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Abstract

The Riemann zeta function is a fundamental function in analytical number theory and
studying it’s zeros is important for understanding the distribution of the prime numbers.
In particular, explicit zero density estimates are important for improving estimates of prime
counting functions. Kadiri, Lumley and Ng [26] proved an explicit zero density result for
for the number of zeros of the Riemann zeta function, N(c,T},7>) with real part greater
than ¢ and imaginary part between 77 and 7. In this thesis we improve their proof and

provide a general estimate of the form
N(o,Ti,Ts) < UTZZa(lfG)Jr(a’fl)(ZGfl)log T22(b+1)(176)+(b’+2)(2671)+1+ 2 (log T2)2.

This result can be applied using different bounds for Riemann zeta function on the half line.

Specifically, by using the following bound for zeta function on the half line
(L +in)]> < (0.618)* T3 o T+ ¢(L)2,  0<t<T,
for all 6 € [0.75, 1] we will prove
N, T1,T2) < 12453173 10g 75729 4 3.8689(log T2)?,

and by using the following bound for the zeta function on the half line,

C(d+it) 2 < (66.72T% + (L)%, 0<t<T

v



DEDICATION

for all 6 € [0.9, 1] we will prove

19 (1-0)

N(o,T1,T») < 58.946T,* (26+1)

log T, +2.699(log T5).

These results improve upon the previous works by Kadiri, Lumley and Ng [26] by revisiting

their argument but making a number of changes which result in improvements.
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Chapter 1

Introduction

1.1 Introduction and Motivation

The Riemann zeta function, which we denote {(s) is defined by
i 1
=n
when the complex variable s has R(s) > 1. Riemann showed that {(s) has an analytic
continuation to the entire complex plane with a simple pole at s = 1. There is a connection
between () and the primes which can be seen via the Euler product formula

LTl

D

where the product on the right-hand side is over the set of all primes p. By using the Euler
product formula we know that {(s) has no zeros for 6 > 1, since for 6 > 1 this infinite
product is convergent, and therefore non-zero.

The zeta function satisfies the functional equation

T
§(s) = 2w sin(Z)0(1 =) (1 =),

where I'(s) is the gamma function. From sin(%}) being 0 in the functional equation we can

see that {(s) has zeros at negative even integers, s = —2, —4,—6,.... These are called trivial

zeros and all non-trivial zeros lie in the open strip s € C: 0 < R < 1, which is called the



1.3. RIEMANN HYPOTHESIS

critical strip.

The non-trivial zeros have captured far more attention because their distribution not only
is far less understood but, more importantly, their study is intimately connected to the dis-
tribution of prime counting functions. For example, the prime number theorem (PNT),
established in 1896 by Hadamard and de la Vallée Poussin, by proving that {(s) has no

zeros on the line 6 = 1, states that
m(x) ~ Li(x),

where T(x) is the number of primes less than or equal to x and Li(x) is the logarithmic

integral function defined by Li(x) = [5 @dt. The shape and constant in the error term are
determined by what we can prove about the number and location of zeros of zeta function.
For example, from [29] an explicit formula and study of the zeros of zeta function lead to

the estimate 7(x) = Li(x) + O < >, for some ¢ > 0.

We can deduce properties of the primes from properties of the zeros, and vice versa. So
to obtain information about primes, we need to have information about four key things: A
numerical verification of Riemann Hypothesis (RH), an explicit zero free region, a formula
for counting zeros of zeta function in a rectangle region and explicit zero density result.

Because of this connection, a huge amount of work over the past century and a half has

been put towards locating the zeros.

1.2 Notations

In this section, a list of the notations used throughout this thesis is provided. The table

1.1 serves as a reference to help readers understand the meaning of the notations.



1.4. ZERO FREE REGION

Table 1.1: List of Symbols and Notations

Symbol/Notation | Description

Complex number

Real part of the complex number

Imaginary part of the complex number

Non-trivial zeros of the zeta function which is equal to 6+ it
Big-O

Qo || B =«

1.3 Riemann Hypothesis

The Riemann Hypothesis (RH) is a conjecture about the location of non-trivial zeros of
Riemann zeta function. According to this hypothesis all nontrivial zeros of the Riemann
zeta function lie on the critical line R(s) = %, and to date still is an open problem. In the
absence of a proof, it is extremely important to obtain numerical verification of the Riemann

hypothesis which we denote as
1
RH (H)) : all non-trivial zeros p of {(s) with |3(p)| < Hy satisfy R(p) = 5 (1.1)

To that end, define Hj as the largest number for which it is known that all zeroes p = B+ iy

with 0 <y < Hy have B = % Currently, the best published value for Hy in equation (1.1) is
Hy=3-10",

by Platt and Trudgian [35].

1.4 Zero free region

Determining zero-free regions within the critical strip has long been of great interest
in number theory. Hadamard and De la Vallée Poussin [41] proved in 1896 that {(s) has
no zeros on the vertical line 6 = 1. Moreover, in 1899, De la Vallée Poussin [7] famously

proved that there exists a positive constant R such that {(s) is non-zero in the region of the
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form
1

c>1- ,
Rlogt

(1.2)

where s = 6+ it and t > o for some 79. We refer to a region of this form as a classical
zero-free region of the Riemann zeta-function. An explicit zero-free region for {(s) of
this kind is attributed to Mossinghoff—Trudgian [30], who verified (1.2) for R = 5.573 and
t > 2. This was established by extending some work of Kadiri [24] by constructing a
more favorable trigonometric polynomial, by optimizing some analytic arguments, and by
employing the verification of RH up to 3.06 - 10!° from [34]. By using the verification of
RH for |t| < 3.10'? in [35] and using an improvement to Kadiri’s result by Jang and Kwon
[21] in 2014, Mossinghoff, Trudgian and Yang [31] improved the classical zero-free region
and verified (1.2) for R = 5.558691 and ¢ > 2.

In 1958 Korobov[27] and Vinogradov [43] independently demonstrated that there exists a
positive constant R > 0, such that {(s) is non-zero in the region s = 6 + it such that for all
t > to for some fg,

c>1— ! (1.3)

" R(logr)3 (loglogt)3

The best known zero-free region for {(s) of this kind is attributed to Bellotti [2], who have
verified (1.3) for R = 53.989 for ¢ > 3. She also established the zero-free region (1.3) for
large t with R = 48.0718. The largest known zero-free region in the region exp(170.3) <

t <exp(532141) is due to Yang [45]. He proved zeta function has no zeros in the region

loglog ||

0>1——F
21.233log 1|

(1.4)

for [¢| > 3.
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1.5 Counting of Zeros

Within the critical strip, but outside the zero-free region, there exist estimates for the

number of non-trivial zeros p with 0 < 3(p) < T. For T > 0, we define
N(T)=#{peC:{(p)=0,0<T(p) <T,0<R(p) < 1}. (L.5)

In addition to the RH, Riemann conjectured the asymptotic formula for N(7') in the critical

strip with O <y < T to be

T T T
N(T) = —log— — —+0(logT 1.6

which was proved by Mangoldt in 1905 [44]. There has been a long history about explicit
bounds for N(7') which the most recent bound was given by Hasanalizade, Shen and Wong

[12]. They proved that for T > e,

T T
)| <0.10381og T +0.25731oglog T +9.3675. (1.7)

N(T)— —log(=—
IN(T) — 5 log(5—

We consider N(G,T) as the number of zeros of the Riemann zeta function in the region
6 <R(s) <land 0 <J(s) <T . Trivially we have that N(c,7) =0 for all T < Hy and

o > . In the next section we talk about an explicit bound for N(c,T) and its history.

1.6 Zero Density result

Let N(o,T) denote the number of non-trivial zeros of the Riemann zeta function with
real part greater than ¢ and imaginary part between 0 and 7. Explicit upper bounds for
N(o,T) commonly referred to as a zero density result.

Let p = R(s) +i3(s) denote a non-trivial zero of {(s) lying in the critical strip, 0 < R(s) <
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1.Let%<0<landT>O,wehave
N(o,T)=#{p=PB+iy:L(p) =0,0<3(s) <T,0 < R(s) < 1}. (1.8)

There have been several authors who have worked on this topic. The earliest zero-density

estimate is due to Bohr and Landau [3] who showed in 1913 that

As T grows to infinity. This was improved in 1937 by Ingham [16], who showed

N(G,T)=0 (T(2+4“)(1_") (log T)5> ,

Assuming that C(% +it) = O(t“*®). In particular, the Lindelf hypothesis is a conjecture
about the rate of growth of the Riemann zeta function on the critical line. This hypothesis
is one of the weaker consequences of Riemann hypothesis, which says that for any € > 0,

C(% +it) = O(¢%) and it implies that
N(6,T) =0 <T2(1—6)+8) _

Also known as the Density Hypothesis. While the Density Hypothesis remains open, many
authors proved different zero density estimates for zeta function in different ranges for ©.

The following summary of best known bounds for {(s) is due to Trudgian and Yang [42].

N(6,T)=0 (Tf <">+8) ,
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;

1-(8/7—0)(c—1/2), if 1/2<c6<1/2+4+0(1), foranyd >0,
3(1-0)/(2—0), 1/2+0(1)<c<3/4,

3(1—0)/(76—4), 3/4<c<13/17,

6(1-0)/(50—1), 13/17<0<25/32,

49/12—146/3, 25/32<c<11/14,

9(1-06)/(76—1), 11/14 <o < 3831/4791,

3(1—0)/20, 3831/4791 <o < 155/174,

24(1—06)/(306—11), 155/174 << 17/18,

4(1-0)/(20+1), 17/18 <05 <0.9541...,

| 6:42(1—0)32, if 09541..<c<I.

The results themselves are due to Jutila [22], Ingham [18], Ivi¢ [20], Jutila [23], Bourgain
[4], Jutila [23], Jutila [23], Ivi¢ [19], Ivi¢ [19] and Heath-Brown [13] respectively.

Making the above bounds for N(c,T) explicit would have important applications as they
would allow us to obtain better estimates for prime counting functions including finding
prime numbers in short intervals.

Kadiri [25] showed an explicit version of Bohr and Landau’s bound. For ¢ > 0.55 and all
T > Hj she proved

N(0.90,T) <c1T +clogT + c3,

where ¢; depend on. 6. We note that with 6 = 0.90 this formula simplifies to
N(0.90,T) <0.4421T +0.644310g T +363301.
In addition, for T taking a specific value (Hy = 3.061.10'9), she proved

N(0.90, Hy) < 96.20.
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Ramaré [39] had proven an explicit version of Ingham’s bound. For ¢ > 0.52 and all

T > 2000, he showed

8(1-0)
3

N(6,T) <965(3T) 3 (logT)> 2°+51.5(logT)>.

We note that with ¢ = 0.90 this formula simplifies to

4

16 2
N(0.90,T) < 1293.48(logT)5 T 15 +51.50(log T)~.
Which gives the below bound for 7' = Hy:

N(0.90,Hy) < 2.1529-10'. (1.9)

Kadiri, Lumley, and Ng [26] have presented a result that provides a tighter bound for
N(6,T). Their result improves upon both Ramaré and Kadiri’s estimates by following
Ingham’s argument but using a more general weight.

Specifically, the bound is given by:
N(0,T) < Ci(0)(logT)°2°T3(0-9) + Cy (o) (log T)?,

for some computable functions C;(c) and C;(0). Setting 6 = 0.9, their estimate becomes:

1

N

T +3.186(log T)?,

ol

N(0.90,T) < 11.499(log T)

Fiori, Kadiri and Swidinsky [8] used the recent partial numerical verification of the Rie-
mann Hypothesis Hy = 3.10'? from [35] and used the recent sub-convexity bound for zeta

function on the half line proven by Hiary, Patel and Yang [15] to present a tighter bound for
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N(o,T). For instance for ¢ = 0.9, they obtained:
16 4 2
N(0.90,T) < 10.8209(log T) S T'15 +2.8640(log T)?. (1.10)

The main goal of our thesis is to find better values of C;(c) and C>(c). We achieve this
by using better bounds on { on the half line which will improve the exponents on both the
T and logT terms. We also improve the bounds for some arithmetic sums, which affects
both the C; (o) and C(6) term. Furthermore, we provide results which are valid on the
intervals. In our thesis, we make use of the recent partial numerical verification of the
Riemann Hypothesis Hy = 3.10'? from [35], as well as two different versions of upper
bounds for the zeta function on the half-line. Our first main result includes the recent sub-
convexity bound for zeta function on the half line proven by Hiary, Patel and Yang [15].

Specifically for 6 = 0.9, we obtain:
N(0.90,T) < 7.732(log T) S T15 +2.699(log T)>.

For more details, please see our main Theorem 4.46 and Remark 4.47 and Corollary 4.50.
The numerical results for this version are taken from table A.7.
Our second main result includes the recent sub-Weyl bound for zeta function on the half

line proven by Patel and Yang [33]. Specifically for 6 = 0.9, we obtain:

14

N(o,T) < 60.245(log T) S T30 +2.699(log T).

For more details, please see our main Theorem 4.46 and Remark 4.47 and Corollary 4.54.
The numerical results for this version are taken from table A.9.

Additionally, my thesis aims to reorganize the proof by breaking it apart into its key
elements so that it becomes easier to see how to incorporate other future improvements

in machinery used without redoing the whole argument. Moreover, this will more easily
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allow parts of the argument to be reused in related problems for more general L-functions

and therefore, it becomes easier to identify areas of improvement.

1.7 Idea of proof

We now explain the main idea of finding an upper bound for N(c,7) in the paper of
Kadiri, Lumley and Ng [26]. First, they use Littlewood’s zero detection method as the
general tool for counting the number of zeros of any analytical functions in a rectangle

region. It consists of four different integrals, defined as follows:

o)
argd(t+iT)dr,
S5
> r (1.11)
L ::/ arg0(t+iTy)dr, 14::/ log |¢(o2 +it)|dt,

S T

1 1

b3
I ;:/ log|0 (61 +if) [dt, D :=
T

You can see the details in Section 2.1. Then the goal becomes to determine an upper bound
for each integral. In applications /; is the largest. Therefore, we describe the key ideas in
bounding the first integral in Chapter 2. This includes the smoothing, unsmoothing method,
and convexity estimate. I have explained the general form of these methods in Section 2.2.
To estimate the fourth integral, as well as parts of the first integral, we use a standard mean
value theorem for Dirichlet polynomials, which I have explained in Section 2.3.

Because many of our functions involve Dirichlet series, we shall need bounds on a va-
riety of arithmetic sums. In Chapter 3, we introduce some preliminary lemmas that provide
bounds for arithmetic sums.

In Chapter 4 we applied our general methods to the function {(s) and finally we will find
explicit bounds for each integral. In the fourth integral, we consider the case 6, = u with
u> 1, and our goal is to find a lower bound for the zeta function in this region. Since finding
the lower bound on the integral of the zeta function is challenging, we use the mollifiers
introduced in Section 4.1 which can control the value for the zeta function outside of the

critical strip. Therefore, the goal becomes replacing {(s) with {(s) - P(s), where P(s) is an

10
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entire analytic function.

There are several options for P(s) and what we use is the product of 2 — {(s)M(s) and
M(s), where M(s) is a function which is approximately % We call the new function A(s)
and since the new function / is easier to work with, more precisely any zeros of the {(s) is
zeros of h(s), the focus shifts towards determining an upper bound for A(s) instead of the
zeta function itself. We then apply general methods described in Chapter 2 to A(s) and find
explicit bounds for the number of zeros of A(s) in a rectangle region R. Then the integrals
become: . »

I ::/ log|h (6 +it)|dt, b := /, argh(t+iT»)dr,

T (¢

y 7 (1.12)

L= /G/ argh(t+iTy)dr, Ih:= /T1 log |h(u+it)|dt,
where u > 1 is just outside the critical strip and 6’ < 6. You can see all details about first
integral in Section 4.3 and we provide an explicit upper bound for it in Section 4.3.5. In
Section 4.4 you can see the upper bounds for the fourth integral. For the second and third
integral, we follow Kadiri, Lumley and Ng’s proof [26] and use the general results from
[41] by Titchmarsh and [1] by Backlund to find an upper bound for these integrals. This

upper bound can be found in Section 4.5. Finally, by combining all the obtained upper

bounds for each integral we provide the upper bound for N(c,7;,73) in Section 4.6.

11



Chapter 2

General Methods

In this Chapter, our goal is to set up the general methods used by Ingham [17]. Our initial
step that we describe in Section 2.1 is to introduce the method of Littlewood’s classical
Lemma as stated in [41] for deducing an upper bound for the number of zeros of a function
in a rectangle region. This number is split into evaluating or bounding of four different
integrals. Then in Section 2.2, we describe the key idea in bounding the integral of a
function when we have a little control over it by shifting where the integral needs to be
evaluated. We do this by a smoothing- unsmoothing method, and a convexity theorem. At
the end of Section 2.3, we will describe the mean value theorem for Dirichlet polynomials

which is crucial for later estimates related to the first and fourth integral.

2.1 Counting zeros of a function in a special rectangle region

There exist many useful tools in complex analysis to count zeros of holomorphic func-
tions inside a specified bounded region. We present here a classic idea of Bohr, Landau,
Littlewood, and Titchmarsh as stated in [41] which uses the Residue Theorem, to bound
the number of zeros of a holomorphic function in a rectangle region. Let 7> > T7. For a

function ¢ we introduce the number of zeros of ¢ between 77 and 73:
Nq)(G, T],Tz) = #{p,([)(p) =0,0< %(p) <1, < S(p) < Tz}, 2.1)

where zeros are counted with multiplicity (poles are counted with negative multiplicity) and

zeros with imaginary parts 77 or 7T, are counted with weight % We observe the following

12



2.1. COUNTING ZEROS OF A FUNCTION IN A SPECIAL RECTANGLE REGION

relation:

N¢(G7TI7T2) :N¢(G7T2)_N¢<G7Tl)7 (22)

where Ny (o, T) is as defined in the equation (1.8). We now turn to Littlewood’s method for

counting zeros of the function.

2.1.1 Littlewood’s zero detection method

Suppose that ¢(s) is a meromorphic function in and upon the boundary of a rectangle R

bounded by the lines 3(s) = 71,3 (s) = T, R(s) = o1 and R(s) = o, as shown below.

