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Abstract

Complex dynamical systems are often governed by equations contain-
ing many unknown parameters whose precise values may or may not
be important for the system’s dynamics. In particular, for chemical
and biochemical systems, there may be some reactions or subsystems
that are inessential to understanding the bifurcation structure and con-
sequent behavior of a model, such as oscillations, multistationarity
and patterning. Due to the size, complexity and parametric uncertain-
ties of many (bio)chemical models, a dynamics-preserving reduction
scheme that is able to isolate the necessary contributors to partic-
ular dynamical behaviors would be useful. In this contribution, we
describe model reduction methods for mass-action (bio)chemical models
based on the preservation of instability-generating subnetworks known
as critical fragments. These methods focus on structural conditions
for instabilities and so are parameter-independent. We apply these
results to an existing model for the control of the synthesis of the
NO-detoxifying enzyme Hmp in FEscherichia coli that displays bistability.
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1 Introduction

(Bio)chemical systems are (often large) dynamical systems that may exhibit
complex behaviors such as oscillations, patterning and multistationarity. This
dynamical potential of biochemical systems, including coupled gene expres-
sion components, is critical to a great deal of biological function, notably
in development where, to name just a few examples: multistationarity is the
dynamical basis for pluripotency (Delbriick, 1949; Laurent and Kellershohn,
1999; Thomas, 1994; Thomas and Kaufman, 2001); Turing patterns have often
been invoked as explanations for developmental patterning (Turing, 1952;
Lacalli and Harrison, 1978; Koch and Meinhardt, 1994; Nakamura et al, 2006;
Miiller et al, 2012; Raspopovic et al, 2014); and oscillations underlie the devel-
opment of somites in vertebrates (Dale and Pourquié, 2000; Keern et al, 2000;
Takashima et al, 2011). These nontrivial dynamics arise from bifurcations.
In ordinary differential equation (ODE) models, bifurcations are predicted by
analyzing a characteristic polynomial with coefficients whose values depend
on system parameters. A typical goal of a modeling study is to understand
how changes in the parameters, perhaps due to events within a cell, lead to
bifurcations, i.e. to changes in the behavior of a cell or, at higher levels of orga-
nization, of a tissue. For small models, this kind of analysis can sometimes be
carried out by hand, and computer algebra systems facilitate the analysis of
models of moderate size. However, purely analytic approaches rapidly exceed
typical computer capacities as increasingly complex models are considered. To
circumvent these problems and facilitate the discovery of models with given
properties as well as the search for parameter ranges in which a given behavior
occurs, graphical methods have been developed that transform the problem
of analyzing a characteristic polynomial into one of studying the properties

of graphs and their subgraphs (Clarke, 1974; Ivanova, 1979b; Schlosser and
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Feinberg, 1994; Ermakov, 2003a; Goldstein et al, 2004; Craciun and Feinberg,
2006b; Mincheva and Roussel, 2007a; Mincheva, 2011; Soliman, 2013; Banaji
and Pantea, 2016; Kaltenbach, 2020), or the closely related approach of analyz-
ing matrices derived from the structure of a network (Thomas and Kaufman,
2001; Mincheva and Roussel, 2007a; Steuer et al, 2006; Blanchini et al, 2014;
Culos et al, 2016; Vassena and Stadler, 2024). In cases of moderate complexity,
the necessary analyses can be carried out with pencil and paper, but they can
also be automated (Soranzo and Altafini, 2009; Donnell et al, 2014; Walther
et al, 2014; Feinberg et al, 2018; Yordanov et al, 2020). Typically, these meth-
ods extract the ‘necessary ingredients’ (chemical species and interactions) for
a particular behavior to emerge in a model. This opens up the interesting pos-
sibility of obtaining reduced models by pruning away unnecessary species and
reactions, an idea we explored briefly elsewhere (Roussel and Roussel, 2018).
We return to this problem in this paper, where we first develop model reduction
rules based on the bipartite representation of a chemical reaction mechanism
originally introduced for qualitative stability analysis by Ivanova (Ivanova,
1979b; Mincheva and Roussel, 2007a). The basic idea underlying these rules is
the preservation of critical fragments, which are subnetworks responsible for
instabilities arising via bifurcations.

In an age of fast computers allowing for efficient simulation of large models,
it may be asked why we would still want model reduction methods. In bio-
chemistry in particular, it is often the case that many aspects of a model are
uncertain, including some of the reactions. Even when we know the molecular
interactions in a system, we sometimes lack information about the stoichiome-

try of a particular reaction. The ability first to detect the essential elements of
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a model and then to offer a reduced model is a way of helping the research com-
munity focus on the key interactions in a system, which can then be subjected
to greater experimental and theoretical scrutiny.

Model reduction methods for chemical and biochemical systems have
recently been reviewed by Snowden and coworkers (Snowden et al, 2017) and
by Gorban (Gorban et al, 2004a; Gorban, 2018). Timescale-based methods are
probably the most commonly applied approaches for reducing models of chemi-
cal and biochemical systems (Briggs and Haldane, 1925; Schauer and Heinrich,
1983; Battelli and Lazzari, 1985; Fraser, 1988; Segel and Slemrod, 1989; Maas
and Pope, 1992; Lam, 1993; Borghans et al, 1996; Stiefenhofer, 1998; Gorban
et al, 2004b; Lee and Othmer, 2010; Noethen and Walcher, 2011; Kristiansen
et al, 2014; Prescott and Papachristodoulou, 2014; Goeke et al, 2017; Eilertsen
and Schnell, 2020; Golda et al, 2020). Typically in these methods, using the ter-
minology of Haken (1996), ‘fast’ variables that are ‘slaved’ to the slow variables
are eliminated. A number of model-reduction methods that do not explicitly
invoke timescale separation such as optimization-based methods (Petzold and
Zhu, 1999), techniques using sensitivity analysis to eliminate chemical species
or reactions (Tomlin et al, 1992) and variable aggregation (‘lumping’) (Wei
and Kuo, 1969; Kuo and Wei, 1969; Coxson and Bischoff, 1987; Li et al, 1993,
1994; Farkas, 1999; Huang et al, 2005; Stagni et al, 2014; Okeke and Roussel,
2015) also exist. Although some of the methods listed can be applied symbol-
ically, thus without explicit parameter values, their validity typically depends
on the parameter range in which a system operates. Exact lumping (Wei and
Kuo, 1969; Iwasa et al, 1987; Li and Rabitz, 1989; Li et al, 1994; Conzelmann
et al, 2008), when it can be applied, is an interesting exception as it generates a

reduced model that is exactly equivalent to the original model over some range
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of timescales using dynamical invariants of the governing equations. In prin-
ciple, lumping does not require parameter values, although lumping schemes
for a given mechanism may not be unique, and different lumping schemes
eliminate different sets of timescales (Wei and Kuo, 1969).

While graph-theoretical methods only provide necessary conditions for
specific dynamical behaviors, they have one great advantage over most con-
ventional approaches: the necessary conditions for bifurcations can be decided
in the absence of parameter values. This is particularly helpful in analyzing
biochemical systems whose parameter values are typically highly uncertain
and often unknown (Radulescu et al, 2015; Lubitz and Liebermeister, 2019).
If we think of the task of model reduction as one in which we wish to sim-
plify a model while retaining its capacity for particular behaviors, then one
can immediately see how parameter-free methods would be especially useful in
biochemical modeling. Radulescu and coworkers have also developed methods
for model reduction in the face of significant parameter uncertainty, although
their method requires at least order-of-magnitude estimates of the parameter
values (Radulescu et al, 2008, 2012, 2015).

There has been at least one other attempt to reduce models based on a
bipartite graph representation (Gay et al, 2010). This method uses two oper-
ations to generate simplified models, namely merging vertices and deleting
them. However, it is not clear whether these transformations retain the orig-
inal model’s dynamics. The idea of preserving dynamics through a model
simplification process also has a precedent in the work of Dang et al (2006).
Their method was based on the preservation of a normal form as a model
was reduced using a combination of lumping and of fixing the values of a sub-
set of the variables. The implementation of this method requires a time series

to which the model outputs are matched. In a related approach, Apri et al
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(2012) matched solutions of a model with solutions obtained by perturbing the
parameters, eliminating reactions where setting the corresponding rate con-
stant to zero could be accommodated within a desired error by adjusting the
other parameters. We also mention the method of Rao et al (2014), which
is based on eliminating Horn-Jackson ‘complexes’ [combinations of chemical
species appearing together on one side of a chemical reaction arrow (Horn and
Jackson, 1972)]. This method simplifies the Laplacian matrix, an alternative
description of the structure of a chemical system. In principle, the method of
Rao et al (2014) preserves dynamics, although the examples in their paper
displayed only trivial dynamics (unique, stable steady state).

In order to prepare the reader, we present in Sect. 2 some basic ideas
associated with bipartite graphs and critical fragments, the central players in
the theory. This section is supplemented by appendices containing a glossary
(Appendix A) and the analysis of a simple example (Appendix B) for read-
ers unfamiliar with the Ivanova approach to qualitative stability analysis. In
Sect. 3, we define terms to be used in our graph-based model reduction meth-
ods. Section 4 presents the main ideas of the paper in a non-technical way.
Then, we prove the theorems that enable these reductions in Sect. 5.1. We fol-
low this up with a discussion, in Sect. 5.2, of the biochemical interpretation
of the reduction operations described in the theorems of Sect. 5.1. The reduc-
tions contemplated in Sect. 5 are conservative, in the sense that they provably
retain the potential for bifurcations of the original model without introduc-
ing the potential for new bifurcations. The conditions on which the reductions
are based are necessary but not sufficient for Andronov-Hopf and saddle-node
bifurcations, so we cannot guarantee that bifurcations will be preserved, but

in practice we find that they almost always are. Since preserving bifurcations
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also retains the qualitative dynamics to either side of a bifurcation point, as a
rule conservative reductions will also be dynamics-preserving.

An example of moderate complexity is treated in detail in Sect. 6. Specifi-
cally, we apply our reduction method to a model for the control of the synthesis
of the bacterial NO detoxifying enzyme Hmp (Roussel, 2019a). This model dis-
plays bistability over a wide range of model parameters. We start our analysis
by applying all feasible conservative reductions. We then discuss, in Sect. 6.4,
aggressive reductions enabled by knowledge of a critical fragment responsible
for a particular instability of interest. This class of reductions follows the same
general principles as the conservative reductions, but violate some of the con-
ditions of the theorems on which the conservative reductions rely. Knowledge
of the critical fragment(s) makes these reductions plausible, if less certain in
their application.

The paper concludes with a discussion of the advantages, limitations and

possible extensions of this work.

2 Bipartite graphs and critical fragments

In this section, we describe the relationship between the characteristic poly-
nomial, bipartite graphs of mass-action mechanisms and their fragments, and
stability analysis. While the necessary terminology is presented in the text
below, a glossary is also included in Appendix A for rapid reference.

As noted above, graph-theoretical methods can help identify the key mech-
anistic contributors to biologically interesting behaviors of a system. The
methods we favor are based on a bipartite graph representation of mass-action
systems consisting of two distinct sets of vertices, one representing the species
and the other the reactions of the system, and of directed edges that point from

reactants to reactions and from reactions to products (Vol’pert, 1972; Ivanova,
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1979b; Zeigarnik and Temkin, 1994; Mincheva and Roussel, 2007a). Examples
of bipartite graphs for mass-action models can be seen in Figs. 9 and 19, where
ovals represent chemical species and rectangles denote reaction vertices.

