y) # G’. Since

{(v)< G, then we have

G = <CL, b, C> = <aa b, ’7> = <a7 b><’7>
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Now since S is minimal, {a, by does not contain C,. So this implies that (7) contains C,.
Since (7) does not contain G’, then (y) = C,. Thus, we may assume that a = ay (by
conjugation if necessary), b = as7y, and ¢ = asa,. So (b, c) = {agzy,, asa,) = G (since
asy, and aga, clearly generate G and do not commute modulo p or modulo ¢, they
must generate G). This contradicts the minimality of S. Therefore, (7) = G'.
Consider G = Cy x C5. Then @ = ¢. We have |a| = [¢| = 2 and |b] = 3. We
also have C; = (1,5 .,@,b") as a Hamiltonian cycle in Cay(G;S). Now we calcu-

late its voltage.
V(Cy) = ¢ 'b2ab® = v ta b %ab®

Now, a~'b~2ab* € G’. Since {a,by # G, we have a~'b~2ab? € {e,v,}. If a~'b~2ab® = ¢,
then a and b? commute, so a and b commute. Hence b = a3, so (b,c) = G, a
contradiction. So a~'b~2ab* = ~,, and V(C}) = v~ 17, which generates G'. Therefore,
Factor Group Lemma [1.2.6| applies.

Now we can assume |c| = 3. Then ¢ = by, where v € G’ (after replacing ¢ with its

inverse if necessary). Suppose, for the moment, (y) # G’. Since (y)<1G, then we have

G = <CL, b, C> = <a7 b, 7> = <a7 b><7>

Now since S is minimal, then {a,b) does not contain C,. So this implies that ()
contains C,. Since (7y) does not contain G’, then () = C,. Therefore, we may assume
that a = asy, (by conjugation if necessary), b = az and ¢ = asa,. So {a,c) =
{ag7yp, aza,y = G (since ayy, and aza, clearly generate G and do not commute modulo
p or modulo ¢, they must generate G). This contradicts the minimality of S. So
(p=3a"

Consider G = Cy x C3. Then b = ¢. We have [a| = 2 and |b| = |[¢] = 3. We also

have Cy = (¢71, 5_1,6_1, b ,@) as a Hamiltonian cycle in Cay(G; S). Now we calculate
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3.5. ASSUME |S| = 3, G’ = C, x C;, AND Ce(C2) = C, x C,

its voltage.
V(Csy) = c o ta T Pa = ’y_lb_lb_la_lea.

Now, b~2a"b?*a € G'. Since {a,by # G, we have b= ?a"'b%a € {e,v,}. If b 2a"'b?a = ¢,
then a and b? commute, so a and b commute. Hence a = ay, so {a,c) = G, a
contradiction. So b~2a"tb%a = ~,, and V(Cy) = v~ 14, which generates G'. Therefore,

Factor Group Lemma [1.2.6 applies. O]

3.5 Assume |[S| =3, ¢’ =C, xC; and C¢(Cs) = C, x C,

In this section we prove the part of Theorem where, S| =3, G’ = C, x C,,
Ce (Cy) = C,xC,, and neither Cer (C3) # {e} nor S is minimal holds. Recall G = G/G,
G = G/C, and G = G/C,.

Proposition 3.5. Assume
o G=(CyxCs) x (C, xCy),
e |S| =3,
o Ce(Cy) =Cp x Cy.
Then Cay(G;S) contains a Hamiltonian cycle.
Proof. Let S = {a,b,c}. If Cq/(C3) # {e}, then Proposition applies. So we may

assume C¢(C3) = {e}. Now if S is minimal, then Proposition [3.4] applies. So we may

assume § is not minimal. Consider
G =G/Cp=(Cy x Cs3) x Cy = (C3 % Cy) x Co.

Choose a 2-clement {a, b} subset of S that generates G. From the minimality of S,
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3.5. ASSUME |S| = 3, G’ = C, x C;, AND Ce(C2) = C, x C,

we see that
{a,b)y = (C5 x C;) x Ca,

after replacing a and b by conjugates. The projection of (a,b) to Cs x C, must be
of the form (as, a,) or (as, asa,) (perhaps after replacing a and/or b with its inverse;
also note that b # a, because S N G' = ). Therefore, (a,b) must have one of the
following forms:

1. (as,aza,),

2. (as, azazay),

3. (aqas, azay),

4. (asas, asay),

5. (agas, asazay).
Let ¢ be the third element of S. We may write ¢ = agaga’;'yp with0<:<1,0<75<2
and 0 < k < g—1. Note since SN G’ = &, we know that 7 and j cannot both be equal
to 0. Additionally, we have azy,a;"' = 7]? where 72 =1 (mod p) and 7 # 1 (mod p).
Thus 72 + 74+ 1 =0 (mod p). Note that this implies 7 # —1 (mod p). Also we have
azagaz’ = az. By using the same argument we can conclude that 7 # 1 (mod ¢) and
72+ 7+1=0 (mod q). Note that this implies 7 # —1 (mod ¢). Combining these
facts with 73 = 1 (mod p) and ¥ =1 (mod ¢), we conclude that 72 # £1 (mod p),

and 72 # +1 (mod q).
Case 1. Assume a = a3 and b = asa,.

Subcase 1.1. Assume i = 0. Then j # 0 and ¢ = agalgvp. For future reference in
Subcase of Proposition 3.6, we note that the argument here does not require our
current assumption that Cy centralizes C,. We may assume j = 1, by replacing ¢ with
¢! if necessary. Then ¢ = aga’;vp. Consider G = Cy x C5. Then we have @ = ¢ = as,

b = ay. We have C, = (¢,@,b,a2,b) and Cy = (¢%,b,a2,b) as Hamiltonian cycles in
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3.5. ASSUME |S| = 3, G’ = C, x C;, AND Ce(C2) = C, x C,

Cay(G; S). Since there is one occurrence of ¢ in Oy, then by Lemma we conclude

that the subgroup generated by V(C}) contains C,. Also,

V(C}) = caba™?b
= asza, - as - axaq - a3’ - aza, (mod C,)

_ a1;¥+%2+1

— aq%2+k%+1.

We may assume this does not generate C,, for otherwise Factor Group Lemma m

applies. Therefore,

0=7F+k¥+1 (mod q). (1.1A)
We also have

0=7+7+1 (mod q). (1.1B)

By subtracting the above equation from we have 0 = (k — 1)7 (mod ¢). This
implies that k£ = 1.

Now we calculate the voltage of C.

V(Cy) = *ba™2b

agYpazyp - a2 - a§2 -ay (mod Cq)

7472
P

which generates C,. Also

V(Cy) = c*ba™?b
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— —2
= a3a, - Q304 - G20, - A3~ - a2a, (mod C,)
— T

q
_ a3¥2+%+1‘

We may assume this does not generate C,, for otherwise Factor Group Lemma m

applies. Then

0=27+7+1 (mod q).

By subtracting from the above equation we have

0=7% (mod q)

which is a contradiction.

Subcase 1.2. Assume j = 0. Then ¢ # 0 and ¢ = aga’;fyp. For future reference
in Subcase of Proposition [3.6] we note that the argument here does not require
our current assumption that Cy centralizes C,. If k # 0, then by Lemma
{a, ¢y = G which contradicts the minimality of S.

So we can assume kK = 0. Then ¢ = ayy,. Consider G = Cy x C3. Then we
have @ = as and b = ¢ = ay. This implies that [@| = 3 and |b| = [¢] = 2. We
have C = (¢71,a%,b,a"?) as a Hamiltonian cycle in Cay(G;S). Since there is one
occurrence of ¢ in C, and it is the only generator of G that contains «,, then by
Lemmawe conclude that the subgroup generated by V(C') contains C,. Similarly,
since there is one occurrence of b in C'; and it is the only generator of G that contains
a4, then by Lemma we conclude that the subgroup generated by V(C') contains
C,. Therefore, the subgroup generated by V(C') is G'. So, Factor Group Lemmam

applies.
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3.5. ASSUME |S| = 3, G’ = C, x C;, AND Ce(C2) = C, x C,

Subcase 1.3. Assume ¢ # 0 and j7 # 0. Then ¢ = agagalgvp. If £ # 0, then by
Lemma {a,c)y = G which contradicts the minimality of S.
So we can assume k£ = 0. We may also assume j = 1, by replacing ¢ with ¢! if

necessary. Then ¢ = asasy,. Consider G = Cy x C3. Then we have @ = as, b = ay and

as a Hamiltonian cycle in Cay(G;S). Now we calculate its voltage.

