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Abstract

By working with Perron’s formula we prove an explicit bound on Z a—';, where a,,s € C.
We then prove a second explicit bound on this sum for the special g:?;e where s = 0. These
bounds apply to specific sums that are involved in the Prime Number Theorem. More-
over, they are particularly useful in cases where a variant of the Riemann von-Mangoldt
explicit formula is not unconditionally available. We choose to implement our bounds on
M(x) = Z u(n) and m(x) = Z 'L@ (with y(n) denoting the Mobius function). This gives
constant,sl,gé >0, ¢>0and ’zcix> 0 for which [M(x)| < Cxexp (—cy/logx) if x > xo and

a similar kind of bound for m(x). We believe that explicit bounds for M(x) and m(x) like

these have never before been published.
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DEFINING THE NOTATION AND TERMINOLOGY

Defining the notation and terminology

Notation Definition

o()

0*(-)

The Big O notation. By writing f(x) = O(g(x)) we are expressing that, for
some C > 0 and xp > 0, |f(x)| < Cg(x) if x > xo.

The Big O* notation. By writing f(x) = O*(g(x)) we are expressing that, for
some xp > 0, |f(x)| < g(x) if x > x¢. By writing, for example,

f(x) =h(x)+0*(g1(x)) + O*(g2(x)) we are expressing that

f(x) = h(x) + f1(x) + fa(x), where fi(x) = 0"(g1(x)) and fa(x) = O (g2(x))-

The Mobius function. It is zero if the square of some prime is a divisor of 7,
and if not, it is (—1)¥, with k recording how many distinct prime divisors
has.

The von Mangoldt function. It is log p if n = p™ for some prime p and m > 1.
If n # p™ for any prime p and m > 1, it is zero.

The Liouville function. It is (—1)* and k recording how many prime divisors
n has, with the multiplicity of each prime divisor being counted.

Y u(n)

n<x

- 40)

n<x n

Y. Aln)

n<x

) Mn)

n<x
The Riemann zeta-function.

A parameter. It is first used in Proposition 2.1.

Xii



DEFINING THE NOTATION AND TERMINOLOGY

Notation

A

Bl7 BZ?"'5B7

Definition
A constant that depends on 1. It is first used in Proposition 2.1.
A parameter that belongs to Z=°. It is first used in Proposition 2.1.

A constant that depends on a sequence (aj). It is first used in
Proposition 2.1.

A non-decreasing function that depends on a sequence (a,). It is
first used in Proposition 2.1.

Constants that are first used in Proposition 2.1. We state the value
we shall use for A in Proposition 2.7 and the value we shall use

for A; in Proposition 2.8.

The integer with the smallest distance to x. If x4 1/2 € Z, then
N := | x]. It is first used in Proposition 2.1.

A parameter that is strictly greater than 1/2 and strictly less than
1. It is first used in Proposition 2.1.

Expressions that are given in Proposition 2.1 or Proposition 2.9.

A parameter that is first used in (1.13). We state values for it in
Table 3.1.

A parameter that depends on W. It is first used in (1.13) and we
state values for it in Table 3.1.

Constants that depend on W and v. They are first used in (3.5)
(for Cy) and (3.7) (for ). We give values for them in Table 3.1.

Functions that are first used in Proposition 2.14.
A function that appears in our bounds on M (x) and m(x).

We define it differently in Corollaries 3.5, 3.6, 3.9, 3.10, 4.3
and 4.4.

X1il



DEFINING THE NOTATION AND TERMINOLOGY

Notation Definition

Cw, cw, Cwg, cwe Constants that depend on € and/or W. We calculate them in order to
give explicit bounds on M(x) and m(x). For example, we use these
constants as in the bounds M(x) = O* (Cwx(logx) exp(—cw+/Togx))
and M(x) = O* (Cw exexp(—cwev/Iogx)).

xo(W), xo(W,€) Constants that depend on € and/or W. They are used as a lower
bound on x that specifies when one of the explicit bounds we get
on M(x) or m(x) can be used. For example, we use xo(W) as in

M(x) = O*(Cwx(logx) exp(—cw+/logx)), for x > xo(W).

loglogx
Vv]ogx

Xe A constant for which we have 0 <

< € whenever x > xg.

cl, ci, Cy, Constants that represent specific terms of Cyy. We define them in
Section 3.2.2.

CVIV,E’ C%Vﬁ, CSV e Constants that represent specific terms of Cy ¢. We define them in
Section 3.2.2.

Terminology Definition

Zero-free region A region that contains none of the zeros of a function. It is used
with respect to {(w).

Bound By stating that g(x) is a bound on f(x), we mean that f(x) = O(g(x))
or f(x) = 0" (g(x))-

Explicit Bound By stating that g(x) is an explicit bound on f(x), we mean that
f(x) = 0*(g(x)) and we know the value of each constant

appearing in g(x).

Implied constant The constant omitted when using Big O notation.

X1V



Chapter 1

Introduction

The Prime Number Theorem (PNT) gives the asymptotic size of the set of primes that are

no larger than x. Classically, it is stated in terms of sums Z an, where the a, tells us
n<x

something about the primes. For example, we could have a, = u(n), with u(n) denoting the

Mobius function, or a, = A(n), with A(n) denoting the von Mangoldt function. When p is

a prime and k records how many distinct prime divisors » has, we have

(=D, if n/p* ¢ Z for any p,
u(n) ==
0, if n/p? € 7 for some p.

Furthermore, when p is a prime

logp ifn= p™ for some p and m,
A(n) =

0 if n = p™ for any p and m,

with m > 1. Whence, two well-known examples of sums we can use to state the PNT are

For these sums, the PNT becomes the statements

1imM:0 and limM:I

X—oo X X—yoo X

(1.1)



1. INTRODUCTION

(see [21, Exercise 3.4.23 and Theorem 3.3.2]).

Ever since 1896, the idea that the PNT holds has been a fact, due to the proofs of
Hadamard and de la Vallée Poussin [29, p. 45]. Their proofs were particularly interesting
because they were based upon a subtle link that exists between the primes and the Riemann
zeta-function {(w) where w € C\ {1} (henceforth, the zeta-function). The zeta-function is
equal to the series i niw when Re(w) > 1 and through analytic continuation it has been
defined for any w en(zfl\{ 1}. The proofs of Hadamard and de la Vallée Poussin are certainly
not the last instances where an inference was made about the primes using the zeta-function.
It turns out that {(w) is at the crux of the PNT. We have Riemann to thank for realizing
this and making it known back in 1859 (see [9, p. 299-305] for an English translation of
Riemann’s paper).

The PNT statements in (1.1) allow one to infer that, for any sufficiently large x, there is

some C >0and C >0, an f: [1,00) — (0,00) and an f : [1,00) — (0,0), such that
[M(x)| < Cxf(x) and |y(x) —x| < Cxf(x), (1.2)

where lim, e, f(x) = lim, e, f(x) = 0. The short, sharp and shiny way to state the bounds

in (1.2) is that, for some xp > 1 and any x > xg,
M(x) = O(xf(x)) and y(x) =x+O(xf(x))

or (if we want to retain more of the detail) with x satisfying the same condition as above,

we can write

M(x) = O* (Cxf(x)) and y(x) =x+O*(Cxf(x)). (1.3)

The uncommon notation O* is used in [26] and we shall make extensive use of it in this
thesis.

Despite the PNT having been proved (numerous times), researchers are still trying to



1. INTRODUCTION

improve the upper bounds in (1.2). Ideally, one prefers to make an improvement on the
functions f(x) or f(x). However, a lot of research has also been done on improving C and
C. This kind of research deals with explicit bounds, in which the constants that are involved
(such as C and C) must all be given.

Explicit bounds on both M(x) and y(x) have been extensively studied. One of the older
papers on M(x) is [17] and more recent work on this function is given in [24]. An explicit

bound on M (x), for x € [exp(13.90),), that is presented in [24] is

(1.4)

0.013x1 —0.118
M(x) = 0" ( xlogx x)

(logx)?
With respect to research on y(x), [27] and [28] started the ball rolling, while more re-
cently [10] and [11] expanded our knowledge. An explicit bound on y(x), for x €
[exp(20),0), that is presented in [10, Corollary 1.2] is

y(x) =x+0*(5.3688 x 10~ x).

There is a prominent difference in the way one is able to get explicit bounds on y(x)
compared to M(x). The main vehicle for working on bounds for y(x) is the explicit for-

mula ([21, p. 101])

B o) 1 1
W(x)—x—;g—m—ilog(l—;). (1.5)

The use of (1.5) continues the trend of involving the zeta-function in the study of the PNT,
since the p in (1.5) are complex numbers whose real parts are between 0 and 1, and {(p) =
0.

Explicit formulas, analogous to (1.5), can be proved for functions other than y(x). How-
ever, some functions, including M(x), do not permit themselves as nicely to this. One big

problem is that, for some functions, we have to know the order of the zeros of the zeta-
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function to get an unconditional explicit formula. This imposes a serious road block to
unconditionally using an explicit formula to get explicit bounds in these cases. Fortunately,
there is a natural way around this that was pioneered by Landau [16]. Instead of using an
explicit formula, we simply start with its precursor, Perron’s formula.

When s, a, € C, ¢ > 0and Z’I % converges, Perron’s formula [19, Theorem 5.1]
n=

a 1 /C+i°° > a, \x¥
— = —dw. 1.6
ns  2Mi Je—ioo Z:I v [ w v (1.6)

n=

18

n<x

Using (1.6) to get a bound on Z a—'; involves a slight twist on what one does to get an
explicit formula. To get an expl?cgi)tC formula, using (1.6), we truncate the imaginary part of
the endpoints of the integral at a finite V > 0 and make up for the loss by including a bound
on the error (which we shall call E). This gives a truncated Perron’s formula

a 1 etV e a, \x¥
1 (ZWW)#WE. (17)

c—iV n=1

n<x

We then work with the integral further by closing the contour!, so that Cauchy’s residue
theorem applies. When we are dealing with a, = A(n) or a, = u(n), the points at which
C(w) = 0 end up being on the interior of this closed region. For y(x) this works out,
but for M(x), having these zeros inside the contour prevents one from moving forward
unconditionally after applying Cauchy’s residue theorem. To sidestep this problem, all we
have to do is close the contour in a way that leaves the zeros of the zeta-function on the
exterior of the closed region. Thus, we shall need to use results on the zero-free regions of
the Riemann zeta-function.

There are three main types of zero-free regions for the zeta-function in the literature.

One of the most commonly used is the classical zero-free region. This region is made up of

IClosing a contour involves adding on pieces until the contour ends where it started.
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all of those w = u +iv € C for which

1

R >l——
e(w) = Wilog|v|

and |v| > v} (1.8)

with Wy, 1 > 0. In [20] it is proved that we can take W) = 5.573412 and V| = 2.

The second type of zero-free region is made up of all of those w € C for which
0<Re(w)<land|v|<H (1.9)

with H > 0. Currently, there are two values for H in play. The smaller of these two values
has been more openly accepted. It is H = 3.06 x 10'0 (see [22] and [23]). Regarding the
larger value of H, we refer to [13].

The third type of zero-free region owes itself to Vinogradov and Korobov (see [31]

and [15]) and is made up of all of those w € C for which

1
R >1-—
) 2 og W (loglog V) 1/

and |v| > v, (1.10)

with W5, 7> > 0. It is currently known that we may let W, = 57.54 and v, = 3 (see [12]).
To guarantee that all points w where {(w) = 0 stay on the exterior of the closed region,
when closing the contour that appears in the integral of (1.7), one may try to use the zero-

free regions (1.8), (1.9) and (1.10) . However, we also need to guarantee that we will have

(oo}
dp

ns—i—w
n=1

a bound on or a bound on its analytic continuation available to use at particular w
on the closed contour.

It is true that when Re(w) > 1

= u(n)
) £w) (1.11)
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(see [21, Exercise 1.2.2]) and

o A(m) _ T(w)
nz::l = ) (1.12)

(see [29, (1.1.8)]). Moreover, when Re(w) < 1 (short of those w at which {(w) = 0 and also
w = 1 in the case of (1.12)) the series in (1.11) and (1.12) can be continued analytically.
Hence, when we want to get a bound on Z ay for a, = u(n) and a, = A(n), bounds on
1/C(w) and €'(w)/C(w) are what we need. Bounds on 1/C(w) and C'(w)/C(w) that are

relevant if

Re(w) >1

— dv>7v 1.13
Wlogv aney="v, (1.13)

for particular W > 6 and v > 34, are proved by Trudgian in [30]. Trudgian hints in [30]
that his motivation for proving these bounds was that Perron’s formula could then be used

to acquire bounds on four particular functions. Three of the functions that he mentions are

y(x), m(x) := Z un) and M (x).
n<x n
Even though there is a significant literature devoted to M (x), it appears that none contain
an explicit bound acquired using Perron’s formula. This is supported by comments of

Bordellés and Ramaré. Bordellés [6, p. 2] wrote the following.

“... [TThe method of contour integration may lead to bounds of the form

Y u(n) < xexp (—c@) (x>2,c>0)

n<x

but no explicit result of this form is known.”

Ramaré [25, p. 1359] confirms Bordellés message, but also goes slightly further to give an

idea on the quality of the results one may get.

“No one has yet obtained an explicit error term for the function M from the
Mellin transform/Perron formula machinery, though there are no theoretical
obstructions. The implied constants are, however, expected to be too large for
any decent use.”

The function m(x) is a natural progression from studying M (x). Moreover, we do not believe

Perron’s formula has been applied to m(x) either. The literature on getting bounds for this

6



1. INTRODUCTION

function includes [6] and [25]. An explicit bound on m(x), for x € [exp(13.05),00), that is

presented in [25] is

(1.14)

.01441 —0.1
m(x):O*(OO ogx—0 )

(logx)?

This thesis shall involve proving a bound for a suitable general function Z a—:f, where
a, € C and s € C by means of Perron’s formula. We shall also prove a separftg bound for
the special case Z a,. We complete both of these tasks in Chapter 2. In Chapters 3 and 4,
we then demonsntigte the use of such results by arriving at explicit bounds on M(x) and
m(x).

In terms of software, we calculate our explicit bounds on M(x) and m(x) by means of
Python® 2 [2] programs that we have written. (See the Appendix for our code.) These
programs rely heavily on mpmath [14] so that the precision of the computations can be
altered. We also make use of MapleTM 311

One could also use Perron’s formula to get explicit bounds on y(x) to see how the
results differ to those that have been arrived at via the explicit formula. We shall not do so
in this thesis. However, in Chapter 5 we mention this further, in addition to discussing other
ways one may use and continue the work we present.

In this thesis, we shall not only present tables of the constants in our explicit bounds on
M (x) and m(x), but also the formulas from which we produced these bounds. Our formulas

are of great value because they make it easier to re-determine the bounds each time we are

provided with improved information.

2“python” is a registered trademark of the Python Software Foundation.
3Maple is a trademark of Waterloo Maple Inc.



Chapter 2

Bounds from two explicit truncated
Perron’s formulae

As the name of this thesis suggests, Perron’s formula (which was introduced in (1.6)) is
the foundation of our work. Put rather humbly, this formula provides a way to transform
a discrete sum over the natural numbers into a continuous integral over a contour in the
complex plane. The theme of connecting the natural numbers to the complex plane is
somewhat at the crux of an analytic number theorist’s approach to delving into the intricate
behaviour of the primes. Somewhat naturally, there are a number of important sums one
can apply Perron’s formula to. This is exactly our reason for studying this formula. We
shall later apply it to two specific sums, but we want to do so explicitly. This means we first
need a formula like (1.7). That is, we need an explicit truncation of Perron’s formula.

In Section 2.1 we truncate Perron’s formula as Titchmarsh does in his Lemma 3.12 [29].
This shall give bounds for any general function Z Z—’Z (an, s € C) of the variable x, that
satisfies particular properties. Section 2.2 involiig considering two coefficients that we
introduced into the bounds in the process of truncating in Section 2.1. In Section 2.3, we

then truncate Perron’s formula like Arkhipova did in [3]. This truncation just applies to

Z an. In Section 2.4, we bound the integral in the truncated Perrron’s formulae we got in
n<x
Sections 2.1 and 2.3. Section 2.5 is where the reader will find our bounds on Z a_z and

n
Y

n<x

n<x



2. PROOFS OF SOME EXPLICIT TRUNCATED PERRON’S FORMULAE

2.1 An explicit Perron’s formula from Titchmarsh’s Lemma 3.12

In this section our task is to prove Proposition 2.1, which explicitly truncates Perron’s for-
mula. The non-explicit form of this proposition and its proof, which our result and proof
are based on, is given by Titchmarsh in [29] as Lemma 3.12. This proposition is one of the

cornerstones of our work.