3(s)
T |-
R
Tl - | |
ol o RE)

Assume the function is regular and never zero of the side, [/, of the rectangle for which
R = 6, and log ¢(s) is regular in a neighbourhood containing /. We define ®(s) = log0(s)
for s on [ and for other points s in the rectangle, we define ®(s) to be the value obtained
from log 0(c7 + it) by continuous variation along the line from o, + it to ¢ + it provided
the path does not cross a zero or pole of ¢(s); if it does we define

B(5) = + lim (D(0+ it + i&) + B(G+ it — ie)). 23)

2 -0

Definition 2.1. Let Ny(o, 7T, T>) denote the excess of the number of zeros over the number
of the poles of the function ¢ in the region for which R(s) > o, zeros or poles on 3(s) =T}

or 3(s) = T> counting one-half only.

The following proof is based on [41, page 221, (9.9)].

13



2.1. COUNTING ZEROS OF A FUNCTION IN A SPECIAL RECTANGLE REGION

Lemma 2.2. Let 0(s) be a meromorphic function in and upon the boundary of a rectangle
R; and regular and never zero of the side, 1, of the rectangle for which R(s) = ©,. Suppose

that ®(s) = log§(s) where ®(s) is defined as above. Then we have

/ (@(s))ds = —2mi / " No(. 71, T2)do, 2.4)
R o

The integral on the left is taken round the rectangle in the positive direction.

Proof. Various proofs are possible; the one given here depends on the inversion of the
order of a double integration. We may suppose 3(s) = 7; and 3(s) = T to be free of zeros
and poles of ¢(s); It is easily verified that our halving conventions in equation (2.3) and
Definition 2.1 ensure the truth of the theorem in the general case. By writing s = 6 + it, we

have

() G2 T
/ ®(s)ds — / ®(6 +iT} )do — / ®(6+iT)do+ | {®(cr+it) — D(cy +ir) }id.
R Gl oy T
2.5)

The last term is equal to

T G2 o t
{®(cr+it) —P (o) +it) }i ¢lo+i do) idt
T

dr = / < (H—lt
L

+iTq S

(2.6)
d do.

By the theorem of residues:

c+ily ¢/ G +iT) Gor+ilh G +ilh /
/ (I) (S)ds = (/ —|—/ —/ ) (I) (S)dS—ZTCiNq)(G,Tl,Tz). (2.7)
(¢ O [}

6+iTy (I)(S) +iTy 2+iT) +iT (I)(S)

14



2.1. COUNTING ZEROS OF A FUNCTION IN A SPECIAL RECTANGLE REGION

Hence
G2
/ <I>(s)ds = / (q)(G-I— iT1> - CI)(G-I- iTz) + CD(GZ + iTl) — <I)(G + iTl) + CI)(GQ + iTz)
R (31
—®(0y+iTy) —P(or +iTh) + P(c+iTr) — 2miN(o, Ty, Tz)) do
G2

= —2mi N¢(G,T1,T2)d6.

O]

(2.8)
]
Now we compare the above number of zeros for our function to its average:
G2
N¢(G,T],T2) < 5_o / (N¢(G/,T2) —N¢(GI,T1))dG/. (2.9)
— 061 Jo,

We apply Littlewood’s classical method to find an equality for [3*(Ny(0’,T2)—Ny(0',T1)dc’

and then have the upper bound for Ny(c,71,7>) for 6 € (61,02

Theorem 2.3. Let §(s) be a meromorphic function in and upon the boundary of a rectangle

R bounded by the lines 3(s) = T1, 3(s) = Tr, R(s) = 61 and R(s) = 6,. Let 6 € (61,062].

Then
1 Vi) ) (o)) , ) ,
Ny(0,T1,T) < —(/ log |0(o -|—zt)|dt+/ argd(o +iTh)do
() T :
_/ arg(j)(G/—I—iTl)dG/—/ log]¢(62—|—it)\dt).
(31 Ti
Proof. Since equation (2.4) gives ®(s) = logd(s), we have
-1 / log¢(s)ds = / 62N¢(G’ T1,T»)do'. (2.11)
21 R o1 Y

Given that from equation (2.9) we had Ny(0,T1,T>) < 101 Jo2No(0',T1, T2)dc’ we con-

o—

clude:

Ny(0,T1,T») < !
0 7172_6_61

~1
o /R log §(s)ds. (2.12)
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2.2. BOUND ON A LOGARITHMIC INTEGRAL

Thus:

I -1

T (o))
No(0,T1,T>) < (—/ (logd(oy +it))idt —/ log(o’ +iT»)do’
I

T 6—02mi
: i o (2.13)
+ logq)(6’+iT1)dG’+/ (log¢(62+it))idt).
(] T
Using log0(z) = log |¢(z)| +iarg¢(z) we have
N, 71, 15) < ! T21 ] ] it))id
_ t 1))idt
(011 < ot ([ oglo(on i)+ iareo(on + i)
o)
+/ (1og|0(& +iT2)| +iarg (6 +iT>))do’
o (2.14)
_/ (log |0(& +iTh)| +iarg (6 +iT;))do’
ol
Ip)
—/T (log\¢(62+it)|+iarg¢(62+it))idt>.
1
We take the real parts, so we have:
1 & 2 / /
No(6,T1, T) < / log [0(G1 + if)|di + / arg (6’ +iT>)do

(o)) T
_/ arg(j)(G/—I—iTl)dG/—/ log]q)(cz—l—it)\dt).
c T 0

1 1

We recall that the integrals in (2.15) are of the same form as the quantities Iy, I, I3,
and /4 defined in the introduction in equation (1.11). A key goal is to minimize the above
expression over admissible functions ¢. We now give an idea of how to estimate the first

integral in equation (2.15).

2.2 Bound on a logarithmic integral

In this section, the goal is to find an upper bound for the integral of a logarithmic of a

non-negative function in equation (2.15).
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2.2. BOUND ON A LOGARITHMIC INTEGRAL

Proposition 2.4. Suppose that f is a non-negative and continuous function, we have

1
b—a

b 1 b
/ log f(c+it)dt <log <m/ flo+ it)dz‘)7 (2.16)

where a and b are constants.

Proof. Since log is concave on its domain, by applying the Jensen’s inequality we obtain:

1 b 1 b

So if we want to find an upper bound for the integral of log f(c + it), we can find an
upper bound for the integral of f(G +ir). The idea to bound the integral of f(c +if) is that
we can use the convexity bound for integrals to move the problem to each of two boundaries.
To use the convexity estimate we first use the smoothing method to smooth the function at
o and therefore rather than bounding [”|f(c+it)|dt we bound [ |f(c+it)g(c+1)|dt for
some function g. Rather than finding an upper bound for [ ab |f(o+it)g(c+it)|dt we bound
fab |f(o1+it)g(o1 +it)|dt and ff |f(o2+1it)g(02+it)|dt and then for getting bounds at the
boundaries we use unsmoothing method to turn problem back to the original integrals at

each of the boundaries to find an upper bound for fé’ |f(o1 +it)|dt and fob |f(oo +it)|dr.

Remark 2.5. We want to go from the first step to last step but we can’t directly because we

have to use the convexity.

Remark 2.6. The hope is that, the bound we can get by interpolating bounds can be better
than the bound we could get directly, this happens especially if we have better information
about a function at one of the two boundaries and not worse information at the other bound-
aries, for instance in our context, we have good information about zeta function outside of

the critical strip, and, reasonable information at % line.

We now detail how each of these steps is carried out.
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2.2. BOUND ON A LOGARITHMIC INTEGRAL

2.2.1 Smoothing method

The general idea of this method is to replace a bounded sum or integral of a function
with an infinite sum or integral of a smoothed version of the function.
To obtain this, we introduce a smooth weight function g and multiply by our function. This
makes it easier to analyze the integral of the smoothed function rather than the original one.
We choose the weight function g such that for a fixed o, the function |g(c + if)| approxi-
mates the indicator function, and for ¢ large, g(c + it) has rapid decay to 0.
Thus the integral of our function can be approximated by the integral of the product of the
function with the weight function.

The following Lemma makes this precise.

Lemma 2.7. Let f be a continuous function and g be a holomorphic function in the strip
61 < R(s) < 6p. We assume that there exists a positive function C; = Cy(0,T1,Tz) such

that g satisfies the following condition on lower bound,

Cy(0,T1,T7) :zer[l%ilsz]g(G+it)' (2.17)
1

Then
Jolg(o+it)||f(o+it)|dt

(2.18)
Cy(0,11,T>)

n
/ F(o+in)|dr <
I
Proof. Based on the above remark, we have

oo

Ib)
[ Wrtoinlar= [ i gylio+ i
1 —oo
< S5 lg(o+it)| | f(o+it)dt
minlE[Tl’Tzl lg(o+it)|
_ [ lg(o+in)| | f(o+ir)|dt
B G (0,11, T>)

There is a relationship between the bounds on the exact values and bounds on the

smoothed values in both directions. In the next Section we will think about how we can
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2.2. BOUND ON A LOGARITHMIC INTEGRAL

bound an integral of a smoothed function from —eo to . The idea here is using the un-

smoothing method.

2.2.2 Unsmoothing method

This method allows to bound [~ |g(c+if)||f(0 4+ it)|dt in terms of a finite integral for
f, namely of:

T,
F(o,T),T) :/T f(o +ir)|d. (2.19)

1

When 77 = 0 we shall denote by F(c,T) = F(0,0,T).

Lemma 2.8. Let T > 0, 61 < 6 < 63 and suppose that the function |f(c+it)| is even in t.

We assume F(0,0) = 0 where F defined in equation (2.19) and for any positive o. and B,
. _ru\B

we have limy oo (F(G,U)e o(7) ) =0,

In addition, we assume that there exists a positive function C; = C(c,T, o, ) such that g

satisfies:

1]

ig(o+it)| < Ci(o,T,a,B)e T foralt. (2.20)

Then,
/ g(+if)||f(c +if)| dt < 2C(6,T, o, B)op / Bl E (6 xT)de.  (2.21)
oo 0

Proof. Based on the assumptions that we have, the function |f(c +it)| is even in ¢ and the

bound of g in the equation (2.20) we conclude,

t

/m ig(c+it)||f(o+it)|dt < 2Ci(o,T,0,B) /Owe‘x(T)B|f(G+ it)|dt. (2.22)
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2.2. BOUND ON A LOGARITHMIC INTEGRAL

By integrating by parts we have,

oo ' B t e ® - ZB71
/ e~(f) !f(cs+it)|dt:e°°(T)B~/ |f(6+it)|dt—/ —af (L> e T F (0,0
0 0 0 T

B-1
e U E(6,1)dr

(”BF(c,t)?.

o+ [ on(7)
(x J—
+ 0 T
= t\B _,
(X/ J—
P /0 <T> ¢
By changing the variables, £ = x we have,

—ap [ B0 r

OLB/O x"e F(G,xT)dex
o 1

= OLB/ xﬁe_“(x)BF(G,xT);dx
0

= OLB/ xﬁ_le_a(x)BF(G,xT)dx.
0
This combined with (2.22) and we conclude,
glo+it o+it)|dt <2C (o, T,a,p)o xP e o,xT )dx.
i ; i1)|dt < 2C (o, T OﬁlmﬁF T)d O

Unsmoothing is reversing or inverting the process of smoothing. Smoothing allows us
to bound fTle |f(c +it)|dt in terms of [~ |g(c+it)||f (o + ir)|dt, whereas unsmoothing

allows us to bound [ |g(c+ir)||f (o + if)|dt using bounds on fOT |f(o+ir)|dt.

Lemma 2.9. Let o, B,a,a;,b,b;,d,d; > 0 depending on o, and let A and n be non-negative

integers. Suppose that
F(o,t) < dt“(logt)" Y dit“(logt)”  forallt, (2.23)
i
where ¥ d;it% (logt)? = 14 0(1), Then

/ Pl B (6 3T)dx < dT(log TP Cs, (2.24)
0
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2.2. BOUND ON A LOGARITHMIC INTEGRAL

where C3 = C3(T, o, B, a,a;,b,b;,d;) is given by

b+b; (b—zbi)la,B(B_Fa"i_ai —1,b+b; —k)

— a; b;
CS—;diT (logT) k;) llog TP F : (2.25)
with
Iup(A,n) = / e (log x)dx. (2.26)
0

Remark 2.10. The condition ¥; d;#%(logt)? = 14-0(1) implies that up to reordering do = 1,

ao = 0 and by = 0. Additionally, it implies:
e allag; <0,
e if a; =0, then b; <O0.

Remark 2.11. The constant C3(T, o, B,a,a;,b,b;,d;) = O(1) and is eventually decreasing in

T.

Proof. Since, by assumption, we have an upper bound for F(o,7), as given in equation

(2.23), we can substitute this bound for F(c,xT') into equation (2.24). This gives us:

/ xB_le_WBF(G,xT)dx </ BT (a’(xT)“(long)bZdi(xT)“i(long)bi)dx.
0 0 :

(2.27)
By expanding the logarithm and separating the terms (log(x7') = logx + logT), and then

Substituting this back into the integral, we get:
/ wlemod (dx“T“(logx+ logT)" Y dix“ T (logx +log T)b") dx. (2.28)
0 i
Since the summation and the integral are linear, we can interchange them:

/ Ple P F (6, xT)dx < dT*Y diT* / abtata1 = (o0 ¢ 4 10g T Hbigy, (2.29)
0 > 0
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2.2. BOUND ON A LOGARITHMIC INTEGRAL

)b+b

Applying the Binomial Theorem to expand (logx+logT i, we get

bib: P b+ b b+bi—k k
(logx+1ogT)” ™" = Z X (logx) (logT)".
k=0

Therefore, we obtain the following upper bound:

00 b+b;
i b b
dT*y  d;T® /0 xB+a+a"_le_°“ﬁ( Y ( : ’) (1ogx)b+bf—k(1ogT)k>dx. (2.30)
i k=0

With simplification the above summation, we have f;" Blewfp (6,xT)dx is bounded by:

bibi (b1bi) +a+a;—1,b+b;i—k
dTaaOgT)bZdiTai(lOgT)bi ( Z ( k ) %B(Bl b_'l_b‘_lg l )) ‘ (231)
i =0 (log T)b+bi
Recognizing this expression as C3(T, o, B,a,a;, b, b;,d;), we have the desired result
/ B (6, xT)dx < dT(10g T)PCs (T, 0, B,a, i, bybindi).  (2.32)
0
L]

Remark 2.12. In our context, b; = 0, 1,2 are the main cases we will encounter.

Remark 2.13. In terms of the important role of the constants in Lemma 2.9, the most im-
portant one is the case when k = b+ b;, which means the main term that we are interested

in, is I, g(B +a+a; —1,0) as defined in equation (2.26).

Remark 2.14. By substitution of ou® =7, we can express I g(B+a+a; —1,0) in terms of

the Gamma function. Therefore, we can write

Iop(B+a+a—1,0)= (O%B) (é)ﬁr(“ga%l). (2.33)

Remark 2.15. Note that in the application to the zeta function (Section 4), we do not ap-

ply the unsmoothing method immediately after the smoothing method; instead, we use a

convexity estimate in between. However, the purpose of applying unsmoothing immedi-
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2.2. BOUND ON A LOGARITHMIC INTEGRAL

ately after smoothing would be to evaluate the quality of the smoothing function g and the
process itself. From Lemma 2.9 we can see that both our assumed bound for F(c,) and

the resulting bound for f;° Blpafp (0,xT)dx have the same asymptotic growth but it
b+b;

, . Iy (B+a+ai—1,b+bi—k) . . :
got worse by a constant, since Ziig’ ) “’[szg ;)bfbi,k ) in equation (2.24) is O(1),

bounded by a constant depending on B, o, b, b;, a and a;. In particular, if g were the charac-
teristic function, and if the process were perfect, then we would recover the original bound

on F(G,1).

An interesting analysis to do after smoothing and unsmoothing is to illustrate how much
worse your answer gets when you first do smoothing and then unsmoothing. This process
helps us understand what is the error that arises from the smoothing and unsmoothing meth-

ods. If we focus on the main term based on Remark 2.13 the error term is approximately

2C, (07 T27 Q, B

EG(G‘7B) = CQ(G, Tl,Tz)

) o / brataiml oy (2.34)
0

ﬂ)ze“(%)ﬁ

S , considered in the paper of Kadiri, Lumley and

For the weight function g = (

Ng [26]', we ultimately have

Ci(0,Tp,0,B) = X%,

N2 e (2.35)
Cz(G, Tl,TQ,OL) = (1 — —) ea(Tz) 70‘.

With simplification, we obtain

ata; (2.36)

Therefore, the choice of o and 3 plays a role in determining the size of this error term and

also this analysis primarily tests the quality of the weight being used.

'In [26] the weight they use is ultimately (%)2 27,
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2.2. BOUND ON A LOGARITHMIC INTEGRAL

For instance, for ¢ = % we have a bound of the shape:
F(o,T) < T'"5(logT)2.
So that we approximate it by setting a +a; = % and obtained the below bound,
F(6,T) < T'*%(logT)? - 2¢%0, /Ow ET
Based on the equation (2.33), we have the following error term:

2e% 4
Ei(a,B) =5 T —+1>, 2.37)
(0B = (3B

which we optimize with respect to o and . We take the logarithm.

log(E%(oc,B)) =log2+o— %log(oc) +log (F (% + 1)) ) (2.38)

and then the derivative of this expression with respect to o

og(Ey(B) 4 | -
oo, T3 (2.39)

By setting this derivative equal to zero, we find
B=t. (2.40)

Substituting this back into the original error term and perform further optimization as

needed. We find £ (o, B) optimal value is:
2

(0, 55) = a—-r(oc+1). (2.41)
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2.2. BOUND ON A LOGARITHMIC INTEGRAL

Next, we take the logarithm of this new error term:

log(E1(a)) = oo —alog(a) 4+ log(I'(o+1)). (2.42)

1
2

and then the derivative with respect to o

Oog (4 (o)

s = ~log(0) +y(a+ 1), (2.43)

where  is the polygamma function defined by y(x) = l%(x) By setting this derivative
equal to zero, we find

log(a) =y(a+1). (2.44)

Once we find the optimal a, we can determine the corresponding optimal [ using the

20959 — _log(a) + wla +1)

1.75 A
1.50 ~
1.25 ~

1.00 ~

Function value

0.75

0.50

0.25

0.00 - - - - - - - - - - -

Figure 2.1: Graph of —log(ot) +y(o+1).

relationship o0 = %.
Remark 2.16. Fram the graph above, we can see that by increasing value for o, E ! (o) will
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2.2. BOUND ON A LOGARITHMIC INTEGRAL

increase. Hence the smaller a will improve the result and consequently B — oo in order to

optimize the bound.