The characteristic polynomial of a mass-action system, which governs its

linear stability, can be written
PN = AN e N g N TP de,) =0, (1)

where m is the number of species involved in the system and n is the number
of independent species, also known as the rank of the model.! For mass-action

systems, each of the ¢, can be written in the form

cp = Z Ks, Js, (2)
SLESK

where Sy is the set of all fragments of order k (defined below), Si denotes
a particular fragment of order k, Kg, is a numerical coefficient, and Jg, is
a monomial. Fragments are subsets of the bipartite graph that graphically
represent and are in a 1:1 correspondence with each of the terms (Jg, ) of the
characteristic polynomial (Ivanova, 1979b; Mincheva and Roussel, 2007a). A
fragment is a union of subgraphs sharing a set of vertices. Each subgraph in
turn consists of a union of cycles and edges in which each species vertex is at
the origin of exactly one reactant-to-reaction edge or of one path in a cycle.
Paths are reactant-reaction-species sequences with their connecting edges, with

positive paths encoding reactant-product relationships, and negative paths

!Linear dependencies between the concentrations often arise in (bio)chemical modeling due to
conservation of functional groups such as phosphate groups (Schuster and Hofer, 1991). Ultimately,
these conservation relations are expressions of element conservation for those elements contained
only in chemical species that do not cross the boundaries of the system. Each of the m — n linear
conservation laws contributes a zero eigenvalue, roughly speaking because a change in the total
amount of a conserved quantity (e.g. by the external addition of a small amount of one of the
chemical species subject to a conservation law) is neither amplified nor annihilated by the chemical
reactions.
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encoding co-reactant relationships. A cycle is composed of paths and, as the
name suggests, can be traversed from a given vertex, returning to the initial
vertex after following some number of paths without visiting the same reactant
vertex twice. A positive cycle contains an even number of negative paths, while
a negative cycle contains an odd number of negative paths.?

Each of the monomials appearing in a particular characteristic polynomial

cocfficient ¢, can be written

| =

: ®)

N

k k
Js. = 111
z=1lu=1

where A, is the concentration of chemical species z, and R,, is the rate of ele-
mentary reaction u. The concentrations and reaction rates appearing in the
products on the right-hand side of Eq. (3) are those corresponding to, respec-
tively, the chemical species and reactions in fragment Sj. Because a chemical
species can appear at the origin of only one path or edge in a subgraph, k& dif-
ferent chemical species appear in a fragment of order k, and thus k distinct
concentrations appear in Eq. (3). However, the k reaction rates in Js, are not
necessarily distinct. When it is necessary to designate a particular fragment,

we write

A, A, ... A,
Sk_ 1 2 k (4>
Ru, Ra, ... Ra,
where {z;} is a set of distinct indices and {u;} is a set of indices, not necessarily

distinct.

2Positive and negative cycles of Jacobian elements appear in classical methods of qualitative
stability analysis, e.g. Kaufman et al (2007); Mincheva and Roussel (2006). Although there is
doubtless a connection, the cycles of classical qualitative stability analysis are defined differently
from those that appear in the Ivanova theory.
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The coefficient of a fragment, Kg, , is given by

KSk = Z KQ’ (5>

9gESkK

where

Ko= [ (@) [] Ko, (6a)

[edges€Eg] [cycles€g]
Kc = — H (—OéjkOéji> H Ozjkﬂji. (Gb)
[n-paths € C] [p-paths € C]

In these equations,® g labels subgraphs, C' labels cycles, n-paths are negative
paths, p-paths are positive paths, and «; and 3;; refer to stoichiometric coeffi-
cients, respectively of reactants and products. Equation (5) gives a fragment’s
coefficient as the sum of its subgraphs’ coefficients, K, which are given in turn
by Egs. (6). When the coefficient of a fragment is negative, we call it a crit-
ical fragment. Because only positive cycles have negative values of K¢ and
all other contributors to Kg, are positive, and taking into account the product
over cycles in Eq. (6a), a critical fragment must have at least one subgraph
with an odd number of positive cycles (Mincheva and Roussel, 2007a).

The appearance of a critical fragment in the bipartite graph of a chemical
mechanism, i.e. of a negative term in the characteristic polynomial, is necessary
for certain instabilities to appear. In particular, we have the following two

theorems (Mincheva and Roussel, 2007a; Conradi and Mincheva, 2017):

3We write Eqgs. (6) slightly differently than Mincheva and Roussel (2007a): rather than including
a factor of (—1)*9 in Eq. (6a), where t4 is the number of cycles in a subgraph, we insert a negative
sign in Eq. (6b). This highlights the importance of positive cycles in a manner described below.
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e A critical fragment of order equal to the number of independent species, n,
is necessary for the possibility of a saddle-node bifurcation, which would
allow for multistationarity.*

® A critical fragment of order less than n is necessary for oscillations due
to positive feedback arising via an Andronov-Hopf bifurcation.® In the
simplest case, positive feedback arises from autocatalysis which is well
known to be a potential source of oscillatory behavior (Prigogine and
Lefever, 1968; Tyson, 1975). The negative feedback case is more complex
(Mincheva, 2011).

The use of these theorems in qualitative stability analysis is illustrated in an
example presented in Appendix B.

The theorems described above provide powerful tools for understanding
the dynamics of a chemical network as they enable a determination of the
potential for multistationarity or positive-feedback oscillations based on the
appearance (or lack thereof) of critical fragments within a mass-action model
(Ivanova, 1979b,a; Ermakov and Goldstein, 2002; Ermakov, 2003a,b; Goldstein
et al, 2004; Mincheva and Roussel, 2007a). It is important to note that these
are necessary and not sufficient conditions. Given that these conditions are
necessary for the corresponding bifurcations, any model reduction method that
would preserve these particular dynamics must preserve the critical fragments
of the model. Conversely, a model simplification must not create new critical
fragments lest this transformation introduce new dynamical behavior.

Before we delve into the use of Ivanova’s qualitative stability theory for

model reduction, key terms and notations are defined in the next section.

4Note that a critical fragment of this order would correspond to the constant term in the
characteristic polynomial after removing the A™ ™™ factor. This means that the constant term
must contain at least one negative term. This result is not surprising given that the constant term
of the characteristic polynomial must pass through zero in a saddle-node bifurcation (Kuznetsov,
1998).

5This would correspond to a term in a coefficient ¢j of the characteristic polynomial with k < n.
In other words, we require at least one term in some cg, k < n, to be negative.
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@ (b)
=
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Fig. 1 Examples of linked cycles. (a) Linked cycles sharing a single vertex. (b) Linked
cycles sharing multiple vertices. See also Fig. 3.

3 Notation and Definitions

This section provides new terminology and notation useful for describing model

reduction operations for bipartite graphs.

Product FEdge: A directed arrow from a reaction vertex Ry to a product species
vertex A;, denoted [Ry,A;]. Note that in Ivanova’s original terminology,
edges only refer to reactant-to-reaction edges (Ivanova, 1979b; Mincheva
and Roussel, 2007a).

Isolated cycle — A cycle C; whose vertices are not involved in any other cycle.

Linked cycle — A cycle Cf, where at least one vertex in (', is part of another
cycle. Figure 1 shows examples of linked cycles.

Unidirectional cycle — A cycle that contains at least one positive path. As
a consequence of the positive path, unidirectional cycles can only be
traversed in one direction. Note that only unidirectional cycles can be iso-
lated since traversals of a cycle in opposite directions are considered to
be different cycles.

Entry verter — A vertex within a cycle C' that contains at least one arrow
connected to it that is not part of C.

Isolated edge — An edge whose vertices are not entry vertices.
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Fig. 2 Examples of integrated isolated cycles. (a) An integrated isolated cycle with a single
entry vertex Aj. (b) Two separate integrated isolated cycles. The cycle on the left has the
species vertex Aj as its entry vertex where the cycle on the right has the species vertex Ag
as its entry vertex. Both of these cycles are considered isolated cycles since none of their
vertices are part of other cycles.

Integrated cycle — A cycle with one or more entry vertices. See Fig. 2
for examples of isolated integrated cycles. Note that linked cycles are
necessarily integrated.

Unitary edge — An edge (reactant or product) whose weight is one.

Unitary (positive/negative) path — A path (positive or negative) consisting of
unitary edges.

Unitary cycle — A cycle consisting entirely of unitary paths.

Recall that the weight of an edge is the stoichiometric coefficient of the
chemical species participating in that edge. For simplicity, we use the same
symbol below for reactant and product stoichiometric coefficients, namely ay,.

® [Ax,Rj,Aila, a,,, represents the positive path [Ay,R;,A;] with arrows of
weight ay, leaving Ay, and weight aj41 leaving R;.
* [ArR; A

ansany, Tepresents the negative path [Ag, R;, A;] with arrows

of weight aj, leaving Ay and weight aj41 leaving A;.
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4 Reducing (Bio)chemical Systems

4.1 A Graphical Approach Based on the Analysis of

Critical Fragments

As mentioned previously, we will use critical fragment theory as a basis for
model reduction. The basic concept is simple: since critical fragments are
necessary for behaviors such as oscillations due to positive feedback and mul-
tistationarity, then preservation of these fragments is itself necessary (but
perhaps not sufficient) to preserve qualitative dynamics, i.e. bifurcations
separating parameter regions where distinct dynamical behaviors are observed.

According to Eq. (5), a fragment’s coefficient is a sum of subgraph coef-
ficients. Changing the number of subgraphs in a fragment may thus change
the coefficient of a fragment, and could in principle change its sign. As a rule,
model reductions should therefore avoid creating or destroying subgraphs. The
number of subgraphs that contribute to a fragment depends in large part
on the number of cycles that can be built from the fragment.® Thus, it will
be essential both to conserve cycles and to avoid creating new ones. Coeffi-
cients of subgraphs in turn depend on the number and parities of cycles they
include. Again, this highlights the importance of preserving existing cycles and
avoiding the creation of new cycles. Moreover, if any of the stoichiometric coef-
ficients differ from unity, these will affect the coefficient of a subgraph and may
change the sign of the fragment. Thus, we will need to preserve non-unitary

stoichiometric coefficients appropriately in model reduction operations.

5The story is a little more complicated for a fragment containing non-unidirectional cycles.
These will generally allow multiple edge subgraphs. Focusing on unidirectional cycles therefore
guards against some of the subtle issues that arise in non-unidirectional cycles.
We note in passing that our definition of fragments, which includes all of the subgraphs that can
be made from a set of vertices, differs from that of Walther et al (2014), who define fragments by
their edge graphs. We call the latter ‘WHM fragments’. The disadvantage of the WHM definition of
a fragment is that it results in many false critical fragments since it is not uncommon for one edge
graph to generate a WHM fragment with a negative coefficient while another edge graph using the
same vertices and therefore contributing to the same coefficient of the Jacobian generates a WHM
fragment with a positive coefficient that makes the overall Jacobian coefficient non-negative.
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4.2 Unidirectional Isolated Cycles

Reductions can be applied most simply to cycles whose vertices are not shared
with other cycles, i.e. to the isolated cycles defined above. Additionally, in
order to apply conservative reductions, unidirectionality of these cycles must
be established by requiring that each isolated cycle contain at least one positive
path. Since a fragment’s coefficient is a sum of subgraph coefficients, transfor-
mations that change the number of subgraphs are particularly hazardous unless
it can be shown that subgraphs appear or disappear in pairs (or larger groups)
whose coefficients sum to zero. This is difficult to guarantee, making reduc-
tions involving non-unidirectional cycles tricky since eliminating components
of such a cycle will normally change the number of subgraphs in a fragment.
In essence, the issue is that non-unidirectional cycles consist of sequences of
negative paths, but a negative path and its reverse are considered to be dis-
tinct negative paths in the theory (Mincheva and Roussel, 2007a). Pruning
out an edge that is part of a negative path will therefore generally reduce the
number of subgraphs that can be made from a larger non-unidirectional cycle.
Preserving the unidirectionality of a cycle eliminates these complications. In
addition, since cycles will usually be attached to other vertices in the bipar-
tite graph, the vertex (or vertices) that bridges the cycle to other parts of the
bipartite graph, the entry vertex, must be preserved.

With an isolated unidirectional cycle, we do not have to treat vertices in
the neighborhood of an entry vertex specially because changes to these vertices
will not affect cycles that can be formed with vertices outside of the cycle that
is being simplified. For example, removing from an isolated cycle a unitary
edge along a positive path when neither of the edge’s vertices is an entry vertex
would remove a factor of 1 from the coefficients of any subgraphs in which this

cycle appears, and thus leave the coefficients of any fragments containing this



Springer Nature 2021 ITEX template

16 Graph-Based, Dynamics-Preserving Reduction of (Bio)chemical Systems

cycle invariant. This means that if a particular fragment was (non-)critical,
it would remain (non-)critical after simplification. Similarly, since a negative
path contributes a negative factor, then removing two unitary negative paths
without removing any entry vertices from an isolated cycle would remove a
product of —1 - —1 = 1 from the coefficients of subgraphs in which the cycle
appears, again leaving the fragment’s coefficient invariant.” The main idea we
pursue below is that any number of unitary edges can be removed, provided the
cycle remains unidirectional, whereas unitary negative paths may be removable
in pairs. We will eventually lift the requirement for paths to be unitary, which
will require transformations of the original graph beyond the removal of edges

or paths.