V(C) = chaca™'c
= (903 - A0y - A3 - A203 - az'-asas (mod Cy)

= aza,a;

which generates C,. Also

V(C) = cbaca™'c
= Q20a3%p - A2 - A3 - A2A37p * CL:;I © 2a37p (I'IlOd Cq>

_ 2.2
- a37pa37p

T+2

We may assume this does not generate C,, for otherwise Factor Group Lemma [1.2.6]

applies. Then 7 = —2 (mod p). By substituting this in
0=72+7+1 (mod p),
we have

0=4—-2+1 (mod p)

84
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This contradicts the fact that p > 3.
Case 2. Assume a = a3 and b = asaza,.

Subcase 2.1. Assume ¢ # 0 and j # 0. Then ¢ = agaga’;%. If £ # 0, then by
Lemma {a,c)y = G which contradicts the minimality of S. So we can assume
k = 0. Then ¢ = aya}y,. Thus, by Lemma (b,¢y = G which contradicts the

minimality of S.

Subcase 2.2. Assume ¢ = 0. Then j # 0. We may assume j = 1, by replacing ¢ with
¢! if necessary. Then ¢ = aga’;vp.
Suppose, for the moment, that k¥ # 1. Then ¢ = a3a’;7p. We have (b,¢) =

{(@yas, a3y = G. Consider {B, ¢t = {asgasay, aga’;}. Since Cy centralizes C,, then

k1 _ k1 _ k-1 -1 —k_ —1 _ F+ki?-F2—k¥ _ _F(k—1)(F-1)
lazazag, aza,] = azay, aza,| = azaqazaza; a3 a, az” = a; = a,

which generates C,. Now consider {\5, ¢} = {aqas, azy,}. Since Cy centralizes C,, then

lasas, azy,] = [as, azy,] = asaz’YpG:;l’Y;l@:;l = ZL? = 7;(?71)
which generates C,. Therefore, (b, ¢y = G' which contradicts the minimality of S.
Now we can assume k = 1. Then ¢ = aza,y,. Consider G = Cy x C3. We have
@ =7¢C = az and b = ayaz. This implies that |a] = |¢| = 3 and |[b| = 6. We have
C = (¢,b,a?,b,a) as a Hamiltonian cycle in Cay(G; S). Since there is one occurrence
of cin C, and it is the only generator of GG that contains 7,, then by Lemma we

conclude that the subgroup generated by V(C) is C,. Also,

V(C) = cba*ba
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2
= a3, - 2030, - G5 - Q20304 - a3 (mod Cp)
= asayasa’a
= 1304030,03

F4272

_ a2(1+2¥)‘
We may assume this does not generate C,, for otherwise Factor Group Lemma m
applies. Therefore, 1 + 27 = 0 (mod ¢). This implies that 7 = —1/2 (mod ¢). By

substituting 7 = —1/2 (mod ¢) in
P+F¥+1=0 (mod q),

then we have 3/4 = 0 (mod ¢), which contradicts Assumption [3.0.1J(L).

Subcase 2.3. Assume j = 0. Then ¢ # 0 and ¢ = aga’;vp. If £ # 0, then by
Lemma {a,c) = G which contradicts the minimality of S.

So we can assume k = 0. Then ¢ = ayy,. Consider G = Cy x C3. Then we have
@ = a3, b = ayaz and ¢ = ay. This implies that @ = 3, || = 6 and [¢| = 2. We
have C' = (¢, a,b, 6‘1,1_)2) as a Hamiltonian cycle in Cay(G;S). Since there is one

occurrence of ¢ in C, and it is the only generator of G that contains 7,, then by

Lemma we conclude that the subgroup generated by V(C') contains C,. Also,

V(C) = caba™'v?

= Qg - a3 - Q20304 - a3_1 - A2a3a402a30, (mod Cp)

_ 2.2
= 30,030,

27241

We may assume this does not generate Cq, for otherwise Factor Group Lemma [1.2.6]
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applies. Thus, 72 = —1/2 (mod q). By substituting this in
F4+¥F+1=0 (mod q),

we have ¥ = —1/2 (mod ¢) which contradicts 7> = —1/2 (mod q).

Case 3. Assume a = agag and b = asa,. Since b = aga, is conjugate to az via an
element of C;, then {a, b} is conjugate to {azazay’, az} for some nonzero m. So Case

applies (after replacing a, with ag").
Case 4. Assume a = asas and b = aqay.

Subcase 4.1. Assume ¢ = 0. Then 7 # 0 and ¢ = agafﬁp. If £ # 0, then by
Lemma {a,cy = G which contradicts the minimality of S.

So we can assume k = 0. We may also assume j = 1, by replacing ¢ with ¢!
if necessary. Then ¢ = asy,. Consider G = Cy x C3. Thus, @ = asas, b = ay and
¢ = as. This implies that |a| = 6, [b| = 2 and |¢| = 3. We have C' = (a2, b,¢,a,¢c ") as
a Hamiltonian cycle in Cay(G;S). Since there is one occurrence of b in C, and it is

the only generator of G that contains a4, then by Lemma we conclude that the

subgroup generated by V(C') contains C,. Also,

V(C) = a*bcac™!
=aj - ay - azy, - asaz - ’Y;lagl (mod C,)
= ”Ypa?”}/;la:;l

1-7
p

=7
which generates C,. Therefore, the subgroup generated by V(C) is G'. So, Factor

Group Lemma [1.2.6] applies.

Subcase 4.2. Assume j = 0. Then ¢ # 0 and ¢ = a2a’;7p. If £ # 0, then by
Lemma {a,cy = G which contradicts the minimality of S.
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So we can assume k = 0. Then ¢ = ay7y,. Consider G = Cy x C5, then @ = asas
and b = ¢ = ay. This implies that |@| = 6 and |b| = |¢| = 2. We have C = ((a,b)?,d,?)
as a Hamiltonian cycle in Cay(G;S). Since there is one occurrence of ¢ in C, and it
is the only generator of G that contains ,, then by Lemma we conclude that

the subgroup generated by V(C') contains C,. Also,

V(C) = (ab)*ac
= (agasz - axa,)* - azaz - a; (mod C,)
= 304030403

F+72
q

which generates C,. Therefore, the subgroup generated by V(C') is G’. Thus, Factor

Group Lemma [1.2.6] applies.

Subcase 4.3. Assume ¢ # 0 and 7 # 0. Then ¢ = agaga’;vp. If £ # 0, then by
Lemma {a,cy = G which contradicts the minimality of S.

So we can assume k = 0. We may also assume j = 1, by replacing ¢ with ¢!
if necessary. Then ¢ = asazy,. Consider G = Cy x C5. Thus, @ = ¢ = asas and
b = ay. This implies that |a| = || = 6 and |b| = 2. We have C' = (a,¢,b,a 2,b) as
a Hamiltonian cycle in Cay(G;S). Since there is one occurrence of ¢ in C, and it is

the only generator of G that contains ,, then by Lemma we conclude that the

subgroup generated by V(C') contains C,. Also,

V(C) = acba™?b
= G903 - A2a3 - A0, - a3° - aza, (mod Cp)
= agaqa:;Qaq
72+1
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which generates C,, because 72 #£ —1 (mod ¢). Therefore, the subgroup generated by
V(C) is G'. So, Factor Group Lemma applies.

Case 5. Assume a = asag and b = asaza,. If k& # 0, then by Lemma
{a,c)y = G which contradicts the minimality of S. So we can assume k = 0. Also, if
j # 0, then by Lemma (b, ¢y = G which contradicts the minimality of S. So
we may also assume j = 0. Then ¢ # 0. Therefore, ¢ = as7y,. So Case @ applies, after

interchanging b and ¢, and interchanging p and gq. O]

3.6 Assume |S| =3, G =C, xC, and C¢/(Cy) # {e}

In this section we prove the part of Theorem where, |S| =3, G’ = C, x C,,
Ce(Ce) # {e}, and neither Ce/(C2) = C, x C, nor Ce/(C3) # {e} nor S is minimal
holds. Recall G = G/, G = G/C, and G = G/C,.

