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Abstract

Gravitational waves (GWs), often referred to as ripples in spacetime, were first detected

in 2015, revolutionizing our understanding of the universe. On the other hand, the quark-

gluon plasma (QGP)—a state of matter believed to have existed microseconds after the Big

Bang—provides insights into the fundamental forces of nature. My research bridges these

two fascinating areas, exploring how gravitational waves interact with this exotic matter

governed by non-abelian (Yang-Mills (YM)) gauge fields. We aim to investigate this in two

ways: (i) Study the fundamental interactions of GW with YM fields, and (ii) Explore the

thermodynamic aspects of QGP.

QGP is a liquid that behaves like an almost perfect fluid at temperatures observed in

particle accelerators (around Tc, Tc ∼ 1012K) and like a gas of non-interacting particles at

T ≫ Tc. We explore the QGP under these approximations using two models: waves and

condensates. We then investigate the effect of GWs on these configurations. We find that

the GW changes the frequency and direction of YM waves. In case of condensates, GW

induces the decay of condensate into waves. When we study the dynamics of fermions in

the presence of condensate and GWs, we found that GWs induce flavour transitions which

are relevant in explaining the strangeness enhancement of QGP as observed in colliders.

We then discuss thermodynamic aspects, starting with a study of the effect of GWs on YM

phase transition using classical nucleation theory and showing that GW increases nucleation

rate, resulting in lesser transition time. Finally, we study the thermodynamic properties

of QGP using finite temperature Quantum Field Theory. We show that the GWs play an

important role in stabilizing the QGP condensates at finite temperatures, as without the GW,

the QGP has negative energy and pressure.
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Chapter 1

Introduction

”Somewhere, something incredible is

waiting to be known.”

Carl Sagan

Understanding the universe has been the holy grail for human endeavor. The inhabitants

of Earth observe the interplay of natural and human-made features which encompass the

surface of the Earth. These include terrestrial characteristics such as sky-raising mountains,

expansive plains, and rugged canyons, water masses consisting of vast oceans, intricate

rivers, serene lakes, and dynamic glaciers, and vegetation varying from dried deserts to

huge rainy forests.

At astronomical scales, we see more complex features filling the universe with magnif-

icent displays of stars, stunning natural light shows (Auroras), vast systems of stars (galax-

ies), colorful gas and dust clouds serving as a birthplace for stars (Nebulae), the remnants

of an exploded stars (Neutron Stars, White dwarfs, Black holes), and extremely violent

supermassive black holes.

Compared to previous cases, the cosmological perspective/ view is much simpler. When

we observe the universe at cosmological scales (means the greatest observable cosmic dis-

tances), the universe looks the same everywhere, with only minute deviations from ho-

mogeneity. This is well observed in Cosmic Microwave Background (CMB), which was

discovered by Arno Penzias and Robert Wilson in 1965 [1]. The CMB is a relic radiation

from the Big Bang, filling the universe almost uniformly. It is the afterglow of the hot, dense

1



1. INTRODUCTION

state of the universe approximately 380,000 years after the Big Bang. It has a blackbody

spectrum, indicating thermal radiation at an average temperature of about 2.7 K. While the

CMB is remarkably uniform, there are very small temperature fluctuations that are related

to the density fluctuations that led to the formation of galaxies and large-scale structures.

In addition to supporting the Big Bang theory, the CMB also helps in understanding the

universe’s composition, including Dark matter and Dark energy.

Figure 1.1: Cosmic Microwave Background Radiation [2]

The age of high-precision cosmology has become highly developed with ever more ac-

curate measurements of the distribution of mass in the universe using galaxy surveys [3, 4]

and measurements of temperature fluctuations and polarization in CMB [2, 5]. From these

measurements, it indicates that the early universe was homogeneous to better than one part

in 10,000. The major goal of any cosmological theory is to develop a physical model that

accounts for the observed features of the universe. The majority of models have been ruled

out due to their lack of consistency with the observed results. The standard cosmological

model suggests that the primordial quantum perturbations (or density perturbations) are the

source of these inhomogeneities [6] and these quantum perturbations are imprinted onto the

early universe by a process of rapid exponential expansion known as inflation [7], which

happened during 10−36 s to 10−32 s after the Big Bang.

The simplest form of inflationary model is single-field slow-roll inflation. The inflation

is usually driven by a high energy density hypothetical field known as the inflaton field, that
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causes the rapid expansion. As the inflaton field evolves, it can decay into particles, reheat

the universe, and sets an initial stage for the standard Big Bang theory after the inflation.

In addition to explaining the present cosmological data with high accuracy, this model also

made several predictions which were subsequently verified with more precise cosmological

data obtained over the past two decades. Although inflation rectifies many of the issues with

the Big Bang model, it is still not void of its problems (for example: what sets inflation in

motion?).

In addition to the predictions of density perturbations, inflation also predicts the gen-

eration of gravitational waves (GWs) [8]. As the inflaton field undergoes rapid changes, it

can lead to the stretching and compressing of spacetime, creating GWs. As these GWs are

generated during inflation, labeled as Primordial GWs (PGWs), they provide a unique way

to study the conditions of the very early universe. These PGWs induce a specific gradient-

free B-mode polarization pattern in the CMB [9]. Thus, detecting these PGWs provides an

independent way of confirming the theory of inflation. There are already several current

and upcoming observatories to detect these primordial GWs. GWs from distant and most

energetic processes in the universe such as merging binary neutron stars or black holes have

already been detected in these GW observatories [10]. Based on their location, there are

two types of observatories: ground-based and space-based GW observatories. Some of the

current ground-based observatories include Laser Interferometer Gravitational-wave Obser-

vatory (LIGO), Virgo, and Kansai Advanced Gravitational Wave Observatory (KAGRA).

There is also a future space-based gravitational wave observatory, Laser Interferometer

Space Antenna (LISA) which can detect the GWs from sources that are not accessible to

ground-based observatories such as GWs from inflation and supermassive black holes.

The PGWs were being generated from each and every point of the universe which makes

them stochastic in nature resulting in a PGW Background [11]. This PGW background en-

closes the entire universe. As the universe evolved from the inflationary era, it underwent

several phase changes and processes leading to the universe as we see it today (Fig. 1.2).
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After the inflation, the universe undergoes a process known as reheating, which heats the

universe through the production of elementary particles from the inflaton field [12, 13]. Up

until around the 10−5 sec after the Big Bang, the universe was still filled with a hot soup of

elementary particles such as quarks, gluons, electrons, and others. This new state of matter

consisting of quarks and gluons which existed deconfined until the first microseconds after

the Big Bang is known as Quark-Gluon Plasma (QGP). As the universe cooled down due

to expansion, the quarks and gluons combined into hadrons such as neutrons and protons

in a process called Hadronization, which occurs via Quantum Chromodynamics (QCD)

phase transition. Soon after the formation of hadrons, the neutrinos stopped interacting

with baryonic matter and formed the Cosmic Neutrino Background (CNB). This stage of

the universe is called neutrino decoupling. Later, as the universe cools down further, the

protons and neutrons combine to form nuclei in a process called Big Bang Nucleosynthesis

(BBN), which later combines with electrons to form the first atoms in a process called Re-

combination. At this time, the universe becomes transparent for the first time and photons

propagate freely after this time creating the CMB [14, 15]. Apart from the PGW Back-

ground, the CMB and CNB are also used to study the state of the early universe. Unlike

the PGW background, we cannot use either CMB or CNB to deduce the state of the very

early universe before their generation periods. Thus, the Primordial GW background has an

advantage over the CMB or CNB in studying the very early universe. Thus, detecting and

studying the primordial GWs is crucial for our understanding of the very early universe.

All the phenomena described above happened in the PGW background which means

that the PGWs influence these cosmological processes and that information might be im-

printed in the present-day universe. In our work, we mainly focus on non-abelian gauge

fields which describe QGP and QCD phase transition. As described before, QGP is an

exotic state of matter formed at very high temperatures and densities when the composite

particles like protons and neutrons, become deconfined and break into their constituent el-

ementary particles such as quarks and gluons. QGP has also been created and studied in
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Figure 1.2: Stages of the evolution of universe [16]

heavy-ion colliders such as the Large Hadron Collider (LHC) at the European Organization

for Nuclear Research (CERN), the Relativistic Heavy Ion Collider (RHIC) at Brookhaven

National Laboratory (BNL), Nucleotron based Ion Collider Facility (NICA) in Russia and

Facility for Antiproton and Ion Research (FAIR) in Germany. These particle accelerators

first accelerate the heavy nuclei to very high speeds and make them collide with each other.

Then, the heavy nuclei get broken down into quarks and gluons forming QGP. But, the

QGP formed exists for only a very short amount of time (around 10−24 sec) before com-

bining into hadrons again. By studying the resultant particles, physicists try to understand

the properties of QGP. The dynamics of scattered/resultant particles might change with a

passing GW from a distant event like merging black holes/neutron stars. Thus, the study of

the influence of GWs on QGP is relevant for early universe cosmology as well as particle

physics.

With the above motivations, we intend to investigate the effect of GWs on non-abelian

gauge fields which ultimately leads to the effects on QGP. In the entirety of our work, we

worked with the SU(2) gauge group. As SU(2) is a subgroup of SU(3), we can generalize

our results to SU(3) (Sec: 5.4). We classify our work into two parts (Fig: 1.3): One is
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Figure 1.3: Classification of work done in this thesis

by studying the fundamental particle interactions of quarks and gluons, and the other by

investigating the QGP as a thermodynamic system.

During half of the first part of the thesis, we explored the different ways to study the

QGP, and during the later half, we will deal with its interactions with GWs. One cannot

directly observe quarks and gluons outside the hadrons due to a property called Confine-

ment (Sec: 3.1.1). In QGP, at such high temperatures and densities, the interaction between

quarks and gluons becomes very weak due to asymptotic freedom (Sec: 3.1.1). It is a prop-

erty that the effective coupling constant is strong at large distances or low energies while

decreasing logarithmically at high energies or short distances. Thus, in these thermody-

namic conditions, the QGP system as an ideal gas of non-interacting quarks and gluons is

a good approximation. By the above reasoning, one can assume the gluons and quarks in

QGP propagate as waves. For simplicity, we first consider gluons only. Gluons are the force

carrier particles of the strong nuclear force. They are described using SU(3) non-abelian

gauge theory. Non-abelian gauge theories are also known as Yang-Mills (YM) theories. In

most of our work, we will be dealing with SU(2) YM theory. Since the SU(2) is a subgroup

of SU(3), the solutions/ results obtained for SU(2) are also valid for SU(3) case. The YM
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waves are the wave solutions of the YM equations of motion (simply, YM equations). Un-

like electromagnetic (EM) waves, YM waves cannot be observed in nature in the current

epoch (Sec: 3.1). One can only infer their impacts from other observables. There is only

limited work on studying QGP using YM waves, most of it dates back to before the 2000s.

Some of the work includes studies on non-linear excitations of QGP at high temperatures

[17] and the recent works include quasi-particle models using massive gluon waves for the

thermodynamic description of non-abelian interacting gluon plasma [18].

Similarly, there have been only a few studies on the interactions between GWs and YM

waves. The recent studies include the phenomenon of parametric resonance of the waves in

the presence of GWs [19]. Unlike the YM waves, there have been many studies devoted to

the interaction of GWs with other kinds of matter such as EM waves, fermions, and scalar

waves. Some of such noted studies in the case of EM waves include the resonant conversion

between GWs and EM waves in the presence of a strong EM field [20], frequency splitting

[21], deflection of rays [22–24], intensity fluctuations [21, 22], and resonant amplification

of EM waves in the presence of GWs [25, 26]. With that, we begin the study of interactions

of GWs with gluon waves in the background of Minkowski spacetime [27]. The behaviour

of a plane-polarized monochromatic gluon wave is studied when it interacts with a weak

linearized GW. We studied the resultant perturbations in gluon waves in the first order. We

also explored different aspects like the relative direction of propagation of waves and dif-

ferent types of waves. We classified the YM waves into two types based on the nonlinear

dependence in YM equations as introduced in [28]. Type I waves, identified with the ab-

sence of nonlinear terms in YM equations, are similar to EM waves because YM equations

are reduced to Maxwell’s equations without nonlinear terms. And, these solutions do not

involve a YM coupling constant. We found a nonzero interaction between the type I YM

waves and GWs in the background of flat spacetime. When a linearized GW with frequency

ωg interacts with a plane-polarized monochromatic YM wave with frequency ωy, we found

a new frequency mode
√

ω2
g +ω2

y apart from the usual frequency modes. This is expected
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because the type I waves are similar to EM waves. This kind of mode was already found in

the case of scalar fields [29] and EM waves [26]. We find zero interaction when both waves

are propagating in the same direction and a nonzero interaction when waves propagating in

anti-parallel directions. We also found that the perturbed solutions follow a beat pattern.

To understand the full nature of non-linearity, we considered another type of waves,

Type II waves, which involve YM coupling constant in their solutions. In this case, we

found a nonzero interaction even when they are propagating in the same direction. Here

also, we found the solutions also follow a beats pattern with the inner frequency being the

sum of GW and YM wave frequencies and the outer frequency being the difference between

GW and YM wave frequencies. The type II wave perturbations have a dependence on the

YM coupling constant and the amplitude of waves is inversely proportional to the coupling

constant.

In the next part of the work, we investigate the similar interaction of gluon waves with

GWs in the background of the Friedmann-Lemaitre Robertson-Walker (FLRW) spacetime.

The FLRW spacetime describes a homogeneous, isotropic, and expanding universe. In par-

ticular, we consider the de-Sitter spacetime. This part of the work is just an extension of

the work in [26], where the authors studied the interactions of EM waves with GWs in

different cosmological backgrounds. A similar kind of interaction is also seen in a cosmo-

logical background. Due to the complicated expression for the GW in the cosmological

background, we found a nonzero interaction even when GW and type I YM waves are

propagating in the same direction. The above analysis shows the effect of weak GW on

YM fields in different cosmological backgrounds.

Unlike gluons, W and Z bosons which are the force carriers of weak nuclear force

are observable in heavy-ion collider experiments. Thus, in relevance to particle physics

experiments, we investigated the Electroweak YM fields coupled with Higgs. We found

new solutions for the massive YM fields that might be relevant for nuclear physics and

particle physics experiments. Later, we investigated the effect of GWs on these solutions in
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the linear order. We found that the numerical solutions grow very rapidly out of the linear

regime. These are classical solutions, but provide the support for studying the quantum

mechanics of W and Z bosons in the presence of GWs.

As discussed before, QGP is expected to behave like a gas of non-interacting quarks

and gluons [30]. But, this was supposed to happen at very high temperatures higher than

the critical temperature (Tc ∼ 1012 K or 150 MeV). However, the experiments at heavy ion

colliders, in the neighborhood of critical temperature, show that the QGP behaves like a

strongly interacting liquid sharing the features of an almost perfect fluid such as having

a very low shear viscosity-to-entropy density ratio [31]. Perfect fluids are fluids that are

characterized by the absence of dissipation, viscosity, and heat of conduction. These are

like the perfect fluids that are discussed regularly in general relativity (GR). One of the

ways to characterize these perfect fluids is by condensates. Condensates are homogeneous

and isotropic configurations having a diagonal stress-energy tensor.

There has been some considerable work regarding the non-abelian condensates. As

soon as it was known that the SU(2) gauge field admits a homogeneous and isotropic con-

figuration characterized by a single scalar function, there has been so much activity in this

field [32–35] as this configuration provides an alternative to a scalar field, inflaton which

is being used to explain inflation [36, 37]. Regarding the usage of non-abelian fields in

describing QGP, some of the important works are [38–43]. In [38], the authors consider a

condensate + fluctuations model for SU(2) gluon plasma in different limiting cases. The

fluctuations are needed to account for the deviations from the perfect fluidity. Motivated

by their work, we started with their model and tried to investigate the influence of GWs

on SU(2) gluon plasma [44]. We found that the transverse traceless modes can be induced

from the interactions between condensate and GW even when transverse traceless modes

were zero initially. Later, using their tensor decomposition of fluctuations, we found that

GWs are not interacting with longitudinal modes. Thus, we introduce a different way of

mode decomposition, vector decomposition, to clearly identify longitudinal and transverse
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modes. Using this decomposition, we studied the effect of fluctuations (plasmons) on con-

densate (plasma). We found there is an energy exchange between condensate and fluctua-

tions, but after a certain time, there is a net energy transfer from condensate to fluctuations.

We further studied the condensate + fluctuations system in the presence of GWs. We found

that the GW delays the condensate decay by stabilizing the condensate. We also found that

the GW initiates the condensate decay into fluctuations.

As quarks are constituents of QGP, one must study the behaviour of quarks along with

the gluons. There are some works that deal with the dynamics of fermions in the back-

ground of gauge fields [45–49]. The initial works date back to the 1980s when there was

considerable interest in classical gauge theory. Most of the works in this direction is by con-

sidering the background gauge fields to be of instantons and solitons [50]. In our work, we

studied the dynamics of quarks in the background of a condensate. As condensate is a good

approximation of gluon plasma, the behaviour of quarks in the presence of condensate will

give an idea of the nature of QGP. We found that the condensate mixes the quarks on dif-

ferent flavors while keeping their probability densities unmixed. As quarks are an integral

part of QGP, there is a high chance that the quarks would backreact on the condensate and

change its inherent isotropic and homogeneous configuration. Thus, we investigated the

condensate configuration in the presence of a source that is being generated from the quark

currents. We found that the condensate loses its homogeneous and isotropy nature due to

the backreaction of quarks on condensate. It means one cannot use the simple condensate

solution for the description of QGP. Since we will be using the Background Field Method

[51] for the thermodynamic study of QGP, the modified condensate solution is a good ap-

proximation for the description of QGP. We will be analyzing the role of both condensate

configurations in the thermodynamics of QGP. Later, we studied the dynamics of quarks in

the presence of a condensate in a GW background. Even in this case, the fermions of two

different flavors get mixed up due to interactions between GW, condensate, and fermions.

As opposed to the previous case, we found the probability densities fluctuate in time ex-
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hibiting flavor transitions due to GW. It means if we have two quarks of the same doublet,

their probability densities flip at regular intervals. In our work, we show the enhancement

of one flavor in the GW-induced interactions with a quark doublet. The same analysis will

work for a lepton doublet too. This study of fermion/quark flip is relevant for QGP and

might explain the strangeness of QGP.

In the second part of the thesis, we discuss the thermodynamics of QGP. Part I discusses

the fundamental particle interactions between the gluons and GWs. However, QGP is a

thermodynamic system and one has to resort to studying it as a many-particle system in

thermodynamic equilibrium. Initially, we investigated the effect of GWs on QCD phase

transition using semi-classical analysis. We found that the QCD phase transition happens

sooner in the presence of GWs than without them.

Later, we did full quantum analysis using finite temperature Quantum field theory

(QFT). As quarks and gluons are quantum particles existing at a finite temperature in QGP,

finite temperature QFT is the best theory suited to handle the quantum nature of particles

at finite temperatures and densities. We investigated the thermodynamic properties of the

QGP in different background fields [52]. These background fields include the initial con-

densate field, the modified condensate field obtained with the introduction of quarks, and

the condensate field in the presence of GWs. Using condensate as a classical background

field, we found that the QGP model shows a negative pressure with negative energy den-

sity indicating a new equation of state. This shows the system does not exist alone with

the condensate field at a finite temperature. With the introduction of GWs, we found that

the pressure and energy density of QGP become positive getting back to the standard be-

haviour as observed in lattice gauge calculations. The GWs were introduced through the

modified condensate solution which contains the GW in its transverse mode terms. Thus,

for the condensate to be a model of QGP at finite temperature, it has to include the plasmons

(fluctuations) along with it. We also found that the results are in agreement with the lattice

gauge results within certain reasonable parameters.
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We split the new work in the thesis into two parts: First part involves the particle in-

teractions (including the chapters: 4, 5 and 6) and second part involves the thermodynamic

aspects of QGP (Chapter 7). Before that, we give an introduction to GWs and non-abelian

gauge theory.

The thesis is organized as follows: in the next chapter (Chapter2), we give an overview

of the GWs and their interaction with different types of matter. We start with the definition

of GWs in different scenarios and different spacetimes. Then, we move on to classifying

the types of GWs and exploring the different types of sources that generate them. We also

discuss the previous work in the area of interaction of GWs with different types of matter

such as scalar fields, fermionic fields, and EM waves.

In Chapter 3, we give an overview of the non-abelian gauge theory. We discuss the clas-

sical non-abelian gauge theory and the solutions of the classical YM equations of motion.

Later, we discuss the Electroweak theory, a broken gauge theory suited for the study of W

and Z bosons.

In Chapter 4, we discuss the interaction of GWs with the SU(2) YM waves. For this,

we consider the GWs solutions discussed in Chapter 2 and the YM wave solutions dis-

cussed in Chapter 3. We first consider the interaction in Minkowski spacetime and then

in cosmological spacetime. After that, we studied the interaction of W and Z bosons with

GWs.

In Chapter 5, we start with a discussion of condensates and their uses in different fields

of physics. We then discuss the condensate + fluctuations model in two ways. First, we

identify the modes in the fluctuations using tensor decomposition introduced in [38]. We

start with a linearized analysis and then follow by considering higher-order corrections. In

both cases, we consider the analysis of their interaction with GWs. Second, we split the

fluctuation modes using vector decomposition. This way of decomposition also results in

the interactions of GWs with longitudinal modes which otherwise was absent in the first

way. In this analysis, we consider the terms to all orders without any approximations.
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In Chapter 6, we discuss the behaviour of quarks in the presence of condensate and

GWs. We first describe the dynamics of fermions in the background of condensate and

discuss the backreaction effect of fermions on the condensate. Then, we consider how the

fermions behave in the presence of condensate in a GW background.

In Chapter 7, we start with a little history of the evolution of the universe, followed by a

review of QGP and QCD Phase transition. In the review, we discuss the thermodynamic and

transport properties of the QGP, along with the QCD phase diagram and its different types

of phases. Then, we discuss the QCD Phase transition starting with the definitions of phase

transitions and order parameters. We later discuss nucleation rate, the main parameter in

the case of first-order phase transition. After that, we discuss the volume effect of the GWs

on the QCD phase transition. Then, we come to the main part of the chapter, the thermo-

dynamics of QGP. We start with an introduction to finite temperature QFT, followed by a

review of the functional methods of QFT. Then, we calculated the thermodynamic potential

using techniques of functional determinants. We use our different condensate solutions in

evaluating the thermodynamic quantities such as pressure, energy density, entropy density,

and speed of sound. We then compare our models with lattice gauge theory results.

Throughout the thesis, we used natural units: ℏ = c = 1 unless otherwise stated. We

used Mathematica and Maple for numerical plots. The Mathematica codes used for this

thesis are available on GitHub: https://github.com/Conan9133/PhD-codes
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Chapter 2

Gravitational Waves

”If I have seen farther than others, it is

because I was standing on the

shoulders of giants.”

Isaac Newton

General Relativity (GR) is one of the fundamental theories of physics, proposed by

Albert Einstein in 1915. According to GR, gravity is a consequence of the bending of

spacetime, a 4-dimensional manifold that combines 3-dimensional space and time, caused

by the existence of mass and energy. The curvature of spacetime is perceived as gravity.

The most fundamental object in GR is the line element which has the information about the

curvature of spacetime encoded through metric tensor. Line element is the measure of the

infinitesimal separation between two points in spacetime. It is given by

ds2 = gµν dxµ dxν, (2.1)

where gµν is the metric tensor (µ,ν = 0,1,2,3 represents the four spacetime indices) and

dxµ are components of infinitesimal coordinate displacements. In the above, we used Ein-

stein’s summation convention, i.e. ∑
3
µ=0 aµbµ ≡ aµbµ for any two same indices. The entire

dynamics of the theory are governed by a set of ten coupled partial differential equations

known as Einstein Field equations (EFEs). These were given by [53]
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2. GRAVITATIONAL WAVES

Gµν ≡ Rµν −
1
2

gµν R+Λgµν = κ Tµν, (2.2)

where Gµν is the Einstein tensor, which is a combination of Ricci Tensor Rµν and metric

tensor gµν, R = gµνRµν is the Ricci Scalar, Λ is the cosmological constant, Tµν is the energy-

momentum tensor and κ = 8π, where we set Newton’s constant (G) to 1. The Ricci tensor

is related to the metric tensor as

Rµν = ∂ρΓ
ρ

µν −∂µΓ
ρ

νρ +Γ
ρ

ρσΓ
σ
µν −Γ

ρ

µσΓ
σ
ρν, (2.3)

where Γ
ρ

µν are Christoffel Symbols in torsion-free spacetimes given by

Γ
ρ

µν =
1
2

gρσ(∂µgνσ +∂νgµσ −∂σgµν).

The solutions of Einstein’s equations are the metrics of spacetimes that satisfy EFEs. One

can see that one needs the stress-energy tensor in order to solve the equations exactly.

The information regarding the content of matter and energy is in the stress-energy tensor

(Tµν) and the Einstein tensor (Gµν) describes the geometry of the spacetime having this

amount of stress-energy tensor. One needs the equation of state to specify the stress-energy

tensor but usually, one takes a simple approximation to replace the full set of stress-energy

tensor components. Some of these approximations are (i) vacuum (Tµν = 0), (ii) perfect

fluid (Tµν = (ρ+ p)uµuν + pgµν where uµuµ = −1, ρ is mass-energy density, uµ is fluid’s

4-velocity and p is the pressure), and (iii) non-interacting dust (Tµν = ρuµuν).

In GR, the laws of physics do not depend on the choice of coordinates i.e. the equations

are in covariant form. Because of this, one cannot determine the metric uniquely from the

EFEs even if one knows the metric at initial times. To remove the vagueness, one has to

choose a particular coordinate system. The choice of coordinate system can be represented

in terms of coordinate conditions [54]. One of the practical coordinate conditions is the
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harmonic coordinate condition (Γα

βγ
gβγ = 0). This one is often used in working with GWs

and numerical relativity [55]. Another useful coordinate condition is the synchronous co-

ordinates, also known as Gaussian coordinates. These are mostly used in cosmology [56].

In principle, once the equation of state and coordinate system is fixed, one can solve the

EFEs exactly. However, the EFEs were too hard to solve even in the simplest case. Then,

one has to try the numerical solutions for EFEs or find the exact solutions imposing some

symmetries or using perturbation methods.

In GR, there are mainly two ways of studying the EFEs

1. In the first method, one finds the solutions of EFEs while keeping the stress-energy

tensor fixed. For example, as in Stellar models.

2. In the second method, one assumes the geometry of spacetime and then tries to find

the matter/ energy source that is creating this kind of geometry. For example, in the case of

Dark Energy, we assume the Universe’s structure based on observations like the Universe

is homogenous, isotropic, and accelerating, and try to find the nature of matter that gives

rise to these observations.

Most of the well-known exact solutions [57] come under the first method. Some of

them include vacuum solutions (Minkowski spacetime (flat spacetime), Kerr (Rotating

black hole), Schwarzschild (Stationary black hole)), Electro-vacuum solutions (where the

electromagnetic field is the only source), etc.

In this thesis, we focus on gravitational waves which we discuss next.

2.1 Gravitational Waves

GWs are the wave solutions of EFEs. They have a great ability to explore the mysteries

of the cosmos. They were first discovered on Sept. 2015 by the LIGO/Virgo collabora-

tion [10], almost a century after its prediction by Einstein and almost half a century of

experimental efforts in detecting GWs. The discovery of GWs leads to a new branch of

astronomy known as Gravitational-Wave Astronomy. GWs are useful in detecting new as-
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tronomical objects like the existence of a typical binary system consisting of slightly higher-

mass stellar-mass black holes. They have also proven useful in probing several aspects of

nuclear and particle physics [58, 59]. The discovery of GWs from merging two neutron

stars [60] provided a new way to understand cosmology via multi-band multi-messenger

cosmology i.e. GW observations combined with EM observations across varied frequency

bands. It means we observe the neutron star mergers using both GW observatories and EM

observatories. This kind of association of these observations provides new insights into fun-

damental physics. Especially, in the case of GR, these observations were used to constrain

the speed of GWs, investigate the violation of Lorentz invariance, and test the equivalence

principle [61]. GWs also seem helpful in cosmology by providing the tests for the modified

gravity theories [62–67], theories that try to explain Dark matter, Dark energy, and cosmic

inflation. Since many modified gravity theories predict the speed of gravity is different

from the speed of light, the discovery of near equivalence of the speed of gravity and light,

discards those theories. These observations also provide a different way of measuring the

Hubble rate today[68].

Due to the weakly interacting nature of GWs [69], they were separated from the rest of

matter and radiation as soon as they were produced. They can propagate freely in the Early

Universe carrying the information about the mechanisms by which GWs were generated.

Thus, GWs provide a way to understand the very early universe which we never explored

before [70]. Since the GWs were produced by processes based on Standard Model and

Beyond Standard model theories, the discovery of GWs provides information about these

theories. It means that the GWs provide another way of studying particle physics theories

apart from the usual heavy ion colliders (LHC, RHIC).

As we see the importance of GWs in many scenarios, the detection of GWs will reveal

answers to so many cosmological mysteries. There are many GW detectors based across

the world. Depending on the design of the detector, they were classified into 4 types: 1)

Resonant mass detectors, 2) Interferometers, 3) Pulsar Timing Array (PTA), and 4) Others.
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Resonant mass detectors [71] are the first type of GW detectors. These detectors consist

of a large, solid body of metal isolated from outside vibrations. It depends on the princi-

ple that the body resonates when a GW passes through it. So far, these detectors haven’t

detected any kind of GW signal.

Interferometers, particularly laser interferometers, are mostly used in today’s GW detec-

tors. This is mainly because of the capability of laser interferometers to detect GW-induced

differential motion between the separated masses. There are two types of interferometers:

ground-based and space-based interferometers. A schematic picture is each detector con-

sists of two very long arms placed at 90-degree angles to each other. A laser beam is sent

through the arms and gets reflected, creating an interference pattern. When a GW passes

through, it will stretch one arm and shorten the other, thus creating a difference in the

interference pattern. Presently, the system of ground-based interferometers [72] includes

advanced LIGO (aLIGO) [73], advanced Virgo (aVirgo), and KAGRA [74], and LIGO In-

dia [75] (which will join in the future). These are all second-generation interferometers.

There are also upcoming third-generation interferometers [76] including the Einstein Tele-

scope [77] and Cosmic Explorer [78] (to be ready in the 2030s). At present, there are no

space-based interferometers in operation. But there are a few space-based ones (LISA [79],

Deci-hertz Interferometer Gravitational-wave Observatory (DECIGO) [80], TianQin [81])

which will be operational in the coming future.

PTA [82] is a collaboration of radio telescopes used to detect GWs by observing the

deviations in the incoming signals from an array of millisecond pulsars. The Interna-

tional PTA is a multi-national multi-telescope collaboration consisting of the European

PTA, NanoGrav, Parkes PTA, and India PTA. In June 2023, all the PTA collaborations

discovered evidence for the stochastic background of nanohertz GWs [83] independently.

PTA plays an important role in detecting PGW background.

There are also new detectors focusing on high GW frequencies. These new detectors

were based on various ideas like atomic interferometry [84], superconductors, etc.
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The following sections are based on the papers [11] and [85]. In this section, we review

some of the basic concepts regarding GWs. We start with defining GWs using linearised

gravity in vacuum (Sec: 2.1.1) and in the presence of sources (Sec: 2.1.2) using Scalar-

Vector-Tensor decomposition. Next, we start with defining GWs in arbitrary spacetimes

and then, focus on GWs in the FLRW universe (Sec: 2.1.3). Then, we focused on the types

and sources of GWs in Sec: 2.1.4.

2.1.1 Linearized gravity in vacuum

We first consider a weak-field metric that corresponds to a spacetime that is only slightly

curved. Under this assumption, there exists a coordinate system where one can write the

metric as

gµν(x) = ηµν +hµν(x), |hµν(x)| ≪ 1. (2.4)

The smallness of perturbation (hµν(x)≪ 1) means that we can keep the terms linear only

and discard higher-order terms. Also, because of this we can raise and lower indices of

tensor with Minkowski metric (ηµν ≡ diag(−1,+1,+1,+1)). Then, one can expand the

EFEs in powers of hµν. By keeping terms only linear in hµν, one arrives at the linearized

version of GR which we call linearized gravity. Using the above metric (Eq: 2.4), one can

write the Christoffel symbols in linear order in hµν as

Γ
ρ

µν =
1
2
(
∂νhρ

µ +∂µhρ

ν −∂
ρhµν

)
. (2.5)

Using this, one can write the Ricci tensor and Ricci scalar, up to linear order, as follows

Rµν =
1
2
(
∂ν∂

ρhρµ +∂µ∂
ρhρν −∂µ∂νh−2hµν

)
, (2.6)

R = Rµ
µ = ∂

µ
∂

νhµν −2h, (2.7)
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where 2= ∂µ∂µ is the d’Alembertian operator and h≡ hµ
µ is the trace of metric perturbation.

Using these expressions, we arrive at the Einstein tensor (with Λ = 0) as

Gµν =
1
2
(
∂ν∂

ρhρµ +∂µ∂
ρhρν −∂µ∂νh−2hµν −ηµν∂

ρ
∂

σhρσ +ηµν2h
)
. (2.8)

The above expression can further be simplified using the definition of “trace-reverse”

metric perturbation as

hµν ≡ hµν −
1
2

ηµνh. (2.9)

As we can see the trace of hµν is the reverse of hµν, h = −h thus the name trace-reversed.

Using this, we rewrite the Einstein tensor as

Gµν =
1
2
(
∂ν∂

ρhρµ +∂µ∂
ρhρν −2hµν −ηµν∂ρ∂

σh
ρ

σ

)
. (2.10)

As we know GR is invariant under general coordinate transformations xν → x′ν(x).

But for the linearized theory, symmetry is only for slowly varying infinitesimal coordinate

transformations x′ν = xν + ξν, where ξν is an arbitrary infinitesimal vector field. This is

further discussed in Appendix A.

By using the infinitesimal coordinate symmetry, we can further simplify the Einstein

tensor by making a coordinate transformation such that the hµν satisfies

∂
µhµν(x) = 0. (2.11)

This gauge choice is popularly known as the Lorenz gauge. Using this gauge means choos-

ing the coordinate systems that satisfy Lorenz gauge condition, which leads the Einstein

tensor to a simple expression as

G(L)µν =−1
2
2hµν, (2.12)
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where L represents the Lorenz gauge. Finally, in the Lorenz gauge, the linearized EFEs

(Eq. 2.2) become

2hµν =−2κTµν. (2.13)

This is just an inhomogeneous wave function i.e. wave equation with a source. In a vacuum,

where Tµν = 0, we get a homogeneous wave equation

2hµν = 0. (2.14)

The general solution for a homogeneous wave equation can be written as a superposition of

plane waves, as

hµν(x) =
∫

d3k
(
hµν(k)eikx +h

∗
µν(k)e

−ikx), (2.15)

where kx≡ kµxµ and hµν(k) (h∗µν(k)) are the mode functions of positive (negative) frequency

modes. Using the Lorenz gauge, one gets kµhµν = 0. One can see now why we talk about

gravitational waves in the view of Eqs. (2.14) & (2.15).

The Lorenz gauge represents 4 constraints on hµν, thus reducing the number of degrees

of freedom from 10 to 6. But imposing the Lorenz gauge does not remove the gauge

freedom completely, it just reduces it. Then, by restricting the residual gauge freedom, we

finally left with only two independent degrees of freedom. The discussion regarding gauge

freedom is further explored in Appendix A.

One can take advantage of residual gauge freedom in eliminating some components of

hµν. From the gauge transformation (Eq. (A.6)) and using the fact that 2hµν = 0, we can set

some of the components such as the trace and spatio-temporal components of hµν to zero,

h = h0i = 0. The traceless condition means that we do not need to differentiate between

hµν and hµν (see Eq. 2.9). Using these conditions in the Lorenz gauge (Eq. 2.11), we get

∂0h00 = 0 & ∂ihi j = 0. Since the GWs only deal with the time-dependent part of the metric,
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we can set h00 = 0. Finally, we modified the gauge to

hµ0 = 0, h = 0, ∂ihi j = 0. (2.16)

This specialized gauge is known as the Transverse- Traceless (TT) gauge. By this, we can

say the only spatial part of the metric is nonzero. It is very easy to count the degrees of

freedom in this gauge. Out of 10 degrees of freedom: (1) the hµ0 = 0 eliminates 4, (2)

the transversality conditions (∂ihi j = 0) remove 3 degrees of freedom, and (3) the traceless

condition (h= 0) removes another degree of freedom. Hence, we obtain the final 2 physical/

radiative degrees of freedom. Thus, the TT gauge completely fixes the gauge freedom.

Consider a plane GW propagating in a direction in the z-direction. From the transver-

sality condition (∂ihi j = 0), we can see that the tensor components of metric perturbation

are zero along the propagating direction i.e. (h13 = h31 = h32 = h33 = 0). From Eq. 2.16,

we set h0µ = 0. The remaining nonzero components are h11,h12,h21,h22. We also require

the metric to be symmetric which gives h12 = h21. Finally, from the traceless condition

(h = 0), we have h11 = −h22. With all these, we finally have 2 independent components

which are h+ ≡ h11 = −h22 and h× ≡ h12 = h21. Let A+ and A× be amplitudes of h+ and

h×, respectively. The expressions for h+ and h× in flat spacetime are simply given as

h+ = A+ cos(ωgz−ωgt), (2.17)

h× = A× cos(ωgz−ωgt +δ), (2.18)

where ωg is the angular frequency of the GW and δ is the phase difference. The reasons

for + and × notation can be understood in this way. Consider a set of particles arranged

in a circular ring as shown in Fig. (2.1). If we let pass the GW with only h+, we find the

particles oscillate back and forth in + shape while considering later mode h×, one can find

the particles move in a × shape fashion as shown in Fig. (2.1).
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Figure 2.1: The + and × polarisation modes of a GW. The dashed lines indicate the test
particles in the absence of a GW.

One can also find the perturbed line element due to a GW as

ds2 =−dt2 +(1+h+)dx2 +(1−h+)dy2 +2h×dxdy+dz2. (2.19)

This is the perturbed metric due to a GW propagating in the z-direction.

2.1.2 Linearized gravity in the presence of matter

In the previous section, we see that the GWs have only two radiative degrees of free-

dom by considering linearized gravity over a Minkowski background, in asymptotically

flat (hµν → 0) and globally vacuum (Tµν = 0) spacetimes. Now we consider a more gen-

eral case in which the stress-energy tensor is nonzero (Tµν ̸= 0) while still keeping other

assumptions. We follow the notations used in cosmological perturbation theory [86] by

taking the background metric as gµν = ηµν and the first order metric perturbation as δgµν.

Since the background is Minkowski, it means that the T µν = 0. In this case, the metric

perturbation δgµν contains: 1) non-physical gauge degrees of freedom, 2) physical, non-

radiative degrees of freedom, and 3) physical radiative degrees of freedom. To investigate

the radiative degree of freedom, we start by decomposing the entire metric perturbation and

stress-energy tensor into various terms corresponding to 1), 2), and 3) using scalar-vector-
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tensor (SVT) decomposition [87–89]. The SVT decomposition is the decomposition of a

tensor into components according to their transformations under spatial rotations. Accord-

ing to this, any second-rank tensor (gµν or Tµν) can be decomposed into four scalars, two

divergence-free spatial vector fields, and a traceless, transverse, symmetric spatial tensor

field. Using this and assuming the δgµν → 0 as r → ∞ , we write the metric perturbation as

δg00 = −2φ, (2.20)

δgoi = δgi0 = ∂iψ+Λi, (2.21)

δgi j = δg ji =−2λδi j +
(
∂i∂ j −

1
3

δi j∇
2)

σ+∂iχ j +∂ jχi +hi j, (2.22)

where ∇2 = ∂i∂i. The above functions are classified as scalars, vectors, and tensors de-

pending on their transformation under a 3-dimensional Euclidean rotation group. For not

overcounting degrees of freedom, the vector and tensor parts must also satisfy the following

constraints:

∂iΛi = 0, ∂iχi = 0, (2.23)

∂ihi j = 0, h = hi
i = 0. (2.24)

We have introduced in total 16 functions: 4 scalars (1 for each scalar(φ,ψ,λ,σ)), 6

vector components (3 for each vector (Λi,χi)), 6 tensor components from symmetric tensor

(hi j). But, we also have 6 constraints (Eqs. 2.23 and 2.24), so the number of independent

variables is 10, consistent for a 4×4 symmetric tensor.

All the above quantities are not gauge invariant and are related through the conservation

of the Einstein tensor (∂µGµν = 0), which gives an extra four constraints. To decrease

the number of degrees of freedom from 10 to 6, we have to identify quantities that are

actually coordinate invariant. As we see in the previous section, the linearized gravity is

invariant under infinitesimal coordinate transformations. Now, we will see how the metric

perturbation components change under arbitrary infinitesimal transformation xµ → xµ +ξµ.
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For that, we parameterize the infinitesimal vector parameter as

ξµ = (ξ0,ξi) = ( f0, fi +∂i f ) with ∂i fi = 0, (2.25)

where f , f0, fi are general functions of spacetime coordinates. This is based on the usual

Helmholtz decomposition [90] which states decomposing a vector field into an irrotational

vector field and solenoidal vector field. As we saw before (see Appendix: A), the metric

perturbation changes under infinitesimal transformation as δgµν → δgµν−∂µξν−∂νξµ, then

one writes this in terms of irreducible parts as

φ → φ+ ḟ0, (2.26)

ψ → ψ− f0 − ḟ , (2.27)

λ → λ+
1
3

∇
2 f , (2.28)

σ → σ−2 f , (2.29)

Λi → Λi − ḟi, (2.30)

χi → χi − fi, (2.31)

hi j → hi j, (2.32)

where the dot represents the derivative with respect to time. As we see the 2 degrees of

freedom in tensor hi j are indeed gauge invariant. By combining and manipulating other

terms, we can form other gauge invariant quantities as follows

Φ ≡ φ+ ψ̇− 1
2

σ̈, (2.33)

Ψ ≡ −2λ− 1
3

∇
2
σ, (2.34)

Ωi ≡ Λi − χ̇i, ∂iΩi = 0. (2.35)

With these, the number of degrees of freedom comes down to 6. Now, we write the
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Einstein tensor in terms of these gauge invariant quantities as

G00 =−∇
2
Ψ, (2.36)

G0i =− 1
2

∇
2
Ωi −∂i∂0Ψ, (2.37)

Gi j =− 1
2
2hi j −∂i∂0Ω j −∂ j∂0Ωi −

1
2

∂i∂ j(2Φ+Ψ)+δi j

(1
2

∇
2(2Φ+Ψ)− Ψ̈

)
. (2.38)

Before writing EFEs, it is necessary to decompose the stress-energy tensor in a similar

way as of metric as

δT00 = ρ, (2.39)

δT0i = δTi0 = ∂iB+Vi, (2.40)

δTi j = δTji = Pδi j +
(
∂i∂ j −

1
3

δi j∇
2)S+∂iU j +∂ jUi +Πi j, (2.41)

together with constraints

∂iVi = 0, ∂iUi = 0, (2.42)

∂iΠi j = 0, Πii = 0. (2.43)

Generally, all these quantities are not gauge invariant and are related by conservation

equations (∂µTµν = 0). To find the gauge invariant quantities, one can follow the procedure

followed for metric perturbation. Alternatively, we can directly find them from the conser-

vation equation. This is possible because of the stress-energy tensor being zero (T µν = 0) in

the Minkowski background. The proof is as follows: Consider an infinitesimal transforma-

tion of perturbation of stress-energy tensor Tµν = T µν+δTµν which is δTµν → δTµν+LξT µν,

where LξT µν is Lie-derivative of the background stress-energy tensor T µν along the in-

finitesimal vector field ξµ. As we can see for a T µν = 0, the Tµν is automatically gauge

invariant. This is generalized in the well-known Stewart-Walker Lemma [91].

From the conservation of the stress-energy tensor (∂µTµν = 0), one can get the following
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4 constraints

∇
2B = ρ̇, (2.44)

∇
2S =

3
2
(Ḃ−P), (2.45)

∇
2Ui = V̇i. (2.46)

From equations, we can choose the 4 functions to be ρ,P,Vi and the remaining functions

(B,S,Ui) can be found using constraints. Using the above constraints and combining with

2 independent functions in Πi j, we can reduce the degrees of freedom from 10 to 6.

Finally, using the conservation equations, the EFEs can be written as

∇
2
Θ = −κ ρ, (2.47)

∇
2
Ωi = −2 κ Λi, (2.48)

∇
2
Φ =

1
2

κ (ρ+3P−3Ḃ), (2.49)

2hi j = −2 κ Πi j. (2.50)

One can see that only the tensor part of metric (hi j) obeys a wave equation. The other

variables Θ, Φ and Ωi, obey Poisson-type equations. In vacuum spacetimes (Tµν = 0), the

above equations become four Laplace equations and a wave equation.

∇
2
Θ = 0, ∇2Φ = 0, (2.51)

∇
2
Ωi = 0, 2hi j = 0. (2.52)

This shows that among the gauge invariant quantities, only tensor part hi j represents the

physical radiative degrees of freedom. As one can see the tensor part hi j satisfied the TT

gauge conditions (Eq. 2.16) discussed in the previous section, irrespective of gauge choice.

In a vacuum, the TT gauge is supposed to be one in which the whole of metric perturbation
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is reduced to only the physical radiative degrees of freedom. In the presence of matter, we

have an extra 4 degrees of freedom (Θ,Φ and Ωi) in addition to hi j. From the analysis in this

section, we find that only the tensor part of metric hi j represents the gravitational radiation.

2.1.3 Propagation of Gravitational waves in the curved backgrounds

In Sec. 2.1.1, we have defined the GWs in the context of linearized gravity in Minkowski

background, in asymptotically flat and globally vacuum spacetimes. In the previous Sec.

2.1.2, we defined the GWs by removing the global vacuum assumption. The next step is

to move to a more general background than Minkowski. In GR, any source of energy and

momentum can act as a source of gravity. By sticking to the Minkowski background, we

removed the possibility of producing any form of curvature in the spacetime background.

Also, our work deals with GWs produced in the Early Universe, so one needs to define

the GWs over a curved background. Now, we want to generalize the theory to an arbitrary

background gB
µν(x) as

gµν(x) = gB
µν(x)+δgµν(x), |δgµν| ≪ |gB

µν|. (2.53)

Since both functions (gB
µν,δgµν) have a dependence on space and time, we need a way to

define the GWs. GWs are defined in the context of separation of length scales/ frequencies:

It means that for a GW of wavelength λ (frequency f ), and for a background of length-scale

LB (frequency fB ), one can define the GWs on the background such that LB ≫ λ ( fB ≪ f ).

Now, we will work out the same analysis as we did in the Sec. 2.1.1. We can still

use most of the formulas by replacing ηµν with gB
µν and ∂µ with covariant derivative over

the curved background,∇B
µ . But, we will also find some more terms for some formulae

because of having nonzero values for the Riemann tensor in the background. By defining

generalized trace-reversed metric perturbation as δgµν = δgµν− 1
2gB

µνgBαβδgαβ, the EFEs at

first order, in the case of curved background, are
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− 1
2
2B

δgµν +RB
λµνρ

δgλρ +∇
B
(ν∇

Bσ
δgµ)σ −

1
2

gB
µν ∇

Bα
∇

Bβ
δgαβ+

RBαβ

[1
2

gB
µνδgαβ −

1
2

δgµνgB
αβ

+gB
β(µδgν)α

]
= κ δTµν, (2.54)

where 2B,∇B, Riemann and Ricci tensors are defined on background (gB
µν) and round paren-

theses in a subscript denote symmetrization. We also split the Tµν into a background contri-

bution and a first-order contribution Tµν = T µν +δTµν, where the background stress-energy

tensor (T µν) is sourcing the background metric (gµν).