4.3 Linked Cycles

When an entry vertex is involved in another cycle, reductions are not as
straightforward. Cycles of this type are called linked cycles. Note that, by def-
inition, linked cycles involve at least two cycles. When trying to delete vertices
near an entry vertex, creation or destruction of cycles may occur even if the
vertices involved were connected by a unitary edge along a positive path.

As noted above, changing the number of subgraphs in a fragment can
change its coeflicient, unless these changes are balanced in the sense that the
sum of the coefficients of the subgraphs added or removed is zero, which will in
general be difficult to guarantee. Therefore, in simplifications of linked cycles,
a conservative approach will leave the number of subgraphs that can be drawn
unchanged as well as preserving the coefficients of all cycles in a set of linked
cycles. The key to accomplishing this lies in the set of unidirectional cycles

within the linked cycle. If we can find isolated edges (with vertices that are

"There are however some important subtleties in the case of removing negative paths to which
we will return later.
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As

Ry

Fig. 3 A non-obvious linked cycle. On the surface, this cycle may appear to be iso-
lated. However, if these vertices and edges form a fragment, the negative-path cycle

{[A4,R4,A5], [A5,R4,A4]} (among others) appears in one of the subgraphs, breaking the

condition for an isolated cycle.

not entry vertices) in a unidirectional cycle within a linked cycle, then similar
reductions to those discussed in Sect. 4.2 can be applied if any previously
unidirectional cycles remain unidirectional. In general, an entry vertex cannot
be removed and reductions near the entry vertex must be applied carefully,
otherwise unidirectionality of cycles may be lost, or the number of subgraphs
may change.

Figure 3 illustrates a linked cycle which, on the surface, may appear to be
isolated. However, due to the entry vertex being a reaction vertex involved in
a negative path with the larger cycle and the external vertex, As, it is a linked
cycle. The graph in Fig. 3 contains several cycles, each of which will appear in
subgraphs of fragments containing these vertices:

e the “obvious” cycle {[A1,R1,Aq],...,[A4,R4,A1]};

e the negative-path cycles® {[AQ,RQ,Ag], [Ag,Rg,Ag]},
{ [A3 7R3 7A4] ’ [A47R3 7A3] } and { [A47R4 7A5]7 [AS 7R47A4] }7

e and a cycle encompassing the entire set of vertices:

{[A5,R4,A1], o [A4,R4,A5]}.

8 Although these satisfy all of the rules for inclusion in subgraphs, we will see later that they
do not contribute to the dynamics.
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An attempted simplification through pairwise removal of the negative paths

[A2,Ro,A3] and [A3,R3,A4] by deleting vertices As, Ro, A3 and R3 would dras-
tically reduce the number of subgraphs of the fragments that contain these
cycles, and might thus alter some of their coefficients. However, the profusion
of cycles that can be drawn from this portion of a bipartite graph was only
possible because of the negative path m. Note that if A5 was a prod-
uct rather than a reactant of Ry, the cycle becomes an isolated cycle and none
of these difficulties arise. This example strikes a note of caution with respect
to the removal of negative paths when an entry reaction vertex participates
in a negative path with vertices that appear in two distinct cycles. Despite
the more delicate nature of linked cycles, the same ideas regarding reductions
applied to isolated cycles still hold, but we will need to be more careful with

the vertex eliminations we allow.

5 Graph-Based Reduction Rules

5.1 Theorems and Proofs

In this section, we will present the theorems that are the centrepiece of this
work. Figure 4 provides a visual aid to the notation used in describing the
reductions in the theorems. All of the cycles drawn are assumed unidirectional
in the clockwise direction without loss of generality. The weight a; refers to
an arbitrarily selected edge in a cycle of order v. By convention, ag = a, and
a,+1 = ap. Also, the vertices (and their accompanying arrows) are labeled in
the direction of the (unidirectional) cycle.

Refer to Fig. 4(a) for the interpretation of the symbols in Theorem 1.

Theorem 1 (Positive Paths in Unidirectional Isolated Cycles) Assume we have a

bipartite graph that contains an integrated unidirectional isolated cycle C; of order
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Fig. 4 Definition of symbols used in describing the reductions of (a) Theorem 1, (b) Theo-
rem 6 and (c¢) Theorem 8. The red lines represent arrows that can be oriented in either
direction. The dotted black lines are there to show there is an arbitrary number of paths
in between the vertices. Note that there must be at least one positive path (pre- and post-
reduction) oriented in the clockwise direction in each figure in order for reduction to be
successfully undertaken.

v, with v sufficiently large.® Let ay,an, ..., ay be the weights of all v arrows in Cj,
with Wy, the set containing the weights ap—1, ap+1, and We the set containing the
weights ap, apt2. Let [Ap,Rj, Ajlay,anys be a positive path in C;, where neither R;
nor at least one of the species vertices is an entry verter. Additionally, let Rp and

Rs be the reaction vertices immediately preceding and succeeding, respectively, this

positive path. We have the following cases:

9Exactly how large v needs to be depends on what is to either side of the vertices to be
eliminated, notably whether the positive path is adjacent to a negative path.
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1. Ay is not an entry vertex and at most one element in W, is non-unitary. Let
wo = max(Wo). If ay, is unitary, then construct the resulting cycle C; by remov-
ing species Ay and reaction R; (and arrows with weights ap_1, ap, ap41) and
adding a new arrow that connects Rp and A; with weight wo oriented in the

same direction as the original arrow with weight ap_1.

2. A; is not an entry verter and at most one element in We is non-unitary. Let
we = max(We). If ap41 is unitary, then construct the resulting cycle C; by
removing species A; and reaction R;j (and arrows with weights ap, apy1, ap42)
and adding a new arrow that connects Ay and Rs with weight we oriented in

the direction of the cycle [clockwise as the cycle is drawn in Fig. 4(a)].

If the resulting cycle C; is unidirectional, then any fragment that contained Cj
will have the same coefficient after replacing the latter cycle by C;. Moreover, this

reduction is conservative.

Proof Let C; be an integrated unidirectional isolated cycle of order v in a bipartite
graph. Because of its unidirectionality and isolation, the vertices, paths and edges of
C; can appear in a subgraph in exactly two ways: as the entire cycle, or as a union
of reactant edges, in the latter case with all of the edges selected for the subgraph
pointing in the direction of the unidirectional cycle. We only allow the removal of
non-entry vertices; thus, simplifying the cycle will not affect connectivity to the rest
of the bipartite graph. Note in particular that R, is a non-entry vertex.

In case 1, we have the non-entry vertex Ay with a;, = 1. The reactant edge
[Ak,Rj]a), contributes a factor of a% = 1 to the coefficient of any subgraph that
includes it so removing this edge has no effect on the coefficients of these subgraphs.
Furthermore, in any subgraph containing the entire cycle, arrows with weights ap_1,
ap, and apyq contribute a magnitude of (ap_1)(apn)(ap+1) = wo to K¢, and thus
to the coefficient of any subgraph that contains C;. Connecting R, and A; with
an arrow of weight wo,, C; therefore inherits the magnitude of the coefficient of C;.

Having the new arrow drawn in the same direction as the original arrow between Ry
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@ (b)

R;

Fig. 5 (a) An integrated unidirectional isolated cycle that meets the criteria of Theorem 1.
We assume that the A4 to R3 edge has weight a;,_1 = a. The vertices in the red box are the
vertices that will be removed from the positive path [A4,R4,A1]. (b) The result of applying
Theorem 1. Note that no further edges could be removed using Theorem 1 because doing so
would result in a cycle that was no longer unidirectional, violating one of the conditions of
the theorem.

and Aj preserves the parity of the cycle, and therefore the sign of K. Moreover,
if unidirectionality was preserved, the cycle resulting from simplification can still
appear in a subgraph in only two ways, as a union of reactant edges or as an entire
cycle. It follows that the removal of the reactant edge [Ag, R;]a), with an appropriate
arrow drawn between Rj, and A; preserves the number of subgraphs of any fragments
in which the cycle appears as well as the coefficients of the subgraphs, and thus the
coefficient of the fragment. Case 2 is proved similarly.

The second part of the theorem, that the reduction is conservative, results from
the elimination of non-entry vertices from an isolated cycle. Because none of the
vertices in the cycle participate in other cycles, removing two non-entry vertices

cannot change, destroy or create any other cycles in the bipartite graph. O

Figure 5 illustrates the use of Theorem 1.

Remark 1 Although a reconnection such as the A; to R3 edge in Fig. 5 leaves a
reaction labeled R3 from the original model, this is not the same reaction as in the
original model, and it might be best in fact to relabel any reactions affected by a
reduction operation, perhaps with an “m” next to the subscript, e.g. R3py, to indicate

a modified reaction. We adopt this convention only when necessary to distinguish a
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reaction in the original set from a reaction in a transformed bipartite graph. Because
we have removed a reaction and consequently may have changed the kinetics of
transit through the modeled pathway, the rate constant of R3y, may have to be
different from the rate constant of R3 in order for the reduced model to remain in
the same dynamical regime as the original model. If we consider specifically the case
of removing some positive paths from a long chain of positive paths, the appropriate
rate constant for the reconnection will be determined by the rate-limiting step of the
chain. Given that the chain may contain reactions of different orders, this may not be
as simple as picking out the smallest rate constant, which would not be comparable

quantities if they have different units.

Corollary 2 (Positive Paths in Linked Cycles) Assume we have a bipartite graph
that contains an integrated linked cycle of sufficiently large order, with C'f, being the
linked cycle. Let Cp,, be the collection of all unidirectional cycles in Cr,. Let Cp, [a]
be an arbitrary cycle from Cr, . Then Theorem 1 can be applied to a positive path in
Cr, la] assuming all conditions in Theorem 1 are fulfilled in addition to maintaining

unidirectionality of all cycles in Cp, .

Proof The proof is essentially the same as for Theorem 1. The key is that the removal
of the edge satisfying the appropriate conditions does not create or destroy any cycles
or change their coefficients. It only reduces the length of one or more cycles, but that

has no effect on the coefficient of a cycle. O

While positive paths in cycles can be shortened without changing anything
significant about the overall structure of the graph and of its subgraphs, the
same cannot be said of negative paths. Part of the problem, as mentioned
earlier, is that a negative path by itself is a cycle. Thus, negative paths that
appear as part of a large cycle can also show up as cycles in fragments that
do not include the entirety of the large cycle. There is also an interpretation

issue for the graph obtained following the elimination negative paths, which
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we discuss in Sect. 5.2. For now though, we focus on the purely mathematical
problem of generating reductions that preserve the coefficient of a fragment.

We begin with the following lemmas:

Lemma 3 Fragments that contain a megative-path cycle C; that appears without

connections to any other vertices of the fragment have a coefficient of zero.

Proof By hypothesis, we have a fragment

s | Ap_1 A )

R; Rj
with 7 < k, the last two species vertices and the repeated reaction vertex being
the components of the negative path [m]ah,ah +1- If C; has no other con-
nections to the vertices in Si, then due to the combinatorial nature of subgraph

construction, the subgraphs will appear in pairs that are identical except that one

member of the pair will contain the edge set {[A;_1,R;],[Ax, R;]} and the other

the cycle {[Ax_1,Rj, Ax],[Ar,Rj,Ax_1]}. According to equations (6a) and (6b),
the coefficients of these pairs of fragments will differ by factors of (ahah_1)2 and
—(ahah_l)z, respectively. Thus, these subgraphs will cancel out in pairs leaving an

overall value of Kg, of zero. (|

Lemma 4 If a negative-path cycle appears in a subgraph of a fragment of the form (7)
and the reaction R; only has the reactants Ap_1 and Ay, then the two chemical
species in that cycle are not at the origin of any other edges in any subgraphs of the

fragment.