Proposition 2.1. Assume that, for some G that is fixed, ¢ >0, 1 >0, A:=A(n) >0, and

a € R, we have that

d an| A
£t (o) D

whenever 1 < 64 c < 1+1. Also assume that for some A > 0,n € N and a non-decreasing
function ¥(n), we have that

an = 0" (A¥(n)). (2.2)

Furthermore, assume that for some Ay >0, and x > 1,

1
~ = 0" (A logx) (2.3)
1<r<xt1/2”

and for some Ay > 0 and x > 1,

L 0" (Azlogx). (2.4)

=S

x+1
lsrs5-

LetV >0, 1/2 <P < 1, and s := 6+ it. On denoting the integer with the smallest distance
to x by N (if x+1/2 € Z, then denote N := |x|), and defining x to be non-integer, for
x> max{3/2,1/(4p—2)} we have that

an 1 /c+iV 0 an P . X
— = — —dw+ 0" | Bl———
n’ 21 Je—iv nZ’I st | w v 1V((H—c— 1)

1-o 1-c
+0* ((Bz‘P(2x) +B3Y¥(N)) )chogx) +0* (34%) (2.5)




2. PROOFS OF SOME EXPLICIT TRUNCATED PERRON’S FORMULAE

with

B := ) (2—|—Arctanv + -+ ‘Arctanv — g‘) (2.6)
By = 8%:‘1 (1 + ’Arctan% _ g‘) , 2.7)
By = % (1 +Arctan§ + g)  and 2.8)
B4 = 2°7°A (1 + max {Arctan% + g, ’Arctan% — g }) . (2.9)

We shall break the proof of this proposition into five lemmas. When proving each lemma,
we assume the appropriate conditions from Proposition 2.1 without giving them specifically

in the statement of the lemma.

Lemma 2.2. We have

n<x
1 T lay| (x/n)¢
o = (1 i ‘Arctan— _I ) . 2.10
<7t 2 ngx no V|10gil—“ ( )

Proof. If we can prove that

[ 1 (x/n)°
| /c+iV <x>WdW_ 140 E(1+Arctan§+§) V|10—gﬁ) forn < x, o1
21 Jo—iv \n wo « 1 c __xm|\ _(x/n) .
(0] <E (1+’Arctanv—§|) Vioe ] for n > x,
we would have that
c+lV |6l | ( /n)c
= + O* (1 +Arctan + = ) -
27:1 ns/c ,;Cns <TE vV 2 ng;c n® V|log ‘
1 c T |an| (x/n)¢
+0* | — (1 + ’Arctan— —— ) — .
(n Vv 2 ng} n® v |log |

10



2. PROOFS OF SOME EXPLICIT TRUNCATED PERRON’S FORMULAE

We may then interchange the series and the integral on the left-hand side of the equation

(o)

(when Re(s) +c¢ > 1 and

above. To do so, we use the absolute convergence of Z
s+c+zv
n=

€ [-V,V]), which is a consequence of (2.1), and the Welerstrass M-test to justify having

uniform convergence of Z (when Re(s)+c¢ > 1 and v € [V, V]). This would then

nstc +iv

give the lemma. Hence, all we really need to do is prove (2.11). We do this separately for

n<xandn > x.

lr v
4
« ey T >
_RV c u
-V
v

Figure 2.1: A contour needed in Lemma 2.2 for n < x.

For n < x, we close the contour using three line segments so that it becomes a rectangle
that captures the pole 1/w has at w = 0. This rectangle is shown in Figure 2.1. Then, with

R > 0, Cauchy’s residue theorem tells us that
1 etV e\ w dw 1 —R+iV —R—iV c—iV W dw
G (L [ ) G
2ni Je—iv \n/ w 2mi \Jetiv R+ Jr-iv) \n/ w
From this, one can use the triangle inequality to get that
1 c+iV w dW c—iV w dW —R+iV X\ W dW
L E ) g L / bl [ 2y
21 Je—iv \n w R—00 270 c+iV n w

‘ / de ) 2.12)
R+iV l’l

11




2. PROOFS OF SOME EXPLICIT TRUNCATED PERRON’S FORMULAE

Now, set w = Re(w) + ilm(w) := u + iv. Since

1 RV x\wdw o1 VxR dv
L k)
2T J_ptiv \n/  w | T R==2nJ_y \n | —R+iv|
1\ R1 v
< lim — <)—C> 1 / dv
R—o 2T \ 11 R/_v

=0

lim
R—3o0

(because n/x < 1), only the first and second terms on the right-hand side of (2.12) contribute
in (2.11).

For the first term in (2.12), we use integration by parts and the triangle inequality to

obtain

c—iV c—iv
1imi/ (f>wd—w < L /T
R—e 21 | J_gr—iv \n/ w 21 | (c—iV)log2

, (x/n)~ RV 1 eV o rx\wdw
+— lim - + / <—> 3
2 R—e \ | (—R—iV)log=| * |logZ% J g-iv \n/ w?

1 ¢ 1 ¢ d
_(x/”)x+ x/ <E>u—u' (2.13)
2nVlegs  2mlogs J-w\n/ u?+V?

Then, after a change of variables u — V tan0, we get that

1 (x/n)° N 1 / x du < 1 (x/n)° N (Arctanf + ) (X/n)c.

c u
Py - P 2.14
2nVlegs 2mlog® J o (n) u?+V? ~ 2nViogs 21V log 2 2.14)

The second term on the right-hand side of (2.12) is also bounded by (2.14). This can be
shown as we have just done for the first term in (2.12). Hence, we have the result for n < x.
For n > x, we again close the contour so that it becomes a rectangle. However, this time

we do not let the rectangle capture the pole that 1 /w has at w = 0. This rectangle is shown

12



2. PROOFS OF SOME EXPLICIT TRUNCATED PERRON’S FORMULAE

A

-V

v

Figure 2.2: A contour needed in Lemma 2.2 for n > x.

in Figure 2.2. With R > 0, we get the following,

1 etV x\wdw 1 =iV x\w dw
[ %] < ([
27 Je—iv \n w R—o0 270 R—iV \n w
Reiv \n/  w |/

The proof is completed using almost identical reasoning as we used above in the n < x

R+iV X\ W dW
e
c+iV n w

_|_

case. O]

We next work with the bounds that appear on the right-hand side of (2.10) in Lemma 2.2

over several intervals. We begin with the intervals n > 2x and n < x/2.

Lemma 2.3. We have

Z la,|  x€ _ o A x°
5 noteVilog| log2V(c+c—1)%)"

or
n<x/2
Proof. This follows from condition (2.1) along with the fact that, for n < x/2,

|log(x/n)| >log2

13



2. PROOFS OF SOME EXPLICIT TRUNCATED PERRON’S FORMULAE

and the fact that, for n > 2x,

|log(x/n)| = [log(n/x)| > log2.

]

The next bound we shall work with is for n = N. Back in Proposition 2.1, N was intro-

duced as the integer with the smallest distance to x. This dictates that
1
N—l/2§x§N+§. (2.15)

We shall make use of this condition.

Lemma 2.4. When x > 1, we have

c 1-o
|aN| X — 0* 26+LA\P(N)X .
NotcV|log 5| V|x—N]|

Proof. Firstly, from condition (2.2) in Proposition 2.1, we have

C - \I] C
vl X e (VX (2.16)
N+ V|log | No*<V|log 5|

We next work with?

N — + — (2.18)

(x—N))Z(x—N) (x—N)? (x—N)3
N 2N? 3N3

X
log— =1 1
ogN og( +

Unless x+ 1/2 € Z, we are unable to tell if x —N < 0 or x —N > 0 so we must consider

both cases.

4The ratio test confirms that absolute convergence of (2.18) occurs when

x—N
N

’ <1. (2.17)

1
Furthermore, as N — 1/2 <x < N+ 1/2, we know that we have (2.17) since N < 1.

14



2. PROOFS OF SOME EXPLICIT TRUNCATED PERRON’S FORMULAE

For x — N < 0, we consider the expression

which is the absolute value of (2.18). From this we get that

x—N) |x—N|

N N (2.19)

e

For x — N > 0 we may ignore all terms, but the first two in (2.18). This is due to the fact
that, since x < N+ 1/2 as in (2.15), we have that
(=N (=N (x—N)*

- > k+1)N—k/2), for k > 3. 2.20
kNk (k+1)Nk+1—Nk+1k(k+1)(( +1) /2), fork > (2.20)

Coupled with the restrictions x — N > 0 and x > 1 (making N > 1), (2.20) implies that

(x—N)k (x_N)k+l
o g e > 0 fork >3, (2.21)

which allows one to ignore the terms in question.
Furthermore, since x —N > 0, we have |log(x/N)| =log(x/N). This fact, (2.18) and (2.21)

give
X (x—N) (x—N)?
1 _‘> _ . 222
‘OgN =N IN? (2.22)

We also get that (x—N) /N < 1 becausex <N+1/2and N > 1, so x < 2N. Thus, from (2.22)

we have that
(x—N) (x—N)? (x—N)_(x—N):|x—N\.

N N2 © N N N

(2.23)

With (2.16), (2.19) and (2.23) we get that

lay| X _oF ZAT(N)XCNI—(G—H)
NV [log X| V|x—N| ‘

15



2. PROOFS OF SOME EXPLICIT TRUNCATED PERRON’S FORMULAE

Furthermore, since x > 1 and N > x — 1/2, we get that N > x — x/2. Whence,

N17(6+c) < 2((5+c)71x17(0+c)

because ¢ + ¢ > 1. We now have the lemma. U]
The final two intervals we have to deal with are N <n <2xand x/2 <x <N.

Lemma 2.5. When x > 3/2, we have

c

)3 o] _x | =0 <SAAl

P(2x)x! = 10gx>
N<n<2x note 14 ’10g % .

Vv
Proof. We must have n > x because N < n < 2x. (If alternatively we had that n < x, n and
N would both have the smallest distance to x, which is impossible because N < n.) From

this fact, along with (2.2) in Proposition 2.1 and the condition 6 + ¢ > 1, we have that

y X (A—lp(mx_c y b ) (2.24)

N<n§2xﬁv ‘logﬁl - 4 N<n<2x |10gl’£l‘

We then set n = N + r. Using this definition for n as well as the restrictions n > x and

x<N+1/2, we get that

N+r
N+1/2'

‘1ogf‘ —log” > log (2.25)
n X

Now, along with the definition of n, the condition N < n < 2x gives the restriction 0 < r <
2x—N. Since N < nand x < N+ 1/2, this restriction on r becomes 1 < r < N+ 1. We shall

deal with 1 < r < N separately from r =N + 1.

16



2. PROOFS OF SOME EXPLICIT TRUNCATED PERRON’S FORMULAE

If1<r<N,(2.25)is?

r r? L P r L L 1 L 1 1 L 1
N 2N2  3N3 4N4 2N 2(2N)2 3(2N)3 4(2N)4

(2.26)
r r 1
> S(1-55) -5 2.7
- N < 2N/ 2N (227)
b : : > 0, for k > 2, and a - >0, fork>3
ecause — or an — or .
k2N)k  (k+1)(2N)k+! ’ - KNk (k+1)Nk+l ’ -
We next simplify (2.27) in two cases, r = 1 and r > 2.
On letting r =1,
r r 1 1 1
— 1——>——:— 1-—. 2.28
N < 2N/ 2N 2N ( N) (2:28)
Then, on imposing the restriction x > 3/2, we use the fact that N > 2 to get
oy Lo (2.29)
2N N 4N 4N

If we instead let r > 2 (which means r — 1 > r/2) and use the fact that r < N, we get

that

r r 1 1 rl
r 1__)__> ) > 2.30
N( w) a2 Uan 2 9o (2.30)

Hence, if 1 <r <N, from (2.25), (2.27), (2.28), (2.29) and (2.30) we have that
r

X
1 _‘>_ 231
‘Ogn — 4N ( )

Furthermore, since N < 2x, we have

r
— >

;
—. 2.32
4 8x ( )

We now consider what we can conclude if r = N + 1.

SThe ratio test confirms that absolute convergence of (2.26) occurs if » < N, while the alternating series
test confirms that convergence of (2.26) occurs in such a case that r = N.

17



2. PROOFS OF SOME EXPLICIT TRUNCATED PERRON’S FORMULAE

If we substitute r = N 4- 1 into the expression log N tr from (2.25) we getlog?2. Thus, (2.31)

+1/2
is also valid for r = N + 1 if

r N+1
log2 > — = ———.
OBS=UNT AN

That is, for N > 1/(4log2 — 1). This does not cause any great concern since N > 2 by the
assumption x > 3/2.
Considering (2.24) and (2.32) together gives

c 1-c
Z |an|x—|:0* <8A% Z l) (2.33)

C+c X
N<n§2xn 4 ‘1Ogn 1<r<x+1/2 r

(Note that the upper restriction on r in (2.33) comes from using the definition n = N +r,
with n < 2x to get r < 2x — N, then applying the fact that N > x—1/2.)

We have the lemma on applying (2.3) in (2.33). [

Lemma 2.6. When x > max{1,1/(4B —2)}, for B as in Proposition 2.1, we have

)y

x/2<n<N

la.]  x¢ [3(2°7 ) AAy x!TOW(N) logx
note v log| 1-B v '

Proof. From the conditions x/2 < n and 6+ ¢ > 0, (2.2) in Proposition 2.1, we have that

x/2<n<N nerev ‘IOg iz_c| 4 x/2<n<N }log %’

We then set n = N —r. Along with n < N (n, N € N) this means that r > 1. Then, since
N — r = n < x (the alternative would mean that n = N, which is not true) and x > N —1/2,
we get that

N—-1/2
‘log{’ zlogf > log /
n n N

(2.35)

—r

18



2. PROOFS OF SOME EXPLICIT TRUNCATED PERRON’S FORMULAE

Moreover, if we let x > 1 (forcing N > 1 to guarantee convergence)6, (2.35) is

r+r2+r3+r4+ 1+ 1 L 1 L 1 L 2.37)
N 2N?  3N3 4N 2N 2(2N)?  3(2N)3  4(2N)* '

r N 1
>—(1—— ) 2.38
_N( r2N—1) (2.38)

(This last line was a consequence of the inequalities

r2 r3 r4

2N? i 3N3 * 4N*4

>0

and
1 1 1 1 1 1 1

2N T 2(2N)2 T 3(2N)3 T 4(2N) INT- L 2N-1

)

We now simplify (2.38) whenr =1 and r > 2.

On letting r =1,

r . N 1 _1 . N
N r2N—1) N ON—1)°

Then, on imposing the restriction x > /(2B —1)—1/2=1/(4p —2) for some 1/2 < B <

1,7 we use the restriction N > /(2B — 1) to get

1 N r
N(1_2N—1) 2(1—[3);}. (2.39)

On letting r > 2, we use the inequality 2N — 1 > N (which we have because N > 1), to

OThe ratio test confirms that absolute convergence of (2.37) occurs if r/N < 1. To work towards this end,

we get that
r 1 1
—< -+ = 2.36
N=2TaN (236)
by combining the definition n = N — r with the restriction n > x/2, then using the fact that x > N — 1 /2. Since

1
we want /N < 1 we only need to restrict N so that 3 + N < 1.

"We have 1/2 < B because B > N/(2N — 1) due to the restriction on N and N/(2N — 1) > 1/2. Moreover,
we set B < 1 to stop the right-hand side of (2.39) from becoming non-positive.

19



2. PROOFS OF SOME EXPLICIT TRUNCATED PERRON’S FORMULAE

get that

Hence,

‘log;—c) > min{1/2,1— B}%. (2.40)

Then, since N < x+1/2, and x > 1, we have N < 3x/2. Thus, with 1/2 < < 1, we find

that
r 2 r
in{1/2,1-PB}t—>=-(1—-P)-. 2.41
min{1/2,1- B} > (1) (2.41)
Considering (2.34), (2.40) and (2.41) gives

N c 3 26+c—1 A l—G\P N 1
)3 |Z+’c =0 ( JAXPHN) - . (2.42)

x/2§n<Nn V|10gr_t‘ 1 _B 4 1<r<xtl r

2

(Note that the upper restriction on r in (2.42) comes from using the definition n =N —r,
with n > x/2, to get that r < N — x/2, then applying the fact that N < x+1/2.)

We have the lemma on applying condition (2.4) in (2.42). 0

Proof of Proposition 2.1. Proposition 2.1 is now the result of collecting together Lem-

mas 2.2 to 2.6. [

2.2 The coefficients A; and A>

Before we move on to the next section and derive an explicit truncated Perron’s formula
from Theorem 1 in [3], we shall detour to provide expressions for the implied constants A;
and A,. These constants showed up in the truncated Perron’s formula we gave in Proposi-

. . . . a .
tion 2.1. Their values are independent of the particular sum E —Z that we wish to bound.
n
n<x

Hypothesis (2.3) in Proposition 2.1 states that for some A; > 0 and x > 1,

1
— <Ajlogx.
1<r<x+ r

N —

20
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Proposition 2.7 below gives the expression we shall use for A;.

Proposition 2.7. Suppose x > xq for some fixed xy > 1. We may then let

1+log (1+ %)
A= +. (2.43)
logxo

Proof. We know that,

1 vty |
<14 / " Zdu.
r 1 u

On evaluating the integral and rearranging, we get that

3] 1+log (14 L
1+/ 2—du:< g 2’“)4—1 logx.
1 u

1§r§x+%

logx
We then impose the condition x > x( to get the result. [

Hypothesis (2.4) in Proposition 2.1 expresses that for some A> > 0 and x > 1,

1
— <Alogx.
,

l<r<sgt

Proposition 2.8 below gives the expression we shall use for A,.

Proposition 2.8. Suppose x > xq for some fixed xo > 1. We may let

1 +log (1 +xl0> —log2

Ay = + 1.

logxo

Proof. We know that,

which is, in turn, bounded by

atl 1
1 I+log(1+<)—log2
1+/2 —duz( g(l+y)—log +1)logx.
1 u logx

21



2. PROOFS OF SOME EXPLICIT TRUNCATED PERRON’S FORMULAE

We then impose the condition x > xq to get the result. [

2.3 An explicit Perron’s formula from Arkhipova’s theorem

As in Section 2.1, our task in this section is to prove an explicit truncated Perron’s formula.