As we discussed before, we need to study the GWs propagating in the Early Uni-

verse which is in the FLRW background. The GWs expressions in deSitter and Radiation-

dominated universe are used in the coming chapters 4 and 7, respectively. The flat FLRW

metric is given by

ds2 =−dt2 +a2(t)(dx2 +dy2 +dz2), (2.55)

where a(t) is the scale factor. The FLRW metric describes a homogeneous, isotropic, and

expanding (contracting) universe. Because of these symmetries, the two-rank tensors can

be irreducibly decomposed under spatial rotations and translations. It means one can per-

form the same analysis (SVT decomposition) as in the previous Sec. 2.1.2. In the view of

cosmological perturbation theory, one can find that the only radiative modes are the two

degrees of freedom of the spatial tensor perturbation hi j and hence correspond to GWs.

Similarly, as in Sec. 2.1.2, the scalar and vector modes are not radiative, and cannot prop-

agate in the vacuum. Also, one can find that the hi j is gauge invariant. If one works in

Fourier modes, they also find that the scalar, vector, and tensor modes get decoupled from

each other. It means we can study each mode separately. Then, the GWs can be represented

as spatial tensor perturbations (hi j) of FLRW metric as

ds2 =−dt2 +a2(t)(δi j +hi j)dxidx j, with ∂ihi j = hii = 0, (2.56)

where hi j is the symmetric, transverse, traceless spatial tensor, having only two physical
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degrees of freedom. Using the metric (2.56) in the linearized EFEs (2.54) by keeping only

the TT component hi j of metric perturbation, we get

ḧi j(t, x⃗)+3Hḣi j(t, x⃗)−
1
a2 ∇

2hi j(t, x⃗) = 2 κ Π
T T
i j , (2.57)

where H = ȧ/a is the Hubble rate, the dot represents derivative w.r.t comoving time (t),

∇2 = ∂i∂i is Laplacian in comoving coordinates xi, ΠT T
i j is the transverse-traceless part of

anisotropic stress. The anisotropic stress is given by a2Πi j = Ti j − pgi j where p is the

pressure, Ti j denotes spatial components of stress tensor and gi j is given by Eq. 2.56.

Most of the cosmological sources were present only for a short time and then, the GWs

propagate freely in the FLRW spacetime. So, it is useful to study the propagation of free

GWs in FLRW spacetime. For that, we start by working with conformal time (τ) instead of

comoving time (t), dτ = dt/a(t), then the metric (Eq. 2.56) can be rewritten as

ds2 = a2(τ)
[
−dτ

2 +(δi j +hi j)dxidx j]. (2.58)

The traceless and transverse perturbation hi j can be decomposed into two polarization

states r =+,× using Fourier transform, in terms of positive and negative frequency modes,

as [92]

hi j(τ, x⃗) = ∑
r=+,×

∫ d3⃗k
(2π)3 hr (⃗k,τ)ei⃗k·⃗x

ε
r
i j(k̂), (2.59)

where the hi j is taken to be real, h∗r (⃗k,τ) = hr(−⃗k,τ) and εr
i j(k̂) are the two polarisation

tensors that are taken to be real and satisfy εr
i j(−⃗k) = εr

i j (⃗k). The two polarisation tensors

are symmetric (εr
i j = εr

ji), transverse (k̂iε
r
i j = 0) and traceless (εr

ii = 0). Then, writing the

Eq. (2.57) with Πi j(τ, x⃗) = 0,in Fourier space as

h′′r (⃗k,τ)+2
a′

a
h′r (⃗k,τ)+ k2hr (⃗k,τ) = 0, (2.60)

where prime denotes derivatives with respect to τ and k = |⃗k|. In order to solve the Eq.
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(2.60), we need to specify the scale factor (a(τ)). One can choose the scale factor to be

of power law form: a(τ) = anτn, which covers the cases of radiation-dominated (n = 1),

matter-dominated (n = 2) and also de Sitter phase (n = −1). The general solution of Eq.

(2.60) can be found in terms of Bessel functions.

We consider a simple cosmological model consisting of three stages of the universe:

Inflationary (I) phase for τ < τ1, radiation-dominated (R) phase for τ1 < τ < τ2, and matter-

dominated (M) phase for τ2 < τ < τ0, where τ1 and τ2 are the transition times from inflation

to radiation-dominated and from radiation-dominated to matter-dominated, respectively.

We assume the scale factor and its first derivative are continuous at transition times. The

following derivation is based on [93]. The scale factor is given by

aI(τ) = − 1
HdSτ

, τ < τ1, (2.61)

aR(τ) =
τ−2τ1

HdSτ2
1
, τ1 < τ < τ2, (2.62)

aM(τ) =
(τ−4τ1 + τ2)

2

4HdSτ2
1(τ2 −2τ1)

, τ > τ2, (2.63)

for the inflation, radiation-dominated, and matter-dominated stages, respectively. Also, τ0

is the present conformal time and HdS is the Hubble constant during the Inflationary stage.

With these scale factors, one can easily solve the Eq. (2.60), and the modes solutions are

given by

hI
r (⃗k,τ) =

1√
2k

1
aI(τ)

(
1− i

kτ

)
e−ikτ, (2.64)

hR
r (⃗k,τ) =

1√
2k

1
aR(τ)

e−ik(τ−2τ1), (2.65)

hM
r (⃗k,τ) =

1√
2k

1
aM(τ)

(
1− i

k(τ−4τ1 + τ2)

)
e−ik(τ−4τ1+τ2), (2.66)

at three stages in our model. For the inflationary phase, the solution is unique by requiring

the vacuum state to have a minimized finite renormalized stress-energy tensor [94–98]. In
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another way, if the Bunch-Davies vacuum [99] is chosen for the initial condition for the

inflationary stage, one can write the mode solutions in any stage [100] as

hr (⃗k,τ) = hI
r (⃗k,τ), τ < τ1 (2.67)

= α
IRhR

r (⃗k,τ)+β
IR(hR

r (⃗k,τ))
∗, τ1 < τ < τ2 (2.68)

= α
IMhM

r (⃗k,τ)+β
IM(hM

r (⃗k,τ))∗, τ > τ2 (2.69)

where α and β are the Bogoliubov coefficients that can be found by imposing the continuity

of hr (⃗k,τ) and its first derivative across each transition. The Bogoliubov transformation is

a canonical transformation mapping one set of operators to another set of operators. Here,

we deal with the GW modes in different stages of the universe’s evolution. For a 3-stage

cosmological model of the universe, the expression of GW in each stage will be a linear

combination of modes obtained individually in different stages. The coefficients used in

these transformations are called Bogoliubov coefficients. They are given by

α
IR =

(
− i− 1

kτ1
+

i
2k2τ2

1

)
e−2ikτ1, (2.70)

β
IR =

i
2k2τ2

1
, (2.71)

α
RM =

(
− i+

1
2k(τ2 −2τ1)

+
i

8k2(τ2 −2τ1)2

)
eik(τ2−2τ1), (2.72)

β
RM =

i
8k2(τ2 −2τ1)2 e−ik(τ2−2τ1), (2.73)

α
IM = α

IR
α

RM +β
IR(βRM)∗, (2.74)

β
IM = α

IR
β

RM +β
IR(αRM)∗. (2.75)

With these, one can find the expression for GW propagating freely in any stage of the

expanding universe.
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2.1.4 Types and Sources of Gravitational waves

So far, we have explained how to define GWs in different scenarios. In this section, we

explain the different types of GWs and the mechanisms that generate these types of GWs.

From Eq. (2.57), we find that the GWs are generated by the anisotropic stress tensor. Using

the compact object approximation, one can take the multipole expansion approximation,

and show that the GWs can be generated by the quadrupole moments of matter density

distribution [53]. One can find the analogy in the case of EM radiation, but the leading

contribution of EM radiation comes from the dipole moment of the charge distribution

rather than the quadrupole moment. This also tells us why gravitational radiation is much

weaker than EM radiation since it is coming from the weaker quadrupole moments. As a

consequence, a spherical star cannot radiate GWs as it does not generate any quadrupole

moment. Based on the nature of GWs, they were classified into four types [101]: 1) Inspiral

GWs, 2) Continuous GWs, 3) Burst GWs, and 4) Stochastic GWs.

Inspiral GWs are generated from the binary systems [10] during their end life. These

binary systems generally consist of compact stars like white dwarfs, black holes, and neu-

tron stars. During this process, the two objects in the system start spiraling toward each

other until they merge to form a single object. This is an easy example of the application

of a system where this is a nonzero quadrupole moment, thus generating GWs. Because

GWs carry energy, when two objects revolve around one another, they lose energy, causing

their orbital distances to decrease and their velocities to increase [102]. This causes the

amplitude and frequency of GW to increase until the merger and then decrease, much like

a chirp sound.

Continuous GWs are generated by objects or systems that have well-defined almost

constant frequency. These systems correspond to binary star systems long before the merg-

ing. Another example is an asymmetric neutron star [103]. These neutron stars have bumps

above the surface or other irregularity, thus making the object asymmetric and thus, having

a nonzero quadrupole moment. These GWs are very weak compared to Inspiral GWs.
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Burst GWs are generated from very short-duration and cataclysmic events. These

GWs may be generated from supernovas when the explosion happens asymmetrically or

in gamma-ray bursts. As these events can happen anytime, it is very hard to predict.

Stochastic GWs are the random background of GWs spreading across the universe. The

signal may be produced by the superposition of a large number of independent astrophysical

sources like supermassive black holes or maybe intrinsically random like the cosmological

processes in the Early universe. The sources of GWs are broadly classified into two types

based on their intrinsic nature (Table: 2.1): 1) Astrophysical sources, and 2) Cosmological

sources.

Table 2.1: Different sources of GWs

Astrophysical Sources Cosmological Sources
Binary compact stars Inflation

Supermassive Black holes Reheating
Rotating Supernovae, Neutron stars Phase Transitions

Binary supermassive black holes Cosmic Defects

An astrophysical GW background is generated from the combination of many unre-

solved, weak, independent astrophysical sources. These astrophysical sources vary from the

supermassive binary black hole binaries to the stellar mass mergers at very large distances.

On the other hand, the cosmological GW background is generated from the GWs generated

by many cosmological processess happened in the very early universe [11]. These GWs

from the early universe are called Primordial GWs (PGWs), as they are relic GWs. These

are much like CMB, which is a remnant of the Big Bang. These PGWs carry information

about the processes through which they are generated. The GWs produced from the cosmo-

logical processes are present across various frequencies of the spectrum, having different

stochastic properties. Since our work deals with PGWs, we will go through a brief review

of the cosmological sources of PGWs [11].

A. Inflation: Inflation is the most successful theory of the very early universe that re-

solves the problems that arise in the Big Bang theory. Inflation provides an explanation
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for the formation of large-scale structures in the universe by linking to the origin of pri-

mordial density fluctuations [104, 105]. In addition to density perturbations, inflation also

produces fluctuations in the gravitational field [106–108]. These quantum fluctuations later

turn into a proper classical stochastic GW background. This GW background from inflation

is expected to create a pattern of B-modes in the polarization of CMB [109, 110].

Although the scalar field’s (inflaton) anisotropic stress tensor acts as a source term in the

equation of motion for tensor modes, it is of second order in fluctuations. So, in linear order,

there will be no source for the generation of GWs during inflation. However, the quantum

fluctuations in metric are amplified by the exponential expansion of the universe. Consider

the scalar and tensor modes of the metric fluctuations as perturbations over the homoge-

neous and isotropic inflationary background. Since the tensor modes of fluctuations (hi j)

are gauge invariant (Eq. 2.32), we can define the tensor power spectrum (Ph(k)). The power

spectrum describes how the power (or variance) of the gravitational wave perturbations is

distributed over different wavelengths or scales. It is given by

⟨0|ĥi j(x,τ)ĥi j(x,τ)|0⟩=
∫ dk

k
Ph(k), (2.76)

where Ph(k) is found to be

Ph(k)≈
2
π2

H2
k

m2
pl
, (2.77)

where Hk is the Hubble rate at horizon crossing (k = akHk) and mpl = 1/
√

8π is the reduced

Planck mass.

Similarly, for the scalar modes of fluctuations, the scalar power spectrum is given by

PR (k)≈
H2

k

8π2εm2
pl
, (2.78)

where ε is the slow roll parameter of the inflationary theory and R is the comoving cur-

vature perturbation, which is a gauge invariant quantity in case of scalar fluctuations. The
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observations related to the scalar fluctuations are obtained from the CMB measurements.

From CMB measurements, it was found that the dimensionless scalar power spectrum is

scale-invariant and Gaussian just as predicted by the inflation. Also, the B-modes in CMB

are produced from the tensor mode fluctuations, thus the detection of B-mode in CMB

verifies the inflationary theory.

The relative contribution of GW is usually indicated by the tensor-to-scalar ratio r,

defined as

r =
Ph(k)
PR (k)

≈ 16ε. (2.79)

With this, we get the so-called consistency relation for SFSR inflationary models,

r =−8nT (k), (2.80)

where the tensor spectral index (nT (k)) is defined as nT (k) =
d logPh(k)

d logk ≈ −2ε. The above

relation is independent of the energy scale resulting in the scale-invariant spectrum. Surpris-

ingly, the relation is independent of inherent details of the inflationary potential, it involves

only the observable quantities.

There are also a couple of ways to generate GWs during the Inflation stage:

1) If additional fields are present during inflation, the coupling between the inflaton

field and the other species also provides a way to generate GWs. One such way is particle

production. In this, the other species such as a gauge field [111] is coupled with inflaton

and the enhanced gauge fields act as a source for GWs.

2) If spectator fields (which do not influence inflation) were present, then spectator

fields acquire perturbations that act as sources for GWs [112]. All these other ways provide

a spectrum of GWs with large amplitude, occurring at certain frequencies. These new

approaches provide very interesting targets for upcoming GW detectors.

B. Preheating: Hot Big Bang theory predicts the early universe is filled with all kinds

of relativistic species in thermal equilibrium but after the inflation, the universe is left with

36



2.1. GRAVITATIONAL WAVES

energy of inflation only. So, to reconcile with the Big Bang scenario, there must be a

phase/stage of immense particle production, that happened after inflation. This stage is

known as Preheating. This particle production happens by coupling the inflaton to other

particle species, then the inflaton will decay into those species. This process is highly

dependent on the model, which varies from perturbative decay [113] to nonperturbative ef-

fects like parametric resonance [114] or spinodal instabilities [115]. These nonperturbative

effects in addition to creating particles, also produce large amounts of GWs at very high

frequencies.

C. Phase Transitions: As the universe expands, the temperature also drops down which

triggers many phase transitions in the early universe. These phase transitions are also known

to produce the GWs from the non-zero component of anisotropic stress [116]. One of

the prominent examples of phase transition that produces GWs is the Electro-weak (EW)

Phase transition. Some of the things that trigger GWs are collisions of bubble walls [117],

sound waves [118], and turbulence [119] in the fluid and primordial magnetic fields. These

produce GWs in around the mHz frequency which might be detectable with future detectors

like LISA.

D. Cosmic Defects: Cosmic defects are types of topological defects. Topological de-

fects are irregularities that occur within continuous fields or ordered phases of matter [120,

121]. A Phase transition in the early universe is a process of changing from a symmet-

ric phase to a symmetry-broken phase. EW phase transition is a spontaneous symmetry

breaking of EW symmetry. Phase Transitions are usually driven by some scalar fields (like

Higgs in the case of EW phase transition) acquiring a vacuum expectation value within

the vacuum manifold. Depending on the nature of symmetry breaking (continuous or dis-

crete), various topological defects are formed after the phase transitions according to the

Kibble-Zurek mechanism [122]. The most popular topological defects are cosmic strings

(1-dimensional), domain walls (2-dimensional), monopoles, Textures, etc. One can think

of these defects as in the case of ferromagnetic materials having regions of magnetic align-
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ment separated by domain walls. These cosmic defects while evolving generate GWs [123].

Since the processes generating cosmic defects mostly depend on beyond Standard model,

detecting these types of GWs also tells us about beyond Standard model theories.

One can ask why the GWs from the cosmological processes in the very early universe

are stochastic in nature? The reason for this depends on type of cosmological processes.

The argument in case of inflation is as follows. It is due to its GW-generating process.

As we discussed above, the source for the inflationary GW are quantum fluctuations in

the metric tensor during inflation. Thus, the tensor modes of metric fluctuations are just

random variables with random phases. As the universe expands, the occupation numbers

of fluctuations become very large prompting a quantum-to-classical transition of the metric

perturbation. This transition makes the metric perturbation which is inherently of quantum

origin, behave similarly to a stochastic variable. Then, the metric perturbations re-enter the

Hubble radius during the later stages like radiation and matter-dominated eras, generating

a GW signal that is inherently stochastic.

The above way of argument for stochasticity does not work for other types of PGWs.

For the remaining ones, one could think in this way [11]. Consider the cosmological horizon

at time of GW generation is of order H−1
g , where Hg is the Hubble parameter at the time

of GW generation. Any GW source acting at that time cannot produce a signal correlated

at length/ time scales larger than H−1
g , i.e. lg ≤ H−1

g and ∆tg ≤ H−1
g , due to causality. Let

the today’s red-shifted length/time scale is l0
g / ∆t0

g and the cosmological horizon is H−1
0 .

At present time, we have access to much larger length/time scales than the l0
g or ∆t0

g . Even

the correlation scale is very small, i.e. l0
g/H−1

0 ∼ O(10−11). Thus, the GWs signal in the

universe today is composed by a superposition of many signals uncorrelated in time and

space.
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2.2 Interaction of Gravitational Waves with Matter

We saw how the GWs are generated from different sources in Sec. 2.1.4. The different

sources include scalar fields, fermionic fields, gauge fields and a variety of exotic fields. In

order to interpret the measurements of GWs, we need to have information about how the

GW is affected by its propagating medium. Now, let us consider that GWs were generated

by other processes and investigate how the matter fields were affected in the presence of

GWs. In this section, we will give a brief review of the work done on the influence of GWs

on a scalar field (Sec. 2.2.1), fermions (Sec. 2.2.2), and electromagnetic field (Sec. 2.2.3)

as these might provide further insights in detecting GWs.

2.2.1 Scalar fields in the background of Gravitational waves

Many people investigated the scalar fields in the background of GWs. This subsection is

based on [29, 124–128]. The most important scalar fields relevant to the early universe are

the Higgs field and the inflaton field. Since these fields were present in the early universe,

they have a high chance of interacting with GWs. The Lagrangian density for a scalar field

in a general curved spacetime is

L =
√
−g
[

1
2

gµν
∂µφ∂νφ− 1

2
(µ2 +ξR)φ2 − λ

4
φ

4
]
, (2.81)

where µ is the mass parameter of the scalar field (φ), λ is the self-coupling quartic co-

efficient of the scalar field, g is the determinant of the metric gµν and ξ is the coupling

strength between the scalar field and Ricci scalar R. Using the above Lagrangian density,

the vacuum expectation value of Higgs was found to be dependent on the curvature of the

spacetime [124]. It was found to be true for a stationary gravitational field [125] and for a

GW background [126]. For a scalar field in the presence of a GW, the dynamical equation

is given by Klein Gordon equation in curved background as

1√
−g

∂µ
(
gµν

√
−g ∂ν φ

)
= 0. (2.82)
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Using this, it was shown that a massless scalar field acquires a non-zero expectation value

when reacting with the GW background [127]. This is related to the above-discussed Higgs

shifts. This case of study has consequences in the preheating stages of the early universe.

There also has been considerable research along the quantum calculations regarding scalar

fields in classical GW backgrounds. In [128], they constructed the massive scalar field

propagator in GWs propagating in a flat background, which helps in understanding the

scalar field’s response to classical GW background from the quantum field theory picture.

Recently in [29], the authors found a new scalar perturbation mode propagating in the

direction of resultant of the initial scalar field and GW directions. They also found that the

amplitude of perturbed waves depends on the GW frequency.

2.2.2 Fermionic fields in the background of Gravitational waves

The studies of fermions in the background of GWs date back to the 1980s. These studies

are motivated by trying to understand the behaviour of electrons and neutrinos in different

cosmological backgrounds and their behaviour in near black holes. The main equation in

studying the dynamics of fermions is the Dirac equation in a general curved background,

iγµ(∂µ +Γµ)ψα = 0, (2.83)

where γ
µ are the spacetime-dependent gamma matrices and Γµ is the spinor affine connec-

tion. The details regarding the terms in the Dirac equation are given in Appendix B. The

first known studies of fermions in the background of plane GWs are given in [129], where

authors find the exact solutions of the Dirac equation in the presence of an exact gravita-

tional plane wave [130]. Recently in [29], authors found that the neutrino has a non-trivial

interaction with GW. The perturbed neutrino density shows an oscillatory behaviour and

has physical implications that it might induce corrections to the effective number of neu-

trino species for cosmic neutrino background. These perturbations might also influence the

neutrino flux observations from neutron star collisions. They also found a new resonant
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mode when neutrinos interact with cross-polarised GW and might be useful for GW de-

tection experiments. There are some studies on the Dirac equation in the GW background

using Quasi-normal modes. These are used to investigate perturbations of a black hole to

determine its parameters (The frequencies of these modes contain two parts: the real part

corresponds to oscillations and the imaginary part corresponds to damping effects). Partic-

ularly in [131], the authors investigated the massive and massless Dirac equation in a 2+1

GW background with and without magnetic fields. It is found that in the case of a massless

Dirac field in the presence of a magnetic field, the magnetic field acts like an “effective

mass”. In the case of a massive Dirac field, it is found that the magnetic field has a negative

effect on GW by increasing the imaginary part of the frequency of quasi-normal modes.

2.2.3 Electromagnetic waves in the background of Gravitational waves

As opposed to previous cases, there were so many studies trying to investigate EM

waves in the GW background. As we know almost all the GW detectors are based on using

EM radiation. It is very easy to manipulate and create EM radiation. By studying the

properties of EM waves to a higher precision, we might be able to detect GWs. Here, we

give a simple review of important results obtained in this field. The main equation to be

studied in this case is Maxwell’s equation in general spacetimes,

1√
−g

∂µ

(√
−ggµαgνβFαβ

)
= 0, (2.84)

where Fµν = ∂µAν −∂νAµ is field strength tensor in terms of the photon field Aµ. Using this

equation, the authors in [132] calculated the GW-induced phase changes in EM wave for

arbitrary angles of GW incidence, and authors in [133, 134] studied the EM wave amplitude

perturbations for some specific incidence angles of GW. In [135], authors combined the

calculations in both cases: phase and amplitude perturbations of EM waves for arbitrary

incidence angles of GWs.

A more recent and detailed analysis of the interaction of GWs with EM waves is found
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in [26] where they also consider the different orientations in different spacetimes. When

they studied the interaction of a GW propagating in the z-direction and an EM wave prop-

agating in the x-direction, it was found to generate inhomogeneous terms in Maxwell’s

equations in the linearised approximation. The inhomogeneous terms which are propor-

tional to the product of EM wave and GW terms provide a driving force for perturbations.

They found that the perturbed solution contains terms that cause phase shifts and also indi-

cate the presence of a new frequency mode. They predicted that the phase shift identified

in perturbation can be identified in a GW observatory, LIGO. Also, the new mode can be

observed if the frequency of an electromagnetic wave is of the order of the frequency of

gravitational waves. They also find that there is no interaction when GW and EM waves

propagate in the same direction.

The authors also studied the interaction in the de Sitter background. It was found that

the GW produces a modulation over the shape of the unperturbed wave. The perturbed

gauge potential grows as τ2 in contrast to the unperturbed one which grows linearly with

τ (here τ is conformal time). Since there are no external sources for EM fields as imposed

on equations, the EM perturbations are generated spontaneously from the GWs and cosmo-

logical background. This phenomenon corresponds to a particle creation when quantized

in the cosmological background.

Apart from the amplitude and phase shifts, there is another way of detecting GW which

is by using the polarization angle of light. The angle of polarization of a light beam will be

rotated as it passes through the non-zero curvature regions like GWs [136].

As the matter inside the stars, neutron stars, etc, is in the plasma state, it is really im-

portant to investigate the influence of GWs on plasma. In the same line of thought, it was

found that the plasma waves are parametrically excited in the presence of GWs [137, 138].

This conversion of GW energy to plasma waves is relevant in the case of supernovae as

discussed in [139].
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2.3 Conclusion

In this chapter, we discussed how to define GWs in different scenarios, starting with lin-

earized gravity in vacuum using the familiar transverse and traceless gauge in Sec. (2.1.1).

We discussed the GWs in the presence of sources using SVT decomposition in Sec. (2.1.2)

and found that the GWs are defined with only two degrees of freedom. After that, we dis-

cussed the GWs in more general backgrounds (Sec: 2.1.3) using the definition based on

length scales and applied it to more familiar spacetime like the FLRW background. We

then derive the expressions of GWs (Eqs. 2.67 - 2.69) propagating in different stages of the

Early universe like de Sitter, radiation-dominated, and matter-dominated stages. After that,

we gave a brief review of different types of GWs and their sources more focused on Early

universe sources. We explained more about GW generation during inflation including the

observational aspects complementing with CMB measurements. We also explained why

the inflationary GWs are stochastic in nature. Finally, we discussed the effect of GWs on

different matter fields like scalar particles, fermions, and EM fields. The study of GW’s in-

fluence on matter is essential for the discovery of primordial GWs as well as understanding

their physics in greater depth.
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Chapter 3

Non-Abelian Gauge Theory

”Not only is the Universe stranger than

we think, it is stranger than we can

think.”

Werner Heisenberg

Gauge theory provides a theoretical framework for describing the dynamics of funda-

mental forces and particles in the universe. It is crucial in explaining the three fundamental

forces of nature: electromagnetic force, weak nuclear force, and strong nuclear force. It

also plays an essential role in unifying the electromagnetic and weak nuclear force as an

electro-weak force. It unifies the different types of forces under the principles of symmetry

into one standard model of particle physics.

Any physical theory describing nature is given by Lagrangian that is invariant under

some symmetry transformations. There are two types of symmetries: Global symmetry

and Local symmetry. If the Lagrangian is invariant under a transformation that is performed

identically at every spacetime point, then the theory is said to have global symmetry. While

the local symmetry of a theory is such that the transformations are functions of spacetime

points. Local symmetry, which is a stronger constraint than global symmetry, is the corner-

stone of the gauge theories.

Gauge theory is a type of field theory in which the Lagrangian of the system remains

invariant under certain local transformations. This type of local ‘symmetry’ in the system

is called Gauge symmetry and the transformations are called gauge transformations. These
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gauge transformations form a Lie group known as the Symmetry group or gauge group of

the theory. For every Lie group, there is an associated Lie algebra of group generators.

For each group generator, there is a corresponding affine connection called the gauge field.

These gauge fields are responsible for making the Lagrangian invariant under local group

transformations. They mediate the interactions between the particles. When this type of

theory is quantized, the particles corresponding to gauge fields are called gauge bosons.

Depending on whether the gauge group is commutative, there are two types of theories:

Abelian gauge theory, the gauge theory in which the gauge group is commutative, and

Non-Abelian gauge theory is the one which the gauge group is non-commutative. Quantum

Electrodynamics is an Abelian gauge theory with the symmetry gauge group U(1). Since

U(1) has one generator, it has one gauge field, the four-vector electromagnetic potential,

and the photon is the gauge boson. Yang-Mills (YM) Theory or non-abelian gauge theory

is the generalization of electromagnetic theory to include non-Abelian gauge groups. The

YM theory is essential for describing the strong nuclear force (Quantum chromodynamics

(QCD)) and electroweak force (unification of electromagnetic and weak nuclear force).

QCD is the non-abelian gauge theory with the gauge group SU(3) and has eight gauge

bosons (gluons). The Standard model, which is a unification of three fundamental forces:

electromagnetic, weak, and strong nuclear forces, is a non-abelian gauge theory with the

symmetry group SU(3)×SU(2)×U(1) and has twelve gauge bosons: a photon, three weak

bosons, and eight gluons. Gauge theories are also important in studying gravitation, which

is well-studied as the theory of general relativity with gauge group GL(4, R).

Excluding photon, the other gauge bosons were predicted in the 1970s based on their

underlying gauge theory. The W and Z bosons were predicted as gauge bosons responsible

for mediating weak nuclear force or weak interactions. The first experimental evidence

for W and Z bosons was found in 1973 from the neutrino interaction observations which

resulted in final states that can only be explained after one took consideration of heavy

gauge bosons. More concrete evidence was found in 1983 at CERN while studying the
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proton-antiproton collisions resulting in the observation of W− → e−+νe as well as Z →

e+ + e− or Z → µ+ + µ− [140]. Gluons were predicted as gauge bosons for the strong

nuclear force, responsible for mediating strong interactions. It is the second gauge boson to

have been discovered experimentally, the first one being the photon discovered more than

50 years earlier. The indirect evidence for the existence of gluons and quarks came from

the high-energy deep inelastic scattering experiments at Stanford Linear Collider (SLC)

and Fermilab. The first direct evidence of gluons came from the electron-positron collision

experiments at the Large Electron-Positron Collider (LEP) at CERN and Fermilab Tevatron.

These experiments show three-jet events which indicate the presence of gluons since the

gluons are also expected to hadronize along with quarks [141]. This process is known as

the gluon bremsstrahlung process where the collisions of electron and positron result in

three-jet events coming each from quarks, antiquarks, and gluons [142]. The discovery of

gauge bosons has profound implications for our understanding of the fundamental forces of

nature. These discoveries confirmed the validity of the Standard model of particle physics

[143].

In the next section, we will focus on some formulation aspects of non-abelian gauge

theory, followed by exploring some of the classical solutions of non-abelian gauge the-

ory. Later, we will study one of the experimentally verified examples of YM theories, the

Electroweak gauge theory.

3.1 Classical Non-Abelian Gauge Theory

YM theory is the generalization of the EM theory to more complicated non-abelian

groups. Classical electrodynamics has been studied very well in the literature because of its

high application capability in daily life and owing to its easily manipulated nature. As for

the classical YM theory, the story is rather different. Because the physical observables of

the theory are somewhat difficult to attain in the laboratories, the only interest in the theory

comes from the purely theoretical point of view. The main motivation is the YM theory
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is an astoundingly rich and complex theory. Because of its highly nonlinear nature, the

YM theory has a vast solution space including the monopoles, instability, etc., and closely

resembles classical GR rather than Electrodynamics. By studying the classical aspects of

YM theory, we can distinguish the genuine quantum effects from the classical background

[144].

Another motivation is as follows: The standard perturbative QCD does not solve one of

the fundamental problems of particle physics, quark confinement (Sec: 3.1.1). There exists

a confining force between quarks and they are always found in bound states such as protons.

This is proved by the experiments at colliders and also from the computer simulations of

gauge fields on lattice, lattice gauge theory. By studying the classical YM theory in depth,

we hope to understand quark confinement. There is a way to quantize the gauge theory

around the classical solution of YM equations. The idea is that changing the QCD vacuum

from the standard one can result in understanding the problems of theory [144, 145].

Heavy ion collision experiments such as in RHIC and LHC provide interesting insights

into properties of strongly interacting matter at high energies. Studies show that there are

three main stages in heavy ion collision experiments: pre-equilibrium, equilibrium, and

freeze-out. The state beginning right after the collision is described by the pre-equilibrium

stage until thermalization occurs. Then, the evolving matter will be in the equilibrium

QGP stage until the freeze-out, a stage where quarks and gluons combine to form a hadron

gas again. For an evolution of QGP, we need to know the entire description of the pre-

equilibrium stage. One of the popular choices of the models for the pre-equilibrium stages

is the colour glass condensate [146–148]. This colour glass condensate is an effective

description of high-energy nuclei using gauge fields, whose dynamics are governed by the

classical YM theory. The material that is formed by the collision of two nuclei is called

Glasma [149–151] and it is a precursor of QGP and is governed by classical field theory.

Also, some studies show that the QGP can be modeled using condensates. We will discuss

the condensates regarding QGP in Chapter 5 along with their interaction with Gravitational
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waves.

As discussed before, the non-abelian gauge theories are based on non-abelian Lie groups.

The discussion on Lie groups and Lie algebras is given in Appendix C. The theory is con-

structed based on classical electrodynamics. A compact Lie group G has an associated

vector space called Lie algebra g, with T a being the generators of the group which satisfy

[152]

[T a,T b] = i f abcT c, (3.1)

where a,b,c = 1, ..,dim G, f abc are the totally anti-symmetric structure constants of Lie

algebra associated with gauge group G and also we used Einstein summation convention

for group indices, i.e. ∑
dim G
a=1 AaAa ≡ AaAa.

For each element of Lie algebra, we assign a corresponding gauge field, Aa
µ (µ= 0,1,2,3)

and these are combined into a compact structured gauge potential Aµ = Aa
µT a. One can see

the similarity between this gauge potential and one in electrodynamics. The difference is

that gauge potential is rather in abstract Lie algebra space. This is also an abstract object

just like the vector potential in electromagnetic theory. For any arbitrary group element

Ω ∈ G, the compactified gauge field transforms as [153]

Aµ → Ω Aµ Ω
−1 − 1

igym
Ω ∂µ Ω

−1. (3.2)

where gym is the YM coupling constant which determines the interaction strength between

the gauge fields. The discussion on gauge symmetry and physical observables of the theory

is given later. Here, we will give some relevant concepts regarding Lie algebra. The Lie

algebra g has many different representations R, accordingly, there are generators T a(R) for

each representation. There are mainly two types of representations: Fundamental represen-

tation and Adjoint representation. These generators can be thought of as square matrices of
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dimension dim R and can be taken as

T a(R)i
j, i, j = 1, .., dim R, a = 1, ..,dim G. (3.3)

We deal with fundamental representation when we are considering matter fields (fermions)

in the system and adjoint representation when dealing with gauge fields. Since, the mat-

ter fields (fermions) present in fundamental representation R of gauge group G = SU(N),

which are given by an N-dimensional vector ψ. The interaction of matter fields with gauge

fields is given by gauge covariant derivative which is

Dµψ = ∂µψ− i gym Aµψ, (3.4)

and in component form,

Dµψ
i = ∂µψ

i − i gym Aa
µT a(R)i

jψ
j. (3.5)

Each of the representations has a different way of packing gauge fields Aa
µ into compact

lie-algebra valued objects Aµ. In the fundamental representation as above, the Aµ = Aa
µT a

represents a N ×N Hermitian matrix. For example, consider G = SU(2), then the T a =

σa/2, where σa, a = 1,2,3 are the Pauli matrices, each are 2× 2 matrices. Similarly, for

G = SU(3), the T a = λa/2 where λa, a = 1, ...,8 are the Gell-mann matrices, each are of

3×3 matrices.

The adjoint representation is for which the dim R = dim G and the representation matri-

ces are given by structure constants (T a)bc = f abc. Consider an adjoint valued matter field

φa with a = 1, ...,dim G, and the gauge covariant derivative is given by

Dµφ = ∂µφ− i gym [Aµ,φ], (3.6)

where we used the compact notation φ= φaT a and commutator definition [A,φ] = [Aa
µT a,φbT b] =
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i f abcAa
µφbT c. Then, the in-component form

(Dµφ)a = Dab
µ φ

b = δ
ab

∂µφ
b +gym f acbAc

µφ
b. (3.7)

To formulate a theory, one needs to define Lagrangian density from the dynamical part

of gauge fields. For that, one needs to define the field strength tensor as a function of gauge

fields:

Fµν = ∂µAν −∂νAµ − i gym [Aµ,Aν], (3.8)

such that the field strength tensor transforms covariantly under gauge transformations,

Fµν → Ω Fµν Ω−1. In component form, the field strength tensor is given by

Fµν = Fa
µνT a, Fa

µν = ∂µAa
ν −∂νAa

µ +gym f abcAb
µAc

ν. (3.9)

One can also construct the field strength tensor from the commutator of covariant deriva-

tives as [Dµ,Dν] = −igym Fµν. Following the electrodynamics, we can construct the gauge

invariant action as

Sym =
∫

d4xLym =−1
2

∫
d4x tr FµνFµν =−1

4

∫
d4x Fa

µνFaµν. (3.10)

In the presence of sources, the Lagrangian density is given by

Lym =−1
4

Fa
µνFaµν + JaµAa

µ, (3.11)

where Jµ
a are the color source charges. Here, the first term represents the kinetic energy of

gauge fields and their respective self-interactions. The second term describes the interac-

tions between the gauge fields and matter fields.

The classical equations of motion are derived by minimizing the action with respect to
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each gauge field Aa
µ:

∂µFaµν +gym f abcAb
µFcµν = Jaν. (3.12)

One can also write this in a compact notation as

DµFµν = Jν, (3.13)

where Dµ is the gauge covariant derivative in the adjoint representation. In gauge theory,

the Eqs. (3.12) or (3.13) are referred to as YM equations. Without the sources, one can also

define dual field strength tensor as follows

∗Fµν =
1
2

ε
µνρσFρσ, (3.14)

where εµνρσ is the four-dimensional Levi-Civita tensor. It satisfies the following identity,

Dµ
∗Fµν = 0. (3.15)

The equations (3.13) and (3.15) are the non-abelian generalizations of Maxwell’s equa-

tions. As we can see, the only difference is in the commutator terms present in the definition

of Fµν and inside Dµ. Even in classical theory, the equations of motion are highly non-linear

which means they interact with themselves.

In Electromagnetism, Maxwell’s equations can be given entirely in terms of electric and

magnetic fields. We can also represent the YM equation in terms of electric and magnetic

fields by defining

Ea
i = Fa

i0 = ∂iAa
0 −∂0Aa

i +gym f abcAb
i Ac

0, (3.16)

Ba
i =−1

2
ε

i jkFa
jk =−1

2
ε

i jk(∂ jAa
k −∂kAa

i j +gym f abcAb
jA

c
k), (3.17)

where i, j,k = 1,2,3. Using the above definitions, one can rewrite the equations (3.13) and
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(3.15) as

∂iEa
i +gym f abcAb

i Eci −ρ
a = 0, (3.18)

∂iBa
i +

1
2

gym f abc
εi jk∂i(Ab jAck) = 0, (3.19)

−∂0Ea
i + εi jk∂

jBak −gym f abcAb
0Ec

i −gym f abc
εi jkAb jBck − Ja

i = 0, (3.20)

∂0Ba
i + εi jk∂

jEak +
1
2

gym f abc
εi jk∂0(Ab jAck)+gym f abc

εi jk∂ j(Ab
0Ack) = 0, (3.21)

In contrast to Maxwell’s theory, we cannot represent the YM equations just in terms of

electric and magnetic fields and it includes the terms involving gauge fields. These are due

to non-linear terms in the equation. Also, if we set the sources Ja
µ(ρ

a,Ja
i ) = 0 in the above

equations, we still observe that there is a presence of sources that are of gauge field origin.

It means that the gauge fields are color-charged and act as a magnetic field source at the

same time. From Eq. (3.19), the divergence of the magnetic field is nonzero which suggests

the existence of magnetic monopoles in contrast to classical electromagnetism [154].

Gauge Symmetry

As we discussed before, for any arbitrary group element Ω ∈ G, the gauge field trans-

forms as Eq. (3.2), and the field strength tensor transforms covariantly. The Yang-Mills

action given in Eq. (3.10) is then invariant under any transformations.

Gauge symmetry is not an actual symmetry in the sense that it does relate from physical

state to another physical state, but rather signifies a redundancy in the degrees of freedom

of the system. We can see this classically in the sense that Eqs. (3.13) and (3.15) does

not describe the evolution of gauge field uniquely, but only a class of solutions related by

gauge transformation (3.2). Due to this redundancy, the main postulate of gauge theory

states that all the physical observables or quantities must be gauge invariant, i.e. invariant

under gauge transformations. These quantities do not depend on the choice of description.

For comparison, in GR, these types of quantities are coordinate invariant.
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Let us consider the familiar theory of electromagnetism. In this case G = U(1), the

above transformations reduce to familiar ones in electromagnetism. Taking Ω = eiα(x), the

gauge field transforms as Aµ → Aµ +∂µα(x). Then, the field strength tensor transforms as

Fµν → F ′µν = ∂µ(Aν +∂να)−∂ν(Aµ +∂µα) = Fµν. (3.22)

It means the field strength tensor in electromagnetism is invariant, implying that the electric

and magnetic fields are also invariant, thus they are physical observables. But, in the case

of YM theory, the field strength tensor is not gauge invariant and correspondingly electric

and magnetic fields are also not gauge invariant. For this reason, these fields along with

the gauge fields do not have any physical meaning. If we want to construct gauge invariant

quantities, we should work with traces of gauge fields like tr Fµν Fµν or tr εµνρσ Fµν Fρσ or

Wilson lines/loops [155].

Wilson lines and Wilson loops

Wilson loops are gauge-invariant objects arising from the parallel transport of gauge

variables around the closed loops [30]. Mathematically, the gauge theory is an example

of a principal fibre bundle, and the gauge field Aµ acts as a connection. Here, the term

connection is the same as in General Relativity like the Levi-Civita connection, which tells

us how to parallel transport vectors around the manifold. Similarly, in the YM case, the

Aµ is an affine connection but for an appropriate internal degree of freedom. This internal

degree of freedom is labeled as a ”charge”. For example, for QCD, these charges refer to

color degree of freedom and the particles having these charges are quarks and gluons.

Consider a fixed background YM field Aµ(x) and a particle (like quark) carrying a com-

plex vector (like charge), w, of fixed length,wi, i = 1, ...,dim R such that w†w = constant.

As the particle moves around the manifold, the connection Aµ tells the vector wi how to

rotate. This parallel transport phenomena in Maxwell’s theory is nothing more than the

Aharonov-Bohm effect [156]. For a particle moving with worldline xµ(τ), the complex
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vector wi satisfies the following differential equation

i
dw
dτ

=
dxµ

dτ
Aµ(x)w. (3.23)

The general solution for the above equation is given by

w(τ f ) =U [xi,x f ;C]w(τi), (3.24)

where

U [xi,x f ;C] = P exp
(

i
∫

τ f

τi

dτ
dxµ

dτ
Aµ(x(τ))

)
= P exp

(
i
∫ x f

xi

A
)
, (3.25)

where P stands for path ordering, xµ
i = xµ

i (τi) and xµ
f = xµ

f (τ f ) corresponds to initial and

final positions along the curve C. The quantity U [xi,x f ;C] is known as Wilson Line and it

transforms under gauge transformation Ω(x) as

U [xi,x f ;C]→ Ω(xi) U [xi,x f ;C] Ω
†(x f ). (3.26)

If we consider a closed path C, then the Wilson line tells us how the vector differs from its

initial value. Using this, we can form a gauge invariant object known as the Wilson loop,

W [C] = trP exp
(

i
∮

A
)
. (3.27)

Wilson loops come under a broad class of loop operators. Some of the examples are the

t’Hooft loops [157], which are magnetic duals to Wilson loops, and Polyakov loops [158],

which are thermal analogs of Wilson loops. In pure gauge theory, the Polyakov loops act

as an order parameter for confinement at nonzero temperatures.
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3.1.1 Asymptotic freedom and Confinement

Asymptotic Freedom and Confinement are two fundamental concepts in QCD, the the-

ory that describes the strong interaction between quarks and gluons. Asymptotic freedom

refers to the phenomenon where the interaction strength between quarks decreases as they

come closer or at higher energy scales. It means the quarks behaves almost like free par-

ticles at higher energies or short distances. The interaction strength of the strong nuclear

force is determined by the coupling constant (gym). As the interaction strength between the

quarks depends on energy scale, the coupling constant must also be a function of energy

scale. The coupling constant which depends on energy scale of the system is called running

coupling constant (gym ≡ g) and is related to bare coupling constant (g0ym ≡ g0) as

g2(Λ) =
g2

0

1+ g2
0

16π2

(11
3 N − 2

3N f
)

ln(Λ2/M2)
=

g2
0

1+g2
0 β0 ln(Λ2/M2)

, (3.28)

where β0 = 1
16π2

(11
3 N − 2

3N f
)
, N is related to gauge group SU(N), N f is the number of

fermion species, Λ is the energy of the system and M is the renormalisation scale. The

above expression is obtained by solving a differential equation involving the well-known

beta function (β(g0)) as

Λ
∂g
∂Λ

= β(g), (3.29)

with β(g) =− g3

16π2

(11
3 N − 2

3N f
)
.

Thus, as long as
(11

3 N − 2
3N f

)
> 0, we see the coupling constant decreases with increas-

ing Λ. This is a discovery with enormous significance. On one hand, it says that if at some

energy scale, the coupling constant is perturbative, it will decrease its values at higher and

higher energy scales, making the perturbation theory results more and more precise. One

can also make the same argument with distance scales. On the other hand, at lower and

lower energy scales, the coupling constant becomes bigger and bigger moving away from

the perturbative regime.

In QCD, the gauge group is SU(3) and quarks are in the fundamental representation.
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Thus, we get 11− 2
3N f , so for N f ≤ 16, we have the beta function to be negative. It means

the QCD is an asymptotically free theory. The gauge coupling gets weaker at higher en-

ergies and stronger at lower energies. The energy scale at which the interaction strength

is infinity is known as the QCD energy scale (ΛQCD). One can also find this QCD energy

scale by setting the running coupling constant to infinity, i.e. g2(ΛQCD) = 0. This gives

1+g2
0 β0 ln(Λ2

QCD/M2) = 0 =⇒ ΛQCD = Me
− 1

2g2
0 β0 (3.30)

By inserting this in Eq. (3.28), we can eliminate M and rewrite the running coupling

constant as

g2(Λ) =
1

β0 ln(Λ/ΛQCD)
. (3.31)

As we go to low-energy physics around ΛQCD scale, the coupling constant (interaction

strength) becomes infinity. As expected, in nature, we do not see isolated quarks and gluons.

This leads to the Confinement hypothesis: In an asymptotically free theory, only singlets

under the strong gauge force could serve as asymptotic states. As QCD is asymptotically

free, the asymptotic states are not isolated quarks and gluons but rather composite states

made up of quarks, gluons, and antiquarks which makes the color charge neutral.

Rescaling

In general, in quantum field theory, the coupling constants appear in the interaction

terms in the Lagrangian, and in the terms of higher order in coupling constant reflected by

the non-linear terms in equations of motion. However, in the YM action, all terms appear

with fixed coefficients determined by the definition of field strength tensor. If we define

the gauge field in such a way that the coupling constant is absorbed into the gauge field

(Ãµ = gym Aµ), then the field strength tensor scales as

Fµν =
1

gym
F̃µν, F̃µν = ∂µÃν −∂νÃµ − i[Ãµ, Ãν]. (3.32)
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Then, the Yang-Mills action is

Sym =−1
4

∫
d4xFaµνFa

µν =− 1
4g2

ym

∫
d4xF̃aµνF̃a

µν. (3.33)

In the second version of the action, the coupling constant is taken outside of the action.

This second version of action is more useful in dealing with the quantized version of this

theory.

3.2 Classical Solutions of non-Abelian gauge theory

We already discussed the use of classical non-abelian gauge theory in investigating the

physical content of quantum field theory. To continue, we discuss some of the classical

solutions of Yang-Mills theory.