Proposition 3.6. Assume
o G =(CyxCs)x(C,xCy),
e |S| =3,
o Cu(Cy) # {e}.

Then Cay(G; S) contains a Hamiltonian cycle.

Proof. Let S = {a,b,c}. If Cer(C3) # {e}, then Proposition 3.3 applies. Therefore, we
may assume Cq (Cs) = {e}. Now if Ce(Cs) = C, x C,, then Proposition [3.5 applies.
Since Cer(Cy) # {e}, then we may assume Cg(C2) = C4, by interchanging ¢ and p if
necessary. This implies that C, inverts C,. Now if S is minimal, then Proposition

applies. So we may assume S is not minimal. Consider
G =GJC, = (Cy x C3) x C,.
Choose a 2-clement subset {a,b} in S that generates G. From the minimality of S,
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we see that
{a,by = (Cy x C3) x C,

after replacing a and b by conjugates. We may assume |@| > |b| and (by conjugating
if necessary) a is an element of Co x C3. Then the projection of (a,b) to C3 x C3 has
one of the following forms after replacing a and b with their inverses if necessary.

o (asaz,asay),

o (asas, as),

o (asas,as),

o (as, as).
So there are four possibilities for (a, b):

1. (agas, asasa,),

2. (aga3,asay),

3. (agas,aza,),

4. (ag,azay).
Let ¢ be the third element of S. We may write ¢ = agaéa’;fyp with0<i<1,0<5<2
and 0 < k < ¢—1. Note since SN G’ = &, we know that 7 and j cannot both be equal
to 0. Additionally, we have azy,a;' = ~7 where 73 = 1 (mod p) and 7 # 1 (mod p).
Thus 72 + 7+ 1 =0 (mod p). Note that this implies 7 # —1 (mod p). Also we have
azaqay’ = az. By using the same argument we can conclude that 7 # 1 (mod q)
and 72 + ¥+ 1 =0 (mod ¢). Note that this implies ¥ # —1 (mod ¢). Therefore, we

conclude that 72 # +1 (mod p), and ¥ # £+1 (mod q).

Case 1. Assume a = azaz and b = asaza,. If k # 0, then by Lemma ,
{a,cy = G which contradicts the minimality of S. So we can assume k& = 0. Now

if j # 0, then by Lemma 2.4.2{), (b,c) = G which contradicts the minimality of S.
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Therefore, we may assume j = 0. Then ¢ # 0 and ¢ = ayy,. Consider G = Cy x Cs.
Thus @ = b = asasz and € = ay. Therefore, |@ = |b] = 6 and |[¢| = 2. We have
C = (a,b,¢,a2,¢) as a Hamiltonian cycle in Cay(G; S). Since there is one occurrence
of bin C, and it is the only generator of G that contains a4, then by Lemma we

conclude that the subgroup generated by V(C) contains C,. Also,

V(C) = abca?c
= aga3 - agaz - agy, - a3’ - ayy, (mod C,)

9 1 9
= asY, a3 Vp

—7241
p
which generates C,. Therefore, the subgroup generated by V(C) is G'. So, Factor

Group Lemma [1.2.6] applies.
Case 2. Assume a = asag and b = asa,.

Subcase 2.1. Assume ¢ = 0. Then j # 0 and ¢ = aéa’;’yp. If £ # 0, then by
Lemma [2.4.2|[1)), {a,c) = G which contradicts the minimality of S.

So we can assume k = 0. We may also assume j = 1, by replacing ¢ with ¢!
if necessary. Then ¢ = agy,. Consider G = Cy x C3. Thus, @ = asas, b = as and
¢ = as. Therefore, |[a| = 6, || = 2 and |[¢| = 3. We have C = (a2, b,¢,a,c ') as a
Hamiltonian cycle in Cay(G;S). Since there is one occurrence of b in C, and it is
the only generator of GG that contains a4, then by Lemma we conclude that the

subgroup generated by V(C') contains C,. Also,

V(C) = a*bc tac
=a-a Lot dC
=a3- Ay a3V 2037, a3 (mod Cy)

-1 -1 _-1
:/Yp a3,Yp 0/3
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which generates C,. Therefore, the subgroup generated by V(C) is G'. So, Factor

Group Lemma [1.2.6] applies.

Subcase 2.2. Assume j = 0. Then i # 0 and ¢ = aga’;%. If £ # 0, then by
Lemma [2.4.2|[1)), {a,c¢) = G which contradicts the minimality of S.

So we can assume k = 0. Then ¢ = ay7,. Consider G = Cy x Cs, then @ = asaz and
b =7¢ = ay. We have C = ((@,b)?a,c) as a Hamiltonian cycle in Cay(G;S). Since
there is one occurrence of ¢ in C, and it is the only generator of G' that contains 7,,
then by Lemma we conclude that the subgroup generated by V(C) contains C,.

Now we calculate its voltage. Also,

V(C) = (ab)*ac
= (agaz - asa,)? - azaz - ay (mod Cp)
= 304030403

F472
q

which generates C,. Therefore, the subgroup generated by V(C) generates G'. So,

Factor Group Lemma [1.2.6| applies.

Subcase 2.3. Assume ¢ # 0 and j # 0. If £ # 0, then ¢ = agaga’;’yp. Thus, by
Lemma [2.4.2|[1)), {a,c) = G which contradicts the minimality of S.

So we can assume k = 0. We may also assume j = 1, by replacing ¢ with ¢! if
necessary. Then ¢ = agas?y,. Consider G =(Cy x Cy. Thus, @ = ¢ = asas and b = a,.
Therefore, |a| = |¢| = 6 and |b| = 2. We have C = (@,¢,b,a 2,b) as a Hamiltonian
cycle in Cay(G; S). Since there is one occurrence of ¢ in €, and it is the only generator

of G that contains ,, then by Lemma we conclude that the subgroup generated
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3.6. ASSUME |S| = 3, G’ = C, x C; AND C(Co) # {e}

by V(C') contains C,. Also,

V(C) = acba™?b

= Q903 - Q203 - A0, - az? - asa, (mod Cp)

Since 72 # —1 (mod q), Factor Group Lemma applies.
Case 3. Assume a = asag and b = aga,.

Subcase 3.1. Assume ¢ # 0 and j # 0. If £k = 0, then ¢ = agagfyp. Thus, by
Lemma [2.4.2|[2), (b, ¢) = G which contradicts the minimality of S. So we can assume
k # 0. Then ¢ = agaga’;%. Thus, by Lemma , {a,c)y = G which contradicts

the minimality of S.

Subcase 3.2. Assume ¢ = 0. Then j # 0 and ¢ = aga’;%. If £ # 0, then by
Lemma [2.4.2)(1)), {a,c) = G which contradicts the minimality of S.

So we can assume k = 0. We may also assume j = 1, by replacing ¢ with ¢!
if necessary. Then ¢ = ag7y,. Consider G = Cy x C3, then @ = asas, b = ¢ = as.
Therefore, [@| = 6 and [B| = |¢| = 3. We have C' = (¢,5,3,b ,a!) as a Hamiltonian
cycle in Cay(G; S). Since there is one occurrence of ¢ in C, and it is the only generator
of G that contains ,, then by Lemma we conclude that the subgroup generated
by V(C') contains C,. Also,

V(C) = cbab™2a™!

1 -1 -1

= a3 - azaq - aza3 - a, Az a; az'-azta; (mod Cy)

2 1 -2

_ -1,-1 -1 —
e
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3.6. ASSUME |S| = 3, G’ = C, x C; AND C(Co) # {e}

which generates C,. Therefore, the subgroup generated by V(C) is G'. So, Factor

Group Lemma [1.2.6] applies.

Subcase 3.3. Assume j = 0. Then i # 0 and ¢ = agafﬁp. If £ # 0, then by
Lemma [2.4.2|[1)), {a,c¢) = G which contradicts the minimality of S.

So we can assume k = 0. Then ¢ = ay7y,. Consider G = CyxCs3, then @ = agas, b =
az and € = ay. Therefore, |a| = 6, [b| = 3 and [¢| = 2. We have C = (a,¢, b, a, 5_1,6)
as a Hamiltonian cycle in Cay(G; S). Since there is one occurrence of ¢ in C, and it
is the only generator of GG that contains ,, then by Lemma we conclude that

the subgroup generated by V(C') contains C,. Also,

V(C) = acbab™'a
_ -1 -1
= aga3 - Ay - 30y - A2a3 - G, az - azaz  (mod Cp)
_ 2 -1
= azaqaza,

_ 721
=a, .