However, our approach in this section is based on Theorem 1 and its proof by Arkhipova

in [3]. Our contribution is in making Arkhipova’s theorem explicit. Unlike Proposition 2.1

of the last section, we only write this result for the special case Z a, as was done in [3].
n<x

However, the proposition we give is just as much a cornerstone of what is to come, as is

Proposition 2.1.

Proposition 2.9. Assume that for somen >0, A=A(N) > 0 and o € R, we have that

- |an| oy A

where 1 < ¢ < 14. Also assume that for some A > 0,n € N, and a non-decreasing function
¥ (n) we have that

an = 0" (A¥(n)). (2.45)

Let 2¢ <V < x. On defining x to be non-integer, we have that

1 etV & a, | x” x¢
- GAY 0t (Bs—
X 2mi /c_iv n;nw W W ( 5V(c— 1)0‘)

n<x
¥ 1 W(2x)x1
\% \%
with
2A
Bs = 2.47
> mlog?2 ( )
2°A(mlog2c+1log X +1
B = A(mlog2etlogy +1) - (2.48)
Ttlog2c
A(d+m+4log2c+4logZ
By A g2c+4logy) (2.49)
2ntlog2c

22



2. PROOFS OF SOME EXPLICIT TRUNCATED PERRON’S FORMULAE

We shall break the proof of this theorem into four lemmas. In each lemma we assume
the appropriate conditions from Proposition 2.9 without giving them in the statement of the

lemma.

Lemma 2.10. We have that

1 c+iV 00 an xwd
Yoo = 50| (Lo )

n<x n=1
X\ ¢ 1
o (Tl (2 min {1 L
(EX'“"' " mm{ oV [log }>
X\ ¢ 1 1
+0* <—> inq —, ——— . 2.50
(r;|dn| n mm{Z nV‘log%‘ }) (2-50)

Proof. If we can prove that

1+ 0" (’—‘)Cmin{l, 1 X|}> for n < x,

1 /C‘HV ()C)de . n 71:V|log 2.51)
27'Ei c—1V n w N * c B 1 1 .
o ((%) mm{f’nvpogﬂ}) for n > x,

we would have that

LE JEE C Yaro <z|an|( ) mm{ m})

n<x n<x

w0 (L) oz i)

For reasons analogous to those given when we proved Lemma 2.2, we may bring the series
inside the integral on the left-hand side of the equation above.
The proof of (2.51) is done in, for example, [8, pp. 105-106].38 We shall not give the

proof herein, but with such a proof, one has the lemma. 0

We next work with the bounds on the right-hand side of (2.50) over several intervals.

The first two intervals we consider are n > 2x and n < x/2. However, we have already dealt

8The bound given in [8] is slightly weaker than what we have given.
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2. PROOFS OF SOME EXPLICIT TRUNCATED PERRON’S FORMULAE

with bounds over these intervals in Lemma 2.3. For completeness, we include the result
below as Lemma 2.11. (Note that even though we are now including the equality in both

intervals it makes no substantial differences in the proof.)

Lemma 2.11. We have

for Bs as in Proposition 2.9.

The other two intervals we consider are x/2 < n < x and x < n < 2x. For these intervals

we have Lemmas 2.12 and 2.13.

Lemma 2.12. We have

Z |an| (f)cmln 1,— :0* B6M
n iV [log | %

5 <n<x
for Bg as in Proposition 2.9.

Proof. From hypothesis (2.45) in Proposition 2.9 and the restriction x/2 < n < x, we have
that

lan| (%) — 0" (AW (x)2°).

We are now left with the job of bounding the sum

1
min{ 1, ——— ».
2z {vmogg\}
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We shall begin by considering °

. _ )2 _ )3

Since n — x < 0, the absolute value of (2.52) is

(n—x) (n—x)2 (n—x)3
X * 2x2 3x3 T

Y - AV S|
but (”k :) — ((kn—i— 1x)) 1 > 0, forevenk > 2, so
X X

(n—x) _ |n—x|.

X n
log— = ‘log—‘ > —
n X x x

Thus,

1 X
in{ 1, —— » =0" inq<1l, ——
¥ min{t e =0 | L min{1 g

X X
2 <n<x b <n<x

Now, we will let m := n — x, which transforms the sum on the right-hand side into
X
inqg1l,—— 5. 2.53
Z b | 229

Furthermore, if we consider when the summand in (2.53) goes from being #H to being
m

1, we find that we may write (2.53) as

1 X
- Y Vil + )Y L
—3<m<—=y m — 7y <m<0

9The ratio test confirms that absolute convergence of (2.52) occurs in such a case that |(n —x) /x| < 1. This
condition is satisfied by all relevant x and all x/2 < n < x. More specifically, from the fact that x/2 < n < x
we know that —1/2 < (n—x)/x < 0.
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Then, due to the fact that,

and

we get that

. X X 1% 1 log% 1
Y minql,——t<ZlogV|—=+=+ + :
TV |m| Vv xlogV ~®m wlogV = mlogV

—5<m<0

Under the assumption 2¢ <V < x, the last bound becomes

(t+log2c+log% +1)

X
—logV
Vv ©8 nlog2c

Thus, we are done. OJ

Lemma 2.13. We have

1 1 Y(2x)xlogV
Y ol (5) mind 2, — L 1o (B7<X>_xog>
n 2 nV|10gﬁ‘ 1%

x<n<2x

for By as in Proposition 2.9.

Proof. From hypothesis (2.45) in Theorem 2.9 and the restriction x < n < 2x, we have that
X\ ¢ ~
an] (—) = 0" (A¥(2x)). (2.54)
n
Thus, we now only need to get a bound on the sum
Z min ! !
x<n<2x z,nv’MOg%|
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We shall begin by considering '°

. _ )2 _ )3

Here, n < 2x, n—x > 0 and x > 0, so we may ignore all terms, but the first two in (2.55)

because

R eI (R
ko (k+ 1)xkt1 = xktlg(k4+1)

for k > 3. Moreover, we have n > x. This means |log(n/x)| = log(n/x). Hence,

n—x n—xz
SUEDINGE

foe |
X

We also notice that
. )2
(1=x) _ (n=x)
2x 2x2

because n < 2x, from which we get that (n —x) /x < 1. Hence,

(n—x) (n—x)? - (n—x) (n—x) _ |n— x|

X 2x? X 2x 2x
and so,

[n—x|
2x

11 1 1 2
Z ming ~, ————— p = 0" Z min{—,—x} .
x<n<2x 2'mv {log n ‘ x<n<2x 2 VTCll’l —X|

Now, we will define m := n — x, which transforms the above sum into

llogf‘ = ‘logﬁ‘ >
n X

Thus,

12
Y min{—, —x} . (2.56)
O0<m<x 2 VTC‘I’I’Z‘

10T he ratio test confirms that absolute convergence of (2.55) occurs in such a case that |(n —x) /x| < 1. This
condition is satisfied by all relevant x and all x < n < 2x. More specifically, from the fact that x < n < 2x we
know that 0 < (n—x)/x < 1.
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4
The summand in (2.56) is 1/2 only until x = %, so we replace (2.56) with

1 2 X
5 += .
20<7§<’4x n“"<21}1<x |
v nv —
Then, using the upper bounds
4
Y i<
O<m<7‘t‘—€§ T
and
Z r - E_|_£/x ﬂ
E‘X/Sm<xV|m| T4V skt ’
we get that
1 2 logV 2 Vv 2 2logk
L min{—, - }Sxog < + +—+ﬁ). (2.57)
0<m<x 2'Va|m| Vv nlogV  2xlogV m mwlogV

Under the assumption 2¢ <V < x, (2.57) becomes

x (4+m+4log2c+4log%)
—logV .
V 2ntlog2c

Therefore, we are done. O]

Proof of Proposition 2.9. Proposition 2.9 is now the result of collecting together Lem-

mas 2.10 to 2.13. [

2.4 Working with the integrals

We next prove a bound on the integrals that appears in (2.5) and (2.46).

: . . . v Gn .
Herein, f(w), with w € C, should be taken to be either the series Z Hr_lw with a, € C,
n=1"

.y ap : o : :

the series — or the meromorphic continuation of whichever of these two series are of
n

n=1

interest.
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™

Figure 2.3: A contour needed in Proposition 2.14.

Proposition 2.14. LetV, x > 1 and let V,c > 0, withv < V. Also let s = 6+ it and w = u—+iv.

Assume that, for some b < c and all u € [b,c|, there exists functions g(b,c,V) and g(b,c,V)

such that
fl(o+u)+i(t+V))=0"(g(b,c,V)) (2.58)

and
fl(o+u)+i(t—V))=0"(g(b,c,V)). (2.59)

Also, assume that for all v € [V, V| there exists a function h(b,V) such that

f((c+Db)+i(t+v)) =0 (h(b,V)), (2.60)
for all v € [—v,—V] there exists a function h(b,V) such that
f((o+Db)+i(t+v)) = 0" (h(b,V)), (2.61)
and for all v € [V, 7] there exists a function h(b,V) such that
(2.62)

f((o+Db)+i(t+v)) = 0* (h(b,7)).
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2. PROOFS OF SOME EXPLICIT TRUNCATED PERRON’S FORMULAE

If we restrict our attention to f(w) with an analytic continuation to points w that are on the
contour shown in Figure 2.3\, a meromorphic continuation to points w that are inside this

contour and for which the number of poles is finite, we have

1 /C+ivf(s+w))%wdw — R+O* (i (g(b,C,V)+g(b7C7V)) xc >

o7 iV 27 Vlogx
1 3
+0* (ﬁ (h(b,V)+ (b,V))xblogV>
Foa
O* [ —h(b,v)x" 2.63

w

X
with R being the sum of the residues of f(s+w)— with respect to the poles of this function
w

that are located within the contour of Figure 2.3.
We shall break the proof of this theorem into four lemmas.

Lemma 2.15. Let V, ¢ > 0 and b < c. Consider the contour in Figure 2.3. Then, with R

defined as in Proposition 2.14, we have that

1 etV x" 1
i T g — <
2T /ciV f(s + W) w dw R‘ - 2r
W

b—iV x
/ fls+ w)—dw'
b w

+iV

b+iv o
/ fls+w) —dw'
c+iV w

_|_

_|_

c—iV XV
/ f(s +w)—dw' ) : (2.64)
b w

—iV

Proof. We apply Cauchy’s Theorem to the integral on the right-hand side of (2.63) with

respect to the contour in Figure 2.3 and invoke the triangle inequality. 0

Lemma 2.16. Let V,c > 0, b < c, and x > 1. Furthermore, assume that one has (2.58).

Then,

briv e . e )
/c L Jsrwdw=0 (g(b,c,V)V 1ogx>' (2.65)

1 Although b is depicted as being greater than zero in Figure 2.3, this is not necessary. In Chapter 4 we
shall in fact use a b < 0.
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Proof. After re-writing the integral as

b xu+iV
/c F(G+u)+i(t+V))

u+iv

du

we can proceed by getting a bound on

/C|f((6+u) Fi(t+V)) xvudu.
b

Making use of the bound on f((6+u)+i(r +V)) given in (2.58) finishes the proof
Lemma 2.16 also provides one with a bound on
c—iV x
/ fls+w)—dw
b—iV w

if we write g(b,c,V) instead of g(b,c,V) so we shall move on

Lemma 2.17. LetV, x > 1 and vV > 0, where V < V. Also let s = 6 +it. Furthermore, assume
hypotheses (2.60), (2.61), and (2.62). Then,

—iV

b+iV e 3
/b fls+w)=dw = 0 ((h(b,V) +h(b,V))xb10gV>

+o* (‘zb‘]iz(b 7)x ) (2.66)

Proof. After re-writing the integral as

/__v+ _v+/( (6+b)+ (t—v))Xb+i.vi)dv

b+iv

we see (by the triangle inequality) that a bound on the integral is given by a bound on

/_v+/ <|f G+b)+z(t+v))|ﬁ)dv+ ~(|f(((7+b) it +v)) \ij)
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Thus, all we require to finish the proof are the bounds given in (2.60), (2.61), and (2.62). [

Proof of Proposition 2.14. Proposition 2.14 is now the result of collecting together Lem-

mas 2.15 to 2.17. [

2.5 The Titchmarsh and Arkhipova bounds

We may now give the two penultimate theorems of this chapter. These theorems provide

a
bounds on Z —Z or Z ay. The first theorem corresponds to the truncated Perron’s formula
n
n<x n<x
we got in Section 2.1 and the second theorem comes from the truncated Perron’s formula

we proved in Section 2.3.

Theorem 2.18. Under the assumptions of Propositions 2.1 and 2.14,

1
a_,z = R+0O* (— exp(logg(b,c,V) +log(x°) —logV—loglogx)>
n<x 21

1
Lo (% exp(log(b,c,V) +log(x*) — logV — IOgIOgX))

1
+0* (E exp(logh(b,V) +log(x") + 10glogV))
1 -
+0* (ﬁ exp(logh(b,V) +log(x") + 1oglogV)>
+0* <%exp(logiz(b, 7) +log(x?) —log \b|))
+0" (B exp(log(x‘) —logV — alog(c+c—1)))
+0* (Byxexp(log ¥(2x) — log(x°) +loglogx —logV))
+0* (Bsxexp(log¥(N) —log(x°) +loglogx —logV))

+0" (Bsxexp(log ¥ (N) —log(x°) —logV —log|x — N|)). (2.67)

Proof. Combine the result of Proposition 2.1 and Proposition 2.14, then re-write the bound

so that each term is made up of a coefficient, a factor of x and a power of an exponential. [
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Theorem 2.19. Under the assumptions of Propositions 2.9 and 2.14,

1 :
Z a, = R+0* (ﬁ exp(logg(b,c,V)+1log(x‘) —logV — loglogx)>

n<x

1

+0"* (ﬁ exp(logg(b,c,V) +log(x") —logV — 10g10gx))
1

+0* (ﬁ exp(logh(b,V) +log(x") +10g10gV))
1 ~

+0* <ﬁ exp(logh(b,V) +log(x") +10g10gV))

+0* <%exp(logﬁ(b,\7) +log(x?) —log |b|))
+0O* (Bsexp (log (x°) —logV — allog(c —1)))
+0O™ (Bgxexp (log ¥ (x) +loglogV —logV))

+0" (B7xexp (log¥(2x) +loglogV —logV)). (2.68)

Proof. In our proof of Theorem 2.18, use Proposition 2.9 rather than Proposition 2.1. Ev-

erything else is the same. 0

We now carry Theorems 2.18 and 2.19 forward with us into the next chapter. In Chap-

ter 3, we shall be switching gears from working with Z a_: or Z a, where (a,) has not
n<x n<x
been specified, to specifying (a,) and working with the corresponding sum Z an.
n<x
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Chapter 3

The function M (x)

an .
Now that we have bounds on Z —Z, with a,,,s € C, we can apply these bounds to examples
n<x
of sums of this type. One such sum is

M(x)= Y un).

n<x

The aim of this chapter is to arrive at explicit bounds on M (x) via the results we proved
in Chapter 2. In particular, we will show that there is an xo > 0 such that when x € (xp, o)

we have

M(x)=O* (Cx(logx) exp (—m/@)) . (3.1)

We will also show that there is another xp > 0 such that when x € (x¢,) we have

M(x) = O* (Cxexp <—c\/@>> 3.2)

and we will give explicit values for the xp, C and c in (3.1) and (3.2).

One of the strongest bounds we are aware of is

(3.3)

.013xlogx—0.11
M(x) = 0" 0.013xlogx—0.118x
(logx)?

from [24]. This bounds can be used when x € [exp(13.90),c0), but we will see that the
bounds we shall get in this chapter will be stronger than (3.3) if x is sufficiently large.

Hence, for M(x), (3.2) is the tightest type of explicit bound that is known unconditionally

34



3. THE FUNCTION M (X)

for x in an unbounded interval.
We shall get explicit bounds on M(x) in Section 3.1. We will then analyze these bounds
in Section 3.2. This analysis shall include determining how large x needs to be for one of

our bounds to become stronger than (3.3).

3.1 Arriving at explicit bounds on M (x)

Chapter 2 contains two theorems that we shall now apply to arrive at explicit bounds on
M(x). Section 3.1.1 shall rely on Theorem 2.18, and Section 3.1.2 shall rely on Theo-
rem 2.19.

The two approaches we shall consider produce bounds that only apply at x in a subset
of (xp,%0). We want our bounds to work for x in the whole interval (xp, ). Hence, we will
have to transform the bounds on M (x) that we get, into bounds that apply at any x € (xg,°).

We do this in Section 3.1.3.

3.1.1 The approach from Titchmarsh’s Lemma 3.12
Theorem 2.18 is our ticket to proving explicit bounds on M(x). The hypotheses of Theo-
rem 2.18 are exactly the hypotheses of Propositions 2.1 and 2.14. Hence, we need to make
sure M (x) satisfies the hypotheses of Propositions 2.1 and 2.14. We shall first demonstrate
that these hypotheses are satisfied. Then, we shall build on Theorem 2.18 until we have
explicit bounds on M(x).

Proposition 2.1 gave an explicit truncated Perron’s formula. There were four hypotheses
involved in proving this proposition. In this context, for some A =A(M), N >0, 1 <c <

1+mnand o € Z=9, the first hypothesis is

; |“,5’Z)| _ o ((cfl)“)

This hypothesis is satisfied by the following Proposition 3.1. We prove Proposition 3.1 by

referring to the proof of Lemma 3.1 in [12].
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3. THE FUNCTION M (X)

Proposition 3.1. We get that for 0 <m < 1/log(1.5) and 1 <c < 1+n,

1—1log(1.5) + Inlog?(1.5))n +1
(c=1) '

5 ol _
n=1 ne
Proof. The proof of Lemma 3.1 in [12] gives that

(1—1log(1.5)+3(c—1)log*(1.5)) (c— 1) +1

for 1 <c¢ <1+ 1/log(1.5). Moreover, we know that

3 I

Hence, the proposition holds if 0 < ¢ —1 <mn < 1/log(1.5). O

Thus, we can take o0 =1 and A = (1 —10g(1.5)+%nlog2(1.5))n +1lforc—1<n<
1/1og(1.5).