The first exact solution of the SU(2) YM equation is the Coulomb solution embedded

in a larger theory which was found by Ikeda and Miyachi [159]. These types of embed-

ding solutions turn out to be found for any other higher groups [160] and, these are just

approximate solutions. A true non-abelian YM solution was found by Wu and Yang [161],

which is point-like, i.e. gauge potential behaves like 1/r everywhere. This type of solution

describes a non-abelian magnetic monopole which suggests that the non-abelian theories

provide a natural setting for magnetic monopole solutions.

Apart from these point-like solutions, YM theories have different complicated solu-

tions. One of the solutions includes Dyons, a monopole solution with arbitrary electric

charge. SU(2) YM theory is also known to have a magnetic monopole solution with a

Higgs triplet [162], which has the properties of being non-singular and has finite energy.

Another important solution of classical YM theory is the wave solutions [28, 163]. In our

thesis, we will discuss the non-abelian wave solutions.

To keep the discussion, we move on to the solutions in Euclidean Spacetime [164,

165] which have raised more interest than those in Minkowski spacetime. In quantum-
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mechanical problems having classical analogs, tunnelling is bound to occur where there

exist solutions to classical equations of motion in Euclidean spacetime. The existence of

these Euclidean solutions indicates the presence of tunnelling effects in quantized field the-

ory. There are three types of Euclidean solutions which are Instantons, Merons, and Elliptic

solutions. The main differences between these solutions is they depend on certain topolog-

ical properties of Euclidean theory. The instanton solution is characterized as non-singular,

localized, self-dual, and by a topological charge q= 1. These instanton solutions are known

to play a key role in understanding the problems related to quantum tunnelling. It was found

that the massless fermions in the presence of an instanton field become massive indicating

the role of instantons in mass generation and chiral symmetry breaking. Unlike instantons,

merons are point-like concentrations having a one-half unit of topological charge. There

have been studies considering the role of merons in tunneling between two different topo-

logical vacua in real-time.

In the next section, we focus on wave solutions of non-abelian gauge theory.

3.2.1 Wave solutions of Yang-Mills Theory

Yang-Mills wave solutions are not that physically relevant as compared to the wave

solutions in electrodynamics which are extremely useful. Although being a nonlinear wave,

the YM wave might not be directly observed due to confinement. We can still discuss the

systems in scenarios in which the system is deconfined and the YM wave can propagate

freely [17]. This is the scenario of QGP. Also, it was suggested that the wave solutions of

YM theory may be relevant for understanding the structure of theories of quantum vacuum

and asymptotic states [166]. With these motivations, a lot of work has been done on wave

solutions of Yang-Mills equations [28, 167–177].

All the known wave solutions of YM equations fall into two categories which are dif-

ferent in nature. The below sections closely follow the work given in [28].
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A. Type I waves

The first category of waves is characterized by the requirement that the solutions satisfy

the following conditions [28]:

[Aµ,Aν] = [Aµ,Fµν] = 0, [Aµ,Fνλ] ̸= 0, (3.34)

where Aµ and Fµν correspond to gauge field potential and field strength tensor, respectively.

The above conditions or constraints are inspired by the solutions that satisfy plane wave

criteria: (1) the energy density is bounded throughout the spacetime, (2) the direction of

the Poynting vector is constant, and (3) the magnitude of the Poynting vector is equal to

the energy density. The non-abelian electric and magnetic fields and the wave propagating

direction are mutually perpendicular to each other but the magnitude of field strengths vary

over each wavefront. Such types of waves are referred to as guided waves. To construct the

above type of solution, we choose the following ansatz [28]:

Aa
µ = (ψα f a

α
(U)+ha(U))∂µU, (3.35)

where U and ψα are functions of spacetime coordinates, and f a
α

and ha are functions of U

and the repeated index α means summation from 1 to 4 (the index α has nothing to do with

spacetime index). Also, there is no reason why the α is summed from 1 to 4. The function

ha(U) can be removed by making a gauge transformation. We can see there are a total of

three sets of arbitrary functions, U , ψα and f a
α

. With the above ansatz, one can write the

field strength as

Fa
µν = (∂νU∂µψα −∂µU∂νψα) f a

α
(U). (3.36)

After substituting the above expressions in YM equation (3.12), we get the equation of

motion for U along with the conditions:

∂
µU∂µU = 0, (3.37a)
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∂
µU∂µψα = 0, (3.37b)

∂ν∂µU∂
µ
ψα +∂νU2ψα −2U∂νψα −∂

µU∂νU∂µψα = 0, (3.37c)

where 2= ∂µ∂µ is d’Alembertian operator. As we can see the equations or conditions do not

contain f a
α

, which signifies the arbitrary nature of function f a
α

. The conditions (Eqs. 3.37a

& 3.37b) are required to remove the functional dependence of f a
α

on equations of motion.

Also, the conditions are to be fulfilled not just for solving YM equations rather they have

physical interpretation which we can see below. From the above ansatz, the non-Abelian

wave solutions are obtained for a set of U and ψα satisfying the equations of motion and

conditions. Before discussing the actual solutions, we will discuss some of the properties

of the above particular ansatz.

Using the above ansatz (3.35) and equations (3.37), one can find the energy momentum

tensor as

Tµν = gρσFa
µρFa

νσ −
1
4

gµνFa
ρσFaρσ

=
(

∂ρψα ∂
ρ
ψ

β
f a
α

f a
β

)
∂µU∂νU,

(3.38)

so that

T00 =
(

∂ρψα ∂
ρ
ψ

β
f a
α

f a
β

)
∂0U∂0U, T0i =

(
∂ρψα ∂

ρ
ψ

β
f a
α

f a
β

)
∂0U∂iU. (3.39)

Now using the condition (3.37a), one can find the energy and momentum densities are

equal in magnitude which was discussed as one of the criteria for being a type I wave.

Using the definitions of non-abelian electric and magnetic fields, we write the

Ea
i = (∂iU∂0ψα −∂0U∂iψα) f a

α
, (3.40)

Ba
i = εi jk∂kU∂ jψα f a

α
. (3.41)

From these, one can find that the electric, magnetic fields and wave propagation direction

60



3.2. CLASSICAL SOLUTIONS OF NON-ABELIAN GAUGE THEORY

are mutually perpendicular to each other:

Ea
i Ba

i = Ea
i T0i = Ba

i T0i = 0. (3.42)

Using the equations (3.37), one can also prove that the conditions: [Aµ,Aν] = [Aµ,Fµν] = 0,

but [Aµ,Fνλ] ̸= 0 which implies the above solution is definitely non-abelian. Now we will

discuss some of the particular examples of non-abelian waves of Type I. As we discussed

before, by choosing different ψα, we get different solutions for U which implies different

types of waves. Based on that, we discuss some important wave solutions.

I. Type Ia waves

By choosing the ψ1 = x, ψα = 0, α = 2,3,4, we get the equation of motion for U as

2U = 0, (3.43)

along with the conditions: ∂xU = 0, ∂µU∂µU = 0. With the condition (∂xU = 0), we can

see that U cannot be a function of x. The solution can be found by choosing the remaining

dependence of U . One of the solutions is

U(t,z) =U0 cos(ωy(t + z)), (3.44)

by choosing the wave propagating in the z-direction, where U0 is the initial value of U and

ωy is the frequency of the YM wave.

II. Type Ib waves

As the choice of ψα is arbitrary, we can use a more general choice based on the condi-

tion: ∂µ∂µψα = 0 =⇒ ψα = Aαeiq·x, where qµ is the real four-vector. With this choice, we

get

2U = 0, (3.45)

with conditions qµ∂µU = 0, ∂µU∂µU = 0. By choosing the same functional dependence
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as before the case, we find the solution to be U(t,z) = U0 cos(ωy(t + z)). From condition

(qµ∂µU = 0), we get q0 = q3.

III. Coleman waves

The non-abelian waves discovered by Sidney Coleman [167] are a special case of type

I waves. The Coleman waves are characterized by the following particular choice:

U = t ± z, ψ1 = x, ψ2 = y, ψ3 = ψ4 = 0. (3.46)

With the above choice, the gauge field found to be

Aa
0 =±Aa

z = x f a
1 (t ± z)+ y f a

2 (t ± z), Aa
x = Aa

y = 0. (3.47)

The solution describes the waves travelling in ±z-direction. One can easily find that the

electric and magnetic fields depend on arbitrary functions only and are perpendicular to

each other and also to the propagating direction.

IV. Plane-Fronted waves

Another choice of plane waves can be found by choosing

U = z± t, ψ1 = x, ψ2 = y, ψ3 = lnρ, ψ4 = φ, (3.48)

where ρ2 = x2 + y2. The solution describes the waves travelling along the z-direction with

plane fronts. It was found that the magnitude of electric and magnetic field strengths varies

across each wavefront and hence, the waves are called plane-fronted non-Abelian waves

[28, 177]. The energy-momentum tensor is given by

Tµν =
[
ρ

2( f a
1 f a

1 + f a
2 f a

2 )+ f a
3 f a

3 + f a
4 f a

4 +2ρcosφ( f a
1 f a

3 + f a
2 f a

4 )

+2ρsinφ( f a
2 f a

3 − f a
1 f a

4 )]
1
ρ2 ∂µU∂νU. (3.49)

62



3.2. CLASSICAL SOLUTIONS OF NON-ABELIAN GAUGE THEORY

As we can see the Poynting vector is along the z-direction, thus this represents a wave

travelling in z-direction. Choosing U = z− t, one can also find the electric and magnetic

fields as

Ea
z = 0, Ea

ρ =−(cosφ f a
1 + sinφ f a

2 +
f a
3
ρ
), Ea

φ =−(−ρsinφ f a
1 +ρcosφ f a

2 + f a
4 ),

Ba
z = 0, Ba

ρ =−sinφ f a
1 + cosφ f a

2 +
f a
4
ρ
, Ba

φ =−(ρcosφ f a
1 +ρsinφ f a

2 + f a
3 ).

From this also, one can see that the wave travels in z-direction as the electric and magnetic

fields have only ρ and φ components. As the amplitude of fields across the plane wavefront

varies, this is not a simple plane wave but rather a plane-fronted wave.

V. Spherical-fronted waves

Apart from plane wave choice, one can also choose the functions in the following way:

U = r± t, ψ1 = φ, ψ2 = ln tan(θ/2), ψ3 = ψ4 = 0, (3.50)

where r,θ and φ are the spherical coordinates. This choice gives the spherical-fronted waves

[28, 168, 177] where the waves propagate radially and magnitudes of electric and magnetic

fields keep on varying over each wavefront. In this case, the energy-momentum tensor is

Tµν =
f a
1 f a

1 + f a
2 f a

2
(r sinθ)2 ∂µU∂νU. (3.51)

It is clear that the wave propagates in the radial direction, but the Poynting vector does

not have a spherical symmetry due to the factor (r sin(θ))−2. Similarly, we found the field

strengths as

Ea
r = 0, Ea

θ =−
f a
2

sinθ
, Ea

φ =− f a
1 ;

Ba
r = 0, Ba

θ =
f a
1

sinθ
, Ba

φ =− f a
2 .
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Similarly, here, the fields have only θ and φ components indicating that the wave propa-

gates radially. As opposed to the spherical wave, the amplitudes of fields vary over each

wavefront implying they are spherical-fronted waves.

VI. Other Solutions

Many other solutions can be constructed by choosing U and ψα that satisfy the condi-

tions (3.37). However, those solutions are of less significance due to having less physical

resemblance. Some of the examples are the following choices [28]:

U = lnR− sinh−1(t/R), R2 = r2 − t2,r = x2 + y2 + z2,

ψ1 = φ, ψ2 = ln tan(θ2/2);θ2 = cos−1(z/r), ψ3 = ψ4 = 0.

and

U = lnρ+ tanh−1(t/z), ρ
2 = z2 − t2,

ψ1 = x, ψ2 = y, ψ3 = lnρ, ψ4 = φ.

B. Type II waves

To capture the full strength of the nonlinear structure of YM equations, we consider the

second type of waves. These Type II waves are characterized by making non-linear terms

in the YM equations nonzero:

[Aµ,Aν] ̸= 0, [Aµ,Fµν] ̸= 0, [Aµ,Fνλ] ̸= 0, (3.54)

Type II waves are also characterized as the energy and momentum densities are not

equal in magnitude, still, the waves propagate in the fixed direction.

Constructing a different ansatz with the above properties, we choose the ansatz given in

[28] as

Aa
µ = δ

a
1 Φ(u) kµ +δ

a
3 Ψ(u) lµ, (3.55)
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where u = pµxµ + e;e is an arbitrary constant and kµ,lµ, pµ are three constant vectors or-

thogonal to each other. By substituting the above ansatz in YM equation (3.12), we get the

following coupled nonlinear partial differential equations:

∂µ∂
µ
Φ−g2

ym l2
ΦΨ

2 = 0, (3.56)

∂µ∂
µ
Ψ−g2

ym k2
ΨΦ

2 = 0, (3.57)

where gym is the YM coupling constant, l2 = lµlµ and k2 = kµkµ. Since Φ and Ψ are func-

tions of a single variable (u), we can rewrite the equations as

Φ
′′(u)−

g2
ym l2

p2 Φ(u)Ψ(u)2 = 0, (3.58)

Ψ
′′(u)−

g2
ym k2

p2 Ψ(u)Φ(u)2 = 0. (3.59)

These are two coupled nonlinear differential equations and the solutions can be expressed

in terms of the Jacobi elliptic functions as

Φ(u) =± 1√
β

cn(u,
1
2
), (3.60)

Ψ(u) =± 1√
α

cn(u,
1
2
), (3.61)

where α = −g2
yml2

p2 , β = −g2
ymk2

p2 and cn(u,λ2) is the cosine Jacobi elliptic function with

elliptic modulus λ. The properties of Jacobi elliptic functions are given in Appendix D.1.

The solutions correspond to wave solutions only if pµ must be a time-like vector while lµ

and kµ must be space-like vectors. The plots are given in Fig. (3.1).

The energy-momentum tensor for the above ansatz is given by

Tµν = k2
∂µΦ∂νΦ+kµkν∂σΦ∂

σ
Φ+ l2

∂µΨ∂νΨ+ lµlν∂σΨ∂
σ
Ψ+g2

ym(l
2kµkν+k2lµlν)Φ2

Ψ
2

− 1
2

ηµν

(
k2

∂σΦ∂
σ
Φ+ l2

∂σΨ∂
σ
Ψ+g2

yml2k2
Φ

2
Ψ

2) . (3.62)
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Figure 3.1: The plot of Φ as a function of t and z. As the Ψ differs from Φ only in mag-
nitude, Ψ also has the same functional behaviour. Here, we choose kµ = (0,0,1,0), lµ =
(0,1,0,0), pµ = (3,0,0,1) and gym = 0.5.

Using the above solutions, the stress tensor is reduced to

Tµν =
1

αβ

[
β(l2 pµ pν + lµlν p2)+α(k2 pµ pν + kµkν p2)− 1

2
ηµν(αk2 +βl2)p2

]
sn2(u,

1
2
)dn2(u,

1
2
)

+
1

αβ

[
l2kµkν + k2lµlν −

1
2

ηµνl2k2
]

cn4(u,
1
2
). (3.63)

The above expression is no longer a constant but a periodic function in Jacobi elliptic func-

tions (here, sn and dn are other Jacobi elliptic functions, please refer to Appendix D.1). To

get a clear interpretation, we choose the vectors to be kµ = (0,0,1,0), lµ = (0,1,0,0), pµ =

(p0,0,0,1), |p0|> 1 owing to orthogonality conditions. Then, the energy density and mo-

mentum density becomes

T00 =
1

αβ
(α+β)

(
p2

0 +
1
2

p2
)

sn2(u,
1
2
)dn2(u,

1
2
)+

1
2αβ

cn4(u,
1
2
),

T03 =
α+β

αβ
sn2(u,

1
2
)dn2(u,

1
2
)p0,

where u = p0 t + z. From the expression of momentum density (T0i), it is found that the

direction of T0i is constant, here along i = 3 direction only. The energy density is also found

to be bounded throughout spacetime (Fig. 3.2). With these, the solutions (3.60 & 3.61) can

be interpreted as non-abelian plane waves propagating along a fixed direction.
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Figure 3.2: Plots of energy density T00 and Poynting vector T03 as a function of t and z. We
choose p0 = 3 and gym = 0.5.

Similarly, by finding the electric and magnetic fields for the above solutions, we get

Ea
i =−δ

a
1δ

2
i

p0√
β

sn(u,
1
2
)dn(u,

1
2
)−δ

a
3δ

1
i

p0√
α

sn(u,
1
2
)dn(u,

1
2
),

Ba
i = δ

a
1δ

1
i

1√
β

sn(u,
1
2
)dn(u,

1
2
)−δ

a
3δ

2
i

1√
α

sn(u,
1
2
)dn(u,

1
2
)+δ

a
2δ

3
i

gym√
αβ

cn2(u,
1
2
).

The electric and magnetic fields are real and regular throughout spacetime. The magnetic

fields are nonlinear in YM gauge fields and are not perpendicular to the propagating direc-

tion. The electric fields are linear in YM gauge fields and are perpendicular to the propa-

gating direction. This suggests a possibility that the nonlinear terms presented in the YM

equations can be regarded as arising from the medium.

3.3 Electroweak theory

Apart from the single gauge theories like QCD (based on SU(3)), some theories are

based on bigger groups of form SU(n1)×SU(n2) or SU(n1)×U(n2). Most of the physical

theories are of this form. For example, the Electroweak theory (based on SU(2)×U(1))

which unifies Electromagnetic theory and weak nuclear theory. Another example is the

famous Standard Model of Particle Physics (based on SU(3)×SU(2)×U(1)) which unifies
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3.3. ELECTROWEAK THEORY

the three fundamental forces: electromagnetic, weak nuclear, and strong nuclear forces.

The Electroweak theory is famous for unifying two fundamental forces. This theory is

based on a phenomenon called Spontaneous Symmetry Breaking, which explains the origin

of the masses for W and Z bosons by introducing a scalar-field doublet called Higgs. The

electroweak theory is an example of partial breaking of gauge symmetry: SU(2)×U(1)

breaks into U(1)e.m..

In this section, we will discuss the solutions of YM equations in Electroweak theory.

We will start with an introduction to Electroweak theory. For simplicity, we do not include

the fermions fields in our analysis.

Let the Aa
µ, a = 1,2,3 be the gauge field of SU(2) and the field Bµ be the gauge field of

U(1). The model includes one scalar-field doublet ϕ (with respect to SU(2)). Each gauge

group has its own coupling constant, gym for SU(2) and gy for U(1). The U(1) charge is

called weak hypercharge Y and the Higgs doublet has Y = 1
2 . With these fields and having

a fourth-order polynomial function for Higgs potential, one can write the Lagrangian for

Electroweak theory [50, 178] as

LEW =−1
4

Fa
µνFaµν − 1

4
BµνBµν +(Dµϕ)†(Dµ

ϕ)+V (|ϕ|2), (3.64)

where

Fa
µν = ∂µAa

ν −∂νAa
µ +gymε

abcAb
µAc

ν, (3.65)

Bµν = ∂µBν −∂νBµ, (3.66)

where εabc is the Levi-Civita tensor and the covariant derivative of field ϕ is given by

Dµϕ = ∂µϕ− i
2

gymτ
aAa

µϕ− i
2

gy Bµ ϕ, (3.67)

where τa = σa/2, σa = Pauli matrices, are the generators of SU(2) and the Higgs field ϕ is
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a two-column vector, ϕ =
(

ϕ1
ϕ2

)
and the potential V (|ϕ|2) is a quartic potential in field ϕ.

Due to the form of Higgs potential, Higgs acquires a non-zero value (v) at the ground

state. Let the ground state be ϕ =
( 0

v/
√

2

)
, Aa

µ = 0, Bµ = 0. Now, consider small fluctuations

around the vacuum. For the scalar field, it becomes

ϕ =

 0

1√
2
(v+χ)

 , (3.68)

where χ is the real scalar field. The mass term is generated for gauge fields from the term

(Dµϕ)†(Dµϕ). This can be calculated explicitly as follows:

Dµϕ =

 − igym

2
√

2
(A1

µ − iA2
µ)(v+χ)

− i
2
√

2
(gyBµ −gymA3

µ)(v+χ)+ 1√
2
∂µχ

 . (3.69)

Now we will introduce the complex fields,

W±
µ =

1√
2
(A1

µ ∓ iA2
µ), (3.70)

and two real fields,

Zµ =
1√

g2
ym +g2

y

(gymA3
µ −gyBµ), (3.71)

Aµ =
1√

g2
ym +g2

y

(gymBµ +gyA3
µ), (3.72)

where W±
µ , Zµ corresponds to W+, W− and Z bosons, respectively, mediating weak-nuclear

force. Aµ is identified with the familiar electromagnetic field. We can also introduce the

weak mixing angle θW such that

cosθW =
gym√

g2
ym +g2

y

, sinθW =
gy√

g2
ym +g2

y

.
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With these, we can rewrite

Zµ = cosθW A3
µ − sinθW Bµ, (3.73)

Aµ = cosθW Bµ + sinθW A3
µ, (3.74)

and

Dµϕ =

 −igym
2 W+

µ (v+χ)

1√
2
∂µχ+ i

√
g2

ym+g2
y

2
√

2
Zµ(v+χ)

 . (3.75)

Then, the covariant derivative part becomes

(Dµϕ)†(Dµϕ) =
1
2
(∂µχ)2 +

g2
ymv2

4
W+

µ W−
µ +

1
2

(
(g2

ym +g2
y)v

2

4

)
Z2

µ . (3.76)

Introducing a notation: mW = gymv/2 and mZ =
√

g2
ym +g2

y v/2, we get

(Dµϕ)†(Dµϕ) =
1
2
(∂µχ)2 +m2

WW+
µ W−

µ +
1
2

m2
ZZ2

µ . (3.77)

From the above equation, we can identify the mass term for complex vector field W+
µ with

mass mW (W -boson field) and mass term for a real vector field Zµ with mass mZ (Z-boson

field). This is the mechanism by which the particles acquire mass through spontaneous

symmetry breaking.

Now, we will come to our analysis which is finding the solutions for the gauge fields in

the Electroweak theory. For this, we consider the Type II ansatz of Oh-Teh paper [27, 28]

described in Sec: 3.2.1:

W±
µ =

1√
2

kµΦ, Zµ = lµΨ, Aµ = 0, χ = 0. (3.78)
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We can rewrite everything in terms of original gauge fields,

A1
µ = kµΦ, A2

µ = 0, A3
µ = lµ cosθW Ψ, Bµ =−lµ sinθW Ψ. (3.79)

Now, substituting the above gauge fields in the Electroweak Lagrangian, we get

LEW =−1
2
[
k2(∂µΨ)2 + l2(∂µΦ)2 − (k ·∂Ψ)2 − (l ·∂Φ)2]− g2

ym

2
cos2

θW l2k2
Φ

2
Ψ

2

+
1
8

g2
ymk2v2

Φ
2 +

1
8
(g2

ym +g2
y)l

2v2
Ψ

2. (3.80)

By varying the above Lagrangian, one gets the equations of motion as follows

l22Ψ− lµ
∂µΨ−g2

ym k2 l2
Ψ Φ

2 cos2
θW +

1
2

m2
Z l2

Ψ = 0, (3.81)

k22Φ− kµ
∂µΦ−g2

ym k2 l2
Ψ

2
Φ cos2

θW +m2
W k2

Φ = 0. (3.82)

We use the same conditions as before lµ∂µΨ = 0, kµ∂µΦ = 0 as discussed in Sec: 3.2.1.

To obtain an analytical solution, we set Φ = Ψ and l2 = k2. This means that the approxi-

mation of setting two fields as equal can be taken as zeroeth order in gy coupling constant

and also equating masses of W and Z bosons. With this, the equation becomes

2Φ−g2
yml2 cos2

θW Φ
3 +

v2g2
ym

4
Φ = 0. (3.83)

The solution found to be

Φ(t,z) = Ψ(t,z) =± v
2|l|cosθW

tanh

Az± 1
2

√
4A2 −

g2
ymv2

2
t +B

 , (3.84)

where A and B are arbitrary constants. The behaviour of the solutions depends on constants

and boundary conditions. In particular, the solutions show hyperbolic functional behaviour

(Fig: 3.3(a)) when 4A2 − g2
ymv2/2 > 0 and the solutions show oscillatory behaviour (Fig:
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3.3(b)) when 4A2 −g2
ymv2/2 < 0.

((a)) The YM gauge field with mass
showing hyperbolic behaviour.

((b)) The YM gauge field with mass
showing oscillatory behaviour.

Figure 3.3: Figures showing Ψ = Φ as a function of t and z with two different choices for
constants.

3.4 Conclusion

In this chapter, we discuss the importance of gauge theory, especially the non-abelian

gauge theory, in explaining the interactions of fundamental forces with matter fields. We

started with the introduction to non-abelian gauge theory, discussing Lie groups, Lie alge-

bra, and gauge symmetry in Sec: (3.1). Then, we discussed some of the important classical

solutions for non-abelian gauge theory, both in Minkowski and Euclidean spacetimes (Sec:

3.2). The Euclidean YM solutions are useful in studying phenomena like tunneling in the

quantum version of the theory. The QGP, a deconfined phase consisting of quarks and glu-

ons, existed in the Early universe and is being created in heavy ion colliders like LHC, and

RHIC. Since the quarks and gluons are deconfined and due to asymptotic freedom, they

are weakly interacting and can propagate as waves. Thus, we focused on discussing the

different types of wave solutions for YM equations in Sec: 3.2.1. We discussed two types

of waves based on their dependence on the coupling constant (gym): Type I waves and Type

II waves. All the known wave-type solutions fall under these two categories. So far, we

considered the massless YM waves. To discuss the massive YM waves, we considered
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one of the well-known theories, the Electroweak theory in Sec: 3.3. In Electroweak the-

ory, the gauge fields acquire mass through spontaneous symmetry breaking and the Higgs

effect. We found the solutions for YM equations in Electroweak theory turn out to show

hyperbolic or oscillatory functional behaviour depending on the argument of the hyperbolic

function. In the next chapter, we will study the interaction of GWs, studied in Chapter: 2,

with YM waves, studied in this chapter: 3.
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Particle Interactions
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Chapter 4

Interaction of Gravitational waves with
SU(2) Yang-Mills Fields

”The Universe is under no obligation to

make sense to you.”

Neil deGrasse Tyson

Since the discovery of GWs, it has been the birth of a new field in astronomy, GW

astronomy. As the GWs have a weakly interacting nature, they can be used to probe the

earliest times of the universe farther than the CMB. We discussed the importance and scope

of GWs in understanding the early universe in Chapter 2. QGP, a deconfined mixture of

quarks and gluons, generated from the breakdown of hadrons (nuclei) at very high temper-

atures (above temperature 1012 K or ∼ 150 MeV). As we will discuss in Chapter 7, the

QGP phase existed in the very early universe around ∼ µs after the Big Bang and is also

created and studied in the heavy ion colliders. At temperatures higher than this critical

temperature, the interaction between quarks and gluons is very weak due to asymptotic

freedom. At this stage, the gluons and quarks are expected to propagate as waves. There

have been studies on the combined topics of GWs and non-abelian gauge fields. So far, the

studies on these topics have gone in the following way: The non-abelian gauge fields will

generate a non-zero anisotropic tensor and act as a source for the GWs. In our thesis, we

took a different approach and studied the influence of GWs on the non-abelian gauge fields.

We have already discussed the relevance of the interaction of GWs with the matter in Sec.
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2.2, particularly with scalar fields (Sec: 2.2.1), fermions (Sec: 2.2.2) and EM waves (Sec:

2.2.3). In this chapter, we take it further and study the interaction of GWs with non-abelian

waves.

The study of non-abelian gauge fields in the presence of GWs is relevant for (i) Early

Universe Cosmology, (ii) Heavy ion colliders, (iii) Neutron stars, and (iv) new ways of GW

detection in the following ways:

• In our work, we considered the YM wave interaction with GWs in Minkowski and de-

Sitter backgrounds. Our results can be extended to other cosmological backgrounds

by changing the scale factor.

• During heavy ion collisions, the gluons and quarks become deconfined for a short

duration of time. If any GW passes through the collisions at this time, it might change

the trajectory of the massive YM waves. The quantum version of this interaction can

be interpreted as changes in the flux of particles, and hence cross-section, which is

observable. This will also provide another way for GW detection.

• Recently, through neutron star studies [179], it was found that there has been a con-

nection between the GWs generation and the phase transition of hadrons to quarks

and gluons. The work we did is thus relevant to the study of neutron stars as well.

This chapter closely follows the work we did in the paper [27]. In this chapter, we will

discuss the interaction of GWs with YM waves in different cosmological backgrounds. We

start with the YM equation in a general background (Sec: 4.1). We start with the interaction

of GWs with YM progressive waves in the Minkowski Background in Sec. 4.2, followed

by a cosmological background, especially in de Sitter spacetime, in Sec. 4.3. Later, we

discussed the Electroweak symmetry broken phase which is experimentally accessible in

Sec. 4.4.

76



4.2. IN MINKOWSKI SPACETIME

4.1 Yang Mills equations in general spacetime

In a general background with metric gµν, the YM equation is given by

∇µFaµν +gym f abcAb
µFcµν = 0, (4.1)

where Fa
µν = ∂µAa

ν−∂νAa
µ+gym f abcAb

µAc
ν is the field strength tensor, f abc are structure con-

stants and ∇µ is the covariant derivative with respect to the curved background, which is

given by

∇µFaρν = ∂µFaρν +Γ
ρ

µσFaσν +Γ
ν
µσFaρσ, (4.2)

where Γ
ρ

µν is the Christoffel symbol given in chapter 2. Since the first term in the YM

equation (4.1) is the divergence of Faµν, we can also rewrite the YM eq. (4.1) as follows

1√
−g

∂µ(
√
−g Faµν)+gym f abc Ab

µ Fcµν = 0, (4.3)

where g is the determinant of the metric gµν. By expanding the above equation, we get

1√
−g

∂µ(
√
−g gµρ gνσFa

ρσ)+gym f abc Ab
µ gµρ gνσFc

ρσ = 0. (4.4)

This is the main equation of this chapter. We will mainly focus on SU(2) Lie group, then

the structure constants are simply given by Levi-Civita tensor with values

fabc = εabc =+1 if (a,b,c) is even permutation, (1,2,3), (2,3,1), (3,1,2)

=−1 if (a,b,c) is odd permutation, (3,2,1), (1,3,2), (2,1,3)

= 0 if any index is repeated, i.e. remaining terms.

77



4.2. IN MINKOWSKI SPACETIME

4.2 In Minkowski spacetime

In this section, we discuss the interaction of GWs with YM waves in the Minkowski

(flat) background. We consider a GW with only plus (+) polarisation propagating in the

z-direction. The flat spacetime metric with a GW can be written as (Eq: 2.19)

ds2 =−dt2 +(1+h+(t,z))dx2 +(1−h+(t,z))dy2 +dz2, (4.5)

where h+(t,z) = A+ cos(ωg(t − z)), A+ is the amplitude of the GW and ωg is the GW

frequency. In the metric component form, it is given by

ηµν =



−1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1


, and hµν =



0 0 0 0

0 h+ 0 0

0 0 −h+ 0

0 0 0 0


.

We consider the gauge field to be of the following form:

Aa
µ = Aa

µ + Ãa
µ, (4.6)

where Aa
µ is the gauge field in the flat background given in Sec: 3.2.1 and Ãa

µ is the perturbed

gauge field due to the interaction of the unperturbed gauge field and GW. Using the inverse

metric as gµν = ηµν +hµν, we expand the YM equation (4.4) in the first order of h+ and Ãµ

as follows:

η
µρ

η
νλ

∂µF̃a
ρλ

+gymε
abc
(

η
µρ

η
νλÃb

µFc
ρλ +η

µρ
η

νλAb
µF̃c

ρλ

)
=−

(
η

µρ
∂µ

(
hνλFa

ρλ

)
+η

νλ
∂µ

(
hµρFa

ρλ

)
+ Γ̃

µ
µρη

ρλ
η

νσFa
λσ + Γ̃

ν
µρη

µλ
η

ρσFa
λσ +gymε

abc(hµρ
η

νλAb
µFc

ρλ

+η
µρhνλAb

µFc
ρλ

))
, (4.7)
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where the terms with denotes the unperturbed functions and terms with ˜ denotes the

perturbed functions.

Now we will solve the above equation for different gauge field ansatzs as described in

Sec. (3.2.1).

4.2.1 Type I waves

We consider the ansatz of type I waves described in Sec. (3.2.1) which is of form [28]

Aa
µ = ψα f a

α
(U)∂µU, (4.8)

where U and ψα are functions of xµ, f a
α

depend on U only and the index α = 1..4. The

functions ψα represent degrees of freedom which is an arbitrariness in the form of the

ansatz.

We then assume the perturbation due to the GW only modifies the function U as U =

U +Ũ . Then, the function f a
α

becomes fα(U +Ũ) = fα(U)+ f ′
α
(U)Ũ . Even though the f a

α

function contains zero and first-order terms, only zero-order terms contribute to the first-

order in the perturbations. With these assumptions, we write the total ansatz as

Aa
µ = Aa

µ + Ãa
µ = ψα f a

α
(U) ∂µU +ψα f a

α
(U) ∂µŨ . (4.9)

The form ψα f a
α

is motivated by the gauge internal group structure, which we expect the

GW does not have the influence to break. The mixing of indices a and α in the function f a
α

is needed in order for the ansatz to be in non-abelian form. Therefore, we used the same

form as in the original ansatz, even in GW perturbed form. Using the above ansatz (4.9) in

YM equation (4.4), we get the following inhomogeneous differential equations

∂
µ
∂

νŨ∂µψα +∂
νŨ2ψα −∂

λ
∂

ν
ψα∂λŨ −∂

ν
ψα2Ũ = ∂

µU∂µ(hνσ
∂σψα)+hµρ

∂ρU∂µ∂
ν
ψα

+hνσ
∂σψαη

µρ
∂µ∂ρU +∂

ν
ψα∂µ(hµρ

∂ρU)−η
µρ

∂µ∂ρψαhνσ
∂σU
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−∂
νU∂µ(hµρ

∂ρψα)−η
µρ

∂ρψα∂µ(hνσ
∂σU)−hµρ

∂ρψα∂µ∂
νU , (4.10)

with conditions

η
µν

∂µŨ∂νψα +hµν
∂µU∂νψα = 0, (4.11)

2η
µν

∂µŨ∂νU +hµν
∂µU∂νU = 0. (4.12)

These conditions are the same as in unperturbed section (Sec:3.2.1) but are implemented to

first-order in perturbations. As we discussed earlier, when choosing the different ψα, we

get different solutions for Ũ .

A. Type Ia waves

Using the same assumption as in the Type Ia waves section of Sec. (3.2.1), we choose

ψ1 = x. From one of the above conditions (4.11), we find ∂xŨ = 0. Then we were left with

only one equation

2 Ũ = η
µρ

∂ρU∂µh++h+η
µρ

∂µ∂ρU −h+∂2∂2U . (4.13)

If we take the YM waves (choosing U =U0 cos(ωy(t − z)), U0 is the initial value of U and

ωy is the YM wave frequency) and GW (h+ = A+ cos(ωg(t − z))) propagating in the same

direction, we find the terms on the right side of the equation become zero, thus showing no

interaction between them.

If we consider waves to be propagating in anti-parallel directions (choosing U =

U0 cos(ωy(t + z)), ωy is the YM wave frequency), then there will be nonzero terms on the

right side of Eq. (4.13). To get a non-trivial solution and wanting the solution be in the

form of Type Ia, we further assume the f a
α

are arbitrary constants, f a
α
(U) = Ca

α
, which are

arbitrary constants. With this assumption, we are left with a single equation without any
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further conditions on Ũ ,

2 Ũ =−2 ∂0U ∂0h+. (4.14)

By solving the above equation, we get

Ũ(t,z) =
1
2

A+U0 cos(ωg(t − z))cos(ωy(t + z)), (4.15)

and the gauge field is given by

Ãa
0 =

1
2

x Ca
1A+U0

(
−ωg sin(ωg(t − z))cos(ωy(t + z))−ωy cos(ωg(t − z))sin(ωy(t + z))

)
,

(4.16)

Ãa
1 = Ãa

2 = 0, (4.17)

Ãa
3 =

1
2

x Ca
1A+U0

(
ωg sin(ωg(t − z))cos(ωy(t + z))−ωy cos(ωg(t − z))sin(ωy(t + z))

)
.

(4.18)

We further consider the different orientations. We consider the YM wave propagating

in the perpendicular direction (U =U0 cos(ωy(t + y))). Then, the solution is found to be

Ũ(t,y,z) =−1
2

U0A+
ωy

ωg

[
sin(ωg(t − z))sin(ωy(t + y))

]
, (4.19)

From the condition (4.11), we are restricting the propagating direction of YM waves.

B. Type Ib waves

We consider a different choice of ψα which is discussed Type Ib waves section in Sec.

(3.2.1). Choosing ψα =Aαeiq·x such that it satisfies 2ψα = 0, we get the following equation

qν2Ũ = η
νλhµρ

∂µ∂ρUqλ, (4.20)

with some extra conditions qρ∂ρhµν = 0 and qλhνλ = 0 .
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Using these extra conditions along with the form of GW (hµν), we get the vector q has

only two components q0 = −q3 ̸= 0. To find the perturbative solutions, we used the same

assumption as in the case of type Ia which is putting a relaxation on condition (4.12).

Similarly, in this case, we did not find any interaction when waves travelling in the same

direction.

Then, by considering the waves propagating in perpendicular directions, we find the

solutions to be

Ũ(x,z, t) =−1
2

A+U0
ωy

ωg

[
sin(ωg(t − z))sin(ωy(x+ t))

]
. (4.21)

This is a particular solution of the inhomogeneous equation. Plot of Ũ as a function of

t is given in Fig. (4.1).

Figure 4.1: Plot of Ũ(1,1, t) as a function of t. We choose A+ = 0.01, U0 = 0.5, ωg = 3
and ωy = 4.

C. Coleman waves

This is a special case of type I waves with the choice ψ1 = x,ψ2 = y & U = t + z as

described in the Coleman waves section of Sec. (3.2.1). To solve the perturbed YM equa-

tion, we use the same techniques of [167]. We write the metric in light-cone coordinates

((x± = t ± z)) as

ds2 =−dx−dx++(1+h+(x−))dx2 +(1−h+(x−))dy2, (4.22)
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where h+(x−) = A+ cos(ωgx−). We assume the gauge field to be of the form Aa
µ = Aa

µ + Ãa
µ

and the corresponding field strength tensors to be Fa
µν = Fa

µν + F̃a
µν where the F̃ , Ã are the

perturbed quantities proportional to the gravitational wave amplitude and Aa
µ is the Cole-

man solution (Eq. (3.47)) in the lightcone coordinates which can be written as Aa
µ =

δ+µ ( f a(x+)x+ ga(x+)y), where f a and ga are arbitrary functions. With the above choice,

we are considering the case where the YM wave propagates in -z-direction.

Using Coleman’s gauge choice, we keep Ãa
x = Ãa

y = 0. By substituting the above ansatz

in Eq. (4.7) for ν =+,1,2,−, we get

η
µρ

∂µ(F̃a
ρ−) = 0, (4.23)

η
µρ

∂µ

(
F̃a

ρ1

)
+gymε

abc
η
+−Ab

+F̃c
−1 +gymε

abc
η
+−Ãb

−Fc
+1 =−η

−+
∂−
(
h11Fa

+1
)
, (4.24)

η
µρ

∂µ

(
F̃a

ρ2

)
+gymε

abc
η
+−Ab

+F̃c
−2 +gymε

abc
η
+−Ãb

−Fc
+2 =−η

−+
∂−
(
h22Fa

+2
)
, (4.25)

η
µρ

∂µ

(
F̃a

ρ+

)
+gymε

abc
η
+−

η
−+Ab

+F̃c
−+ = 0. (4.26)

To solve the above equations, we impose further restrictions which are (i) Fa
µν are inde-

pendent of x and y and (ii) the gauge fields are in the same direction in SU(2) internal space.

This choice makes the nonlinear terms zero because the terms involving εabc become zero.

Then, the equations become

∂−(F̃a
+−) = 0, (4.27)

∂−(F̃a
+1)+∂+(F̃a

−1) =−(∂−h+(x−)) f a(x+), (4.28)

∂−(F̃a
+2)+∂+(F̃a

−2) = (∂−h+(x−))ga(x+), (4.29)

∂+(F̃a
−+) = 0. (4.30)

From the first and last equations, it can be found that F̃a
−+ = 0 or ∂−Ãa

+ = ∂+Ãa
−. Using

this relation in Eqs. (4.28 & 4.29), we can solve for Ãa
+. Finally, using the relation (∂−Ãa

+ =
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∂+Ãa
−), we can solve for Ãa

−. The final solutions are given by

Ãa
+ =

1
2

A+ cos(ωg(x−))
[

f a(x+)x−ga(x+)y
]
, (4.31)

Ãa
− =−1

2
A+ωg sin(ωg(x−))

[(∫
f a(x+)dx+

)
x−
(∫

ga(x+)dx+
)

y
]
, (4.32)

Ãa
x = 0, (4.33)

Ãa
y = 0. (4.34)

To get a better understanding, we choose the arbitrary functions ( f a(x+) & ga(x+)) to

be f a(x+) = ga(x+) = δa
1 sin(ωyx+), where ωy is the frequency of YM wave. We plot the

non-zero functions in Fig. (4.2).

Figure 4.2: The plots of Ãa
−(z) and Ãa

+(z) as a function of z. We choose x = 2, y = 1, ωg =
15, ωy = 1, A+ = 0.01 and z = 1.

We computed the non-abelian electric and magnetic fields by evaluating Ea
i = Fa

i0 and

Ba
i = εi jkFa jk. Now again converting into Cartesian coordinates, we can write the non-

abelian electric and magnetic fields (up to first order) as

Ẽa
x = δ

a
1

1
4ωy

[
2A+ωg cos(ωy(t+z))sin(ωg(t−z))+ωy(2+A+ cos(ωg(t−z)))sin(ωy(t+z)

]
,

(4.35)
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Ẽa
y = δ

a
1

1
4ωy

[
−2A+ωg cos(ωy(t+z))sin(ωg(t−z))+ωy(2−A+ cos(ωg(t−z)))sin(ωy(t+z)

]
,

(4.36)

Ẽa
z =−δ

a
1

1
2

A+(x− y)ωg sin(ωg(t − z))sin(ωy(t + z)), (4.37)

B̃a
x = δ

a
1

1
2ωy

[
2A+ωg cos(ωy(t+z))sin(ωg(t−z))+ωy(2+A+ cos(ωg(t−z)))sin(ωy(t+z)

]
,

(4.38)

B̃a
y = δ

a
1

1
2ωy

[
2A+ωg cos(ωy(t+z))sin(ωg(t−z))+ωy(−2+A+ cos(ωg(t−z)))sin(ωy(t+z)

]
,

(4.39)

B̃a
z = 0. (4.40)

Unlike the EM case (abelian), the electric and magnetic fields are not observable. We

calculated a gauge invariant quantity (observable), energy-momentum tensor which is given

by

Tµν = gρσFa
µρFa

νσ −
1
4

gµνFa
ρσFaρσ. (4.41)

From this, one can calculate the Poynting vector as follows

Sx = Sy =
1

4π
T0x =

1
16π

A+ (x− y) ωg sin(ωg(t − z)) sin(ωy(t + z))2, (4.42)

Sz =
1

4π
T0z =

1
8π

sin(ωy(t + z))2. (4.43)

One can see that all the components of the Poynting vector are nonzero, signifying a devia-

tion from the original -z-direction due to its interaction with the GW. From the expressions

(Eqs. 4.42 & 4.43), it is clear that the wave is propagating along the -z - direction in the

absence of a GW. The same behaviour is shown in Fig. (4.3) implying a slight deviation in

the energy-momentum flow from the original direction.

We also investigate the interaction in different orientations. When the waves were prop-

agating in the same direction i.e. choosing the gauge field of the form Aa
x = Aa

y = Aa
+ = 0

and Aa
− = x f a(x−)+yga(x−), then the source terms in Eq. (4.7) become zero signifying no

interaction.
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Figure 4.3: The graph showing the Poynting vector at different times. We choose ωg = 15,
ωy = 1 and A+ = 0.1.

Perpendicular directions

We also examined the case when the waves propagated in perpendicular directions.

We consider a YM wave propagating in the −x-direction and GW propagating in the z-

direction. In this case, the unperturbed gauge field can be written as Aa
µ = δ+µ ( f a(x+)y+

ga(x+)z) where x+ = t + x and x− = t − x. In these new light-cone coordinates, the metric

becomes

ds2 =
1
4

h+(dx+)2 +
1
4

h+(dx−)2 − 1
2
(2+h+)dx−dx++(1−h+(x−))dy2 +dz2, (4.44)

where h+ = A+ cos(ωg
2 ((x++ x−)− 2z)). Using the same assumptions as before that the

gauge fields pointing in the same direction in SU(2) internal space and using Lorenz gauge

(∂ρÃa
ρ = 0), we can reduce the YM equations (4.7) to the following four inhomogeneous

wave equations

2Ãa
− =

1
2

ga(x+)∂zh+, (4.45)

2Ãa
y = 2 f a(x+)∂−h++∂+(h+ f a(x+)), (4.46)

2Ãa
z =−ga(x+)∂−h++∂+(h+ga(x+)), (4.47)

2Ãa
+ =−1

2
ga(x+)∂zh+. (4.48)
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These are second-order inhomogeneous differential equations. These types of equations

can be solved using Kirchoff’s theorem and Duhamel’s principle [29, 180]. The details

of the technique used to solve inhomogeneous wave equations are given in Appendix D.2.

Choosing the arbitrary functions as f a(x+) = ga(x+) = δa
1eiωyx+ , the final solutions for the

above equations are given by

Ãa
− =−Ãa

+ = δ
a
1

A+

4ωy

(
cos(ωg(t − z))sin(ωy(t + x))− cos(||ω||t)cos(ωgz)sin(ωyx)

+
sin(||ω||t)

||ω||
(ωy cos(ωyx)cos(ωgz)−ωg sin(ωyx)sin(ωgz))

)
, (4.49)

Ãa
y = δ

a
1

A+

4ωyωg

(
sin(||ω||t)

||ω||

[
5ωgωy cos(ωyx)cos(ωgz)+(3ω

2
g +2ω

2
y)sin(ωyx)sin(ωgz)

]
+cos(||ω||t)

[
3ωg sin(ωyx)cos(ωgz)−2ωy cos(ωyx)sin(ωgz)

]
−2ωy sin(ωg(t−z))cos(ωy(t+x))

−3ωg cos(ωg(t − z))sin(ωy(t + x))

)
, (4.50)

Ãa
z = δ

a
1

A+

2ωg

(
sin(||ω||t)

||ω||

[
ωg cos(ωgz)cos(ωyx)+ωy sin(ωgz)sin(ωyx)

]
− sin(ωg(t − z))cos(ωy(t + x))− cos(||ω||t)cos(ωyx)sin(ωgz)

)
, (4.51)

where ||ω||=
√

ω2
g +ω2

y .