Since 72 # 1 (mod q), Factor Group Lemma applies.
Case 4. Assume a = a3 and b = asa,.

Subcase 4.1. Assume ¢ = 0. Then j # 0 and ¢ = aéaf;’yp. Thus, the argument in

Subcase of Proposition [3.5 applies.

Subcase 4.2. Assume 7 = 0. Then i # 0 and ¢ = aga';'yp. Thus, the argument in

Subcase [1.2] of Proposition [3.5] applies.

Subcase 4.3. Assume i # 0 and j # 0. Then ¢ = agaga’q“fyp. If & # 0, then by
Lemma {a,cy = G which contradicts the minimality of S.

94



3.7. ASSUME S| = 3, G’ = C, x C; AND C(Co) = {e}

So we can assume k = 0. We may also assume j = 1, by replacing ¢ with ¢! if
necessary. Then ¢ = asasy,. Consider G = Cy x C3. Then we have @ = a3, b = ay and
€ = asas. This implies that |a| = 3, || = 2 and |¢| = 6. We have C = (¢,b,a,¢,a ', )
as a Hamiltonian cycle in Cay(G; S). Since there is one occurrence of b in C, and it
is the only generator of G that contains a,, then by Lemma we conclude that

the subgroup generated by V(C') contains C,. Also, since ay inverts C,

V(C) = chaca™'c
= A2a37p - A2 - A3 - A2037p - az'- asasy, (mod C,)

1,2
= agy, a3

—7

which generates C,. Therefore, the subgroup generated by V(C) is G'. So, Factor

Group Lemma [1.2.6] applies. O

3.7 Assume |S| =3, ' =C, xC; and C¢/(Cy) = {e}

In this section we prove the part of Theorem where, |S| =3, G' = C, x C,,
Ce(Cy) = {e}, and neither Ci(C3) # {e} nor S is minimal holds. Recall G = G/G,
G =G/C, and G = G/C,.

Proposition 3.7. Assume

o G=(CyxCs) x (C, xCy),

e |S] =3,

o Cu(Co) = {e}.

Then Cay(G; S) contains a Hamiltonian cycle.

Proof. Let S = {a,b,c}. If Ce(C3) # {e}, then Proposition [3.3| applies. So we may

assume C¢(C3) = {e}. Now if S is minimal, then Proposition [3.4| applies. So we may
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3.7. ASSUME S| = 3, G’ = C, x C; AND C(Co) = {e}

assume § is not minimal. Consider
G =GJC, = (Cy x Cs) x C,.

Choose a 2-element subset {a, b} in S that generates G. From the minimality of .S,

we see
<CL, b> = (CQ X Cg) X Cq.

after replacing a and b by conjugates. We may assume |a| > |b| and (by conjugating
if necessary) a is in C3 x C3. Then the projection of (a,b) to Co x Cs is one of the
following forms after replacing a and b with their inverses if necessary.

hd (a2a3,a2a3)7

o (asas,as),

o (agas,as),

o (as,as).
There are four possibilities for (a, b):

L. (agas, asasa,),

2. (aga3, asay),

3. (agas,azay),

4. (ag, azay).
Let ¢ be the third element of S. We may write ¢ = aéaga’;’yp with0<i<1,0<j<2
and 0 < & < ¢ — 1. Note since S n G’ = ¢J, we know that ¢ and j cannot both be
equal to 0. Additionally, we have azyya;' = ’yg where 72 = 1 (mod p) and 7 # 1
(mod p). Thus 72 + 7+ 1 =0 (mod p). Note that this implies 7 # —1 (mod p). We
have azaqaz' = al. By using the same argument we can conclude that 7 # 1 (mod q)

and 72 + 7+ 1 =0 (mod ¢). Note that this implies ¥ # —1 (mod ¢). Therefore, we
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3.7. ASSUME S| = 3, G’ = C, x C; AND C(Co) = {e}

conclude that 72 # +1 (mod p), and 7 # £1 (mod q).

Case 1. Assume a = agag and b = asazay. If k # 0, then by Lemmal2.4.2((1) {a,¢) = G
which contradicts the minimality of S. So we can assume k = 0. Now if j # 0, then
by Lemma 2.4.2), (b,c) = G which contradicts the minimality of S. Therefore, we
may assume j = 0. Then i # 0 and ¢ = ayy,. We have (b,¢) = (Gyas,ay) = G.

Consider {b, &} = {asas, as7p}. Therefore,

_ S —1., _ . 7+1
[CLQCLS,GQ%] = A2a3Q27pQ3 A2, G2 = A37VpQ3z Vp = Vp -

which generates C,. Now consider {g, ¢} = {agasay, as}, then

-1 -1 2 1 —9%
lazazag, as] = asazaqzaza; az asay = aza;“a3" = a,

which generates C,. Therefore, (b, c) = G which contradicts the minimality of S.

Case 2. Assume a = asaz and b = asa,. If k # 0, then by Lemma[2.4.2)(1), (a,c) = G

which contradicts the minimality of S. So we can assume k = 0.

Subcase 2.1. Assume j # 0. We may also assume j = 1, by replacing ¢ with
¢! if necessary. Then ¢ = abazy,. We have (b,¢) = (Gy,abazy = G. Consider

{b,¢} = {asa,, abasz}. We have
i1 i1 o1 i o1 ikl 1 —1 itl
lazay, asas] = axagayaza; azas~ay = a, a5 aza, agz”a;
which generates C,. Now consider {b, ¢} = {as, abas?y,}. We have

i _ i —1 —1 i _ i+l 2 —1 i+l _ _+27
laz, ayazy,] = A203a37pA27Y, Az Ay = Gy A37Y,03 Ay = 7

which generates C,. Therefore, (b, ¢c) = G' which contradicts the minimality of S.
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3.7. ASSUME S| = 3, G’ = C, x C; AND C(Co) = {e}

Subcase 2.2. Assume j = 0. Then 7 # 0 and ¢ = ay7,. Consider G = Cy x C3, then
@ = agaz and b = € = ay. Thus, @] = 6 and |b| = |[¢| = 2. We have C' = ((@,b)?,a,¢)
as a Hamiltonian cycle in Cay(G;S). Since there is one occurrence of ¢ in C, and it
is the only generator of G that contains ,, then by Lemma we conclude that

the subgroup generated by V(C') contains C,. Also,

V(C) = (ab)*(ac)
= (203 - 20, - QA3 - A2, - G203 - Gy (mod Cp)
= a3G4030403

F4+72
q

which generates C,. Therefore, the subgroup generated by V(C) is G'. So, Factor

Group Lemma [1.2.6] applies.

Case 3. Assume a = azag and b = agay. If k # 0, then by Lemma2.4.2(1), (a,¢) = G

which contradicts the minimality of S. So we can assume k = 0.

Subcase 3.1. Assume i # 0 and j # 0. Then ¢ = aya}y,. Thus, by Lemma ,

(b, ¢y = G which contradicts the minimality of S.

Subcase 3.2. Assume j = 0. Theni # 0 and ¢ = ag7y,. We have (b,¢) = (@3, ) = G.

Consider {b, &} = {as, as7p}. Then we have

_ P D R . S 1
[as, azyp] = azazypas Vp G2 = A3%, A3 Vp =V
which generates C,. Now consider {b,¢} = {asa,, as}. Thus,
_ 1 -1, _ 9 1 _ o
lasaq, as] = azaqaza, a3 " ay = azazaz™ = a

which generates C,. Therefore, (b,c) = G which contradicts the minimality of S.
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3.7. ASSUME S| = 3, G’ = C, x C; AND C(Co) = {e}

Subcase 3.3. Assume i = 0. Then j # 0. We may also assume j = 1, by replacing ¢
with ¢™! if necessary. Then ¢ = agvy,. Consider G = Cy x C3, then we have @ = aqas,
b=¢=ay Thus, [ = 6 and [b| = || = 3. We have C' = (¢,0,3,b ,a!) as a
Hamiltonian cycle in Cay(G;S). Since there is one occurrence of ¢ in C, and it is
the only generator of GG that contains +,, then by Lemma we conclude that the

subgroup generated by V(C') contains C,. Also,

V(C) = cbab™2a™!
= a3 - A3ay - U203 - aq_lagla(;lagl -az'ay (mod Cy)
= agaqagaqaglaqagz
a§2+1+¥*1
F241-72

=a

which generates C,. Therefore, the subgroup generated by V(C) is G'. So, Factor

Group Lemma [1.2.6] applies.
Case 4. Assume a = a3 and b = asa,.