In this context, the second hypothesis in Proposition 2.1 is that |u(n)| < A¥(n). We
have |u(n)| < 1, so we can take A = 1 and ¥(n) = 1.

The third and fourth hypotheses were addressed in Propositions 2.7 and 2.8.

We can now move onto the hypotheses of Proposition 2.14, which was all about the

integral

1 c+iV X
— —dw.
21 /c—iV f(w) w W

In this case

(oo}

_ Ly
f) =gy = L (34)

n=1 n
because we will have Re(w) = ¢ > 1. (See [21, p. 208] for a proof of (3.4)). However, in

what follows, we will not always have Re(w) > 1; sometimes Re(w) < 1. In these instances,

we define f(w) = 1/{(w) to be the analytic continuation of Z ‘LLZ)
n=1 "

continuation exists with respect to all of the w we are interested in because {(w) # 0 in the

. Such an analytic
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3. THE FUNCTION M (X)

region we shall consider.

There were six hypotheses involved in Proposition 2.14. In this context, five of the
hypotheses require a bound on 1/{(w). These bounds each correspond to one of the five
dark lines in Figure 3.1.

Im(w)

I
- — —— —

4
3

1-
WlogV

Y

Figure 3.1: The (dark) lines corresponding to five of the hypotheses of Proposition 2.14. (A
different line-style indicates correspondence to a different hypotheses.)

The four bounds on 1/{(w) that each correspond to one of the non-solid lines in Fig-

ure 3.1 were dealt with by Trudgian in [30]. These bounds look like

1 *
o) = 0" (CilogV). (3.5)

We shall need (3.5) for w € C with Re(w) > 1 — and 7 < |Im(w)| < T. Hence, we

WlogV
can take g(b,c,V) = g(b,c,V) =h(b,V) = h(b,V) = C; logV. To use these bounds we shall
set
1
b:=1- . (3.6)
WlogV

Furthermore, the C;, W and 7 that we need will come from [30, Table 2]. We have included
each set of W, v and C; in Table 3.1, alongside another constant C; that we shall consider

next.
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Table 3.1: The W, ¥, C; and C, we will use to get bounds on M (x). (The first three columns
of this table are from [30, Table 2]).

w % Ci C,
6 34.00 3.2x10°0 3.33
7  34.00 1.3x10 3.29
8 5028 3.1x10° 3.24
9 70.59 9.6x10* 3.21

10 90.87 1.5x10* 3.19
11 111.12 4.4x10® 3.17
12 132.16 1.9x10° 3.16

The other hypothesis in Proposition 2.14 that involves a bound on 1/{(w) corresponds
to the dark solid line in Figure 3.1. For this line, Re(w) = b and —v < Im(w) < V. In
Proposition 2.14, V can be any number larger than ¥. Moreover, as V increases, b shifts
closer and closer to Im(w) = 1, according to (3.6). As a consequence, an appropriate bound
for 1/(w) on the dark solid line in Figure 3.1 needs to be a bound over the whole closed-
shaded rectangle shown in Figure 3.2(b). Fortunately, if we use the Maximum Modulus
Theorem, which is,

“Let f be analytic in a bounded region D, continuous in D (the closure of D),

and let |f(z)| < M for z € dD (the boundary of D). Then |f(z)| < M in D;

moreover, if | f(z)| = M for some z € D, then f is constant in D.”,
as stated in [5, p. 132], we do not have to be concerned with the values of 1/|{(w)| inside
the rectangle in Figure 3.2(b). We need only consider values of 1/|{(w)| on the boundary
of the rectangle. To this end, we have consulted graphs from Maple that show 1/|{(w)| on
each of the four boundary lines for the various W and v in Table 3.1. We determine a bound
by finding the graph with the highest point and re-producing the particular section of that
graph containing the maximum so that we can read what the maximum is from the graph.
Figure 3.2(a), (c) and (d) show the graphs of 1/|{(w)]| on the rectangle’s boundary lines for

W =6 and v = 34. Figure 3.3 shows the close-up of the maximum in Figure 3.2(d).
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0792 -3 -2 -10 10 20 30

(d)

Figure 3.2: [(a), (¢) and (d)] Graphs of 1/|{(w)| on the rectangle’s four boundary lines for
W =6 and v = 34. [(b)] The closed-shaded rectangle in which w = u + iv that satisfy (3.7)
are found.

From this method, we get the bounds

1 *
gy =0 (@) (3.7)

That is, we can take fz(b, V) = C,. The constants we obtain for C, with respect to each W
and v are included in Table 3.1.
We now have just one hypothesis of Proposition 2.14 left to examine. Proposition 3.2

below fills this void.

Proposition 3.2. If W and V are as defined in Table 3.1 and V > v then 1/{(w) is holomor-

phic whenever Re(w) > 1 — and Im(w) < V.

WlogV
Proof. The entries in Table 3.1 for W that we shall use are no smaller than 6 and the entries
for ¥ that we will use are no smaller than 34. Hence, we know that any w satisfying Re(w) >

and Im(w) <V will not make {(w) = 0.12 O

1—
WlogV

12 A5 per the zero-free region (1.8) that is stated in Chapter 1.
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3.327159

3.327104

3.327054

3.327004

3.326954

4115 14117 14119 14121 14123 1412
v

Figure 3.3: A close-up of the maximum of 1/|{(w)| in Figure 3.2(d).

Due to Proposition 3.2, the value of R in Theorem 2.18 is zero for M(x).
We now know that M (x) meets the requirements to use Theorem 2.18. Hence, we have

the green light to give the following corollary of Theorem 2.18.

Corollary 3.3. For x, N, By, By, B3 and By defined in Propositions 2.1, V restricted as it
was in Proposition 2.14, Cy, Co,W and vV described in Table 3.1, 1 <c < 1+mnfor0<n <
1/log(1.5) and b=1—1/(WlogV), we have that

C
M(x) = OF (?lexp(loglogV+log(xc)—logV—loglogx))
* Cl b
+0 — XP <10g(x )+2loglogV>

vC
+0* (% exp <10g(xb) —log ]b|>)
+0* (B exp (log(x) —logV —log(c —1)))
+O0" ((By + B3)xexp (loglogx —logV))

+0* (Bgxexp (—logV —log|x—NJ|)). (3.8)
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We now want to remove the dependence our bound has on the parameters b,c and V.
We stated our definition for b in (3.6). For the definitions of ¢ and V, we allow Landau’s
work [16] to guide us and set

1

ci=14— (3.9
logx

V:=exp (\ / %logx) . (3.10)

With these definitions, we can now state a more explicit version of Corollary 3.3 as the

and

following theorem, which is the main theoretical result of this section.

Theorem 3.4. For N defined in Proposition 2.1, x defined in Proposition 2.1 that also satisfy

X > max {exp (%) exp (%) ,exp(1),exp (W (log#)?) } :

with respect to an 0 <m < 1/1og(1.5), and W and v as described in Table 3.1, we have that

Cie 1
M = 0| ——— —1/ =1
(x) (n _Wlogxxexp ( \/ W 0gx>)
C 1
+0* ﬁxexp (—\/ Wlogx+10glogx>>
2vC 1
+0* ‘;c 2xexp (—\ / Wlogx))
% 1
+O0* | (Bie+ B2+ B3)xexp (—\ / W logx + 10g10gx> >
B 1
+0O* ﬁxexp (-, / W]ogx)) (3.11)

with C1 and C, described in Table 3.1. Furthermore, if we define A and Ay as in Proposi-
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tion 2.7 and 2.8 and have 1/2 < B < 1, we get

(1 —log(1.5) + Inlog?(1.5))n+1

B < 3.12
b= wlog?2 ( )
1 1
2 + Arctan + +ml,
/1 /1
exp ( Wlogx) (logx)exp ( Wlogx)
8A
B, < Tl (14+7/2), (3.13)
3(208)A 1 1
ogx
Bgzﬁ 1 + Arctan + +7/2 |,
exp (\ / %logx) (logx)exp (w / %logx>
(3.14)
and
1
2! Togx 1 1
By = 1 + Arctan + +m/2
exp (, / %logx> (logx)exp (\ / %logx)
(3.15)

Proof. Continuing from (3.8), if we replace c¢,b and V using definitions (3.6), (3.9) and

(3.10), we get that

C 1 1
M(x) = OF (ﬁxexp <log (\ / Wlogx) +1—4/ Wlogx—loglogx))
C 1 1
+O* leexp (—\ / Wlogx) +log (Wlogx)>

vC 1 vWI1 —1
+0* uxexp —1/ = logx —log vV oer™
T 4 vWlogx

1
+0O* | Bixexp (1 —1/ Wlogx—kloglogx))
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W

1
+0* <B4xexp (—\ / Wlogx—log |x—N|>) :

Now, if we suppose that x > exp (4/W), so that

1
+0* ((Bz + B3)xexp <log10gx— —logx>>

vWlogx—1 - 1
vWlogx 2

and suppose that x > e, so that loglogx > 0, the bound on M(x) in the proposition is proved
on rearranging the terms.

We should also note that in Corollary 3.3, ¢ < 141 forn < 1/log(1.5), and so logx >
1 /1. Furthermore, in Proposition 2.14, V > ¥, and thus, exp (\ / %logx) > 7. These con-

ditions, together with those we previously mentioned, necessitate having
1 4 2
X > max < exp n exp | o ,exp(1),exp (W (logv)?) ¢
Moreover, in By By, B3 and By, the variables ¢ and V appear in the expressions

Alr(:tan£ _T
Vv 2

, <Arctan§ + g) ., 2¢71 and 2¢.

When we use the definitions of ¢ and V, the last three expressions are equal to

1 1 T, L
Arctan + + —,2%ex and 2

exp 4/ % logx (logx)exp/ % logx

Furthermore, the assumptions ¢ > 0 and V > 0, allow one to infer that

1
1+@.

C T T
Arct ——_‘<—.
‘rcanv 21=2

43



3. THE FUNCTION M (X)

We now give two corollaries of Theorem 3.4 that we shall use to produce our explicit

bounds. These two corollaries differ in the way they treat the loglogx factors in (3.11).

Corollary 3.5. With all notation and conditions as in Theorem 3.4, for

Cie C 29C, B4
C(x):= — B By+By3+ ——mmF
) /W (logx)3/2 W T Riogx TP T B T T N logx
we find that
1
M(x) = O* (C(x)x(logx) exp (—\ / Wlogx)) .
Proof. Factor x(logx) exp <—w / % logx) from (3.11) in Theorem 3.4. O

For convenience, from now on we denote the lower bound on x in Corollary 3.5 by

xo(W) := max {exp (111) exp (%) exp(1),exp (W (log)?) } . 316)

Corollary 3.6. Let 0 <& < 4/ % and let x as defined in Proposition 2.1 be such that

X > max {exp (%) ,exp (%) ,exp(1),exp (W(logﬁ)z)}

and

logl
og ogx<8

V9ogx

With all other notation and conditions as in Theorem 3.4 and

0< (3.17)

C Cie 2vCy By
Cx):==—+8B B,+B —&4/1
(x) = T Bie+Ba + 3+(n T +|x_N|)exp< V/logx),

M(x) = O* (C(x)xexp ((—\/% + s,) \/@» .

we find that
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loglogx
V]ogx

/1 /1
exp (— W]ogx—i—loglogx) < exp ((— W —Hs) \/logx) ,

which allows one to further bound (3.11) in Theorem 3.4. We then finish by factoring

rexp ((_@ +e> ﬁ)

from the bound on M(x). O

Proof. We use the hypothesis < ¢ to infer that

We denote the lower bound on x in Corollary 3.6 by

1 4
xo(W,€) := max {exp (ﬁ) ,exp (W) ,exp(1),exp (W(log\?)z) ,xg} , (3.18)
where
loglogx

for x > x¢. One ideally wants x¢ to be as small as possible.

We will soon use Corollaries 3.5 and 3.6 to get bounds on M(x), but before doing so,
we shall set B appropriately. It is possible for the parameters 3 to cause an increase in
x0(W) or xo(W,€). We can prevent this by making sure 1/(4f —2) < xp with xo = xo(W)

for Corollary 3.5 and xo = xo(W, €) for Corollary 3.6. Thus, we want to set

Bi==+—. (3.19)

When we calculate our bounds on M(x) we will have |x — N| = 0.5.13 With this choice, the
C(x) in Corollary 3.5 decreases as x increases. Hence, for x > xo(W) we are able to bound

C(x) by Cw := C(xo(W)). In the same way, for Corollary 3.6, we are able to bound C(x) by

13Since x — N appears in a denominator of one of the terms in the C(x) of Corollary 3.5, it makes sense that
we restrict it to the largest value it can take, which is 0.5.
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Cw,e := C(xo(W,€)).
We are now ready to get bounds on M(x).

The explicit bounds on M(x) that we shall get from Corollary 3.5 will have the form

M(x) = O" (CW(logx)xexp (—CW logx)> ,

for x > xo(W), where cy = \/1/W, xo(W) was given in (3.16) and Cyy = C(xo(W)), with
the C(x) of Corollary 3.5. The bounds on M(x) we shall get, using Corollary 3.5, will be

calculated using W from 6 to 12 (and |x — N| = 0.5 as previously mentioned). We shall also

L
W (log 7)2
The Python code that we have written to generate our bounds on M(x), according to

use n =

Corollary 3.5, can be found in Appendix A.1. When run, this program will prompt for a
decision as per what precision it should use to evaluate the bounds. It will also prompt for
a decision as per what x — N and W should be. It then does the necessary calculations and
presents the bound it gets on the screen. The program works for all 0 < |x — N| < 1/2, but
only W =6, 7, 8,9, 10, 11 and 12 can be used. As shown in Table 3.1, ¥, C; and C, are
determined according to what W is. Appropriately, when running our code no decision has
to be made by the user about ¥, C; or C». The appropriate choices for these parameters are
written into the program. One bound on M(x) is calculated each time the code is run. We
present the bounds on M (x) that we get using this code in Table 3.2. For Table 3.2, and each
of the analogous tables presenting bounds that are to come later, we rounded the output of
our program up when recording logxo(W) and Cy. When recording cy we rounded the

output of our program down.

14Since 1) appears in the numerator of By, but x has to be bigger than both exp (1/1) and exp (W (log#)?),

choosing N = will decrease the bound the most, while not forcing x to be larger than

1
W (log7)?
exp (W (log#)?). For this 1, exp (1/1) = exp (W (log¥)?).
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Table 3.2: The bounds we get via Corollary 3.5 and the code in Appendix A.1.

w IOgX()(W) CW cw
12 286.25 7.4x10' 0.288
11 244.09 1.6x10> 0.301
10 203.35 5.1x10* 0.316
9 163.09 3.5x10° 0.333
8 122.79 1.3x10°  0.353
7 87.05 6.0x10% 0.377
6 74.62 1.8x10% 0.408

The explicit bounds on M (x) that we shall get from Corollary 3.6 will have the form

M(x) = O* (Cwﬁxexp (—cwﬁx/logx)) ,

for x > xo(W,€), where cy e = \/I/—W — &, xo(W,€) can be found back in (3.18). Further-
more, Cy ¢ = C(xo(W,€)), with the C(x) from Corollary 3.6. The Python code for these
bounds is given in Appendix A.2. This code operates in much the same way as the code
we used to implement Corollary 3.5. However, when run, it will prompt for a decision on
what € and x;¢ should be, in addition to the other information requested by our Corollary 3.5
program.

We shall get one bound on M (x) for eachof W =6, 7, 8, 9, 10, 11 and 12. We write ey
for the value of € that we shall use with a particular W when calculating a bound. We know
that we can use any 0 < gy < \/I/—W . However, we have opted to use a strategic approach
to making the decision on how to set each €y. We begin by selecting €12. We shall have
€12 = 0.28, but one does not guarantee that this €15 cannot be improved upon. However,
since €17 is very close to \/W ~ 0.289, the bound we get will be valid for a larger set
of x than it would be if we had €12 < 0.28. We get the first bound by feeding W = 12 and
€12 = 0.28 into our program. We then want to find a suitable value of €;1. To do so, we

select an €11 < 0.28. At this stage, it does not matter exactly what value less than 0.28 we
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assign to €11. With this €1 and W = 11 we then get a bound

M(x) < Ci1g,, exp(—ci1g,\/10gx). (3.20)

This bound comes with a condition on x, say x > xo(11,€11). We check to see how close this
xo(11,€11) is to the point where (3.20) improves on the W = 12 bound. We are interested

in the smallest x > xp(12,0.28) that satisfies

Cil,e,, €Xp <—C11,811 vV logx> < Ci2,0.28€Xp (-Clz,o.zs vV logx> .