Remark 2.17. In the application of the zeta function section, we will not only use the
smoothing and unsmoothing methods but also employ a convexity estimate. Therefore,
the optimal choices for a and 3 should take this information into account. Therefore, after
introducing the convexity estimate and combining all the bounds, we can determine the re-
sulting error term and find the optimal values for a and 3. We can then compare them with

the optimal o and 3 obtained from here.

t

Remark 2.18. The weight functions g = e~ are well adapted for zeros within [—7,T].

However, if we wanted to look only at zeros within [T}, 75| we can use this weight function
with T, =T.

_(2-(1+1)\P
Nonetheless, a different weight function might be better, such as e a< (=11) >

Remark 2.19. In future work, the unsmoothing process could further be adjusted to sepa-
rately handle the regions [—e, T}], [T}, T3], and [T5, 0], by using different bounds on g and
F(o,T) for each region. Additionally, if we choose a different weight function g, such as

(2= \P
e a( (1=T11) ) , the decay properties of g could lead to separate bounds for the integrals:

/n@w+nﬂum+aﬂm

—o0

/B@@+ﬁﬂvm+ﬁﬂm

T

| lste+imlif(o-+in)ar

which depend on the difference F(c,T>) — F(o,T1). This would be good if 7T; and 7> were

relatively close.

In the next section, the goal is to use a convexity estimate to find an upper bound for
5 lg(o+it)|| f(o+it)|dt, where 61 < 6 < 07, given that we already have an upper bound

for [~ |g(c+it)||f(c+it)|dt at 61 and G.
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2.2. BOUND ON A LOGARITHMIC INTEGRAL

2.2.3 Convexity estimate

In this section, we use some convexity estimate to bound the integrals of the form
J(o) = / Ih(c +if)|Pd. (2.45)

There are several different sources of such bounds in the literature, see for example Hardy-

Ingham-Pdlya [11] and Abriel [9]. Below is one such statement from [11]:

Theorem 2.20. Let h be analytic in the interior of the strip 61 < R(s) < 6 and continuous
on its boundary. Suppose that h satisfies a certain growth condition in the strip 61 < R(s) <

0y: there exists k € (0, 5 %5-) such that

oK

|h(c+it)| =0(e ), (2.46)

If; for any p > 0, the integral
Jn(o) = / Ih(c +ir)|Pdt, (2.47)
converges when 6 = 61 and when G = Gy, then logJ(G) is a "convex function of 6”, i.e :
G)—GC G—01

Jn(0) < (Jn(o1)) 2701 (Ju(02)) %2701 (2.48)

It says that the size of the integral in the middle is controlled by the size of the integrals
on the sides.

We can explore the application of convexity estimates to bound the integral

(o)

Ter(0) = [ lg(oin)]|f(o-+in)ldr, (2.49)

at a given ¢ assuming we have bounds for J,7(61) and Jr(02). Namely:
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2.2. BOUND ON A LOGARITHMIC INTEGRAL

Gp—C 0—0q

Jor(0) < (Jgf(csl)> e (Jgf(cz)) = (2.50)

Remark 2.21. When f is not analytic, it may have poles or other singularities that affect
the convergence of the integral. In such cases, it may be necessary to select g carefully to

eliminate any poles, ensuring that the integral remains well-defined and finite.

In the next section, we will combine all the obtained bounds which leads to an overall

bound for F(c,T1,T»).

2.24 Combination
In this section, the goal is to combine all the obtained bounds to find an upper bound for
F(o,T1,T») assuming we have bounds for F(c1,71,73) and F(0,,T1,T») of the form given

in equation (2.23). Therefore, we have

Theorem 2.22. Fix 6; < 63 and 0 < Ty < T». Suppose that function |f(c +it)| is even in
t and g is a holomorphic function in the strip 61 < R(s) < 6,. Assume there exist o, > 0

and positive functions Cy and C, such that for 61 < 6 < 6, we have:

Co(6,Ti Ty, B) < min [g(o+i)],
te[T,17] (2.51)

_o( B
and |g(c+it)| < Ci(0,T,a,B)e o(7y) forallt €R.

Suppose that there exist a,a;,b,b;,d,d; > 0 depending on 6y and d',a},b’,bl,d’,d] > 0 de-

pending on G, such that, for all t we have

F(oy,t) < dt“(logt)” Y dit (logt)"
‘ (2.52)
F(03,1) <d't” (logt)® Zdl{t“i (log?)”,
l‘/
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2.2. BOUND ON A LOGARITHMIC INTEGRAL

where ¥;dit%(logt)? = 1+0(1) and ¥y d!t% (logt)% = 14 0(1). Then

() (S) ()b (S5

2% ogT, 2% : (2.53)

F(o,T1,T») < C4C5T2a

where C4 = C4(61,06,062,T1, 1,0, B) and Cs = Cs(0,T», o, B, a;, a, b;, b}, d;,d.) are defined

by

0—0] )

Cl (617T270('7 B)(G;%G])Cl ((52, TQ,O(,, B)(ﬁ
C2(0,T1, T2, 0, B) ’ (2.54)

Gr,—GC 6—0]

C5 = C3(617T27(x7 B?a’ai7b7bi7dl~)(027cl) .C3(627T27(x'7 B’a/7a;7bl7b;7dl{)(027cl )’

Cy=af

where C1(61,Tr,a,B) and C2 (0, Ty, T», o, B) satisfy the conditions of (2.51) and the formula

for C3(01,Th,a,B,a,a;,b,b;,d;) is defined in equation (2.25).

Remark 2.23. As Cz is O(1) and eventually decreasing in 7> hence so is Cs. One also
has that C5 will be monotonic in 6. In applications, for our choice of g, C4 will also be

decreasing in both 77 and 7; and monotonic in 6. See equation (4.18).

Proof. Since by assumption, we have upper bounds for F(cy,¢) and F(G,t) as given in
equation (2.52), by using equation (2.24), we can substitute these two bounds into equa-
tion (2.21). This gives us the following bounds for [_|g(o; +if)||f(o1 +it)|dt and

[ 1g(02+it)||f (02 +it)| dt:

2C1 (61 y T27 Q, B)GBdTZa(IOg TZ)bC3 (61 ) T27 Q, Baa7ai7 b7bi7di)7
(2.55)

2C1 (62, Tz, 0, B)aPd' T (log )" C3(02, Tn, o, B, d', ), b, bl dl).

sy Vi U

By applying the convexity estimate, for each ¢ € [G,0;| we obtain the following bound
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2.2. BOUND ON A LOGARITHMIC INTEGRAL

for [ |g(c +if)||f(c + if)|dr:

0p—0
0201

(2C1 (61,12, 0, B)oBdTy (log T»)°C5 (01, Tr, o, B, a, ai, b, b, di))

0—0]
03—0]

(2c1 <oz,Tz,oc,B)aﬁd’Tf’(logTz>”’cs<cz,Tz,oc,B,a',a;,b',b;-,d’,dD)
(2.56)

Since 71 > 0 and f is even in ¢t we have
1
F(o,T1,T») < EF(G, -1, T).

Hence by applying smoothing method we have

5. 1g(c+it)||f(o+it)|dt
2C(0, T, T, o, B) ’

i) 1
/ flo+in)dt < SF(0,~Ts,T5) <
T

and by taking the bound in equation (2.56) we provide an upper bound for F(c,71,T>) as

product of the following three terms:

6276
02701

(201 (61,Ts, 0, B)aBdTs (log T»)°C3 (o1, Ts, B,a,a,-,b,b,-,d,di)>
0701

(2C1(627T27(X‘7B)aBdITZa/(lOgT2>b,C3(027T27(X‘7B?alva;7b/7b;vd/adl{)> " 1' (257)

1
<2C2(67 I, 1,q, B)) .
Therefore we obtained the desired result:

Gr)—GC 1/ 6—01
(02701 ) “ (02701 )

6p)—C )+b/( 6—0 )

F(o,T1,T») < C4C5Tza (log 7)ot T lerer), (2.58)

O]

As I mentioned in the unsmoothing method in Section 2.2.2, in our thesis we will con-
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2.2. BOUND ON A LOGARITHMIC INTEGRAL

sider g(s) = (ﬂ)z 7). We ultimately have

N

o\B
C] (67T27(x7ﬁ> :ea(Tz) )

(2.59)

1\2 o
G (0,11, T, 0,B) = <1—7) B
1

Remark 2.24. In analyzing the error term, in terms of the constants C3(T>,., B,a,a;,b, b;,d;)
and C3(T», 0., B,d’,a},b’',b},d!), the most important case occurs when k = b+ b; and k =

b+ 0.
Using the leading constant, as T — oo, we will have the following error term, Eg (o, B):

Gr,—GC 6—0]

(ea<“r‘>ﬁf5° Gﬁxﬁ_le_wﬁx“+“fdx)(ffzzﬁ)- (eo‘(?)Bf(;oaﬁxﬁ_le_wﬁx“/”?dx)(“zcl)

. (2.60)

ea(%)ﬁfo(‘

With simplification we obtain

0p)—C ( 0—0] )

oo B b ata (62*6]) oo B—1 b dtd 6,-0]
Es(o,B) = /OOLBX e M xTidx /Oocﬁx e X Tidx

(ea«;‘;; NP+ (S ) (P IP—(9)P+1)

(2.61)
Therefore, like the unsmoothing Section 2.2.2, the choice of o and P plays a role in deter-
mining the size of the error term and also, we can analyze this error term to understand the
best choices for parameters o, .
The special case that I'm studying is the case that we will perform the analysis using 61 = %

andoy =1+ % which are of the below shape which appear in the paper of Kadiri, Lumley

and Ng:

F(61,T) < T'"6(logT)?,
(2.62)
F(02,T) < (logT)>.
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2.2. BOUND ON A LOGARITHMIC INTEGRAL

First of all, by substitution of oxP = ¢, we can express the error as the below equation:

(m) T, (m)
_ata; [ a+a; 6,—6] _ata;  poeo d+d] 6,6
Ec(oc,B):(oc B / et P dt) (oc B / et B dt)

0 0

(ea«g’;‘; J(GPH( S ) (PP ($)P+1)

(2.63)
Then with the above bounds for F(6;,T) and F(0,,T) from equation (2.62), in the formula
Es(o,B) we will have a+a; = & and @' +d = 0.
For the sake of simplicity we will approximate equation (2.63) by 8; = 0. Therefore

F(o,T), asymptotically is approximately bounded by:

§(1-0) 6(1-0)+4(c—1) [ a((2—20) (2 )P+(26—1)(F)P—(S)B+1) | .
T (logT) e

4 o 4 (2720) 0 oo 0 (
(oc i / e’(t)3ﬁdt) <oc g / ef(;)ﬁd;>
0 0

By remark 2.14, we can express the error term in terms of the Gamma function. Therefore

26—1)

(2.64)

we have:
Eofa )= (0 o050 (a;ﬁr(;_ﬁﬂ))z‘“. 2.65)

Now we optimize the error term by optimizing o and . So, similarly to the unsmoothing

section, we take the logarithm of the error term:

logEs(o,B) = oc((2—2<5) (%)B-l— (26—1) (%)B— (%)B-I— 1)

+(2—20)( 3E)log( )4—10glﬁ(3I3 ))

Next, we take the derivative of this expression with respect to o

(2.66)

NoelolthB) _ (5 3 (%)B+(26—1) (%)B— (%)B+1—£—B<2—26). (2.67)
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2.2. BOUND ON A LOGARITHMIC INTEGRAL

Setting this derivative equal to zero gives:

o= 42— 20) (2.68)

- 3p(- 200+ o NP (9 +1)

Remark 2.25. As ¢ — 1, with B fixed, we will have ow — 0.

Remark 2.26. As T — o the denominator approaches 3. Thus, o0 — %.

By using this relationship, as T — oo, we can substitute ot = 4(23_—56) back into the orig-

inal error term and perform further optimization as needed. Therefore, we have

w- (Y () e () T e

Again we take logarithm from the error term:

4(2-20)
3p

4 4(2-20)

log Eg(B) = +(2—26)<—%logT—l—logF(%+l)). (2.70)

We then take derivative of this expression with respect to 3

dlogEs(B) _ _12(2_20)+(2—2G)(£log4(2_26)+91—[322—91—[322\|1(i+1))-

op op* op* 3p 3B
(2.71)
After simplification, we obtain:
dlogEs(B) 12(2—20) 4(2—-20) 4

- 1 — — 41 ). 2.72

By setting this derivative equal to zero, we have

42—-2 4
log(3—BG):\|!($+l) or 6=1. 2.73)

We can graph the equation (2.72) with respect to 3. To do this, we’ll choose 6 = 0.9.
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0
_10 .
[*e]
[¥]
=
S —20 -
£
2
—
W]
=
=
L
_3(} -
_46 -
12(2-2a) /, . _4(2-2a) 4 |
5= Llog =5 —wigs + 1)).
T T T T T
0 1 2 3 4 5
B

Figure 2.2: Graph of 12%]3_226) <log 4(23_526) - \If(% + 1)) when 6 = 0.9.

Remark 2.27. We see in Figure 2.2, that by increasing 3 the error term will be reduced.
Therefore, taking B large is beneficial, although the computation of C; and C, becomes

more complex.

In principle, the best possible error ratio is 1. However, as the function decreases with
B, we get a limit larger than 1. To compare the limits of Eg(ct,3) as T — oo for different
values of 3, we first consider the case where B = 10. The corresponding value for o = 0.02.

Using equation (2.65), we compute the limit of Es (o, ) for 6 = 0.9, yielding:

lim Eq(o,B) ~ 1.118.

T —oo
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Next, for B = 2, the corresponding o is 0.13 and the limit becomes:
lim Es(o,B) ~ 1.464.
T—oo
Finally, for B = 1, the corresponding o is 0.26 and the limit is approximately:

lim Eg(a,B) ~ 2.017.

T —o0

2.3 Mean value theorem for Dirichlet polynomials

In this section, we explore a version of the mean value theorem for Dirichlet polynomi-
als, particularly in the form derived by Ramaré¢ [39]. This theorem, is crucial for evaluating
the asymptotic behavior of sums involving arithmetic functions and Dirichlet polynomials.
We focus on the second moment of Dirichlet polynomials, as this will be useful for our later
discussions.

This argument is an explicit version of one of the corollaries of H.L. Montgomery and R.C.
Vaughan [28, Corollary 3]. Therefore, we start by presenting this key result from their work

[28] about Dirichlet polynomials.

Proposition 2.28. Let a, be the coefficients of a Dirichlet polynomial, where Z nla, |2 < oo,

n=1
/ Z ann*”
0 n=1

where the implied constant in the O(n) term is absolute.

Then
2 (>}
dt =Y |a,|*(T +0(n)), (2.74)
n=1

To make this bound explicit, we use the same paper [28] with the improved constant

from Preissmann’s work [36].

Proposition 2.29. Let m be a positive integer. Let M, Ay, ... be a set of distinct real numbers
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and define 8, = min,, {|A, — Ap| : m # n}. If ay,a2, ... € C, then

i aman

m,n=1

3 o0
<om Z an|?. (2.75)

In the case A,, = m, Montgomery and Vaughan [28] have improved the constant in

(2.75).

Proposition 2.30. Let m and n be distinct positive integers, and define & = min{|m — n| :

0> 0}. Ifay,ay,... € C, then

oo

y dmdn| oo 12|an|2 (2.76)
m-—n

m#£n

m,n=1

In 1984, Preissmann [36] improved the constant in (2.75) to ®mg, with

2 /6
o = 1+§\@. 2.77)

Based on the previous propositions, Ramaré [39, Lemma 6.5], presented the following
lemma, which provides a more general bound for the integral of sums involving real-valued

sequences.

Lemma 2.31. Let (u,) be a real-valued sequence for every T > 0 we have

r

where mq defined in equation (2.77).

2
dt < Y Jua* (T +mmo(n+1)) (2.78)

n>1

Proof. Let P(s) = Y,,> ;. We can express the integral as follows:

T
/ \P(ir)[2dt =
0

36
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Expanding the square,

Lx

d—/zw I
it
:%unum/o (;) dt.

By isolating diagonal terms (where m = n) and off diagonal terms (where m # n), we obtain:

nll

T
P [ (%) ar= L §
nm 0 nsm log )
un~ T m'T Uy, Uy, (2.80)
—TZ‘Mn|2+ Z n m Z nm

n#m log ) m#n log( ) .

Note that (u,) is real-valued the third summand vanishes identically. We will show the first

sum acts as the main term and the second sum as an error term. Thus, we have:

h

Given that log(%') = log(m) —log(n), we apply (2.75), with A,, = log(m) and A,, = log(n).

iT

u um
dt TY |ua)®+ nl P (2.81)
2l ;  log(h)

Y.
— n'

As noted in last paragraph of [28, Page 82], we have |log(*")| > — +1 when m and n are

L

distinct positive integers. Using Proposition 2.29 and equation 2.75, with §, = - 1> We
obtain:
/ y T < TY a2+ Tmp(n -+ 1) 1t
nt
" " (2.82)
< Z|un|2(T+ﬂ:mo(n+ 1))
n

which completes the proof. ]

Using Lemma 2.31, we now extend this result to cover integrals over arbitrary intervals

T, T»).
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Lemma 2.32. Let (uy,) be a complex-valued sequence. Let 0 < Ty < T». Then

/ ’
T

Proof. The proof follows the same structure as in Lemma 2.31, except that instead of in-

2
dt < Y up|* (T — T +21mo (n+ 1)) . (2.83)

n>1

o)

Y

n=1

tegrating over [0, 7], the integral is taken over [T7,72]. So in equation (2.80), in the case
of n = m, we have T, — T; instead of T and since u, is complex-valued sequence, for the
case n # m in equation (2.80), the third sum bounded in the same way as the second term,

explaining the factor of 2 in the final bound. 0
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Chapter 3

Bounds on Arithmetic Sums

In this chapter, we introduce some preliminary lemmas from [39], [5], and [40] that provide
bounds for arithmetic sums, which are crucial for later estimates related to the Riemann zeta
function. Most of my proofs contain more details than those of Kadiri, Lumley and Ng [26]
and Ramaré¢ [39] and some of my proofs, improve the results.