Subcase 4.1. Assume ¢ = 0. Then j # 0. We may also assume j = 1, by replacing
¢ with ¢! if necessary. Then ¢ = a3a’;7p. Consider G = Cy x C3. Then we have
@ =7¢=asand b = ay. This implies that |a] = |¢| = 3 and |b] = 2. We have

C = (¢72,b,a?,b) as a Hamiltonian cycle in Cay(G;S). Now we calculate its voltage.

V(C) = ¢ 2ba’b
=1, a3y, tag' - az a3 - az  (mod Cy)

—1-7-1
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3.7. ASSUME S| = 3, G’ = C, x C; AND C(Co) = {e}

which generates C,. Also

V(C) = ¢ *ba’b

k k

_ k1 —k —1 2
=a, a3 a, az - aa,-az-aa; (mod Cp)

k_—1_—k

_ k-1 — -1.2
=a, a3 a,

~1
az a, asa,

_ aq—k—k%fl—??ﬂ.

If £ =2, then

which generates C,. So we may assume k # 2 and the subgroup generated by V(C)

does not contain C,, for otherwise Factor Group Lemma applies. Therefore,

0=—k—k¥'—F24+1 (modygq)

=(1—Fk)—ki ' -F72
Multiplying by 72, we have
0=(1—-k)7F —k¥—1 (mod q). (4.1A)

We can replace 7 with ¥~! in the above equation, by replacing as,a and ¢ with

their inverses.
0=(1-k)F2—k¥'=1 (mod q).
Multiplying by 72, then

0=(1—-Fk)—ki—7 (mod q).
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3.8. ASSUME |S| =3 AND G’ = C3 x C,

By subtracting from the above equation, we have
0=(k—2)7+(2—k) (mod q).

This implies that 7 =1 (mod ¢), a contradiction.

Subcase 4.2. Assume j = 0. Then ¢ # 0. If & # 0, then ¢ = a2a’;7p. Thus,
by Lemma 2.4.2(3)), {a,c¢) = G which contradicts the minimality of S. So we can
assume k = 0. Then ¢ = ayy,. Consider G = Cy x C3, then @ = a3 and b = ¢ = as.
We have C' = (a?,b,a2,¢) as a Hamiltonian cycle in Cay(G;S). Since there is
one occurrence of ¢ in C, and it is the only generator of G that contains +,, then by
Lemma 2.5.2) we conclude that the subgroup generated by V(C') contains C,. Similarly,
since there is one occurrence of b in C, and it is the only generator of GG that contains
a4, then by Lemma we conclude that the subgroup generated by V(C') contains
C,. Therefore, the subgroup generated by V(C') is G'. So, Factor Group Lemmam

applies.

Subcase 4.3. Assume ¢ # 0 and j # 0. If £ # 0, then ¢ = améaijp. Thus, by
Lemmal[2.4.2J(3), (a,c) = G which contradicts the minimality of S. So we can assume
k = 0. We may also assume j = 1, by replacing ¢ with ¢! if necessary. Then ¢ =

asazy,. We have (b, ¢y = (@, dsasy = G. Consider {g, ¢} = {asa,, asas}. Then we have

—1-7

1 11 1
lazay, azas] = asagazaza, azas~ay = a, aza, a3 = a,

which generates C,. Now consider {b, ¢} = {az, asaszy,}. Then
1, -1 2 —1 _ 27
[az, a2a37p] = G2a2a37pA27, A3 A2 = a37,d3 = 7,

which generates C,. Therefore, (b, c) = G which contradicts the minimality of S. [
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3.8. ASSUME |S| =3 AND G’ = C3 x C,

3.8 Assume |[S| =3 and G’ =C;3 x C,
In this section we prove the part of Theorem where, |S| = 3 and G' = C5 xC,,.
Recall G = G/G', G = G/C, and G = G/C;.

Proposition 3.8. Assume
o G=(CyxCy % (C3xCp),
o |S|=3.

Then Cay(G; S) contains a Hamiltonian cycle.

Proof. Let S = {a,b,c}. Since C, centralizes C3 and Z(G) n G' = {e} (by Proposi-
tion 1.3.12), then Cy inverts C3. Now if S is minimal, then Lemma applies.

So we may assume S is not minimal. Consider
G =G/Cp = (Cy x C) x Cs.
Choose a 2-element subset {a, b} in S that generates G. From the minimality of S we see
{a,by = (Cy x C,) x Cs.

after replacing a and b with conjugates. Then the projection of (a,b) to Cy x C, has

one of the following forms:
e (azay, azay’), where 1 <m < q—1,

o (azay,as),

m

2), where 1 <m < q—1,

o (aray,a
o (as,ay).

Thus, there are four different possibilities for (a,b) after assuming, without loss of

generality, that a € Cy x Cy:

L. (azaq, azay’as),
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3.8. ASSUME |S| =3 AND G’ = C3 x C,

2. (azaq, azas),

3. (azay, ay'as),

4. (ag,aqas3).
Let ¢ be the third element of S. We may write ¢ = abalajy, with 0 < @ < 1,
0<j<g—1and 0 <k < 2. Since C, centralizes C3, we may assume C, does not

centralize C,, for otherwise Lemma applies. Now we have aq'ypaq_l = ’y; , Where

7¢9=1 (mod p). We also have 7 # 1 (mod p). Since 7¢ =1 (mod p), this implies
P47 4. +1=0 (mod p).

Note that this implies 7 # —1 (mod p).

Case 1. Assume a = asay and b = asal'as. If k # 0, then by Lemma
{a,c)y = G which contradicts the minimality of S. So we can assume k = 0. Now
if i # 0, then by Lemma (b,c) = G which contradicts the minimality of S.
Therefore, we may assume ¢ = 0. Then j # 0 and ¢ = ag’yp.

Consider G = Cy x Cy. Then we have @ = asay, b = azay’ and ¢ = ag. We may
assume m is odd by replacing b with b=! (and m with ¢ —m) if necessary. Note that

this implies b = @™. Also, we have |[a| = |b| = 2¢ and [¢| = ¢.

Subcase 1.1. Assume m = 1. Then @ = b. We have
C = (e be V) gt

as a Hamiltonian cycle in Cay(G; S). Since there is one occurrence of b in C, and it is
the only generator of GG that contains ag, then by Lemma [2.5.2) we conclude that the

subgroup generated by V(C') contains C3. Now by considering the fact that Co might
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3.8. ASSUME |S| =3 AND G’ = C3 x C,

centralize C, or not we have

V(C) = ¢ lhel7 Vg !

= (ag'yp)q_l Q20 (ag'yp)_(q_l) : aq_lag (mod Cs)

FI4725 4.4 pa—1)]

(¢—1)j —(q=1)j o~ (FI 472 g 7la= D7) 1
; ag™ Y azaqay v a

P q @2

71 (1479 4 7(a=2)7) FAI (1477 4o 7la=25)
p aqup aq .

Now if 77 # 1 (mod p), then

_ A7 4 gp(am2)d FA (47T 4 7la=27) g
V(C) = Yp ( )aq”yp ( )aq

79 ((79)01-1)/ (R —1)FAI (7)1~ 1) /(77 -1)
p

_ G- F-)FR () -1)/(I-1)

p
— A=D1
— o 0F),

We may assume this does not generate C,, for otherwise Factor Group Lemma [1.2.6]
applies. Therefore, 77 = 1 (mod p) or 7 = 1 (mod p). The second case is impossi-
ble. So we must have 77 = 1 (mod p). We also know that 79 =1 (mod p). So 7% = 1
(mod p), where d = ged(j, ). Since 1 < j < ¢ — 1, then d = 1, which contradicts the

fact that 7 £ 1 (mod p).