The solutions have an extra contribution from modes with frequency
√

ω2
g +ω2

y apart

from the particular solution to inhomogeneous equations same as in [29]. We have used

Green’s function for solutions of massless inhomogeneous wave equations as described in

[26, 29]. If we set the boundary condition such that the perturbations are zero at t = 0, then

the solution gives the total perturbation of both particular and general solutions. This type
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of boundary condition is also in agreement with the actual experiment as the perturbation

of matter wave is zero before the arrival of GW. In types Ia and Ib, we did not use these

boundary conditions because of the nature of the ansatz but obtained particular solutions

to YM equations. Thus, one can use the Coleman ansatz with the boundary conditions

considered in this case while studying the YM wave and GW interactions in a detector.

4.2.2 Type II waves

So far, the perturbed solutions did not involve the coupling constant (gym). To fully

understand the nonlinear nature of YM fields, we have to take a different ansatz. This

ansatz is already described in Sec. (3.2.1) and is given as follows

Aa
µ = δ

a
1 Φ(u) kµ +δ

a
3 Ψ(u) lµ, (4.52)

where u = pµxµ + e;e is an arbitrary constant and the three vectors kµ, lµ, pµ are orthogonal

to each other.

Similarly, in this case, we assume the gauge fields of the form

Aa
µ = Aa

µ + Ãa
µ (4.53)

where Aa
µ is the Type II YM wave solution in Minkowski background (Sec: 3.2.1) and Ãa

µ is

the perturbation function which we take as Ãa
µ = δa

1 Φ̃ kµ+δa
3 Ψ̃ lµ. Now, we will restrict the

propagation of the unperturbed YM solution by choosing pµ vector to be pµ = (p0,0,0, p3)

such that pµ is time-like. By choosing the p0 and p3, we can make the wave propagate in

the z or −z direction.

Here we have taken the perturbation to be of the same form as the unperturbed solution

because the GW polarisations interact with YM polarisations in lµ and kµ directions only.

The nature of solutions also depends on the choice of kµ and lµ vectors. To restrict the

propagation of perturbed functions (Φ̃,Ψ̃) along kµ and lµ vectors, we impose the following
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conditions: kµ∂µΦ = lµ∂µΦ = kµ∂µΨ = lµ∂µΨ = 0. If we impose the perturbed functions

to have t and z dependence, we can choose the kµ and lµ vectors as kµ = (0,0,1,0) and

lµ = (0,1,0,0). By substituting the metric (4.5), unperturbed, and perturbed ansatz in YM

Eq. (4.4), we will get the following equations for perturbation functions:

2Φ̃−2g2
ym l2

Ψ Φ Ψ̃−g2
yml2

Ψ
2

Φ̃ =−∂µh+(t,z) ∂
µ
Φ−h+(t,z)(g2

yml2
Φ Ψ

2
), (4.54)

2Ψ̃−2g2
ymk2

Ψ Φ Φ̃−g2
ymk2

Φ
2

Ψ̃ = ∂µh+(t,z) ∂
µ
Ψ+h+(t,z)(g2

ymk2
Ψ Φ

2
), (4.55)

where Φ and Ψ are the unperturbed YM wave solutions (3.60 & 3.61). We solved the above

coupled partial differential equations numerically and 3D plots were given in Fig. (4.4) and

the perturbation plots as a function of time in Fig. (4.5). For this, we choose the YM

wave propagating in -z-direction by choosing p0 = 3 and p3 = 1. We studied the influence

of the coupling constant (gym) on the perturbation functions. We find that the coupling

constant is inversely proportional to the magnitude of the perturbed functions while leaving

the functional behaviour unchanged. This is shown in Fig. (4.6). This can be understood

in this way: The unperturbed solutions are inversely proportional to the coupling constant.

In the above differential equations, the terms on the left side involving the square of the

coupling constant are always accompanied by the product of two unperturbed solutions

which diminishes its influence on functional behaviour. The terms on the right side are left

with an extra unperturbed function which causes the dependence of coupling constant on

solutions.

We also analysed the solutions’ spectrum (Φ̃(1, t) & Ψ̃(1, t)) to find the oscillation fre-

quencies. As expected, the solutions follow a beat pattern with the inner frequency being

equal to the sum of GW and YM wave frequencies and the outer frequency being equal to

the difference of GW and YM wave frequencies. The plots of Φ̃(1, t) and Ψ̃(1, t) are shown

in Fig. (4.5), and the corresponding power spectrum and spectrogram of Φ̃(1, t) in Fig.

(4.7). The spectrogram plot reveals that there is more to story than usual beat frequencies.
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((a)) Φ̃ ((b)) Ψ̃

Figure 4.4: Figures showing Φ̃ and Ψ̃ as a function of t and z. We choose l1 = 1, k2 = 1,
A+ = 0.01, gym = 0.5 and ωg = 20.

((a)) Φ̃(1, t) ((b)) Ψ̃(1, t)

Figure 4.5: Figures showing Φ̃ and Ψ̃ as a function of t. We choose z = 1, l1 = 1, k2 = 1,
A+ = 0.01, gym = 0.5 and ωg = 20.

We can see that there are multiple peaks in the power spectrum. One can understand this

as the cosine Jacobi elliptic function is not a single sine or cosine function, but a series of

sine and cosine functions (Fig. 4.8). These multiple frequencies combine with a single GW

frequency to produce these multiple peaks in the power spectrum.

The Poynting vector is given by

Si =
1

4π
T0i = δ

3
i

1
4π

[
k2

2∂0Φ ∂3Φ(1+A+ cos(ωg(t − z)))+ l2
1∂0Ψ ∂3Ψ

(1−A+ cos(ωg(t − z)))+ k2
2(∂0Φ ∂3Φ̃+∂0Φ̃ ∂3Φ)+ l2

1(∂0Ψ ∂3Ψ̃+∂0Ψ̃ ∂3Ψ)
]
. (4.56)

and the energy density as
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Figure 4.6: Figure showing Φ̃(1, t) for two different values of gym.

((a)) Power Spectrum ((b)) Spectrogram

Figure 4.7: Figures showing Power spectrum and spectrogram of Φ̃(1, t).

T00 =(1+A+ cos(ωg(t−z)))(∂0Φk2+∂0Φ̃k2)
2+(1−A+ cos(ωg(t−z)))(∂0Ψl1+∂0Ψ̃l1)2−

1
2
(1+A+ cos(ωg(t−z)))[(∂0Φk2+∂0Φ̃k2)

2−(∂3Φk2+∂3Φ̃k2)
2]−g2

ym (1+A+ cos(ωg(t−z)))

(1−A+ cos(ωg(t − z)))(Φk2 + Φ̃k2)
2(Ψl1 + Ψ̃l1)2 +(1−A+ cos(ωg(t − z)))

[(∂0Ψl1 +∂0Ψ̃l1)2 − (∂3Ψl1 +∂3Ψ̃l1)2]. (4.57)

The expressions consist of Jacobi elliptic functions, that are real and oscillating, which

shows that the energy density is bounded throughout space-time and the direction of the

Poynting vector is fixed, which makes us interpret the solutions as non-abelian plane waves

propagating in a fixed direction. We also found the expressions for non-abelian electric and

magnetic fields as

Ẽa
i =−

[
δ

a
1δ

2
i (∂0Φ̃k2)+δ

a
3δ

1
i (∂0Ψ̃l1)

]
, (4.58)

B̃a
i = δ

a
1δ

1
i
[
−∂3Φ̃ k2 −A+ cos(ωg(t − z))∂3Φ k2

]
+δ

a
2δ

3
i gym

[
Φk2 Ψ̃l1
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Figure 4.8: Power Spectrum of cn(3t +1,1/2).

+Φ̃k2Ψl1 −A2
+ cos(ωg(t − z))2

Φ Ψk2l1
]
+δ

a
3δ

2
i
[
−∂3Ψ̃l1

]
. (4.59)

We find that the electric fields are linear in YM solutions and also transverse to the

propagating direction. However, the magnetic fields are nonlinear in YM solutions and not

perpendicular to the propagating direction. This suggests that the YM solutions behave as

if they are propagating in a nonlinear media.

4.2.3 Summary

In this section, we have solved the solutions for the YM waves propagating in the pres-

ence of a GW in a flat background. Owing to its dependence on the coupling constant (gym),

we classified wave solutions into two types: Type I, which does not depend on the coupling

constant, and Type II, which depends on the coupling constant. Due to the nature of ansatz

for type I waves, the commutator terms that contain coupling constant become zero. The

type I waves show a beat pattern similar to type II waves and the Poynting vector plots of

type I waves show directional change similar to the EM case in [26]. We also find there is

no interaction between the GW and YM waves when they are propagating in the same or

parallel direction similar to the EM case in [26]. This is not surprising because, without the

commutator terms, the YM equations reduce to Maxwell’s equations.
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The YM equations with type II waves have nonzero commutator terms which causes its

dependence on the coupling constant. Even in linearized approximation, the YM equations

become complicated to solve analytically. Thus, we solved those equations numerically.

The overall behaviour of solutions is the same as in the case of type I waves, but the am-

plitude of solutions depends on the coupling constant. Due to the non-linear nature of YM

equations in the type II waves case, we find there is a nonzero interaction between the waves

even propagating they are propagating in the same direction.

Along the same direction, there are some prospects for this research. Some of them

include relaxing the approximations we used to obtain our results. For example, while

discussing the results of interaction between GWs and type Ia, and Ib waves, we set the

functions f a
α

to constants. One can relax this assumption by taking as functions which

might give a different interesting solutions. With even bigger colliders, we can reach even

more energy. At very high energies, the approximation of the gluons propagating as waves

in QGP can be realizable. Then, the possibility of testing the effect of GWs on gluons might

be possible.

In the next section, we will study the influence of GW on YM waves in the cosmological

background, particularly the de Sitter background.

4.3 In Cosmological Background

To study the influence of GWs in the early universe phenomena, we need to move away

from the flat space-time approximation. It has already been discussed about the generation

of GWs from many processes that happened in the early universe in Sec. (2.1.4). These

GWs which are stochastic in nature, form a background of GWs. All the cosmological

processes such as QCD Phase Transition, and BBN that happened in the early universe

must have happened in this GW background. Thus, it is important to study the YM waves

in the GW background in curved space-time. Even though we can only describe the PGWs

stochastically, for simplicity, we consider the effect of single mode of GW on YM wave
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propagation. For this, we consider the FLRW metric in conformal coordinates as

ds2 = a2(τ)(−dτ
2 +dx2 +dy2 +dz2), (4.60)

where x,y, and z are the Cartesian coordinates and a(τ) is the scale factor in conformal time

coordinate (τ). The conformal time is related to comoving time (t) by relation dτ = dt/a(t).

By changing the scale factor (a(τ) ∝ τn), we can vary the background from de Sitter (a(τ) ∝

1/τ), radiation-dominated (a(τ) ∝ τ) to matter-dominated (a(τ) ∝ τ2) universes.

The sourceless YM equations are conformally invariant. This can be confirmed easily

as follows: Consider the YM equation (Eq. 5.2) for a general metric as

1√
−g

∂µ

(√
−ggµλgνρFa

λρ

)
+gymε

abcAb
µgµρgνλFc

λρ
= 0. (4.61)

If we consider the metric as gµν = 1
a2(τ)

ηµν, then one can easily find that the above equation

reduces to one that of a flat metric.

Since the YM equations are conformally invariant, the solutions for the YM equation

in the case of a homogeneous and isotropic cosmological background (FLRW metric) are

the same as in Minkowski’s background with the comoving time (t) being replaced with

conformal time (τ).

To consider the interaction with GW, we need to define the GWs in a cosmological

background. The discussion on GWs in the cosmological background is given in Sec.

(2.1.3). Let us consider a +-polarised GW propagating in z-direction in a cosmological

background. Then, the metric becomes

ds2 = a2(τ)
(
−dτ

2 +(1+h+(τ,z))dx2 +(1−h+(τ,z))dy2 +dz2). (4.62)

The explicit expressions for h+ for different backgrounds are given in Sec. (2.1.3). For de
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Sitter background, the expression can be rewritten as

h+(τ,z) = A+(ωgτ− i)e−iωg(τ−z), (4.63)

where A+ is the amplitude and ωg is the frequency of GW.

We use the same procedure of the previous section (Sec. 4.2) to find the solutions for the

linearized YM equation in the GW background in de Sitter spacetime. The same analysis

will also work for other cosmological backgrounds just by replacing the h+ expression in

their respective backgrounds.

4.3.1 Type I waves

We use the same procedure as in Sec. (4.2.1). We start by taking the ansatz of the form

Aa
µ = Aa

µ + Ãa
µ = ψα f a

α
(U) ∂µU +ψα f a

α
(U) ∂µŨ and assuming perturbation in function U

only. Using the metric (Eq. 4.62) with the above ansatz, we end up with Eq.(4.10) as

∂
µ
∂

νŨ∂µψα +∂
νŨ2ψα −∂

λ
∂

ν
ψα∂λŨ −∂

ν
ψα2Ũ = ∂

µU∂µ(hνσ
∂σψα)+hµρ

∂ρU∂µ∂
ν
ψα

+hνσ
∂σψαη

µρ
∂µ∂ρU +∂

ν
ψα∂µ(hµρ

∂ρU)−η
µρ

∂µ∂ρψαhνσ
∂σU

−∂
νU∂µ(hµρ

∂ρψα)−η
µρ

∂ρψα∂µ(hνσ
∂σU)−hµρ

∂ρψα∂µ∂
νU , (4.64)

with conditions

η
µν

∂µŨ∂νψα +hµν
∂µU∂νψα = 0, (4.65)

2η
µν

∂µŨ∂νU +hµν
∂µU∂νU = 0. (4.66)

The only difference is that we have to replace comoving time (t) with conformal time

(τ). By choosing different ψα, we get different solutions.
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A. Type Ia waves

If we choose ψ1 = x,ψ2,3,4 = 0, the YM equation reduces to a single second-order

inhomogeneous differential equation

2Ũ = η
µρ

∂ρU∂µh++h+η
µρ

∂µ∂ρU −h+∂2∂2U , (4.67)

where h+ is given by Eq. (4.63). Here, h+ is not simply a sinusoidal function, so we find

there is a nonzero interaction even when the waves propagate in the same direction. To get

the perturbative solutions, we consider the same assumption for conditions as in Minkowski

spacetime. Considering YM wave also propagating in z-direction (U =U0 cos(ωy(τ− z)))

, then the differential equation to be solved becomes

2Ũ = A+ U0 ωy ωg cos(ωg(τ− z)) sin(ωy(τ− z)). (4.68)

The solution for the above equation was found to be

Ũ(τ,z) =−1
8

A+ U0 ωy ωg(τ+ z)
(

cos((ωg −ωy)(τ− z))
ωg −ωy

−
cos((ωg +ωy)(τ− z))

ωg +ωy

)
+ c1(τ− z)+ c2. (4.69)

where ωy is YM wave frequency, U0 is the amplitude of YM wave, c1 and c2 are integration

constants. As one can see from the expression there are two modes with beat frequencies.

Now, let us consider the waves propagating in anti-parallel directions (U =U0 cos(ωy(τ+

z))). In this case, the differential equation becomes

2Ũ = A+ U0 ωy ωg sin(ωy(τ+ z))(2τωg sin(ωg(z− τ))− cos(ωg(τ− z))). (4.70)

The solution for Ũ is given by
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Ũ(τ,z) =− 1
4ωy

A+U0

(
(ωg +2ωy)sin((ωy −ωg)z+(ωg +ωy)τ)+(ωg −2ωy)

sin((ωy −ωg)τ+(ωy +ωg)z)−2τωyωg

[
cos((ωy +ωg)z+(ωy −ωg)τ)

+ cos((ωy +ωg)τ+(ωy −ωg)z)
])

. (4.71)

B. Type Ib waves

If we choose 2ψα = 0, the YM equation reduces to

qν2Ũ = η
νλhµρ

∂µ∂ρUqλ. (4.72)

Similarly, by considering the same assumption on conditions and letting the YM wave

propagate in the x-direction, i.e.U =U0 cos(ωy(τ− x)), we solve for Ũ as

Ũ(τ,x,z) =
A+U0

2ωg
e−iωg(τ−z)

(
iωg cos(ωy(τ− x))+(2+ iτωg)ωy sin(ωy(τ− x))

)
. (4.73)

Same as in type Ia waves, we find that there is nonzero interaction between waves propa-

gating in the same direction.

C. Coleman Waves

In this case, we follow the procedure of Sec. (4.2.1) where we started by considering

the metric in light-cone coordinates (x± = τ± z) as follows

ds2 = a2(x+,x−)
(
−dx−dx++(1+h+(x+,x−))dx2 +(1−h+(x+,x−))dy2) , (4.74)

where h+(x+,x−) is given by Eq. (4.63) in these coordinates. Then, we consider the gauge

field as Aa
µ = Aa

µ + Ãa
µ. Choosing the same gauge, Ãa

1 = Ãa
2 = 0. Also, using the same

assumptions, (i) The field strength tensor is independent of x and y, and (ii) The gauge field

components point in the same direction in SU(2) internal space. With all these, we reduce
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the YM equation to Eqs. (4.27-4.30). By solving these, one can get the following solutions

Ãa
+ =

1
2

A+

[
ωg

2
(x++ x−)− i

][
f a(x+)x−ga(x+)y

]
e−iωgx−, (4.75)

Ãa
− =−1

4
A+ωg

[(∫
[1+ iωg(x++ x−)] f a(x+)dx+

)
x

−
(∫

[1+ iωg(x++ x−)]ga(x+)dx+
)

y
]

e−iωgx−, (4.76)

By letting the arbitrary functions be f a(x+) = ga(x+) = δa
1 sin(ωyx+), we see that the

magnitude of the solutions decreases with increasing time which is shown in Fig. (4.9).

This decreasing behaviour is identified with 1/τ functional dependence.

Figure 4.9: The perturbed gauge fields as a function of conformal time. We choose x =
2, y = 1, ωg = 10, ωy = 108, A+ = 0.01 and z = 1.

4.3.2 Type II waves

To understand the influence of the coupling constant, we solve the YM equations for

type II waves. We follow the same procedure as in Sec. (4.2.2). Considering the ansatz of

the form

Aa
µ = Aa

µ + Ãa
µ, (4.77)
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where Aa
µ = δa

1 Φ kµ+δa
3 Ψ lµ and Ãa

µ = δa
1 Φ̃ kµ+δa

3 Ψ̃ lµ and choosing the kµ and lµ vectors

as kµ = (0,0,k2,0) and lµ = (0, l1,0,0), we get the following equations for Φ̃ and Ψ̃ :

2Φ̃−2g2
yml2

Ψ Φ Ψ̃−g2
yml2

Ψ
2

Φ̃ =−∂µh+(τ,z)∂µ
Φ−h+(τ,z)(g2

yml2
Φ Ψ

2
), (4.78)

2Ψ̃−2g2
ymk2

Ψ Φ Φ̃−g2
ymk2

Φ
2

Ψ̃ = ∂µh+(τ,z)∂µ
Ψ+h+(τ,z)(g2

ymk2
Ψ Φ

2
). (4.79)

where Φ and Ψ are YM solutions in the de Sitter background. We solve the above equations

numerically using Mathematica and the plots are given in Figs. (4.10 & 4.11).

((a)) Φ̃(z,τ) ((b)) Ψ̃(z,τ)

Figure 4.10: Figures showing Φ̃ and Ψ̃ as a function of τ and z. We choose l1 = 1, k2 = 1,
A+ = 0.01, gym = 0.5 and ωg = 20.

((a)) Φ̃(1,τ) ((b)) Ψ̃(1,τ)

Figure 4.11: Figures showing Φ̃ and Ψ̃ as a function of τ. We choose z = 1, l1 = 1, k2 = 1,
A+ = 0.01, gym = 0.5 and ωg = 20.

As we can see from the plots from this section and the previous one, the unperturbed

solutions get attenuated due to the presence of GW. The amplitude of waves is a function

of conformal time and the behaviour is similar to that in the EM case [26]. This attenuation
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behaviour is the same for both type I and type II waves indicating the less influence of

coupling constant on overall pattern.

4.3.3 Summary

In this section, we obtained the solutions for YM fields in the background of the GW-

filled de-Sitter spacetime. For type I waves, we found analytical solutions, whereas for

type II waves, we found numerical solutions. In both cases, it shows the same attenuation

behaviour for solutions in the presence of GWs. This shows energy dissipation from YM

waves to the medium of GW in de-Sitter space-time. Due to having a complicated expres-

sion for h+, there is a nonzero interaction between YM waves and GWs even if they were

propagating in the same or parallel direction for both type I and type II waves.

4.4 Electroweak Gauge Theory

So far, we have considered the interaction of GWs with pure Yang-Mills waves. Mass-

less YM waves like gluons cannot exist freely as of now and could not be observed even in

heavy ion colliders. But as for massive YM waves such as W and Z bosons do exist and be

detected in heavy-ion colliders. To study these, one has to study the YM fields in the Elec-

troweak symmetry broken phase. We already discussed the YM solutions in Electroweak

gauge theory (Sec: 3.3). In this section, we will study the interaction of GWs with YM

fields in the Electroweak symmetry broken phase.

For this, we will consider the Electroweak Lagrangian [50, 178] as

LEW =−1
4

Fa
µνFaµν − 1

4
BµνBµν +(Dµϕ)†(Dµ

ϕ)+V (|ϕ|2), (4.80)

where

Dµϕ =
(

∂µ − i
gym

2
Aµ − i

gy

2
Bµ

)
ϕ, (4.81)

Fa
µν = ∂µAa

ν −∂νAa
µ +gymε

abcAb
µAc

ν, (4.82)
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Bµν = ∂µBν −∂ν,Bµ, (4.83)

where Aa
µ is the SU(2) gauge field with coupling constant gym, Bµ is the U(1) gauge field

with coupling constant gy, ϕ is the Higgs field with quartic potential V (|ϕ|2) and εabc is the

Levi-Civita tensor. Under spontaneous symmetry breaking, Higgs field acquires a non-zero

expectation value (v). Using the same transformations and definitions as in Sec: 3.3, we

have

Aµ = sinθW A3
µ + cosθW Bµ, (4.84)

Zµ = cosθW A3
µ − sinθW Bµ, (4.85)

W±
µ =

1√
2
(A1

µ ∓ iA2
µ), (4.86)

where θW is the electroweak mixing angle defined as

cosθW =
gym√

g2
ym +g2

y

, sinθW =
gy√

g2
ym +g2

y

.

The Aµ field is identified with the Electromagnetic field of today, W±
µ and Zµ are the massive

W and Z gauge bosons, respectively.

Now, consider a metric in the presence of a GW in a flat background as gµν = ηµν+hµν,

where hµν = diag(0,h+(t,z),−h+(t,z),0) considering only +-polarised GW wave. Using

Oh-Teh ansatz [28],

W±
µ =

1√
2

kµΦ, Zµ = lµΨ, Aµ = 0, (4.87)

We can rewrite everything in terms of original gauge fields,

A1
µ = kµΦ, A2

µ = 0, A3
µ = lµ cosθW Ψ, Bµ =−lµ sinθW Ψ. (4.88)

Using this, one can find the Lagrangian in terms of functions Φ and Ψ. By varying the

101



4.4. ELECTROWEAK GAUGE THEORY

Lagrangian, one gets the equations for Φ and Ψ as

k22Φ−kµ kν
∂µ∂νΦ−g2

ym cos2
θW Ψ

2
Φl2k2 +

v2

4
g2

ymk2
Φ = ∂µ(hνρ)(kνkρ∂

µ
Φ−kνkµ

∂ρΦ)

+ k2hµλ
∂µ∂λΦ−hµλkρkλ∂µ∂ρΦ−hνρkνkρ2Φ− kνhνρ

∂ρkµ
∂µΦ, (4.89)

l22Ψ− lµlν
∂µ∂νΨ−g2

ym cos2
θW Φ

2
Ψl2k2 +

v2

4
(g2

ym +g2
y)l

2
Φ = ∂µ(hνρ)(lνlρ∂

µ
Ψ

− lνlµ
∂ρΦ)+ l2hµλ

∂µ∂λΨ−hµλlρlλ∂µ∂ρΨ−hνρlνlρ2Ψ− lνhνρ
∂ρlµ

∂µΨ, (4.90)

In the linearized approximation, we take Φ = Φ+ Φ̃ and Ψ = Ψ+ Ψ̃. By choosing the

vector kµ and lµ to be lµ = δ1
µ, and kµ = δ2

µ, one gets the linearized equations for Φ̃ and Ψ̃ as

2Φ̃−2g2
ym cos2

θW Ψ Φ Ψ̃−g2
ym cos2

θW Ψ
2
Φ̃+

v2

4
g2

ymΦ̃ =−∂µh+∂
µ
Φ

−h+2Φ− v2

4
g2

ymh+Φ, (4.91)

2Ψ̃−2g2
ym cos2

θW Ψ Φ Φ̃−g2
ym cos2

θW Φ
2
Ψ̃+

v2

4
(g2

ym +g2
y)Ψ̃ =−∂µh+∂

µ
Ψ

−h+2Ψ− v2

4
(g2

ym +g2
y)h+Ψ. (4.92)

For solving these equations, we set Ψ = Φ and Φ̃ = Ψ̃ and obtain numerical solutions.

The constants were chosen such that the behaviour of the unperturbed massive gauge field

is hyperbolic and not oscillatory. The perturbed solution obtained is oscillatory and the

amplitude of perturbations increases with time and obtains a very high magnitude very

quickly (Fig. (4.12)). As the GW amplitude is being multiplied by W and Z boson masses,

this makes the perturbations acquire high magnitudes very quickly. Thus, the perturbation

theory breaks down and one has to approach the nonperturbative methods to solve for an
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exact solution. However, due to the mass term, W and Z bosons decay very quickly. Thus,

we make a plot for an infinitesimal time (0 < t < 10−6) in Fig. (4.13).

Figure 4.12: Figure shows the perturbed function (Φ̃) in the presence of GW for large times.
We choose A = 4, B = 0, A+ = 0.01, g2

ym cos2 θW = 0.1,v2g2
ym = 40 and ωg = 1.

Figure 4.13: Figure shows the perturbed function (Φ̃) in the presence of GW for short time
t < 10−6. In this short time, the perturbation is under control.

As GW is a solution to linearized Einstein equations, the linearised analysis is the cor-

rect approximation to study the above system. But to study the non-perturbative regime,

one has to obtain the complete solution to the Einstein-Yang-Mills system. This work will

be useful in predicting the behaviour of W and Z bosons in the presence of GWs in heavy

ion collider experiments.
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4.5 Conclusion

In this chapter, we studied the interaction of GWs with YM waves in different space-

times. Our calculations are based on the following scenario: GWs are generated by various

cosmological processes in the early universe and the gluons as YM waves were interacting

with these GWs. We considered two types of YM waves based on their dependence on

coupling constant as we labelled them as Type I and Type II. We found that both types of

waves were perturbed and deviated from their original propagating direction due to GWs.

The type I YM waves interacted with the GWs in the same way as EM waves. Particularly,

for Coleman waves, we showed that the YM waves deviate from their original direction.

We found that there is no interaction of GWs with YM waves when they are propagating in

the same direction which was observed in the case of electromagnetic wave as well. This

is because of the absence of commutator terms in the YM equations. To investigate the

coupling constant dependence on solutions, we consider another type of waves, Type II

waves, where the solutions depend on the coupling constant. We found that the coupling

constant affects the amplitude of the waves rather than the functional behaviour. We found

the coupling constant has an inverse effect on the perturbed solutions. This is the same as

in the case of unperturbed YM solutions.

In relevance with particle physics experiments, we studied the interactions of massive

YM waves with GWs in the Electroweak symmetry broken phase. In the short duration of

W and Z bosons, we found that the GWs perturbed the YM fields, and the solutions were

obtained numerically. As the perturbed YM solutions reach high magnitudes quickly, the

perturbation theory is valid for only a very short amount of time. Thus, one has to deal with

the system non-perturbatively to understand better. One can ask questions like whether

the interaction with GWs can increase the ’mass’ of W and Z bosons which might change

its decay pattern. After the extension of our results to SU(3), they can also be relevant

for gluons which are being studied in particle accelerators. As these are extensions of the

work [26] to non-abelian gauge fields, this work also provides ways to detect GWs. The
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plan to discover GWs is as follows: There are experiments that produce and study massive

gauge bosons (W and Z bosons). These particles can react to the GWs created by massive

cataclysmic events and might change their decay pattern. The calculations we did were by

solving the YM equations in the GW background. To make the predictions quantitative,

one has to investigate the scattering amplitudes of GWs with electroweak gauge bosons.
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Chapter 5

Yang-Mills Condensates and its
interaction with Gravitational waves

”What we observe is not nature itself,

but nature exposed to our method of

questioning.”

Werner Heisenberg

QGP is a deconfined mixture of quarks and gluons formed from the breakdown of the

hadrons at very high temperatures. This kind of phase existed in the very early universe

and is also being created and studied in heavy ion colliders such as LHC at CERN and

RHIC at BNL. Due to asymptotic freedom, the coupling strength between quarks and glu-

ons becomes weak at extremely high temperatures. At these thermodynamic conditions, the

picture of QGP as an ideal gas of non-interacting quarks and gluons might be a good ap-

proximation. With that assumption, quarks and gluons are expected to propagate as waves.

Along these lines, we investigated the QGP using YM waves in Chapter 3 and examined

the interaction between GWs and YM waves in Chapter 4. However, the QGP created at

heavy ion colliders like at CERN or RHIC is at temperatures around the critical temperature

( Tc ∼ 150 MeV or 1012K), associated with the QCD phase transition from hadrons to QGP.

At these temperatures, the interaction between quarks and gluons is strong and the QGP is

far from the ideal gas scenario, and exhibits the features of an almost perfect fluid. Par-

ticularly, the shear viscosity-to-entropy density ratio of QGP is found to be very low, even

lower than anything found on Earth [181]. The analysis we did in the previous chapter are
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valid for extremely high temperatures higher than the critical temperatures. In this chapter,

we consider a different model of QGP which captures the features of a perfect fluid. It

is done by using condensates. These are the homogeneous and isotropic configurations of

the gauge field, which show the properties of a perfect fluid with a diagonal stress-energy

tensor. As the QGP is not an exact perfect fluid, we also consider the fluctuations around

the condensate.

There were numerous theoretical studies on QGP in relevance with the early universe or

heavy ion colliders [39–43, 149, 150, 182–186]. Most of the studies related to QGP were

based on thermodynamic properties using effective field theories such as NJL or PNJL

models [186]. There are some studies investigating the QGP using an ideal gas scenario

which we described in detail in Chapter: 4. In this chapter, we are investigating the QGP

using time-dependent condensate along with the fluctuations. The idea of using conden-

sates in this area started with the discovery of the existence that the SU(2) YM field can

be parametrized by a single scalar function [32–35]. This kind of configuration is possible

for the SU(2) gauge group as there is a local isomorphism between the SU(2) and spatial

rotation group SO(3). This configuration has a stress-energy tensor of a homogeneous and

isotropic (perfect) fluid. Since then, there have been many applications to different prob-

lems of physics. The YM fields with condensate configuration have important applications

in the Early Universe, particularly in the context of Dark Energy and gauge-flation. For

those who are working on alternatives for familiar scalar field-driven inflation, the vector

fields with condensate configuration served as an ideal choice. This idea was explored in

[36, 37]. There were studies on explaining the origin of Dark energy within the Standard

model, without requiring new fields [187, 188] based on the condensate field configura-

tions. These studies revealed that the Dark Energy is related to the QCD Vacuum energy

[189–191].

There are few studies on QGP using condensates and extensions thereof. One of those

models is the condensate (plasma) + fluctuations (plasmons) model studied in the case of
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SU(2) in [38] and in the case of SU(3) in [42]. In [38], authors studied the effect of

fluctuations on SU(2) YM condensate in different limiting cases and different spacetimes.

In a semi-classical analysis [38], it was found that the plasmons are drawing energy from the

plasma/condensate. In their work [38], they consider a spatially homogeneous and isotropic

component of gauge field as a condensate and an inhomogeneous component as YM wave

modes. It was shown that the interactions between large condensate and small YM modes

set off a significant energy transfer from condensate to wave modes. They found that the

longitudinal YM modes which are unphysical in degenerate YM theory become physical

particles. They acquire frequency and dispersion, after quantization due to the interactions

between condensate and the wave modes.

We found this model of the YM condensate to be most useful for studying the QGP

as it captures the features of an almost perfect fluid. In this chapter, we wish to study the

effect of GWs on the energy analysis found in [38]. When we consider their condensate

+ fluctuations model [38] in the presence of GWs, we found that the GWs do not interact

with longitudinal modes. To include the longitudinal modes in the analysis, we consider a

different type of decomposition for fluctuations modes using vector decomposition. With

this decomposition, we can distinguish the longitudinal and transverse modes easily. In

this model also, we investigate the energy swap effect from condensate to fluctuations.

Later, we analyze the energy analysis in the presence of GWs using the alternate ‘plasmons’

decomposition.

This chapter closely follows the work we did in the paper [44]. We first consider the free

condensate model for gluon plasma in Sec: 5.1. Then, we include the fluctuations around

the condensate. We investigate it in two different ways: Using tensor decomposition (Sec.

5.2) and vector decomposition (Sec. 5.3). In both cases, we extended the study in the

presence of GWs. In the end, we discussed the condensates in higher gauge groups in Sec:

5.4.
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5.1 Free Condensate Model

We start with SU(2) YM theory

L =−1
4

FaµνFa
µν, (5.1)

and with the following equations of motion

∇µFaµν +gym ε
abc Ab

µ Fcµν = 0, (5.2)

where Fa
µν = ∂µAa

ν − ∂νAa
µ + gymεabcAb

µAc
ν being the field strength tensor of gauge field Aa

µ,

εabc is the Levi-Civita tensor and ∇µ is the covariant derivative.

In this section, we consider the free condensate model as a first approximation for Gluon

Plasma. To zeroth order in wave modes, i.e. |Ãi j| ≪ |U |, we can rewrite the gauge field as

Aa
0 = 0, Aa

i = δ
a
i U(t), (5.3)

where U(t) is the spatially homogeneous time-dependent scalar field representing YM con-

densate. Then, the YM equation (Eq. 5.2) becomes

∂0∂0U +2g2
ymU3 = 0, (5.4)

and the solution for the above equation is given in terms of Jacobi elliptic functions as

U(t) = c1 sn(gymc1(t + c2),−1), (5.5)

where sn(gymc1(t+c2),−1) is the sine Jacobi elliptic functions, c1 and c2 are the integration

constants.

The gauge field with this type of configuration behaves like a perfect fluid. A perfect

fluid is a fluid with zero shear stresses, viscosity, or heat conduction. These are usually iden-
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tified with a diagonal energy-momentum tensor. For condensate configuration, we found

the equation of state to be

P =
ε

3
=

1
2
(
U̇2 +g2

ymU4) , (5.6)

where U̇ = dU/dt, P is the pressure and ε is the energy density of the system. It was found

that the energy density of the system is constant (Fig: 5.1) and consequently pressure as

well.

Figure 5.1: Condensate’s energy density as a function of t. We choose c1 = 1, c2 = 0 and
gym = 0.5

Out of two integration constants, c1 regulates the magnitude of the condensate while c2

regulates the phase difference of the condensate. That is shown in the Figs: (5.2) & (5.3).

5.2 Condensate + Fluctuations model (Tensor Decomposition)

In this section, we study the interaction of SU(2) YM condensate with the fluctuations.

In the first part of the section, we study the effect of YM gauge field fluctuations on the YM

condensate. Later, we do the same analysis in the presence of GWs. We followed the tensor

decomposition of fluctuations around the condensate as considered in [38]. Then, we write
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Figure 5.2: Condensate as a function of t for different c1. We choose c2 = 0 and gym = 0.5

Figure 5.3: Condensate as a function of t for different c2. We choose c1 = 1 and gym = 0.5

the ansatz for the gauge field in Hamilton’s gauge as follows

Aa
0 = 0, Aa

i =U(t)δa
i +δ

a jÃ ji(t, x⃗), (5.7)

where U(t) is the spatially homogeneous time-dependent scalar field representing YM con-

densate and the Ã ji is the spatially inhomogeneous fluctuations component.

Now, we consider the equations in linear order approximation in which only the interac-

tion between condensate and the fluctuations are considered while neglecting the interaction

between fluctuations. Physically, this approximation corresponds to a system during initial

times with very few modes available with negligible interactions among them compared
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with the condensate’s interactions. Using the ansatz in Eq. 5.7, the YM equation (Eq. 5.2)

becomes as

2Ãi j −∂k∂ jÃik +gymU
(
2εikc∂kÃc j + εib j∂kÃbk + εibc∂ jÃbc

)
+g2

ymU2 (Ã ji

−Ãi j −2Ãkkδi j
)
= 0. (5.8)

where the d’Alembertian operator is defined as 2 = ∂µ∂µ. The Gauss law obtained from

the ν = 0 component in the YM equation (5.2), acts as a constraint. In the linearized form,

it is given by

∂k∂0Ãik +gymεi jk∂0UÃ jk +gymεik jU∂0Ã jk = 0. (5.9)

To study the different modes of fluctuations clearly, the authors in [38] did the entire anal-

ysis in Fourier space in spatial coordinates. According to [38], the fluctuations (Ãik) com-

ponent in Fourier modes can be decomposed as follows

Ãik = Φik + εikl χl, (5.10)

where the antisymmetric part is given by χl = sσ

l ησ + nlλ and the symmetric part is given

by Φik = ΨλQλ

ik+ϕσ(nisσ

k +nksσ
i )+(δik−nink)φ+ninkΛ with Qλ

ik = Qλ

ki, Qλ
ii = 0, piQλ

ik =

0, pksk = 0, where the 3-vectors ni and si are the longitudinal and transverse unit vectors,

respectively and p⃗ is the corresponding Fourier 3-momentum.

We found that the other modes do not interact with GWs except for transverse traceless

modes. So, we consider only those modes for our work. As for the energy analysis includ-

ing the other modes, the reader can refer to [38]. Coming back to our case, the fluctuations

can be rewritten as

Ãi j = Qα
i jΨα, (5.11)

where the coefficient (Qα
i j) satisfies the following conditions: Qα

i j = Qα
ji, Qα

ii = 0,α = 1,2.

If we take the YM fluctuation to be propagating in the z-direction, then the non-zero com-
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ponents of Qα
i j are Q1

11 =−Q1
22 = 1,Q2

12 = Q2
21 = 1. With this choice, Gauss’s constraint is

automatically satisfied and the equations for the modes Ψα becomes

2Ψ1 −2gymU∂zΨ2 = 0, (5.12)

2Ψ2 +2gymU∂zΨ1 = 0. (5.13)

These equations were solved in Fourier space in spatial coordinates in [38] and were also

analyzed in terms of generalized Mathieu equations in the view of parametric resonance

in [192–194]. We numerically solved these equations in the configuration space using the

Method of Lines, a numerical technique to solve partial differential equations (see Ap-

pendix D.3). The numerical solutions for Ψα are given in Figs. (5.4(a) & 5.4(b)).

((a)) Ψ1(t,z) ((b)) Ψ2(t,z)

Figure 5.4: Figures showing Ψ1(t,z) and Ψ2(t,z) in the presence of a condensate. We
choose gym = 0.5, c1 = c2 = 1, Ψ1(0,z) = Ψ1(t,0) = Ψ1(t,20) = 0.001 and Ψ2(0,z) =
Ψ2(t,0) = Ψ2(t,20) = 0.001.

Initially, both functions show almost similar behaviour. As time increases, the Ψ1(t,z)

behaves differently than Ψ2(t,z). It shows that transverse traceless modes show non-zero

interaction with the condensate. In Fourier space, it is shown that the transverse modes

draw energy from the condensate [38]. However, the transverse traceless modes have to

be nonzero at t = 0 for them to evolve and absorb energy from condensate. What we

are interested in is whether the GWs can generate fluctuations which then couple with

condensate to evolve.
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5.2.1 In the presence of Gravitational Waves

In this subsection, we will study the condensate + transverse traceless modes model in

the presence of GWs. For studying the system in curved background, we start with writing

the YM equation in general spacetime as follows [27]

1√
−g

∂µ

(√
−ggµλgνρFa

λρ

)
+gymε

abcAb
µFµνc = 0. (5.14)

In the linearized approximation, we consider the metric to be gµν = ηµν + hµν where hµν

is the gravitational wave metric described in the previous chapters (Sec: 2.1.1). Using

this metric, we expand the above equation by keeping GW-dependent terms on one side as

follows

η
µλ

η
νρ

∂µFa
λρ

+gymε
abcAb

µFµνc = gymε
abcAb

µhµλ
η

νρFc
λρ

+gymε
abcAb

µhνρ
η

µλFc
λρ

+η
νρ

∂µFa
λρ

hµλ +η
µλ

∂µ(hνρFa
λρ
). (5.15)

Using the same form of ansatz as in the previous section, the gauge field is given as

Aa
i =U(t)δa

i +δ
a jÃ′ ji, (5.16)

where Ã′ ji is the perturbation function due to the interaction of condensate and GW which

is different from Ã ji in Eq. (5.7). In the linear-order approximation of both GW and fluctu-

ations, the YM equation can be rewritten as

2Ã′i j −∂k∂ jÃ′
ik +gymU

(
2εikc∂kÃ′c j + εib j∂kÃ′

bk + εibc∂ jÃ′
bc
)

+g2
ymU2 (Ã′ ji − Ã′i j −2Ã′

kkδi j
)
=−∂0(Uh ji)+gymU2

εikl∂kh jl −g2
ymU3h ji. (5.17)

As we discussed before, only the symmetric transverse-traceless modes interact with GW.

So, considering only those modes and + polarized GW propagating in the z-direction i.e.
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hi j = e+i jh+, where e+i j is the polarisation vector of the GW with two non-zero values, e+11 =

−e+22 = 1 and h+(t,z) = A+ cos(ωg(t − z)), the YM equation can be written as

2Ψ
′
1 −2gymU∂zΨ

′
2 = A+(g2

ymU3 cos(ωg(t − z))+∂0U A+ωg sin(ωg(t − z)),(5.18)

2Ψ
′
2 +2gymU∂zΨ

′
1 = −A+gymωgU2 sin(ωg(t − z)). (5.19)

We solved these equations numerically using the same technique as in the previous section

and the numerical solutions are shown in Figs. (5.5(a) & 5.5(b)).

((a)) Ψ′
1(t,z) ((b)) Ψ′

2(t,z)

Figure 5.5: Figures showing Ψ′
1(t,z) and Ψ′

2(t,z) in the presence of a gravitational wave.
We choose gym = 0.5, c1 = c2 = 1, A+= 0.0001, ωg = 100, Ψ′

1(0,z)=Ψ′
1(t,0)=Ψ′

2(0,z)=
Ψ′

2(t,0) = 0 and ∂zΨ
′
1(t,0) = ∂zΨ

′
2(t,0) = 0.

Analytical solution

Apart from the numerical solutions, we also found the analytical solution for the per-

turbation function in terms of fluctuations in the absence of GWs. For this, we use the triad

formalism introduced in [38] and rewrite the gauge field as

Aa
i =U(t)ea

i + ea jÃ ji, (5.20)

where ea
i are soldering forms that connect the space-time metric to SU(2) group manifold

with following conditions:

ea
i ea j = gi j; ea

i ei
b = δ

a
b. (5.21)
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Now, the triad is chosen such that the metric represents GW background in flat spacetime.

Using [195], we represent triads as

ea
1 =

(√
(1+h+(t,z)),0,0

)
, (5.22a)

ea
2 =

(
0,
√
(1−h+(t,z)),0

)
, (5.22b)

ea
3 = (0,0,1) . (5.22c)

Considering a binomial expansion of fractional powers and restricting only to first-order

terms, the triads will be in the linear order of h+. Using this and keeping the only terms in

linear order in h+ and Ãa
i , one can write the gauge field as

Aa
i =U(t)δa

i +
1
2

ha
i U + Ãa

i . (5.23)

Comparing with Eq. (5.16), we get a solution for fluctuations with the GW part is

Ã′a
i =

1
2

ha
i U + Ãa

i . (5.24)

One can easily check that the above gauge field satisfied the Eq. (5.17) by removing all

GW-dependent terms leaving with a differential equation for fluctuations without GW. In

terms of Ψα and Ψ′
α, we get

Ψ
′
α = Ψα +

1
4

Qα

ikhikU. (5.25)

with explicit forms given by

Ψ
′
1 = Ψ1 +

1
2

h+U ; Ψ
′
2 = Ψ2. (5.26)
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From the above solutions, one can see that the transverse modes can be generated from the

interaction of GW with condensate even when they were zero at t = 0.

5.2.2 Higher order corrections

We extended the analysis to include the higher-order terms in transverse traceless modes,

which means to include the interaction between different modes as well. Considering only

the symmetric transverse traceless modes (Ψα), the Eqs. (5.12 & 5.13) changed to

2Ψ1 −2gymU∂zΨ2 −g2
ym(Ψ

3
1 +Ψ1Ψ

2
2) = 0, (5.27)

2Ψ2 +2gymU∂zΨ1 −g2
ym(Ψ

3
2 +Ψ

2
1Ψ2) = 0. (5.28)

The equations were solved numerically and plots are shown in Figs. (5.6(a) & 5.6(b)).

Similarly, in the case of GW, the Eqs. (5.18 & 5.19) changes to

((a)) Ψ1(t,z) ((b)) Ψ2(t,z)

Figure 5.6: Figures showing Ψ1(t,z) and Ψ2(t,z) in the presence of condensate to all orders
in the self-interactions in transverse-traceless modes. We choose gym = 0.5, c1 = c2 = 1,
Ψ1(0,z) = Ψ1(t,0) = Ψ2(0,z) = Ψ2(t,0) = 0.01 and ∂zΨ1(t,0) = ∂zΨ2(t,0) = 0.

2Ψ
′
1 −2gymU∂zΨ

′
2 −g2

ym(Ψ
′
1

3
+Ψ

′
1Ψ

′
2

2
) = A+(g2

ymU3 cos(ωg(t − z))

+∂0UA+ωg sin(ωg(t − z)), (5.29)

2Ψ
′
2 +2gymU∂zΨ

′
1 −g2

ym(Ψ
′
2

3
+Ψ

′
1

2
Ψ

′
2) =−A+gymωgU2 sin(ωg(t − z)). (5.30)

We solved these equations numerically using the same techniques which are shown in
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((a)) Ψ′
1(t,z) ((b)) Ψ′

2(t,z)

Figure 5.7: Figures showing Ψ′
1(t,z) and Ψ′

2(t,z) in the presence of a gravitational wave and
condensate to all orders in the self-interactions in transverse-traceless modes. We choose
gym = 0.5, c1 = c2 = 1, A+= 0.0001, ωg = 50, Ψ′

1(0,z)=Ψ′
1(t,0)=Ψ′

2(0,z)=Ψ′
2(t,0)= 0

and ∂zΨ
′
1(t,0) = ∂zΨ

′
2(t,0) = 0.

Figs. (5.7(a) & 5.7(b)). It is very hard to find the analytical solutions as opposed to the

previous section due to the presence of nonlinear terms. From the Figs. (5.6 & 5.7), we

can see that there is a clear difference by including higher-order corrections. One can find

that the magnitude of modes is higher at later times due to the interactions between the

fluctuation modes even though the GW amplitude is low.