To begin, we introduce the Mobius function denoted u(n), which plays a central role in

these results:

1 ifn=1,

u(n) =190 if n is not square-free (i.e., n has a prime square as a factor), (3.1

(—1)* if n is square-free with k distinct prime factors.
\

Now we start with a fundamental lemma from [5], that provides an asymptotic formula for

the count of square-free integers which is required for the subsequent proofs.
Lemma 3.1. Let Q(X) = Y,,<x (n) denote the number of square-free integers up to X.

Then for large X, the function Q(X) satisfies the following asymptotic relation:

0(X) = 6 X +0(VX), (3.2)

=
where % represents the density of square-free integers.

Proof. The function ,uz(n) = 1 for square-free n and O otherwise. Therefore, the sum

Y<x 42 (n) counts the square-free integers up to X. Using the Mdbius function u(n), we
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can express Q(X) as:

ox)=Y 1*(n), (3.3)

oX)=1Y Y ud) (3.4)

Reversing the order of summation gives:

0X)=Y ud) Y 1 (3.5)
d<X n<X
d*|n

The inner sum, ¥,<x 1 counts how many integers n < X are divisible by d?, which is L&J .
d*|n
Therefore, we have:

0(X) =) u(d) %J (3.6)

d<X

Since this summation is zero for d > /X, we obtain:
X
0X)= ), uld)|= (3.7)

We can express the floor function, {%J as

d<vX d<v'X d<v'X (3.8)
B u(d) 1 X
_X%:_2+O<Xd§\/)?ﬁ+\/¥) _@Jro(\/f)
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Where {(2) = %2. Hence, we conclude
6
0(X) = X +0 (x/f) (3.9)

This completes the proof. [

Cohen and Dress [5], in 1988, found the following explicit upper bounds for the re-
mainder term R(X), representing the error in the number of square-free integers up to X.

For each X > Xy > 1664 we have
6
IR(X)| = 'Q(X) — EX' <0.1333vX. (3.10)

Using this bound, we can write:

Y 12 (n) < bi(Xo)X, (3.11)
n<X
where,
6 0.1333
b1(Xp) < —= ) 3.12
1( 0) >~ TCZ + \/)T() ( )

Remark 3.2. Euler’s constant is a mathematical constant, usually denoted by 7, defined as
the limiting difference between the harmonic series and the natural logarithm, denoted here

by log:
]
=1 —1 - .
Y ngl;lo( ogn—I—kZ,1 k)
The numerical value of Euler’s constant, is: 0.5772....

The following lemma is from [40].

2
Lemma 3.3. We have the following asymptotic for the sum of # overn < X:

20) 66 (T | (ToeX
£ =2y ) vo (V) 19
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Proof. To evaluate the sum, we utilize the property that ), X =Y<x

Therefore, we have the following calculations:

y #0) _ y luto)

n<x N n<x N
1
=Y =) uk)
n<X " k2|n
W (3.14)
KR<X n<x 1 ’
Z u(k) l
2
revx K m<x "

After simplification, we obtain:

o9 £ 2210 ())2( £ Bt 2 o L) s

Utilizing the convergence of };” ; ’Lf) = ﬁ and differentiating the series gives us:

o)
iz, ()
—ElogX—l— 0 (y 2%522))) +O(l(3/g)_§>. [

Ramaré [39] found the following explicit upper bounds for the remainder term. Specifi-

cally, for X > 1000, Ramaré showed that the O <]°\g(f )> term is bounded by 0.00389 giving:

Pl _ L d e )
Y _(logX%—}()@+2$kg‘1 o

6
= P(logX +7v)+2

6 oy Hn) _ 6
—1ogx+1o4o Z ElogX+1.O48.

n<X n

(3.16)
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Consequently with b, = 1.048 we have

2
6
y #n) SlogX <by X > 1000. (3.17)

n<X n

Recall that we say f(x) = g(x) + O*(B) for X > Xy to mean that | f(x) — g(x)| < B for

X > Xp. Here is a lemma from [39, lemma 3.3]:

Lemma 3.4. For X > 1, we have

sz(n)% = alogX +b+0*(0.174), (3.18)

n<X

where a =[] W*pz—f*” =0.4282+0*(107%) and
b 3p—2 * —4
~=v+ —————logp=2.046+0"(1077). (3.19)
a4 1;2 P’ =2p+1 1o

The error term can be reduced in specific cases:

0(0.0533) for X >10
(3.20)

0°(0.0194) for X >48.

Remark 3.5. Given that % < % this result provides a refinement of the leading term

%logx from earlier lemma. Specifically, the coefficient % is improved by a more pre-

cise value 0.4282.

For n > X the function Ax (n) is defined as:

Mx(n) =) u(d). (3:21)

dln
d<X

Here is a lemma taken from [39, lemma 5.6].
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Lemma 3.6. Let X > 10°, we have

b
<=2 (3.22)
X<n<5X X

where by = 0.605.

Proof. Since we have Ax(n) =Y 4. u(d) for n > X. Hence it suffices to prove
d<X

(X ap u(d))?

<X
= S

b3
n? X’

X<n<5X
We compute separately the contributions arising from n € (X,2X] and from n € (2X,5X).
For n € (X,2X], since n > X the divisor # itself is excluded from the sum for Ax(n), and

remaining sum over divisors smaller than n must equal —u(n), because

Y u(d) =Y u(d) =0—pu(n) = —u(n). (3.23)

dln d|n
d<x

Therefore, we need to bound

G 1 (n)
1= 2
x<n<2x M
We compute this using integration by parts:
2X
S — ):X<n<2xl1 +2/ Y _‘ (3.24)
X<n<t

Thus by using equation (3.10), we can find an upper bound for

Y n) < %X+0.1333(1 +V2)VX. (3.25)

X<n<2X
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Also for t € (X,2X], we can bound

Y An) < %(r —X)+0.1333(VX + V7). (3.26)

X<n<t

Now we substitute these estimates into the expression for Si:

X +0.1333(1 +V2)VX 2x
< Z hl (ZX()2+ ) +2/ ((%(r—x)+o.1333(\/)_(+\/2)>%).

X
(3.27)
After simplifying the terms, we obtain the upper bound for Si:
3 0.1333 2 1
< oy T _ = -
S1S ot o <1+\/§+1 1/4+3/2 <1 23/2>)

(3.28)

< 0.304

- X
For n € (2X,5X), we need to analyze the sum Ax(n) =Y 4. u(d). Here, Ax(n) can take
d<X
values —1, 0, 1 depending on the contributions of the Mobius function from divisors d < X.

The non-trivial cases is when # is divisible by small primes such as 2 or 3. Specifically,

using the fact u(q) = 0 for non-integer ¢ we have the following cases:

p

(u(n) +1(n/2))? 2X <n<3X

Mn)* = 3 (u(n) +p(n/2) + u(n/3))? 3X < n<4X

| (0 +p(n/2) +u(n/3) +p(n/4))* 4X <n<5X
We now analyze the behaviour of A(n)?:

« If 4|n then u(n) = u(n/3) = 0.

* If 9|n then u(n) = u(n/2) = u(n/4) =0

» If 2|n but 4 n then u(n) +u(n/2) = 0.
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With this we obtain:

u(n)? X<n<5X,2tn31n

0 2X <n<3X,2|n,4tn
u(n/2)? 2X <n<4X,4|n,

0 4X <n<5X,4|n,81n
Mn)? = u(n/4)? 4X <n<5X,8n

0 3X <n<5X,2|n,3tn,44n
u(n/3)? 3X <n<5X,2[n,3n,41n

0 3X <n<5X,3|n,2tn,91n

u(n/3)? 3X <n<5X,9|n,

When u(n) # 0, it means that n is not divisible by any square of a prime. In this case, the
sum Ax (n) is simple to compute since each divisor contributes either —1 or 1. The Mobius
function does not vanish for » or it’s divisors %, % and %, it means that the sum will not have
Zero terms.

When u(n) = 0 it means that n contains a squared prime factor, making the Mobius function
vanish. In this case, if either %, % and % also contains a square of a prime, then their Mobius
values will vanish as well. Thus, the contribution from these terms to Ay (n) will be zeros.

Now, to complete the proof, we sum over all n € (2X,5X) with Ax (n) # 0. It is thus enough

to bound the following summation

=Y 1/n%

2x<n<5x
This sum can be estimated as:
1 SX dt 1 1 1 1
2_(2X)2+/2X 2 (2 5+4X>X’ (3-29)
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3. BOUNDS ON ARITHMETIC SUMS

which simplifies to:

S) < ——. (3.30)
Finally, combining the results from the two cases, we we get:

0.605
S14+85 < —= .
1+5 < X

Remark 3.7. The upper bound in Lemma 3.6 can be improved by considering additional

cases for Ax(n)? more precisely. Specifically, by using the cases that we mentioned in the

proof, we obtain the following upper bound for } x <, 5x 7“%)2 :
p(n)? u(n)® p(n)? u(n)® p(n)?
7t 162+ 642+ 362+ 81n2 "
x<n<sx T x/2<n<5x/8 O x/2<n<x O xp<n<sx /6 70T x/3<n<sx /9 O
In [39, lemma 5.1] Ramaré established the following:
u(n)
Y | Slte (3.31)
n<X
(n,d)=1

We improve on this bound using the partial summation formula, using the special case of

€ = 0. See also [38, Theorem 1.1] and [10, lemma 10.2].

Lemma 3.8. For any real numbers X > 1 and € > 0, and any integer d, we have

p(n)
Y | <L (3.32)
n<X
(n,d)=1
Proof. Define
n
me(X)= Y Zl(+2 (3.33)
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3. BOUNDS ON ARITHMETIC SUMS

We proceed using partial summation. Let

mo(X) =Y, ‘% (3.34)
(n,d)=1

Applying the partial summation formula, we obtain:
X
me(X) = mo(X)X ¢+ / emo(1)1~ 1 ~dr. (3.35)
1

Using the bound mg(X) < 1, we substitute this into (3.35) to obtain:

X
me(X) §X€+/ et~ tdr. (3.36)

1

Next, we evaluate the integral:
X X [_8 X

/ et 18t = e/ t tdr=¢ (—) =1-X* (3.37)

Substituting this result back into (3.36), we find:
me(X)| <X E+1-X"¢=1. (3.38)

The proof for the lower bound follows similarly, using my(X) > —1. This completes the

proof. ]

Here is a lemma from Kadiri, Lumley and Ng [26], with an improvement. Kadiri,

Lumley and Ng [26] referred to Ramaré [39] to establish the following inequality

y Ax(n)* _0.529¢ oy
nt = 11

logX. (3.39)

n>1

We improve this bound by improving the constant 0.529 to 0.471 and removing the 7°.
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3. BOUNDS ON ARITHMETIC SUMS

Lemma 3.9. Let Tt > 1 and X > Xo > 48 and 'y denotes Euler’s constant. Then

Ax(n)>  ba(X,
y = (f) < Da0) ey pog x. (3.40)
=1on T—1
where,
0.895
by (Xp) <0.428 341
4(Xo) < + TogXo (3.41)
In particular, b4(109) <0.471.
Proof. We aim to evaluate and bound the sum:
Ax (n)?
n>1 n
So we begin by expanding the square in the sum:
(X an pl(d))?
Gt)=) ——=—. (3.43)
n>1 n
This double sum can be re-written as:
1
Gt)= Y wuldu(d) Y —. (3.44)
dy,dr<X [d’%l” n
1,42]in

Where [d),d>] is the least common multiple of d; and d5.

For the inner sum, we can evaluate the sum, using the Dirichlet series for the Riemann zeta

function:

1 1

— = . 3.45

[d1.da]In
Therefore, we can write G(T) as:
dy)u(d>
G(1) =¢(7) « : ) Z( - ) (3.46)
dl 7d2SX [ b 2]
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3. BOUNDS ON ARITHMETIC SUMS

We know that the least common multiple can be written in terms of the greatest common

divisor:
did>
dy,dp] = 3.47
[ 15 2] ng(d17d2) ( )
Thus, we can rewrite the sum as:
dy)u(d d)u(dy) ged(d,do)"
‘L‘“(f): y u(dr)u(dz) ge T( 1,d2) . (3.48)
dy,dry<X [d17d2] dydr<X (dle)

We introduce 8 = ged(dy,d>) , and by letting d; = 8, and dp = 8d>’ where ged(d,,db') =

1, we can rewrite the sum as:

g HOP

! g/ )

o<Xx o° ‘llladzlé% (dl dy )T
ged(d] dp)=1

(3.49)

since u(8d,") = u(8)u(d;’) and similarly for d. So we find the expression for G(t):

u(3)? p(d))u(dh)
G(t) = il EL e VA 3.50
(T) C<T) 5§( o d1',§<§ (dl % )T ( )
ged(d] dh)=1

At this point, we define for any T the auxiliary function:

0u(d) =d [J(0-p7), (3.51)

pld

where the product is taken over all primes dividing d. It satisfies:

d* =Y 0(d), (3.52)

d'|d

which can be written as d* = (1 *¢¢)(d) where * denotes the Dirichlet convolution.
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3. BOUNDS ON ARITHMETIC SUMS
We will now show that

(3.53)
(d},8)=1
The right hand side of (3.53) is easily seen to be

W u(d)? u(dy)u(dy)
T 6 — =/
Sg%q) /21 Z

! J/\T
dll*dé§§ (dle)
(d},8)=1
Now let d; =

(3.54)
and where ged(dy',dy’) =

d, we can rewrite the sum as
W u(d)? u(dids)
0 Y (@) 5 L - Y
<X 55,
3

x  (didy)™
D= Gy
By letting 8 = d&' we obtain

\-/O’J
Ly
2
QU
[\S)
A
o

(3.55)

mg(zma)

B

u(didz)
5)% Z '

(3.56)
gcd( dé
Finally, by equation (3.52), we have Y55 9(8')

= &". Therefore, we obtain equation (3.50)
Now applying Lemma 3.8 in (3.53), we have the inequality

2(8)d:(8
G <tm Y ‘% (3.57)
d<x
Since ¢g§r) < %8(2 ), we can apply Lemma 3.4 to obtain
(1) < (7)(0.42831ogX +0.8760+0.0194)

(3.58)
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3. BOUNDS ON ARITHMETIC SUMS

Since by Ramare [39, lemma 5.4] we have the following approximation for {(s) when s > 1

is real:
e’Y(Sil) 3 59
6s) < S (359
By applying this, we obtain:
e’Y(T_])
G(t) < p— (0.42831log X + 0.8760+0.0194). (3.60)
Therefore, by computation for this approximation, we have:
2
Z Ax () < b4(XO)eY(T_1)10gX. O
=1 nt T—1

The following Lemma is a direct consequence of equation (3.40), taking T =1+ %.

Lemma 3.10. Let & > 0 and X > Xy and Y denotes Euler’s constant. Then

Z 7»)((1’1)2 < b4(X0)

elo%(logX)z (3.61)
s S ’

n>ln
Where by(Xo) is as defined in Lemma 3.9.

Proof. By takingt=1+ % and applying the bound for the sum:

2
y M(n)” - 5alX0) ety o0 (3.62)

T — 7_
=1 N T—1

Substituting t =1+ % givesustT—1 = %. Therefore, we obtain the desired result. []

Lemma 3.11. let 8 > 0,X > Xy, and 7y denotes Euler’s constant. Then

Ax () by(Xo) 3t-toes) (logX)?  bze 28
x(’g < 4( o)e r-lees) (log X) g e T (3.63)
2+ 12 58e8 X X

)}

n>1ln

Where by(Xo) is as defined in Lemma 3.9.
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3. BOUNDS ON ARITHMETIC SUMS

Proof. We begin by setting T =2+ % in equation (3.40). By definition of Ax (1), we have

Ax(n)?> =0 when 1 < n < X. This allows us to break the sum into two parts, depending on

the range of n:

X<n<5X n>5X
For the range X < n < 5X we have n ~ X, so we can factor out powers of X in order to use

the previous lemmas. Since T > 2, the following upper bound holds:

Ax (n)? 1 Ax (n)?
y MUt Loy MU (.64
X<n<sx X<n<sx
Using equation (3.22) in Lemma 3.6 we obtain:
Ax(n)? __L b
<—-=
X<n<5X nt X* X (3.65)
b3€—25
< )
- X
sincetT—2 = I OZgSX and then we have X¥ 2 = ¢29,

8 &
Next, for the range n > 5X we use the fact that, n* > (5X )HlogX n!Toex | Therefore, we

have:

kx(n)z < 1 7\.}((1’1)2 .

T — 8 8
n>5X n <5X)1+10gx n>5X nH—lng

(3.66)
We use equation (3.61) in Lemma 3.10 to bound the second sum. Therefore, we obtain:

Ax (n)? 1 by 81
x(n)” — e (logX)?. (3.67)
(SX)I-F@ 0

nt

Simplifies to:

xx(n)2< 1 lﬂe%(logx)ze—ﬁ

3.68
nt - 51+% 8 X ( )

n>5X
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3. BOUNDS ON ARITHMETIC SUMS

By combining the bounds for the two sums, we obtain the desired upper bound:

2 o 2 28
kx(n) < by gMTIJ?’S) ' (lOgX) n bse . .
n® 58e8 X X

n>1

The function d(n) represents the number of divisors of an integer n, and it is defined as:

d(n)=) 1, (3.69)

d|n

where the sum runs over all divisors d of n.
The following lemma from [26], provides an upper bound on a series involving d(n) which

will be useful in subsequent analyses.

Lemma 3.12. Let T > 1 and X > 1, then we have:

d
¥ 4 g, (3.70)
n>X n
where
T logX 1 Y 7
E\(X,1) = 3.71
X0 = 37 (t—1+(t—1)2+‘c—1+12‘cX)’ .71

with 7y is the Euler’s constant.