Subcase 1.2. Assume m # 1 and j = 2. Then ¢ = agyp. We have

C = (57 E—(m—l)/Q7 a, E(m—l)/Z7 an—m—l)

as a Hamiltonian cycle in Cay(G; S). Since there is one occurrence of b in C, and it
is the only generator of G that contains asz, then by Lemma [2.5.2] we conclude that

the subgroup generated by V(C') contains C3. Considering the fact that C, might
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3.8. ASSUME |S| =3 AND G’ = C3 x C,

centralize C, or not we have

V(CO) = he—(m=1/2; (m=1)/2 2g—m—1

asay’ - (agvp)_(m_lw C Qg0 - (agvp)(m_l)/z : agq_m_l (mod Cs)

_ m( P22 44 (F2)(m D2 (1 1)\ -1 P24 (F2) 244 (72)(m=D)/2 (m—1 —m~—1
= azal (’Yp 7 7% aé )) azaq(’yp () aé ))aq

_ 2201422 4 (22)(m—3)/2 ~2 A2 (22\(m—3)/2y _
_ aga;”aq m+1,yp 714724+ (79) )agaq’y; (1472 4+(79) )aq 2

ER2(14+72 44 72)(m=3)/2 22147244 72)(m=3)/2 o
= aq7, aq, a,

+73(Fm-1 1) /(72— 1) 474 (Fm 1 1) /(72 1)
p

F(EML1)(+147)/(72-1)
i :

We may assume this does not generate C,, for otherwise Factor Group Lemma
applies. Therefore, 77! =1 (mod p). We also know that 7¢ = 1 (mod p). So 7¢ =1
(mod p), where d = ged(m—1, q). Since 2 < m < ¢g—1, then d = 1, which contradicts

the fact that 7 # 1 (mod p).

Subcase 1.3. Assume m # 1 and j # 2. We may also assume j is an even number,
by replacing ¢ with its inverse and j with g — j if necessary. This implies that ¢ = @’.

We have
C = (beac b ,a"?ca U g miT?)
as a Hamiltonian cycle in Cay(G;S). Now we calculate its voltage.

V(C) = beac b ta™ 2ca U3 eq?4m =72
_ —2  —(j-3) 2q-m—j-2
= ayaz - as - a3 as - a2 ay UYL g2m (mod C, x C,)
_ —1
= A20G30204

_ 2
= a4
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3.8. ASSUME |S| =3 AND G’ = C3 x C,

which generates Cs. Also considering the fact that C, might centralize C, or not we have

V() = beac b a2 eq03) o 2a—m—i—2

—m

= moada oy~ Llg—d
= Qpay’ - @yYp t A2dq 7Y, Gy - ag "ay

m

. =2 . 0~ g I3 i 2¢—m—j—2
asay, alyp - a " ay - alry, - agay (mod Cs3)

_ m+j.t1 -1 -2 3.1l —m—j—2
(lq Pyp aq")/p aq 'Ypaq")/p G/q

o J_rg:m+j771m+j+1+§:m+j71i:,:m+j+2
—p

7A_m+j71(4_r5:37$2i5:+1)
P .

So we may assume this does not generate C,, for otherwise Factor Group Lemma[I.2.6]

applies. Then we have

Let t = 7 if Cy centralizes C, and t = —7 if Cy inverts C,. Then
0=t —t*+t+1 (modp). (1.3A)

We can replace ¢ with ¢~! in the above equation after replacing {a,b,c} with their

inverses, then
0=t —t?+t'+1 (mod p).
Multiplying by 3, we have

O0=1—t+t+t (mod p)

=34+ —t+1.

106



3.8. ASSUME |S| =3 AND G’ = C3 x C,

By subtracting from the above equation, we have

0=2t*—2t (mod p)

—2t(t — 1)

This implies that ¢t = 1 (mod p) which contradicts the fact that 7 £ +1 (mod p).

Case 2. Assume a = asa, and b = asag. If k # 0, then by Lemma la,c) =G

which contradicts the minimality of S. So we can assume k = 0.

Subcase 2.1. Assume ¢ = 0. Then j # 0 and ¢ = a{ﬂp. We may assume j is an
odd number, by replacing ¢ with its inverse and j with ¢ — j if necessary. Consider

G = Cy x C,. Then we have @ = aga,, b = ay and ¢ = ag. Also, we have [a| = 2¢,

b| = 2 and |¢| = q. Now if j # 1, then we have
C = (¢a ' ba’be @3 ba Y b ari?)
as a Hamiltonian cycle in Cay(G;S). Now we calculate the voltage of C.

V() = ca” ba*bera? 3ha D a2

@™ 503 -ad772 (mod C, x Cp)

i3 _
= a9 - 203 - ag *Qoag - (IJZ * Q203 - Gy
= G3020302a03020203

which generates Cs. By considering the fact that C, might centralize C, or not, we

have

V(C) = ca"tbalbetal bV paa—i—2

=~ caYas . as . a
= yYp - Ay G2 A2 a

g a7y aga Tt -y -t
s a2, a’ @ as - asa as - a (mod C3)

q q q
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3.8. ASSUME |S| =3 AND G’ = C3 x C,

which generates C,. Therefore, the subgroup generated by V(C) is G’. Thus, Factor
Group Lemma [1.2.6[ applies.

So we may assume j = 1, then ¢ = a,7, and ¢ = a,. We have

C, = ((b,2)1 ", b,a)

as a Hamiltonian cycle in Cay(G;S). Now we calculate its voltage.

V(C,) = (be)? tba

= (apa3)?' - azaz -as (mod C, x C,)

which generates Cs. If Cy centralizes Cp, then

V(Cy) = (be)? 'ba

= (ay - aqup)q_l -ay - aza, (mod Cs)

_ q—1

= (agm)" ay
_ AT
.|

which generates C,. So in this case, the subgroup generated by V(C}) is G'. Thus,

Factor Group Lemma [1.2.6| applies.
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3.8. ASSUME |S| =3 AND G’ = C3 x C,

Now if Cy inverts C,, then

V(Cy) = (be)? 'ba

= (ay - aqvp)q_1 “ay - aza, (mod Cy)

e
) )

Since T # —1 (mod p), then

V(Cl) — ,-)/17—71+7A'2—..._71q72+?q71

(FI+1)/(F+1)—1

We may assume this does not generate C,, for otherwise Factor Group Lemma m

applies. Therefore, since 77 = 1 (mod p), then

0=(7"+1)/(T+1)—1 (mod p)

=2/(T+1)—1.

This implies that 7 =1 (mod p), which is impossible.

Subcase 2.2. Assume j = 0. Then i # 0 and ¢ = ayy,. Consider G’ = C; x C,. Then

we have @ = aya, and b = ¢ = ay. This implies that || = 2¢ and |b| = |¢| = 2. We have
C = (e,a ' ba )

as a Hamiltonian cycle in Cay(G;S). Since there is one occurrence of b in C, and it
is the only generator of G that contains a3, then by Lemma we conclude that
the subgroup generated by V(C') contains C3. Similarly, since there is one occurrence
of cin C, and it is the only generator of GG that contains ,, then by Lemma we

conclude that the subgroup generated by V(C') contains C,. Therefore, the subgroup
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3.8. ASSUME |S| =3 AND G’ = C3 x C,

generated by V(C) is G'. So, Factor Group Lemma applies.

Subcase 2.3. Assume i # 0 and j # 0. Then ¢ = agaly,. Consider G = Cy x C,.

Then we have @ = asag, b = ay and € = aaj. This implies that [a| = [¢] = 2¢ and
b| = 2. We may assume j is even by replacing ¢ with its inverse and j with ¢ — j if
necessary.

Suppose, for the moment, that j = ¢ — 1, then ¢ = aga(;l'yp and ¢ = a~!. We have

Cl = (Ev b7 (a—l’l_))q—l)

as a Hamiltonian cycle in Cay(G;S). Since there is one occurrence of ¢ in C, and it
is the only generator of G that contains +,, then by Lemma we conclude that

the subgroup generated by V(C}) contains C,. Also,

V(Cy) = eb(a'b)7!
= ay - azaz - (ag - azaz)?'  (mod C, x C,)

which generates C3. Therefore, the subgroup generated by V(C}) contains G’. Thus,
Factor Group Lemma [1.2.6| applies.