5.2.3 Summary

So far, we have considered only the transverse traceless modes and their interaction

with GW. Authors in [38] found that there is a net energy swap effect from condensate to

the wave modes. We found that the transverse modes can be generated due to the interaction

between condensate and GW even if they were zero initially. This illustrates that the GW

can induce the condensate to decay into transverse modes. And then due to interactions

between condensate and modes, there will be a net energy transfer effect from condensate

to fluctuations. However, the splitting of the gauge field as in [38] shows that the GW does

not interact with longitudinal modes. To include the longitudinal modes in the discussion,

we consider a different ansatz by splitting the gauge field into transverse and longitudinal

vector modes (and not tensor) using a different decomposition in the next section.
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5.3 Condensate + Fluctuations (Vector Decomposition)

As discussed at the end of the previous section, we consider a different decomposition

of the YM gauge field other than what is used in [38]. We consider the vector decomposi-

tion of fluctuations around the condensate. In this way, we can avoid the use of triads which

are useful in defining gauge invariant fluctuations, but not so much in identifying the lon-

gitudinal and transverse modes. Thus, we use the following form of ansatz in Hamilton’s

gauge:

Aa
i (t,x) =U(t)δa

i +niΦ
a(t,x)+ εi jkn jsσ

k χ
a
σ(t,x). (5.31)

In the above ansatz, Φa are the longitudinal modes for a wave propagating in the ni

direction. Since a can be 1,2,3, we have three Φa ‘plasmon’ fields. The χa
σ modes represent

the transverse modes to n. As there are two transverse directions to n which are obtained

using two arbitrary vectors sσ such that the n× sσ always form a vector perpendicular to n.

At an initial glance the number of degrees of freedom, we find there are 10: U(t)→ 1,Φa →

3,χa
σ → 6. However, the condensate cannot be identified as a longitudinal or transverse

mode component. It is isolated as the trace of the gauge field, Ai
i = 3U(t). One has to

impose constraints on longitudinal and transverse modes such these modes will not give a

contribution to the trace of the gauge field (and therefore are independent of U(t)). In other

words the condensate is a non-propagating mode (no space dependence), and therefore we

don’t categorize it as a longitudinal or transverse mode.

n ·Φ=0, (5.32)

(n× sσ) ·χσ =0. (5.33)

The above constraints reduce two degrees of freedom, one for Φa and one for χa
σ. Also,

to remove the transverse modes along the propagating direction n, we impose another con-

straint as

n ·χσ = 0. (5.34)
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Since σ = 1,2, this constraint reduces another 2 degrees of freedom. With that, the total

degrees of freedom of the gauge field becomes 6: U(t)→ 1,Φa → 2,χa
σ → 3. Thus, requir-

ing an isotropic independent condensate reduces the number of degrees of freedom of the

YM gauge field to 6. The constraints n ·Φ= 0 and n ·χσ = 0 are required to decouple the

kinetic terms for wave fluctuations.

Next, considering the YM wave propagates in the z-direction i.e. n = (0,0,1); s1 =

(1,0,0), s2 = (0,1,0) and taking χ2
1 = χ1

2 = 0 (this is a specific solution choice), we derived

the equations of motion for U(t), Φ1 = Φ1,Φ
2 = Φ2, χ1

1 = χ1 and χ2
2 = χ2.

∂
2
0U −

2gym

3
U∂z(χ1 +χ2)+g2

ym

[
2U3 +

1
3

U(Φ2
1 +Φ

2
2)+

1
3

U(χ1 +χ2)
2

−1
3
(χ1 −χ2)Φ1Φ2

]
= 0, (5.35)

∂
2
0Φ1 +g2

ym

[
U2

Φ1 −U(χ1 −χ2)Φ2 +Φ1χ
2
2

]
= 0, (5.36)

∂
2
0Φ2 +g2

ym

[
U2

Φ2 −U(χ1 −χ2)Φ1 +Φ2χ
2
1

]
= 0, (5.37)

2χ1 +g2
ym

[
UΦ1Φ2 −U2(χ1 +χ2)−χ1χ

2
2 −Φ

2
2χ1

]
= 0, (5.38)

2χ2 −g2
ym

[
UΦ1Φ2 +U2(χ1 +χ2)+χ

2
1χ2 +Φ

2
1χ2

]
= 0. (5.39)

The details regarding the derivation of equations of motion from Lagrangian using the

above ansatz are given in Appendix D.4. Note that the Gauss constraint is automatically

satisfied with the solutions from the above equations. As there are no space derivatives for

Φ1 and Φ2, we can set them to be functions of time only without losing any dynamical

information. All the space-dependent dynamics is present in transverse modes. As a first

approximation, we consider all the modes to be functions of time only. This allows us to

study the exchange of energy between condensate and wave modes to all order in a clean

way.

We solved the above equations by considering modes to be functions of time, numer-

ically using Mathematica, and are shown in Fig. (5.8). At zero-order, we already found

the solution to be U(t) = c1sn(gymc1(t + c2),−1) in Eq. (5.5). The time period of this
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((a)) U(t) ((b)) Φ1(t) & Φ2(t)

((c)) χ1(t) & χ2(t)

Figure 5.8: Figures showing U , Φ1, Φ2, χ1 and χ2 as a function of time. We choose
gym = 0.5, U(0) = 0.5, Φ1(0) = 0.1, Φ2(0) = 0.1, χ1(0) = 0.1, χ2(0) = 0.1, U̇(0) = 0,
Φ̇1(0) = 0, Φ̇2(0) = 0, χ̇1(0) = 0 and χ̇2(0) = 0, where˙≡ d/dt.

unperturbed solution is given by Tu = (4K(−1))/(gymU(0)), where K(−1) is the Com-

plete elliptic integral of first kind. To keep all the information of the Jacobi function

in c1, we choose the initial conditions such that U(0) = c1 and U ′(0) = 0 which gives

the c2 = K(−1)/(gymc1). Then, the time period of unperturbed condensate solution is

Tu = (4K(−1))/(gymU(0)). The plots are given in terms of this time period, t/Tu. From

Fig. (5.8(a)), it is found that the amplitude of condensate starts decreasing only after a cer-

tain amount of time, and then it increases again. In the quantum scenario, this late decay

of condensate is related to the stability of the vacuum expectation value of the condensate

[196]. From now on, we call the time at which the condensate decay starts as delay decay

time (T0). This delay decay time is around 10 in terms of Tu. As Tu depends on gym and c1,

the delay decay time always happens at the same time even for different initial conditions.

121



5.3. CONDENSATE + FLUCTUATIONS (VECTOR DECOMPOSITION)

One can see from the Eqs. (5.36) & (5.37) that the Φ1 and Φ2 have the same functional

behaviour which is also shown in Fig. (5.8(b)). The only difference in those differential

equations (Eqs.(5.36 & 5.37)) is different dependence on transverse modes. One can see

from Eqs. (5.38 & 5.39) that the transverse modes’ differential equations differ from one

another with signs that result in complementary behaviour of these functions as shown in

Fig. (5.8(c)). From comparing the plots of longitudinal and transverse modes (Fig. 5.8), we

see that the longitudinal modes reach higher magnitudes much quicker than the transverse

modes. This is due to the quadratic nature of the potential terms.

Since the Eqs. (5.38 & 5.39) are coupled, it is clear that either one of the transverse

modes will be generated even if the other mode is zero initially. Also, from Eqs. (5.38

& 5.39), there is a term devoid of transverse mode, g2
ymUΦ1Φ2 which generates transverse

modes even if they were zero as long as the condensate and longitudinal modes are nonzero.

From Eqs. (5.36 & 5.37), it can be found that the longitudinal modes can also be generated

by condensate alone which is due to the self-interaction of YM fields.

Dependence on other factors

By changing the initial condensate value (U(t = 0)) or YM coupling constant (gym), it

is found that the delay decay time is also changing. To see this, we change the time axis

from t/Tu to time (t), and the plots are shown in Fig. (5.9). One can see the dependence

of the initial condensate value and coupling constant from the time period expression of

unperturbed condensate value ( Tu = (4K(−1))/(gymU(0))). If we keep increasing the

initial value of condensate while keeping the coupling constant the same, the delay decay

time decreases. If we keep the initial value of condensate to be constant while increasing

the coupling constant, then also the delay decay time decreases.

Energy analysis

To discuss the energy exchange, we construct the Hamiltonian density (H ) of SU(2)

YM system as the sum of individual contributions from the condensate (Hu), particles/
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Figure 5.9: U for different initial conditions and different coupling constants. We choose
Φ1(0) = 0.1, Φ2(0) = 0.1,χ1(0) = 0.1, χ2(0) = 0.1, Φ̇1(0) = 0, Φ̇2(0) = 0, U̇(0) = 0,
χ̇1(0) = 0 and χ̇2(0) = 0.
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modes (Hp), and the interaction term (Hint) as follows:

H = Hu +Hp +Hint , (5.40)

where

Hu =
3
2
(∂tU∂tU +g2

ymU4), (5.41)

Hp =
1
2
(
(∂tΦ1)

2 +(∂tΦ2)
2 +(∂tχ1)

2 +(∂tχ2)
2 +g2

ymχ
2
1χ

2
2
)
, (5.42)

Hint =
1
2

g2
ym
[
U2 (

Φ
2
1 +Φ

2
2 +χ

2
1 +χ

2
2
)
+Φ

2
1χ

2
2 +Φ

2
2χ

2
1 +2U2

χ1χ2

−2UΦ1Φ2(χ1 −χ2)] . (5.43)

Figure 5.10: Figure showing the contributions of the condensate Hu(t), YM wave modes
Hp(t) and interaction terms Hint(t) to the total energy H (t). We use the same initial condi-
tions as in Fig. (5.8).

From the Figs. (5.10), it is clear that there was an exchange of energy between con-

densate and particles during early times. The energy swap was initially predicted in [38]

and was found to be delayed by delay decay time (T0) in our case as shown in Fig. (5.10).

We also found that the total energy of the system seems to increase after a certain time as

shown in Fig. (5.11). This could be due to numerical artefact and is still under investigation

[44].

The vector decomposition that we did is different than that in [38] as they did the tensor

decomposition of the gauge field into symmetric and antisymmetric components. In our

vector decomposition, this split into symmetric and anti-symmetric components is not there.
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Figure 5.11: Figure showing the total energy H (t) as a function of time.

We have simply the identification of the vector longitudinal and transverse modes. One

of the advantages of our decomposition is that it identifies the relevant longitudinal and

transverse modes very easily. As the energy density is gauge invariant, our analysis using

vector decomposition is valid for the energy analysis.

5.3.1 In the presence of Gravitational Waves

Now, we will study the above-discussed system in the background of GWs. Consider a

+- polarised GW propagating in the z-direction, then the flat spacetime metric is changed

to

gµν = ηµν +hµν, (5.44)

where ηµν is the flat spacetime metric and the only nonzero components for hµν are h11 =

h+=A+ cos(ωg(t−z)), and h22 =−h+. Consider the same ansatz as in the previous section

as

Aa
i (t,x) =U(t)δa

i +niΦ
a(t,x)+ εi jkn jsσ

k χ
a
σ(t,x). (5.45)

Using the GW perturbed metric and above ansatz (Eq. 5.45) in the Lagrangian and then

varying the Lagrangian, we get the equations of motion as follows:

∂
2
0U −

2gym

3
U(∂z(χ1 +χ2)+h+∂z(χ1 −χ2))+g2

ym

[
2U3 +

1
3

U(Φ2
1 +Φ

2
2)

+
1
3

U(χ1 +χ2)
2 − 1

3
(χ1 −χ2)Φ1Φ2

]
−

g2
ymh+

3
[
U
(
χ

2
2 −χ

2
1 +Φ

2
2 −Φ

2
1
)
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+Φ1Φ2(χ1 +χ2)] = 0, (5.46)

∂
2
0Φ1 +g2

ym

[
U2

Φ1 −U(χ1 −χ2)Φ2 +Φ1χ
2
2

]
−g2

ymh+
[
χ

2
2Φ1 −U2

Φ1 +Φ2(χ1 +χ2)U
]
= 0,

(5.47)

∂
2
0Φ2 +g2

ym

[
U2

Φ2 −U(χ1 −χ2)Φ1 +Φ2χ
2
1

]
−g2

ymh+
[
−χ

2
1Φ2 +U2

Φ2 +Φ1(χ1 +χ2)U
]
= 0,

(5.48)

2χ1 +h+2χ1 −∂th+∂tχ1 +∂zh+∂zχ1 −gymU2
∂zh++g2

ym

[
UΦ1Φ2 −U2(χ1 +χ2)

−χ1χ
2
2 +Φ

2
2χ1

]
+g2

ymh+
[
−χ1Φ

2
2 −U2

χ1 +Φ1Φ2U
]
= 0, (5.49)

2χ2 −h+2χ2 +∂th+∂tχ2 −∂zh+∂zχ2 +gymU2
∂zh+−g2

ym

[
UΦ1Φ2 +U2(χ1 +χ2)

+χ
2
1χ2 +Φ

2
1χ2

]
+g2

ymh+
[
χ2Φ

2
1 +U2

χ2 +Φ1Φ2U
]
= 0. (5.50)

The details regarding the derivation of equations of motion is given in Appendix D.4.

As a first approximation and to compare the solutions with those of the previous section, we

set z = 0 and solve the above equations numerically using Mathematica by considering the

modes as functions of time only (Fig. (5.12)). To show the dependence of GWs, we plotted

U(t) with and without GWs in Fig. (5.13(a)). There is a change in the solutions of U(t) in

the presence of a GW. To show the impact of the strength of GWs on solutions, we plotted

U(t) for two different A+ values of GW in Fig. (5.13(b)). For GW amplitudes of magnitude

much smaller than the condensate (and fluctuation’s) magnitude, the solutions approach the

condensate solution (Blue plot in Fig. (5.13(b))) in the absence of GW. We also find that

the GW makes the solutions stable for longer times delaying the condensate decay. This is

observed in Fig. (5.13(b)) where the Blue plot approaches the free condensate solution (see

Sec: 5.1).

There are terms like gymU2∂zh+ that do not depend on any other modes, giving rise to
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((a)) U(t) ((b)) Φ1(t) & Φ2(t)

((c)) χ1(t) & χ2(t)

Figure 5.12: Figures showing U , Φ1, Φ2, χ1, and χ2 as a function of time in the presence of
a gravitational wave. We choose gym = 0.5, A+ = 0.01, ωg = 100, U(0) = 0.5, Φ1(0) = 0.1,
Φ2(0) = 0.1, χ1(0) = 0.1, χ2(0) = 0.1, U̇(0) = 0, Φ̇1(0) = 0, Φ̇2(0) = 0, χ̇1(0) = 0 and
χ̇2(0) = 0 .

the generation of transverse wave modes just from the interaction between condensate and

GW. We conclude that the GW initiates the decay of the condensate into fluctuations. From

the generated transverse modes, longitudinal modes will be produced due to the non-linear

interactions between them. This conclusion was the same as in the previous section.

Energy analysis

To study the energy exchange between the condensate and particles, we construct the

Hamiltonian density (HGW ) in the presence of GWs as follows

HGW = HuGW +HpGW +HintGW , where (5.51)

HuGW =
3
2
(∂tU∂tU +g2

ymU4), (5.52)
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((a)) U(t) without and with GW case ((b)) U(t) with different GW amplitudes

Figure 5.13: Condensate U(t) in different scenarios. We choose the other initial conditions
as same as in Fig. (5.12).

HpGW =
1
2
(
(∂tΦ1)

2 +(∂tΦ2)
2 +(∂tχ1)

2 +(∂tχ2)
2 +g2

ymχ
2
1χ

2
2
)
, (5.53)

HintGW =
1
2

g2
ym
[
U2 (

Φ
2
1 +Φ

2
2 +χ

2
1 +χ

2
2
)
+h+

(
Φ

2
1 −Φ

2
2 +χ

2
1 −χ

2
2
)

+(1−h+)Φ2
1χ

2
2 +(1+h+)Φ2

2χ
2
1 +2U2

χ1χ2

−2UΦ1Φ2((1+h+)χ1 − (1−h+)χ2)]+
1
2

h+
(
(∂tχ1)

2 − (∂tχ2)
2) . (5.54)

where HuGW ,HpGW , and HintGW are the contributions from the condensate, particles, and

interaction terms, respectively. We obtained the same energy swap effect as in the previous

section (Fig. (5.14)). Since the GW’s amplitude is very tiny, the effect of GWs on modes

energy is also small. But if we take the GW’s amplitude to be high or comparable to that

of modes or condensate, then GW stabilizes the condensate and the energy swap effect

happens at a later time (Fig. (5.15)). For the blue plot in Fig. 5.15(a), the condensate decay

is happening just after 10Tu as for the red plot, it is happening at around 15Tu. This can be

understood in the following way: The interaction potential energy changes in the presence

of GWs. We included the interaction potential energy plot with and without the GWs in

Fig. (5.16). Around the origin, the potential shows almost parabolic behaviour without the

GWs. However, that behaviour changes in the presence of GW. As the χ fields take higher

values, the potential shows almost the same behaviour as that without GW.

A. Solving in t and z (Linearized Approximation)

As of now, we studied the entire system by suppressing the z-dependence of the GW.
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Figure 5.14: Figure showing energy density of condensate (Hu) and particles/modes (Hp)
with and without GW cases. We choose A+ = 0.01, ωg = 10 and same initial conditions as
used in Fig. (5.12).

((a)) Energy density of condensate (HuGW ) ((b)) Energy density of the particles HpGW

Figure 5.15: Figures showing the impact of high magnitude and high-frequency GWs on
condensate decay. We choose the same initial conditions as in Fig. (5.12).

Figure 5.16: Schematic plot of interaction potential without GW (maroon) and potential
with GW (azure), A+ = 0.0001. In here the potential without GW is U2χ2, where χ =
χ1+χ2, and with the GW it is of the form U2χ2−2(0.0001)Uχ. Note we have plotted only
the terms that have U,χ in them.
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To study the system with z-dependence, we first consider the reduced system (U,χ1,χ2) by

assuming no longitudinal modes (Φ1 =Φ2 = 0). Note that if we assume this reduced system

without GW, we find that there is an interaction between condensate and fluctuations, but

not an energy swap effect from condensate to modes. This tells us that the energy swap

effect happens only in the presence of longitudinal modes.

Coming back to our reduced system and consider a perturbation in these modes as

follows

U(t)→U(t)+Ũ(t,z), (5.55)

χ1(t)→ χ1(t)+ χ̃1(t,z), (5.56)

χ2(t)→ χ2(t)+ χ̃2(t,z), (5.57)

where terms with ˜ correspond to perturbation functions and the bare terms correspond

to solutions of Eqs. (5.35, 5.38, 5.39) without longitudinal modes (Φ1,Φ2). When the

condensate fluctuates to a propagating mode, it can be interpreted as longitudinal. In the

linear-order approximation in h+ and perturbations, the equations of motion become

−3∂
2
t Ũ +2∂

2
zŨ +3gymU(∂zχ̃1 +∂zχ̃2)+g2

ym

[
Ũ(−18U2 −χ

2
1 −χ

2
2)−2Ũχ1χ2

−2U(χ1 +χ2)(χ̃1 + χ̃2)
]
−gymU(χ1 −χ2)∂zh+−g2h+U(χ2

2 −χ
2
1) = 0, (5.58)

2χ̃1 −3gymU∂zŨ −g2
ym

[
U2(χ̃1 + χ̃2)+2UŨ(χ1 +χ2)+ χ̃1χ

2
2 +2χ1χ2χ̃2

]
−∂tχ1∂th+−h+∂

2
t χ1 −gymU2

∂zh+−g2
ymh+U2

χ1 = 0, (5.59)

2χ̃2 −3gymU∂zŨ −g2
ym

[
U2(χ̃1 + χ̃2)+2UŨ(χ1 +χ2)+ χ̃2χ

2
1 +2χ1χ2χ̃1

]
+∂tχ2∂th++h+∂

2
t χ2 +gymU2

∂zh++g2
ymh+U2

χ2 = 0. (5.60)
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((a)) Ũ(t,z) ((b)) χ̃1(t,z)

((c)) χ̃2(t,z)

Figure 5.17: Figures showing Ũ(t,z), χ̃1(t,z) and χ̃2(t,z) as a function of time and space
in the presence of a gravitational wave. We choose gym = 0.5, A+ = 0.1, ωg = 100,
U(0) = 1, χ1(0) = 0.1, χ2(0) = 0.2, χ′

1(0) = 0, χ′
2(0) = 0, Ũ(t,0) = Ũ(0,z) = 0, χ̃1(t,0) =

χ̃1(0,z) = 0, χ̃2(t,0) = χ̃2(0,z) = 0, ∂tŨ(0,z) = ∂zŨ(t,0) = 0, ∂t χ̃1(0,z) = ∂zχ̃1(t,0) = 0
and ∂t χ̃2(0,z) = ∂zχ̃2(t,0) = 0.

We solved the above equations numerically and the plots are shown in Fig. (5.17).

From Fig. (5.17(a)), we can see that the perturbation in U is very small during early times as

agreeable with the exact solution (Fig. 5.13). One can see that the magnitude of unperturbed

condensate (O(1)) is much greater than the magnitude of perturbed condensate solution

(O(10−3)). We also find that the condensate loses its homogeneity and isotropic nature and

gets perturbed due to GW.

(i) Energy Analysis

To study the energy exchange, we construct the Hamiltonian density (H ), up to second-

order terms, as follows:

H = H ′+H ′′+H ′′′, where (5.61)
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H ′ =
3
2
[
(∂tU)2 +g2

ymU4]+ 1
2
[
(∂tχ1)

2 +(∂tχ2)
2 +g2

ymχ
2
1χ

2
2
]
+

1
2

g2
ymU2(χ1 +χ2)

2,

(5.62)

H ′′ = 3∂tU∂tŨ +∂tχ1∂t χ̃1 +∂tχ2∂t χ̃2 +gym
[
2U∂zŨ(χ1 +χ2)−2U2(∂zχ̃1 +∂zχ̃2)

]
+g2

ym
[
6U3Ũ +U2(χ1 +χ2)(χ̃1 + χ̃2)+UŨ(χ1 +χ2)

2 +χ1χ
2
2χ̃1
]

+
1
2

h+((∂tχ1)
2 − (∂tχ2)

2)+
1
2

g2
ymh+U2(χ2

1 −χ
2
2), (5.63)

H ′′′ =
3
2
(∂tŨ)2 +(∂zŨ)2 +

1
2
[
(∂t χ̃1)

2 +(∂zχ̃1)
2 +(∂t χ̃2)

2 +(∂zχ̃2)
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Ũ∂zŨ(χ1 +χ2)
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]
+

1
2

g2
ym
[
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+4UŨ(χ1 +χ2)(χ̃1 + χ̃2)+U2(χ̃1 + χ̃2)
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1 +4χ1χ2χ̃1χ̃2

]
+h+ [∂tχ1∂t χ̃1 +∂tχ1∂t χ̃2]+gymh+

(
U∂zŨ(χ1 +χ2)−2U2(∂zχ̃1 −∂zχ̃2)
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2UŨ(χ2
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2
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)
. (5.64)

Figure 5.18: Figures showing perturbed energy density contribution of condensate (left)
and wave modes (right) as a function of time and space in the presence of a gravitational
wave. We choose the parameters same as in Fig. (5.17).

The perturbed energy plots are given in Figs. (5.18 & 5.19) as contributions from con-

densate and wave modes. As these are first-order contributions over the zero-order ones,

they can be negative as shown in Fig. (5.19). From plots, one can see that there is an

energy exchange between condensate and modes, but still oscillatory. If we still keep the

assumption that the condensate is homogeneous and isotropic, then the equation of motion

for condensate will act as a constraint on the perturbation functions (χ̃1, χ̃2). Thus, we relax

the isotropy assumption and consider a z-dependent perturbation.

(ii). Comparison between Linearized and exact solutions
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Figure 5.19: Figures showing perturbed energy density contribution of condensate (Red
plot) and wave modes (Blue plot) as a function of time (left) and space (right) separately in
the presence of a gravitational wave. We choose the parameters same as in Fig. (5.17).

To verify the perturbation theory, we compare the solutions obtained perturbatively with

those of exact solutions. For this, again consider the reduced system (U,χ1,χ2) and with

only time dependence of modes. What we will be doing is as follows: Compare the solu-

tions (UGW (t), χ1GW (t) and χ2GW (t)) of Eqs. (5.46, 5.49, 5.50) without Φ1 and Φ2 with

solutions (U(t) + Ũ(t,z), χ1(t) + χ̃1(t,z), χ2(t) + χ̃2(t,z).) where (U(t),χ1(t),χ2(t)) are

solutions of Eqs. (5.35, 5.38, 5.39) without Φ1 and Φ2 and (Ũ(t), χ̃1(t), χ̃2(t)) are the solu-

tions of Eqs. (5.58, 5.59, 5.60). If we write all the equations explicitly, they are as follows:

∂
2
0U +g2

ym

[
2U3 +

1
3

U(χ1 +χ2)
2
]
= 0, (5.65)

−∂
2
0χ1 +g2

ym

[
−U2(χ1 +χ2)−χ1χ

2
2

]
= 0, (5.66)

−∂
2
0χ2 −g2

ym

[
U2(χ1 +χ2)+χ

2
1χ2

]
= 0, (5.67)

−3∂
2
t Ũ +g2

ym

[
Ũ(−18U2 −χ

2
1 −χ

2
2)−2Ũχ1χ2 −2U(χ1 +χ2)(χ̃1 + χ̃2)

]
−g2h+U(χ2

2 −χ
2
1) = 0,

(5.68)

−∂
2
0χ̃1 −g2

ym

[
U2(χ̃1 + χ̃2)+2UŨ(χ1 +χ2)+ χ̃1χ

2
2 +2χ1χ2χ̃2

]
−∂tχ1∂th+−h+∂

2
t χ1

−g2
ymh+U2

χ1 = 0,

(5.69)

−∂
2
0χ̃2 −g2

ym

[
U2(χ̃1 + χ̃2)+2UŨ(χ1 +χ2)+ χ̃2χ

2
1 +2χ1χ2χ̃1

]
+∂tχ2∂th++h+∂

2
t χ2
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+g2
ymh+U2

χ2 = 0,

(5.70)

∂
2
0UGW +g2

ym

[
2U3

GW +
1
3

UGW (χ1GW +χ2GW )2
]
−

g2
ymh+

3

[
UGW

(
χ

2
2GW −χ

2
1GW

)]
= 0,

(5.71)

−∂
2
0χ1GW −h+∂

2
0χ1GW −∂th+∂tχ1GW +g2

ym
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−U2

GW (χ1GW +χ2GW )−χ1GW χ
2
2GW

]
+g2

ymh+
[
−U2

GW χ1GW
]
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(5.72)

−∂
2
0χ2GW +h+∂

2
0χ2GW +∂th+∂tχ2GW −g2

ym

[
U2

GW (χ1GW +χ2GW )+χ
2
1GW χ2GW

]
+g2

ymh+
[
U2

GW χ2GW
]
= 0.

(5.73)

((a)) U(t) ((b)) χ1(t) ((c)) χ2(t)

Figure 5.20: Figures showing U(t), χ1(t) and χ2(t) as a function of time in the presence of
a gravitational wave. We choose the parameters same as in Fig. (5.17).

We solved the above equations and the plots are shown in Fig (5.20). From Fig.

(5.20(a)), it is clear that the condensate solution is exactly aligned which agrees with the

tiny magnitude of perturbation in U in Fig. (5.17(a)). From other Figs. (5.20(b) & 5.20(c))

as well, the perturbation solutions almost match with the exact solution. We can restore the

longitudinal modes as well as z-dependence, but the question which we are interested in

regarding the system has already been obtained here. Thus, restoring the modes does not

give any more surprises.
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5.3.2 Summary

In this section, we considered a different way of decomposition of the gauge field than

in [38]. We find that there is an energy exchange between condensate and fluctuations for

a long time and then later there is an energy swap effect from the condensate to the wave

modes. We also find that the GW can induce the decay of the condensate into particles, but

it also delays the decay effect even further by stabilizing the condensate.

5.4 Condensates in higher gauge groups

In previous sections, we deal with the condensate configuration in SU(2) YM theory.

As SU(2) is a subgroup for any higher non-abelian gauge groups, it is expected that the

higher groups also contain some YM condensates based on their different subgroups. For

example, SU(4) gauge group containing two unmixing SU(2) subgroups can have two

corresponding YM condensates. In [38], authors studied SU(4) gauge group using two

SU(2) YM condensates along with the fluctuations. They found the same energy swap

effect found in SU(2) gauge theory. However, it is not that simple for a gauge group with

mixing SU(2) subgroups such as for SU(3). Even though SU(3) has three overlapping

SU(2) subgroups, one cannot take three SU(2) YM condensates as suggested in [42]. A

SU(3) gauge field with three condensates (one for each subgroup) will not generate three

independent equations of motion from YM equations. There will be some cross-terms that

make equations not split. Thus, one has to be more careful in applying the simple SU(2)

condensate model to higher gauge groups. This line of work needs further investigation

[197].

5.5 Conclusion

In this chapter, we studied the SU(2) condensate model introduced in [38] in the pres-

ence of GWs. We reanalyzed the results of the net energy transfer from condensate to the

plasmons/fluctuations. The authors in [38] studied the dynamics of fluctuations in the pres-
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ence of condensate. They decomposed the fluctuations using tensor decomposition into

transverse and longitudinal modes. They found that there is a net energy transfer from

the condensate/plasma to fluctuations/plasmons. In our work, we aimed to study the con-

densate + fluctuations model in the presence of GWs. Using the tensor decomposition of

fluctuations as done in [38], we found that only symmetric transverse-traceless modes in-

teract with GWs. This is due to the transverse-traceless modes having the same structure

as GWs. Using the transverse-traceless modes for fluctuations, we studied the condensate

+ fluctuations system in the presence of GWs. We found analytical solutions in terms of

unperturbed transverse-traceless modes.

To investigate the role of longitudinal modes, we introduced a different mode decompo-

sition, vector decomposition, where we split the gauge field into condensate, longitudinal,

and transverse modes. We reanalyzed the energy exchange in this new condensate + fluc-

tuations model. We found that the condensate dissipates into particles or plasmons but

this energy exchange effect highly depends on the YM coupling constant (gym) and con-

densate initial conditions. We also find that the time taken for the condensate to decay

is delayed compared to the time observed in [38]. The condensate does not decay all its

energy monotonically, but the condensate and plasmons exchange energy in an oscillatory

way eventually transferring all its energy to plasmons. This energy transfer happens only

when all the modes have to be non-zero initially.

We studied the effect of GWs on the dynamics of fluctuations around the condensate.

We found that the GW interacts with the condensate and leads the condensate to decay

into plasmons, though at a delayed time. It means GWs can induce plasma oscillations

and lead to the generation of plasmons. As opposed to the case in [38], we found that the

longitudinal modes also interact with GWs. We also found that the GW tries to stabilize the

condensate and causes the condensate decay to delay further. This stabilization of energy

transfer of plasma-plasmon fields plays a vital role in the study of fluid properties of QGP

like fluid density, viscosity, etc. There have been studies that the unusually low viscosity of
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the QGP can be attributed to the gravitons [198] and our model can be used to study that

hypothesis.
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Chapter 6

Dynamics of Fermions in the presence of
Condensates in a GW background

”Nobody ever figures out what life is

all about, and it doesn’t matter. Explore

the world. Nearly everything is really

interesting if you go into it deeply

enough.”

Richard P. Feynman

QGP, a deconfined phase of quarks and gluons, forms at very high temperatures that

existed in the early universe and is also being created in heavy ion colliders. The quarks

in QGP are fermions, thus one has to study the combined dynamics of quarks and gluons

to understand QGP. The gluons being modelled as SU(2) YM condensate [38], we try to

study the dynamics of quarks in the background of YM condensate.

A large amount of work in this area happened in the 1970s when there was a great

interest in classical gauge theory. There are many interesting effects associated with the be-

haviour of fermions in the background fields of topological objects [50, 199–202]. One such

phenomenon is the fractionalisation of fermion number and electric charge when fermions

interact with solitons [199]. Due to the interest in grand unified theories, many have studied

the behaviour of fermions in the background of monopoles and strings. These studies are

also important for the experimental search for these objects and also help in understanding

their role in the Early universe. A two-dimensional theory of massless fermions interact-
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ing with abelian gauge fields results in a phenomenon of fermion level crossing and the

corresponding non-conservation of fermion quantum numbers. In the case of non-abelian

gauge theories having gauge field configurations with a nontrivial topological charge, can

cause explicit violation of conservation laws [200]. This leads to a violation of chirality in

QCD and conservation of baryon and lepton numbers in the Electroweak theory [201]. Un-

der usual conditions of low temperatures and densities, the probabilities of these processes

with non-conservation of baryon number are negligible because of suppression due to in-

stantons. However, at sufficiently high temperatures, this suppressing picture will change

[202] and these kinds of studies were also important for cosmology. Some of the studies

focused on massless fermions [45]. Some were on the production and backreaction of mas-

sive fermions in spontaneously broken gauge theory [46, 47] and as well as during axion

inflation [48, 49]. Most of the work in this area is done by studying fermions in the back-

ground of solitons, kinks, monopoles and strings. In this chapter, we analyse the dynamics

of fermions in the background of a spatially homogeneous and isotropic condensate.

In many cases, the interaction of fermions with gauge fields can be analyzed in the

following way: Assume that the gauge fields are external fields and study the Dirac equation

in these background fields. Generally, such kind of description is only approximate, since

the introduction of fermions changes the configuration of gauge fields. Mostly, this effect

is small and usually neglected. However, there are some cases of where this backreaction

of fermions cannot be neglected. Thus, we studied the backreaction of fermions on the

condensate.

This chapter closely follows our work in papers [44, 52]. We will start with the dy-

namics of fermions in the presence of YM Condensate in Sec: 6.1 and followed by the

backreaction of fermions on the gauge field in Sec: 6.1.1. In the later section (Sec: 6.2), we

studied the fermions + condensate system in the presence of GWs.
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6.1 Dynamics of Fermions in the presence of Condensate

We consider the SU(2) YM condensate discussed in the previous chapter: 5.

Aa
0 = 0, Aa

i = δ
a
i U(t), i = 1,2,3, (6.1)

where U(t) is the spatially homogeneous and isotropic condensate. The solution for the

YM equation with the above ansatz is given by Jacobi elliptic functions as

U(t) = c1sn(gymc1(t + c2),−1). (6.2)

where gym is the YM coupling constant, c1 and c2 are the integration constants. We fix the

background field to be this condensate and solve the Dirac equation in this background field

as

iγµ
∂µψα +gymγ

µAa
µT a

αβ
ψβ = 0, (6.3)

where Aa
µ is the SU(2) gauge field with generators,T a = σa/2,σa= Pauli matrices, γµ are the

gamma matrices obeying Clifford algebra ({γµ,γν} = 2ηµν) and Ψα is the SU(2) fermion

doublet and α,β are the fermion doublet index with α,β = 1,2. The fermion doublet is

represented as (Ψ = (Ψ1Ψ2)
T ), and the Dirac equation becomes

iγµ
∂µψ1 +

gym

2
U(t)

[(
γ

1 − iγ2)
ψ2 + γ

3
ψ1
]
= 0, (6.4)

iγµ
∂µψ2 +

gym

2
U(t)

[(
γ

1 + iγ2)
ψ1 − γ

3
ψ2
]
= 0. (6.5)

Using the chiral (Weyl) representation of gamma matrices, one can represent the Dirac

spinor in terms of left-handed and right-handed two-component Weyl spinors ψ1 =(ψ1L ψ1R)
T ,

ψ2 = (ψ2L ψ2R)
T . Usually in the Standard Model of Particle Physics, the left-handed

spinors act as doublets, and the right-handed ones act as singlets. Here, we assume both as
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doublets and the equations can be written as

i(∂0 −σ
i
∂i)ψ1L −

gym

2
U(t)[(σ1 − iσ2)ψ2L +σ

3
ψ1L] = 0, (6.6)

i(∂0 +σ
i
∂i)ψ1R +

gym

2
U(t)[(σ1 − iσ2)ψ2R +σ

3
ψ1R] = 0, (6.7)

i(∂0 −σ
i
∂i)ψ2L −

gym

2
U(t)[(σ1 + iσ2)ψ1L −σ

3
ψ2L] = 0, (6.8)

i(∂0 +σ
i
∂i)ψ2R +

gym

2
U(t)[(σ1 + iσ2)ψ1R −σ

3
ψ2R] = 0. (6.9)

As we can see the left and right-handed Weyl spinors got decoupled. Now, let the right-

handed Weyl fermions set to zero and represent the two-component left-handed Weyl fermions

as ψ1L = (ψ1L1 ψ1L2)
T , ψ2L = (ψ2L1 ψ2L2)

T . Assuming the fields depend only on time,

the final equations are given by

i∂0ψIL1 −
gym

2
U(t)ψIL1 = 0, (6.10)

i∂0ψ1L2 −gymU(t)ψ2L1 +
gym

2
U(t)ψ1L2 = 0, (6.11)

i∂0ψ2L1 −gymU(t)ψ1L2 +
gym

2
U(t)ψ2L1 = 0, (6.12)

i∂0ψ2L2 −
gym

2
U(t)ψ2L2 = 0. (6.13)

As we can see from the equations, the Ψ1L1 and Ψ2L2 are decoupled from each other and

can be solved separately. But, the equations for Ψ1L2 and Ψ2L1 are coupled together and

have to be solved simultaneously. Taking the general solution for the YM condensate as

U(t) = c1sn(gymc1(t + c2),−1), the solutions for fermion fields are given by

ψ1L1(t) = A1Λ
−1/2, (6.14)

ψ2L2(t) = A2Λ
−1/2, (6.15)

ψ1L2(t) = c3Λ
3/2 + c4Λ

−1/2, (6.16)

ψ2L1(t) =−c3Λ
3/2 + c4Λ

−1/2, (6.17)
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where Λ = (dn(gymc1(t + c2),−1)− i cn(gymc1(t + c2),−1)), A1, A2, c3 and c4 are integra-

tion constants, and dn and cn are Jacobi elliptic functions (See Appendix: D.1). Out of all

constants, only c1 and c2 are real while others are complex constants. Since the fermions

are not classical objects, it makes only sense to study the bilinears built from fermion fields.

The quantity ψ
†
1ψ1 describes the probability that the system contains the fermion ψ1. Simi-

larly, ψ
†
2ψ2 describes the probability that the system contains the fermion ψ2. Even though

the condensate seems to couple two different components (ψ1L2,ψ2L1), the densities gen-

erated by these two types of fermions do not mix each other. This indicates that one can

always find the system in favour of one flavour only. This is shown in Fig. (6.1).

Figure 6.1: Figure showing the probability densities for ψ1 and ψ2. We use A1 = c1 = c3 =
c4 = 1, c2 = 0 and gym = 0.5.

As the components Ψ1L1 and Ψ2L2 decoupled, we can set the constants A1 = A2 =

0 without losing any generality. Now to understand the effect of fermions, we need to

calculate the current densities generated by these fermionic fields. That can be done with

the following formula:

( jν)a = ψα γ
ν T a

αβ
ψβ. (6.18)

Then, we get the following non-zero components for current density:

( j0)3 =
1
2
(
|ψ1L2|2 −|ψ2L1|2

)
, (6.19)

( j1)1 =−1
2
(ψ∗

1L2ψ2L1 +ψ
∗
2L1ψ1L2) , (6.20)

( j1)2 =
i
2
(ψ∗

1L2ψ2L1 −ψ
∗
2L1ψ1L2) , (6.21)
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( j2)1 =− i
2
(ψ∗

1L2ψ2L1 −ψ
∗
2L1ψ1L2) , (6.22)

( j2)2 =−1
2
(ψ∗

1L2ψ2L1 +ψ
∗
2L1ψ1L2) , (6.23)

( j3)3 =
1
2
(
|ψ1L2|2 + |ψ2L1|2

)
. (6.24)

These nonzero current densities will act as a source for the YM fields. This is the general

scenario in QGP, where the matter fields like the quark fields act as a source for the force

fields like gluons.

6.1.1 Backreaction of Fermions on Condensate

As we discussed, the backreaction of fermions on gauge fields is negligible in most

cases. But, there have been cases where this backreaction is important. For example, there

have been studies on the production and backreaction of massive fermions during axion

inflation with non-abelian gauge fields [48, 49]. In this section, we study the backreaction

of fermions on the YM condensate. The current densities that we find at the end of the

previous section act as a source for the generation of fluctuations around the condensate.

We start with the YM equations with nonzero source terms as follows

∇µFaµν +gym ε
abc Ab

µ Fcµν =−( jν)a, (6.25)

where Fa
µν = ∂µAa

ν−∂νAa
µ+gymεabcAb

µAc
ν is the anti-symmetric field strength tensor of gauge

field Aa
µ, εabc are the structure constants, gym is the YM coupling constant and ( jν)a is

fermion current density which is given in Eqs. (6.19) - (6.24).

In Hamilton’s gauge (Aa
0 = 0), the YM equations are given by

gymε
abcAb

j∂0Ac j =−( j0)a, (6.26)

−∂
2
0Aa

i +g2
ym(A

a
jA

b
jA

b
i − (Ab

jA
b
j)A

a
i ) =−( ji)a, i = 1,2,3, (6.27)

where the first and second equations are obtained by taking ν = 0 and ν = i in the YM
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equation, respectively. Consider the gauge field ansatz to be of the following form

Aa
i =U(t)δa

i + Ãa
i (t), (6.28)

where the first term is the usual unperturbed condensate and the second term is the perturbed

function. Now, we will focus on the solutions arising from the nonzero current densities.

If we see the zeroth component (ν = 0) of the current, only the 3rd component (a = 3) is

nonzero. Inserting the above ansatz in Eq. (6.26), we get

(∂0Ã2
1 −∂0Ã1

2)U +(Ã1
2 − Ã2

1)∂0U =− 1
gym

( j0)3. (6.29)

By setting Z(t) = Ã2
1 − Ã1

2, we get a simple differential equation as follows

∂tZ(t)−
∂tU
U

Z(t) =− 1
gym

( j0)3

U
. (6.30)

For j0, we take c2 = 0,c3 = c4 = 1. Then, the solution obtained as

Z(t) =

(
− 2

√
2

gymc1
t + c5

)
sn(gymc1t,−1), (6.31)

where c5 is the integration constant. Next, we solve for other components with nonzero

current densities. Their equations are given as

−∂
2
0Ã2

1 +g2
ym U2(Ã1

2 − Ã2
1) =−( j1)2, (6.32)

−∂
2
0Ã1

2 +g2
ym U2(Ã2

1 − Ã1
2) =−( j2)1, (6.33)

−∂
2
0Ã1

1 −2g2
ymU2Ãb

b =−( j1)1, (6.34)

−∂
2
0Ã2

2 −2g2
ymU2Ãb

b =−( j2)2, (6.35)

−∂
2
0Ã3

3 −2g2
ymU2Ãb

b =−( j3)3, (6.36)

where ( j2)1 =( j1)2 = 2
√

2 dn(c1gymt,−1)cn(c1gymt,−1), ( j1)1 =( j2)2 = 3/
√

2 and ( j3)3 =
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5/
√

2. Since Z(t) = Ã2
1 − Ã1

2, we can easily solve the equations (6.32 & 6.33) for the com-

ponents Ã1
2 and Ã2

1. Using Eq. (6.32) and Z(t), we get

∂
2
0Ã1

2 −g2
ymU2 Z(t)−2

√
2 gym dn(c1gymt,−1)cn(c1gymt,−1) = 0, (6.37)

and the solution obtained as

Ã1
2 = c6 + c7t − 1

2
Z(t). (6.38)

With this, we find the Ã2
1 as Ã2

1 = c6 + c7t + 1
2Z(t), where c6 and c7 are the integration

constants. We can combine the remaining three equations (Eqs. (6.34, 6.35, 6.36)) into one

equation for the trace of the gauge field (Ãa
a) as

∂
2
0Ãb

b +6g2
ym U2Ãb

b = ( jb
b), (6.39)

and the trace of fermion current densities is found to be a constant, jb
b = 11/

√
2. Then, the

above equation becomes

∂
2
0Ãb

b(t)+6g2
ym c2

1sn2(c1gymt,−1)Ãb
b(t) =

11√
2
. (6.40)

To solve this, one has to remove the Jacobi functions from the differential equation. To

do this, we change the variable t → x such that x = am(c1gymt,−1), where am(u,m) is the

Jacobi Amplitude with modulus m. With this, the equation becomes

(1+ sin2(x)) ∂
2
xÃb

b(x)+
1
2

sin(2x) ∂xÃb
b(x)+6sin2(x)Ãb

b(x) =
11√

2g2
ymc2

1
. (6.41)

We found the analytical solution for the above differential equation. Again converting

x → t, we get the final solution to be

Ãa
a(t)=

cn(gymc1t,−1)sn1/2(gymc1t,−1)(2− cn2(gymc1t,−1))3/4

(2−3 cn2(gymc1t,−1)+ cn4(gymc1t,−1))1/4

[
k1 +

k2

4

(
−2

cn(gymc1t,−1)
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√
cn2(gymc1t,−1)−1
cn2(gymc1t,−1)−2

+
√

2 F(sin−1 cn(gymc1t,−1),
1
2
)

)]
+

11
2
√

2g2
ymc2

1
sn2(gymc1t,−1),

(6.42)

where k1, k2 are integration constants and F(x,m) is the incomplete elliptic integral of first

kind. Since the above expression is a function of Jacobi elliptic functions, it is very hard to

solve for the diagonal components (Ã1
1, Ã2

2, Ã3
3) individually. Thus, we found the numerical

solutions for (Ã1
1, Ã2

2, Ã3
3) which are given in Figs. (6.2).

Figure 6.2: Figure showing the numerical solutions for diagonal components of the gauge
field. The red, blue and green plots corresponds to Ãa

a, Ã1
1 = Ã2

2 and Ã3
3, respectively. We

choose gym = 0.1 and c1 = 1.

As one can see the j1
1 = j2

2, thus Ã1
1 and Ã2

2 functional behaviour also remains the same.

The trace function behaves like the square of the sine Jacobi function. The diagonal compo-

nents Ã1
1 = Ã2

2 shows complementary behaviour to Ã3
3. All three functions show oscillatory

behaviour. With the presence of nonzero components Ã1
2, Ã2

1, the isotropy of condensate

solutions clearly gets broken. Thus, one cannot simply take a homogeneous and isotropic

type of configuration for describing QGP.

The other components with zero current densities or zero source terms are Ã1
3, Ã2

3, Ã3
1 and

Ã3
2. These components do not depend on current densities as well as the above other com-

ponents, thus we can set them to zero without any inconsistency with the above analysis.

Then, the components of sector a = 1,2 & i = 1,2 behave differently than the components
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of sector a or i = 3. We can also try and stretch the idea further by keeping the a or i = 3

components separate from the system of a = 1,2 & i = 1,2 components. Thus, one can

write the gluon ansatz in the presence of fermions as

Aa
i =U(t)δa

i + Ãa
i , where i,a = 1,2, (6.43)

A3
3 =V (t). (6.44)

As the above form of solution gives a correct description of gauge fields in the presence

of fermions, we explore this idea further and investigate the thermodynamic properties of

QGP with the above background in Chapter: 7.