Namely, we are intersested in the point

1 Cn ?
%o(11,€)) =ex lo " ' 32
ol 1) P <(_C12,0.28 +Clley & (C12»0~28)> ) o

We want %(11,€11) to be just a little bit smaller than xo(11,€;;). If this is not the case,

we alter €17 and repeat the process to adjust %p(11,€;;) and xo(11,€;;). We continue in
this way until we do get the kind of %y(11,€;;) we desire. After settling on an €11, we do
the same for W = 10. However, this time we have the task of checking xo(10,€19) to the
smallest point %o(10,€19) > xo(11,€11) where the W = 10 bound improves over the W = 11
bound. We follow the same process for W =9, 8, 7 and 6 (in this order). The bounds we
get are given in Table 3.3. Altogether we will have seven bounds. For Table 3.3 and each
of the analogous tables presenting bounds that are to come later, we rounded the output of
our program up when recording logxo(W,€) and Cy ¢. When recording cy ¢ we rounded the

output of our program down.
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Table 3.3: The bounds we get via Corollary 3.6 and the code in Appendix A.2.

W € logxo(W,¢€) Cwe CWe

12 0.28 489.15 7.3x 10! 0.008
11 0.26 607.78 1.5x 10> 0.041
10 0.23 864.36 5.0 x 10> 0.086

9 0.19 1474.63 3.5x10° 0.143
8 0.14 3364.98 1.3x10° 0.213
7 0.08  14305.32 6.0x10% 0.297
6 0.04 79589.39 1.7x10* 0.368

3.1.2 The approach from Arkhipova’s theorem

The work that is required to get bounds on M (x) from Theorem 2.19 is almost no different
to what we did for Theorem 2.18. Furthermore, we do not need to bother with checking
any of the hypotheses of Theorem 2.19 because it was all done in the last section. Thus, we

can begin by stating the relevant corollary of Theorem 2.18.

Corollary 3.7. For x, Bs,Bg and By defined in Propositions 2.9, 2c <V < x defined in
Proposition 2.14, Cy, Co, W and v described in Table 3.1, 1 < c <141 for 0 <n <
1/log(1.5) and b=1—1/(WlogV), we have

C
M(x) = O (leexp (loglogV + log(x*~1) —logV — loglogx))

C
+0* (%xexp (log(xb_l) - 210g10gV>>

« [(VC2 b—1y
+0 ( - Yexp <log(x ) log|b|))
+0* (Bsxexp (log(x“~') —logV —log(c — 1)))

+0™ ((Bg + B7)xexp (loglogV —logV)). (3.22)

We keep the same definitions for ¢,b and V as in Section 3.1.1. Hence, we have the

following, which is the main theoretical result of this section.
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Theorem 3.8. For x defined in Proposition 2.9 that also satisfy

%> max {exp (%) exp (%) exp(1).exp (W(logs)2) ,exp (W (log4)?) } ,

with respect to an 0 <n < 1/log(1.5), W and v described in Table 3.1, we have

Cie 1
M = O ———— =/ 1
(x) (n WlogxxeXp< W ng>>

C 1

+0* <_nV1VxeXp <—\/ WlongFlOglng))
20C, /1

o* —\/ w1
+ < . xexp( W ogx))
§ /1

+0 <eB5xexp <— Wlogx+10g10gx>>
Bs+B 1 !

+0* <—< 6+W7)xeXp (—\/Wlogwriloglogx»a (3.23)

where C1 and C, described in Table 3.1 and

2(1—1log(1.5)+ inlog*(1.5))n+1

Bs = 3.24
> mlog?2 ( )
1
2! g (nlog <2+ @) +log % + 1)
B < (3.25)
mlog?2
4+m+4log +4log (2+@)
B7; < (3.26)
21ntlog?2

Proof. We follow the same lines of reasoning as in the proof of Theorem 3.4. The biggest
difference is that we now must have x > exp (W(log 4)2) because in Proposition 2.9 we

needed V > 2¢. This translates to

/1 2
—1 24+ —m—. 3.27
exp( W ng> ~ +exp (loglogx) (3-27)
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which holds if exp (, /& logx) > 4. O

Next, we provide two corollaries of Theorem 3.8 that we will use to get explicit bounds

on M(x).
Corollary 3.9. With all notation and conditions as in Theorem 3.8 and with

Cie n C n 2vC, Y Beet B¢+ B7
= —+— e+ ———
/W (logx)3/2  ©W  mlogx : vWlogx

M(x) = O* (C(x)x(logx) exp <—\ / %logx)) .

Corollary 3.10. Let 0 < € < \/1/W, and let x defined in Proposition 2.9 be such that

C(x):

we find that

X > max {exp (%) ,exp (i> ,exp(1),exp (W (logv)?) ,exp (W <log4>2)}

W
and
loglogx
0< <
Vv]ogx

With all notation and conditions as in Theorem 3.8 and

C C 29C B¢+ B
C(x) ::$+Bse+(n Wlleogx+ Vnz)exp(—s logx) + 6t 7exp<—§\/logx>,

M(x) = O (C(x)xexp ((—\/% +£> \/@) ) .

Corollaries 3.9 and 3.10 can be proved by following the reasoning we used in the proof

we find that

of Corollaries 3.5 and 3.6 respectively.
We now have everything we need to get bounds for M(x). The only parameters we set
differently here than in Section 3.1.1 are € and x¢. We use the same approach for determining

€ that we used in Section 3.1.1. We also re-use the notation Cy, cw, xo(W), Cwe, cw,¢ and
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xo(W,€) from Section 3.1.1. However, one should keep in mind that (when appropriate)
we define these notations differently in this section, compared to when we used them in

Section 3.1.1.
The code in which we have implemented Corollary 3.9 is given in Appendix A.3 and the
bounds that we get from this code are in Table 3.4. The code implementing Corollary 3.10

is in Appendix A.4 and the corresponding bounds are presented in Table 3.5.

Table 3.4: The bounds we get via Corollary 3.9 and the code in Appendix A.3.

w IOgX()(W) CW Cw
12 286.25 5.6x10'  0.288
11 244.09 1.4x10*> 0.301
10 203.35 4.9x10* 0.316
9 163.09 3.5x10° 0.333
8 12279 1.3x10°  0.353
7 87.05 6.0x10% 0.377
6 74.62 1.8x10% 0.408

Table 3.5: The bounds we get via Corollary 3.10 and the code in Appendix A.4.

W ¢ IOgX()(W,S) CW,S CW,e
12 0.28 489.15 5.5x10'  0.008
11 0.25 680.87 1.4x10*> 0.051
10 0.22 980.19 4.9x 10> 0.096

9 0.18 1710.54 3.4x10>° 0.153
8 0.13 4093.11 1.3x10° 0.223
7 0.08  14305.32 6.0x10® 0.297
6 0.03 418968.18 1.7x10% 0.388

3.1.3 Bounds that work for any value of x

In Section 3.1.1 the bounds we got on M(x) were applicable only to x = |x| + 1 /2. In Sec-
tion 3.1.2 the bounds we got hold only for non-integer values of x. We shall now transform
our bounds into ones that we know are valid for all x € (xq,e0) where xg = xo(W), if we

are considering Corollaries 3.5 or 3.9, and xop = xo(W,€), if we are considering Corollar-
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ies 3.6 or 3.10. We do so using the following propositions. These propositions are similar
to Corollary 4 of [7]. The proofs we provide are like the one given in [7].
Firstly, Proposition 3.11 transforms the bounds in Table 3.2 into bounds on M(x) for

any x > xo(W).

Proposition 3.11. Iffor x = |x| +1/2 > xo(W), we have

M(x) = O* (Cx(logx) exp (—m/@)) ,

then for |x] —v > %o = max {xo(W) — (1/2+V),exp (c*) } where 0 <v < 1, we have

M(LXJ_V) = 0*<(C(1—|—i) 1+M

2%o log %o

+L M) (|x] —=v)(log(|x] —v))exp (—C log([x] —V)> ) .

X0 (log )fo)

Proof. Firstly, since
IM([x] = V)| = [M(|x] +1/2) = u([x])],
the triangle inequality allows one to infer that
IM([x] =v)| < IM([x] +1/2)]+1.
From this, we get that

M(|x| —v) = O* (c (m +%) log (m +%) exp (—c Tog([x] + 1/2))) 1. (3.28)
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Moreover,

c (m +%> log (m +%) exp <—c\/log(ij +1/z)) +1

<C (m —v+v+%) log (m —v+v+%) exp (—c\/m> +1. (3.29)

Thus, on using the fact that 0 < v <1 as well as (3.28) and (3.29) together, we get that

exp(cy/log([x] —V))

([x] —Vv)log([x] —

v)

log (1 + m>

log(|x] —v)

) (Le) =v)log(Lx] ~v))exp (—e/log([x] ) ) .

We now bound all, but the (| x| —Vv)(log(|x] —V))exp <—c\ /log(|x| — V)) factor. For this

to be possible, we have to make sure

exp(c

log([x] —V))

([x] =v)log(|x] = V)

Having | x| — Vv > exp(c?) does the job.

From Proposition 3.11, we get Table 3.6.

never increases as x increases.

O

Table 3.6: The bounds we get via Proposition 3.11.

W logxo(W) Cw cw
12 286.25 7.5x 10!  0.288
11 244.09 1.7x10> 0.301
10 203.35 5.2x 10> 0.316
9 163.09 3.6x10° 0.333
8 122.79 1.4x10° 0.353
7 87.05 6.1x10% 0.377
6 74.62 1.9x10% 0.408

Secondly, Proposition 3.12 will transform the bounds in Table 3.3 into bounds on M (x)

for any x > xo(W,€).
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Proposition 3.12. [ffor x = |x| +1/2 > xo(W,¢€), we have

M(x) = 0" (Cxexp <—c\/@))

then, for| x| —v > %) = max {xo(W,€) — (1/2+V),exp (c?) } where 0 <v < 1, we have

M(|x] —v) =0 (

(1455 + S 1) vy (v el ) ).

2X0

The proof of Proposition 3.12 is similar to the proof of Proposition 3.11.

From Proposition 3.12 we get Table 3.7.

Table 3.7: The bounds we get via Proposition 3.12.

w € IOg)C() (W, 8) CW7£ Cwe
12 0.28 489.15 7.4x 10"  0.008
11 0.26 607.78 1.6x10%> 0.034
10 0.23 864.36 5.1 x 10> 0.086
9 0.19 1474.63 3.6x10° 0.143
8 0.14 3364.98 1.4x10° 0.213
7 0.08  14305.32 6.1x10% 0.297
6 0.04  79589.39 1.8x10* 0.368

Thirdly, we prove Proposition 3.13, which we can apply to Table 3.4 to produce bounds

that are valid for all integer values of x € (xg(W),o0).

Proposition 3.13. If for x = |x| +V > xo(W) where 0 < v < 1, we have

M(x) = 0" (Cx(logx)exp(—cy/logx) )
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then we have

M(|x]) = 0" (C (1 +log (1 +xO(Wl) - 1) log(xO(;V) - 1))

(14 = ) bl el yenp(—cv/fogle] >>.
Proof. Firstly, the triangle inequality allows one to infer that
M([x])] < [M(Lx]) = M) +9) [+ 1M(Lx] +V)].
From this, we get that
M(|x]) = 0" (C(Lx] +v)(tog( ] +v))exp (~e/log([x] +V) ) ) . (3.30)

Thus, on using the fact that v < 1 along with (3.30), we get that

) =0 (c (14 5y) (1108 (14 1) gy
%) (log|x] ) exp (—cy/log[x] ) )

Furthermore, |x| > xo(W) — 1 since v < 1, thus,

M(|x])=0" (C (1 +m) (1 +log (1 t xO(Wl) — 1) log(xo(tV) - 1)>

1) (10g[x] ) exp (—c+/log[x] ) ) .

O

With Proposition 3.13 we can now put together Table 3.8 that complements Table 3.4.

The bounds on M(x) given in Table 3.8 are valid for all integer values of x € (xo(W), o).

56



3. THE FUNCTION M (X)

Table 3.8: The bounds we get via Proposition 3.13.

w IOgX()(W) CW cw

12 286.25 5.7x 100 0.288
11 244.09 1.5x 10> 0.301
10 203.35 5.0x 10> 0.316
9 163.09 3.6x10°  0.333
8 122.79 1.4%x10° 0.353
7  87.05 6.1 x10% 0.377
6 74.62 1.9x10% 0.408

Lastly, we give Proposition 3.14, which we can apply to Table 3.5. To prove this propo-

sition, one just needs to adapt what we did to prove Proposition 3.13.

Proposition 3.14. If for x = |x| +v > xo(W,€) where 0 < v < 1, and
M(x) = 0* (Cxexp(—c\/@)) ,
then we have
(L) =07 (€ (14 gy ) il exo(-cv/ioglD) ).

With Proposition 3.14 we can now put together Table 3.9 that complements Table 3.5.

Table 3.9: The bounds we get via Proposition 3.14.

W ¢ 10gX0(W,8) CW,&: CW,e
12 0.28 489.15 5.6x10'  0.008
11 0.25 680.87 1.5%x 10>  0.051
10 0.22 980.19 5.0x 102  0.096

9 0.18 1710.54 3.5x10°  0.153
8 0.13 4093.11 1.4x10°  0.223
7 0.08 14305.32  6.1x10% 0.297
6 0.03 418968.18 1.8x10% 0.388

At the moment we have Table 3.4 and Table 3.5 for non-integers and Table 3.8 and

Table 3.9 for integers. However, the bounds given in the latter two tables are upper bounds
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for the bounds given in the former two tables. Hence, we have no further need for Tables 3.4
and 3.5. Tables 3.8 an 3.9 can be used for whatever x € (x, ) we choose.

We now have quite a few bounds, do we really need this many? This must be considered
for Tables 3.6 and 3.8 separately from Tables 3.7 and 3.9.

The values of xo(W) and cy in Tables 3.6 and 3.8 are identical. Hence, we can easily
pair up the bounds in these two tables and look at the values of Cy to consider whether the
bound in Table 3.6 or the bound in Table 3.8 is sharper for each xo(W). On doing so, one
discovers that in all cases the results in Table 3.8 are at least as good as those in Table 3.6.
In the cases where the values of Cy are not the same in the two tables, Tables 3.8 contains
the smaller value of Cy .

Tables 3.7 and 3.9 record different values for xo(W), Cw¢ and cwe for some of the
values of W. However, the first bound in Tables 3.9 is clearly sharper than the first bound
in Table 3.7. If we begin with this first bound in Table 3.7, then consider each of the other
bounds in Tables 3.7 and 3.9 in turn to determine the sharpest bound for each x, we find

that the sharper bounds are the ones in Table 3.9.

3.2 Analyzing the bounds

Our task in the previous sections was to get explicit bounds on M (x). We successfully did
this, creating Tables 3.8 and 3.9. However, the bounds in these tables should certainly not
be taken as the be all and end all. They represent just a sample of what can be produced
using Corollaries 3.9 and 3.10 together with Proposition 3.13 and 3.14. For example, if
we were interested in considering alternative values for € or if C; was updated in the lit-
erature, we could return to these corollaries and re-do the bounds. This warrants spending
time considering what influence the parameters W and € have on the bounds and what the
reasons are for the size of Cy and xg3. We shall consider what influence W and € have in
Sections 3.2.1. The reasons for the size of Cy and xp will be considered in Section 3.2.2.

With respect to the tables of bounds on M(x) given in the previous section, Tables 3.8
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and 3.9 were the sharpest. To get these two tables we applied Propositions 3.13 and 3.14

to the two tables that we got using Corollaries 3.9 and 3.10. Hence, for the analysis in the

following sections, we have opted to focus our attention only on Corollaries 3.9 and 3.10.
Before we consider Corollaries 3.9 and 3.10 in the way we have mentioned, we would

like to know at which x € (xo(W,€),e0) our bounds in Table 3.9 will be sharper than

(3.31)

.013x1 —0.11
M(x) = 0° (OO 3xlogx—0 8x>

(logx)?

from [24]. It turns out that this will be the case when x € (e13267'27, o).

3.2.1 Analyzing the influence of W and ¢

We have the ability to alter the bounds we get on M(x) using Corollaries 3.9 and 3.10, by
adjusting the parameters W and €. Thus, it is important to know how these parameters affect
the bounds.

In Corollary 3.9, Cy, cw and xo(W) are the variables that determine the bounds

M(x) = O* (wa(logx) exp (—cw logx))

over x € (xo(W),e0). Hence, we need to analyze the influence of W on these variables. We
begin our analysis by giving a table of examples. Table 3.10 illustrates the influence W has

on the bounds we get by employing Corollary 3.9 for a selection of values of W.

Table 3.10: The influence of W on the bounds in Corollary 3.9.

W | logxo(W) Cw cw

10 | 203.35 49x10% 0.316
9 | 163.09 3.5x10° 0.333
8 | 122.79 1.3x10° 0.353

The patterns we have observed when we decrease W in Table 3.10 are summarized in

Table 3.11. In Table 3.11 if the parameter W influences one of the variables cy, xo(W)
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or Cy, we record the nature of that influence (that is, whether the variable increases or
decreases) in the cell corresponding to the variable. For example, the table shows that a
decrease in W causes an increase in cy. Moreover, we use italics in the table to indicate
that a decrease in W influences the relevant variable in a way that improves the bound.
For example, an increase in ¢y improves the bound, so the word Increases next to cy in

Table 3.11 is in italics.

Table 3.11: The influence of a decrease in W on Cy, cw and xo(W) in Corollary 3.9. (We
use italics as an indication that decreasing W improves the bound via its influence on the
relevant variable.)

Variable ‘ w
cw Increases
Cw Increases

xo(W) | Decreases

At the moment, the patterns we summarize in Table 3.11 are only supported by the
examples we give in Table 3.10. However, the patterns one observes in these examples are
visible in the formulas given in Corollary 3.9.

Firstly, in Corollary 3.9 we have cy = \/I/—W . Clearly, our conclusion about ¢y in
Table 3.11 is right; cy increases if W decreases.