Proof. Let D(t) = Y,<,d(n) be the partial sum of divisors up to . By applying the partial
d(n)

summation formula to the sum )~y = 7", we get:

> 1 D(X < D(t
Y d(n)-—=0- ( )+r ()dt. (3.72)
* nt X7 X l’C-H
n—.
The term —D)(()f) is negative, so we have:
d(n) =D(t)
Y < 1:/X et (3.73)

n>X
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3. BOUNDS ON ARITHMETIC SUMS

By using [37, equation 3.1], we have the below inequality:

Zl—logt—y <l

J— )
A=t 12¢

(3.74)

for r > 1. Therefore, we use this approximation to find an upper bound for the sum D(¢):

7
=Ydn)=) 1=Y Y 1§t§t§§z(logz+y+ﬁ). (3.75)

n<t ab<t a<tb<t/a

This approximation holds for # > 1.

Substituting this approximation into the integral, we obtain:

o 1
Z d(n) S’C/ t(logt—l—y-l— 12t>dt. (3.76)

=X nt X -t

We now separate the integral into three integrals:

* logt
T t

For the first integral, by applying integration by parts, we get:

12 tm) . (3.77)

- log X |
/ o8l ;0% (3.78)

y T o xe T T ao e

For the second integral, we have

/X wt / Tt = — 11)x11 (3.79)

For the last integral, we have

_ —1—1
/Xﬁ+l / “lar = (3.80)
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Now, we combine the results of the three integrals:

d(n) logX 1 Y 7
< . 3.81
,§X e _T((T—I)XT—l TR T X e (3:81)

Simplifying the expression, we obtain:

d(n) T logX 1 Y 7
< 3.82
% n _XT—l((t—l)+(1—1)2+(t—1)+12tX ’ (3:82)
which complete the proof. 0

The following lemma is [6, Theorem 2]:

Lemma 3.13. Fort > 2 we have

1
Y dn)* <t (Flog3t+0.745 log?r +0.824logr +0.461 +9.7310g(z)fi> . (3.83)

n<t

Furthermore, fort > tj we have

Y d(n)* < Ktlog’t, (3.84)

n<t
where one may take {K,t;} to be, among others, {3,433} or {1,7}.
Lemma 3.14. Let T > 1 and X > 2, then we have:

d(n)*

nt

< Ex(X,1), (3.85)

)y

n>X
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where

1 1og’ X +0.74510g> X +0.82410gX +0.461  SlogX +1.49

1
B9 = e = )

X7 1
3 log® X 4 1.4910g X +0.824 5 9.73X 7 logX
(t—1) (t—1)* (t—3)
9.73x—i>
(t-3)?%/
(3.86)

Proof. This lemma is similar to the previous one: First, we apply partial summation to
express the sum in terms of an integral:

d(n)? * D(t
g A0 o,
n X t’H—]

n>X

where D(t) = Y,,<;d(n)?. From a result in equation (3.83), we have the following bound:

fort > 2.

2<( —log 1 +0.745log?t +0.8241ogt 4 0.461 +9.73 log (1)t~ %),
(3.87)

Y d(n)

n<t

Using the above bound, we can now substitute this into the integral

4

 Llog3r +0.74510g? 1 4 0.824logt +0.461 +9.73 log (¢ ) 4
t.

Y ey d(n)’? 2 :
X t’C+1 dt S A t’t
(3.88)

We now separate the integral into five integrals:

(i/ log’ tdt+0745/ —dt+0 824/
(3.89)

TC2
= log1
+0.461/ —dr+9.73 [ & t).
x 1* X {2

For the first integral, by applying integration by parts, we get:

1 log® X 3 o0 _
log>t -t dt = / log%t -t %dt | |. 3.90
/ og’ [Xf 1(r—l)+r—l(x o8 )] (3.90)
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We apply integration by parts again, and obtain

1 log® X 3 log®X
log”t -t "dt = — / logt -t~ *dt
/ og’ 2| X (= 1) (t=1) (xT i—1) 1—1 o8 )}

(3.91)

We use equation (3.78) to find the answer for, [y logz-¢~"dt and substitute it in the previous

equation to obtain the following answer for the first integral:

% {erg(i{ Do (ti ) (X:ig(j:)j 0 (TE 1) ((T —lolg)ff“1 e 1;2XH )) } '

(3.92)
Simplifying the expression, we obtain:
1/ log’X 3log®X 6logX 6
Ry S R . (3.93)
X“l(t—-1) Xvl(z—1)2 X¥I(t—1)3 X+ l(z—1)*

For the second integral, by using the integration by parts, we have:

= lo g log? X 2 logX 1
745 [ &g — 074 .
0 5/ di=0.745 (xrl(r— DRECE) (('c— DXTT | (r=1)2x 1

(3.94)
For the third integral, we have:
= logt logX 1
0.824 —dt 0.824 . 3.95
/ ((t—l)XTl +(«;—1)2;(11> (3:93)
For the fourth integral, we have:
0.461
0.461 = 3.96
/ (t— DX (3:96)
For the last integral, we obtain:
1 1
> Jogt X 1logX X3
973 [ Elar=o. 73( iR ) . (3.97)
X v (t—pX1 (t—5)2x7!
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Now, we combine the results of the five integrals and obtain the following upper bound for
d(n)*.

nt

our original expression, )~y

1 (%log3X +0.74510g> X +0.8241og X +0.461 . 3 1og” X +1.491og X +0.824

X1 (t—1) (t—1)2
SlogX+149 & 973X 7 logX 9.73X 7
CRIERRCE I (t—3) +(T—?¢)2)’
(3.98)
which complete the proof. ]
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Chapter 4

Application to zeta

In this chapter, we apply all the general methods that we have in Chapter 2 and Chapter 3 to
the Riemann zeta function. In Section 4.1, we introduce the mollifiers. Then, in Section 4.2,
we apply Littlewood’s classical Lemma in Ingham’s method to derive an upper bound for
the number of zeros of {(s). Finally, we examine how these two approaches complement
each other. Next, based on the smoothing 2.2.1, unsmoothing 2.2.2 and convexity Sections
2.2.3 we find an upper bound for the first integral (See Section 4.3.5). In the Section 4.4 we
estimate the upper bound for the last integral. Also upper bound for the second and third
integral are obtained in Section 4.5. Finally, in Section 4.6 we present our final bounds for

the zero density result, N(c,T1,T3).

4.1 Mollifiers

In this section, we introduce mollifiers, which will help us to apply the general methods
outlined in the Chapter 2 and Chapter 3. This is necessary because direct estimates for
the zeta function outside of the critical strip are challenging due to its complexity. By
introducing a mollifier, we can reduce errors in these estimations and gain more control

over the behavior of the zeta function.

Definition 4.1. Let X > 1 be a parameter. We define the mollifier as follows:

4.1)

S
=
I
™
=
S

s Y
n<X n
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where u(n) is the Mobius function, defined by equation (3.1):

1 ifn=1,

u(n) =<0 if n 1s not square-free(i.e., n has a prime square as a factor) ,

(—1)* if n is square-free with k distinct prime factors.
\

These mollifiers were first introduced by Bohr and Landau [3] to reduce or minimize the
errors that may occur during the process of making estimations for the zeta function in the
critical strip. The key idea is that the Dirichlet series generated by the Mobius function is

the inverse of the Riemann zeta function:

pn) 1
Z} =) (4.2)

- 1
- s
n=

As aresult, for R(s) > 1, we obtain the following relation.

Ax (n)

nS

Mx(s)¢(s) =1+ )

n>X

9

where

Ax(n) = X ld).

dln
d<X

Remark 4.2. For R(s) > 1, the product Mx (s){(s) is approximately equal to 1. Thus, when
we integrate this expression, because it doesn’t oscillate like the zeta function, integrals

involving Mx (s){(s) would be easier to estimate than those involving only {(s).

‘We now define a new function related to the mollifier:

fx(s) = G(s)Mx (s) — 1. (4.3)
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The series expansion for fx(s) is given by:

D R Ml BT FRED M N

- n s
Zn>1 'L% n<X n>X din n>1 n
= d<X

where

0 ifn<X

d<X

Next, we define the function A(s) in terms of fx(s):

h(s) =1 fx(s)? = 1= (E(s) - Mx (s) = 1)* = 1 = [({(s)Mx () + 1 = 2 (s)Mx (s)]. (4.5)

Simplifying this expression:

h(s) = G(s) - [Mx (s)(2 = G(s)Mx (s))]. (4.6)

Since any zeros of {(s) is zeros of h(s), our goal becomes to find an upper bound for the

number of zeros of the new function A(s) instead of for {(s).

Remark 4.3. The function A(s) has an advantage: outside the critical strip, it is close to 1,
making it easier to estimate accurately using the methods in Chapter 2. Since h(s) =~ 1,
we also have logh(s) = 0 and log(1 + f(s)?) is a good approximation for f(s)2. Moreover,
since {(s) oscillates, its moments tend to be small due to cancellation. Similarly, the integral
of logh(s) is very small, both because the integrand is small and because of cancellation
due to oscillation. Furthermore, compared to the product Mx(s){(s), the new function
h(s) involves second moments in certain estimates, which allows us to use the mean value

theorem which we saw in Section 2.3.
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For counting zeros of a function &x (s), we refer to equation (2.1) and define:
Nu(0,T1, 1) =#{p' =B’ +i¥;h(p') =0,0 <P < I,Ti <Y <D},  (47)

where, as in equation (2.1) zeros are counted with multiplicities. Notice, we have the
relation:

NQ(G,T],TQ) = NQ(G, Tz) —Ng;(G,Tl) < Nh(G, Tz) —Nh(G, T]). (4.8)

This inequality shows that instead of directly estimating the zeros of {(s), we can estimate
the zeros of hx (s), which is more easy to work with.
In the next section we will focus on counting the number of zeros of iy (s) within a specific

region of the complex plane.

4.2 Counting Zeros of iix(s) in a Special Rectangle Region

In this section, we apply Littlewood’s classical method, as described in Chapter 2, to
count the number of zeros of the function Ay (s). By applying the same framework used in
Section 2.1, we find an upper bound for the number of zeros of Ay (s), within a specified
rectangle region.

Let 6; = ¢’ and 6, = u. Following the ideas introduced in equation (2.9), we compare the

number of zeros of iy (s) to the average, obtaining:

1 /#
c—-0 Jo

where > 1 and § < ¢’ < ¢ and we take take

Nh(G, Tz) —Nh(G, Tl) <

(Nh(’C,Tz) —Nh(’C, Tl))d’t, (4.9)

Remark 4.4. We follow Kadiri, Lumley and [26] in our choice of 6’. This choice can eventu-
ally be justified by considering the optimization that arises when taking a more general shift

of the form ¢’ = 6 —d. In such cases one is lead to minimize approximately expressions
8

d
of the form % which is minimized when d = ﬁg(t)' More generally, one could consider
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introducing a parametric dependence on ¢ and G to fine-tune the bound even further.

To count the number of zeros of &(s), We use Littlewood’s classical method over the
rectangle R with vertices 6’ +iTy , 6’ +iTs, u+iT , u+iT;. We apply this method to find an
equality for [% (Nj,(t,T2) — Nu(t,T1))dt and then based on equation (4.8) obtain the upper
bound for N(c, 1>, T}).

Let @(s) = logh(s), to find an equality for the integral, [% (Nu(T,T2) — Nu(t,T7))dT, we

apply Lemma 2.2:
—1 U
— / logh(s)ds — / (Ny(t, o) — Ny(x, T}) ) dr. (4.10)
27 JR o
Given that for 7> > 10° we have
NC(G’ T, Ti) < Ny(o,Tr) — Np(o,T),

and
1

Ni(0,T2) — Np(0,T1) < P

[ (5. 72) — Ny T

we conclude:

Ne¢(0,Th,T7) < C—
(o T, 2)_6—6’ 2mi

/ log h(s)ds. (4.11)
R
Using Theorem 2.3 and equation (2.10) we derive the following bound for N¢ (o, 73, T2):

1 & : M :
NC(G,Tl,Tz) < m (/TI 10g‘h((5l+lt)’dt+/cl argh(’c—i—sz)d”C (4 12)

U b3
—/ argh(‘c+iT1)d’c—/ log]h(,u—l—it)\dt).
o Ti

1

We recall that the integrals in (4.12) are of the same form as the quantities Iy, I, I3, and
14 defined in the introduction in equation (1.12). So our goal is to find an upper bound for
each integral and combine these to obtain an upper bound for N(c,71,75). As T grows

larger the main contribution comes from the first integral fTTf log|h(0’ 4 ir)|dt and by using
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improved bounds for zeta function, we will improve the upper bound for the first integral.
By improving the bound for this first integral, we aim to refine the overall upper bound. We

now give an idea how to estimate the first integral.

4.3 First integral

In this section, our goal is to find an upper bound for the first integral:

T
(/ log|h(6'+it)|dt) :
I

For finding an upper bound for the integral of log|h(c’ + ir)|, we can find an upper bound

for the integral of |h(c’ + it)|, since by applying equation (2.16), we have:

1 b
log(|h(c’ + it dt<lo(
o [, os(lh(o’ i) i < log

b3
/ |h(c’ + it)]dt) : (4.13)
T

-1

Based on the definition of A(s), in (4.5), we have |h(s)| < 1+ |fx(s)|>. Therefore, by

substituting this inequality in equation (4.13), we obtain:

I , 1 ib)
/ log(|h(S’ +if)|)dt < (To—Ty)log ( 1+ /
T -1 Jm

1 1

|fx (6’ +it) \2dt) . (4.14)
For ¢ > %, we denote
T
Fx(o,T) :/0 | fx (o4 it)|2dt. (4.15)

To resume, we need to find a good bound for fTTf | fx (6 +it)|>dt which can be expressed as
Fx(o',T») — Fx(0',T1). Notably, this difference is bounded above by Fx (o', T»), allowing

us to focus on obtaining an upper bound for Fx(G,73).
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43.1 Fx(o,T)

In this section, we apply Theorem 2.22 to find an upper bound for

T
Fe(0,T) = / £(G + it)[2dt.
0
To do this we must obtain the needed ingredient. First we will take

1 1
o1 == d op=1+—2
1= 2 +logX7

with &; > 0. We shall use the smoothed weight function g, be as defined in (2.35):

S

2
g(s) = (s_l) O (4.16)

Remark 4.5. The term (1) in the smoothed weight function g(s) ensures the integral
is well-behaved near s = 1, where the Riemann zeta function has a simple pole. This
modification ensures that the multiplication of zeta function and the weight function g(s) is

analytic so that we can apply smoothing method.

Let o > 0 and = 2. For 6; < 6 < 03, the weight function, g satisfies (2.17) and (2.20):

Cy(o,T1,T>,0,B) = min |g(c+1it)|, where G #0
€[N, 1] 4.17)
PR
ig(o+it)] <Ci(o,Tr,a,B)e %) for all t,
with

a(Z)?

C1(67T27a7B):e TZ Y
(4.18)

1 2 oy
cz(cs,Tl,Tz,oc,B>=(1—7) &M,
1

We will obtain necessary bounds on F(G,T) and F (02, T) in Sections 4.3.2 and 4.3.3. We
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have three different versions for F(Gy,T) as stated in Lemma 4.17:

2
1 0 D 1
iy 1)< Du (THogT ) (74 71 o) (1 * T /DX m) B
1 6 1108

1 D 1
Fx(=,T) <D (Tﬁi + w—;) (T + —ZX) (logX) [ 1+ —— : (4.20)
2 s D 5T 164 \/D) logX

2 2
0} . 0] D 1
Fx(=,T) <Dl <TélogT+—3Té——4) e (T+—2X)(logX) I+ .
2 2 2 (5 Dy Ts\/DilogX
(4.21)

We obtain the following bound for F(c5,7) as stated in Lemma 4.21:

Dg(01) (T
Fx (02,T) < (05(81) 1 D6(®) (X J”tm(’)) (logX)?. (4.22)
Then we provide a general form of the final bound in Theorem 4.23:
F(G/, T] , T2) S C4C’5C6T22a(176)+(a/*1)(26*1) (log T2)2(b+1)(170)+(b/+2)(2671) . (423)

In the next two sections we will provide details to find an upper bound for Fx(%, T) and

)
Fx(l +log1X’T)'

4.3.2 Bounding FX(%, T)
In this section we are bounding FX(%, T). Based on the definition of f(s) in (4.3) we

have,

T T
/O]f(%Jrit)]zdt:/O (% +it)Mx (5 +it) — 1]%dr. (4.24)

Using Minkowski’s inequality, ||x + ||, < ||x[|,+]| ¥ p, to obtain:

\//T|C(l+it)MX(l—l—it) — 1|2dt < \//T |<;(l+it)MX(l—l—it)|2dt+\/7. (4.25)
0 2 2 - 0 2 2
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So here we need to bound the second moment of MX(% + it), where My is defined in
equation (4.1) and also bound the Riemann zeta function on the critical line.

We start with a lemma from [26] to find an upper bound for the integral, fOT ‘MX (% +it) }2dt:

Lemma 4.6. Let T > 0 and X > 10°. Then

T
/ My (L +ir)[*dt < (DiT +D2X) (logX), (4.26)
0
where 6 bo(X
Dy =Di(X)=— 2(X)
log (X) (4.27)
bi(X) 6 by(X '
Dy = Dy(X) = ™0 1(X) | 6mg  mmobs(X)

log (X) X  Xlog(X)’
and the by and by are defined in equation (3.12) and (3.16) and mg in equation (2.77).