Proof For a fragment of the form (7) where R; has no other reactants, the edges
[Ar—1,R;] and [Aj, R;] must be included in every subgraph of the fragment. This
makes it impossible for A;_1 or A to be at the origin of any other edge or path in

any of the fragment’s subgraphs. O
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Lemma 5 A cycle consisting of two consecutive negative paths cannot appear in a

subgraph.

Proof In a subgraph, each species vertex must appear once and only once at the
origin of an edge or path. If one attempts to make a return trip to the first species
in a pair of consecutive negative paths, one inevitably needs to start a path from the

middle species both on the way out and on the way back, which is not allowed. O

Refer to Fig. 4(b) for the interpretation of the symbols in Theorem 6.

Theorem 6 (Consecutive Negative Paths in Unidirectional Isolated Cycles) Assume
we have a bipartite graph that contains an integrated unidirectional isolated cycle C;
of sufficiently large order v. Let a1, as,...,a, be the weights of all v arrows oriented
in the direction of C;, with W, the set containing the weights ap_1, ap+1, Gh+3,
and We the set containing the weights ay,, ap49, ap4a. Let m and

Ap,Gh4+1

[Aiv Rm, AP]

Ghy2,0ht3 be two consecutive negative paths in Cj, where neither of the
reaction vertices nor at least two of the species vertices is an entry vertex. Addition-
ally, let Rp and Rs be the reaction vertices itmmediately preceding and succeeding,

respectively, this pair of consecutive negative paths. We have the following cases:

1. Neither A, nor A; are entry vertices, and at most one element in W, is non-
unitary. Let wo = max(Wo). If ap, = apio = 1, then construct the resulting
cycle C; as follows: Remove species vertices Ay, and A; as well as the reaction
vertices R; and Rm along with the consecutive arrows with weights ap_1 to
ap43, then connect Ry and Ap with an arrow whose direction is that of the

original arrow connecting Ry to Ay and weight equal to wo.

2. Neither Ay nor Ap are entry wvertices, and at most one element in each of
the sets Wo and We is non-unitary. Let wo, = max(Wy) and we = max(We).
Construct the resulting cycle C; as follows: Remove species vertices Ay, and Ap
and reaction vertices R;j and Rpm along with the consecutive arrows with weights

ap—1 to ap4y, then connect Rp and A; by an arrow with weight wo and in the
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same direction as the original arrow connecting Rp to Ay, and connect A; and
Rs with an arrow of weight we oriented in the direction of the cycle [clockwise

as the cycle is drawn in Fig. 4(b)].

3. Neither A; nor Ap are entry vertices, and at most one element in We s non-
unitary. Let we = max(We). If ap1 = ap+3 = 1, then construct the resulting
cycle C; as follows: Remove species vertices A; and Ap as well as the reaction
vertices R; and Ry along with the consecutive arrows with weights ay, to ap44,
then connect Ay and Rs by an arrow with weight we oriented in the direction

of the cycle [clockwise as the cycle is drawn in Fig. 4(b)].

Then any fragment that originally contained C; will have the same coefficient after

replacing C; by C;. Moreover, the reduction will be conservative.

Proof Let C; be an integrated unidirectional isolated cycle of order v in a bipartite
graph. Then, by definition of integrated unidirectional isolated cycles and subgraphs,
this cycle contains an equal number of species and reaction vertices and will appear
in any subgraph either as the set of reactant edges or as the entire cycle. In each of
the cases in Theorem 6, all removed vertices are non-entry vertices. Thus, removal
of these vertices will not affect connectivity to any vertices outside of Cj.

In case 1, Ax and A; are non-entry vertices and ap = aj49 = 1. Thus, the reac-
tant edges [Ag,Rjla, and [A;,Rm]ay ., contribute factors of unity to the coefficient
of any subgraph that includes the edge subgraph of C;. Furthermore, in any sub-
graph containing C;, arrows with weights ay,_1, ap, ap41, ap+2, and ap43 contribute
a magnitude of (ap—1)(ap)(an+1)(ant2)(anys) = wo to K¢, and therefore to the
coefficient of any subgraph in which C; appears. Connecting Ry to Ap with an arrow
of weight w, clearly preserves the magnitude of K. Choosing the direction of the
new arrow as that of the original Ry to Ay arrow preserves the parity of Ko and

thus its sign. Accordingly, the coefficients of all subgraphs containing C; will remain
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(®)

@ Ay Rs

Ry

Fig. 6 (a) An integrated unidirectional isolated cycle that meets the criteria of Theorem 6.
For simplicity, we choose only one of the arrows to have an arbitrary weight, ap,_1 = a.
The vertices in the red box are the vertices that will be removed. (b) The result of applying
Theorem 6 to the figure on the left.
unchanged after replacing C; by C;. The number of subgraphs of a fragment con-
taining C; or its edge subgraph also does not change because of the unidirectionality
of the cycle.

Cases 2 and 3 can be proven similarly, the key idea being that both the number
and coefficients of subgraphs in a cycle containing C; do not change post-reduction.

Turning to the issue of conservativity of the reduction, we note that the con-
secutive negative paths cannot appear in any subgraph (lemma 5). The individual
negative-path cycles that have been eliminated cannot contribute to a critical frag-
ment (lemma 3) and since, by hypothesis, the reaction vertices are not entry vertices,
they cannot enter into fragments in more complicated ways (lemma 4). Thus, no
other fragments’ coefficients will be affected by the removal of consecutive negative

paths under the conditions of this theorem. O

Figure 6 illustrates the use of Theorem 6. It is easily verified that Ko =
—a for both cycles and that their corresponding edge subgraphs both have

coefficients of unity.

Corollary 7 Assume we have a bipartite graph that contains an integrated linked
cycle of sufficiently large order, with Cp, being the linked cycle. Let Cy,, be the col-
lection of all unidirectional cycles in Cy,. Let Cr, |a] be an arbitrary cycle from C,,

that does not contain an entry reaction verter that participates in a negative path
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with a species vertex in Cr, [a] and a species vertex outside of Cr,, [a]. Then Theo-
rem 6 can be applied to consecutive negative paths in Cr, [a] assuming all conditions

in Theorem 6 are fulfilled in addition to maintaining unidirectionality of all cycles in

cr .

u

Proof Assuming the extra condition is fulfilled, then the proof of Theorem 6 applies
essentially unchanged. That is, all of the cycles in C, will retain their parities and
K¢ values post-reduction. Accordingly, the number of subgraphs in any fragment

and their coefficients also remain unchanged. O

Refer to Fig. 4(c) for the interpretation of the symbols in Theorem 8.

Theorem 8 (Disjoint Negative Paths in Unidirectional Isolated Cycles) Assume we
have a bipartite graph that contains an integrated unidirectional isolated cycle C; of
sufficiently large order v. Let a1, as,...,a, be the weights of all v arrows oriented in
the direction of C;. Let m and [Ap, Rm, Aq]

be two disjoint

Qp,Qh+1 af,afi1

negative paths in this isolated cycle where neither of the reaction vertices nor at least
one species vertex from each megative path is an entry verter. Denote by W,, the
set containing the weights ap_1 and ap41, by We,, the set containing the weights ay,
and apy2, by Wo, the set containing the weights ay 1 and ayiq, and by We, the
set containing the weights ay and ayio. Additionally, let Rp,, Rs, be the reaction
vertices immediately preceding and succeeding, respectively, mah,ah+1’ and

Rp;, Rs; be the reaction vertices immediately preceding and succeeding, respectively,

[Apv Rm7 AQ]

afiagit 19 Consider the following cases:
1. Neither Ay nor Ap are entry vertices and at most one element in each of Wy,
and Wo, is non-unitary. Let wo, = max(Wo, ) and Wo; = max(Wof). If ap, and
ay are unitary, then construct the resulting cycle C; as follows: Remove species

vertices Ay and Ap as well as the reaction vertices R; and Ry along with the

arrows with weights ap_1, ap, ap41, af_1, af, ayi1, then connect Rp, and A;

10Note that it is possible to have Rl’h = Rsf and/or Rsh = RPf' In either scenario, this
theorem holds.
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by an arrow with weight wo, and in the same direction as the original arrow
connecting Rp, to Ay, and connect Rp, and Aq with an arrow of weight wo,

and in the same direction as the original arrow connecting Rp, and Ap.

Neither Ay, nor Aq are entry vertices and at most one element in each of W,
and We, is non-unitary. Let wo, = max(Wo,) and we, = max(We,). If ay,
and ayyq are unitary, then construct the resulting cycle C; as follows: Remove
species vertices Ay and Aq as well as the reaction vertices R; and Rm along
with the arrows with weights ap_1, ap, apy1, af, agiq, agio, then connect Rp,
and A; by an arrow with weight we, and in the same direction as the original
arrow connecting Rp, to Ay, and connect Ap and Rs; with an arrow of weight
we,; oriented in the direction of the cycle [clockwise as the cycle is drawn in
Fig. 4(c)].

Neither A; nor Ay are entry vertices and at most one element in each of We,
and Wo, is non-unitary. Let we, = max(We,) and wo, = max(Wo,). If ap41
and ay are unitary, then construct the resulting cycle C; as follows: Remove
species vertices A; and Ap as well as the reaction vertices R; and Rm along
with the arrows with weights ap, apy1, api2, af_1, ap, afy1, then connect
Ay and Rs, by an arrow with weight we, oriented in the direction of the cycle
[clockwise as the cycle is drawn in Fig. 4(c)], and connect Ry, and Aq with an

arrow of weight wo, and in the same direction as the original arrow connecting

Rp, and Ap.

Neither A; nor Aq are entry vertices and at most one element in each of We,
and We; is non-unitary. Let we, = max(We, ) and we, = max(We,). If ap41
and ayq 1 are unitary, then construct the resulting cycle C; as follows: Remove
species vertices A; and Aq as well as the reaction vertices R; and Rm along with
the arrows with weights ap,, apy1, apq2, af, afi1, afya, then connect Ay and
Rs,, by an arrow with weight we, , and connect Ap and Rsf by an arrow with
weight we,, both oriented in the direction of the cycle [clockwise as the cycle is

drawn in Fig. 4(c)].
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Then any fragment that originally contained C; will have the same coefficient after

replacing C; by C;. Moreover, reductions using this theorem are conservative.

Proof By definition of integrated unidirectional isolated cycles, C; contains an equal
number of species and reaction vertices and will appear in subgraphs of any fragment
that includes it either as the set of its reactant edges or as the entire cycle. In each case
considered above, all removed vertices are non-entry vertices; thus, removal of these
will not affect connectivity to the rest of the vertices outside of C;. By assumption,
we have that R; and Ry, are non-entry vertices.

In case 1, we have the non-entry vertices Ay and Ap and ap = ay = 1. The reac-
tant edges [A,Rj]a, and [Ap,Rm]a, thus contribute factors of unity when the cycle’s
reactant edge set appears in a subgraph. Furthermore, in any subgraph containing
the entire cycle, arrows with weights ay, 1, ap, ap41, af 1, ay, and ayyq contribute
a magnitude of wo,wo, to the coefficient of the subgraph. Applying these weights
to, respectively, the new product edges [Rp, ,A;] and [Rp,, A4] means that the coef-
ficient of a subgraph containing the simplified cycle C; will have a coefficient of the
same magnitude as the original subgraph. A pair of negative paths is removed, and
the rule for the directions of the arrows reconnecting the graph ensures that there is
no other change in the number of negative paths, i.e. C; and C; must have the same
parity. Thus, the coefficient of a subgraph containing the entire cycle is preserved.
Moreover, the number of subgraphs of a fragment containing C; or its edge subgraph
also does not change after simplification because of the unidirectionality of both C}
and Cj, which implies that the coefficient of any fragment containing the cycle is
preserved.

Cases 2, 3, and 4 can be proven by analogous arguments and are not presented
for brevity.