Secondly, the terms in Cy = C(xo(W)) that involve W are

C Cie and Bg+ By
W’ n\/W(]ogx)3/2 \/Wlng.

(3.32)

Moreover, there is also an increase in C| as W decreases. Hence, the expressions in (3.32)
definitely increase whenever W decreases. This confirms what Table 3.11 shows.
Likewise, Table 3.11 also agrees with the formulas in the case of xo(W). Although
xo(W) has a somewhat more complicated formula, taking into account the xo(W) for the
bounds we calculated, we can roughly consider xo(W) = exp (W(log \7)2) . Whence, a de-

crease in W corresponds to a decrease in 7, and consequently, we get a decrease in xo(W).
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We next explore the influence of W and € on the bounds given in Corollary 3.10. In

Corollary 3.10, Cw g, cw,e and xo(W,€) are the variables that determine the bounds

M(x)=O* (ijgxexp <_CW’3 \/@c»

over x € (xo(W,€),00). Thus, it is the effect of W and € on these variables that we need
to analyze. This time we consider two examples. Table 3.12 shows the changes to the
variables Cy ¢, cw e and xo(W, €) coresponding to particular changes in the value of W (and

€ =0.2). Table 3.13 does the same with respect to a change in the value of € (and W = 6).

Table 3.12: The effect of W on the bounds in Corollary 3.10 for € = 0.2.

w ‘ logxo(W,€) Cwe CWe

10 | 1279.61 4.9x 10> 0.11
9 | 1279.61 3.5x10° 0.13
8 | 1279.61 1.3x10° 0.15

Table 3.13: The effect of € on the bounds in Corollary 3.10 for W = 6.

€ ‘ logxo(W,¢€) Cwe Cw.e
0.3 | 398.30 1.7%x10%  0.10
0.2 | 1279.61 1.7x10%° 0.20
0.1 | 8099.12 1.7 x 10 0.30

A summary of the patterns that we can see in Tables 3.12 and 3.13 are summarized in

Table 3.14.

Table 3.14: The influence of a decrease in W or € on Cy, cwe and xo(W,€) in Corol-
lary 3.10.

Parameter
Variable w €
Cw.e Increases Increases
xo(W,€) Not Applicable Increases
Cwe Increases Not Applicable
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Column one shows the patterns visible in Table 3.12, while column two shows the
patterns visible in Table 3.13. When we record Not Applicable in a cell, it means the value
of the corresponding variable did not change when we decreased the parameter (either € or
W) in question.

Now we refer to the formulas given in Corollary 3.10 to see whether our summary in
Table 3.14 makes sense. Firstly, we shall consider xo(W,€) = x¢, where x¢ > 0 is such that

for x > x¢ we have
loglogx
Vv]ogx

since this was the case when we calculated our bounds. Hence, W will not directly influence

0<

<€, (3.33)

xo(W,€) (confirming our Not Applicable record in Table 3.14), but if € decreases, xo(W,€)
will increase, as we observed in our examples and noted in Table 3.14. Secondly, ¢y ¢ =
\/I/—W — ¢, which confirms the observation we recorded in Table 3.14. A decrease in W
will increase cy ¢ and a decrease in € will increase cw ¢, Lastly, W shows up in the formulas

for Cy ¢ in the terms
C Cie Bg+ By €
S G (eyiog) and BB enp (-2 iogn).
W WlogxeXp( €4/logx ) an T exp 5 0gx

These terms will all increase if we were to decrease W. Hence, our record in Table 3.14

is accurate. Furthermore, in the formula for Cy ¢ given in Corollary 3.10 there is a factor
€

of exp(—e+/logx) and a factor of exp (—E\/logx). This hints that decreasing € should

increases Cy ¢. However, decreasing € will also increase xo(W,€). An increase in xo(W,€)

should help to decrease Cy ¢ through the terms

C Bg+B
ﬁc exp(—e4/logx) and 6\/—% ! exp (—gy/logx> :

Hence, there is a pull and tug going on as to whether Cy ¢ should increase or decrease when

€ decreases. It could be this pull and tug or simply the fact that the € does not influence
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Cw.¢ in a strong way for our choice of parameters, but the influence of € on Cyy ¢ is not clear.

Hence, the record of Not applicable in Table 3.14 is suitable.

3.2.2 Analyzing the size of Cy, xo(W), Cw ¢ and xo(W, €)

Our bounds generally involve large values for Cy, xo(W), Cw¢ and xo(W,€). Hence, one

might naturally ask: why is this? In the present section, we shall address this question.

Firstly, we consider the Cyy = C(xo(W)) we get from Corollary 3.9. To narrow down

our search for why this variable is generally large, we evaluate the terms of Cy separately

for each different value of W, with some of the terms grouped together. Namely, we shall

evaluate
Cl L C1€
W /W (logxg(W))3/2
G
Cl = —
W W
and
3 2vCy Bg+ By

= Bsed .
Y mlogxg (W) Wlogxo(W)

Table 3.15 gives the values for CVIV, CVZV and CSV for W =61to 12.

Table 3.15: The terms of Cy in Corollary 3.9 for W =6 to 12.
W logxo(W) Cw Ciy Ci Cy,
12 286.25 5.7x10' | 1.0x10°! 5.1x10' 2.3x100
11 244.09 15x10* [3.1x107! 13x10> 23x10°
10 203.25 5.0x10% [ 1.5x10° 48x10> 23x10°
9 163.09 3.6x10° | 1.4x 10" 34x10° 2.3x10°
8 12279 14x10° | 7.0x 10> 13x10° 2.3 x10°
7 87.05 6.1x10% |53x10° 6.0x10% 2.4x10°
6 74.62 1.9x10% | 1.8 x 107 1.7x10* 2.5x10°

(3.34)

Table 3.15 makes it clear that C‘ZV is the term that most effects Gy . If we look back at the

formula for C‘zV in (3.34), we find that it can only be C; that is causing this. Moreover, as

W and xg shrink, C&V contributes more and more. This is further evidence of the influence
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of C1. Therefore, we can conclude that, with respect to Corollary 3.9, Cy is large because
of the size of Cj.

If we do the same analysis on the Cy ¢ = C(xo(W,€)) that comes from Corollary 3.10,

with
C
Clye 1= £ exp (~ev/logxo(W,e))
’ /W logxo(W,€)
e
W,S ¢ TCW
and
2vC Be+B €
CSV,S = Bse+ ‘;[ 2 exp (—8\/ logxo(W, £)> + 6\/% 7 exp (—Ex/long(W, 8)) ,

we get Table 3.16.

Table 3.16: The terms of Cy ¢ in Corollary 3.10 for W = 6 to 12.

W e logxo(W,€) Cwe Cwe,1 Cwep C%/,g

12 0.28 489.15 5.5x10' | 44%x107%2 5.1x10' 1.9x10°
11 0.25 680.87 1.4x10%> | 65x1072 1.3x10> 1.7x10°
10 0.22 980.87 4.9x10* | 1.4x107" 48x10> 1.5x10°
9 0.18 1710.54 3.4x10° | 40x107" 34x10° 1.4x10°
8 0.13 4093.11 13x10° |3.7x10° 13x10° 1.4x10°
7 0.08 14305.32 6.0x10® | 25%x10° 6.0x10% 1.3x10°
6 003 418968.18 1.7x10% | 6.5x 10" 1.7x10* 1.3x10°

This table leads one to the same kind of conclusion we drew from Table 3.15 for Cy. That
is, Cw ¢ 1s large because of Cj.
Next we consider the size of xo(W) and xo(W,€).

In Corollary 3.9

1 4

xo(W) = max {exp (ﬁ) ,exp (W) sexp(1),exp (W (log#)?) ,exp (W(logft)z)}

For the bounds we calculated using Corollary 3.9 we ended up with xo(W) = exp(W (log #)?).
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Whence, it is the size of W and v that determines the size of xo(W).

In Corollary 3.10

1 4
xo(W,€) = max {exp (T—]) ,exp (W) ,exp(1),exp (W (logv)?) ,exp (W (log4)?) ,Xg} .
(3.35)
We got xo(W,€) = x, for all of the bounds we calculated using Corollary 3.10. Thus,

xo(W,¢€) increases as € decreases.
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Chapter 4

The function m(x)

The aim of this chapter is to arrive at explicit bounds on m(x) via the results we proved
in Chapter 2, as we did with respect to M(x) in Chapter 3. We shall end this chapter by

determining at which x € (xg, ) our bounds will be sharper than

.+ (0.0144]logx—0.1

from [25], which can be used when x € [exp(13.05),00).

4.1 Arriving at explicit bounds on m(x)

The end result of this section will be explicit bounds on m(x). To get to this result, we first
use our work from Chapter 2 in Section 4.1.1. This shall give bounds for x = |x| +1/2
with x € (xq, ) for some x¢. In Section 4.1.2, we then alter the bounds we have so that they

apply to all sufficiently large values of x.

4.1.1 The approach from Titchmarsh’s Lemma 3.12
The results we shall give in this section are analogous to those we gave in Section 3.1.1.
The essence of the proofs required in this section are identical to those in Section 3.1.1.
Hence, we opt not to include them.

We first consider Theorem 2.18. In this case, @, = u(n) and s = 1. Naturally, we have
to explain that the hypotheses of this theorem are satisfied for these values of a,, and s. The

work we did to justify having the hypotheses of Theorem 2.18 in Section 3.1.1 essentially
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4. THE FUNCTION M(X)

applies again here. However, the fact that s = 1, not 0, will slightly change Proposition 3.1.

Here, we need Proposition 4.1.

Proposition 4.1. We get that for 0 <n < 1/log(1.5) and 0 < ¢ <,

5 0] _ (1-10g(15) + inlog’(1.5)) n+ 1
= nl—i—c — c .

One might have noticed that we need ¢ > 0 in Proposition 4.1, instead of requiring

¢ > 1, as in Proposition 3.1. Whence, we will have

ci=—. 4.2)
logx
Furthermore, we shall have
1
bi=— ) 4.3)
WlogV

However, we keep the definition for V' as it was in Section 3.1.1. Namely,

/1
V:=exp ( Wlogx) .

We have the value of o, A, A, ¥(n), g(b,c,V), §(b,c,V), h(b,V),h(b,V), h(b,¥), Cy, Ca,
v, W and R exactly as in Section 3.1.1.

Theorem 4.2 below is what we get on applying Theorem 2.18 to m(x).

Theorem 4.2. For N defined in Proposition 2.1, x defined in Proposition 2.1 that also satisfy

X > max {exp (%) ,exp(1),exp (W (log?)?) } ;
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with respect to an 0 <n < 1/log(1.5), and W and V are listed in Table 3.1, we have that

Cie 1
= 0| —— —\/ =1
m(x) (71; Toes exp ( W 0gx>>
C 1
+0* ﬁexp (—\/ W]ogx—f—loglogx))
O /1 1
+0 - exp < W logx+ 3 loglogx> )
% 1
+O* | (Bie+ B2+ B3)exp (—\/ W]ogx+loglogx>>
By 1
0" /=1 44
+ ’x_N|eXp< % ogX>>, (4.4)

where C1 and C, can also be found in Tables 3.1 and

(1 —log(1.5) + Inlog?(1.5))n+1

B, = 4.5
! mlog?2 (4.5)
1
2+ Arctan T,
(logx)exp (, / % logx)
8A
B, = T] (14+7/2), (4.6)
3(2°5)A 1
ogx T
B3 = ﬁ 1 + Arctan + 5| 4.7)
(logx)exp (, / % logx>
(1/2<B<1), and
2! o 1 n
By = — 1 + Arctan + 5| (4.8)

ogn)exp (/i Toex)

We next give two corollaries and use each of them to put together a table of bounds for

m(x).
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Corollary 4.3. With all notation and conditions as in Theorem 4.2, for

+Bie+By+B3+

C C vV W
C(x) = d pob 2
/W (logx)3/2  nW  my/logx

m(x) = O* (C(x)(logx) exp <—\ / %logx)) :

From now on, we denote the lower bound on x in Corollary 4.3 by

e S
lx — N|logx’

we find that

%o(W) = max {exp (%) exp(1),exp (W (log 7)?) } |

Table 4.1 was constructed using the code that applies Corollary 4.3, which is in Ap-

pendix A.S.

Table 4.1: The bounds we get via Corollary 4.3 and the code in Appendix A.5.

w logxo(W) CW Ccw
12 286.25 1.0x 10> 0.288
11 244.09 1.8x10% 0.301
10 203.35 5.3x10> 0.316
9 163.09 3.5x10° 0.333
8 122.79 13x10° 0.353
7 87.05 6.0x10% 0.377
6 74.62 1.8x10% 0.408

Corollary 4.4. For 0 < & < +/1/W and x defined in Proposition 2.1 that also satisfy

x > max {exp (%) ,exp(1),exp (W (log7)?) }

and
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with all other notation and conditions as in Theorem 4.2 and

C Cie By
C = —+B B,+B —€4/1
(x) W et BB (n\/Wlogx * |x—N|> exp( 0g)
vC VW €
+ 275 exp(—is/logx),
we find that

m(x) = O* <C(x) exp ((—\/% +£> \/@) ) .

We denote the lower bound on x in Corollary 4.4 by

xo(W,€) := max {exp (%) exp(1), exp (W(log 7)?) ,xg}

where
loglogx
0< <
Vlogx
for x > xe.

Table 4.2 comes about on using the code in Appendix A.6 that applies Corollary 4.3.

Table 4.2: The bounds we get via Corollary 4.4 and the code in Appendix A.6.

W e logxo(W,¢€) Cwe CWe

12 0.28 489.15 7.4x10' 0.008
11 025 680.88 1.7x10% 0.051
10 0.22 980.19 5.1 x10%> 0.096

9 0.19 1474.63 3.5x10° 0.143
8 0.14 3364.98 1.3x10° 0.213
7 0.08  14305.32 6.0x10% 0.297
6 0.02 418968.18 1.7x10* 0.388

4.1.2 Bounds that work for any value of x

The bounds in Table 4.1 and 4.2 are deduced for x satisfying x = | x| + 1/2 € (xg,0) for

some xp. Transforming these bounds into ones that are valid at any x € (xg,0) is what we
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shall achieve in this section. We shall give two propositions that we can apply to Tables 4.1
and 4.2 to produce additional tables that display such bounds.

We first give Proposition 4.5, which we shall use to transform Table 4.1.

Proposition 4.5. If for x = |x| +1/2 > xo(W), we have

m(x) = O* (C(logx) exp (—chogx)) :
then, when | x| —v > %y = max {xo(W) — (1/2+V),exp(c?) } with0 <V < 1, we have

exp (—log %o + cy/log %)

m(lx] —v) = oo
log 1+ %0

+C 1+——£—Ti)- (log(|x] V) exp (—ey/log([x] =) ).
log(%o)

Proof. Firstly, since

|mm—mzhwhwni%$

Y

the triangle inequality allows one to infer that
1
m([x] = V)| < [m(lx] +1/2)[ + o
From this we get that

m(|x] —v)=0" (Clog <ij + %) exp (—m/W) + [xij) . 4.9)
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Moreover,

Clog (ij + %) exp (—c\/log(pcj + 1/2)) + é

2

:Clog(m —V+V+l) exp <—c\/log(ij —v—|—v+1/2)> +

|
m (4.10)

Thus, on using the fact that 0 < v <1 as well as (4.9) and (4.10) together, we get that

log (1 + z(pj—v

m(|x] —v)=0" (C 1+

log(|x] =)

+exp(—log(Lx] —v)) ).

) (tog(|x] —v))exp (—e/log([x] V)

We now factor (log(|x| —V))exp(—c+y/log(|x] —V)), then bound what remains. This is

possible if we make sure that

exp(—log(|x] —V)+c

log([x| —V))

never increases as x

log(|x] =)

increases. We can do so by setting |x| —v > exp(c?).

O

The results that culminate from Propositions 4.5 are presented in Table 4.3.

Table 4.3: The bounds we get via Proposition 4.5.

w 10gX()(W) CW Cw
12 286.25 1.1x10*> 0.288
11 244.09 1.9x10> 0.301
10 203.35 5.4x10* 0.316
9 163.09 3.6x10° 0.333
8 12279 1.4x10° 0.353
7 87.05 6.1x10% 0.377
6 74.62 1.9x10% 0.408

We now give Proposition 4.6, which we will apply on Table 4.2.

Proposition 4.6. If for x = |x| +1/2 > xo(W,€), we have

m(x) = O* (Cexp (—c\/@)) )
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then, when |x) —v > % = max {xo(W,€) — (1/2+V),exp(c?) } with 0 <v < 1, we have

(] V) =

[exp (—logfo—i—c\/log—io) +C} exp <—c log([x] —V)) :

One can prove Proposition 4.6 by following the kind of ideas we demonstrated in prov-

ing Proposition 4.5.

Proposition 4.6 gives us Table 4.4.

Table 4.4: The bounds we get via Proposition 4.6.

W ¢ logxo(W,€) Cwe Cwe
12 0.28 489.15 7.5x10'  0.008
11 0.25 680.88 1.8x 10> 0.051
10 0.22 980.19 5.2x 102 0.096
9 0.19 1474.63 3.6x10° 0.143
8 0.14 3364.98 1.4x10° 0.213
7 0.08 14305.32 6.1 x10%  0.297
6 0.02 418968.18 1.8x10%° 0.388

Table 4.3 and 4.4 are both applicable at any value of x € (xo(W,€),0).