So we may assume j # ¢ — 1. Then we have
Cy = (¢,a’ 1 bya ™ (a ' b))
and
Cy = (¢,a’772,b,a 972 (@', b/, a % b,0q)
as Hamiltonian cycles in Cay(G; S). Since there is one occurrence of ¢ in Cy, and it
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3.8. ASSUME |S| =3 AND G’ = C3 x C,

is the only generator of G that contains 7,, then by Lemma we conclude that

the subgroup generated by V(C3) contains C,. Also,

V(Cy) = ca? a1+ (a1 b)?
=ay-ad " agas a7t gl (mod C, x C,)
ey
We may assume this does not generate Cs, for otherwise Factor Group Lemma [1.2.6
applies. Then j = —1 (mod 3).
Since there is one occurrence of ¢ in C3, and it is the only generator of G that
contains 7,, then by Lemma we conclude that the subgroup generated by V(Cs)

contains C,. Also,

V(C3) = ca? 7 2ba" "2 (a"b)1a " ba

Jj—1

q—j—2
as

—q+j+2
= ay - aq rITE

Qo3 - Gy -a5” - azaz - ag  (mod C, x Cp)

i1
= 1203020} " A2a3a

Since j = —1 (mod 3), this generates C3. So, Factor Group Lemma applies.

Case 3. Assume a = aza, and b = a;'az. If k # 0, then by Lemma la,c)y =G
which contradicts the minimality of S. So we can assume k = 0. Now if ¢ # 0, then
by Lemma (b, c) = G which contradicts the minimality of S. Therefore, we
may assume ¢ = 0. Then j # 0 and ¢ = afﬂp. Consider G = Cy x C,. Then we have

- T m = _ ]
a = azag, b= ay" and ¢ = aj.
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3.8. ASSUME |S| =3 AND G’ = C3 x C,

Suppose, for the moment, that m = j. Then b = ¢. We have

Cr=@ o a
as a Hamiltonian cycle in Cay(G;S). Since there is one occurrence of ¢ in O}, and it
is the only generator of G' that contains ,, then by Lemma we conclude that

the subgroup generated by V(C}) contains C,. Also,

V(Cy) = ¢ 0D i1

=a; 7% ay-al -ay (mod C, x Cp)

which generates C3, because ged(2¢,3) = 1. So, the subgroup generated by V(C) is
G'. Therefore, Factor Group Lemma [1.2.6| applies.

So we may assume m # j. We may also assume m and j are even, by replacing
{b, c} with their inverses, m with ¢ — m, and j with ¢ — j if necessary. Now suppose,

for the moment, 7 = 2. Then we have ¢ = agvp. We also have
Co = (byem=22 g~ g2 g2 m )

as a Hamiltonian cycle in Cay(G;S). Since there is one occurrence of b in Cy, and it
is the only generator of GG that contains as, then by Lemma we conclude that
the subgroup generated by V(C3) contains C3. Now by considering the fact that Co

might centralize C, or not, we have

V(Cg) _ bc—(m—2)/2a—1cm/2a2q—m—1

m —(m— - m 2g—m—1 —m—
=ay - (agfyp) (m=2)/2., a, Lag - (agfyp) 2. a3 agq ' (mod Cs3)
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3.8. ASSUME |S| =3 AND G’ = C3 x C,

?2+(?2)2+--~+(?2)(m*2)/2a(m—2)) 1.-1 P2 (F2) 244 (72)M/2 ™) 1

_ o
» g a, ag(vp ag')aza

q

_om, —(m=2)  —T2(14+72 4.4 (F2)(m=D/2) 1 4722147244 (F2)(m=D/2) 4y 1
= g Tp ay Tp Ay g :

Since 72 — 1 # 0 (mod p), then

V(Cs) = agfyp_?z('?m72—1)/(?2—1)aq—l,ypi‘?Q(?m—l)/(?Q—l)aq—l

_764 $m72_ :[:2_ :[:3 Fm_ 762_
; ( D/FEE-Dx7 @ -1)/(7-1)

PBAFFR) (-7 F) /(72—
=, aF7)( FU/(T-1)

We may assume this does not generate C,, for otherwise Factor Group Lemma m
applies. Therefore, 7 = +1 (mod p) or 77! = +1 (mod p). The first case is impos-
sible. So we may assume 77! = +1 (mod p). Thus, 72™~1) =1 (mod p). We also
know that 77 = 1 (mod p). So we have 7¢ = 1 (mod p), where d = ged(2(m — 1), q).
Since ged(2,¢) = 1 and 2 < m < g — 1, then d = 1, which contradicts the fact that
7 # 1 (mod p).

So we may assume j # 2. We have
T == =171 —m-2 - ——(j=3) = =2g—m—j—2
Cs = (b,e,a,c b, am 2 ea U a2 mi-2)

as a Hamiltonian cycle in Cay(G;S). Now we calculate its voltage.

V(C5) = beac b~ ta™ 2ca U= g2 m =72
_ 9 —j+3 2q—m—j—2
=az-ay-az'-ay % a0 - a " (mod C, x C,)

2
= aj

which generates Cs. Also, by considering the fact that C, might centralize C, or not,
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3.8. ASSUME |S| =3 AND G’ = C3 x C,

we have

V(Cs) = beac b tam 2cq0—3) pq2a—m—I—2

Mmooy oy lg oI
Ay - GyYp - A2lq -7, Qg7 - @

—-m m—2 _m—2
q Ay Gy

e a3 I3 ., 2a—m—j—2 2q—m—j—2
alyp - alay alyp - a; a, (mod C3)

_ . m+j -1 -2 3 —m—j—2
= (lq ")/pCLQCLq"}/p aq ’ypaqagfypaq

m+j —2_+1 3 j—2

_ +1 —m—j
= Qg “VpQqVp Qg Vp GgVply

$m+j;:,:m+j+1+5;m+jfl+?m+j+2
p

,y?mﬂ'—l (FBFF24741)
p .

We may assume this does not generate C,, for otherwise Factor Group Lemma m

applies. Therefore,

0=F+74+1 (mod p)
If Cy centralizes Cp, then
0=7"-72+7+1 (mod p). (3A)

We can replace 7 with 77! in the above equation after replacing {a,b,c} with their

inverses in the Hamiltonian cycle, then

B —724+7 4+ 1 (mod p).

0=7

Multiplying by 73, we have

0=1-7+72+7 (mod p)

=P+ 741
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3.8. ASSUME |S| =3 AND G’ = C3 x C,

Subtracting [3A] from the above equation we have

0=27*—-27 (mod p)

_ 277 - 1)

which is impossible, because 7 # 1 (mod p).

Now if Cy inverts C,, then

=7"+7°+7—1 (mod p). (3B)

We can replace 7 with 771 in the above equation after replacing {a,b,c} with their

inverses. Then

(e
Il
)
b
_|_
)

Multiplying by 73, then

3

0=1+7+7>-7> (mod p)

=P+ L7401
By adding [3B] and the above equation, we have

0=2(7>+7) (mod p)

— 27(7 + 1)

which is also impossible, because 7 # —1 (mod p).
Case 4. Assume a = ap and b = a,as.

Subcase 4.1. Assume i # 0. Then ¢ = asajafy,. By Lemma (bye)y = G
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3.8. ASSUME |S| =3 AND G’ = C3 x C,

which contradicts the minimality of .S.

Subcase 4.2. Assume ¢ = 0. Then 7 # 0 and ¢ = aga’?f’yp. We may assume j is even
by replacing ¢ with its inverse and j with ¢ — j if necessary. Consider G = Cy x C,.

Then we have @ = ay, b = a, and € = a. This implies that [a| = 2 and [b| = ¢

e q'
We have

-1

¢ =@r e Ve a)
as a Hamiltonian cycle in Cay(G;S). Now we calculate its voltage.

V(Cy) = b b U Hab? g

=dd~ a9 T gy a2 g, g0
= aly, - al alyp - a, ag-al™ -ay (mod Cs)

_ ] -1 —j+1
= agplq Tply
FI-1(741)

p

which generates C,. Also

V(Cy) = b teb U Db g
=af a7 ak a4z’ ay -l ay (mod C, x Cp)
=493 393 273 2 q P
_ k+q—j—-1+k—j+2—qg+1
2(k—j+1
— 2=+

3 .