These reductions are conservative because fragments that include the eliminated
negative-path cycles are dynamically unimportant according to lemma 3 and the

conditions of the theorem require the eliminated reactions to be non-entry vertices,
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(@ ®)
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Fig. 7 (a) An integrated unitary unidirectional isolated cycle that meets the criteria of
Theorem 8. The vertices in the red and blue boxes are the disjoint negative paths [A1, R1, As]
and [A3,R3,A4]. The species vertex with the green star (A;) will be kept from the blue

negative path and the species vertex with the orange star (Agz) will be kept from the red
negative path. (b) The result of applying Theorem 8 to the figure on the left.

which means that these cycles cannot appear in a subgraph with connections that

would create added complications (lemma 4). O

See Fig. 7 for an example of utilizing this theorem.

Corollary 9 Assume we have a bipartite graph that contains an integrated linked
cycle of sufficiently large order, with Cy, being the linked cycle. Let Cp,, be the collec-
tion of all unidirectional cycles in Cr,. Let C, [a] be an arbitrary cycle from Cp,, that
does not contain an entry reaction vertex that participates in a negative path with a
species vertex in Cr, [a] and a species vertex outside of Cr,, [a]. Then Theorem 8 can
be applied to disjoint negative paths in Cr, [a] assuming all conditions in Theorem 8

are fulfilled in addition to maintaining unidirectionality of all cycles in Cp,,, .

Proof Assuming the extra condition is fulfilled, then the same proof for Theorem 8
applies. That is, all of the cycles in C, will still be present post-reduction, their con-
tributions to the coefficients of various subgraphs will be the same, and the number

of subgraphs in a fragment containing these cycles will be unchanged. O
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5.2 (Bio)chemical Relevance

The theorems and corollaries found in the previous section describe reduc-
tions that preserve critical fragments. They do not, however, address the
(bio)chemical relevance of the reduced model. For example, it is possible that
a removed species or reaction vertex may have been a well-studied component
of a mechanism and that there are some observations regarding this compo-
nent that a model should be able to match. In these cases, it may be desirable
to identify species to be preserved prior to any reductions being made, and
to avoid eliminating these species in the course of reduction. In many cases,
especially if most of the edges are unitary, the theorems presented above offer
multiple options for reduction. It will accordingly sometimes be possible to
carry out reductions while protecting specific species or reactions.
Unfortunately, reductions involving negative paths are not as straight-
forward as reductions of positive paths because a negative path encodes a
co-reactant relationship, the product not being included in an isolated cycle.
In this case, the product species (if any) would have to be outside the cycle.
Theorems 6 and 8 remove both reaction vertices involved in the negative
paths subject to reduction. Unless the product is formed by another reaction,
this therefore eliminates the formation of the product from the model. If the
product is dynamically important, then its removal may sabotage the model
altogether. However, in order for the product to play an important dynamical
role, it would have to be part of a cycle. Thus, the cycle on which we were oper-
ating would not be isolated, and the reaction vertex forming the product would
in fact be a non-trivial entry vertex, which our theorems explicitly disallow as
targets for reduction. The circumstances in which it would be permissible to
remove a reaction generating a product would involve products that are part

of a pathway that acts as a sink. This includes the trivial case in which the
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immediate product is a sink species (often represented by an empty-set symbol
in reaction mechanisms).

There is also the significant problem of interpreting the bipartite graph
resulting from the elimination of negative paths. For instance, consider the
example shown in Fig. 7, in which Theorem 8 is applied. The original cycle
encoded the reactions (neglecting species not explicitly shown in the cycle)
A1 +Ay =, Ay +As —, A3+ Ay — and Ay — A;. In the reduced cycle on
the other hand, we have A; + A3 — and A3 — A;. These are quite different
in terms of their chemical meanings, and it may be that, for example, there is
no chemical sense to be attached to A; reacting with As. Even if that is not
the case, the reactant-product relationships have been profoundly transformed
and, arguably, the reduced model is not a model for the original reaction but
for a different reaction. However, an alternative perspective is that we do not
care about the chemical interpretation of the reduced bipartite graph, only
that it is easier to analyze. The time required for GraTeLPy to check all
fragments in a mechanism grows rapidly with the size of the bipartite graph.
Thus, it may be useful to simplify a bipartite graph even when an automated
search for critical fragments is planned. The discovery of a critical fragment
in the reduced model could then be mapped back to a critical fragment of the
original model.

As an interesting side-note, in the classical theory of kinetic equivalence
of mechanisms, two models are kinetically equivalent if they are related by
a linear transformation that preserves the entropy production (de Donder,
1937; Prigogine, 1946; Dutta et al, 1984). Kinetically equivalent models gen-
erate the same time series for the chemical species that are common to two
mechanisms. This is a considerably more restrictive condition than preserving

qualitative dynamics, i.e. the potential for certain bifurcations. However, the
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reactions in the reduced models generated by our methods will always be lin-
ear combinations of reactions in the original model provided we consider only
the reactions in the cycle.!! The application of Theorem 1 essentially involves
“squeezing out” intermediates in a cycle, which can be accomplished by tak-
ing a linear superposition of reactions with positive superposition coefficients.
The situation with negative paths is more complicated, but this is essentially
equivalent to subtracting reactions. For the example of Fig. 7, if we call the
resulting reactions Roy,, and Ry, we have Ro,, = R3 — R4 and Ry = Ro — Ry
Consequently, it is possible that the set of transformations that preserve the
entropy production is a subset of the transformations allowed by our methods.

We leave this question for future study.

6 Application to a Gene Expression Control

Model

6.1 Model description

A delayed mass-action model (Roussel, 1996) for the transcriptional control
of Hmp, an NO detoxifying enzyme, by the iron-sulfur protein FNR displays
bistability (Roussel, 2019a). FNR acts as a transcriptional repressor, prevent-
ing the synthesis of the hmp mRNA when bound to the gene’s promoter. Nitric
oxide (NO), when present in the cell, reacts with the iron-sulfur cluster of
FNR. This causes FNR to lose its ability to bind the hmp promoter, and thus

allows this gene to be transcribed. The synthesized Hmp can then remove NO,

M1n Sect. 6.4, we will discuss aggressive reductions, which use the same general principles dis-
cussed here along with a knowledge of the critical fragment to carry out reductions that would
not be allowed by our conservative theorems. Aggressive reductions thus lack the guarantees asso-
ciated with theorem-supported reductions. Aggressive reductions may eliminate species outside
of the cycle so that the net reaction after reduction may be missing some species. Accordingly,
aggressive reductions may change a mechanism in ways that cannot be rationalized as simple
superpositions of reactions, precisely because they take no account of species outside a given cycle
in a critical fragment.
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converting it to nitrate (NO; ), which is much less toxic. A model of this sys-
tem is complicated by the potential for up to 8 molecules of NO to react with
a single iron-sulfur cluster (Crack et al, 2013). Only four of these reactions are
kinetically distinguishable, leading to a model with five nitrosylation states of
FNR (Roussel, 2019a). This model contains 18 species and 32 reactions. Both
expression and clearance delays were considered, the latter representing the
periods during which the promoter is occluded by an RNA polymerase or the
ribosome binding site on an mRNA molecule by a ribosome. Clearance delays
turn out to have significant dynamical effects (Trofimenkoff and Roussel, 2020;
Unal et al, 2021). Nevertheless, in the present contribution, an ODE model
was considered given that the potential for bistability does not depend on the
inclusion of delays, thus providing an interesting example to which to apply
the theorems presented here. Beyond the neglect of delays, we also considered
a simplified version of the original model for two reasons: Perhaps most impor-
tantly, an example based on a large model with a complex bipartite graph is
poorly suited as an illustration. The original model is also extremely densely
connected, largely through NO. As a result, paradoxically, our model simpli-
fication methods apply to very few species and reactions in the pre-existing
model. It should be noted that this pattern of dense connections is unusual.
Most species in metabolic networks, for example, have very few connections to
other species via reactions (Jeong et al, 2000). The simplified model presented
below is thus, we feel, more representative of models likely to be encountered
in practice.

The simplified mechanism consists of the following 15 mass-action reactions
connecting 10 species, not counting the sink species NOj :

iy NO (8a)
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Hmp SLIEN Hmp - Oo (8b)

Hmp - Os + NO —2 Hmp - O - NO (8¢)
Hmp - Oz - NO =% Hmp + NO3 (8d)
Hmp + NO 45 Hmp - NO (8¢)
Pro"™» ey prohm 4 RBSMP (8f)
RBS"™ X0, RBS"™ + Hmp (8g)
RBSM™ 2, ) (8h)

Hmp k6—“> 0 (81)

Hmp - Oy 2+ (8)

Hmp -NO Fed, NO (8k)

Pro"™ 4 FNR % Pro"™ . FNR (81)
FNR + NO 25 FNR, (8m)
FNR. —=» FNR (8n)

Reaction (8a) represents a source of nitric oxide, which may be endogeneous
or exogeneous, i.e. due to diffusion of NO into the cell from the extracellular
medium. Reactions (8b) to (8e) describe the kinetics of the conversion of NO to
nitrate (NO; ) catalyzed by Hmp. In reaction (8b), a molecule of oxygen binds
into the active site of the enzyme. Because we hold the concentration of oxy-
gen constant, (8b) is represented as a pseudo-first-order reaction with effective
rate constant k; = ko,[Oz2], where ko, is the true second-order rate constant
for this binding step. Reaction (8f) represents the transcription of the hmp
gene, initiated at the gene promoter (Pro™™?), generating an mRNA. We focus
particularly on the ribosome binding site (RBS) of the mRNA because trans-

lation [reaction (8g)] can be initiated as soon as the RBS becomes available in
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bacteria. Moreover, mRNAs are typically degraded starting from the RBS in
bacteria (Kennell and Talkad, 1976) [reaction (8h)]. This distinction between
the RBS and mRNA is admittedly more significant in a model with delays than
in an ODE model. Reactions (8i) to (8k) are enzyme degradation reactions.
FNR is a repressor of hmp expression, as shown in reaction (81). Reaction (8m)
depicts the inactivation of FNR by nitric oxide, and reaction (8n) represents
a recycling pathway. Details of the biochemistry are presented in detail by
Roussel (2019a).

The model presented above involves the following simplifications from the

original:

® In the original model, several binding events of substrates with Hmp were
assumed to be reversible, specifically reactions (8b), (8c) and (8e). In
other words, we treat reactions (8b) and (8c) in the van Slyke-Cullen
limit (van Slyke and Cullen, 1914), while the formation of the inhibitory
complex Hmp - NO in reaction (8e) now appears in the mechanism as a
suicide substrate inhibition reaction (Walsh, 1984).

¢ We assume that the Hmp- Oz -NO complex formed in reaction (8c) is
stable, i.e. we do not have a sink for this species. This simply reduces the
number of reactions to be considered by one without having any significant
dynamical effect.

® The multistep degradation of the iron-sulfur cluster of FNR has been
reduced to the single reaction (8m).

Model (8) has two conservation relations, one for the gene promoter, and
one for FNR. Accordingly, given the 10 chemical species involved in the
dynamics, the model has rank n = 8.

The parameters of Table 1 were used throughout this study unless otherwise

noted.
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Table 1 Parameter values for the original Hmp model and its reduced versions. Adapted
from Roussel (2019a).

Parameter | Value

Hmp Catalysis

k1 128 s 1

ko 2.5 x 103 pM~1s™1
k_s 6.2 x 102 571

k4 8.0 x 10t pM—1s—1
Hmp expression

[Pro™P]¢otal 1.0 x 1073 uM

ktc 0.71 571

ke 0.83 s~ 1

ks 0.014 s~ 1

kea = ke = kea

2.4 x 10741

FNR dynamics

[FNR], a1 2.5 uM

k7 1.6 x 1073 pM~1g—1
ka 10 pM~1s—1

k_a 0.11 571

kr 0.1s1

Parameters in reduced models

kom = k2 2.5 x 103 pM~1s~1
kam = k4 8.0 x 101 uM~1s~1!
krm = k7 1.6 x 1073 pM~1s—1
Etem 50 s~1

6.2 Analysis of the model

Figure 8 shows the bifurcation diagram of the model varying k;,. Unlike the
original model (Roussel, 2019a), the upper branch of steady states diverges
near ki, = 0.248 uMs~! because of the suicide substrate inhibition replacing
the reversible competitive substrate inhibition in the original model. Between
kin = 0.248 and the saddle-node bifurcation at 0.375uMs~!, there is only
one stable steady state, the lower one, but that steady state has a relatively
small basin of attraction. Many initial conditions result in runaway trajectories
in which [NOJ increases without bound. For values of ki, greater than the
saddle-node value, only runaway trajectories are observed. There is a second
saddle-node point at ki, = 2.2 x 1073 uMs~!. Below this value of k;,, only
the lower steady state exists, and it attracts all trajectories. Between ki, =
2.2 x 1073 and 0.248 uM s~ !, the system is bistable.