To end this chapter, we point out that the bounds in Table 4.4 are sharper than (4.1)

when x € (e

140532 o)
,00).
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Chapter 5

Concluding Remarks

We have proven bounds on Z a—'sl and Z a, and have demonstrated how we use these
bounds by applying them to ]\ZS(;) and m(})ﬁxWe shall now tidy up a bit by providing details
on which roads are still open for exploration in terms of continuing this research. We shall
sort our discussions into three categories. In Section 5.1 we shall discuss parts of our work
that warrant revision or further consideration. In Section 5.2, we mention applications of

our work beyond what we have presented. In Section 5.3, we outline ways in which our

work could be improved. We then finish with a conclusion that summarizes the thesis.

5.1 Revising our work

We shall point out two ways our work would benefit from revision.

In order to get bounds on M(x) in Chapter 3 and m(x) in Chapter 4, we needed to
know values for parameters C;, W and 7, as introduced in these chapters. Instances of
these C;, W and v are available in [30]. However, as we explained with respect to M(x)
in Section 3.2.1 and 3.2.2, C;, W and 7 play an important role in determining how strong
our bounds are. Thus, if improved values for C;, W and ¥V were to appear in the literature,
it would be interesting to feed them into our Corollaries 3.9, 3.10, 4.3 and 4.4 to get new
bounds on M(x) and m(x). We emphasise that this would involve just a re-writing of part
of our code, which we have included as appendices. We wrote our code only for the C;, W
and v that we had available.

In addition to C1, W and ¥, we also needed to know values for a constant C,. In Chap-
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ter 3, we provided values for this constant (in Table 3.1), in addition to details on how we
came about these values. The important thing to note now is that the way in which we
found these values for C; lacked rigour. Hence, this aspect of our work could be revised
with the aim of making it rigorous. It is possible that interval arithmetic could be of use in

this respect.

5.2 Applying our work

There are two ways that we foresee our work being applied further. We detail the first

application in Section 5.2.1 and the second application in Section 5.2.2.

5.2.1 The functions y(x), L(x) and ...

Our Theorem 2.18 that gives a bound on Z Z—z, and our Theorem 2.19 that gives a bound
on Z an, are general. We may apply the’;rglxto any function, as long as the function meets
thenrge)(cluirements of the hypotheses of these theorems. Hence, the first application of our
work that we suggest is to apply our bounds to different functions.

Two functions that were suggested in [30] as applications of the work in that paper are
y(x), which we met in the introduction, and L(x Z A(n) where A(n) := (—1)*. In this
case, k records how many prime divisors n has, with :Eé multiplicity of each prime divisor
being counted.

One would be particularly interested to see what bounds would result for y(x) from our
work. Having such bounds would give one an idea on how much is gained by working with
the explicit formula rather than Perron’s formula.

In the case of y(x), rather than 1/{(w), the analysis would involve —C'(w)/{(w).
Bounds on '(w)/{(w) are given in [30, Table 2]. In the case of L(x) the analysis would
involve {(2w)/{(w). Furthermore, we would consider 1/2 < Re(w). Hence, we can get

bounds on {(2w)/L(w) by using the bounds on 1/{(w) in [30], and the fact that {(2w) is

bounded by a finite number as long as w stays far enough away from the line Re(w) = 1/2.
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If one wishes to look for different functions to apply our work to, other than y(x) and

L(x), one good resource for doing so would be [21].

5.2.2 Another route to bounds on M (x) or m(x)
In Chapters 3 and 4, we employed our work on Lemma 3.12 of Titchmarsh’s book [29] and
Theorem 1 of Arkhipova [3] to bound M (x) and m(x). However, there is another way that
we could have achieved our aim of getting explicit bounds for these functions. Namely, it
is possible to turn our m(x) bounds (from Chapter 4) into M(x) bounds or alternatively to
turn our M (x) bounds (from Chapter 3) into m(x) bounds. We shall now discuss the two
possible approaches to this.

In [30, p. 2] Trudgian makes the statement that “One can recover explicit bounds for
M (x) using (1.1) and partial summation.” The (1.1) he refers to is a bound on m(x). In this

case, the partial summation formula and the triangle inequality give the bound

M (x)| = 0" (x|m(x)|) + O (/lx|m(t)ldt> : (5.1)

To turn this into a bound that looks like the ones we have calculated in this thesis for M(x),
we can apply one of our bounds on m(x) to the term O* (x|m(x)|) of (5.1) and do a bit of
work on the second term, O* (f;" |m(t)|dt).

If we wanted to instead turn our M (x) bound into m(x) bounds, partial summation itself
is not worth pursuing. This is due to the fact that partial summation will give a bound on
m(x) that does not have the property )}grolo m(x) = 0. The bounds we proved in this thesis all
demonstrate this property. Hence, we shall need an improvement on the inequality derived
by partial summation between these two functions if we hope to get a non-trivial bound for
m(x). Fortunately, there are in fact several such improvements out there. There is a paper

of Balazard [4] in which two such improvements on partial summation are provided. One
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of the improvements is

m(x)| < M ()|

4o / M) |dr+ S (5.2)
x2 )i 3x ’

There is another improvement on partial summation that belongs to El Marraki [18, (1.1)].

Itis

M 1 M 1
) < M 1 M0, e
X X J1 t X

If one was to bound M (x) or m(x) in these alternative ways, checking whether they give

anything sharper than the bounds we have arrived at is certainly called for.

5.3 Improving our work

We shall explain an alternative choice to one that was made in this thesis. We believe this
choice might give results that complement those we have presented herein.
In Proposition 2.14 we employed the assumption V > V. This assumption ended up

becoming the condition

x > exp (W(log#)?). (5.3)

For the bounds we got out of Corollaries 3.9 and 4.3, xo(W) was set as exp (W (log¥)?)
because of (5.3). Since the large size of xo(W) is one of the drawbacks of our work, it is
natural to ask oneself: what would we get if we were to instead assume that V < ¥? The
aim in assuming this would be to get bounds on M (x) and m(x) when x < exp (W (log 7)?) .
In fact, we would be looking to get a result for vo <V < 7, for a suitably chosen vy > 0. If

we keep the same definition for V, this gives
exp (W(logvo)z) <x<exp (W(logﬁ)z) =xo(W),

hopefully with a sufficiently small vq. If v¢ is sufficiently small, we could then use a com-

puter to get a result for 1 <x < exp (W(logvo)?).
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5.4 Conclusion

In the previous chapters, we have proved an explicit bound on a general function Z a—';, in
addition to a second bound that is relevant in the special case when s = 0. These bglgl)lclds are
particularly useful with respect to sums for which there is no unconditional version of the
explicit formula available.

To prove our bounds on Z a—z, in Chapter 2 we took a few steps back from the ex-
plicit formula and used its prgci)l(rsor, Perron’s formula. The two theorems (Theorems 2.18
and 2.19) we proved were derived using Lemma 3.12 of [29] and Theorem 1 of [3] respec-

tively, but the general approach we used is that of Landau [16].

In Chapter 3, we arrived at bounds on M(x). Firstly, we got the bounds of the form

M(x) = O* <CWx(10gx) exp (—cw logx>) (5.4)

when x > xo(W). We gave particular examples for Cy, cw and xo(W) in Table 3.8. Two

examples of the bounds we computed are, for x > ¢’#62,

M(x) = O* (19><1029 (logx) exp< 0408\/@»

and for x > 28625

M(x) = 0* (5 7 x 10x(logx) exp( 0288\/@))

Secondly, we got bounds of the shape

M(x) = 0" (waexp (—Cw,s \/@» (5.5)

for x > xo(W,€). We gave particular examples for Cy, cw,e and xo(W,€) in Table 3.9. Two
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examples are, for x > ¢+!8968.18

M(x) = 0" (1.8 % 10¥xexp (—0.388 10gx>)

and for x > ¢*8915

M(x) = 0* (5.6 » 10xexp (—0.008 1ogx)) .

In Chapter 4, we did the same for m(x). We arrived at bounds of the same shape as (5.4)
and (5.5), without the factor of x that appears before the exponential. We gave these bounds
in Tables 4.3 and 4.4.

Regarding both M (x) and m(x), we found that the Cy, xo(W) and xo(W, €) in our bounds
are rather large. This was not surprising. Ramaré expressed that this would likely be the
case in [25, p. 1359]. However, in the case of M(x) we also demonstrated that if one
was to decrease Cy, our Cy and Cye would improve. On the other hand, xo(W) is, in
the case of (5.4), at the mercy of W and v. Smaller values for W and smaller values for
v are preferable. Where (5.5) is concerned, xo(W,€) is determined by our decision on €
as per (3.17). The larger the value of €, the smaller the value of xo(W,¢€), but the larger
the value of cy¢. Hence, a large € is better for xo(W, €), but not for cy ¢. Nevertheless, the
bounds we got demonstrated the usefulness of our theorems from Chapter 2, since explicit
bounds like (5.4) and (5.5) have never before found their way into the literature. Moreover,
our bounds are inevitably sharper than the bounds that have, thus far, been available when
x is sufficiently large.

We do not know of any published formulas that provide explicit bounds on Z a_,; ex-
actly like the ones we have presented, nor have we come across explicit boundgg(fn M(x)
and m(x) as sharp as those we have provided. Moreover, by presenting the formulas we

developed, along with our explicit bounds, we have made it possible for our work to be

used to prove even stronger explicit bounds in the future. With there being much one can
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still do in this line of research, we hope that this work ignites further exploration.

80



Bibliography

[1] Maple 2017.0. Maplesoft, a division of Waterloo Maple Inc., Waterloo, Ontario.

[2] Python Software Foundation. Python Language Reference, version 3.7.0. Available at
http://www.python.org.

[3] L.G. Arkhipova. On the order of the remainder term in Perron’s inversion formula.
Chebyshevskii Sb., 8:24-29, 2007.

[4] M. Balazard. Elementary remarks on Mdobius’ function. Proc. Steklov Inst. Math.,
276:33-39, 2012.

[5] R.P. Boas. Invitation to Complex Analysis. Random House, 1987.

[6] O. Bordellés. Some explicit estimates for the Mobius function. J. Integer Seq., pages
1-13, 2015.

[7] K.A. Chalker. Riemann’s zeta and two arithmetic functions. Honours thesis, Aus-
tralian National University, 2016.

[8] H. Davenport. Multiplicative Number Theory. Springer, third edition, 2000.
[9] H.M. Edwards. Riemann’s Zeta Function. Dover publications, Dover edition, 2001.
[10] L. Faber and H. Kadiri. New bounds for y(x). Math. Comp., 84:1339-1357, 2015.

[11] L. Faber and H. Kadiri. Corrigendum to New bounds for y(x). Math. Comp.,
87:1451-1455, 2018.

[12] K. Ford. Zero-free regions for the Riemann zeta function. In Number theory for the
millennium. II (Urbana, IL, 2000), pages 25-56. 2002.

[13] X. Gourdon. The 103 first zeros of the Riemann zeta-function, and zeros coompu-
tation at very large height. Available at http://numbers.computation.free.fr/
Constants/Miscellaneous/zetazeroslel3-1e24.pdf, 2004.

[14] F. Johansson et al. mpmath: a Python library for arbitrary-precision floating-point
arithmetic (version 1.0.0), September 2017. http://mpmath.org/.

[15] N.M. Korobov. Estimates of trigonometric sums and their applications. Uspehi Mat.
Nauk, 13:185-192, 1958.

[16] E.Landau. Uber den Gebrauch bedingt konvergenter Integrale in der Primzahltheorie.
Math Ann., 71:368-379, 1911.

81



BIBLIOGRAPHY

[17] R.A.MacLeod. A new estimate for the sum M(x) = Y., u(n). Acta Arith., 13:49-59,
1967.

[18] M. El Marraki. Majorations de la fonction sommatoire de la fonction u(n) /n. preprint
(96-8), Univ. Bordeax 1, 1996.

[19] H.L. Montgomery and R.C. Vaughan. Multiplicative Number Theory I. Classical
Theory. Cambridge University Press, 2007.

[20] M.J. Mossinghoff and T.S. Trudgian. Nonnegative trigonometric polynomials and
a zero-free region for the Riemann zeta-function. J. Number Theory, 157:329-349,
2015.

[21] M.R. Murty. Problems in Analytic Number. Springer, second edition, 2008.
[22] D.J. Platt. Computing 7t(x) analytically. Math. Comp., 84(293):1521-1535, 2015.

[23] D.J. Platt. Isolating some non-trivial zeros of zeta. Math. Comp., 86(307):2449-2467,
2017.

[24] O. Ramaré. From explicit estimates for primes to explicit estimates for the Mobius
function. Acta Arith., pages 365-379, 2013.

[25] O. Ramaré. Explicit extimates on several summatory functions involving the Moebius
function. Math. Comp., 84:1359-1387, 2015.

[26] O. Ramaré. Modified truncated Perron formulae. Ann. Math. Blaise Pascal, pages
109-128, 2016.

[27] J.B Rosser. Explicit bounds for some functions of prime numbers. Amer. J. Math,
64:211-232, 1941.

[28] J.B Rosser and L. Schoenfeld. Approximate formulas for some functions of prime
numbers. [llinois J. Math., 6:64-94, 1962.

[29] E.C. Titchmarsh. The Theory of the Riemann zeta-function. Oxford University Press,
second edition, 2007. Revised by D.R. Heath-Brown.

[30] T. Trudgian. Explicit bounds on the logarithmic derivative and the reciprocal of the
Riemann zeta-function. Funct. Approx. Comment. Math., 52:253-261, 2015.

[31] LM. Vinogradov. A new estimate for {(1 +if). Izv. Akad. Nauk SSSR, Ser. Mat.,
22:161-164, 1958.

82



Appendix A
Code

This Appendix contains the Python code we have used to get the explicit bounds in this
thesis. The code is divided into six sections, each of which corresponds to one of Corollar-
ies 3.5, 3.6, 3.9, 3.10, 4.3 or 4.4. In some of the cases, where there is repetition between
code for different corollaries, we have omitted parts of the code so as to reduce repetition.
In these cases, we indicate where the missing code can be found. Furthermore, in Sec-
tions A.1 and A.2 we include comments in the code (preceded by a #) to explain what each
part does. The code in the other four sections use the same structure as the code in these
two sections. Hence, we shall include no comments in these later sections.

In Table A.1, we list the names we have used in our code for each of the relevant
parameters, variables and functions of this thesis.

Table A.1: The names used in our code for the parameters, variables and functions of this
thesis.

Name of variable Corresponding Name of variable Corresponding
or functionin  variable/parameter or function in variable/parameter
the code /function in thesis the code /function in thesis
xMinusN |x —N| B2 (x) B>
W w B3 (x) B3
Cl C B4 (x) By
vTilde v C(x) C(x)
c2 G, B5 (x) Bs
eta n B6 (x) Bg
Al (x) Ay B7 (x) By
A2 (x) Ar Epsilon €
Beta (x) B %0 logxo(W) or logxo(W,€)
Bl (x) B, xEpsilon Xe

A.1 Code that implements Corollary 3.5

# Loading everything that is provided by mpmath that shall be used
# 1in the proceeding code
from mpmath import exp, log, sqrt, atan, fabs, pi, mpf, mp
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# Asking for a number greater than 0 that shall be used to change the
# precision.
mp.dps = input ('What will you have the precision > 0 as?’)