Remark 4.7. The coefficients D (X) and D, (X) are decreasing as X becomes large. Specif-
ically, we have D1 (X) = O(1) and Dy(X) = 0(10;)()

Proof. We recall Lemma 2.31 for any real valued sequence u,, we have

r

We apply this to My (s) = Zn<X Lettmg Uy, = “( ) , we get:

n,

2
dt < Y |u|* (T +7mo(n+1)).

n>1

D=

/ | M (% +it } dr < Z“ ) (T +7mmp(n+1))

n<X n
2
< (T+mmg)) ¥ ) +mom Y 1 (n)
n<X n<X

Since X > 1700, we apply equation (3.11) to wmg ), <x u*(n) and apply equation (3.16) to
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2
(T +mmg)) Y pex & ,5") . By combining these obtained bounds, we obtain:

T 6
/O | My (% +it) \2dt < (T +mmp) (bz(Xo) + 5 logX) +tmoby (Xo)X

6T 6m
< Thy(Xo) + = log X + mmoby(Xo) + TO log X + mmob; (Xo)X

by(Xo) 6 by(Xo) 6 by (X,
<T(logX) 2X0) | 6 | x1ogx (TM0b2(Xo) | 6mo | Mmobi(Xo)).
logX XlogX Xn logX

So we obtain the following upper bound for [’ ‘Mx(% +ir) ‘2 dt:

by (X()) 6 ﬂm()bz (X()) 6m0 TEm()b1 (X())
logX)(T| —+— | +X . 4.28
(log )< ( logX +7t2 + XlogX * Xn * logX ( )

Hence we obtain:

T
(2
/O My (L +it)|* dt < (DIT +DsX) (logX),
where D and D, are as defined in equation (4.27), completing the proof. [

Now we just need an upper bound for |{(3 +if)|>. So we record a number of bounds
for the zeta function on the half line.
The next lemma is [15, Theorem 1.1] which is an explicit subconvex bound for the Riemann

zeta function { on the critical line, proven by Hiary, Patel, and Yang [15]:

Lemma 4.8. Let ®; = 0.618. Then we have, for allt > 3,
1S4 +i)] < o8 logt. (4.29)

Moreover, by [15, Theorem 1.1, part 3.4] Define 0, = 0.478013 and w3 = 3.853165 and

04 = 2.914229. Then, for all t > 10'%, we have

L3 +it)| < @15 log + @315 — 0. (4.30)

In 2021, Patel [32] improved the exponent of ¢ in the equation (4.29) and, more impor-
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tantly, removed the logt factor. This bound is referred to sometimes as a sub-Weyl estimate.

Next Lemma is [32, Theorem 3.2]:

Lemma 4.9. Fort > 3, we have
1C(4 +it)] < 307.098¢ 764 4.31)

In 2024, Patel and Yang [33] improved the constant 307.098. The next Lemma is [33,

Theorem 1.1]:

Lemma 4.10. Let w5 = 66.7. Fort > 3 we have
3 +in)] < wst s, (4.32)

Hiary [14], showed an explicit bound for zeta function £ on the half line for short inter-

vals. Next Lemma is [14, Theorem 1.1]:

Lemma 4.11. Let wg = 1.461, When 0 <t < 3 we have:
1C(5 +ir)| < w. (4.33)

Hiary indicates, but does not prove, that one can take e = |{(3)| = 1.4603...

Proposition 4.12. We have

1 a2 12
max (63 + i) = (3P 434

Proof. Hiary’s computational results show that for € [55,3], the bound on |{(3 +if)] is

already verified using rigorous interval arithmetic. Therefore, it suffices to focus on the

interval 7 € [0, lio] Define the function, f(t) = {(5 +it){(5 — it), which is analytic and

satisfies £(t) = |{(5 +it)|? for t € R. To determine the maximum of £ () = |{(5 +it)|*, we

analyze its critical points and second derivative behavior.
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The first derivative f’(¢) is given by:
f(6) =i (3 +it) (5 —it) —iG (3 +it)T' (3 —it). (4.35)

We trivially see f/(0) = 0. To confirm that 7 = 0 is indeed the maximum, we will verify
that the second derivative is always negative in the interval [%, %]

The second derivative is given by

"

10 ==C G+ —i)+ 5 G+ing (3 —it)+ 5 G +ig (3 —i) L3+ (3 —ir).

(4.36)
Using interval arithmetic we verify that f”(¢) < —12 fort € [— {5, 15] so that there is at most
one critical point in this interval and it is a maximum. Thus, the maximum of |Q(% +it) |2

occurs ¢t = 0 which completes the proof. [

Remark 4.13. Kadiri, Ng and Lumley [26] used the following bound
1
G5 +in) < 0.63TslogT + (Vay +1.39)  0<t<T, (4.37)
and consequently they used the following bound for the second moment of zeta function:

1
LG +inP < (0.63)2T 31082 T +1.26(y/07 +1.39)T6 log(T) + (/@7 + 1.39)%, 0<r<T

(4.38)

We improved this bound through the following lemma.

Lemma 4.14. Let 07 = {(3)2. For all T > 0 we have the following bounds for |{(% +it)|*:

By applying the bounds in equation (4.29), we obtain

Ch+iP <olTil0g T+,  0<i<T (4.39)
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with © is defined in Lemma (4.8) and by applying the bounds in equation (4.32) we obtain
L +in)? <oiT® +a;,  0<i<T (4.40)

with Ws is defined in Lemma 4.10.

Proof. Based on the Proposition 4.12, we get

1 V2 132
g&gﬂ@(zﬂt)l =0(2)" (4.41)

Also, by applying Lemma 4.8, we obtain
(L +it))> < oitslog?t for >3 (4.42)
Since these two are positive, so we can add them with each other. Therefore, we have:
G +it) 2 < o}ts log2t +§(1)2. (4.43)
Similarly, by applying equation (4.32), we have
1S +it)[* < wdr. (4.44)
Since this is positive, so we can add it with equation (4.41), and obtain:

(L +ir)[? < 03t + (1) (4.45)

O

Moreover, we can apply equation (4.30) and find the upper bound for ](‘;(% +it)|? for all

positive T

Lemma 4.15. Let 0, 03 and W4 be as defined in Lemma 4.8. For any T > 0 we have the
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following bound for |§(5 +it)|*:
(L +it)> < (T o logT + 3T —ws)>+ 05 0<t<T, (4.46)

where g = ®2(10%)(1210g 10)? — (12, 10%1og 10 + @310 — @4)>.

Proof. Using the bounds from equation (4.30), we find that for r > 10'2:
1S4 + i) > < (wpt® logt + wat® — )7 (4.47)
Applying equation (4.42), we need to show that for all ¢ < 10'%:
2. 41,52 3 3 2
o7t3log”t — (wpt6logr + w316 — m4)” < 3. (4.48)
To determine g, we maximize the following expression:
m%t% log?7 — (0t logt + @315 — ). (4.49)
We differentiate the expression and therefore, we get:
22,10 5 1 1 1 _s s 1 _s
(O rAE (glog t+2logt) —2(myts logt + @3t — (o4)(8c02t 6logt + wyt 6 + 60)3t 6).
(4.50)
Simplifying the expression, we obtain:

1
§t7%<0)%(10g2f+610gf) _ ((ozlogt—i—(m _ (1)41‘7%)(0)2 logt—|—20)2 +(D3)) (451)

We see the function is obviously increasing for r > 2, and that ®g is larger than any value

taken on in [0,2] and the maximum occurs at the endpoint, 10'2. By substituting 10'? into
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the expression, we obtain:
3 (10%)(1210g10)% — (12072107 10g 10 + @3 10> — ). (4.52)

Thus, we choose ©g = @3 (10%)(121og 10)? — (12,107 log 10 + ©310? — ©4)? which com-

pletes the proof. O

Now with the combination of the bounds of the integral [; \M(5+it) ‘2 dt in equation
(4.26) and different bounds with different shapes for zeta function on the half line, we obtain
different bounds for FX(%, T). By applying different bounds in Lemma 4.14 and Lemma

4.15, we obtain the following three versions for bounds for FX(%, T):

Remark 4.16. Kadiri, Ng and Lumley [26] used the following bound for Fx (%, T):

' Vo7 +1.39\/ D, 1 .
Da(T510g T+ Y222V (74 2% ) logX) (1 + ——o ). 4.53
4( 0t 618 )( D, >(°g )<+\/7w7D110gX) (453)

We improved their bound in in two ways: First, using an improved bound on zeta function
. . . . 1 .
from equation (4.39). Next by improving the last term, adding 76 into the dominator we

improved the final bound.

Lemma 4.17. Let T > 0 and X > 10°. Define o1, 07 and s as in Lemma 4.14. Using the

bound in equation (4.39), we have

2
1 o D 1
Fx(=,T) < Dy (Télog2T+—;) (T+—2X) (logX) ([ 1+ ——— | . (4.54)
2 o7 D Ts\/DilogX

Using the bound in equation (4.40), we also have

2
1 O} D 1
Fx(=,T) <D, (Tg + —Z) (T + —2X> (logX) [ 1+ — . (455)
2 5 D, 57164 /D1logX
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Moreover, using the bound in equation (4.46), we also have

2
1 2 D 1
Fe(=,T) <D/ (Té1ogT+@Té—%) 28 (T+—2X)(logX) R —
2 2 /) o D Ts+/DilogX
(4.56)

Here D and D, are defined in equation (4.27), and
Dy =D4X)=Djw], Dy=D)(X)=Di0w: and Dj=Dj(X)=Diw3. (4.57)

Remark 4.18. For large values of T the second bound in equation (4.55) is better than the

other two bounds.

Remark 4.19. The coefficients D4 and D), and D) are decreasing as X becomes large.

Specifically, we have D4 = 0.246+0(1) and D) = 2866.887 +0(1) and D)} = 0.147 +o(1).

Proof. From equation (4.25), we have

VIE(. 1) < \/ / O+ i My (L + i) P VT,

Applying known bounds for C(% +it) and MX(% +1it), we proceed by cases. For the first

bound, we use equation (4.39) for |{(3 +if)|*:
L +it)? <0l T3 10 T+ forall 0<i<T. (4.58)
For My (% + it), from equation (4.26), we have:
r 2
/0 |Mx (5 +it)|"dt < (DiT +DX) (logX).

Combining these bounds yields:

\/ |Fx(%,T)| < \/(Q)%T%long—Hm) (D1T +D>X) (logX) +VT.
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Define:

K = (@T310g2 T +@7) (D1 T + D2X) (log X).

Then,

2
|Fx(3,7)] < (\/I_(+\/7>2:K(1+£) :

VK

We note that (x)%T% log? T + @7 > T3 for T > 0. So
K>T3 (DT +D>X)logX > D T3 logX.

Since T > 0, we have:

which implies

By factoring out DI(D%, we can rewrite the function K as:

(V] D
K=D o (T% log? T + m—;) (T + D—jx) (logX).

1

Using the bound on NS we obtain:

1 (] D
Fx(5,T) < D1of (Télonger—;) <T+17?X> (logX) (1 +—
1

Setting D4 = cho%, this completes the proof for the first bound (4.54).

For the second bound, we use equation (4.40), which gives:

A +it)? <@2T® 407, 0<t<T

76

Ts/DilogX

(4.59)

(4.60)

(4.61)

(4.62)

(4.63)

(4.64)

. (4.65)

(4.66)
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Using the same bound for M (3 +it), we define
K' = (02T + ;) (DiT + D2X) (logX). (4.67)
We observe that OJ%T% + w7 > ng%, so we found the below lower bound for K’
K' > 0}T% (DT +DyX)logX > DT ¥ logX. (4.68)

Therefore, we have the following bound for the second version:

2
1 Q) D 1
Fx(=,T) < D o} (Téi + —;) (T + —2X) (logX) [ 1+ — . (4.69)
2 0% D, wsT 761 /DlogX
This completes the proof for the second bound (4.55).
For the third bound, we use equation (4.46), which gives:
1
LG +inl < (0276 log T + @376 — ) +0s 0<t<T. (4.70)
Using the same bound for M (3 +it), we define
K" = (0T log T + @375 — ) + @3) (D1 T + DaX) (log X). 4.71)

Obviously, we have the same lower bound for K” as the bound that K has and therefore we

obtain:

2
1 2 D 1
Fy(=,T) < D10} (TélogT+%Té—%>+w—§ <T+—2X)(logX) .
2 2 0/ o Dy Ts/DilogX
4.72)

So this completes the proof for the third bound (4.56). 0

77



4.3. FIRST INTEGRAL

We see that Fy (3,t) < dt“(logt)’ ¥;d;t (logt)?, with

d = D4log(X), a= 3 b=2,

where Dy is defined in equation (4.42). Below is the table of values of ¥, d;t% (logt)” by

using the first obtained bound in (4.54):

Table 4.1: Values of a;, by, and d; for Fy(3,t) < dt*(logt)? ¥, dit%(logt)b for equation
(4.54).

d
1

2
vDilogX
1
DilogX
) o7
o]

7
u)%«/Dl logX

(O]

20)%D1 logX
XD,

0 D

0 2XD;

D1 YV D| 10gX

XD,

0 D% logX

_2 07D X

2(.0%D1

_2 07D, X
©?D;1y/DilogX

_2 W7D X
0D logX

Ol |[w|la|lwu]|l ~|w|l®
\

—_
o
|

._
—
|

Wl | W [ wis |wik ol | = [ | o= | wi= |wi= o=

_
)
|

where ®; and 7 are defined in Lemma 4.8 and Lemma 4.14 and the constants D; and D,

are defined in equation (4.27). We see that Fx(%,t) < dt*(logt)? Y, d;t% (logt)b with

= D) log(X = — =0.
d 40g( )’ a 827 b 0

where D), is defined in equation (4.42). Below is the table of values of ¥;d;t%(logt)” by

using the second obtained bound in (4.55):
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Table 4.2: Values of a;, b;, and d; for FX(%,t) < dt“(logt)? Y dit“ (logt )" for equation
(4.55).

d
1

_ 27
164

27
82

27
82

_ 8L
164

_ 109
164

2
®s5+/DylogX
(o))

v
3

1
D, 0)% logX
207
3D logX
w7
0iD;logX
XD,
D,
2XD,
D1 \/Dl IOgX
XDy
Dy (0§
D)X
2Dw2logX
2007D,X
3D, /DylogX
07D X
ngD% logX

191
164

_ 109
82

_ 109
82

_ 164
81

136
82

O | 0| Q| | | | LI

—_
(=)

—_
[a—

=N el Nl BN Nol Nl =N el il Bkl Bl Ne R s

—
\S]

where ®;, @5 and ®7 are defined in Lemma 4.8, Lemma 4.10 and Lemma 4.14, and the
constants D and D, are defined in equation (4.27).

We see that FX(%,t) < dt*(logt)? Y, d;it%(logt)? with

d=Djlog(X), a==, b=2.

W

Below is the table of values of by using the third obtained bound in (4.56):

4.3.3 Bounding Fx (1 + 1oy, T)

In this section we are going to bound Fx (1 + %,T). Based on the definition of

Fx(o,T) in equation (4.15) and using the expansion of fy in equation (4.4), we can find an

upper bound for Fx (1+ IOZIX ,T).
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Table 4.3: Values

of a;, b;, and d; for Fx(3,t) < dt*(logt)? ¥, dit%(logt)b for equation

(4.56).
i a; b; d; i ai bi d;
1 0 0 1 22 | -1 0 %
2 |0 —1 2@%% 23 | —1 -1 wzﬁiﬁﬁ“
2 DX 2
3 10 -2 %g 24 | —1 -2 1)21 (;gz
_1 2 25 | =21 0 _ 20X
4 6 0 \/D1log(X) 6 Di+/D; log(X)
5 _1 -1 [ 26 | -1 -1 _ ADXw3
6 w24/ Djlog(X) 6 Diwy+/D1log(X)
7 2D,X
6 |- |1 |-% 2 e T e T
7 1 ) 20 28 | =7 ) _ 2DoXey

6 ®3+/Dylog(X) 6 Dy0}4/Di log(X)
8 |4 |2 | o 29 | —§ |2 | e

1 1 _4 DX
9 3 0 Dy log(X) 30 3 0 D?log(X)

_l _ _ 4wy _& _ 4Dr Xy
10 3 I 024/ D) log(X) 3 3 ! Dyw;4/D1log(X)
1 203 4 _ 2D) X w;
11 3 —1 D lo;();()wz 32 3 1 D% 10;()()3(02
1 _ o dosey _4 _ 4Dy Xezwy
12 3 2 2mg,/l),log(x) 33 3 2 Dluz)g Dy log(X)

1 o) 4 DyX 0
L M-y |2 | e

1 4 DoX
14 | -3 -2 %2 35 | —3 -2 DZIU‘)?

_1 _ o3 4 DrXe}
15 3 2 Dy log(X)w3 36 | —3 —2 D} log(X;a)%

1 20 3 2D, X
e O =2 |l | e
17 | -4 -2 20 3 B 2D,X 0

2 ®3+/D1log(X) 38 2 2 D1w3+/Dy log(X)
18 | -1 -2 205 _3 _ 2D, Xwx

2 ©34/D1log(X) 39 2 2 D1w3+/Dy log(X)

1 2030,

19 2 —2 _Dllog%(XAS(x)% 40 _% —2 —%
2 (1)2 DX 2
20 3 —2 Dllog(A‘X)w% 41 _% —2 D?#(%w%
_2 — __ @ 5 DrXw,
21 3 2 D log(X)w3 42 3 —2 m
Remark 4.20. Kadiri, Lumley and Ng [26] used the following bound
Dg(81,X) (T +1my
Fe (02,7) < (Ds<81,x>+ o0 X) (T H7m0) ) (156 x 12 (473)
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where, 2
ba(X 20 20,y
D5(51,X):nm02541( )(1+log;() ¢ ToglX]
b (1, 81\, bale
D X)= I (log (X))
6(01,X) 55167( +logX * (log(X))2

(4.74)

We improved their bound by improving both constants, D5(81,X) and Dg(8;,X). See the

following lemma for improvement:

Lemmad.21. Let T,8; >0, X > 10° and 6, = 1 + 10% Then,

(logX)?,

Fx (02,T) < (D5(81,X) + Ds(81,X) (T +7"”0))

where,

28
DS(S] ’X) — %g()()elog(lg)
1

_ ba(X) | by(X)e ™
Ds(81,X) = 581€  (log(X))*

(4.75)

(4.76)

The b3(X) and bs(X) are defined in Lemmas 3.9 and 3.6. The constant mg is defined in

(2.77) and v is the Euler’s constant.

Remark 4.22. Both constants Ds(81,X) and Dg(81,X) are O(1) and are decreasing in X.

Proof. Given that we have
d 2
Fe(e.T) = [ Ifx(o-+in)Pa.