The bipartite graph of the model is illustrated in Fig. 9. This model has
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Fig. 8 Bifurcation diagram for the Hmp model (8). In this and subsequent bifurcation
diagrams, solid lines represent stable steady states while dotted lines represent unstable
steady states. The insets magnify the regions in which the two saddle-node bifurcations

occur. Note: all bifurcation diagrams were computed using Xppaut version 8 (Ermentrout,
2002).

five critical fragments of order 8, one of which is shown in Fig. 10. The other
four critical fragments are not drawn, but only differ by free-floating edges.
For example, in one of the other critical fragments, the edge [Pro"? R.4] is
replaced by [FNR,R 4]. The subgraphs of the critical fragment of Fig. 10 are
drawn in Fig. 11. From these subgraphs, we can calculate a fragment coefficient

Kg, = —1.

8

As an aside, consider the structure of the critical fragment in Fig. 10, which
includes the edges [Pro™P Ry4] and [RBS™P Rs], and [FNR.,R7]. Because
these edges just contribute multiplicative factors of 1 to the coefficient of the
fragment, a critical fragment of order 5 is obtained by leaving these out. In
turn, a critical fragment of order less than the rank implies the possibility of
an Andronov-Hopf bifurcation (Mincheva and Roussel, 2007a). We have not
searched for an oscillatory regime in this model. We point this out because

the build-up of larger critical fragments from smaller critical fragments is a
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Fig. 9 The bipartite graph for the Hmp model (8). The red edges feature in the reductions
of Sect. 6.3.

common theme in the analysis of bipartite graphs, explaining (in part) why it
is not uncommon to find both Andronov-Hopf and saddle-node bifurcations in

the same model.

6.3 Conservative reductions

The bipartite graph of the model (Fig. 9) includes a few linked cycles con-
taining a total of three positive paths to which we can apply Corollary 2

(which generalizes Theorem 1). These positive paths are [FNR.,R, ,FNR],
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Fig. 10 One of the five critical fragments of order 8 (full rank) of the Hmp model.

[Hmp - Oz -NO,R_3, Hmp], and [Hmp - NO,Rg4,NO]. We can remove the reac-
tant edge of each path (indicated in red in the bipartite graph) by making the
appropriate connection from the preceding reaction vertex to the succeeding
species vertex of each edge. We rename Ry to Rop,, Ry to Ry, and R7 to Ry,
to indicate that the modified reaction obtained after each reconnection is dif-
ferent from the original reaction. These connections preserve all of the cycles
involved in the linked cycle and change neither the structure nor the coeffi-
cients of any of the subgraphs of the system’s critical fragments. However, due
to the removal of FNR,. and R,., we lose two critical fragments that included
the corresponding edge as a free-floating edge. We can think of this kind of
loss of critical fragments as the lifting of a degeneracy due to the removal of
inessential components that do not participate in the cyclical structures that
give rise to criticality. The resulting bipartite graph is shown in Fig. 12. Chem-

ically, the effect of these transformations is to replace reactions (8c) and (8d),
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Fig. 11 The subgraphs of the critical fragment (from Fig. 10) of the Hmp model.

(8e) and (8k), and (8m) and (8n) by their respective sums:

Hmp - O3 + NO £225 Hmp + NO; (92)
Hmp + NO =, NO, (9b)

FNR + NO “™, FNR, (9¢)
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Fig. 12 Bipartite graph of the model obtained following conservative reductions. This
model contains only 7 species (not counting the nitrate sink) and 12 reactions.

“squeezing out” the intermediates Hmp - O5 - NO, Hmp - NO and FNR., respec-
tively.

The critical fragment of the simplified model and its subgraphs are shown
in Figs. 13 and 14, respectively. The elimination of the three species and

three reactions has reduced the number of active chemical species to 7 and
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Ry R;

Fig. 18 One of the three critical fragments of order 5 (full rank) of the Hmp model after
conservative reduction. This critical fragment corresponds to the critical fragment of the full
model found in Fig. 10.

the number of reactions to 12. There are still two conservation relations, so
the rank of the model is now 5. Thus, the critical fragment of order 5 shown
in Fig. 13 is a full-rank critical fragment corresponding directly to the critical
fragment of the original model shown in Fig. 10. Comparing the subgraphs
(Figs. 11 and 14), we see that the reduction has preserved

® the number of subgraphs of the critical fragment, and

® the number and parities of cycles in each subgraph.
Thus, the coeflicient of each critical fragment in the two models will be the
same. Indeed, we can easily calculate K, = —1 for this fragment. Since we
chose a critical fragment for simplification, the fragment shown in Fig. 13 is still
critical. In fact, the bifurcation diagram of the model retains the two saddle-

node bifurcations of the original model in essentially identical positions despite
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Fig. 14 The subgraphs of the critical fragment from Fig. 13
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the radical simplifications made (Fig. 15; compare Fig. 8). Interestingly how-
ever, the reduced model has at least one stable steady state for any value of the
control parameter k;,, unlike the original model in which a large inflow rate of
NO can overwhelm the enzyme and its control system. This is doubtless due to
the simplification of Michaelis-Menten kinetics to the simple bimolecular reac-
tions (9) which lack saturation behavior. Indeed, our graph transformations
retain the dynamics of the original model only in the sense that they preserve
the capacity for bifurcations, but there is no guarantee that the behavior will
be identical away from the bifurcation points or for that matter that the bifur-
cations will occur at similar parameter values, although that turned out to be
the case here. It is not obvious, at least to us, that it is possible to predict a
priort the effects of changes in the vector field far away from the bifurcating
steady states, either in phase space or in parameter space. Thus, the model
reductions proposed here are dynamics-preserving only locally. They can have
global effects on the vector field, as we saw in Figs. 8 and 15, where the bifur-
cations were preserved but the geometry of one branch of steady states was
dramatically altered, bringing a fixed point at infinity at larger values of ki,
in the original model into the phase space of the reduced model.

It is worth pausing to consider the net reaction (9¢), and to note that this
reduction has eliminated the feedback loop between nitrosylation of FNR and
control of the synthesis of Hmp. In other words, this control system is not
essential to the bistability of this model. In the reduced model, FNR becomes a
second enzyme that eliminates NO. As should perhaps have been clear from the
original critical fragment (Fig. 10), the key interactions leading to bistability
are located in the catalytic system, including the substrate inhibition by NO.
After reduction, the critical fragment (Fig. 13) still contains two competing

pathways, one via reactions Ry and Rop, that eliminates NO, and the other via
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Fig. 15 Bifurcation diagram for the conservative reduction of the Hmp model shown in
Fig. 12 using the parameters of Table 1 with ko, = ko, kam = ka4 and k7 = k7.

reaction R4y, that eliminates Hmp. An interaction analogous to competitive
substrate inhibition has previously been shown to generate oscillations in a

model for hydrogen oxidation (Slin’ko and Slin’ko, 1978).

6.4 Aggressive reductions

In Sect. 6.3, we applied the theorems presented in this paper to all paths that
met the criteria of our conservative reduction theorems and showed that, upon
reduction, the resulting model still exhibits bistability. In our first foray into
these methods however, we used knowledge of a critical fragment to propose
several dynamics-preserving reductions, validated by numerical computations,
some of which involved the removal of entry vertices (Roussel and Rous-
sel, 2018). We call these aggressive reductions. The critical fragment of the
reduced model, Fig. 13, tells us that we must preserve all of the species in the
linked cycles. Anything outside of these linked cycles either doesn’t contribute

to critical fragments, or contributes only trivially as free-floating edges (e.g.
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[Pro™™ R 4]). Provided they are not involved in other significant interactions,
we could consider deleting some additional species and reactions even if they
do not satisfy the conditions of our theorems. Looking at the bipartite graph
(Fig. 12), we see for example that RBS"™ only appears as an intermediate in
the Hmp synthesis pathway. It is an entry vertex, and it participates in a cycle
of order 1 with Ry, so it does not satisfy the conditions for conservative reduc-
tions. Nevertheless, knowing that it appears in critical fragments only trivially,
we can contemplate its removal. On the other hand, it is not clear how the
graph could be reconnected in a sensible way if we removed, say, Pro™? and
Ric, even though the critical fragment suggests these species are not essential
to the bistable behavior. A similar comment could be made about FNR and
the reactions with which it shares edges. We therefore attempt to remove only
RBS"™ and the reactions Ry and Rs, connecting Ry, directly to Hmp. As
per our previously established convention, we rename the modified reaction
Ritcm- The resulting bipartite graph is shown in Fig. 16. From the graph, the

modified reaction Ry, reads as follows:

Pro/™ Hemy prohm 4 Hmp, (10)

We note in passing that models in which mRNA does not explicitly appear
and proteins are shown as being synthesized directly from a gene are not
uncommon in the literature [e.g. Kepler and Elston (2001); Lipshtat et al
(2006); Sokolowski et al (2016)].

As expected, the critical fragment of this aggressively reduced version of
the model (not shown) is identical to Fig. 13, barring the [RBS"™” Rs] edge.
This model still contains three critical fragments but now each is of order 4

(full rank). Its bistable regime is depicted in Fig. 17. Because mRNA serves (in
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Fig. 16 The bipartite graph of the aggressively reduced model of Sect. 6.4. This model
still exhibits bistability but contains only 6 species and 10 reactions. There are still two
conservation relations, one for the promoter and one for FNR, so the rank of the model is
now 4.

part) an amplification role (many mRNAs to one promoter), in order to get
similar dynamics in the absence of mRNA, we need to increase the transcrip-
tion initiation rate constant. If we do, we end up with a similar bifurcation
diagram to the one found for the model that includes RBS"™?. (Compare Figs.
15 and 17.)
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Fig. 17 Bifurcation diagram of the model following removal of RBS"? and associated
reactions from the model. All parameters are as in Fig. 15 except ktcm = 50 s—1,

As we can see from this example, aggressive reductions may require the
injection of some chemical knowledge into the analysis, such as the requirement
that an active gene is required to make the protein Hmp.

Up to this point, all model reductions considered have retained a pair of
saddle-node bifurcations between which we can observe bistability. We have
found that further aggressive reductions destroy at least one of the saddle-
node bifurcations, leaving us with a system that does not have a bistable
regime. Note that a critical fragment of full rank is a necessary condition for a
saddle-node bifurcation to occur. Because the condition is not sufficient, there
is no guarantee that there will be parameters where a saddle-node bifurcation
occurs, never mind two, just because the network has a critical fragment.
Nevertheless, we generally find that conservative reductions preserve the full
bifurcation structure, while the aggressive reductions may or may not.

The [R1,Hmp - O2] product edge in Fig. 16 might seem like an attractive

target for an aggressive reduction of a slightly different kind. While this edge

0.5
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does appear in the critical fragment (Fig. 13), given that its only other connec-
tion is to a sink (Rgp), it is tempting to think that we could remove Hmp - Oq
along with the reaction vertices R; and Rgy, closing the cycle by connecting
Hmp to Roy,. This simplification does not appear at first glance to be very dif-
ferent from that of the [Hmp - NO,Rg4] edge. However, when we do this, we lose
unidirectionality of the cycle in g; from Fig. 14 because [Hmp,R;,Hmp - O5] is
the only positive path in g;. This causes the number of subgraphs of the cor-
responding fragment to explode: we gain four subgraphs analogous to g; but
with different combinations of arrows, and one additional edge subgraph for a
total of 10 subgraphs. The corresponding fragment is no longer critical—it has
a coefficient of zero—illustrating the importance of maintaining directionality
of cycles. Consequently the mechanism no longer has any critical fragments

and saddle-node bifurcations are therefore no longer possible.