# Asking for a number strictly greater than 0 and strictly less than 1
# that shall then be used as the value of xMinusN.
xMinusN = 1
while xMinusN == 1:
xMinusN = mpf (input ('What will you have 0 < x - N < 1 as?’))
if xMinusN >= 1:
print ('x - N cannot be what you entered.’)
xMinusN = 1
elif xMinusN <= 0:
print (x - N cannot be what you entered.’)
xMinusN = 1

# Asking for either the numbers 6, 7, 8, 9, 10, 11, or 12 that shall
# then be used as the value of W. Once a suitable number is decided
# on for W, the program defines Cl, vTilde and C2 according to the

# values given earlier in this thesis

Ww=1

while W ==
W = mpf (input (' What will you have W as, W=6, 7, 8 , 9, 10,
11 or 12?'))
if W ==

Cl = mpf('3.2")*mpf (10)**mpf (30)
vTilde = mpf(’'34.0")
C2 = mpf('3.33")

elif W == T7:
Cl = mpf('1.3")*mpf (10)**mpf (10)
vTilde = mpf('34.0")
C2 = mpf('3.29")

elif W == 8:
Cl = mpf('3.17)*mpf (10) **mpf (6)
vTilde = mpf(’50.28")

C2 = mpf('3.24")
elif W == 9:
Cl = mpf('9.6")*mpf (10) **mpf (4)
vTilde = mpf(’70.59")
C2 = mpf('3.21")
elif W == 10:

Cl = mpf('1.5")*mpf (10)**mpf (4)
vTilde = mpf('90.87")
C2 = mpf('3.19")
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elif W == 11:
Cl = mpf('4.4")*mpf (10)**mpf (3)
vTilde = mpf('111.12")
C2 = mpf('3.17")

elif W == 12:
Cl = mpf('1.9")*mpf (10) **mpf (3)
vTilde = mpf('132.16")
C2 = mpf('3.16")

else:
print (W cannot be’, W)
w=1

# Evaluating an expression that shall give the value of eta.
eta = mpf (1) / (W* (log(vIilde)) **mpf (2))

# Relaying the current value of xMinusN, W, Cl, vTilde, C2 and eta.
print (' You have xMinusN as’, xMinusN, ', W as’, W, ’, Cl as’, C1, ',
vITilde as’, vTilde, ', C2 as’, C2, "and eta as’, eta)

# Evaluating the maximum of several quantities that shall then be used
# as the value of x0.
x0 = max (mpf (1) /eta, mpf(4)/W, mpf(l), W*(log(vTilde)) **mpf (2))

# Defining x0, Al(x), A2(x), Bl(x), B2(x), B3(x), B4(x) and C(x).
def Al (x):
Al = (mpf(1)+ log(mpf (1)+mpf (1)/ (mpf(2)*x)))/log(x)+mpf (1)
return Al

def A2 (x):
A2 =(mpf(l) + log(mpf(1)+mpf(1)/x)-log(mpf(2)))/log(x) + mpf(l)
return A2

def Beta (x):
Beta = mpf (1) /mpf (2)+mpf (1) / (mpf (4) *x)
return Beta

def BI1 (x):
Bl =(mpf(1l)-log(mpf("1.5"))+mpf('0.5")*eta* (log(mpf('1.5"))
**mpf (2)) *eta+tmpf (1)) / (pi*log (mpf (2)))* (mpf (2)+
atan (mpf (1) /exp (sqrt (mpf (1) /W*log(x)))+mpf (1) / (log(x)
*exp (sqgrt (mpf (1) /W*log(x)))))+ pi)
return Bl

def B2 (x):
B2 = mpf (8)*Al (x) /pi* (mpf (1)+ pi/mpf(2))
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return B2

def B3(x):
B3 = (mpf (3)*mpf (2)** (mpf (1) /log(x))*A2(x))/ (pi* (mpf(1l)-Beta(x)))
*(mpf (1) + atan (mpf (1) /exp (sqrt (mpf (1) /W*log(x)))+mpf (1) / (log(x)

*exp (sqrt (mpf (1) /W*log(x)))))+ pi/mpf(2))
return B3
def B4 (x):
B4 (mpf (2) ** (mpf (1) + mpf (1) /log(x)))/pi* (mpf(1)+ atan (mpf (1)

/exp (sgrt (mpf (1) /W*log(x)))+ mpf (1)/ (log(x)*exp (sqrt (mpf (1) /W
*log(x)))))+ pi/mpf(2))
return B4

def C(x):
C = (Cl*exp(mpf(1)))/(pi*sqrt (W)*(log(x))**mpf(’1.5")) + C1/(pi*W)
+ (mpf (2)*vTilde*C2)/ (pi*log(x))+B1l (x) *exp (mpf (1))+B2 (x)+B3 (x)
+B4 (x) / (xMinusN*log (x))
return C

# Evaluating the constants needed to express the bound and relaying
# the bound.

print (‘x > exp(’, x0,"), M(x)=0*(",C(exp(x0))," x(logx)exp(’,
-sqrt (mpf (1) /(W)),"sqrt (log(x))))")

A.2 Code that implements Corollary 3.6

We have omitted some parts of the code below. All of this omitted code appears in Sec-

tion A.1. We indicate what we have omitted by replacing it with a : . To locate the omitted
code in Section A.1, one should look for the code in Section A.1 that corresponds to the

code on either side of the : in this section. Everything between these pieces of code in
Section A.1 is exactly what we omitted.

from mpmath import exp, log, sqgrt, atan, fabs, pi, mpf, mp

eta = mpf(1)/(W*(log(vTilde)) **mpf (2))

# Asking for a number greater than 0 and strictly less than the
# square root of 1/W that shall then be used as the value of Epsilon.
Epsilon = 1
while Epsilon ==1:
Epsilon = mpf (input (' What will you have 0 <= Epsilon
< sqrt(1/wW) as?’'))
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if Epsilon >= sqrt (mpf (1) /W) :
print ('Epsilon cannot be what you entered.’)
Epsilon =1

elif Epsilon <=0:
print ('Epsilon cannot be what you entered.’)
Epsilon =1

# Asking for a suitable number that shall be used as the value of
# EpsilonXx
EpsilonX = 8
while log(log(EpsilonX))/sqrt (log(EpsilonX))>Epsilon:
EpsilonX = mpf (input (' What will you have EpsilonX as?’))
if EpsilonX <= 1:
print ('EpsilonX cannot be what you entered.’)
EpsilonX = 8
elif log(log(EpsilonX))/sqrt (log(EpsilonX))>Epsilon:
print ('EpsilonX cannot be what you entered.’)

print (' You have xMinusN as’, xMinusN, ', W as’, W, ', Cl1 as’, C1, ',
vTilde as’, vTilde, ', C2 as’, C2, ’"eta as’, eta, ’'Epsilon as’,
Epsilon, ’"and EpsilonX as’, EpsilonX)

x0 = max (mpf (1) /eta, mpf(4)/W, mpf(l), W*(log(vTilde))
**mpf (2), log(EpsilonX))

def C(x):

C = C1/(pi*W)+B1 (x)*exp (mpf (1)) +B2(x)+B3(x)+((Cl*exp (mpf(1)))
/(pi*sqgrt (W*log(x))) + (mpf(2)*vTilde*C2)/pi +B4(x)/ (xMinusN))
*exp (-Epsilon*sqgrt (log(x)))

return C

print ("x > exp(’, x0,”), M(x)=0*(',C(exp(x0)), xexp(’,
-sqrt (mpf (1) / (W))+ Epsilon,’sqgrt(log(x))))’)

A.3 Code that implements Corollary 3.9

from mpmath import exp, log, sqrt, pi, mpf, mp

mp.dps = input ('What will you have the precision > 0 as?’)
Ww=1

while W == 1:
W = mpf (input (' What will you have W as, W=6, 7, 8 , 9, 10,
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11 or 12727))

if W == 6:
Cl = mpf('3.2")*mpf (10) **mpf (30)
vTilde = mpf(’34.0")
C2 = mpf('3.33")

elif W == 7:
Cl = mpf('1.3")*mpf (10)**mpf (10)
vTilde = mpf(’'34.0")
C2 = mpf('3.29")

elif W ==

Cl = mpf('3.1") *mpf (10) **mpf (6)
vTilde = mpf (’'50.28")
C2 = mpf('3.24")
elif W == 9:
Cl = mpf(’9.6")*mpf (10)**mpf (4)
vTilde = mpf(’70.59")
C2 = mpf('3.21")
elif W == 10:
Cl = mpf('1.5")*mpf (10) **mpf (4)
vTilde = mpf (’90.87")
C2 = mpf('3.19")
elif W == 11:
Cl = mpf('4.4")*mpf (10) **mpf (3)
vTilde = mpf('111.12")
C2 = mpf('3.17")
elif W == 12:
Cl = mpf('1.9")*mpf (10)**mpf (3)
vTilde = mpf('132.16")
C2 = mpf('3.16")
else:
print ('W cannot be’, W)
Ww=1

eta = mpf(1l)/(W*(log(vTilde)) **mpf (2))

print (' You have W as’, W, ', Cl as’, Cl, ', vTilde as’, vTilde, ',
C2 as’, C2, "and eta as’, eta)

x0 = max (mpf (1) /eta, mpf(4)/W, mpf(l), W*(log(vTilde))
**mpf (2) ,W* (Log (mpf (4))) **mpf (2))

def Al (x):
Al = (mpf(1l)+ log(mpf (1)+mpf (1)/ (mpf(2)*x)))/log(x)+mpf (1)
return Al
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def A2 (x):
A2 =(mpf(l) + log(mpf(1)+mpf(1)/x)-log(mpf(2)))/log(x) + mpf(l)
return A2

def Beta(x):
Beta = mpf (1) /mpf (2)+mpf (1) / (mpf (4) *x)
return Beta

def B5(x):
B5 = mpf (2) * (mpf (1)-log(mpf('1.5"))+mpf ('0.5") *eta
*(log (mpf ("1.5"))**mpf (2)) *eta+mpf (1)) / (pi*log (mpf(2)))
return BS

def B6(x):
B6 = (mpf (2)** (mpf (1)/log(x))* (pi*log (mpf (2)+mpf (2)/log(x))
+ log (pi/mpf (2))+mpf(1)))/ (pi*mpf(2))
return B6

def B7(x):
B7 = (mpf(4) + pi + mpf(4)*log(pi/mpf (4
*1og (mpf (2) +mpf (2) /1log (x)))/ (pi*log (mpf (
return B7

) ) tmpf (4)
2)))

def C(x):
C = (Cl*exp(mpf(1)))/ (pi*sqrt (W)* (log(x))
**mpf (11.57)) + CL/(pi*W) + (mpf(2)*vTilde*C2)
/ (pi*log(x))+ BS5(x)*exp (mpf (1)) + (B6(x)+B7(x))
/ (sqrt (W*log (x)))
return C

print (‘x > exp(’, x0,’"), M(x)=0*(",C(exp(x0)),’ x(logx)exp(’,
-sqrt (mpf (1) /(W)), " sqrt(log(x))))")

A.4 Code that implements Corollary 3.10

We have omitted some parts of the code below. All of this omitted code appears in Sec-

tion A.3. We indicate what we have omitted by replacing it with a : . To locate the omitted
code in Section A.3, one should look for the code in Section A.3 that corresponds to the

code on either side of the : in this section. Everything between these pieces of code in
Section A.3 is exactly what we omitted.

from mpmath import exp, log, sqrt, pi, mpf, mp
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eta = mpf (1)/ (W*(log(vTilde))**mpf (2))

Epsilon =1
while Epsilon ==
Epsilon = mpf (input ('What will you have 0 <= Epsilon
< sqrt(1/W)as?’))
if Epsilon >= sqrt (mpf(1l)/W):
print ('Epsilon cannot be what you entered.’)
Epsilon =1
elif Epsilon <=0:

print ("Epsilon cannot be what you entered.’)
Epsilon = 1

EpsilonX = 8
while log(log(EpsilonX))/sqrt (log(EpsilonX)) > Epsilon:
EpsilonX = mpf (input (‘What will you have EpsilonX as?'))
if EpsilonX <=1:
print ("EpsilonX cannot be what you entered.’)
EpsilonX = 8
elif log(log(EpsilonX))/sqrt(log(EpsilonX)) > Epsilon:
print ('Epsilon cannot be what you entered.’)

print (' You have W as’, W, ', Cl as’, Cl, ', vTIilde as’, vTilde,

14
4

C2 as’, (€2, '"eta as’, eta, ’'Epsilon as’, Epsilon, ’'and EpsilonX as’,

EpsilonX)

x0 = max (mpf (1) /eta, mpf(4)/W, mpf(l), W*(log(vIilde))
**mpf (2) ,W* (log (mpf (4))) **mpf (2), log (EpsilonX))

def C(x):
C = Cl/(pi*W)+ B5(x)*exp(mpf(l)) + ((Cl*exp(mpf(l)))
/ (pi*sqgrt (W*log(x))) + (mpf(2)*vTilde*C2)/pi+ (B6(x)+B7(x))
/ (sqrt (W))) *exp (-Epsilon*sqgrt (log(x)))
return C

print ("x > exp(’, x0,"), M(x)=0*(',C(exp(x0)), xexp(’,
-sqrt (mpf (1) /(W))+Epsilon, ’sqrt (log(x))))’)

A.5 Code that implements Corollary 4.3

from mpmath import exp, log, sqrt, atan, fabs, pi, mpf, mp

mp.dps = input ('What will you have the precision > 0 as?’)
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xMinusN = 1
while xMinusN == 1:
xMinusN = mpf (input ('What will you have 0 < x - N < 1 as?’))
if xMinusN >= 1:
print ('x - N cannot be what you entered.’)
xMinusN = 1
elif xMinusN <= 0:
print ('x - N cannot be what you entered.’)
xMinusN = 1

Ww=1
while W == 1:

W = mpf (input (' What will you have W as, W=6, 7, 8 , 9, 10,

11 or 12?'))

if W ==
Cl = mpf('3.2")*mpf (10)**mpf (30)
vTilde = mpf(’'34.0")
C2 = mpf('3.33")

elif W == T7:
Cl = mpf(’1.3")*mpf (10)**mpf (10)
vTilde = mpf ('34.0")
C2 = mpf('3.29")

elif W == 8:
Cl = mpf(’3.1") *mpf (10) **mpf (6)
vTilde = mpf(’50.28")
C2 = mpf('3.24")

elif W == 9:
Cl = mpf(’9.6")*mpf (10) **mpf (4)
vTilde = mpf ('70.59")
C2 = mpf('3.21")

elif W == 10:
Cl = mpf('1.5")*mpf (10) **mpf (4)
vTilde = mpf(’90.87")
C2 = mpf('3.19")

elif W == 11:
Cl = mpf('4.4")*mpf (10) **mpf (3)
vTilde = mpf('111.12")
C2 = mpf('3.17")

elif W == 12:
Cl = mpf('1.9")*mpf (10)**mpf (3)
vTilde = mpf(’132.16")
C2 = mpf('3.16")

else:
print (‘W cannot be’, W)
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Ww=1
eta = mpf (1) / (W* (log(vIilde)) **mpf (2))

print (' You have xMinusN as’, xMinusN, ', W as’, W, ’, Cl as’, C1, ’,
tTilde as’, vTilde, ', C2 as’, C2, 'and eta as’, eta)

x0 = max (mpf (1) /eta, mpf(l), W*(log(vTilde))**mpf (2))

def Al (x):
Al = (mpf(1l)+ log(mpf (1)+mpf (1)/ (mpf(2)*x)))/log(x)+mpf (1)
return Al

def A2 (x):
A2 =(mpf (1) + log(mpf (1)+mpf(1)/x)-log(mpf(2)))/log(x) + mpf (1)
return A2

def Beta(x):
Beta = mpf (1) /mpf (2)+mpf (1) / (mpf (4) *x)
return Beta

def BI1 (x):
Bl =(mpf(1)-log(mpf('1.5"))+mpf(’0.5")*eta* (log(mpf('1.5"))
**mpf (2)) *eta+mpf (1)) / (pi*log (mpf(2)))* (mpf(2)+ atan (mpf (1)
/ (log (x) *exp (sqrt (mpf (1) /W*log(x)))))+ pi)
return Bl

def B2(x):
B2 = mpf (8)*Al (x) /pi* (mpf (1)+ pi/mpf(2))
return B2

def B3 (x):
B3 = (mpf (3) *mpf (2) ** (mpf (1) /log(x))*A2(x))/ (pi* (mpf (1) -Beta(x)))
*(mpf (1) + atan (mpf (1) /(log(x)*exp (sqrt (mpf (1) /W*log(x)))))
+ pi/mpf (2))
return B3

def B4 (x):
B4 = (mpf (2)** (mpf(1)+ mpf(l)/log(x)))/pi* (mpf(1l)+ atan (mpf (1)
/ (log (x) *exp (sqrt (mpf (1) /W*log(x)))))+ pi/mpf(2))
return B4

def C(x):

C = (Cl*exp(mpf(1)))/(pi*sqgrt (W)*(log(x))**mpf(’1.5"))
+ Cl/(pi*W) + (vTilde*C2*sqrt (W))/ (pi*sqrt (log(x)))

92



A. CODE

+B1 (x) *exp (mpf (1)) +B2 (x) +B3 (x) +B4 (x) / (xMinusN*1log (x) )
return C

print ("x > exp(’, x0,"), m(x)=0*(",C(exp(x0))," (logx)exp(’,
-sqrt (mpf (1) /(W)), " sqrt (log(x))))")

A.6 Code that implements Corollary 4.4

We have omitted some parts of the code below. All of this omitted code appears in Sec-

tion A.5. We indicate what we have omitted by replacing it with a : . To locate the omitted
code in Section A.5, one should look for the code in Section A.5 that corresponds to the

code on either side of the : in this section. Everything between these pieces of code in
Section A.5 is exactly what we omitted.

from mpmath import exp, log, sqrt, atan, fabs, pi, mpf, mp

eta = mpf(1l)/(W*(log(vTilde)) **mpf (2))

Epsilon = 1
while Epsilon ==1:
Epsilon = mpf (input (' What will you have 0 <= Epsilon
< sqrt (1/wW) as?’))
if Epsilon >= sqgrt (mpf (1) /W) :
print ('Epsilon cannot be what you entered.’)
Epsilon = 1
elif Epsilon <=0:
print ('Epsilon cannot be what you entered.’)
Epsilon =1

EpsilonX = 8
while log(log(EpsilonX))/sqrt (log(EpsilonX))>Epsilon:
EpsilonX = mpf (input ('What will you have EpsilonX as?’))
if EpsilonX <= 1:
print ('EpsilonX cannot be what you entered.’)
EpsilonX = 8
elif log(log(EpsilonX))/sqrt(log(EpsilonX))>Epsilon:
print ("EpsilonX cannot be what you entered.’)

print (' You have xMinusN as’, xMinusN, ', W as’, W, ', Cl as’, C1, ',
vTilde as’, vTilde, ', C2 as’, C2, 'eta as’, eta, 'Epsilon as’,

Epsilon, ’'and EpsilonX as’, EpsilonX)

x0 = max (mpf (1) /eta, mpf(l), W*(log(vTilde))**mpf(2),
log (EpsilonX))

93



A. CODE

def C(x):
C = C1/ (pi*W)+B1 (x)*exp (mpf (1)) +B2(x)+B3(x)+((Cl*exp (mpf (1)))
/ (pi*sqgrt (W*log(x)))+B4 (x)/ (xMinusN) ) *exp (-Epsilon*sqrt (log(x)))
+ ((vTilde*C2*sqrt (W) ) /pi) *exp (- (Epsilon/2) *sqgrt (log(x)))
return C

print ('x > exp(’, x0,’), m(x)=0*(",C(exp(x0)), exp(’,
-sqrt (mpf (1) / (W) )+ Epsilon,’sqrt(log(x))))")
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