Since we have

XOEDY (Zu(d)) = g

with
0 ifn<X,

Yoan u(d) ifn>X.
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We can rewrite the function Fx(c2,7):

y M), (4.77)

n62+it

T
Fx (62,T / |fx (G2 +it)|* dt = /

n>1

Ax(n)

So we need to find an upper bound for the integral fo ‘Zn>1 oy

(2.78) to this summation. Letting u;,, = "X§2 ) , we get:

dt We apply equation

d;< Z ) (T +7mo(n+1))

S

n>1

/ ’ZM —(Ga+it)

(T + wmon + Tmy)

Ax (n)?
<mmon Y. = v + (T +7mg) Y

n>1 n>1

nZG

(4.78)

24

For 26, — 1 _1+logX

and 26, =2+ L 1 oz X, we apply the bounds for arithmetic sums (3.61)

and (3.63) to respectively bound the two above sums. Thus,

A 2 b 281y
y x() < 4 oiex (log X )2, (4.79)
n>1 1—i—zlogX 281
and
Ax(n)> by w00e5) (logX)?  bze 2
y Al ey (logX)” | bae 2 (4.80)
3} (y—log5)

Since the function e ™2X  is increasing and bounded by 1, we have:

Ax(n)® _ by (logX)?*  bze 2
2481 T 58,0 X X

logx

(4.81)

)}
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2
dt:

Equations (4.79) and (4.81), yield the following bound for fOT

Ax ()
n62+[t

ZnZl

by 21y 5 by (logX)?> bze 2

logX (Jog X T . 4.82

TcmO (28]6 ( Og ) ) +( +nm0) (561@81 X + X ( )

Simplifying the expression, we obtain:
Ttmoby 12519(( (T + 1my) by b3€725‘ )
o log X 4.83
[ 28, ¢ YT 58, ed1 i (log X )2 (logX)”, (4.83)
which completes the proof. 0

We see that Fy (1 + %,t) < d't” (logt)? Y d/t% (logt)? with

,_ De(81,.X)log*(X)

d ;
X

where Dg(81,X) is defined in equation (4.76). Below is the table of values of Y dl(zaﬁ (10gt)b§

by using the obtained bound:

Table 4.4: Values of d’, b}, and d] for Fx(%,t) < d't” (logt)? ¥y d/t (logt)¥ in equation
(4.75).

i a 5| d

1 0 0 1
Ds(81,X)X

2 —1 0 Dg(01,X)

3 —1 0 Tmo

4.3.4 Bounding Fx(c,T1,T5)
In this section our goal is to find an upper bound for Fx(c,T) by the obtained bounds

for Fx(%,T) and Fx(1 +%).
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Thanen1423.Fﬁ:Tland]@»nﬂ17§>>xb:>1o9andser::7@ Let 81,8, € (0,1].

Assume the weight function g be defined as

in equation (4.16) with upper and lower bounds specified in equation (4.17). Let o € (0,1)
and set = 2.

Suppose the following bounds hold for all t:
1
Fx(i,t) < dt“(logt)bZd,-t“" (log?)”, (4.84)

and

81 /.a b /
Fx(14+——.1) <d't? l t) d;t? 1 t 4.85
X( +10gX7 )— Og Z Og ) ( )

where ¥ dit% (logt)? = 14-0(1) and ¥ dl(t“;(logt)bg = 1+o0(1). Then, the following bound
holds:

F( TI,T2)<C4C5C6T2a(1 (5)+( 1)(20*1)(logT2)2(b+1)(170)+(b/+2)(2671)’ (486)

where Cy = C4(0', T2, T1, 0, B,81,8) is given by:

c o c -0
Ci(o1, 73,0, B) o2 “l)Cl(Gz,Tz,Oﬂ B) 501
Ci=o : (4.87)
B C2< 7T17T27 )
where Cy and C, are defined in equation (4.18).

The constant Cs = Cs(o', T», ., B,81,82,a,a;,b,b;,d;,d ., b, b, d}) is given by
d el a1 =

C T: ,b,bj,d; —5C T " dl.b b.d
(10gT2 3(617 27Q7B7aaal7 Vi l)) ((lOgTz)z 3(62, 2,(X,B,Cl,al, NJR l)) ,

(4.88)
where the constant C; is defined in equation (2.25) and any of parameters a,a;, b, b;,d; from
Tables 4.1, 4.2 and 4.3, and d',d, b’ ,bl,d! from Table 4.4.

17

The constant Cq = Cg(0',T2,01,02,a,d’,b,b") is given by
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L T2a<::;:§l )+(a/,1)(§21§‘1)10g T2(b+1)(§§i§1 )+ +2)(5=ok) vt
6= 2= F@ Do) o 2B D=0 F+221) (4.89)

Proof. We suppose that X = 7> and then apply Theorem 2.22 to obtain the bound on

F(o,T1,T;). We factor out powers of X and log(X) to obtain Cs and we replace 6, =

I+ mgsﬁ and add the term Cg to account for the corresponding adjustment to the main
term. These three constants will be analyzed in detail in the following propositions. [

Proposition 4.24. Fix Ty and T with T» > Xy > 10° and set X = T». Let 8,8, € (0, 1].

&
log 7>

Suppose that 6’ = 6 — with % <o <0<l Letac (0,1) and take B = 2, then the
constant Cy as defined in equation (4.87) is O(1) and decreasing in Ty, where the constants
C1 and C; are defined in equation (4.18).

In addition, Cy4 is concave down at 6 and we have:

-2
n 1 o + 2
max Cs(0,D,T1,0,B,81,8) < Ca(T2, Ti, 00, B, &) 1= (1——) aBe . 07 7T
o€(o1,07] T,

(4.90)

where 6] = % and 6y = 1+102_sz'

Proof. Based on the definition of C4 in equation (4.87) and C; and C; in equation (4.18) we

have:

Cs < afe® M, (4.91)

where,

1 -2 &(62 :z:g’ 162 g/:(;l (s 2)
M:(I—F) o3 \"Hmar ¥ loya ) (O] (4.92)
1

which is approximately equals to 1 and is decreasing as 71 and 7> increase.

We see from the above that C, is concave down in ¢’ and the maximum occurs at 6" = @

By substitution of this critical point in equation (4.92), we obtain the maximum value of

-2
(1 - i) afe* - ew(clﬂh)z
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which completes the proof. [

Remark 4.25. For instance for large 77 and 7> we have

-2 o 2
<1 _ Tl) oBe® - 4% (o1+02) ~ afe®.
1

Remark 4.26. For 6 = 0.9 and oo = 0.241 and B = 2 we have

C4((5,,X0,H(),O(,, 3,81782) ~ 0.6133.

(01+062)
2

Remark 4.27. For any ¢} > we have

max C4((5,X(),H0,(X,B,81,52) < C4(G/1,X(),H0,OC,B,51,82). (4.93)

c€(o),0))]

This provides no benefit in our application so we use the simpler formula.

[ . 1 /
TogX with 5 <o <o <1, we

Remark 4.28. Let 6; = % and o, =1+ loSgIX and 6’ =6 —

have the following relationship for the exponents:

o, — 0o o —0o;

6,—-6,  ©6—0y

(4.94)

Proposition 4.29. Fix T with T > Xy > 10° and set X = T». Let 81,8, € (0,1]. Suppose
that 6’ =0 — % with 6 € [0/, 1] and 6’ > . Assume that the constant Cs be as defined in

equation (4.88) and that the following holds:

IOgT2C3(GluT27a767a7ai7b7bi7di) > 17

d'T
(logT»)?

(4.95)

Ay = Cs3(62,Tr, 0, B,d ,al, b, b,,d!) > 1.

1

where both Ay and A, are decreasing in T, for T, > Xy and incorporates parameters,

a,a;j,b,bj,d; from Tables 4.1, 4.2 and 4.3 , and d',a;,b’, b/, d! from Table 4.4. Then,

s Uiy
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o If Ay < A| then the constant Cs is O(1) and decreasing in T».

» If Ay > Ay we define a decreasing constant in T, denoted 65(67 T,0,PB,081,8;) given

by
o'-o;

Cs(6, T3, 0, B, 81,8,) 1= (A1) “oro1) (4,)2(0 01

In addition Cs is monotonic in 6 and for all o) > % +7 %

/
Tog Ty and 65 < 1 we have

max C;S (67 Tz’ a" 6781762) S C\S([G/l76/2:|7TO7 a’ B781782)7

oelc),0)]

where the function Cs([c},65], T, &, B, 81,82) is defined as

o , .
és([(y/l 6/2] TO o [3 81 82) _ C5(627T07a7[3561782) lf AZ ZAI

Cs(0},To, @, B,81,8,) if Ax <Ay

where Ay and A; are defined in equation (4.95).

Proof. Recall that Cs(X) is defined by equation (4.88) and by Remark 4.28 we have

) 1229, \ (222
G = (Al) (Ag) .

To analyze whether 6:5 is decreasing in 7> = X, we define the functions:

_ d (1-5=)
A(X) =A (X)) B0 = (@CS(GLX,OC,Bﬂ,ai,b,bi,di))
and ,
62*(511)

d'x
fZ(X) :AZ(X)BI(X) = (WC3(627X5a7B7a/7a;7b/7b;’dl{)>
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By using logarithmic differentiation, we have:

ML) _ 1 (x)log.t, () + (1 — By () LX)
1(X)
ogh(X) AL(X) 10
—ox = B (X)logA>(X) +BI(X)A2(X>'
Now for both f(X) and f>(X) to be decreasing, we need to have
B (X)log Ay (X) + (1 - B, (x)) A1) g
AX) 4.101
, ALX) o
B} (X)logAs(X) +BI(X)A§ ) <0.

Since by assumption, both A (X) and A» (X)) are decreasing in X, therefore we have A’ (X) <

0 and A’Z(X ) < 0. Thus, the second terms in alo‘%{; (X) and alogaj;?(x) is negative. Therefore,

it then suffices to show that
—B(X)logA(X)+ B (X)logA(X) < 0. (4.102)

Or equivalently

B (X) <logA2(X) —logA, (X)> <0. (4.103)

Therefore, first we need to analyze the behavior of B} (X). We obtained:

K(01-01) - ('~ o)
Bj(x)= %2 U X (4.104)
1( ) (62 _ G])Z
Since we have
0o’ S 0 —
PO __ 2 ang 22_ L (4.105)
X X(logX)?2 X  X(logX)?
and since 81,8, € (0,1] and ¢’ > %, we conclude
B (X) > 0. (4.106)
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By our assumption, we have A;(X) > 1 and A(X) > 1 and hence logA;(X) > 0 and

logA>(X) > 0. Therefore, we have two cases here:

e IfA;(X) > Az(X), therefore we have logA;(X) > logA»(X), and it makes the deriva-
tive (4.103) negative and hence we conclude that Cs is decreasing in 7>. Furthermore,

Cs is decreasing in o, since A (X) > Ay(X).

* IfA1(X) < A2(X), therefore we have logA;(X) < logA2(X), and it makes the deriva-

tive positive.

/
To address this, since we have A>(X) > 1 and g=g- < ®5°, we introduce a bound
2

. (1-B1(X)) 2(6—01)
Cs(0,1r,a,B,01,02) := (Al) (Az) . (4.107)

We verify that Cs(c,T2,81,8) is decreasing in 7> using a similar argument, noting

for Cs:

that we easily see that the derivative of 6 — o1 with respect to 7> is zero and from

equation (4.106), we have B (X) > 0. Therefore we have
—B{(X)logA;(X) <O0. (4.108)
Hence we conclude that Cs is decreasing in T». Moreover, we easily see that Cs is
increasing in o since A1 (X) < A2(X).
From these two cases we conclude that Cs is decreasing in T5. [

Remark 4.30. For specific values of X =Ty =3 109, we have the following

* By using the first version of our obtained bound from Table 4.1, we have A;(X) =
1.3471 and from the Table 4.4, we have A(X) = 6.0848. Hence we have A»(X) >

A1 (X). Therefore, we have

max Cs(0,Ts,0,B,81,8) < C5(0),Tp, o, B,81,82), (4.109)

c€(o),0%)]
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where 65<G/2, To, o, B,81,52) = 65(0/2, To,OC, B;61,82)~

For specific values of 6 =0.9, Ty = X = 3-10'2, 8; = 0.36, 8, = 0.35, and o0 = 0.241
we find Cs = 4.2161 and Cs = 4.5592.

* By using the first version of our obtained bound from Table 4.3, we have A|(X) =
1.3121 and from the Table 4.4, we have A>(X) = 6.0848. Hence we have A»(X) >

A1 (X). Therefore, we have

max Cs(c,T>,a,PB,81,8,) < Cs(0h, Tp, o1, B, 81,82), (4.110)

oe(o),0))]

where CA5<0'/2, To, o, 3,01,02) = és(Glz,To,a,B,Sl,Sz).

For specific values of 6 = 0.9, Tp = X =3-10'2, §; =0.36, 8, = 0.35, and a0 = 0.241

we find Cs = 4.1892 and Cs = 4.5301.

By using the second version of obtained bound from Table 4.2, we have A;(X) =
14771.199 and from Table 4.4 we have A»(X) = 6.0848. Hence we have A|(X) >

A2(X). Therefore, we have

max Cs(o,T,a,B,81,8,) < Cs(0], To, ., B,81,82), (4.111)

c€(c),0)]

where 65(6,1 , To, o, [3,81,82) = 6:5((5/] R T(),OC, B,81762>-

For specific values of 6 =0.9, Ty =X = 3-10'2, 8; = 0.36, 8, = 0.35, and 0. = 0.241
we find Cs = 40.546.

Proposition 4.31. Fix T» with T > Xy > 10° and set X = T». Let 81,8, € (0,1]. Suppose

that 6’ =6 — % with 6 € [0',1] and 6’ > 3. Assume that the constant Ce be as defined in

equation (4.89). Then,

» Ifb—b' > 1 then the constant Cg is O(1) and eventually decreasing in T».
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o Ifb—b' < 1 then the constant Cg is increasing in T and hence we define a decreasing

constant in T, in equation (4.113).

These parameters, a,b are taken from Tables 4.1, 4.2 and 4.3, and a' ,b’ are taken from table

4.4. In addition Cg is monotonic in 6 and we have follows that

max Cg(G,13,81,80,a,d’,b,b") < C¢([0},05],T0,81,8,a,d’,b,b'), (4.112)

o€lo),0%]

where Cs = C([0],04],To,81,82,a,d’,b,b")

¢

C6(0%,10,01,82,a,d ,b,b') b—b'>1anda—ad >—1

Cs(0),10,01,82,a,d ,b,b') b—b'>1anda—ad <—1
Co = (4.113)
e(l+a—a’)(251(26’2—1)4—252) b—b <1 anda—d > —1

25 (26, —1)+28
/ 1 1 2
(1+afa )7251

e S .
e logTp otherwise.

\

Proof. Recall that Cq is defined by equation (4.89) and by Remark 4.28 we can simplify

the definition of Cg as the product

Co— (Tzau—;’z?l )+(a/_1)(;’2j;11 )—[Za(l—c)+(a’—1)(26_1)]) |

Y

(10g PSSR Lo 0=+ (20_1)]>
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This simplifies to:

/ /
(1+a—d')(— ==L _1)+(14a—d')(20) (b—b'—1)(—==2L _1)+(b—b'—1)(20)
Co=T, %2 log 7, %20l
o _d-op e oo
_ T2(1+a a)(2c 570 1) log Tz(b b'-1)(20 5776 1)
_ 40014287208 o 4001 +287 208
_ T(l+a )( TogX+28] )log T2(b b 1)( TogX+28] ) (4114)
25, (26—1)+28,
. ( 1+a (1 (b b/_l) log X428,
( (14+a—d')log Ty +(b—b'— l)loglogTz)(M)

log X428,

Denote:

28,(26—1)+28
g(a’a/’b’b/’G’Tz):<(1+a—a/)10gT2+(b—b’—l)loglogTz)( T3S 2)~

log 75 + 28,
(4.115)

The behavior of Cg, depends on whether g(a,d’,b,b’,0,T») is increasing or decreasing.

dg(0,1r)

Therefore, o

is given by:

20
(b—b'—1) (@ —loglogT» + 1) +(1+a—a')20] . (4.116)

201 (2(5 — 1) +28,
Tz(log T —|—251)2

Since % <06 <1 and 9,5, € (0,1), the fraction outside of the bracket is always positive.
Thus, the overall sign depends on the terms inside the brackets:

Ifb—b'—1>0and 1+a—d <0, the first term is negative, and the second term is
negative and then the overall sign is negative and hence Cg 1s decreasing in 7.

Ifb—b' —1>0and 1+a—d > 0 the first term is negative for large 7> and the second
term is positive. However, the first term dominates eventually so it is decreasing.

Ifb—b —1<0and 1+a—d <0 the first term is positive for large 75 and the second
term is negative. However, the first term dominates eventually.

If b—b'—1<0and 1 +a—d >0, the first term is positive, and the second term is

positive and then the overall sign is positive and hence Cq is increasing in 75.

92



4.3. FIRST INTEGRAL

From this we arrive at the four cases in the definition of Cs which essentially come from
deleting terms in the exponent in Cg.
Finally, the exponent in the definition of Cg is obviously linear in ¢, hence monotonic.

This gives us the four cases. ]
Remark 4.32. For specific values of a,d’, b, b’ from the tables, we have the following:

¢ For the first and third version of our obtained bound from Table, 4.1, 4.3 we have
a= % and b = 2 and from the Table 4.4, we have ¢’ = 1 and »' = 0. Therefore we

have b—b' > 1 and a —a’ > —1. Hence we are in the first case.
For specific values of 6 = 0.9, Ty = X = 3-10'2, § = 0.36, and &, = 0.35 we find

Cs = C¢ = 6.0813.

* For the second version from Table 4.2 we have a = %,b = 0 and similarly from the

Table 4.4, we have @’ = 1,b' = 0. Therefore, we have b —b' < 1 and a —a’ > —1.

Hence we are in the second case.

For specific values of 6 =0.9, Ty =X =3 - 10'2, §; = 0.36, and &, = 0.35 we find

Co=4.523 and (g = 1Ta4)28120,-1D)+2%) _ 53777

In both cases we easily see that the functions are now decreasing for 75 > 10°.

4.3.5 Bounds on the first Integral

We now provide a bound for the first integral. As discussed earlier, it suffices to bound

fTTf |fx (o +it)|dt.