7 Discussion

7.1 Summary

Models of (bio)chemical networks have been frequent targets for simplification.
In this paper, we discussed graph-based dynamics-preserving schemes that can
be applied to mass-action (bio)chemical mechanisms represented as bipartite
graphs. In this representation, the graph contains two sets of vertices—one for
species and one for reactions—and directed arrows (edges) from one type of
vertex to the other. The theorems in this paper preserve elements of bipartite
graphs known as critical fragments, which are necessary for positive-feedback
Andronov-Hopf and saddle-node bifurcations (Ivanova, 1979b; Mincheva and
Roussel, 2007a). Thus, simplifications of models displaying positive-feedback
oscillations or multistability should preserve critical fragments in order to

preserve their dynamics.
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In Sect. 5.1, we presented a set of theorems that will preserve critical frag-
ments, regardless of whether we know ahead of time what critical fragments
a model may have, based on the structure of the bipartite graph. We applied
these theorems to a model for the control of the synthesis of the NO-detoxifying
enzyme Hmp in Sect. 6.3. We then considered how knowledge of the critical
fragment may enable more aggressive reductions in Sect. 6.4.

As we saw through the reduction process for the Hmp control model,
systematic reduction of a bipartite graph based on our theorems, possibly
accompanied by some aggressive reductions that go beyond our theorems, will
tend to preserve dynamics. Not all details of the dynamics are preserved. The
model used to illustrate the application of our theorems has a limited range
within which stable solutions are found (Fig. 8) whereas the simplified mod-
els have stable steady states throughout the range of nitric-oxide inflow rates
(Figs. 15 and 17). However, all of the correctly reduced models have a pair of
saddle-node bifurcations delimiting a range of bistable behavior.

The computational cost of finding critical fragments rises rapidly with the
size of the network, so it will not always be possible to identify critical frag-
ments immediately. Simplifying a model using our methods, which can literally
be carried out with pen and paper using a printout of the bipartite graph,
may in some cases yield a more manageable model that can then be analyzed
using GraTeLPy (Walther et al, 2014) or, after converting the bipartite graph
back to a set of reactions, other tools (Soranzo and Altafini, 2009; Nagy et al,
2012; Donnell et al, 2014; Feinberg et al, 2018; Téth et al, 2018; Yordanov
et al, 2020; Feinberg, 2022; Marginean et al, 2023). If critical fragments can
be identified in the reduced model, it is easy to backtrack to the original set

of reactions in the full model that would correspond to those in the simplified



Springer Nature 2021 ITEX template

52 Graph-Based, Dynamics-Preserving Reduction of (Bio)chemical Systems

fragment. Thus, these methods may allow us to find critical fragments even in
models that are initially too large for direct analysis.

The parameter independence of the reduction methods presented here is
a major advantage of this approach over conventional model reduction meth-
ods. Numerical model reduction methods are tied to specific parameter values
and can be highly demanding of computer resources (Maas, 1998; Goussis and
Valorani, 2006; Golda et al, 2020). In our method, simplifications are applied
to the model symbolically, and do not need to be recomputed if parameters
change. Although methods based on conditions that are necessary but not suf-
ficient cannot be guaranteed to preserve model behavior, we have seen here
that a model can be pared down to a highly simplified core of reactions while
preserving major features of the bifurcation diagram. Analytic model reduction
methods based on the application of steady-state or equilibrium approxima-
tions can also be applied symbolically, but for these methods, substantial
analysis or numerical computations are required to determine whether or not

they will preserve dynamics (Flach and Schell, 2006; Boie et al, 2016).

7.2 Aggressive reductions

The conservative reductions described in the theorems of Sect. 5.1 consist
of a set of graph operations that preserve the coefficients of fragments post-
reduction. One of the advantages of conservative reductions is that they avoid
changing anything in the bipartite graph that would change the number or
parities of cycles, and thus can be applied without knowing which fragment, if
any, is critical. However, in our first dalliance with these ideas, we carried out
reductions that violated the strict conditions of the theorems presented in this
contribution while retaining the bistable dynamics of a model for the develop-

ment of left-right asymmetry (Roussel and Roussel, 2018). This observation led
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us to propose the possibility of critical-fragment-aware aggressive reductions
in Sect. 6.4. Aggressive reductions are only possible when we are able to deter-
mine the critical fragment leading to instability in a model. In these cases, we
can apply a set of reductions that removes species inessential to the criticality
of an identified critical fragment using similar rules as in conservative reduc-
tions but allowing for, e.g., the elimination of entry vertices. Provided these
reductions don’t disconnect a fragment from biochemically essential interac-
tions, they may yield usable reduced models. For example, in Roussel and
Roussel (2018), a scaffold protein (Smad4) was eliminated in the reduction
process, showing that the key network property required for bistability was
the inclusion of two Smad2 molecules in the transcription factor, and not the
assembly of the two units of Smad2 on the scaffold. Because aggressive reduc-
tions are much more risky in terms of potentially changing the behavior of the
model, we would suggest only undertaking them if it is already known prior
to their application that the model displays the desired dynamics. It can then
be verified that the aggressively reduced model (possibly with some changes
in the parameter values) retains these dynamics. The preservation of a critical
fragment, even if aspects of the model outside of this fragment are dramatically
changed, suggests that aggressive reductions are not only possible but likely
to retain at least some aspects of the original dynamics, but again we note
that procedures based on necessary but not sufficient conditions can provide
no guarantees.

It may be questioned why we would engage in aggressive model reduc-
tions if we already know the model’s dynamics. There are at least two answers
to this question. The first is that model reduction may yield insights into
the dynamical roles of various species, as it did for the Smad2/Smad4 pro-

teins in the left-right asymmetry model we studied previously. The other
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Fig. 18 Effect of varying kgp for the model of Fig. 16. (a) Phase diagram. The inset shows
the saddle-node curve at large values of ki,. (b) [NO] along the portion of the saddle-node
curve shown in the inset of panel (a). All parameter values are as in Fig. 17.

is that the reduced model will likely be more efficiently simulated, which
may facilitate certain compute-heavy tasks such as the numerical solution of
reaction-diffusion equations.

It must be noted that even fairly innocent-looking simplifications can alter
the system’s dynamics, particularly if they involve species in the critical frag-
ment. For example, it might be tempting to remove the sink Rgp, in the model
studied in Sect. 6, reasoning that the sink for the free enzyme, Rga, might be
sufficient. However, setting kg, = 0 eliminates bistability. To understand why,
we computed the ki, X kg, phase diagram, shown in Fig. 18(a). As kg, — 0,
the upper saddle-node bifurcation tends towards a limiting value. This does
not in itself suggest the loss of bistability. However, if we look at the value of
[NO] along the saddle-node curve, we see in Fig. 18(b) that it tends to zero
as kg — 0. Thus, the lower branch of stable steady states drops out of the
physically realizable orthant if we eliminate reaction Rgp,. This reinforces the
potential importance of entry vertices and the risks associated with trying to

simplify too aggressively in their vicinity.

7.3 Automation

We briefly mentioned earlier that it should be possible to automate the

reduction process. Indeed, the conservative reduction process mostly involves
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a search for edges or paths within cycles satisfying the conditions of the
theorems. The necessary search algorithms are extensions of algorithms that
already exist for drawing subgraphs and evaluating their coefficients (Walther
et al, 2014). Aggressive reductions are, as noted above, more delicate, but
should also be automatable within software that enumerates fragments such
as GraTeLPy. The output of a program for carrying out graph-based model
reduction could be a hierarchy of models, ranging from models that only use
conservative reductions, to models that apply increasingly risky reductions.
The search for critical fragments could be carried out after the application
of conservative reductions. Indeed, conservative reductions could be built into
such a program as a strategy for accelerating the search for critical fragments.

One complication that would have to be addressed in automating the model
reduction process is whether the user wants a reduced model, or all reduced
models of the same size. Consider the case of a unidirectional cycle containing
exactly two edges that enforce the directionality. Assuming both are removable
according to our theorems, it would be possible to remove only one of the two
edges since the remaining edge is required to maintain the directionality of
the cycle. Thus, there would be two possible reduced models, considering only
this one cycle, each corresponding to a different edge having been removed. In
a sufficiently large model, there would presumably be many such choices, and
thus a significant number of possible reduced models. Other methods can also
run into issues with non-uniqueness of the reduced model, as in the work of
Apri et al (2012) for example.

This last issue would be somewhat mitigated if the user were able to specify
species or reactions that must be retained in all reduced models. For example,
if there are observations on the expression of certain proteins, or measurements

of some rates of reaction, one would normally want to retain those specific
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proteins or reactions in the reduced model. These constraints would limit the
search space for reduced models, and might even in some cases lead to unique

reduced models where there would otherwise have been many.

7.4 Limitations

Graph-theoretical methods, and qualitative stability analysis methods in gen-
eral, give necessary and not sufficient conditions for oscillations, bistability or
other behaviors (Schlosser and Feinberg, 1994; Feinberg, 1995a; Thomas and
Kaufman, 2001; Craciun and Feinberg, 2005, 2006b,a; Craciun et al, 2006;
Mincheva and Roussel, 2006, 2007a,b; Mincheva, 2011; Mincheva and Craciun,
2013; Soliman, 2013; Banaji and Pantea, 2016; Culos et al, 2016; Kaltenbach,
2020; Okada et al, 2021), although sufficient conditions can be obtained for
systems satisfying additional criteria (Feinberg, 1995b; Pérez Milldn and Dick-
enstein, 2018). Preserving a necessary condition cannot of itself guarantee
that the reduced model will preserve the original system’s dynamics. While
our example shows that these methods are surprisingly robust, one can imag-
ine situations where, for example, the loss of saturable kinetics following the
elimination of an enzyme-substrate complex sufficiently alters the dynamics
that bistability is lost. Along similar lines, even if the bifurcation structure is
retained, the vector field may be changed in ways that change some aspects of
the dynamics, as we saw in the reduction of the original model to the model of
Fig. 12, which dramatically changed the parametric dependence of the upper
steady state (Figs. 8 and 15).

A more serious criticism is that the elimination of pairs of negative paths
does not necessarily yield a bipartite graph with a chemical interpretation that
is easily related to the original chemistry, unlike the elimination of edges in

positive paths. Taking for example the transformation of Fig. 6, the reaction
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A; — aA, that appears in the reduced cycle in panel (b) is the result of the
following linear transformation of the reactions: Ry +aR2—aRs. In the cycle in
panel (a), A; is indirectly responsible for preventing the consumption of A4 by
being a precursor of Ay which in turn participates in a reaction that consumes
Aj, the latter being ‘fuel’ in reaction Rg that also consumes A4. This is a
very different kind of relationship than the direct generation of A4 from A;!
However, the point of Theorems 6 and 8 is that the models that result from
these transformations are dynamically equivalent, regardless of their chemical
interpretation.

It may turn out to be difficult to find systems to which Theorems 6 and 8
can be applied, because the reaction vertex of a negative path in a cycle will
generally have a product outside the cycle, i.e. the reaction vertex will almost
always be an entry vertex. The exception, which might be described as ‘mutual
annihilation reactions’, would occur when the reaction forms a sink species.
The trivial sink species vertex can be eliminated prior to the analysis since
it will have no influence on the reaction. The reaction vertex then no longer
appears as an entry vertex. However, having two such reactions in a cycle
so that the simplification can proceed would be an even more unusual event.
There may be cases where an aggressive simplification can be applied given
knowledge of the critical fragment, but even then eliminating entry vertices
can cause difficulties reconnecting the graph. For the moment, we do not have

a real example where the negative path simplifications could be applied.

7.5 Potential future developments of

dynamics-preserving model reduction methods

The basic idea exploited for model reduction in this contribution, the preser-

vation of key properties of a network that determine the dynamic potential of
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a model, could be applied in the context of other qualitative stability analy-
sis methods. As an example, we consider Chemical Reaction Network Theory
(CRNT) (Schlosser and Feinberg, 1994; Feinberg, 1995a,b; Téth et al, 2018;
Feinberg, 2022).