6.2 Dynamics of Fermions in the presence of Condensate in a GW

background

We will go back to the case where the gauge field is just the homogeneous and isotropic

condensate. In this section, we will study the dynamics of fermions in the presence of

condensates in the GW background. The Dirac equation in curved background is given by

iγµ(∂µ +Γµ)ψα +gymγ
µAa

µT a
αβ

ψβ = 0, (6.45)

where γ
µ are the spacetime-dependent gamma matrices, Γµ is the spinor affine connection

and the remaining terms are the same as in the previous section. Consider a +-polarized

GW propagating in z-direction as the curved background. The details regarding the Dirac

equation in the curved spacetime are given in Appendix B. Following those details, we will

end up with the following equations:

i (∂0 +∂3)ψ2L2 +
gym

2
h+Uψ1L1 −

gym

2
Uψ2L2 = 0, (6.46)

i ∂0ψ1L2 −gymUψ2L1 +
gym

2
Uψ1L2 = 0, (6.47)
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i ∂0ψ2L1 −gymUψ1L2 +
gym

2
Uψ2L1 = 0, (6.48)

i (∂0 −∂3)ψ1L1 +
gym

2
h+Uψ2L2 −

gym

2
Uψ1L1 = 0. (6.49)

From the above equations, one can see that the two modes ψ1L1,ψ2L1 which were once

decoupled (Eqs. 6.10 & 6.13) are now interacting due to the GW. The GW connects the two

fermions from the different components of SU(2) doublet. The fermion densities generated

from the two components ψ1L1,ψ2L2 of fermion SU(2) doublet in the presence of GW are

shown in Figs. (6.3) and (6.4) for two different GW frequencies. It is clear from plots

that the fermion densities fluctuate and mix in time due to the GW. As GW couples these

otherwise independent modes, there should be a flavour transition induced by the GW. The

flavour transitions induced by a graviton have been studied in [203]. The evidence for

the flavour transitions due to GWs has relevance for QGP since the QGP during the early

universe exists in the Primordial GW background.

Figure 6.3: Fermion densities of two flavours in the presence of GW at ωg = 10−4,A+ = 1.
|ψ1L|2 is plotted in blue color, and the |ψ2L|2 in maroon. In the above, we choose c1 =
1,c2 = 1/2,gym =

√
2,ψ1L(t,0) = 10−2U(t) = ψ2L(t,0),ψ1L = (0,z) = ψ2L(0,z) = 0.

To show the flavour flip behaviour happens in the presence of GWs, we plotted the
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Figure 6.4: Fermion densities of two different flavours in the presence of GW at ωg = 10
and A+ = 1. |ψ1L|2 is plotted in blue color, and the |ψ2L|2 in maroon. We choose c1 =
1,c2 = 1/2,gym =

√
2,ψ1L(t,0) = 10−2U(t) = ψ2L(t,0),ψ1L = (0,z) = ψ2L(0,z) = 0.

fermion densities for two flavours without and with GW in Fig. (6.5) and Fig. (6.6), re-

spectively. From Fig. (6.5(b)), one can see that the two flavour densities behave differently,

one of them increases while the other one decreases. With the GW case, as in Fig. (6.6(b)),

the densities show that there is a coupling effect of the flavours. One can see similar be-

haviour for the plots as functions of time in Figs. (6.5(a) & 6.6(a)). In the above analysis,

we have taken the amplitude of GW to be the same as that of condensate. This is to solve

for the combined effect of GW and condensate on fermions.

If we try to consider the effect of a weak GW, then one has to take the fermion wave
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((a)) |ψ1L|2 in green and |ψ2L|2 in red
without GW as a function of time.

((b)) |ψ1L|2 in green and |ψ2L|2 in red
without GW as a function of space.

Figure 6.5: Fermion densities plotted without a GW; We choose c1 = 1,c2 = 1/2,gym =√
2,ψ1L(t,0) = 10−2U(t) = ψ2L(t,0), ψ1L = (0,z) = ψ2L(0,z) = 0.

functions as

ψ1L1 → ψ1L1 + ψ̃1L1, ψ2L1 → ψ2L2 + ψ̃2L2,

where ψ1L1,ψ2L2 are the solutions of Eqs. (6.10) & Eq. (6.13), respectively and ψ̃1L1, ψ̃2L2

are the perturbation functions due to GW.

((a)) |ψ1L|2 in green and |ψ2L|2 in red
with GW as a function of time.

((b)) |ψ1L|2 in green and |ψ2L|2 in red
with GW as a function of space.

Figure 6.6: Figures showing Fermion density with GW as a function of time and space sep-
arately. We choose ωg = 10−4,A+ = 1,c1 = 1,c2 = 1/2,gym =

√
2,ψ1L(t,0) = 10−2U(t) =

ψ2L(t,0), ψ1L = (0,z) = ψ2L(0,z) = 0.

Using the linearized approximation in h+ and perturbed functions, the Eqs. (6.46 &
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6.49) transforms to

i (∂0 +∂3)ψ̃2L2 −
gym

2
Uψ̃2L2 = −

gym

2
h+Uψ1L1, (6.50)

i (∂0 −∂3)ψ̃1L1 −
gym

2
Uψ̃1L1 = −

gym

2
h+Uψ2L2. (6.51)

One can see that in the linear order, the equations for the perturbations get decoupled,

but still coupled to the other flavour of zeroth order. We obtained the numerical solutions

for the above equations which are shown in Figs. (6.7 & 6.8).

Figure 6.7: Re(ψ1L1ψ̃∗
1L1) in green and Re(ψ2L2ψ̃∗

2L2) in red plotted in z with A+ = 10−2

and ωg = 1000. We choose c1 = 1,c2 = 1/2,gym =
√

2,ψ1L(t,0)/2= 10−2U(t)=ψ2L(t,0),
ψ1L = (0,z) = ψ2L(0,z) = 0.

The fermion densities which have a form ψ∗
1L1ψ̃1L1+ψ̃∗

1L1ψ1L1 and ψ∗
2L2ψ̃2L2+ψ̃∗

2L2ψ2L2,

flip at regular intervals both in space and time. In simple words, let us consider u and d

quarks as a fermion doublet. If we have u quarks, then the interaction with a GW can

change the flavour densities and increase the d quark probability density. This is due to the

mixing of u and d quarks due to the presence of GW. This is clearly shown in Figs. (6.7

& 6.8). Note that in the above pictures, the fermion densities are allowed to be negative
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Figure 6.8: Re(ψ1L1ψ̃∗
1L1) in green and Re(ψ2L2ψ̃∗

2L2) in red as a function of time with A+ =

10−2 and ωg = 1000. We choose c1 = 1,c2 = 1/2,gym =
√

2,ψ1L(t,0)/2 = 10−2U(t) =
ψ2L(t,0), ψ1L = (0,z) = ψ2L(0,z) = 0.

since they are over the zeroth order fermion densities. We have separated fluctuations in the

flavour densities induced by GW since the GW is weaker in magnitude than the condensate.

If we consider the condensate in a SU(3) QGP system, then the GW will induce a transition

of quarks which are coupled by the GW in a SU(2) sub-group. This is an interesting result

and has experimental consequences in relevance to both particle physics and GW physics.

6.3 Conclusion

In this chapter, we studied the dynamics of fermions in the presence of SU(2) conden-

sate in a flat background as well as in a GW background. At first, we studied the behaviour

in Minkowski spacetime. We find there is a mixing of two different flavour fermion com-

ponents. We found that the ψ1L1 & ψ2L2 (fermion with flavour 1, Left chirality, component

1; and fermion with flavour 2, left chirality and component 2) are decoupled and have sep-

arate evolution equations (Eqs. (6.10 & 6.13)), but, ψ1L2 & ψ2L1 (fermion with flavour 1,

Left chirality, component 2; and fermion with flavour 2, left chirality and component 1) are
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coupled to each other described by two coupled partial differential equations (Eqs. (6.11 &

6.12)). Even though there is a coupling of different types of fermions in the equations, their

probability densities do not mix each other. This indicates if we start with a system with

fermion 1 density greater than fermion 2 density, then at any later time, one can always find

the system with fermion 1 density greater than fermion 2 density.

Next, we studied the backreaction of fermions on the condensate. We found that the

isotropy of the condensate solutions gets broken with the introduction of fermions. We

also found that the a = 1,2 & i = 1,2 components behave differently than the a or i = 3

components. It was expected that the gauge field configuration in the presence of fermions

(like in QGP) is different than without fermions. It leads us to propose a new ansatz for the

gluon field in QGP as Aa
i = U(t)δa

i + Ãa
i , a, i = 1,2, &A3

3 = V (t). This kind of ansatz is

relevant when studying the thermodynamics of QGP (chapter 7).

After this, we studied the dynamics of fermions in the presence of SU(2) YM conden-

sate in a GW background. We found no change in equations for ψ1L2 & ψ2L1, which are

still described by Eqs. (6.11 & 6.12). But, the ψ1L1 & ψ2L2 now become coupled with the

interaction of GW as shown in Eqs. (6.46 & 6.49). We found that the fermion densities

fluctuate in time exhibiting flavour transitions due to the GWs. It means that if we have two

fermions of the same doublet, the fermion densities of those components flip at regular in-

tervals. One can also interpret this as a transition of quarks transforming in the same SU(2)

subgroup in a SU(3) plasma induced by GWs. Our calculations show the enhancement of

one flavour over the other in the GW-induced interactions with a fermion doublet. But this

enhancement is still oscillatory, thus one has to find the long term effects of this flavour

flipping for any observable effects. The fermion doublets can also be lepton doublets or

isospin doublets. In the case of QGP, the isospin doublets can be of (u,d) quarks or (c,s)

quarks. This sort of flip in flavour fluxes can be used to generate strangeness observed in the

QGP. Thus, this study of flavour flipping is very much relevant for QGP. These types of in-

teraction vertices have been used to find the heavy flavour generation from the light quarks
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in quantum field theories. In [204], it was studied that the form factors for qq → ss and

gg → ss were used to show the enhancement of strangeness. The GW-induced flavour tran-

sitions in our calculations represent the interaction vertices which have the same structure

as three particle vertices used in [205]. We therefore expect the contribution of the above

calculations to the strangeness generation to be a simple extension. Our calculations will

definitely change the enhancement factors discussed in [204] for a QGP formed in heavy

ion colliders. These classical field calculations have importance for deconfined YM fields

and provide the basis for thermodynamic aspects of QGP found at high temperatures. We

will be studying the thermodynamical description of QGP in the next chapter 7.
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Chapter 7

Early Universe and Quark-Gluon
Plasma

”Physicists are made of atoms. A

physicist is an attempt by an atom to

understand itself.”

Michio Kaku

In the present state of the universe, the quarks and gluons cannot exist outside the

hadrons since the temperatures are very low. The only places where we can have deconfined

quarks and gluons are heavy ion colliders, the early universe, and quark stars (hypothetical

stars with quarks inside). During the heavy ion collisions, the two heavy nuclei collide into

each other, creating a mixture of quarks and gluons known as QGP, which exists for a very

short amount of time. After that, the quarks and gluons combine to form hadrons through

a process known as QCD Phase Transition. On the other hand, during the universe’s evo-

lution, the universe has passed through many stages, where one of the stages has the right

conditions for the QGP to exist. We therefore expect the QGP to exist in the early Universe,

and the hadrons were formed as the cosmos cooled down. In this chapter, we will study the

thermodynamics of QGP and the QCD Phase Transition. To keep the content complete, we

will start with a brief introduction to the history of the Universe.

In cosmology, we study the evolution of the universe based on cosmological models

constructed on certain physics principles. With the inputs from the astrophysical and par-

ticle physics measurements, we improve the models. Out of many cosmological models,
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we have converged to the standard model of Cosmology, the Big Bang Model. It states

that the universe started expanding from an extremely dense and hot state, and continues to

expand. However astrophysical observations suggest that the universe is made up of two

unknown forms of energy and matter (apart from visible matter): Dark Matter and Dark

Energy [206]. Now, the standard model of cosmology includes these two substances, along

with visible matter, and is called the Lambda Cold Dark Matter (ΛCDM) model [207]. To

understand further the early stage of the universe when it was very hot and dense, one needs

to understand the particle interaction at high energy scales. As the universe expanded and

cooled, the universe underwent many different cosmological phenomena. Here, we briefly

explain the important phenomena that happened during the evolution (Table: 7.1) [15].

Table 7.1: Some of the important events during the evolution of the universe adapted from
[15]

Events Energy (GeV) Time (s/yrs) Temperature (K)
Big Bang ∞ 0 ∞

Planck scale 1019 10−44s 1032

Grand Unification 1015 10−37s 1028

Inflation, Lepton number violation
EW symmetry breaking 102 10−10s 1015

QGP & QCD phase transition 10−1 10−5s 1012

Neutrino decoupling 10−3 1s 1010

Big Bang Nucleosynthesis 10−4 100s 109

Recombination (CMB) 2×10−10 3×105 yr 3000
Formation of large scale structure 10−12 109 yr 15

Present Universe 2.3×10−13 13.7×109yr 2.73

The universe started with a big bang at all points in space and every point moved away

from each other uniformly. When the universe cooled down to a temperature corresponding

to the Planck’s energy scale (MPl ∼ 1019GeV), the fundamental forces of nature which were

unified before began to separate as gravity becomes weak. Before this time, the universe’s

evolution is determined by quantum gravity. As of now, we do not have a concrete theory

of quantum gravity so we cannot extrapolate the results to the time before the Planck time.

So, we usually discuss the processes that happened after Planck time.
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As the universe expands and cools down further, it goes through many phase transitions.

These phase transitions correspond to the some gauge symmetry breaking of the underly-

ing theories. We will learn more about the phase transitions in the coming sections (Sec:

7.2). The first phase transition was related to the Grand Unified theory. In this epoch, the

three fundamental forces (strong and weak nuclear forces, electromagnetic forces) were

combined into a single unified force.

As the universe cooled down and reached an energy scale of 1010 GeV, many different

phenomena happened. The main one was inflation, where the universe underwent a phase

of exponential expansion. During the same time around, several phase transitions have

taken place, such as left-right symmetry breaking, spontaneous parity violation, and super-

symmetry breaking in the hidden sector. Another important phenomenon that happened is

the lepton number violation, which generated a small asymmetry in the number density of

matter and antimatter.

The next major event in cosmic evolution was the Electroweak phase transition, which

happened around 100 GeV when the electroweak force got separated into electromagnetic

and weak nuclear forces. The forces of the standard model started operating in their low-

temperature form: the weak force carried by the massive W+, W−, and Z bosons, the

electromagnetic force carried by the massless photons. Since the Higgs field acquired a

nonzero expectation value, fermions acquired mass through a process known as sponta-

neous symmetry breaking. As the energy was still too high, the universe was filled with a

mixture of familiar elementary particles, such as quarks and gluons, forming QGP.

After this, the universe underwent another phase transition, the QCD Phase transition

at around 100− 300 MeV or around 1012 K, where the quarks and gluons combined to

form hadrons (baryons and mesons). The QCD Phase transition also involved in symmetry

breaking (Chiral symmetry breaking and Z(3) center symmetry beraking), which we will

discuss more in the coming sections (Sec: 7.2). As the weak gauge bosons become massive,

the strength of weak interaction starts decreasing. At energies around 1 MeV, the neutrino’s
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interaction rate became smaller than the expansion rate, so the neutrinos became decoupled

and formed a cosmic neutrino background.

The next major event in the evolution of the universe was the Big Bang Nucleosynthesis,

which happened around the ∼ MeV scale. This is the process where light baryons – protons

and neutrons – are bound into primordial atomic nuclei: hydrogen and helium. For a long

time, the universe’s temperature was too high to form atoms and the universe consisted of

plasma of nuclei, electrons, and photons. During the recombination era, which happened

around 18 − 370 kyrs, the electrons and atomic nuclei bound to form neutral atoms. Due

to the formation of atoms, the photons were no longer in thermal equilibrium with matter,

and for the first time universe became transparent. As this era continued, the universe

became more and more transparent, and the radiation decoupled from matter and formed a

background. This radiation is the CMB radiation that we see today. These early universe

phases set the stage for the further evolution of the universe into what we observe today,

with galaxies, stars, and planets.

As we mentioned at the beginning of this chapter, we will mainly focus on the QGP

and QCD phase transition. We will briefly introduce QGP and QCD Phase Transition in

Sec. 7.1. Followed by a semi-classical analysis of Phase transitions in the Early Universe, in

particular, QCD Phase Transition in Sec. 7.2. Later, we will study the QCD Phase transition

in the presence of GWs using semi-classical analysis in Sec. 7.3. After that, we study the

thermodynamics of QGP via full quantum analysis by finding the thermodynamic potential

using finite temperature field theory in Sec. 7.4. Finally, we implement the thermodynamic

potential for different backgrounds in Sec. 7.5, which includes the GW background.

7.1 Quark Gluon Plasma and QCD Phase Transition

Quarks and gluons are the building blocks of protons and neutrons, which in turn com-

bine to form atomic nuclei. As far as we know, we cannot see the isolated quarks and gluons

in the present low-energy scales. Quarks are the fermionic components and the gluons are
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the force carriers mediating the interactions between the quarks. The gluons are the force

carriers of the strong nuclear force. It is much stronger than the other three forces: gravity,

weak nuclear, and electromagnetic forces. Since the strong nuclear force is very powerful,

it makes it very difficult to separate quarks and gluons. In technical terms, we always see

bound states of quarks and gluons due to a property called confinement. This is quite simi-

lar to decomposing the magnet into two in trying to isolate the north and south poles which

does not happen.

The only place we can see the deconfined quarks and gluons is the QGP. In QGP, the

temperature and energies are so high that the protons and neutrons become deconfined gen-

erating quarks and gluons. This mixture of quarks and gluons occupied the entire universe

during the initial moments of the universe around 10−5 s. Now, scientists study this QGP

at special facilities called heavy ion colliders, such as the LHC at CERN, and the RHIC at

BNL. In the year 2000, CERN announced the circumstantial evidence for the existence of a

new state of matter in Pb + Pb Collisions [208]. The actual discovery of the QGP happened

in 2005 when four international collaborators investigated the Au + Au collisions at RHIC

at BNL [209, 210]. To the surprise, the properties of this new matter varied differently

from the predictions made over the years before the discovery. It was thought that the QGP

should behave like a gas of free quarks and gluons, due to asymptotic freedom, at very high

temperatures. However, the matter found at RHIC is found to be a highly interacting liquid

[211, 212].

In general, the plasma is a state of matter consisting of charged particles and they in-

teract via long-range gauge fields. The main difference one can find between plasmas and

ideal gases is that the inter-particle distance between the particles is very low in plasmas

[212]. The parameter that is needed to distinguish solids, liquids, and gases with plasmas is

called the Plasma parameter (Γ), which is the ratio of interaction energy to kinetic energy

[213]. In principle, a plasma is considered strongly interacting if Γ > 1. For the electro-

magnetic case, even though the Γ > 1 for certain materials, they are not exotic objects at all.
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For example, table salt can be considered as a strong crystalline plasma made up of Na+

and Cl− ions. For QGP, it was found that ΓQGP = 1.5−6 making it a strongly interacting

one [214]. These are also characterized by their correlated behaviour, which measures the

deviation from the usual ideal gas behaviour [215]. There is another parameter called shear

viscosity-to-entropy density ratio (η/s), which characterizes how close the fluid is to per-

fect fluid [216]. It was found that the η/s is very small for QGP, smaller than any substance

on Earth. The studies at LHC and RHIC show that the QGP behaves like a liquid with very

small specific bulk and shear viscosity [217].

As the temperature drops down, the deconfined quarks and gluons combine to a bound

state, called hadrons. The phase transition of QGP to hadronic matter is related to the

symmetry breaking of the non-abelian gauge theory of strong interactions, which is QCD.

Phase transition in QCD is related to two symmetry-breaking phenomena: one is the spon-

taneous symmetry breaking of the chiral symmetry of QCD [218] and the other one is the

symmetry breaking of center symmetry [219, 220]. Even though QGP forms at very high

temperatures, there is also a possibility of the existence of other exotic forms by increasing

the degrees of freedom such as chemical potential (µ) and magnetic fields [221]. By consid-

ering µ, we will get a conjectured QCD Phase diagram in terms of temperature and quark

chemical potential, as shown in Fig. (7.1) (suppressing magnetic fields). The quark chem-

ical potential is a measure of the number of quark elements, and the higher the chemical

potential, the higher the density of quarks.

As one can see from the picture in addition to QGP, there exist several phases of QCD

matter [223, 224]. Ordinary atomic matter such as atomic nuclei exists as a low-temperature

phase with high chemical potential. If we keep on increasing the quark density, then we

reach a phase with more compressed nuclear matter such as in neutron stars. At ultra-high

densities, it was conjectured that we would find the color-flavor-locked phase of color-

superconducting quark matter [225]. Color superconductivity is analogous to conventional

superconductors, instead, here the matter carries a color charge without loss. This kind of
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Figure 7.1: QCD phase diagram in terms of temperature (T ) and baryon chemical potential
(µB) adapted from [222]

phase is predicted to exist at ultra-high densities (above that of atomic matter and neutron

stars) and low temperatures. The colour superconducting quark matter comes in many

varieties because the quarks come in many species, i.e. each quark comes in three colours

and there are 6 different quarks (usually 3 abundant ones). That gives various possible

pairing patterns and is very hard to predict which ones are naturally favourable. In the

limit of very high densities, the favoured phase in three-flavour quark matter is the color-

flavour-locked phase [226–228]. It is a phase where quarks form Cooper pairs, whose

flavour properties are correlated with their color properties in a one-to-one correspondence

between three flavour pairs and three color pairs.

Now, consider moving along the temperature axis in the phase diagram. Consider a

system with negligible chemical potential (with an equal amount of quarks and anti-quarks)

and start heating the system, then the system moves vertically along the T axis in the phase

diagram. Then, at about TQCD ∼ 150−200 MeV, the hadrons become deconfined giving rise

to QGP. This kind of scenario probably happened in the early universe, where the universe

began with almost negligible chemical potential (there was a slight preference for quarks

over anti-quarks). In the figure, we also stated the current investigation results of the order
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of phase transition. The approximate position of the critical point is also indicated in the

figure.

For a complete description of the phase diagram, one needs to have a complete under-

standing of the strongly interacting gluonic and quark matter using the underlying theory,

QCD. That requires the understanding of QCD in the non-perturbative regime, which is

being investigated using sophisticated techniques like lattice gauge theory.

7.2 Study of phase transitions in Early Universe

Since we are about to discuss phase transitions, we will define what a phase transition

is and how to classify the different types of phase transitions. A Phase transition is a trans-

formation of a thermodynamic system from one state of matter or phase to another. The

phase transition occurs due to external conditions such as temperature, pressure, magnetic

fields, etc. During the phase transition, thermodynamic properties like free energy, of the

medium change either smoothly or discontinuously, as a result of the change in external

conditions. An order parameter is observable which is useful to distinguish between two

phases. The order parameter varies from system to system. In most cases, the free energy

is an order parameter. Depending on the behaviour of thermodynamic free energy [229],

the phase transitions are classified into the following types:

• A first order phase transition is characterized by the discontinuity in the first deriva-

tive of thermodynamic free energy with respect to a thermodynamic variable like

temperature. These phase transitions involve latent heat and the system either absorbs

or releases a fixed amount of energy per volume. During the process, the temperature

of the system remains constant and at the phase boundary, the system will be in a

mixed-phase regime which means some parts of the system are in phase I while the

other parts are in phase II. The familiar examples are the melting of ice or boiling of

water.
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• In the case of second order phase transitions, the free energy and its first deriva-

tive are continuous while the second derivative becomes discontinuous or diverges

at critical temperature (Tc). In this case, a new phase grows continuously out of the

previous phase. They are characterized by a divergent susceptibility, an infinite cor-

relation length, and usually obey power law behaviour of form (1− T
Tc
)α, where α

is critical exponent, at Tc. Examples are ferromagnetic transition, superconducting

transition, and the superfluid transition.

• There is also a type of phase transition known as Analytical Crossover, where the

free energy and all its derivatives are continuous at Tc. In this case, the system trans-

forms smoothly from one phase to another.

As we discussed before, the QCD phase transition corresponds to two symmetry-breaking

phenomena: Chiral symmetry breaking [230, 231] and Z(3) Center symmetry breaking

[219]. In the case of chiral symmetry breaking, we get chiral phase transition, while in

the case of center symmetry breaking, we get confinement-deconfinement phase transition.

The order parameter in the case of confinement-deconfinement transition is the Polyakov

loop. The order parameter in the case of chiral phase transition is the chiral condensate,

< ψψ >. To be exact, the QCD system has Z(3) symmetry only in the limit of infinitely

heavy quarks or pure gauge sector, so the Polyakov loop will be an exact order parame-

ter in the pure gauge sector. Similarly, the QCD has chiral symmetry in the chiral limit

(zero mass quark limit), so the chiral condensate will be an exact order parameter only

in the chiral limit. We describe the Polyakov loop in Sec. 3.1. The chiral condensate is

the vacuum expectation of quark bilinear (< ψψ >, ψ is the quark quantum field). In the

case of the pure gauge sector of QCD where the Polyakov loop is the order parameter, it is

found that the transition temperature is ≃ 270 MeV and the phase transition is of first order

through lattice gauge theory calculations [232, 233]. In the case of the chiral limit of QCD

where chiral condensate is the order parameter, it was found that the QCD phase transition

follows the second order. The above two cases are limits of the physical scenario which
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is the QCD system with small nonzero quark masses. In this case, the Z(3) symmetry is

explicitly broken by the presence of quarks and the chiral symmetry is explicitly broken by

the nonzero quark masses [231]. It was found that in a system of dynamical quarks with

physical masses, the QCD phase transition is an analytical crossover [234] with a transition

temperature that is greater than that in the chiral limit and lower than that in the pure gauge

limit [235, 236]. Even though the QCD Phase transition involves two symmetry-breaking

phenomena, it was found that both occur at around the same temperature from the lattice

gauge calculations.

The results discussed so far considered zero chemical potential. As we mentioned be-

fore, there are also other external parameters that affect the phase transition such as chem-

ical potential, magnetic fields [221], etc. In the change of those external conditions, the

order of phase transition also changes. There have been attempts to study the QCD phase

diagram at finite chemical potential using lattice gauge calculations [237, 238]. Apart from

non-perturbative techniques, there also have been studies using chiral effective models to

investigate the unexplored regions of the phase diagram [239]. In Cosmology, the baryon

asymmetry is very small ηB = nB/s ∼ 10−9, with nB as net baryon density and s as entropy

density, as found out from the later stages in the evolution of the universe. Therefore, even

in the early universe, it seems the QCD phase transition follows a smooth crossover. From

the chiral effective models of QCD, it was found that at finite baryon densities, a first-order

phase transition is possible for QCD phase transition [240]. There are also some scenarios

where QCD phase transition can be of the first order in the early universe such as large

baryon chemical potential [241], and lepton asymmetry [242]. In the case of the Early uni-

verse, there are also other parameters that affect the order of phase transition, such as the

expansion of the universe, time scales, and gravitational waves.

The cosmological QCD phase transition has so much importance. Firstly, the QCD

phase transition sets the initial conditions for one of the main phenomena in the early uni-

verse, the BBN. Depending on what type of phase transition happens, there will be a change
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in the abundance of the first elements. For example, inhomogeneous BBN results in a higher

abundance of certain elements when compared with homogeneous BBN [243]. Secondly,

there will be after-effects of the QCD phase transition that can still be observable today

[244]. Most of the relics are only formed if the QCD phase transition is of first order. Some

of the relics include Strange Quark nuggets [244], QCD balls, black holes [245], small cold

dark matter lumps [246] and gravitational waves [244]. The first-order phase transition

happens via bubble nucleation [247, 248] with small supercooling [243, 244]. The bubbles

were shown to grow mostly by weak deflagration [249, 250]. In the first-order phase transi-

tion, towards the end of phase transition during the coexistence of the QGP and hadron gas

phases, the quark droplets that are shrinking remain intact. These quark droplets are called

quark nuggets/ strangelets [244] which are thought to be candidates for dark matter. There

is also a possibility of the generation of magnetic fields [251] and gravitational waves [244]

in violent processes like bubble collisions. And, the most interesting aspect is the formation

of planetary mass black holes during QCD phase transition.

The discussion in this section and the next one is based on assumption that the QCD

phase transition follows a first-order phase transition [252, 253]. In a first-order QCD

transition, the QGP supercools before the first bubbles of hadron gas forms. Under the

consideration that the universe is homogeneous, the bubbles nucleate owing to the thermal

fluctuations. This QCD phase transition can be explained using the homogeneous bubble

nucleation theory as shown in Fig. (7.2). In our case, the high temperature to be of QGP

phase and low temperature phase to be of hadronic phase. Above the critical temperature,

only the QGP phase exists in the entire universe. After some amount of supercooling, the

first hadronic bubbles/ droplets start forming at some time t1 due to the statistical/thermal

fluctuations. If the size of the droplet is too small to compensate for large surface free en-

ergy, then the droplet will evaporate owing to the positive total free energy. If the droplet

size is large, then the surface free energy is irrelevant and the droplet will increase in size by

accreting more hadrons. A bubble of critical size is metastable balancing between evapora-
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Figure 7.2: Process of QCD phase transition via homogeneous bubble nucleation adapted
from [254]

tion and accretion. After some time t2 > t1, these hadronic bubbles slowly grow and release

latent heat large enough to stop the formation of new hadronic bubbles. The processes such

as supercooling, bubble formation and quenching take only 1% of the total transition time.

During the remaining time, the bubbles slowly grow following the adiabatic expansion of

the universe. Finally, the frame at t3 shows the time almost at the end of the transition where

the universe is covered almost entirely with the hadron gas phase.

One of the main parameters that have been calculated in the nucleation theory is the

nucleation rate [252, 255]. The nucleation rate is the probability that a bubble of the second

phase forms in the system filled with the first phase near the critical temperature (Tc). Con-

sider the creation of a spherical bubble of radius R. The probability of forming a bubble by

thermal fluctuation is proportional to e∆F/T , where ∆F is the change in free energy for the

creation of the bubble. The probability of an event occurring is proportional to the expo-

nential of minus the free energy cost of the event over the thermal energy T . The change in

free energy in creating the bubble is

∆F =
4π

3
(PQGP −PHG)R3 +4 π σ R2. (7.1)

where σ is the surface tension, PHG is the pressure of the nucleating bubble/ hadronic bubble

and PQGP is the pressure of the QGP phase. As we discussed before, smaller bubbles

disappear while large bubbles with a radius greater than the critical radius (Rc) can grow.

The critical bubble radius is determined from the minimum value of the change in free
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energy (∆F) and is given by

Rc =
2σ

PHG −PQGP
. (7.2)

One can recognize the above equation as Young-Laplace equation. Then, the free energy

corresponding to the critical bubble radius is given by

∆Fc =
4π

3
σ R2

c . (7.3)

Finally, the nucleation rate or the probability of forming a hadronic bubble with a critical

radius per unit time per unit volume is given by

I = I0 e−∆Fc/T , (7.4)

where I0 is the prefactor calculated by various methods such as using the MIT bag model

and coarse-grained effective field theory [253]. It depends on various factors such as the

intrinsic properties of the liquid, the number of nucleation sites, the rate at which the

molecules attach to the nucleus, and the probability that a critical-sized bubble will form a

new phase rather than dissolve.

In the coexisting phase, the universe’s temperature is almost constant at Tc. It is because

the cooling due to expansion is compensated by the latent heat generated by the hadronic

bubbles. Then, the equation of the state of fluid is given by

P ∼V−1, (7.5)

where P is the pressure of hadronic bubble i.e. P ≡ PHG and V is the volume of the hadronic

bubble. If one considers a curved background instead of a flat background, the volume of

the bubble changes. Using this idea, we are going to study the effect of GWs on the volume

which in turn affects nucleation rate.
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7.3 Gravitational Wave influence on QCD phase transition

As discussed in the previous section, the phase transition of matter from one phase

to another is driven by the nucleation and subsequent growth of bubbles/ droplets in the

case of first-order phase transition. In the early universe, this kind of phase change might

have happened when the temperature was low enough to initiate the phase change from

the primordial QGP to the hadron gas phase. The main gravitational effect that causes

this phase change is the radiation-dominated expansion of the universe which makes the

pressure and energy density fall below and initiate the bubble nucleation process. As the

inflationary theory predicts the existence of the PGWs [106, 107], they exist and interact

with all kinds of cosmological phenomena happening in the early universe.

We are interested in the influence of PGWs in the QCD phase transition which happened

around t ∼ 10−5s after the Big Bang at an energy scale of around T ∼ 200 MeV. We consider

the effect of GW in the radiation-dominated universe on a homogeneous fluid of primordial

QGP. For simplicity, we consider a single mode of a +-polarized GW propagating in the

z-direction in this radiation-dominated universe. For this, the metric is given by

gµν = a2(τ)(ηµν +hµν), (7.6)

where η= diag(−1,1,1,1) is the Minkowski metric and the hµν = diag(0,h+(τ,z),−h+(τ,z),0)

where the h+ is given in Chapter 2 as follows h+(τ,z) = h(k,τ)eikz where

h(k,τ) =
a(τ1)

a(τ)

[
α(k,τ1)e−ik(τ−τ1)+β(k,τ1)eik(τ−τ1)

]
, (7.7)

where τ1 is the de Sitter - radiation equality conformal time, and α and β are given by

α(k,τ1) = 1+
i

kτ1
− 1

2k2τ2
1
, (7.8)

β(k,τ1) =
1

2k2τ2
1
. (7.9)
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From the above expressions, one can find the real part of h+ as

Re(h+(τ,z)) = A(k,τ1)cos(kz)+B(k,τ1)sin(kz), (7.10)

where

A(k,τ1) =
a(τ1)

a(τ)

(
cos(k(τ− τ1))+

1
kτ1

sin(k(τ− τ1))

)
,

B(k,τ1) =
a(τ1)

a(τ)

(
1

kτ1
cos(k(τ− τ1))+

(
1− 1

k2τ2
1

)
sin(k(τ− τ1))

)
.

Now, we consider a box-like region with lengths Lx, Ly and Lz. Then, the volume of

such a region is given by

V (τ) =
∫ √

−g dV =
∫ Lx

0

∫ Ly

0

∫ Lz

0

√
−g dx dy dz, (7.11)

where g is the determinant of the metric, which has a value g = a8(τ)(1−h2
+), Then, using

the binomial expansion of the determinant term, the volume can be evaluated as

V (τ)≈ a(τ)4
∫ Lx

0

∫ Ly

0

∫ Lz

0
(1− 1

2
Re(h+)2)dxdydz, (7.12)

≈ a(τ)4LxLyLz

[
1− 1

4
(A2 +B2)

]
, (7.13)

where we considered only the terms up to the first order (neglecting terms with k depen-

dence) and the term LxLyLz is identified with volume in flat spacetime. If we consider a

spherical volume, we also get the same kind of expression up to a first-order. The volume

correction is given by

VGW = a(τ)4VM

[
1− 1

4
(A2 +B2),

]
(7.14)

where VM is the volume in the absence of a GW. We are considering only the effect of GW
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in modulating the volume occupied by the fluid. Then, the pressure modulation is given by

PGW =
PM

a(τ)4(1− (A2 +B2)/4)
, (7.15)

where PM ≈ V−1
M is the pressure of the bubble without GW. PGW gives the pressure inside

the hadronic bubble in the presence of a GW. As discussed before, the change in free energy

for the formation of a hadronic bubble of radius R is

∆FGW =
4π

3
(PQGP −PGW )R3 +4π σ R2. (7.16)

Then, the free energy of a critical-sized bubble is

∆Fc,GW =
4π

3
σR2

c,GW ,with Rc,GW =
2σ

PGW −PQGP
, (7.17)

and the nucleation rate is

IGW ∝ e−∆Fc,GW /T . (7.18)

Comparing the probability of the formation of a critically sized bubble in the presence

of GW to their absence, we get

IGW

IM
= exp[(∆Fc,M −∆Fc,GW )/T ], (7.19)

= exp
[

1
T

4π

3
σ(R2

c,M −R2
c,GW )

]
, (7.20)

where Rc,M = 2σ

PM−PQGP
and Rc,GW is given by Eq (7.17). From the expression for volume,

it is clear that A2+B2 > 0. From this, we also get PGW > PM and Rc,GW < Rc,M and finally,

we get IGW > IM.

This shows that the nucleation rate will be higher in the presence of GW. It means the

probability of the formation of a hadronic bubble in the presence of GWs is higher than in

their absence. The number of bubbles nucleated per time will be greater, causing the phase
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change to occur sooner.

Our analysis was similar to the laboratory-based bubble chamber experiments. When

high-energy particles interact with atomic nuclei in a fluid, a localized rise in temperature

happens, which starts the bubble formation process in bubble chamber experiments. In our

case, we are considering volume modulations due to GWs driving the nucleation rates. In

the regions of the lowered volume, the energy barrier for the bubble nucleation is lowered

along with the critical bubble size, which causes the nucleation rates to increase, allowing

the phase transition to occur earlier.

This kind of effect of GWs is different from that studied in the interferometers. Also,

the above analysis is based on some poorly understood parameters of QGP like the surface

tension of QGP (σ), and the equilibrium pressure of QGP (PQGP). The equilibrium pressure

of the QGP is temperature dependent as well as on the other fluid parameters of the QGP.

To understand more about the thermodynamic properties of the QGP, we studied the entire

system using finite temperature field theory in the coming sections.

7.4 Thermodynamics of Quark Gluon Plasma

Finite temperature field theory

QFT is a theoretical framework that is used in many areas of physics such as particle

physics, condensed matter physics, and combines classical field theory, quantum mechan-

ics, and special relativity [30]. The usual quantum field theory describes the quantum fields

and their interaction via gauge fields at absolute zero temperature (T = 0) and negligible

system densities. Using zero temperature QFT, many predictions have been made and were

verified experimentally which indicates the T = 0 QFT is mostly sufficient. It was not sur-

prising given that the finite temperature effects become significant only when the thermal

energy of the system (kBT ) is of the order of the magnitude of the masses of the fields.

For example, for electrons, the finite temperature effects are important at a temperature of

order T ∼ 1010K. Similarly, for protons, it is at order T ∼ 1013K. These kinds of tempera-
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tures are usually beyond the regions of accessibility in daily life. However, there are some

exceptions like the heavy ion colliders such as LHC at CERN and RHIC at BNL, where

relativistic experiments have been carried out to study the QGP and the resulting matter.

In those cases, one needs to consider the finite temperature effects to understand the QGP

[256].

Apart from particle and nuclear physics, the finite temperature effects are important

for astrophysical and cosmological phenomena. As we discussed in the previous sections,

during the early universe, when the temperatures were going down, the universe had to

undergo several phase transitions such as EW phase transition, and QCD phase transition,

in different epochs. In the case of astrophysics, for neutron stars, the finite density and finite

temperature effects play a vital role in understanding the dynamics of the system.

The principal idea of the finite temperature QFT is to combine the ideas of statistical

mechanics with the quantum field theory. As we can see later, there are some similarities

between the statistical mechanics and QFT. To incorporate finite temperature effects, one

needs to find a way to include the temperature in QFT. There are many ways to do that

such as imaginary time formalism [257], real time formalism [257, 258], and thermo-field

dynamics [259]. In our case, we will be dealing with imaginary time formalism.

Partition function

We will start with deriving the most important quantity when dealing with many body

systems and thermodynamic systems which is the partition function, Z =Tr e−βH where β=

1/kBT is a function of temperature T and Boltzmann’s constant kB, H is the Hamiltonian

of the system, and the trace is over all the states of the system. The complete dynamics

and thermodynamic behaviour of the system such as pressure, energy density, specific heat

capacitance, etc, can be determined from the partition function Z by differentiating Z by

variables such as volume, temperature, etc. The methods discussing the field theory at

finite temperature in this subsection follow those of [260].
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Consider a general field φ(⃗x, t) in the Heisenberg picture and along with its conjugate

momentum field π(⃗x, t) and the Hamiltonian density H (π,φ). The general field can be of

any type such as scalar, vector, and spinor. The transition amplitude from the initial state

⟨φ0| at initial time t = 0 to the final state ⟨φ1| at final time t = t1 is given in terms of Feynman

functional as

⟨φ1|e−iHt1|φ0⟩= N
∫

Dπ Dφ exp
{

i
∫ t1

t0
dt

∫
d3x [π ∂tφ−H (π,φ)]

}
, (7.21)

where ⟨φ0|, ⟨φ1| are the eigenstates of the Schrodinger field function φ(⃗x,0), the integral

over the momentum fields
∫

Dπ is unrestricted while the integral over the classical fields∫
Dφ is restricted to the fields with the following configurations:

φ0(⃗x) at t = 0, and φ1(⃗x) at t = t1, (7.22)

and N is a normalisation constant. To incorporate finite temperature effects, one performs

a change of variable

t =−i τ, (7.23)

and sets the time period in imaginary time as it1 = β, where β = 1/T , T is the temperature

(We set kB = 1). This variable change is well known as Wick rotation which converts the

theory from Minkowski spacetime to Euclidean spacetime. Then, the transition amplitude

becomes

⟨φ1|e−βH |φ0⟩= N
∫

Dπ Dφ exp
{

i
∫

β

0
dτ

∫
d3x [i π ∂τφ−H (π,φ)]

}
. (7.24)

Now, considering the field integration
∫

Dφ only over those periodic fields in time in-

tervals, i.e. φ(⃗x,0) = φ(⃗x,β), the partition function then becomes

Tr e−βH = ∑
φ

⟨φ|e−βH |φ⟩ (7.25)
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= N
∫

Dπ

∫
periodic

Dφ exp
{

i
∫

β

0
dτ

∫
d3x [i π ∂τφ−H (π,φ)]

}
. (7.26)

In most cases, it is more advantageous to deal with Lagrangian density than the Hamil-

tonian density. To convert from Hamiltonian to effective Lagrangian formalism, one needs

to perform the π integration in the partition function, Z. After doing the integrations, the

partition function becomes

Z = N′(β)
∫

periodic
Dφ exp

{∫ β

0
dτ

∫
d3x L

}
, (7.27)

where L is the effective Lagrangian and the N′(β) is the new normalization constant depen-

dent on temperature coming from the π integration. Usually, this normalization constant

N′ is infinite which has the same behaviour as the occurrences of infinite normalization

constants in zero-temperature QFT.

Review on Functional methods

Before discussing the evaluation of the thermodynamic potential/ partition function, we

will cover some basics of the functional methods [30, 261]. Effective action in QFT is the

generating functional which contains all the information about the quantum system. For a

system with classical action S[φ], the general generating functional is defined as

Z[J] = e−W [J] =
∫

Dφ e−S[φ]−
∫

d4x φ(x)J(x). (7.28)

The above functional is used to obtain different correlation functions thus called the gen-

erating functional and W [J] is the generating functional for the connected green functions.

The lowest correlation function is the mean-field/ classical field φcl , given by

φcl(x)≡ ⟨φ(x)⟩= δW
δJ(x)

. (7.29)
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In analogy with thermodynamics, one can define the Legendre transform of W [J]:

Γ[φcl]≡W [J]−
∫

d4x φcl(x)J(x). (7.30)

The above quantity Γ[φcl] is called the effective action and is used to generate the quantum

equations of motion,
δΓ[φcl]

δφcl(x)
=−J(x). (7.31)

The above equations are quantum generalizations of the classical field, classical action,

and classical equations of motion. With this redefinition, we can rewrite the generating

functional as

e−Γ[φcl ] =
∫

Dφ exp

{
−S[φ]+

∫
d4x(φ(x)−φcl(x))

δΓ[φcl]

δφcl(x)

}
, (7.32)

to get a integro-differential equation for Γ[φcl]. The semi-classical expansion of the effective

action is obtained by the saddle point approximation of the integral at φ = φcl ,

Γ[φcl] = S[φcl]+Γ1−loop[φcl]+Γ2−loop[φcl]+ ..., (7.33)

where the first term corresponds to the classical action and the next terms correspond to

the quantum corrections to the classical action. The first quantum correction reads as the

functional determinant of an operator (F) of the second functional derivative of the classical

action given by

Γ1−loop =
1
2

lndet F =
1
2

Tr lnF, (7.34)

Fδ(x,y) =
δ2S

δφ(x) δφ(y)
, (7.35)

and the second quantum contribution is given by
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Γ2−loop =
1
8

∫
dx1dx2dx3dx4G(x1,x2)

δ4S[φ]
δφ(x1) δφ(x2) δφ(x3) δφ(x4)

G(x3,x4)

+
1

12

∫
dx1dx2dx3dy1dy2dy3

δ3S[φ]
δφ(x1) δφ(x2) δφ(x3)

G(x1,y1)G(x2,y2)G(x3,y3)
δ3S[φ]

δφ(y1) δφ(y2) δφ(y3)
,

(7.36)

where G(x,y) is the Green’s function of F ,

F G(x,y) =−δ(x,y). (7.37)

Graphically, the quantum corrections correspond to the following 1-loop and 2-loop

Feynman diagrams.

Figure 7.3: Feynman diagrams for Γ1−loop and Γ2−loop

Thus, by finding the effective action, we can find all the other correlation functions of

the system. The functional differentiation of Γ[φcl] with respect to φcl gives the effective

equations of motion and all necessary correlation functions on its background. As one can

see, the 1-loop effective action is given by the functional determinants of an operator.

Generating functional for QCD

To evaluate this, we first need to know the true generating functional for the QCD. As

QCD is a gauge theory, extra care has to be taken in dealing with the gauge field config-

urations. Since the gauge theories have gauge symmetry, the gauge fields will have some

configurations that make the functional integral badly defined. To explain how to deal with

gauge theories, we go back to the zero-temperature QFT. We will give an overview on

dealing with gauge theories following [30].
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To make the analysis simple, we deal with the pure non-Abelian Yang-Mills theory in

Minkowski spacetime. Consider the following functional integral,

Z =
∫

DA ei S[A], S[A] =
∫

d4x

(
− 1

4g2
ym

FaµνFa
µν

)
, (7.38)

with Fa
µν = ∂µAa

ν −∂νAa
µ + f abcAb

µAc
ν, where Aa

µ is the gauge field and f abc are the structure

constants. As we mentioned before, due to the gauge invariance, there will be several cases

of physically equivalent field configurations. The Lagrangian is invariant under the gauge

transformations of form,

Aa
µ → A′a

µ = Aa
µ +

1
gym

∂µα
a + f abcAb

µα
c, (7.39)

= Aa
µ +

1
gym

∇̂µα
a, (7.40)

where ∇̂µ is the gauge covariant derivative in the adjoint representation. It means Aa
µ(x)

and A′a
µ (x) are physically equivalent. The field modes of which Aa

µ =
1

gym
∇̂µαa(x) are gauge

equivalent to the fields Aa
µ = 0. Because of the integration of these modes, the functional

integral becomes badly defined. To fix the problem, one has to choose the gauge that makes

it possible to count each physical configuration only once. This is possible with the help

of a trick done by Faddeev and Popov [262]. According to this, we constrain the gauge

directions by applying a gauge-fixing condition, G(A) = 0. To impose this constraint, we

introduce the following identity into the functional integral

1 =
∫

Dα δ(G(Aα))det
(

δG(Aα)

δα

)
, (7.41)

where Aα is the gauge field A transformed as in 7.39. With this, the functional integral

becomes

Z =
∫

Dα

∫
DA eiS[A]

δ(G(Aα))det
(

δG(Aα)

δα

)
. (7.42)
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We choose a generalized Lorentz gauge condition:

G(A) = ∂
µAa

µ(x)−wa(x), (7.43)

where wa(x) are arbitrary scalar functions. Then, the determinant is given by

det
(

δG(Aα)

δα

)
= det

(
1

gym
∂

µ
∇̂µ

)
. (7.44)

One can also represent the determinant as a functional integral over a new set of anti-

commuting fields as

det
(

1
gym

∂
µ
∇̂µ

)
=

∫
DcDc ei

∫
d4xc(−∂µ∇̂µ)c. (7.45)

where the factor of 1/gym is absorbed into normalization of the fields c and c. With this,

one gets a new term in L as ghost Lagrangian:

Lghost = c(−∂
µ
∇̂µ)c, (7.46)

Then, the functional integral becomes

Z =
∫

Dα

∫
DA DcDc eiS[A]ei

∫
d4xc(−∂µ∇̂µ)cδ(G(Aα)). (7.47)

One can see from the functional integral that there is still a free parameter function

wa(x). Finally, we will integrate overall wa(x) with a Gaussian weight centered on wa = 0

to get

Z =
∫

Dα

∫
DA DcDc eiS[A]ei

∫
d4xc(−∂µ∇̂µ)ce

−i
∫

d4x 1
2ξg2ym

(∂µAa
µ)

2

. (7.48)

This is the final form of the generating functional. Now including the fermions, the final
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Lagrangian for the QCD is given by

LQCD =− 1
4g2

ym
FaµνFa

µν −
1

2ξg2
ym

(∂µAa
µ)

2 + c(−∂
µ
∇̂µ)c+ψ(iγµ

∇µ −m)ψ. (7.49)

where ∇µ is the gauge covariant derivative in fundamental representation.