We may assume this does not generate Cs, for otherwise Factor Group Lemma [1.2.6)

applies. Then

0O=k—j+1 (mod3). (4.2A)
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3.8. ASSUME |S| =3 AND G’ = C3 x C,

We also have

as a Hamiltonian cycle in Cay(G;S). We calculate its voltage. Since there is one
occurrence of ¢ in Cy, and it is the only generator of G that contains ,, then by

Lemma we conclude that the subgroup generated by V(Cy) contains C,. Also,

V(Cy) = ca(ba)?Wab= U~V

=ak - ay - (azay)?™ ' al-ay a3’ (mod C, x C,)

_ k—2j+1
= a, )

We may assume this does not generate Cs, for otherwise Factor Group Lemma [1.2.6]

applies. Therefore,
0=k—-2j+1 (mod 3).

By subtracting the above equation from we have j =0 (mod 3).

Now we have
Cy=(@ab ' ab Y7 e V)
as a Hamiltonian cycle in Cay(G;S). We calculate its voltage.

V(C5) = cab® I Lab~ 03721 2qp= U~
T T o B PO O B Ee
= a)yp - az - al as - a, Y, a,l -al”"ay - a az (mod Cs)
_ —1,-i-1
_aq7paq7p a/q

7(1-7)
p
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3.9. ASSUME |S| > 4

which generates C,. Also

V(C5) = cab? I Lab~ 01721 2qp= U g

k

— q—j—1

—q+i+t2  —k j-2 —j+1
cag- a3 ezt a7 cag a3’ ay (mod C, x Cp)
o ak—q+j+1—q+j+2—k:+j—2+j—1

= a3

_—2q+4j5

= a, :

We may assume this does not generate Cs, for otherwise Factor Group Lemma [1.2.6)

applies. Then

0=-2¢+4j (mod 3)

=q+J

We already know j = 0 (mod 3). By substituting this in the above equation, we have

¢ =0 (mod 3) which contradicts the fact that ged(q,3) = 1. ]

3.9 Assume |S| >4

In this section we prove the following general result that includes the part of
Theorem [1.1.3, where |S| > 4 (see Assumption [3.0.1). Unlike in the other sections of

this chapter, we do not assume |G| = 6pg.

Proposition 3.9. Assume |G| is a product of four distinct primes and S is a minimal

generating set of G, where |S| = 4. Then Cay(G;S) contains a Hamiltonian cycle.

Proof. Suppose S = {s1, Sa, ..., Sx} and let G; = (s1, S, ..., 8;) for i = 1,2, ..., k. Since
S is minimal, we know {e} € G; < G5 < ...G), = G. Therefore, the number of prime
factors of |G| is at least 7. Since |G| = p1papsq is the product of only 4 primes, and
k = |S| = 4, we can conclude that |G;| has exactly ¢ prime factors, for all i. This

implies that |S| = 4. This also implies every element of S has prime order.
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3.9. ASSUME |S| > 4

Since |G| is square-free, we know that G’ is cyclic (see Proposition [L.3.12((1])), so
G’ # G. We may assume |G'| # 1, for otherwise G is abelian, so Lemma [1.2.2] applies.
Also, if |G'| is equal to a prime number, then Theorem applies. So we may
assume |G’| has at least two prime factors. Therefore, the number of prime factors of

|G’| is either 2 or 3.

Case 1. Assume |G| has only two prime factors. This implies |G| = pips, where p;
and p; are two distinct primes. Suppose s € S, then 5 € S. We know that [3] # 1 (see
Assumption [3.0.1][6])). Now since every element of S has prime order, then |s| is either
p1 or po. Also, every element of order p; must commute with every element of order
P2, because the subgroup H generated by any element of S that has order p;, together
with any element of S that has order p, has exactly two prime factors, so |H| = p1pa,
H' < G', and |G’| = psps. Thus, |H'| = 1. Let S,, be the elements of order p; in S, and
let S, be the elements of order p,. Also let H,, and H,,, be the subgroups generated by
Sy, and S,,, respectively. This implies that Cay(G; S) = Cay(G,,; Sp,)o0Cay(Gpy; Spy)-
Therefore, Cay(G; S) contains a Hamiltonian cycle (see Corollary [L.2.10).

Case 2. Assume |G| has three prime factors. We may write (see Proposition[1.3.12{(3))

G:Cq X G/:Cq X (Cpl ch2 XCP3)7

where p1, ps, ps and ¢ are distinct primes. Note that G' n Z(G) = {e} (see Propo-

sition [1.3.12)(2)). Now we may assume (s4) = C,. Since |(s;, s4)| has only two prime

factors (for 1 < i < 3), we must have s; = siia,, (after permuting p;, ps, ps), where
ap, is a generator of C,,. We may also assume S n G’ = J (see Lemma [1.2.11), so
ki # 0 (mod ¢). Now consider

Gy = <817 52> = <Silama 3§2ap2>'
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3.9. ASSUME |S| > 4

Since C,, is a normal subgroup in G, we can consider Gy = G5/C,,, then {3,,5,} =

—k1 —ko—
{3, 5%@,,}. We have

Multiplying by S,, then

_ k3t _k B
— 2 2 — 1 2
(p, = 84" - 84°0p, =5 59 € Ga.

Since a,, generates C,,, this implies |Gs| is divisible by py. Similarly, we can show
that |Gs| is divisible by p;. Also, |s1] = ¢, so |Gs| is divisible by ¢. Therefore, |G|

has three prime factors, which is a contradiction. O
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Chapter 4

Conclusion

Despite lots of papers published related to the topic of Hamiltonian cycles in Cayley
graphs, there has been little progress in this area. In this chapter, we observe that
we do not even know when |G| = 144 whether for every Cayley graph on G, there is
a Hamiltonian cycle or not. We will also discuss a possible future direction for our
research and some of the Hamiltonian cycles that will generalize.

When |G| = 144 = 48 x 3, it means that |G| is of the type 48p, where p is prime.
By looking at Theorem we see that the case where the order of G is 48p is
still open for arbitrary primes p. In fact, it has not been proven when p = 3, so 144
is the smallest number for which we do not know whether or not every connected
Cayley graph of that order has a Hamiltonian cycle.

The most logical next step in this work would be to consider the following open

problem.

Problem 4.0.1. Assume |G| = 2pqr, where p,q and r are distinct primes. Show that

every connected Cayley graph on G has a Hamiltonian cycle.

Possible method of attack. We can assume |G| is square-free. Otherwise, without loss
of generality we may assume r = 2, so |G| = 4pq, and Theorem applies.

Let S be a minimal generating set of G. By using the same strategy used to prove
Theorem [1.1.3] we can divide this proof into three different parts depending on the
cardinality of |S]. So |S| = 2 or [S| = 3 or [S| = 4. When |S| > 4, then Proposition[3.9]
applies. (Note that if |S| = 1, then G is abelian, so Lemma applies.) Hence,
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4. CONCLUSION

there will be two main parts needed to prove that Hamiltonian cycles exist in all such

graphs (the cases |S| =2 or |S| = 3). O

Some of the Hamiltonian cycles used in the proof of our main result (Theo-
rem |1.1.3) will generalize to some cases of Problem m For instance, the Hamilto-

nian cycle in Subcase on page [L09| generalizes to the following case.

Proposition 4.0.2. Assume
e G=(CyxC)x(C,xCy),
o |S| =3 and S = {aza,, azay, asy,},
o Car(Cy) = {e} and Car(C,) = {e).
Then Cay(G;S) has a Hamiltonian cycle.

1 7

1 _ 7 -1 _
=7, and a,aqa," = ag,

Proof. Let a = asa,, b = asa, and ¢ = ay7y,. We have a,v,a,”
where 7" =1 (mod p) and 7" =1 (mod q). Since C¢/(C,) = {e}, then 7 # 1 (mod p)
and 7 # 1 (mod q).

Consider G =~ Cy x C.. Then @ = asa, and b = ¢ = ay. We have C =
(¢,a"~',b,a~""V) as a Hamiltonian cycle in Cay(G;S). Since there is one occur-
rence of ¢ in C, and it is the only generator that contains 7,, then by Lemma
we conclude that the subgroup generated by V(C') contains C,. Similarly, since there
is one occurrence of b in C' and it is the only generator which contains a,, then by
Lemma we conclude that the subgroup generated by V(C') contains C,. There-
fore, the subgroup generated by V(C) is G’, so Factor Group Lemma applies. [
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