In CRNT, the stoichiometric combination of reactants or products appear-
ing on one side of a reaction arrow is known as a “complex”. In one version of
CRNT, a bipartite graph called a Species-Reaction (SR) graph is constructed.
Like the Volpert-Ivanova bipartite graphs used in our work (Volpert, 1972;
Ivanova, 1979b), SR graphs have distinct species and reaction vertices. The
edges, however, are undirected and labeled both with the stoichiometric coef-
ficient (as in Volpert-Ivanova graphs) and with the complex in which a species
participates in the corresponding reaction. In an SR graph, a “c-pair” (com-
plex pair) is defined as a pair of edges that meet at a reaction vertex and have
the same complex label (the complexes along the edges) (Craciun and Fein-
berg, 2006b). A c-pair could thus denote a pair of edges from co-reactants, i.e.
a negative path in our nomenclature, or from two products of a reaction. If
a cycle has an even or odd number of c-pairs, it is an “e-cycle” or “o-cycle,”
respectively. An “s-cycle” is a cycle for which the result of alternately multi-
plying and dividing the coefficients along the cycle is 1. Lastly, two cycles have
a “species-to-reaction intersection” (S-to-R intersection) if the common edges
of the two cycles constitute a path that begins at a species vertex and ends at
a reaction vertex. The simplest example of an S-to-R intersection in our ter-
minology would be a single reactant edge shared by two cycles. The following

is the main result of Craciun and Feinberg (2006b):

Theorem (Craciun and Feinberg (2006b)) Consider a reaction network such that

in its SR graph

1 each cycle is an o-cycle or an s-cycle, and
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14 no two e-cycles have an S-to-R intersection.

Then, taken with mass action kinetics, the reaction network does not have the capacity

for multiple positive steady states.

Violating at least one of these conditions is therefore a necessary condition
for multistability. Accordingly, a dynamics-preserving model reduction method
analogous to the work presented here could be developed based on SR graphs
in which we would avoid destroying e-cycles or S-to-R intersections. It would
be very interesting to pursue this line of thought and to see if the reductions
suggested by the two methods are similar or different. Similar comments could
be made about other methods of qualitative stability analysis that provide
conditions for multistability or oscillations (Thomas and Kaufman, 2001; Soli-
man, 2013; Blanchini et al, 2014; Banaji and Pantea, 2016; Culos et al, 2016;
Kaltenbach, 2020; Okada et al, 2021; Vassena and Stadler, 2024): each of these
could give rise to a dynamics-preserving model-reduction method by ensur-
ing that appropriate properties of the model are retained during the reduction
process.

While we have stressed the essential difference between a parameter-free,
network-structure-based reduction method that focuses on the dynamical
repertoire of a model on the one hand, and intrinsically parameter-dependent
methods such as time-scale-based reduction methods on the other, there may
be some connections that would be worth exploring. Consider for example,
the reduction of reactions (8c) and (8d) to (9a). We previously described this
reduction as a simple sum of reactions, without giving consideration to any
factor other than the placement of these reactions within the bipartite graph.
However, we could also arrive at this reduced reaction if we consider reac-
tion (8c) to be rate-limiting, i.e. by applying a time-scale-based reduction

method assuming that reaction (8c) is, within the region of parameter space
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and phase space where this model evolves, much slower than reaction (8d).
Thus, there will be cases where the results of a time-scale-based analysis will
result in the same simplified model as our network-structure-based methods.
In these cases, not only will the reduced models coincide, but the parameters
of the reduced model will either be rate constants from the original model or
easily computed effective rate constants. However, our method will also apply
in cases where the time-scale-based analysis would suggest that reduction is
not indicated. Our method seeks to preserve the potential for certain bifurca-
tions, but says nothing in general about the parameter values at which these
bifurcations will occur and it may be necessary, as we saw in the model where
we reduced gene expression to the single reaction (10), to make large changes
to the parameters in order to observe a bifurcation diagram in reasonable
agreement with that of the original model. Despite some of the differences
between time-scale-based and network-structure-based reduction methods, the
relationship between the two would seem like a fertile area for investigation.
The reduction of reactions (8c) and (8d) to (9a) raises another issue in terms
of the contact between time-scale-based methods and network-structure-based
methods: At any given concentration of Hmp - O, the reaction pair (8c)—(8d)
will saturate if the NO concentration becomes sufficiently high. On the other
hand, the bimolecular reaction (9a) does not saturate. The loss of saturable
enzyme catalysis in favor of bimolecular catalysis in the application of our
graph simplification procedure is a common occurrence [this contribution and
Roussel and Roussel (2018)]. Time-scale-based methods would tell us that
a bimolecular-like rate of catalysis is only recovered at very low substrate
concentrations, but our method suggests that, in models where our methods
would allow this simplification, its applicability does not depend on the relative

concentrations of enzyme and substrate. In other words, in models where the



Springer Nature 2021 ITEX template

Graph-Based, Dynamics-Preserving Reduction of (Bio)chemical Systems 61

enzyme and enzyme-substrate complex have sufficiently simple connections to
the other species of the model, saturability of the catalyst is not dynamically
all that important. This is surprising. One would think that limitations in
the rates of certain reactions would be important to the qualitative behavior
of a model, and not just to quantitative features. We have examined a very
limited number of examples, and we point out again that necessary but not
sufficient conditions leave a great deal of room for model reductions to go awry.
Nevertheless, it would seem an interesting question to ask whether “typical”
biochemical oscillator or bistable models require saturable kinetics in order to
generate their respective behaviors. Of course, saturation will almost certainly
be important for reproducing experimental waveforms or other time-dependent
phenomena that depend on the details of the vector field. But, as we have
noted above, there are often interesting insights to be gained from studying
a reduced model even if it is not fully faithful to the original model’s time
evolution.

Even in the context of the bipartite graph methods explored here, we do
not believe that we have exhausted the set of graph reductions that could be
discovered. Our approach has been to develop provably conservative methods,
and then to relax the conditions for their applicability in cases where the
critical fragment is known. It is likely that there are more general classes
of graph transformation that will retain critical fragments. This approach to

model reduction is embryonic and ripe for development.
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A Ivanova’s Terminology for Bipartite Graphs,

Subgraphs and Fragments

This section outlines the terminology established by Mincheva and Rous-
sel (2007a) based on the English translation of Ivanova’s original Russian
terminology (Ivanova, 1979b).

(Reactant) Edge: A directed arrow from a reactant species vertex Ay to a
reaction vertex R;, denoted [Aj,R;]. In the classic version of the theory,
these are just called ‘edges’, with no qualifier. Note that for the purposes
of model reduction, we will also need to discuss product edges, i.e. edges
from a reaction to a product vertex (Sect. 3).

Edge weight: The weight of an edge (reactant or product) is the corresponding
stoichiometric coefficient.

Positive path: A sequence of directed arrows from a reactant species vertex to
a reaction vertex and then from that same reaction vertex to a product

species vertex, denoted [A;,R;,A;].
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Negative path: A sequence of directed arrows from a reactant species vertex
to a reaction vertex, followed by an edge traversed against the direction
of its arrow to another reactant species vertex, denoted m

Cycle: A sequence of paths that start and end at the same species vertex.
A cycle is said to be positive or to have positive parity if it contains an
even number of negative paths, while a cycle is said to be negative or to
have negative parity if it contains an odd number of negative paths.

Subgraph: A union of edges and cycles in which each species is at the origin of
only one edge or path. Each subgraph has a coefficient K, computed by
Eq. (6).

Fragment: A union of subgraphs that share the same vertices. Each fragment
corresponds to a term in the characteristic polynomial of the form (3). The
coefficient of a fragment, Kg, , is given by the sum of all of its subgraphs’
coefficients according to Eq. (5).

Critical fragment: A fragment with a negative coefficient.

Order (of a cycle, subgraph or fragment): Number of chemical species vertices

therein.

B Graph-theoretic stability analysis: an

example

As an illustration of the Ivanova style of graph-theoretical stability analysis,
we consider the Brusselator (Prigogine and Lefever, 1968), a model that dis-
plays positive-feedback oscillations. In its simplest form, the Brusselator can
be written as the following mass-action system:

LN, g (11a)
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Fig. 19 Bipartite graph corresponding to the Brusselator reactions (11)

X 2, y, (11b)
2X +Y 25 3X, (11c)
X (11d)

The law of mass action gives us monomial reaction rates of the form R; =
kjx®iey®iv for a two-variable system such as the Brusselator, where z = [X],
y = [Y] and R; is the rate of reaction R;. Due to this monomial form, the

elements of the Jacobian matrix can be written

8Rj . Oéijj
or oz

(12)

and similarly for Jacobian elements with respect to y. For the Brusselator,
using the standard method of linear stability analysis for ODEs (Roussel,

2019b), we get the characteristic polynomial

R —2R R R Rs R
p(A>=A2+A(—2+ 3+—4+—3> + 22 =0 (13)
. TV @y YT ey

where (z*,y*) is the unique steady state of this model. It is easy to show
that the negative term —2Rj3/z in the linear coefficient of this characteristic
polynomial is necessary for the occurrence of an Andronov-Hopf bifurcation.

The graph-theoretical analysis begins by building the bipartite graph asso-

ciated with the set of reactions (11), which is shown in Fig. 19. Since there are
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Fig. 20 An order 2 fragment of the Brusselator Sa (é(g ;;)

two independent chemical species (no conservation relations), only fragments
up to order 2 are relevant. Note that the characteristic polynomial is, corre-
spondingly, of degree 2. Each fragment is in a one-to-one correspondence with
a term in the characteristic polynomial. Fragments are unions of subgraphs
that share a set of vertices. To identify fragments and their corresponding sub-
graphs, it is often easiest to start by choosing some vertices, adding all of the
arrows that connect them in the bipartite graph, and then constructing all
of the subgraphs that can be found in the chosen set. Consider for example
the fragment Sy illustrated in Fig. 20. The subgraphs are unions of (reactant)
edges and cycles that include all of the vertices in this fragment. For any given
subgraph, we denote by £ the set of edges and by C the set of cycles in the
subgraph. Table 2 shows all of the subgraphs of the fragment S5. For exam-
ple, subgraph g; consists of the two edges [X, R3] and [Y, R3]. K, for this
subgraph is calculated from the stoichiometric coefficients of these edges using
Eq. (6a). Similarly, go consists of the cycle [X, R3, X] and of the edge [Y, Rs).
The coefficient of the cycle is calculated using Eq. (6b), and then again we
apply Eq. (6a) to get the cocfficient of the subgraph. Note that the negative
value of K¢ implies a positive cycle. The coefficients of the subgraphs are
added to give the coefficient of the fragment according to Eq. (5). For this

fragment, Kg, = 0. Correspondingly, the characteristic polynomial does not

Rs Rs
r y

contain a term
The only critical fragment for this mechanism is Sl( })53 ), illustrated in
Fig. 21. This fragment has two subgraphs, the edge subgraph ¢g; = {[X, R3]} for

which K,, =4 and the cyclic subgraph g, = {[X, R3, X]} for which K,, = —6.
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Table 2 Subgraphs of the fragment Sa illustrated in Fig. 20. The subgraphs are specified
by their edge (£) and cycle (C) sets. The right-hand column shows the calculation of the
coefficient of the subgraph, K. In cases where the subgraph includes a cycle, the
calculation of the cycle’s coefficient, K¢, is given separately. In the final row of the table,
the fragment’s coefficient is obtained by adding the subgraph coefficients.

Subgraph  Edge and cycle sets Calculation of K|
g &={XRs],[Y, Rs]} Ky = (2)°(1)* =4
g2 C={X,Rs,X]} Ko = —(2)(3) = —6
£ = {IY, Ral} Ky = (1)%(=6) = =6
g2 ={(V.Rs, X)X Rs.Y])} Ky =Kc=-(3)(-2) =6
9 C={(KRs, Y V,Bs,X])} K,=Ko=—(-2)(-2) =4

Ks, =44 —6+6+—-4=0

2
o8
3

Fig. 21 Ciritical fragment S (1}:;) of the Brusselator

The coefficient of the fragment is therefore Kg, = —2, the coefficient of the
term R3/x in the characteristic polynomial. Note that the critical fragment
extracts from the mechanism the autocatalytic (positive feedback) loop that
is responsible for the appearance of an Andronov-Hopf bifurcation and of the

consequent limit-cycle oscillations in the Brusselator.
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