7.4.1 Derivation of 1-loop effective action

Now, that we know the exact Lagrangian of the QCD, we will derive the 1-loop effec-

tive action. To do that, we use a technique called the Background Field Method () [51,

263]. It is a technique for quantizing gauge field theories without losing explicit gauge

invariance. This method makes the gauge theories’ computations much easier and easily

understandable. We start with the bare Lagrangian of QCD in Euclidean spacetime [264]

LQCD =− 1
4g2

0
FaµνFa

µν +ψ(iγµ
∇µ −m)ψ, (7.50)

with

Faµν =∂µAa
ν −∂νAa

µ + f abcAb
µAc

ν, (7.51)

∇µ =∂µ +Aµ = ∂µ +T aAa
µ, (7.52)

where g0 ≡ gym is the bare YM coupling constant, ∇µ is the gauge covariant derivative in

fundamental representation and T a are the generators of the Lie group. In the BFM, we

split the gauge field into a classical background field and a fluctuating quantum field:

Aa
µ → Aa

µ + Ãa
µ. (7.53)

Here, we will treat the classical field Aa
µ as a fixed field configuration and the fluctuating

quantum part Ãa
µ as an integration variable of the functional integral. With this, the Yang-
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Mills field strength becomes as

Fa
µν →∂µAa

ν −∂νAa
µ + f abcAb

µAc
ν +∂µÃa

ν −∂νÃa
µ + f abcÃb

µÃc
ν + f abc(Ab

µÃc
ν −Ab

νÃc
µ)

=Fa
µν + ∇̂µÃa

ν − ∇̂νÃa
µ + f abcÃb

µÃc
ν, (7.54)

where Fa
µν is the field strength of classical field Aa

µ and ∇̂µ is the gauge covariant derivative

in adjoint representation given as

∇̂µÃa
ν ≡ ∇

ab
µ Ãb

ν, where ∇
ab
µ = δ

ab
∂µ + f acbAc

µ. (7.55)

Then, the fermionic part of Lagrangian will also change to

ψ γ
µ

∇µ ψ → ψ γ
µ

∇µ ψ+ψ γ
µ Ãµ ψ. (7.56)

Now the covariant derivatives are with respect to the fixed classical background field Aa
µ. If

the classical field is fixed, then the Lagrangian has a local gauge symmetry according to the

following transformations on Ãa
µ:

Ãa
µ → Ãa

µ + ∇̂µα
a + f abcÃb

µα
c. (7.57)

As we mentioned, one needs to fix the gauge to define the functional integral. For that, we

use the Faddeev-Popov procedure. We choose a gauge-fixing condition which is covariant

with respect to the background field:

Ga(A) = ∇̂
µÃa

µ −wa. (7.58)
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We use the same tricks as before to get the Faddeev-Popov determinant which generates an

additional term in the Lagrangian as

LFP = ca(−∇̂
2)abcb, (7.59)

where (∇̂2)ab ≡ (∇̂µ∇̂µ)
ab = ∇̂µac∇̂cb

µ . As we discussed before, we also have an additional

gauge-fixing term in the Lagrangian with respect to the chosen gauge-fixing condition. The

gauge fixing term in the Lagrangian is given by

LGF =− 1
2ξg2

0
(∇̂µÃa

µ)
2. (7.60)

where ξ is the gauge parameter. For the rest of our calculations, we choose ξ = 1 which is

the Feynman-t’ Hooft gauge. Then, the gauge-fixed QCD Lagrangian is

L = LY M +LFP +LGF +LF , (7.61)

where

LY M =− 1
4g2

0

(
Fa

µν + ∇̂µÃa
ν − ∇̂νÃa

µ + f abcÃb
µÃc

ν

)2
, (7.62)

LFP =ca(−∇̂
2)abcb, (7.63)

LGF =− 1
2g2

0
(∇̂µÃa

µ)
2, (7.64)

LF =ψ γ
µ

∇µ ψ+ψ γ
µ Ãµ ψ. (7.65)

Now come to the calculation of effective action to one-loop order. First, we will write

the generating functional as

Z[A, j,η,η] =
∫

Da Dψ Dψ Dc Dc e
∫

d4x(L+ jaµaa
µ+ψη+ψη), (7.66)
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where L is given in 7.61. We keep only the terms quadratic in fluctuations because the

terms linear in the fluctuating field Ãa
µ become zero due to the equations of motion of back-

ground gauge field Aa
µ . The quadratic terms in Ãa

µ coming from the Yang-Mills Lagrangian

combined with the gauge fixing term are

L(2)
g =

1
2g2

0
aa

µ

(
δµν(∇

2)ab +2 f acbFc
µν

)
ab

ν =
1

2g2
0

aµ

(
δµν∇̂

2 +2F̂µν

)
aν, (7.67)

where we write in the shorthand notation by suppressing color indices. The ghost field

Lagrangian is already quadratic in fluctuations as

L(2)
FP = ca(∇2)abcb = c∇̂

2c, (7.68)

Finally, the quadratic terms in fermion Lagrangian are

L(2)
q =

N f

∑
i=1

ψi(γ
µ
∇µ)ψi. (7.69)

Then, after doing all Gaussian integrations (E.2), we end up with the following generating

functional:

Z[A] = e
− 1

4g2
0

∫
d4x Fa

µνFa
µν
[
Det(−∇̂

2
δµν −2F̂µν)

]−1/2 [
Det(−∇̂

2)
] N f

∏
i=1

Det
[
γµ∇µ

]
. (7.70)

By defining Euclidean Effective action as Z = e−ΓE , we get the 1-loop effective action as

ΓE =− 1
4g2

0

∫
d4x Fa

µνFa
µν+Γg+Γq =− 1

4g2
0

∫
d4x Fa

µνFa
µν+

∫
d4x Lg+

∫
d4x Lq, (7.71)

where

Γg =
1
2

Tr ln
(
−∇̂

2
δµν −2F̂µν

)
−Trln(−∇̂

2), (7.72)

Γq =−N f Trln(γµ∇µ). (7.73)
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As one can see now, the problem of finding the 1-loop effective action becomes the

problem of evaluating functional determinants. An efficient tool to evaluate the functional

determinants is the Schwinger proper time method or Heat Kernel method [265–268]. The

details regarding the heat kernel method are given in Appendix E.1. According to this

method, the trace of an operator is calculated from the coincidence limit of the operator

matrix [269]. Consider an operator of form K =−∇2+V , then the trace of lnK is given by

Tr lnK =−
∫

∞

0

dτ

τ

1
(4πτ)d/2 H(x,x;τ), (7.74)

where H(x,x;τ) =
∫

ddx ∑
∞
n=0 τn trbn is the Heat kernel corresponding to the operator K

and bn are the Seeley-deWitt coefficients at zero temperature [267]. Here, d is the number

of dimensions, and tr := trc trd trl denotes the traces over color, Dirac, and Lorentz indices.

To evaluate thermodynamic potential, one has to find the Seeley-deWitt coefficients at finite

temperatures. At finite temperatures, the expression for H(x,x;τ) gets an overall factor term

[270]. Later, it is found that the expression is incomplete and this incompleteness is due to

the A0 term behaving differently at finite temperature [271]. The heat kernel expansion at

finite temperature is given by [272]

Tr lnK =−
∫

∞

0

dτ

τ

1
(4πτ)d/2

∫
ddx

∞

∑
n=0

τ
nbT

n (x), (7.75)

where the Seeley-deWitt coefficients at finite temperature (up to mass dimension 4) are

given in terms of coefficients at zero temperature as follows

bT
0 (x) = tr(ϕ0b0) = tr(ϕ0), (7.76)

bT
1 (x) = tr(ϕ0b1) = tr(−ϕ0V ), (7.77)

bT
2 (x) = tr

(
ϕ0b2 −

1
6

ϕ2E2
i

)
= tr

(
1
2

ϕ0V 2 − 1
3

ϕ0E2
i +

1
12

ϕ0F2
i j

)
, (7.78)

where b0,b1,b2 are Seeley-deWitt coefficients at zero temperature, E2
i = Ea

i Eai , ϕ2 = ϕ0+
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2ϕ2, Ea
i = Fa

0i and

ϕ
±
n (L) = (4πτ)1/2 1

β
∑
p±0

τ
n/2RneτR2

, R = ip±0 − 1
β

ln(L), β =
1
T
, (7.79)

p+0 =
2πk
β

(for bosons), p−0 =
2π

β

(
k+

1
2

)
(for fermions),k ∈ Z, (7.80)

with L being the untraced Polyakov loop given by

L = T exp
[
−
∫ x0+β

x0

A0(x′0,x)dx′0

]
. (7.81)

where T refers to temporal ordering and A0 = Aa
0T a, where T a are the generators of the Lie

group. Notice that L is a matrix in color space.

Now we presented the general formalism for finding the 1-loop effective action. We are

considering the classical background field to be of form:

Aa
0 = 0, Aa

i ̸= 0. (7.82)

With the above ansatz, one can see that the A0 = 0 =⇒ L = I (Identity in color space).

With this choice, we are considering the system in the deconfined QGP phase.

Now we will evaluate the contributions of gluons (Eq. 7.72) and fermions (7.73) to

effective action separately.

Gluon Contribution

In this subsection, we will see gluons’ contribution to the one-loop effective action. It

is given as

Γg =
1
2

Tr ln
(
−∇̂

2
δµν −2F̂µν

)
−Trln(−∇̂

2). (7.83)
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Applying the Heat kernel expansion procedure (7.75), we get

Γg =−1
2

Λ
2ε

∫
∞

0

dτ

τ

1
(4πτ)d/2

∫
ddx

∞

∑
n=0

τ
nbT

n,g(x) :=
∫

ddxLg, (7.84)

where

Lg =−1
2

Λ
2ε

∫
∞

0

dτ

τ

1
(4πτ)d/2

∞

∑
n=0

τ
nbT

n,g(x), (7.85)

with bT
n,g = bT

n,gl −2bT
n,gh are Seeley-deWitt coefficients, the first one (bT

n,gl) corresponds to

the gluon operator (1st term in Eq.(7.72)) and the second one (bT
n,gh) corresponds to the ghost

operator (2nd term in Eq. (7.72)). We use dimensional regularization to regulate ultraviolet

divergences by choosing the convention d = 4−2ε and introducing a mass renormalization

scale Λ2ε.

The explicit expressions for the coefficients are given by [272]

bT
0,g = (d −2) trc(ϕ

+
0 ), (7.86)

bT
1,g = 0, (7.87)

bT
2,g =

(
−2+

d −2
12

)
trc(ϕ

+
0 F̂2

µν)−
d −2

6
trc(ϕ

+
2 Ê2

i ), (7.88)

In the above, ϕ+
n (L) corresponds to bosonic versions and all the terms are in the adjoint

representation. trc is trace over color indices.

Let us rewrite the gluon effective Lagrangian as follows

Lg = L0,g +L1,g +L2,g + ..., (7.89)

where L0,g,L1,g,L2,g, ... corresponds to bT
0,g,b

T
1,g,b

T
2,g, .., respectively. While evaluating the

functional determinants, we encounter the following type of integrals

I+n,α =
∫

∞

0
dτ τ

ε
τ

α−1
ϕ
+
n . (7.90)
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These integrals can be done in a closed form (See Appendix E.2) and is given by

I+n,α = 4π
1/2in

1
β

(
β

2π

)2ε(
β

2π

)2α+1

Γ

(
α+ ε+

n
2
+

1
2

)
ζ(2α+2ε+1), (7.91)

where Γ(z) is the Gamma function and ζ(s) is the Riemann Zeta function. Now, we will

find each term’s contribution to the effective Lagrangian. The zeroth order term requires

only one integral I+0,−2.

L0,g =−1
2

Λ
2ε

∫
∞

0

dτ

τ

1
(4πτ)d/2 bT

0,g (7.92)

=− 1
(4π)2 (N

2 −1)(4πΛ
2)ε

∫
∞

0
dττ

ε−3
ϕ
+
0 (7.93)

=− 1
(4π)2 (N

2 −1)(4πΛ
2)εI+0,−2 (7.94)

=−2
β

4
π

3/2(N2 −1)(4πΛ
2)ε

(
β

2π

)2ε

Γ

(
ε− 3

2

)
ζ(2ε−3) (7.95)

=−π2

45
T 4(N2 −1), (7.96)

where we used the following expansions in the last expression as ε → 0:

Γ(ε− 3
2
)≈ 4

3
√

π+O(ε), (7.97)

ζ(2ε−3)≈ 1
120

+O(ε). (7.98)

The above zero-order term corresponds to the free gluons’ contribution. The first-order

term is zero because bT
1,g = 0. Similarly, we can find the second-order term’s contribution

as follows

L2,g =−1
2

Λ
2ε

∫
∞

0

dτ

τ

1
(4πτ)d/2 τ

2bT
2,g. (7.99)

Using the bT
2,g and integrals notation (I+n,α), we can evaluate as follows

L2,g =
1

(4π)2
11
12

(4πΛ
2)εI+0,0trc(F̂2

µν)+
1

(4π)2
1
6
(4πΛ

2)ε(I+0,0 +2I+2,0)trc(Ê2
i ) (7.100)
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=
1

(4π)2
11
12

2π
−1/2

[
(4πΛ

2)ε

(
β

2π

)2ε

Γ

(
ε+

1
2

)
ζ(2ε+1)

]
trc(F̂2

µν)

+
1

(4π)2
1
6

2π
−1/2

[
(4πΛ

2)ε

(
β

2π

)2ε

ζ(2ε+1)
(

Γ

(
ε+

1
2

)
−2Γ

(
ε+

3
2

))]
trc(Ê2

i )

(7.101)

=
1

(4π)2
11
12

[
1
ε
+ γE + ln(4π)

]
trc(F̂2

µν)+
11
6

1
(4π)2 ln

(
Λ

4πT

)
trc(F̂2

µν)−
1
3

1
(4π)2 trc(Ê2

i ).

(7.102)

where we used the following expansions in the last expression as ε → 0:

Γ(ε+
1
2
)≈

√
π+

√
π ψ

(
1
2

)
ε+O(ε2), (7.103)

ζ(2ε+1)≈ 1
2ε

+ γE +O(ε), (7.104)

Γ(ε+
3
2
)≈

√
π

2
+

√
π

2
ψ

(
3
2

)
ε+O(ε2), (7.105)

where ψ(z) is the Digamma function and γE is the Euler’s constant.

One can see that the first term has a pole at ε= 0 and the divergent terms can be removed

by adopting the MS scheme. We will discuss this method in the next section along with

quarks.

Finally, combining all terms up to mass dimension 4, we get

Lg = L0,g +L1,g +L2,g (7.106)

=−π2

45
T 4(N2 −1)+

1
(4π)2

11
12

[
1
ε
+ γE + ln(4π)

]
trc(F̂2

µν)+
11
6

1
(4π)2 ln

(
Λ

4πT

)
trc(F̂2

µν)

− 1
3

1
(4π)2 trc(Ê2

i ). (7.107)
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Quark Contribution

Here, we will study the contribution of quarks to the one-loop effective action. It is

given by

Γq =−N f Trln(γµ
∇µ), (7.108)

To apply the heat kernel procedure, we need to find the Klein-Gordon operator related to

the above one. One can use the following manipulations:

Tr ln(γµ
∇µ) =

1
2

Tr ln(−(γµ
∇µ)

2), −(γµ
∇µ)

2 =−∇
2 − 1

2
σ

µνFµν, σ
µν =

1
2
[γµ,γν], (7.109)

which makes the quark effective action as

Γq =−
N f

2
Tr ln

(
−∇

2 − 1
2

σ
µνFµν

)
. (7.110)

Now, again using Heat kernel expansion (7.75), we get

Γq =
N f

2
Λ

2ε

∫
∞

0

dτ

τ

1
(4πτ)d/2

∫
ddx

∞

∑
n=0

τ
nbT

n,q(x) :=
∫

ddxLq, (7.111)

where

Lq =
N f

2
Λ

2ε

∫
∞

0

dτ

τ

1
(4πτ)d/2

∞

∑
n=0

τ
nbT

n,q(x) (7.112)

with bT
n,q being the Seeley-deWitt coefficients which are given by

bT
0,q = 4 trc(ϕ

−
0 ), (7.113)

bT
1,q = 0, (7.114)

bT
2,q =−2

3
trc(ϕ

−
0 F2

µν)−
2
3

trc(ϕ
−
2 E2

i ), (7.115)
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where ϕ−
n (L) is the fermionic version and all the terms are in fundamental representation.

Similarly, let us rewrite the quark-effective Lagrangian as

Lq = L0,q +L1,q +L2,q + ..., (7.116)

where L0,q,L1,q,L2,q, ... corresponds to the coefficients bT
0,q,b

T
1,q,b

T
2,q, .., respectively. We

can proceed to evaluate the terms individually. We note that we encounter the same type of

integrals as in the gluon case [See Appendix E.2]:

I−n,α =
∫

∞

0
dτ τ

ε
τ

α−1
ϕ
−
n = 4π

1/2in
1
β

(
β

2π

)2ε(
β

2π

)2α+1

Γ

(
α+ ε+

n
2
+

1
2

)
ζ

(
2α+2ε+1,

1
2

)
,

(7.117)

where ζ(a,z) = Σ∞
n=0(n+ z)−a is the generalized Riemann-zeta function. Now, the zeroth

order term of quark effective Lagrangian is

L0,q =
N f

2
Λ

2ε

∫
∞

0

dτ

τ

1
(4πτ)d/2 bT

0,q(x) (7.118)

= 2NN f Λ
2ε

∫
∞

0

dτ

τ

1
(4πτ)d/2 ϕ

−
0 (7.119)

=
2

(4π)2 NN f (4πΛ
2)εI−0,−2 (7.120)

= 4NN f T 4
π

3/2(4πΛ
2)ε

(
β

2π

)2ε

Γ

(
ε− 3

2

)
ζ

(
2ε−3,

1
2

)
(7.121)

=−7π2

180
NN f T 4, (7.122)

where we used the following expansions of Gamma and generalized Riemann zeta functions

as ε → 0:

Γ(ε− 3
2
)≈ 4

3
√

π+O(ε), (7.123)

ζ(2ε−3,
1
2
)≈− 7

960
+O(ε). (7.124)
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The above zero-order term corresponds to the free quarks’ contribution. The first-order

term is zero because bT
1,q = 0. Similarly, we can find the second order’s contribution as

follows

L2,q =
N f

2
Λ

2ε

∫
∞

0

dτ

τ

1
(4πτ)d/2 τ

2bT
2,q (7.125)

=− 1
(4π)2

N f

3
(4πΛ

2)εI−0,0trc(F2
µν)−

1
(4π)2

N f

3
(4πΛ

2)ε(I−0,0 +2I−2,0)trc(E2
i ) (7.126)

=− 1
(4π)2

N f

3
2π

−1/2

[
(4πΛ

2)ε

(
β

2π

)2ε

Γ

(
ε+

1
2

)
ζ

(
2ε+1,

1
2

)]
trc(F2

µν)

− 1
(4π)2

N f

3
2π

−1/2

[
(4πΛ

2)ε

(
β

2π

)2ε

ζ

(
2ε+1,

1
2

)(
Γ

(
ε+

1
2

)
−2Γ

(
ε+

3
2

))]
trc(E2

i )

(7.127)

=− 1
(4π)2

N f

3

[
1
ε
+ γE + ln(4π)

]
trc(F2

µν)−
N f

3
1

(4π)2

[
2ln
(

Λ

4πT

)
+2ln4

]
trc(F2

µν)

+
1

(4π)2
2
3

N f trc(E2
i ). (7.128)

where we used the following expansions in the last expression as ε → 0:

Γ(ε+
1
2
)≈

√
π+

√
π ψ

(
1
2

)
ε+O(ε2), (7.129)

ζ(2ε+1,
1
2
)≈ 1

2ε
+ γE +2ln2+O(ε), (7.130)

Γ(ε+
3
2
)≈

√
π

2
+

√
π

2
ψ

(
3
2

)
ε+O(ε2), (7.131)

where ψ(z) is the Digamma function and γE is the Euler’s constant.

Here also, we can see that the first term has a pole as ε = 0. Combining all the terms in

quark contribution (up to mass dimension 4), we get as in [272]

Lq =−7π2

180
NN f T 4− 1

(4π)2
N f

3

[
1
ε
+ γE + ln(4π)

]
trc(F2

µν)−
N f

3
1

(4π)2

[
2ln
(

Λ

4πT

)
+2ln4

]
trc(F2

µν)+
1

(4π)2
2
3

N f trc(E2
i ). (7.132)
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Renormalized Lagrangian

Finally, we will see how to deal with divergent terms in both gluon and quark effective

actions. Consider the divergent terms in quark and gluon along with the tree Lagrangian:

L0 +Ldiv
g +Ldiv

q =− 1
4g2

0
FaµνFa

µν +
1

(4π)2
11
12

[
1
ε
+ γE + ln(4π)

]
trc(F̂2

µν)

− 1
(4π)2

N f

3

[
1
ε
+ γE + ln(4π)

]
trc(F2

µν). (7.133)

Using the trace properties of SU(N) matrices (trc(F̂2
µν) = N trc(F2

µν) =
N
2 FaµνFa

µν), we get

L0 +Ldiv
g +Ldiv

q =− 1
4g2(Λ)

FaµνFa
µν, (7.134)

with the standard one-loop beta function using MS scheme [30, 272],

1
g2(Λ)

=
1
g2

0
−β0

(
1
ε
+ ln(4π)+ γE

)
, β0 =

1
(4π)2

(
11
3

N − 2
3

N f

)
. (7.135)

Finally, putting together all the terms (both gluon and quark) up to mass dimension 4,

we find the renormalized Lagrangian to be

L =−π2

45
T 4(N2−1)− 7π2

180
NN f T 4+

[
− 1

4g2(Λ)
+

1
2

β0 ln
(

Λ

4πT

)
− 1

(4π)2
N f

3
ln4
]

FaµνFa
µν

+
1
3

1
(4π)2 (N f −N)EaiEa

i . (7.136)

7.4.2 Thermodynamic Potential of QGP

With the known partition function, one can find the thermodynamic potential as

Ω(T ) =−T
V

lnZ(T ), (7.137)

If we know the thermodynamic potential, we can derive other thermodynamic quantities

such as pressure P, entropy density S, energy density ε, trace anomaly Θ
µ
µ and speed of
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sound c2
s using the following expressions:

P =−Ω, S =−∂Ω

∂T
, ε =−P+T S, (7.138)

Θ
µ
µ = ε−3P, c2

s ≡
∂P
∂ε

. (7.139)

Using the renormalized Lagrangian, we get the thermodynamic potential to be

Ω(T )=−π2

45
T 4(N2−1)− 7π2

180
NN f T 4+

T
V

[
− 1

4g2(Λ)
+

1
2

β0 ln
(

Λ

4πT

)
− 1

(4π)2
N f

3
ln4
]

[∫
d4xFaµνFa

µν

]
+

T
3V

1
(4π)2 (N f −N)

[∫
d4xEaiEa

i

]
. (7.140)

Before discussing specific cases, we consider the one-loop running coupling constant. By

rewriting the coupling constant at some energy scale as [253, 273]

αs(Λ)≡
g2(Λ)

4 π
=

1
4 π β0 ln(Λ2/Λ2

MS
)
. (7.141)

One can fix the scale Λ2
MS

which is the QCD energy scale, by knowing the running coupling

constant value at some energy scale. These kinds of measurements are usually obtained

from Lattice calculations. In particular, by setting αs(1.5GeV) = 0.326 [274], we can fix

the Λ2
MS

= 176MeV for one-loop running coupling constant. We choose the renormalization

scales to be Λ = 2πT . With these in mind, we evaluated the thermodynamic quantities for

different configurations in the next section.

In the plots, we normalized the quantities with respect to the ideal gas limits which are

given as [275]

Pid =
π2

45
T 4(N2 −1)+

7π2

180
T 4NN f , (7.142)

εid =
π2

15
T 4(N2 −1)+

7π2

60
T 4NN f , (7.143)

Sid =
4π2

45
T 3(N2 −1)+

7π2

45
T 3NN f . (7.144)
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7.5 Thermodynamic properties of QGP with different background fields

The main quantity in describing the thermodynamic properties is the thermodynamic

potential obtained in the previous section (Eq. 7.140). This section follows the work we did

in [52]. In this section, we consider different backgrounds obtained in the previous chapters.

We first consider a spatially homogeneous and isotropic condensate (Sec: 7.5.1), followed

by a modified condensate (with the introduction of quarks) (Sec: 7.5.2), and conclude with

a GW-modified condensate (Sec: 7.5.3).

7.5.1 Condensate Model

In this case, we consider a spatially homogeneous and isotropic condensate which is

well studied in the previous chapters (5 & 6) :

Aa
0 = 0, Aa

i = δ
a
i U(t), (7.145)

where a, i = 1,2,3 for SU(2) and U(t) is the solution of YM equations in Euclidean space-

time given as

U(t) = c1sn[c1(−it + c2),−1]. (7.146)

With this classical condensate as a background field, we found thermodynamic potential

to be

Ω =−π2

45
T 4(N2 −1)− 7π2

180
NN f T 4 −2

[
− 1

4g2(Λ)
+

1
2

β0 ln
(

Λ

4πT

)
− 1

(4π)2
N f

3
ln4
]

c3
1

(
c1 −2iT cn(c1c2,−1)sn(c1c2,−1)dn(c1c2,−1)+2iT cn(c1(c2 −

i
T
),−1)sn(c1(c2 −

i
T
),−1)

dn(c1(c2 −
i
T
),−1)

)
− 1

3
1

(4π)2 (N f −N)c3
1 (2c1 − iT cn(c1c2,−1)sn(c1c2,−1)dn(c1c2,−1)

+iT cn(c1(c2 −
i
T
),−1)sn(c1(c2 −

i
T
),−1)dn(c1(c2 −

i
T
),−1)

)
, (7.147)

where c1 and c2 are the initial conditions of the condensate. We considered the SU(2) QCD
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model with 2 fermion flavours which means N = 2 and N f = 2.

If one considers the condensate a separate non-dynamical background field away from

the thermodynamic equilibrium, we can treat the constants c1 and c2 as individual variables.

Then, the thermodynamic potential will be a function of c1, c2 and T . For simplicity, we

first consider the effect of only c1 on Ω. We find that for a particular temperature, the

thermodynamic potential shows a three-well potential in the parameter c1. This is shown

in Fig. 7.4. With the increasing temperature, the point of the false vacuum is moving away

from the origin. If one considers the system starting at a high c1 value, then the system

tries to reach equilibrium by getting to the minimum. As one can see the system first

reaches a false bottom/vacuum as it moves toward minima and then, finally reaches a true

vacuum in which the thermodynamic potential is minimum. This view is the same as that

of inflationary theory. The main difference is that one gets the inflationary type potential

without introducing any scalar particle but with gauge fields alone. This line of study,

using gauge fields to drive inflation has been researched by many authors [36]. However,

here, we show that this kind of inflationary scenario can occur at any particular temperature

as opposed to the traditional view of inflation, which is driven by the temperature. As

we discussed earlier, all this happens when one treats the condensate as an independent

background field.

((a)) Ω as a function of c1 ((b)) Ω as a function of T

Figure 7.4: Figures showing the thermodynamic potential Ω as a function of c1 and T . For
this, we set ΛMS = 176 MeV.

But, if we treat the condensate along with fluctuations in the thermodynamic equilib-
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rium, then one has to modify the variables c1 and c2 to accommodate the temperature depen-

dence. This is because to match with the Matsubara frequencies formalism (interpreting the

period of fields in imaginary time as inverse temperature), we have to do one-to-one map-

ping of the period of Jacobi functions to temperature. We use the fact that the period of the

above condensate solution is 4 K(m)/c1. After interpreting this as an inverse temperature,

we get c1 = 4iK(−1)T , where K(m) is the Complete Elliptic integral of the first kind while

c2 is still independent of temperature. Now, the thermodynamic potential (Ω) is a function

of temperature T and c2. After plugging c1 in Eq. (7.147) and using periodic properties

of Jacobi elliptic functions, we found that that the terms involving c2 will get cancel each

other leaving the thermodynamic potential to be a function of temperature T .

Ω(T ) =−π2

45
T 4(N2−1)− 7π2

180
NN f T 4−2

[
− 1

4g2(Λ)
+

1
2

β0 ln
(

Λ

4πT

)
− 1

(4π)2
N f

3
ln4
]

(4iK(−1)T )4 − 1
3

1
(4π)2 (N f −N)2(4iK(−1)T )4. (7.148)

With this, we calculated the other thermodynamic quantities such as pressure, entropy den-

sity, and energy density, and plots were shown in Fig. 7.5.

Figure 7.5: Figures showing the normalized pressure, entropy density, and energy density
as a function of temperature T (MeV). For this, we set N = 2, N f = 2 and ΛMS = 176 MeV.
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From the plots, it is clear that we have a thermodynamic system with negative pressure,

entropy density, and as well as energy density. This shows the system with condensate

only does not exist at finite temperatures. The partition function calculations are based

on grand canonical ensemble formalism which suggests the existence of a thermal bath

at some temperature T that allows for the exchange of energy and particles. If we take

the condensate to be at the same temperature as quantum fluctuations, then the condensate

has to exchange energy with fluctuations via its fluctuation modes. If we still keep only

condensate, then it allows for a negative energy density state.

There are investigations on the search for a non-trivial QCD ground state by analyzing

the effective action that depends on the vacuum expectation value of the gauge field operator

[264, 276, 277]. This non-trivial ground state is approximated using different types of

condensates such as chromomagnetic and chromoelectric gluon condensates. It was found

that the true vacuum state of Yang-Mills theory is described by a nonzero chromomagnetic

gluon condensate having a negative energy density. Our work provides a finite temperature

extension to the investigations on the existence and stability of condensates in the true

vacuum of YM theory [276].

In the later section (Sec: 7.5.3), we will see that the condensate along with the fluctua-

tions can exist at a finite temperature.

7.5.2 Modified Condensate Model

In this section, we consider the modified condensate ansatz which is a modification of

the original ansatz due to its interaction with quarks (Sec: 6.1.1):

Aa
0 = 0 : Aa

i = δ
a
i U(t)+ Ãa

i (t). (7.149)

where Ãa
i are the fluctuations in condensate configuration generated due to the backreaction

of quarks on condensate. The expressions for these fluctuations functions are obtained in

Sec: 6.1.1. As these fluctuations are very small, these impacts are also very small.
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The form of thermodynamic potential is the same as in the previous case Eq. (7.140).

With the modification of ansatz, the expression of FaµνFa
µν changes to

FaµνFa
µν = 2

[(
(Ã1

2)
2 +(Ã2

1)
2 +(Ã2

2 +U)2)(Ã3
3 +U)2 +

(
Ã1

2Ã2
1 − (Ã1

1 +U)(Ã2
2 +U)

)2

+(∂t Ã1
2)

2 +(∂t Ã2
1)

2 +(∂tU +∂t Ã1
1)

2 +(∂tU +∂t Ã2
2)

2 +(∂tU +∂t Ã3
3)

2] , (7.150)

and Ea
i Eai changes to

Ea
i Eai = (∂t Ã1

2)
2 +(∂t Ã2

1)
2 +(∂t Ã1

1 +∂tU)2 +(∂t Ã2
2 +∂tU)2 +(∂t Ã3

3 +∂tU)2. (7.151)

With these changes, we found the thermodynamic potential and other thermodynamic quan-

tities. Since we are not able to find the analytical solutions for some of the perturbation

functions (Ã1
1, Ã

2
2, Ã

3
3), we find the numerical solutions for the thermodynamic quantities.

We found that all the thermodynamic quantities are the same as in the previous case. This

is due to the very small magnitudes of the fluctuations. Thus, we did not explore this fur-

ther. For comparison, we plotted the pressure when condensate is at a different temperature

than quantum fluctuations in Fig. (7.6).

Figure 7.6: Comparison of pressure in two different cases. The black line corresponds to
the condensate ansatz and the red dots correspond to the modified condensate ansatz. We
choose c1 = 300 and c2 = 0.
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7.5.3 Gravitational wave modified condensate model

In this section, we study the effect of a GW on the thermodynamics of QGP. For this, we

consider the GW-dependent condensate configuration studied in Sec: 5.2. In that section,

we studied the condensate + fluctuations model (in tensor decomposition) in the presence of

GWs. We found that the transverse traceless modes can be generated from the interactions

between condensate and GWs. We use this solution because of its simplicity and it is the

only analytical solution we were able to found in case of condensates. The gauge field

configuration in the presence of GW is given by

Aa
i = δ

a
i U(t)+δ

a jÃ ji +
1
2

δ
a jh jiU(t), (7.152)

where U(t) is the spatially homogeneous and isotropic condensate, Ã ji are the fluctuations

without GWs and h ji is the +-polarised GW with h11 = −h22 = h+ = A+ cos(ωg(t − z)).

Consider the fluctuations Ã ji = 0, then the gauge field to be of form Aa
i = diag (U +

1
2h+U,U − 1

2h+U,U).

The form of thermodynamic potential is the same as in the previous cases (Eq. 7.140).

As the gauge field is different, FaµνFa
µν and Ea

i Eai changes to

FaµνFa
µν = 6U ′2 +6U4 −6h2

+U4 +
9
8

h4
+U4 − 1

8
h6
+U4 −3h2

+U ′2 −2h+UU ′
∂th+

+U2 [(∂zh+)2 +(∂th+)2] , (7.153)

and

Ea
i Eai = 3U ′2 − 3

2
h2
+U ′2 −h+UU ′

∂th++
1
2

U2(∂th+)2. (7.154)

For simplicity, we consider only the time dependence in GW. When everything is

in equilibrium, we have to fix the constants in expressions of condensate and GW. For

condensate, we already found that the constant c1 has a linear relationship with T (c1 =

4 i K(−1) T ). Using the same analysis, we also found that the ωg is related to T by the
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relation: ωg = 2π i T . With that, we have a thermodynamic potential dependent on the

temperature T , c2 and A+. By setting c2 = 0 and considering small amplitudes for A+, we

recover the standard thermodynamic behaviour of QGP as obtained in Lattice QCD calcu-

lations or other perturbative QCD techniques such as three loop HTL theory [278]. The

plots of Pressure, energy density, and entropy density normalized to the idealized quantities

are shown in Fig. (7.7).

Figure 7.7: The plots of normalized pressure, entropy density, and energy density as a
function of temperature T (MeV). We choose A+ = 0.001, c2 = 0, and ΛMS = 176 MeV.

((a)) c2
s as a function of T ((b)) Θ

µ
µ as a function of T

Figure 7.8: Figures showing the speed of sound c2
s and trace anomaly Θ

µ
µ as a function of

temperature T (MeV). We choose A+ = 0.001, c2 = 0, and ΛMS = 176 MeV.

Another important quantity that is conveniently calculated on the lattice is the trace

anomaly or interaction measure (Θµ
µ = ε−3P) defined as the trace of the energy-momentum

tensor. One can also discuss another quantity that is relevant for dealing with phase transi-
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tion is the speed of sound (c2
s ) in the deconfined medium defined as the change of pressure

with respect to energy density. It is also related to the specific heat, Cv = dε/dT as

c2
s =

∂P
∂ε

=
S

Cv
, where Cv =

dε

dT
. (7.155)

But, in our case, we are dealing with a deconfined phase, then the speed of sound is not that

much relevant. The plots for these quantities are given in Fig. (7.8).

Figure 7.9: Figure showing normalized pressure in the presence of GWs for different A+.
The blue line, red dots, and green line correspond to A+ = 0.0001, 0.01, and 1.1, respec-
tively. We choose c2 = 0 and ΛMS = 176 MeV.

As we can see we have freedom of choosing A+ and c2. Keeping c2 = 0, let us in-

vestigate the dependence of A+ on thermodynamic quantities. We plotted the normalized

pressure for different A+ in Fig. (7.9). We found that for any small magnitude A+ ≪ 1, the

quantities are constant. This can be observed from the blue line and red dots in Fig. (7.9).

Whereas for any higher magnitudes (A+ > 1), the quantities change drastically.

To check the dependency of c2, we plotted the normalized pressure for different values

on c2 while keeping A+ fixed. The plots are shown in Fig. (7.10). We found that the

thermodynamic quantities do not depend on c2. This observation is the same as in the case
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of condensate. Ultimately, the thermodynamic quantities are functions of temperature T

and GW amplitude, A+.

Figure 7.10: Normalized pressure for different c2 values. The blue line and red dots corre-
spond to c2 = 0 and 100, respectively. We choose A+ = 0.01 and ΛMS = 176 MeV.

As GW enters the calculations as a transverse and traceless mode with a sinusoidal type

form, any fluctuation of the same form will do the job. Thus, for a condensate type of

configuration to exist at finite temperatures, it has to include fluctuations (here, transverse

and traceless modes) along with condensate.

To compare with the lattice QCD results, we have to move to SU(3) with N f = 3 fermion

flavours. As our results work for any SU(N) gauge theory, we can extend our results to

SU(3). This way of SU(3) analysis is based on the assumption that the QCD system has

three separate SU(2) condensates which is not the case. Thus, to compare SU(3) lattice

results, one has to study the SU(3) condensates before doing the thermodynamic analysis.

This requires more investigation which is a case of future work.

7.6 Conclusion

In this chapter, we investigated many aspects of QGP and QCD phase transition and

also the effect of GWs on these phenomena. We start by giving a review of early universe

cosmology while going through different epochs. Then, we focussed on QGP and QCD
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phase transition in Sec: 7.1. We explained the importance of QGP as it holds answers to

many fundamental and interesting questions such as the formation of nuclei from quarks

and gluons. The only places on earth to study the QGP are heavy-ion colliders such as LHC,

and RHIC. The experimental studies at these colliders show that QGP does not behave as a

gas of almost free quarks and gluons but as a strongly interacting fluid. Then, we explored

the QCD phase diagram by including finite quark densities and non-zero magnetic fields.

QGP is formed at high temperatures and high densities. There are several exotic phases in

the QCD phase diagram (µ, T ). One such phase is color superconductivity, where quarks

form cooper pairs, analogous to conventional superconductivity, which forms at ultra-high

densities (higher than nuclear density) and low temperatures. We also stated the current

stages of experiments in exploring the finite density regime of the QCD phase diagram.

Then, we explored the phase transitions, particularly the QCD phase transition, that

happened in the early universe. We started with the classification of phase transitions (1st

order or 2nd order or Crossover) based on their free energy. Every phase transition is as-

sociated with symmetry-breaking phenomena. Similarly, for QCD phase transitions, it is

associated with two symmetry-breaking phenomena: Chiral symmetry breaking and Z(3)

symmetry breaking. Depending on which symmetry breaking, there are two phase transi-

tions: chiral phase transition and confinement-deconfinement phase transition. Both work

at two different regimes: chiral symmetry (only for zero mass quarks (Chiral limit)) and

Z(3) symmetry (only for pure gauge sector). In the chiral limit, the QCD phase transition is

a 1st order phase transition while in the pure gauge limit, it is of 2nd order phase transition.

We are interested in the case where the QCD phase transition goes through 1st order phase

transition due to its relevance in cosmology explained in the latter part of the section.

Continuing, we explained the importance of a cosmological 1st order QCD phase tran-

sition of the BBN. Then, we described the scenario of a QCD phase transition via homo-

geneous bubble nucleation. In a semi-classical analysis, a first-order phase transition such

as a QCD phase transition can be explained using homogeneous bubble nucleation theory.
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Thus, we explained the main aspects of the nucleation theory and gave a derivation of a

parameter called nucleation rate. The nucleation rate is the probability that a bubble of

the second phase is created in a first-phase-filled system near the critical temperature. Fol-

lowing the derivation of nucleation rate, we examined the effect of GWs on QCD phase

transition. Here, we considered the effect of GWs on the volume of a bubble which corre-

spondingly influences the nucleation rate. We found that the nucleation rate will be higher

in the presence of a GW. It means the QCD phase transition happens sooner in the presence

of a GW than without it.

Finally, we come to the main focus of the chapter: Thermodynamics of QGP using

finite temperature QFT. We started with an introduction to finite temperature QFT and gave

the derivation of the main quantity in finite QFT, the Partition function. After that, we gave

a review of functional methods in QFT along with the derivation of effective action. Then,

we turn to a crucial tool for studying QGP which is QCD. This is a non-abelian gauge

theory which means extra care has to be taken when deriving physical observables. We

gave the derivation of QCD generating functional by including the ghost fields present due

to gauge freedom. Then, we gave the derivation of 1-loop effective action for QCD using

a technique called Background Field Method. According to this method, the gauge field is

split into a classical background and a quantum field. Using this method, we end up with a

generating functional/effective action dependent on the classical background field. Now, the

evaluation of effective action depends on evaluating functional determinants. We calculated

these functional determinants using a technique called Heat kernel/Schwinger proper time

method. We calculated the effective action for a general configuration in Hamilton’s gauge

(Aa
0 = 0). From the effective action, we calculated the thermodynamic potential from which

all other thermodynamic quantities can be derived. Then, we calculated the potential for

different types of background fields. We first considered the usual spatially homogeneous

and isotropic condensate configuration as the background field. We considered two cases:

when condensate is at a different temperature than fluctuations and when condensate and
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fluctuations are in thermal equilibrium. In the first case, we found that the system has

an inflationary type of potential as a function of the c1 parameter. In the second case,

we found the thermodynamic system has a negative pressure (P), entropy density (S), and

energy density (ε), but a positive w = P/ε. This indicates the presence of a new state of

matter or it could be signifying the non-existence of condensate-only configuration at finite

temperatures. However, with the introduction of GWs, we recover the standard behaviour

with P > 0, S > 0, ε > 0 as predicted in lattice gauge theories. We introduced the GWs in

such a way that it is presented in the form of a solution of extended condensate configuration

obtained in Sec: 5.2. The work done by GWs can also be recovered with condensate +

transverse-traceless sinusoidal mode fluctuations type of background. We conclude that at

finite temperatures, the QGP condensate requires interaction with GW or induced transverse

traceless plasmons to be a stable fluid with standard behavior.
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Chapter 8

Conclusions

”The scientist does not study nature

because it is useful to do so. He studies

it because he takes pleasure in it, and

he takes pleasure in it because it is

beautiful. If nature were not beautiful it

would not be worth knowing, and life

would not be worth living.”

Henri Poincare

Gravitational Waves, the ethereal whispers of the cosmos, ripple through the very fabric

of spacetime, unveiling the majestic symphony of celestial events that shape our universe.

With each pulse, they carry the echoes of cataclysmic collisions and cosmic dances, offer-

ing humanity a profound glimpse into the hidden realms of existence, where time and space

intertwine in a magnificent cosmic ballet. It is one of the two waves that can travel across

the cosmos bringing us information about the events that happen far away. The other is

electromagnetic waves (including microwaves, radio waves, X-rays,..). EM waves consist

of oscillating electric and magnetic fields that travel at light speed. When EM waves inter-

act with a charged particle, those particles get excited and oscillate back and forth, while the

information carried by waves gets imprinted in the particles. On the other hand, the GWs

consist of oscillation of spacetime itself. The study of the cosmos with electromagnetic

telescopes started by Galileo led to a separate branch known as Electromagnetic Astron-
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omy. As the GWs can be produced by some of the strong objects in the entire cosmos and

can travel without interacting through long distances, they provide information about these

events such as the collision of binary black holes, and neutron stars, or the events in the very

early universe. The discovery of the first GWs leads to the birth of a new branch of astron-

omy known as GW astronomy. As GWs hold information about the cosmos, one needs to

understand the interaction of GWs with matter particles through which we can extract the

information. In Chapter 2, we presented a review of the interaction of GWs with different

matter fields such as scalar fields, fermionic fields, and electromagnetic waves.

Now, let us consider imagining a world where the very fabric of matter is stripped down

to its most fundamental components. In the realm of QGP, this extraordinary state of matter

emerges, akin to a cosmic furnace where quarks and gluons roam unbound, liberated from

the confines of protons and neutrons. This ephemeral phase, believed to have existed within

the first moments of the universe, holds the key to understanding the intricate framework

of particle interactions and the birth of the cosmos itself. Exotic matter of this nature is

currently being produced and studied in some of the largest experimental facilities on the

planet, including the LHC at CERN and the RHIC at BNL. The underlying theory that

is used to study the QGP and hadronization is QCD. QCD is a SU(3) non-abelian gauge

theory. In chapter 3, we described the basics of non-abelian gauge theory along with some

of the classical solutions of the theory. In heavy-ion colliders, massive gauge bosons such

as W and Z bosons were observed as opposed to the case of gluons. To investigate these

bosons, we also described the theory of Electroweak symmetry breaking (see Sec: 3.3). For

the entire thesis, we focused on dealing with SU(2) gauge theory.

In our thesis, we planned to understand the interplay between the GWs and non-abelian

gauge fields and their relation with the QGP. As QGP forms at very high temperatures, the

quarks and gluons in it can propagate as waves. With this approximation, we investigated

the interaction of GWs with non-abelian waves in Minkowski spacetime (see Sec:4.2) and

deSitter spacetime (see Sec: 4.3). For simplicity, we considered only gluons. We derived
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the linearized YM equations for the gauge field perturbations in the presence of GWs. We

find that the interaction with the GWs causes perturbations in the gauge field configurations.

Depending on the YM coupling constant (gym), we classified the YM waves into types: Type

I and Type II. Type I waves are similar to electromagnetic waves as in this case, there will

be no nonlinear terms in the YM equations of motion. We find the results of the interaction

of GWs with type I waves are the same as those interaction with EM waves. We find no

interaction between the waves when they are propagating in the parallel direction same as in

the EM case. We found that perturbed waves show a beat pattern as expected. We also find

that the nature of interaction also depends on the relative propagating direction between GW

and YM waves. In Coleman type of waves, we found a new mode of frequency
√

ω2
g +ω2

y

when waves are propagating perpendicular to each other. For the type II waves, we found

a nonzero interaction between the waves even in parallel directions. This is due to the

presence of non-linear terms in the YM equations. Even in this case, we found an overall

beat pattern for the perturbed waves. However, due to having a complicated frequency

pattern for the unperturbed type II solutions, we found there are more frequency modes

other than the usual two-beat frequencies.

In the later section 4.3, we analyze the interaction of GWs with SU(2) YM waves

in the background of de-Sitter spacetime. As GWs propagate in the expanding de-Sitter

spacetime, the expressions for GWs also become complicated (see Sec:2.1.3). We found

there is a non-zero interaction between the waves even when they are propagating in parallel

directions because of having a complicated expression for GW. We found that both types

of perturbed waves show an attenuation behaviour. Then, in section 4.4, we analyzed the

interaction of GWs with massive gauge bosons (W and Z). For this, we used the type

II wave configuration to represent W and Z bosons. We found that the GWs can perturb

the W and Z bosons and increase their magnitudes to high values rapidly signifying the

breakdown of linearized analysis. To fully understand the system, one has to investigate the

system using non-perturbative methods. This will be a work of the future.
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The heavy-ion collision experiments aimed to create the primordial soup found that the

QGP created in heavy-ion colliders does not behave as a gas of almost free quarks and

gluons but as a strongly interacting fluid. This is because the QGP created at colliders is

around the critical temperature (Tc). Under these temperatures, QGP behaves like a strongly

interacting fluid showing the features of an almost perfect fluid. In GR, the usage of perfect

fluids is very well known. In our case, we can approximate the QGP as a condensate +

fluctuations. Here, condensate resembles the fluid with perfect fluidity and the fluctuations

are to capture the deviations from perfect fluid nature. With this, we studied the condensate

+ fluctuations model in two different ways depending on the fluctuations mode decompo-

sition. In the first way, we did the fluctuations decomposition using tensor decomposition

introduced in [38]. It was found that there is a net energy exchange from the condensate

to fluctuations [38]. Then, we studied the system in the presence of a GW background.

We found that only transverse-traceless modes interact with GWs. We also found that the

transverse-traceless modes can be generated due to the interaction between GWs and con-

densate even if they were set to zero initially. Also, within this decomposition, GWs do

not interact with longitudinal modes. To include the discussion of longitudinal modes, we

considered a different decomposition: Vector decomposition. This way of decomposition

clearly distinguishes the longitudinal from the transverse modes. With this decomposition,

we studied the condensate + fluctuations (transverse + longitudinal modes) model (see Sec:

5.3). Even in this model, we found there is an energy exchange between the condensate

and fluctuations for a long time and eventually to a net energy transfer from condensate

to fluctuations. We found that the energy swap effect highly depends on the YM coupling

constant and condensate initial conditions. The energy exchange happens in an oscillatory

way instead of a monotonic decay. In this decomposition, the longitudinal modes were

also interacting with GWs. Later, we studied the system in the presence of GW (see Sec:

5.3.1). We found that the GWs can induce plasmon oscillations. We also found that the

GWs stabilize the gauge field ansatz (condensate + longitudinal modes + transverse modes)
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by delaying the condensate decay. This analysis is crucial in understanding the QGP in the

presence of GWs.

As quarks are an integral part of QGP, we investigated the dynamics of quarks in the

background of condensate (see Sec: 6.1). For this, we solved the Dirac equation in the

presence of SU(2) YM condensate in the Minkowski background. Due to the presence

of condensate, we found that there is a mixing of two fermion components from differ-

ent flavours. However, the fermion probability densities for these different fermion flavour

components remain unmixed. As the non-zero fermions fields create non-zero current den-

sities, these current densities generate the gauge field fluctuations which ultimately results

in a change of condensate configuration. The backreaction of fermions on the condensate

is investigated in Sec. 6.1.1. We found that the condensate loses its isotropic and homoge-

netic nature with the introduction of fermions. Under certain initial conditions, we obtained

a configuration such that a or i = 1,2 behaves in a different way than a or i = 3 components.

Then, we investigated the behaviour of fermions in the presence of condensate in the

GW background (see Sec: 6.2). In this case, we found two fermion components from

two different flavours become coupled due to the interaction among GW, condensate, and

fermion flavour components. Here, the two coupled components are different from the

ones without the GW case. We found that the fermion probability densities of the coupled

components are still mixed signifying the fermion flavour transition. This fermion flavour

transition is very relevant for the QGP as quarks and gluons continuously interact in QGP.

Our calculations showed the enhancement of one flavour over the other in the presence of

both GWs and condensate. We demonstrated the fermion flavour transition for a general

fermion doublet. This can be of lepton doublets or isospin doublets such as (u,d) quarks or

(c,s) quarks. In the case of an isospin doublet (u,d), if we start with a system with more

up (u) quarks, then due to interactions with condensate and GWs, we end up with a system

with more down (d) quarks than up (u) quarks. This flavour transition is also relevant for

investigating the strangeness in QGP.
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As QGP is a many-body system, one has to investigate the statistical aspects of the

system. In the second part of the thesis, we started with a review of the thermodynamic

aspects of QGP and QCD phase transition. We also explored the different aspects of the

QCD phase diagram such as colour superconductivity apart from QGP. Then, we focused

our attention on the first-order QCD phase transition due to its importance in setting the

initial conditions for the Big Bang Nucleosynthesis. As the first-order phase transition goes

through homogeneous bubble nucleation, we gave an overview of it including the derivation

of nucleation rate. Then, we studied the effect of GWs on the QCD phase transition (see

Sec: 7.3). We found that the nucleation rate in the presence of GW is higher than in the

absence of GW. It means the QCD phase transition happens faster in the presence of a GW.

Then, we investigated the thermodynamics of QGP by calculating the thermodynamic

potential of QGP in different background gauge fields using finite temperature QFT. The

background gauge fields include the usual spatially homogeneous and isotropic condensate

(see Sec: 5.1), a modified condensate ansatz (see Sec: 6.1.1) and the GW modified con-

densate configuration (see Sec: 5.2). For the condensate field, at thermal equilibrium, we

find the system has negative pressure, energy and entropy densities. As the energy density

is negative, this signifies a new form of matter or it is indicative of the non-existence of a

condensate type of configuration at finite temperatures. However, we found that we can ob-

tain the standard thermodynamic behaviour of QGP with the introduction of GWs. We also

found a different approximation for the QGP as a condensate + GWs model or a condensate

+ fluctuations (transverse- traceless sinusoidal) model. This shows the importance of GWs

in recovering the standard QGP behaviour.

8.1 Open Problems

As the QGP holds secrets to understanding the matter we are made of, it is vital to inves-

tigate it more deeply. Also, the GWs from the very early universe form a GW background

across the entire universe. Thus, the QGP in the presence of GWs is needed to be under-
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stood to understand the early universe. Thus, the following research extensions motivated

by this work, are proposed.

1. Flavour transitions induced by gravity and Strangeness in QGP

Coupling gravity with matter has been ongoing since everyone tried to unify the four

fundamental forces. In our work, using the Dirac equation in the presence of condensate

and GW, we found there is a fermion flavour transition. This project will be a QFT version

of it by examining the effect of GWs in these flavour-changing processes. This work can

also explain the enhanced strangeness in QGP. This can be done by extending my work to

SU(3) with up (u), down (d) and strange (s) quarks which might able to extend the flavour

transition process to the generation of strange quarks from the light quarks.

2. Transport Properties of QGP such as dissipation, viscosity, etc..

QGP produced in heavy-ion colliders is usually not in perfect thermal equilibrium. Col-

lision experiments show non-zero transport properties such as bulk and shear viscosities,

thermal conductivities and heat dissipation. Furthermore, its shear-viscosity observed in the

experiment is lower than that of any substance on Earth. We plan to extend our condensate

(and its modifications) models to investigate the transport properties.

3. Condensates in higher gauge groups SU(N), N > 2

In this work, we worked with SU(2) condensates. We would like to extend that work

to higher gauge groups such as SU(N). The most important higher gauge group is that of

QCD which is SU(3). A generalisation of these studies to the SU(3) theory appears to be

conceptually straightforward but technically much more involved.

4. Generalising SU(2) condensate model to curved spacetimes

While investigating the condensate + transverse-traceless modes in a GW background

(see Sec: 5.2), we used the triads to find out the analytical solutions. Using the same triad

formalism, we can extend the SU(2) condensate analysis to curved spacetimes. Using the

ADM formalism along with the triad formalism, one can extend the condensate + fluctua-

tions model to more general spacetimes. We already found that a thermodynamic model of
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QGP with only condensate as a background field cannot exist at finite temperatures. How-

ever, with the introduction of GWs, the QGP model shows a standard behaviour similar

to the lattice gauge results. In this work, we will investigate the influence of background

spacetimes on the stability of condensate. This work will help in a greater understanding of

QGP during the very early universe.

8.2 Summary

This thesis has aimed to explore the “Interaction of Gravitational waves with non-

abelian gauge fields and Quark-Gluon Plasma”. This project is an interplay between Grav-

itational waves, non-abelian gauge fields and Quark-Gluon Plasma. It involves the combi-

nation of the two pillars of modern physics: General relativity and Quantum Physics. This

work is relevant for both the Quantum Chromodynamics and gravitational physics commu-

nities. From our investigations, we conclude the following main observations:

1. GWs interact non-trivially with YM gauge fields. Some of the results include the

interaction of GWs with massive YM fields like W and Z bosons. These non-trivial

interactions might cause a change in the decay pattern of plasma that can be detected

in heavy-ion colliders such as LHC, and RHIC.

2. The QGP with an almost perfect fluid nature is approximated with a Condensate

(Plasma) + Fluctuations (plasmons) model. We found that there is an energy ex-

change between the condensate and fluctuations for a longer time than predicted in

[38]. After that, there is an oscillatory net energy transfer effect from condensate to

fluctuations.

3. With our model of QGP + GW, we found that GWs can induce plasmon oscillations

and generate fluctuations. Then, these fluctuations exchange the energy with conden-

sate. Apart from generating fluctuations, GWs also stabilize the condensate making

the energy exchange take place for even longer times.
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8.2. SUMMARY

4. When fermions interacts in the background of condensate in the presence of GWs,

we found there is an occurrence of a flavour transition of fermions. Even a small

perturbation in spacetime (like GW) can lead to a transition of fermions from one

flavour to another, like an u quark to a d quark.

5. Using finite temperature field theory, with the condensate model as background, we

found that the only-condensate model cannot exist at finite temperatures. But, with

GWs, we were able to recover the standard lattice gauge theory behaviour. Thus,

GWs are required to stabilize/ permit the condensate to exist at finite temperatures.

These findings not only contribute to the theoretical understanding of QGP but also pre-

dict what can be detectable in particle physics experiments. Looking forward, the findings

of this thesis not only illuminate the path ahead but also inspire a renewed commitment to

advancing our understanding of interdisciplinary research between General Relativity and

Quantum Physics.
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Appendix A

Linearized Gravity

In the linearized approximation, we can write the metric as

gµν(x) = ηµν +hµν(x), |hµν(x)| ≪ 1. (A.1)

The condition |hµν(x)| ≪ 1 implies that (i) the gravitational field is very weak, and (ii) sets
a restriction on coordinate systems. As we said before, the coordinates are arbitrary and
one can create weak gravitational fields in any coordinate system. It means that if in one
coordinate system, the condition holds, then we can find many other systems where this
holds. Consider a general infinitesimal coordinate transformation

x
′µ = xµ +ξ

µ(x), (A.2)

where ξµ(x) are four arbitrary infinitesimal functions of space and time. From the above
equation, we can write the

∂x
′µ

∂xν
= δ

µ
ν +∂νξ

µ, (A.3)

Using this and the inverse form of this, one can write the metric transforms as follows:

g′µν = ηµν +hµν −∂µξν −∂νξµ, (A.4)

Taking the g′µν is also of form Eq. A.1, we write the transformation of metric perturbation
as

h′µν = hµν −∂µξν −∂νξµ. (A.5)

For the above transformation to be of the form Eq. A.1, we require that |∂µξν|≲ |hµν|. Then
we say that the linearized gravity is invariant under slowly varying infinitesimal coordinate
transformations. One can see that the above transformation is analogous to gauge trans-
formation in gauge theories. In evaluating the linearized field equations, we make use of a
new metric perturbation known as trace-reversed metric perturbation, hµν ≡ hµν − 1

2ηµνhα
α.

Under the infinitesimal coordinate transformations xµ → xµ + ξµ, the trace reversed metric
perturbation (hµν) transforms as

h
′
µν(x

′) = hµν(x)+ηµν∂αξ
α −∂µξν −∂νξµ. (A.6)
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We consider the Lorenz gauge (∂µhµν(x) = 0) to simplify the field equations. We will
now show that this type of gauge choice is always possible. Consider an arbitrary met-
ric perturbation that does not satisfy the Lorenz gauge (∂µhµν(x) ̸= 0). Using the above
transformations, we can write the transformed Lorenz gauge as

∂
′µh

′
µν(x

′) = ∂
µhµν(x)−2ξν, (A.7)

We can see that even if ∂µhµν(x) ̸= 0, we can always make a transformation such that it
satisfies Lorenz gauge as long as

2ξν = ∂
µhµν(x), (A.8)

We can always find a solution to the above equation because the operator is invertible.
Therefore, one can use the coordinate invariance to choose the Lorenz gauge.

By choosing the Lorenz gauge, one gets a simplified Einstein tensor (Eq. (2.13)). This
is always possible as long as one restricts to the coordinate systems that satisfy the Lorenz
gauge. But even after the Lorenz gauge is chosen, there is still some residual gauge free-
dom. This we can see from Eq. (A.7) that even if we choose ∂µhµν(x) = 0, we can still have
the freedom of choosing ξµ(x) such that it still satisfies Lorenz gauge. This residual gauge
freedom amounts to choosing four functions (ξµ(x)) which satisfied 2ξν = 0 to remain in
Lorenz gauge.

The Lorenz gauge imposes four constraints on the trace-reversed metric perturbation.
As we see before, the residual gauge freedom is removed by choosing ξν which amounts
to another four constraints on hµν. In other words, out of 10, these constraints reduce the
radiative degrees of freedom to 10−8 = 2, thus, saying that gravity propagates at the speed
of light.
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Appendix B

Dirac Equation in general spacetimes

We start with the notations for different types of indices. a,b,c, ... represents Lie algebra
indices, µ,ν, ... represents curved spacetime indices, A,B,C, ... represents flat spacetime
indices, and α,β represents spinor indices.

To connect flat and curved spacetime indices, we define tetrads. A Tetrad is a set of four
linearly independent vectors that can be defined at each point in the curved spacetime. The
following relations define the tetrads:

gµν = eA
µ eB

νηAB, ηAB = eµ
Aeν

Bgµν, (B.1)

eA
µ eν

A = δ
ν
µ, eA

µ eµ
B = δ

A
B. (B.2)

where ηAB is the flat spacetime metric, gµν is the curved spacetime metric, eµ
A and eA

µ are the
vector and co-vector fields, respectively. As the gamma matrices are defined through anti-
commutation relations in Clifford algebra involving spacetime metric, the gamma matrices
will become spacetime-dependent in the curved background. These spacetime-dependent
gamma matrices γ

µ(x) are related to the gamma matrices in flat spacetime as

γ
µ(x) := eµ

A(x) γ
A, (B.3)

where the constant gamma matrices satisfy the {γA,γB} = 2 ε ηABI and the spacetime de-
pendent gamma matrices satisfy {γ

µ(x),γν(x)} = 2εgµνI with ε = ±1 (depends on metric
convention).

With the above definitions, the Dirac equation in curved spacetime is as follows

iγµ(∂µ +Γµ)ψα +gymγ
µAa

µT a
αβ

ψβ = 0, (B.4)

where Γµ is the spinor affine connection given by

Γµ =
ε

4
wABµγ

A
γ

B, (B.5)

where wABµ are the spin connection coefficients given in terms of tetrads as

wABµ = ηAC eC
ν ∇µ eν

B. (B.6)

In our case, we are dealing with +-polarized GW propagating in z-direction which is
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B. DIRAC EQUATION IN GENERAL SPACETIMES

given by the following metric:

ds2 =−dt2 +(1+h+(t,z))dx2 +(1−h+(t,z))dy2 +dz2, (B.7)

With our metric convention ((−,+,+,+)), we have ε = −1. Using the above metric, the
tetrads are obtained as

eA
µ =


1 0 0 0
0

√
1+h+ 0 0

0 0
√

1−h+ 0
0 0 0 1

 , eµ
A =


1 0 0 0
0 1√

1+h+
0 0

0 0 1√
1−h+

0

0 0 0 1

 (B.8)

Using linear order approximation in h+, we get
√

1+h+ ≈ 1+ 1
2h+ and 1/

√
1+h+ ≈

1− 1
2h+. With this, we calculated the spin connection coefficients and corresponding spinor

affine connection. We also considered the gauge field to be spatially homogeneous and
isotropic as Aa

0 = 0, Aa
i = δa

i U(t). Now, plugging everything into the Dirac equation (B.4),
we get

iγ0
∂0ψα + iγ3

∂3ψα +gymU
[

γ
1(1− 1

2
h+)T 1

αβ
+ γ

2(1+
1
2

h+)T 2
αβ

+ γ
3T 3

αβ

]
ψβ = 0 (B.9)

Using the same assumptions for ψα as in without GW case (Sec: 6.1), we get equations
for individual components as follows:

i(∂0 +∂3)ψ2L2 +
gym

2
h+Uψ1L1 −

gym

2
Uψ2L2 = 0, (B.10)

i(∂0 −∂3)ψ1L1 +
gym

2
h+Uψ2L2 −

gym

2
Uψ1L1 = 0, (B.11)

i(∂0 +∂3)ψ1L2 −gymU(t)ψ2L1 +
gym

2
U(t)ψ1L2 = 0, (B.12)

i(∂0 −∂3)ψ2L1 −gymU(t)ψ1L2 +
gym

2
U(t)ψ2L1 = 0, (B.13)
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Appendix C

Lie Groups and Lie Algebras

A group is a set of abstract elements/objects under which a group operation (•) is de-
fined such that the group elements obey certain rules. Let the group be G with elements
{A,B,C, ...}. The group rules are given by

• Closure: The product of two group elements should also be in the group.
A•B ⊂ G

• Identity: There should be an element (I) in the group that satisfies
A• I = I •A = A

• Inverse: For every element (A) in the group, there exists an element (A−1) that satis-
fies
A•A−1 = A−1 •A = 1

• Associativity: For any three group elements (A,B,C), it should satifies
A• (B•C) = (A•B)•C

There are three types of groups classified as follows

• Discrete groups are groups when there are finite numbers of elements in a group.
Example: The set {±1,±i} forms a finite group Z4 with product group operation.

• Infinite discrete groups are the groups with denumerable infinite numbers of ele-
ments. Example: Additive group of integers – A set of integers with addition as a
product operation.

• Continuous groups are the groups in which elements form a continuum. Example: an

infinite set of matrices of form
(

cosθ sinθ

−sinθ cosθ

)
where θ vary from 0 to 2π continu-

ously.

Groups can be formed by any kind of abstract elements. The most relevant ones for
our study are the matric groups. Any set of n× n square nonsingular matrices (including
identity matrix) with matrix multiplication as group operation forms a regular matrix group.
Some of the important matrix groups are as follows

1. General Linear Group GL(n,C) is a set of complex n×n matrices with a non-zero de-
terminant. The group operation is the usual matrix multiplication. We get a subgroup
GL(n,R) if all the matrix elements are real.
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C. LIE GROUPS AND LIE ALGEBRAS

2. Unitary groups U(n) is a set of n× n unitary matrices such that U†U = I, I is the
identity matrix.

3. Special Unitary group SU(n) is a group of unitary matrices with determinant equal
to 1.

4. Orthogonal group O(n) is a group of real n×n orthogonal matrices such that OT O =
I.

5. Special Orthogonal Group SO(n) is a subgroup of the Orthogonal group with deter-
minant equal to 1.

For now, we focus on continuous matrix groups, these arguments also work for any arbitrary
group. In a space of n×n matrices in a continuous matrix group, the notion of closeness/n-
earby is defined in a way that two matrices are said to be close if their elements are close by.
The space of all n× n matrices with complex elements can be viewed as a real Euclidean
space of dimension 2n2. Each matrix M will be a point in that space whose coordinates are
2n2 matrix elements Re Mi j and Im Mi j. Consider a set of matrices M(α), depending on a
real parameter α, which forms a curve in R2n2

Euclidean space. These matrix groups which
also form a smooth manifold in R2n2

space are called Lie groups. A simple example of a Lie
group is the unitary group U(1). It is a set of complex numbers with usual multiplication
as group operation.

U(1) = {z1,z2,z3, ...}, (C.1)

where zi = xi + i yi is a complex number and in polar form (with magnitude 1), z = eiθ,
where θ is the real parameter varies from 0 to 2π. In a complex plane, the group U(1)
forms a circle. The other groups which are Lie groups are U(n), SU(n), O(n) and SO(n).

Since each matrix forms a point of dimension r in 2n2 dimensional Euclidean space, we
can define the tangent space of dimension r to the manifold at that point. For example, for
U(1), the vector space dimension is 1 as there is only one free parameter θ. This tangent
space is a vector space of dimension r consisting of vectors tangent to the manifold at a
given point. The tangent space for a Lie group at the identity element is the Lie algebra g
of that Lie group G.

Consider the infinitesimal transformation in the neighbourhood of identity element.
Then, any element g(α) in the Lie group G can be represented near identity as

g(α) = 1+α A+O(α2), (C.2)

where α is group parameter and A = (∂g/∂α)α=0 belongs to the Lie algebra of the group
G. The above equation is viewed as the definition of Lie algebra g. Including the properties
of vector space, the commutator also has to be defined to consider the vector space as a Lie
algebra as if A1,A2 ∈ g, then [A1,A2] = A1A2 −A2A1 also belongs to g. Some examples of
Lie algebras are

1. u(n) algebra is the algebra of all anti-hermitian matrices

2. su(n) algebra is the algebra of all anti-hermitian matrices with zero trace
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3. so(n) algebra is the algebra of all real matrices satisfying AT =−A

Usually, in physics, we use hermitian matrices rather than anti-hermitian matrices. Since
every anti-hermitian matrix can be written in the form iA, where A is a hermitian matrix,
the group element g(α) near identity is also written as g(α) = 1+ iAα+O(α2). Thus, for
su(n) can be defined as the algebra of hermitian matrices with zero trace.

The dimension of the vector space is the dimension of algebra which is equal to the
dimension of the group manifold for the corresponding group. For example, for u(1), the
dimension is 1 as it has only one infinitesimal parameter θ. For su(n), it is equal to n2 −1.

As in any vector space, one has to choose a basis for the Lie algebra. The elements of
this basis are r matrices Ta, a = 1,2, ..,r are called the generators of the Lie algebra and of
the corresponding Lie group. The commutator of these generators is a linear combination
of generators and the commutation relations are given by

[T a,T b] = i f abcT c, (C.3)

where f abc are called structure constants of Lie algebra and its values depend on the choice
of the basis.

C.1 Representations of Lie groups and Lie algebras
In a physical system, any transformation of a state vector to another state vector is as-

sociated with an operator. For example, in quantum mechanics, these correspond to unitary
operators represented by matrices. A representation T of a group G in a linear vector space
V is a mapping under which each element g ∈ G is mapped to an invertible linear operator
R(g). A finite-dimensional unitary representation of the Lie algebra is a set of d × d Her-
mitian matrices T a that satisfy the commutation relations (C.3), where d is the dimension
of representation.

For a SU(N) group, the basic fundamental representation is the N-dimensional complex
vector. The dimension of this representation of group SU(N) is N. Another important repre-
sentation is the adjoint representation, where the representation matrices are given by struc-
ture constants: (T b

ad j)ac = i f abc. The dimension of the representation of the group SU(n)
is n2 −1. This adjoint representation is very useful in studying the gauge covariant deriva-
tive of the fields. To give the usage of these two representations, consider a SU(N) gauge
theory including fermions such as QCD. In such kind of a theory, the fermions transform
under fundamental representation while the gluons/ gauge fields transform under adjoint
representation.

For example, for SU(2), the fundamental representation is the 2-dimensional spinor
representation given in terms of Pauli matrices as T a

f un =
1
2σa, where

σ
a =

(
0 1
1 0

)
,σ2 =

(
0 −i
i 0

)
,σ3 =

(
1 0
0 −1

)
. (C.4)

Then, the structure constants are given by commutation relations as

[T a
f un,T

b
f un] = iεabcT c

f un, (C.5)
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where εabc are the Levi-Civita tensor with values

ε
abc =+1 if (a,b,c) is even permutation, (1,2,3), (2,3,1), (3,1,2)

=−1 if (a,b,c) is odd permutation, (3,2,1), (1,3,2), (2,1,3)
= 0 if any index is repeated, i.e. remaining terms

As the Pauli matrices are 2× 2, they act on a 2-dimensional vector space giving the di-
mension of this representation as 2. As for the adjoint representation, the representation
matrices are of the form

T a
ad j ≡ (T a

ad j)bc = iεbac.

Now, consider SU(3), the fundamental representation is the 3-dimensional representa-
tion given in terms of Gell-mann matrices as T a = 1

2λa, a = 1,2, ..,8, where

λ
1 =

0 1 0
1 0 0
0 0 0

 , λ
2 =

0 −i 0
i 0 0
0 0 0

 , λ
3 =

1 0 0
0 −1 0
0 0 0

 (C.6)

λ
4 =

0 0 1
0 0 0
1 0 0

 , λ
5 =

0 0 −i
0 0 0
i 0 0

 , (C.7)

λ
6 =

0 0 0
0 0 1
0 1 0

 , λ
7 =

0 0 0
0 0 −i
0 i 0

 , λ
8 =

1√
3

1 0 0
0 1 0
0 0 −2

 (C.8)

Using the above basis, the structure constants for su(3) are obtained as

f 123 = 1

f 147 =− f 156 = f 246 = f 257 = f 345 =− f 367 =
1
2

f 458 = f 678 =

√
3

2

and the remaining values are zero.
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Appendix D

Mathematical Techniques

D.1 Jacobi Elliptic Functions
Jacobi Elliptic functions are the standard forms of elliptic functions. We encounter these

functions in the description of certain problems such as the motion of a pendulum and,
the design of electronic elliptic filters. There are twelve Jacobi elliptic functions denoted
by pq(u,m) where p and q can be of letters c, s, d, and n (The repeated letter functions
are zero). u is the argument and m = k2 is parameter, where k is the elliptic modulus.
The complements of k and m are defined as m′ = 1−m and k′ =

√
m′. The three main

functions are denoted as cn(u,m), dn(u,m), and sn(u,m). There are many definitions for
these functions. One of the definitions is based on the inversion of the incomplete elliptic
integral of the first kind F ,

F(ϕ,m) =
∫

ϕ

0

dθ√
1−msin2

θ

, (D.1)

The parameter ϕ that satisfies u = F(ϕ,m) is called Jacobi amplitude: am(u,m) = ϕ.
From this, the three basic functions follow as

sn(u,m) =sinam(u,m), (D.2)
cn(u,m) =cosam(u,m), (D.3)

dn(u,m) =
d
du

am =

√
1−msin2

ϕ, (D.4)

Thus, the elliptic functions are given in terms of two variables, u and m. From these three,
the remaining nine functions can be written in a compact way as

pq(u,m) =
pn(u,m)

qn(u,m)
, (D.5)

where p and q are any of the letters s, c, d.
The Jacobi elliptic functions are doubly periodic, with one period along the real axis and

one along the imaginary axis. The periodicity of three standard Jacobi elliptic functions is
given by

sn(u+2 αK +2 βi K′,k) =(−1)αsn(u,k), (D.6)
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cn(u+2 αK +2 βi K′,k) =(−1)α+βcn(u,k), (D.7)

dn(u+2 αK +2 βi K′,k) =(−1)βdn(u,k), (D.8)

where K(k) is the complete elliptic integral of the first kind and K′ = K(k′).
The three basic Jacobi elliptic functions are also defined as solutions to the nonlinear

ordinary differential equations as

sn(x,m) solves
d2y
dx2 +(1+m)y−2my3 = 0, (D.9)

cn(x,m) solves
d2y
dx2 +(1−2m)y+2my3 = 0, (D.10)

dn(x,m) solves
d2y
dx2 − (2−m)y+2y3 = 0, (D.11)

(D.12)

Some of the standard identities and formulae involving the Jacobi functions are

sn2(u,m)+ cn2(u,m) = 1, dn2(u,m)+m sn2(u,m) = 1, (D.13)
d

du
sn(u,m) = cn(u,m)dn(u,m),

d
du

cn(u,m) =−sn(u,m)dn(u,m), (D.14)

d
du

dn(u,m) =−mcn(u,m)sn(u,m), (D.15)

We will get some properties for the functions by setting m to some specific values as
follows: By setting m = 0 or 1, the Jacobi elliptic functions reduce to non-elliptic functions
such as trigonometric and hyperbolic functions. There is another special value, by setting
m =−1 for some Jacobi functions, we get Lemniscate elliptic functions:

sl(u) = sn(u,−1), cl(u) = cd(u,−1) =
sn(u,−1)
dn(u,−1)

. (D.16)

The Lemniscate sine (sl) and Lemniscate cosine (cl) elliptic functions are elliptic functions
analogous to usual sine and cosine trigonometric functions. These functions have some
properties due to their resemblance to trigonometric functions. Some of them are

cl(−u) = cl(u), sl(u) =−sl(u), (D.17)

cl(u) = cl(u), sl(u) = sl(u), (D.18)

cl(i u) =
1

cl(u)
, sl(i u) = isl(u) (D.19)

D.2 Solving Inhomogeneous wave equations
Consider an inhomogeneous wave equation

2ψ(t,x) = h(t,x), (D.20)
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with the boundary conditions ψ(0,x) = 0 and ∂ψ(0,x)
∂t = 0. Then, the solution for the above

equation is obtained using Duhamel’s principle and Kirchhoff’s theorem as

ψ(t,x) =− 1
4π

∫
B(t,x)

h(t ′,x′)
r

d3x′, (D.21)

where r = ||x−x′|| =
√

(x− x′)2 +(y− y′)2 +(z− z′)2, t ′ = t − r and B(t,x) is the ball in
R3 with center at x and radius t.

In the derivations of the solutions (Eqs. 4.49 - 4.51), we encounter the integrals of the
form ∫ sin(ωg(t ′− z′))cos(ωy(t ′+ x′))

r
d3x′, (D.22)

By converting them into their exponential forms, we end up with integrals of the form

I(ωy,ωg) =
∫

B(t,x)

1
r

eiωg(t ′−z′)eiωy(t ′+x′)d3x′. (D.23)

Since the integration over the ball with center at x, we can make a variable change to
make the center as origin. Then, the transformation relations are x′ = x+ r. In spherical
coordinates, it can be written as

z′ = z+ r cosθ, x′ = x+ r sinθcosφ, (D.24)

With the above relations, t ′ = t − r and converting integral to spherical coordinates (d3x′ =
r2 sinθdφdθdr), we get

I(ωy,ωz) = eiωg(t−z)eiωy(t+x)
∫ t

0
e−i(ωy+ωg)r

(∫
π

0
e−iωgr cosθ

(∫ 2π

0
eiωyr sinθcosφdφ

)
sinθdθ

)
r dr. (D.25)

Now, we can do the integrals one by one starting with the innermost one. Start with φ

integral as

Iφ =
∫ 2π

0
eiωyr sinθcosφdφ (D.26)

=2π J0(ωyr sinθ), (D.27)

where Jn(x) is the Bessel function of the first kind. Then, the θ integral is given by

Iθ =
∫

π

0
e−iωgr cosθ

(∫ 2π

0
eiωyr sinθcosφdφ

)
sinθdθ, (D.28)

=
∫

π

0
e−iωgr cosθIφ sinθdθ, (D.29)

=2π

∫
π

0
e−iωgr cosθJ0(ωyr sinθ)sinθdθ, (D.30)
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=4π
sin(||ω||r)
||ω||r

, where ||ω||=
√

ω2
y +ω2

g (D.31)

Finally, doing the r integral will give

Ir =
∫ t

0
e−i(ωy+ωg)r

(∫
π

0
e−iωgr cosθ

(∫ 2π

0
eiωyr sinθcosφdφ

)
sinθdθ

)
r dr (D.32)

=
∫ t

0
e−i(ωy+ωg)rIθr dr (D.33)

=
4π

||ω||

∫ t

0
e−i(ωy+ωg)r sin(||ω||r) (D.34)

=
2π

ωyωg

(
−1+ e−i(ωy+ωg)t

[
cos(||ω||t)+ i

ωy +ωg

||ω||
sin(||ω||t)

])
. (D.35)

Then, the total integral is

I(ωy,ωg) =eiωg(t−z)eiωy(t+x)Ir (D.36)

=
2π

ωyωg
eiωg(t−z)eiωy(t+x)

(
−1+ e−i(ωy+ωg)t

[
cos(||ω||t)+ i

ωy +ωg

||ω||
sin(||ω||t)

])
.

(D.37)

In evaluating the above integral, especially φ and θ integral, we used the formulas given
in [279]. After evaluating all integrals in exponential form, we have taken the real part of
the solution.

D.3 Method of Lines
Method of Lines is a technique used to solve partial differential equations (PDEs) by

taking advantage of existing and more precise numerical solvers for ordinary differential
equations (ODEs). The idea behind this technique is to replace the spatial derivatives in
a PDE with algebraic approximations using finite difference methods. Then, the spatial
derivatives will no longer be a function of spatial variables, but a function of time only.
Thus, the PDE is approximated by the system of ODEs in time or a system of Differential
Algebraic Equations (DAEs). The problem of solving a PDE is now reduced to an initial
value problem of the system of ODEs or DAEs [280].

Consider a PDE
∂

2
t w(t,x)−∂

2
xw(t,x) = f (t,x). (D.38)

The first step is to convert the spatial derivatives into their algebraic approximations. For
this, one needs to form a grid (xi) of N points, with a left end value of x to be i = 1 and a
right end value of x to be i = N, where i is the index designating a position along the grid.
Then, for algebraic approximations, one can use finite difference formulas such as forward
difference, backward difference, or center difference formulas. Using the center difference
formula, we can approximate

∂xw ≈ wi+1 −wi−1

2∆x
, (D.39)
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where ∆x is the spacing in x along the grid. Similarly, using the second-order central differ-
ence formula, we approximate the second-order derivative as

∂x∂xw ≈ wi+1 −2wi +wi−1

∆x2 . (D.40)

Then, the method of lines approximation of PDE is

d2wi

dt2 =
wi+1 −2wi +wi−1

∆x2 + f (t,xi), 1 ≤ i ≤ N. (D.41)

To solve the above second-order PDE in t and x exactly, we need two initial conditions
and two boundary conditions. Consider the following initial and boundary conidtions as we
used in this thesis for solving Eqs. (5.36 & 5.37):

w(t = 0,x) = 0,
∂w(t = 0,x)

∂t
= 0, (D.42)

w(t,x = x1) = g(t), w(t,x = xN) = h(t), (D.43)

where g(t) and f (t) are functions of time. Since Eq. (D.41) contains N initial value second-
order ODEs, 2N initial conditions are required. From Eq. (D.42), we have

w(t = 0,xi) = 0,
∂w(t = 0,xi)

∂t
= 0, 1 ≤ i ≤ N. (D.44)

Using the boundary conditions (D.43), we get the values at grid endpoints

w1(t) = w(t,x = x1) = g(t),and wN = w(t,x = xN) = h(t). (D.45)

Now for the intermediate points, we can use Eq. (D.41) which is

d2wi

dt2 =
wi+1 −2wi +wi−1

∆x2 + f (t,xi), i = 2,3, ...,N. (D.46)

The Eqs. (D.44), (D.45) and (D.46) make the Method of lines’ approximation of the
Eq. (D.38) subject to Eqs. (D.42) and (D.43). The solution of this ODE system gives N
functions,

w1(t),w2(t),w3(t), ..,wN−1(t),wN(t)

as an approximation of w(t,x) at grid points i = 1,2, ..,N.
The above ODE system was solved using Mathematica.

D.4 Deriving equations of motion in vector decomposition
The SU(2) YM Lagrangian density is

L =−1
4

Fa
µνFaµν. (D.47)
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In Hamilton’s gauge (Aa
0 = 0), L can be expanded as

L =
1
2

∂0Aa
i ∂0Aa

i −
1
2

∂iAa
j∂iAa

j +
1
2

∂iAa
j∂ jAa

i +gymε
abc

∂iAa
jA

b
i Ac

j

−
g2

ym

4

(
(Aa

i Aa
i )

2 − (Aa
i Aa

j)(A
b
i Ab

j)
)
.

Then, we considered the vector decomposition of the gauge field as given in Eq:5.3 as

Aa
i =U(t)δa

i +niΦ
a + εilmnlsσ

mχ
a
σ. (D.48)

where a, i = 1,2,3 and σ = 1,2. We use the following constraints for the corrected splitting
of modes and also to keep the diagonal information of the gauge field in the condensate:

n ·Φ= 0, (D.49)
n ·χσ = 0, (D.50)

εilmnlsσ
mχ

i
σ = 0, . (D.51)

We explained further using these constraints in the Sec 5.3. Using those constraints, we
have a total of 6 degrees of freedom (U → 1, Φa → 2 and χa

σ → 3). Using the gauge field
and constraints in L , we get

L =
3
2
(∂0U)2 +

1
2

n2(∂0Φ
a)(∂0Φ

a)+
1
2
(∂0Λ

a
i )(∂0Λ

a
i )−

1
2

n2(∂iΦ
a)(∂iΦ

a)

− 1
2
(∂iΛ

a
j)(∂iΛ

a
j)+

1
2

nin j∂iΦ
a
∂ jΦ

a +ni∂ jΦ
a
∂iΛ

a
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1
2
(∂iΛ

a
j)(∂ jΛ

a
i )+gymε

abc [U2nc∂bΦ
a

+Un2
Φ

c
∂bΦ

a +UnincΦ
b
∂iΦ

a +UncΛ
b
i ∂iΦ

a +n2
Φ

c
Λ

b
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∂bΛ
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b
Λ

c
j∂iΛ

a
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b
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a
c +Λ

b
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c
j∂iΛ

a
j

]
− 1

4
g2

ym
[
6U4 +2n2U2(Φa

Φ
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+2U2(Λa
i Λ

a
i )−4Un2

Φ
a
Φ

i
Λ

a
i −2U2

Λ
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j
i −4UΛ

i
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i Λ
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j +(Λa

i Λ
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i Λ
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Φ
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i Λ

b
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Λ
a
i )(Φ

b
Λ

b
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]
. (D.52)

In the above expression, we used a shorthand notation Λa
i = εilmnlsσ

mχa
σ.

To find the equations of motion, one has to vary the above Lagrangian with respect to the
modes. In our case, we choose the following vectors consistent with the above constraints:

n = (0,0,1), s1 = (1,0,0), s2 = (0,1,0). (D.53)

With the above choice, the constraints give

Φ
3 = 0, χ

3
σ = 0, χ

1
2 = χ

2
1. (D.54)

One can count the non-zero modes which add up to 6 which is consistent with the pre-
vious discussion below the constraints. The choice n gives us a wave propagating in the
z-direction. Thus, the functions are functions of t and z. We also choose χ2

1 = χ1
2 = 0. This
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is just a choice. Then, the Lagrangian becomes

L =
3
2
(∂0U)2 +

1
2
(∂0Φ1)

2 +
1
2
(∂0Φ2)

2 +
1
2
[(∂0χ1)

2 − (∂3χ1)
2]+

1
2
[(∂0χ2)

2 − (∂3χ2)
2]

+gymU2
∂z(χ1 +χ2)−

g2
ym

4
[
6U4 +2U2(Φ2

1 +Φ
2
2)−4U(χ1 −χ2)Φ1Φ2 +2Φ

2
1χ

2
2

+2Φ
2
2χ

2
1 +2U2(χ1 +χ2)

2 +2χ
2
1χ

2
2
]
, (D.55)

where Φ1 ≡ Φ1, Φ2 ≡ Φ2, χ1
1 ≡ χ1 and χ2

2 ≡ χ2. We then use the above Lagrangian to find
the equations of motion given in Eqs. (5.35)-(5.39).

D.4.1 With Gravitational wave
In the presence of GW, we can write the metric as gµν = ηµν − hµν. So, for the La-

grangian density, we will get an additional term proportional to GW fluctuation hµν along
with the one obtained in the previous section. Those additional terms are given by

L1 =
1
4

Fa
µν

(
hµλ

η
νρ +η

µλhνρ

)
Fa

λρ
. (D.56)

Using Hamilton’s gauge for the gauge field and TT-gauge for GW, with only h+, the above
term can be expanded as

L1 =−1
2

h+
[(
(∂0Aa

1)(∂0Aa
1)− (∂0Aa

2)(∂0Aa
2)
)
+η

i j(
∂iAa

1∂ jAa
1 −∂iAa

2∂ jAa
2
)]

+
g2

ymh+
4

[
(Aa

1Aa
1 −Aa

2Aa
2)A

b
i Ab

i −η
i j(Aa

1Aa
i )(A

b
1Ab

j)+η
i j(Aa

2Aa
i )(A

a
2Aa

j)
]
. (D.57)

Using the same vector decomposition and constraints as before, one simply the above ex-
pression to

L1 =−1
2

h+
[
(∂0χ1)

2 − (∂0χ2)
2]+ g2

ym

4
h+
[
χ

2
2Φ

2
1 −χ

2
1Φ

2
2

+U2(χ2
2 −χ

2
1)+U2(Φ2

2 −Φ
2
1)+2Φ1Φ2(χ1 +χ2)U

]
. (D.58)

Then, the total Lagrangian in a GW background is L +L1. Using this total Lagrangian, we
find the equations of motion given in Eqs. (5.46)-(5.50).
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Appendix E

Techniques in finite temperature QFT

E.1 Heat Kernel Method
An efficient tool for the calculations of background field functionals is the Schwinger

Proper time method or Heat Kernel method [281]. This method is based on the integral
representation of the one-loop functional determinant of an operator K in terms of heat
kernel. The heat kernel for an operator K is defined as H(τ) = e−τK . Then, the one-loop
functional determinant is given by

Tr lnK =−
∫

∞

0

dτ

τ
Tr H(τ). (E.1)

Usually, the operator K can be a matrix. For this, consider a multicomponent field ψ =
ψa(x), where a can be any index (spin, color), whose elements form a vector in the con-
figuration space of the system. Then, the operator K will also acquire a matrix structure as
K̂ ≡ Ka

b . Correspondingly, the heat kernel is also a matrix of form Ĥ ≡ Ha
b (τ). The func-

tional trace involves the integral over the spacetime and also trace over the matrix indices
(spin, Dirac, color, Lorentz). Then, the trace of heat kernel given by

Tr H(τ) =
∫

dx tr Ĥ(τ|x,x), (E.2)

where tr is trace over all indices and Ĥ(τ|x,x)≡ ⟨x| Ĥ |x⟩ is defined as

Ĥ(τ|x,x) =
∫

dy Ĥ(τ|x,y) δ(x,y). (E.3)

and the untraced heat kernel Ĥ(τ|x,y) satisfies the heat equation thus the name Heat kernel
method.

∂

∂τ
Ĥ(τ|x,y) = K̂ Ĥ(τ|x,y), Ĥ(0|x,y) = 1̂ δ(x,y). (E.4)

This equation is the Euclidean version of the evolutionary Schrodinger-type equation, first
given by Schwinger [265].

Finally, the functional determinant is

lndetK = TrlnK =−
∫

∞

0

dτ

τ

∫
dx tr ⟨x| e−τK |x⟩ (E.5)

In practice, the heat kernel is calculated through a method called heat kernel expansion.
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This expansion terms contains various contributions from the background fields and their
derivatives, classified by their mass scale dimension. This expansion is in the powers of
proper time τ.

lndetK =−
∫

∞

0

dτ

τ

∫
dx

1
(4πτ)d/2 ∑

n
bnτ

n (E.6)

where bn are known as Seeley-De Witt or heat kernel coefficients which depends on local
gauge invariant operators.

For an operator of form K = −∇µ∇µ +V , the first few Seeley-deWitt coefficients are
given as

b0 =tr(I), (E.7)
b1 =tr(−V ), (E.8)

b2 =tr(
1
2

V 2 − 1
6

Vµµ +
1
12

F2
µν), ... (E.9)

where I is identity, Vµµ = ∇µ∇µV , Fµν = [∇µ,∇ν] and F2
µν = FµνFµν.

At finite temperatures, apart from the usual local operators, we also encounter a new
operator known as Polyakov loop. The details regarding how the Polyakov loop enters the
coefficients is given in [272].

E.2 Integrals in QFT
E.2.1 Common integrals in QFT

The most common integral in QFT is the functional Gaussian integral. Such integrals
are ∫

∞

∞

e−
1
2 xiAi jx jdnx =

(2π)n/2

(detA)1/2 , (E.10)∫
∞

∞

e−
1
2 θiAi jθ jdn

θ =(detA)1/2, (E.11)

where x is an ordinary variable and θ is a Grassmann variable (Example: fermion fields).

E.2.2 Integrals used in finite temperature QFT (Sec: 7.4.1)
The basic integrals are of the form

I±n,α =
∫

∞

0
dττ

ε
τ

α−1
ϕ
±
n (L), (E.12)

where the function ϕ±
n (L) are defined by Eq. 7.79 and ± corresponds to bosonic and

fermionic versions, respectively. For the bosonic version, the integrals are of form

I+n,α =
∫

∞

0
dττ

ε
τ

α−1
ϕ
+
n (L), (E.13)
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where ϕ+
n (L) is given by

ϕ
+
n (L) = (4πτ)1/2 1

β
∑
p+0

τ
n/2RneτR2

, R = ip+0 − 1
β

ln(L), p+0 =
2πk
β

. (E.14)

Using the condensate ansatz (Aa
0 = 0,Aa

i = δa
i U), one can find the ϕ+

n (L) is

ϕ
+
n (L) = (4πτ)1/2 1

β

(
2πi
β

)n

∑
k∈Z

τ
n/2kne

− 4π2k2

β2 τ
. (E.15)

Using this, we evaluate the integral as

I+n,α =
∫

∞

0
dττ

ε
τ

α−1
ϕ
+
n (L) (E.16)

=
∫

∞

0
dττ

ε
τ

α−1(4πτ)1/2 1
β

(
2πi
β

)n

∑
k∈Z

τ
n/2kne

− 4π2k2

β2 τ
(E.17)

=
1
β

(
2πi
β

)n√
4π ∑

k∈Z

kn
∫

∞

0
dττ

α+ε+ n
2+

1
2−1e

− 4π2k2

β2 τ
(E.18)

= in
√

4π

β

(
β

2π

)2α+1+2ε

Γ

(
α+ ε+

n
2
+

1
2

)
∑
k∈Z

1
k2α+2ε+1 (E.19)

= 2in
√

4π

β

(
β

2π

)2α+1+2ε

Γ

(
α+ ε+

n
2
+

1
2

)
ζ(2α+2ε+1), (E.20)

where we used the definitions of Gamma and Riemann zeta functions [279]:

Γ(z) =
∫

∞

0
dt tz−1e−t and ζ(z) =

∞

∑
n=0

1
nz .

For the fermionic version, the integrals are form

I−n,α =
∫

∞

0
dττ

ε
τ

α−1
ϕ
−
n (L) (E.21)

where ϕ−
n (L) is given by

ϕ
−
n (L) = (4πτ)1/2 1

β
∑
p−0

τ
n/2RneτR2

, R = ip−0 − 1
β

ln(L), p−0 =
2π

β
(k+

1
2
), (E.22)

As we can see the only difference from the bosonic versions is k is replaced by k+ 1
2 . In

the same way, one can evaluate the integral and the final expression is

I−n,α = 2in
√

4π

β

(
β

2π

)2α+1+2ε

Γ

(
α+ ε+

n
2
+

1
2

)
ζ

(
2α+2ε+1,

1
2

)
, (E.23)

249



E.2. INTEGRALS IN QFT

where we used the definition of the generalized Riemann zeta function [279]: ζ(z,a) =
∑

∞
n=0 1/(n+a)z.
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