Corollary 4.33. Fix §,,8, > 0. Let X = T» and suppose that T> > Xo > 10° and T; > Hy > 0.
Leto.> 0. Let 6} > %—i— IOZ_ZT() and &), < 1 and parameters, a,b from Tables 4.1, 4.2 and 4.3,
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and d',b' from Table 4.4. For any & € [G,5%] we have

1;,%;22 /T1T210g| (' if) di S(Tz —zﬁgzlogTzl g( (?;1?5?16)T22a(1—0)+(a’—1)(26—1)
logT22(b+1)(1—6)+(b’+2)(26—1) .
4.117)
and
I;%ST; /T,Tzlog hx (0 + )|t < (C;%? pelt o Ee, -

log T22(b+1)(1—0)+(b’+2)(2c—1)+1) 7

where Cy = Cy4(To,Ho, . B,81) and Cs = Cs([6},65],To, ., B,81,82) are defined in equa-
tions (4.90) and (4.98) and Cs = Cs([0],65],Tv,81,82,a,d,b,b') is defined in equation
(4.113).

Proof. From equation (4.12), (4.13) and the definition of Fx in (4.15), we have

logT;
27‘582

b3
/ log(|hx (& +it)|)dt <

( 2 1) g 2 1 (1 X(G s L1, 2)
T 27582

LT ) (4.119)

By substituting the bound for Fx (o', 71, T>) from Theorem 4.23 and applying Propositions
4.24,4.29 and 4.31 to substitute the maximum for each constant, Cy, 65 and Cg, we obtain

the following bound for the first integral:

(I, —T)logT» CiCsCs  2a(1—0)+(ad'—1)(26-1) 2(b+1)(1-0)+(b'+2)(26-1)
1 1+ ——=T logT. .
s, U T e 2 082
(4.120)
Then by applying log(1 +y) <y, we obtain the following upper bound:
CyCsC, )+ (d—1) (26— o) _
4C5 6T22a(1 6)+(d'~1)(20-1) log Tzz(b+1)(1 0)+(b'+2)(20-1)+1 4.121)
27'582
which completes the proof. ]
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Remark 4.34. For specific values of a,d’, b, b’ from the tables, we have the following:

e For the first and third version of our obtained bound from Table, 4.1, 4.3, we have

a= g,b 2 and from the Table 4.4, we have @’ = 1,5’ = 0. Therefore we have

logT, (2 ;o (T,—Ty)logT» C4C5C6 8(1-0) (2+2(1-0))
log |h t)dt < ——-"2"""log|l +—-"-=T, logT .
215 /T1 og |hx (o' +it)|dt < 5 og +(T2—T1) 5 ogl,

(4.122)

and

log T- CiCsCe 801 _
;’;‘:’822 / log | (G '—Ht)\dtg( = o7V 1og 720 "”). (4.123)

109

* For the second version from Table 4.2 we have a = <5, b = 0 and similarly from the

Table 4.4, we have a' = 1,0’ = 0. Therefore, we have

1OgT2/T2 ( )10gT2 646566 —9(1 o) (20)
log|hx (0" +it)|dt < 1 1 +——LT.4 logT. )
218, J1 oglhx (0" +if) 27t52 o8 +(T2—T1) 2 85
(4.124)
and
logTz o ti C4C5C L(l —0) (26+1)
1 h 1lde < 4l logT. . 4.125

4.4 Bounds on the fourth Integral

In this section we need to find an upper bound for — fTTIZ log |hx (u+it)|dt or similarly
find an explicit lower bound for fTT12 log |hx (u—+it)|dt. For bounding this integral, first we
have the below fact here,

|fx(u+ir)| < 1. (4.126)

Lemma 4.35. For X > 1000, and u > 1 we have

\fx(utin)] < Ev(X,u),
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where, E1(X,7) is defined in equation (3.71) and by substituting u we have:

u logX 1 Y 7
Ei (X . 4.127
(X,p) = Xﬂl(y—1+(y—1)2+y—1+12yx (4.127)
In particular for y=1+nwithn = klog&g)x we have

|fx(u+ir)| < E3(k,X),

where E3(k,X) is defined by the following product:

logX 1
E3(k,X) = .
3k X) (k(logX)k_1 loglog X * (logX)k_l) 4.128)
1+ N Y Tkloglog X '
kloglogX logX 12XlogX(logX + kloglogX)
Proof. By equation (4.3) we have
[Ax (n d(n)
@< ) an = X (4.129)
and by Lemma 3.12, we obtain
|fx(I+n+it)| < Ez(k,X). O

Now with using the above Lemma , we can obtain the bound for the fourth integral.

Lemma 4.36. Suppose 1000 < T1 < T; and that uy =1+ %ng(x). Suppose that k > 2 and

assumed the following upper bound for |fx (u+it)| :

f(u+it)] < E3(k,X) < 1. (4.130)
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Set X = T5. Therefore, we have

f5) Es(k,X
—/ log |hx (u+it)|dt < s(kX)

logT: 4.131
y ~ kloglog(X)log(X)%—3 (logTs), ( )

where Es(k,X) is defined by
E4(k,X) ((X+2nmo)E2(X, 2u) + 2mmoEa (X, 2u— 1 )) (kloglog(X)log(X)*~%), (4.132)

with Ej is defined in equation (3.86) and Ey is defined by

B log(1 — E3(k,X)?)

Er(k.X)? ) (4.133)

Es(k,X) =

where E3(k,X) is defined in equation (4.128).

Remark 4.37. E4(k,X) is 1 4+ o(1) and eventually decreasing in X. Moreover, we also

have XE5(X,2u) and E(X,2u— 1) are both — kloglog;)(llgg T and eventually decreasing.

Hence, E5(k,X) is O(1) and eventually decreasing in X.

Proof. By our assumption, X = 7> and 7> > 1000. For u =1+ %"gx(x) and the following
assumed upper bound for | fx (u+it)| :
fx (u+ir)] < E3(k,X) <1, (4.134)

and since |hy (u+it)| = |1 — fx(u+it)?| > 1 — | fx(u+it)|*, we have
—log |hx (u+ir)| < —log(1 — | fx (u+it)[*). (4.135)
log(1—u?)
u2

Since the function — increases with u € (0, 1), we have

—log(1 — | fx(u+it)|*) < Es(k,X)|fx(u+it)[?, (4.136)
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with
log(1 —E3(k,X)?)
E3(k7X)2

E4(k,X) = — (4.137)

By taking integral from both side of equation (4.135) and using the bound in equation

(4.136), we have

) T,
—/T log [ (u+ it)|dt §E4(k,X)/T fxc(u+ if) [2ds. (4.138)
1 1

We apply the Montgomery and Vaughan’s mean value theorem and the bound |Ax(n)| <

d(n) with Ax(n) =0 if n <X. So we obtain the following bound

/ | fx (i) |*dr < Z M);(y” (T, — Ty +2mmp(n+ 1))

n>1
Ty +2mmg(n+1)) (4.139)
n>X
d(n)?
:(Tz—Tl—I—QTEmo)Z 2 02 2'u
n>X n>X

We apply Lemma 3.14 to obtain an upper bound for the above sums.

)}

UL < Ba(x,20), (4.140)
n>X

where E>(X, 1) is defined in equation (3.86). Similarly, we have:

d(n)?
st < E2(X,2u—1), (4.141)

n>X n

where E, (X, 1) is defined in equation (3.86). We simplified the above bounds and substitute

them into equation (4.139). Therefore, we obtain the following bound:

Ib)
/ ’fX(,U—I— it)lzdt < (T2 -1 —I—ZTU’I’I())EQ(X,Z,U) +27£m0E2(X,2y— 1). (4.142)
T
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We combine this bound by equation (4.138) and obtain the following bound:

T
_/T log |hx(y+ il‘)|dl‘ < E4(k,X) <(T2 -1+ 2nm0)E2(X,2y) + 2ﬂ:m0E2(X,2,u — 1)) .

1

(4.143)

Therefore, since X = 7> we conclude that
n
—/ log |hx(,u+ it)ldl < E4(k,X) ((X —I—27tmo)E2(X,2,u) +27’Cm0Ez(X,2,u— 1)) . O
I
Remark 4.38. The condition for choosing k > 2 is that we need to have E3(k,X) < 1 and

also decreasing in X. Therefore, for k =2 and 7, = X > Ty we obtain the following bounds:

* For Ty = 3-10'2, we have Es(k,X) = 0.694 and hence

T
—/ 10g|hx(,u+it)|dt < 0.0035logT>. (4.144)
T

* For Ty = 3-10'%, we have E5(k,X) = 0.503 and hence

T
- / “og |y (u+ it)|dr < 0.000210g T>. (4.145)
T

4.5 Bounds on the second and third integral

In this section, we need to find an upper bound for the difference of the second and third

integral:

it it
/ argh(’c+iT2)dT—/ argh(t+iTy)dr.
o o

First, we obtain an upper bound for arg of a function. The argument we use here is due to

Kadiri, Lumley and Ng, [26, Proposition 4.10].

Lemma 4.39. Letn > 0. Let f(s) be a holomorphic function for R(s) > —n and be real
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for real s. We suppose that there exist positive constants M and m such that

FS) <M R(s)>1+n. (4.146)

IRF(14M+it)|>m>0  forall tER. (4.147)

Let o € [5,1+m) 2 and assume that U is not the ordinate of a zero of f(s). Then there exist

an increasing {Ng}7_, such that

T nlogM wlogm =@
< _ T o1 4.148
= 10g2" T 2loga  Togz T2 o) (4.148)

larg f(c+iU)

Where

1 7 1d o _
= — l —1\/; N,
q ZTCNq/;ZI log (2 ~:0|f(1 +n-+ (1 +21])€ —|—( l) lU)’ q) de, (4.149)

J

and o4(1) is a term that approaches 0 as q — oo.

We apply Lemma 4.39 to obtain an upper bound for argh(s). The following Lemma is

due to Kadiri, Lumley and Ng, [26, Lemma 4.12].

Lemma 4.40. Let € (Mo, %), with E7(X,No) = 1 and T > Ty > 3-10'2 and X = T».
Suppose that U > Ty > 1002 and that is U is not the ordinate of a zero of h(s). Then for all

te[4,1+m] 3, we have

ntlogEs(M, T1)

largh(t+iU)| < 0gX)+

<1+2n)10 (E9(n,T1>U>+n(l+n)(1

log?2 2n log?2 2log?2
mlogEs(n) _ mlog(1—Es(X.n)?) =
2log2 log2 2’

(4.150)

2In [26], the range was incorrectly stated (0,1+4m]. This has been corrected [l, 1 —i—n].
3In [26], the range was incorrectly stated (0,14m]. This has been corrected [5, 1 +n].
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4.5. BOUNDS ON THE SECOND AND THIRD INTEGRAL

where

_ L+t 2g(1+m)?
E¢(n) = C(2+2n)2 + €(2+2n) ’
_ (1+m)(logX) L Ll
E;(X,m) = T (1 + nlogX T logX + 12(1 —|—T|)X10gX) ’

5 (4.151)

3.0064(1 +n)(Tl)1+n> (3.0065(1+1))?,

2
Eo(m,Tq) = \/(2+Tl)2 + (H'ZT] +1> )

T2

Eg(T],Tl) = (1 +

Proof. The proof is based on Kadiri, Lumley and Ng, [26, Lemma 4.12] except that we re-
label the constants defined in equation (4.151) and take k = 1, # in their proof. Additionally,
we replace Hy by T as they play the same role in this argument. In Kadiri, Lumley and Ng
[26], the condition n > 0.23622 is specific to X = 10°, which can be relaxed and can be
different for different values of X. Based on the equation (4.150), the real conditions that
must be satisfied are E7(X,Mn) < 1 and E7(X,n) decreasing in X which the second condition

implied by 1 > x-- O
Remark 4.41. For T1 > Hp we have following conditions for n:

* For X = T = 10° the condition is > 0.23622,

* For X =T = 3-10'? the condition is 1 > 0.1876,

* For X = T» = 3-10'% the condition is 1 > 0.0382.

By following Kadiri, Lumley and Ng [26, Lemma 4.12] and using Lemma 4.40 now we

can bound our argument:

Lemma 4.42. Let Hy < Ty and T» = X > Ty. Suppose that M € (Mo, 5) with E7(X,no) = 1.

Both &' and u satisfying % <& <1<y, . Then we have the following upper bound:

<EjoM,71,X)(u—0')(logD),  (4.152)

u u
/argh(r+iT2)dT—/ argh(t+iTy)dr

o’ o/

“4In [26] their k is different than our k.
3In Kadiri, Lumley and Ng [26], they used 14 as an upper bound for u
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4.5. BOUNDS ON THE SECOND AND THIRD INTEGRAL

where Eyo(M,T1,X) is defined by

2(1+2n)+2n(1+m)  En(m,Ti)

4.153
log2 logTy ' ( )
with
logEs(M,T;) mlogE, 2mlog(l — E+(X,M)>2
E11(1’1,T1,X):7°0g1 s(N, 1)+W ogEs(n) 2mlog(l —E7(X,M)%)
og2 log2 log2
(4.154)
+TC—|—2(1+2T]) IOg E9<n7Tl)
log?2 o ’

Proof. The proof is identical to Kadiri, Lumley and Ng [26] except that we don’t have the
condition u < 1+1. We note that for T > 1 4m we have the stronger bound, argh(t+iU) <

% which improves upon the bound given in Lemma 4.40. U

Remark 4.43. Both Ejg(n,T1,X) and E11(n,T1,X) are decreasing in X and T7j.

Remark 4.44. For specific values of Hy = 3-10'% we have

e For T) = Xo = 3-10'2 where T» > Ty and T} > Hy, the optimal choice of n that
minimizes the function, Ej9(n,71,X) is 0.20341 and hence we obtain Ejg(n,71) =
17.1483,

e For Ty = Xp = 3-10'%° where T» > Ty and T} > Hy, the optimal choice of 1 that
minimizes the function, Ejo(1M,77,X) is 0.0598 and hence we obtain Ejo(n,7}) =

15.9074.

Remark 4.45. Suppose that Hy = 3 - 102 and T; > Hy. For different values for ¢ and Ty,

where 7 > Ty we have the following upper bound:

* For6=0.9,0,=0.35k=2,1=0.20341 and T) = 3- 10'2 we have

<5.9323(log Tb). (4.155)

u 1
/ argh(’c—i—iTz)d’c—/ argh(t+iTy)dt
o o
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4.6. ZERO DENSITY RESULT

« For6=0.99, 8, =0.35, k=2,m = 0.20341 and Ty = 3- 10'> we have

L L
/ argh('c+iT2)d’c—/ argh(t+iTy)dt| < 4.3890(log 7). (4.156)
o o

* For6=0.9,8, =0.35,k=2,11=0.0598 and Ty = 3-10'%° we have

it it
/argh('c—i—iTz)dT—/ argh(t+iTy)dt

o’ o

<2.3634(logTy). (4.157)

« For6=0.99, 8, =0.35, k=2,1=0.0598 and Tp = 3 - 10'%° we have

it it
/ argh(’c+iT2)d’c—// argh(t+iTy)dt

o o

<0.9317(log T»). (4.158)

4.6 Zero density result

In this section, we are able to compile our bounds to obtain an upper bound for zero

density result N(6,T1,T»):

Theorem 4.46. Fix 6;,0) >0and k=2. Let T» > Ty >3- 10° and T; > Hy > 1002 and

X=Thandu=1+ kloﬁ)lg#. Suppose that M € (Mo, 3) with E7(X,Mo) = 1 and o. > 0 and
parameters, a,b from Tables 4.1, 4.2 or 4.3, and d',b' from Table 4.4. Let 6} > % + IOZ—ZTO

and 65, < 1. For any 6 € [G},0,] we have

2a(1=0)+(~1)(20-1) 2b+1)(1-0)+ (4 +2) (201

T log T

N (G,ThT)S(Tz—Tl)(logTz)log<1+fu 2 ((;g 2;) >
2— 1]

+ V(log Tg)z,
(4.159)

and

N(o, T\, D) < UTZZ“(I*G)““LI)(ZG*I)(log T2>2(b+1)(lfc)+(b’+2)(2071)+1+ V(logT)?,

(4.160)
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4.6. ZERO DENSITY RESULT

where
CsCsCs
U=U(o,d1,0 TH) = ——
((X, 1,02,0, 0) 271:62 )
1 Es(k,X) ,
Y= ke, Ty, Ty) = i Ero(M,Ho, To)(u—0') ) .
( 2,0,M,K, U, 11, 2) 27582 <k10g10g(X)10g(X)2k3+ 1()(1] 0 0)(:“ )

4.161)
where CA4 = é4(T07H07a75781)’ 65 = 65([6/176,2]7T0781782)) CAG = 66([0/]76/2]7T0781782);
Es(k,X) and Ej9(n,Ho,Ty) are respectively defined in equation (4.90), (4.98), (4.113),

(4.132) and (4.153).

Proof. From equations (4.12), (4.13) and the definition of Fy in (4.15), we have:

N(GaTlaTZ) <

T, —Ti)log T Fx(o'. T, T
(I —Th)log > log (1+ x(o',T1,T7)
21d, T —T

- tlargh(‘c +ih)dt — /tl argh(t+iTy)dt— /T2 log |hx (u+ if) |dt) :

° ° : (4.162)
By substituting the bound for Fx(o’,T1,T>) from Theorem 4.23 and applying Propositions
4.24, 4.29 and 4.31 and also substituting the upper bound for the second and third integral
from Lemma 4.42 and applying Lemma 4.36 for the fourth integral, we obtain desired

bound:

2a(1—0)+(a'—1)(20-1) log T2(b+1)(1—c)+(b’+2)(20—1)
N(G,TbT)S(Tz—Tl)logTzlog(H-‘U 2 2 )

(T, -T)
+ 1V (logT»)?,
(4.163)
and then by applying log(1 +y) <y, we obtain the following upper bound:
NG, T), T3) < UTZZa(l—G)+(a’—1)(26—1)logT22(b+1)(1—6)+(b’+2)(26—1)+1+ V(logTy)?.
(4.164)
This completes the proof. 0

Remark 4.47. For specific values of a,a’,b,b’ from the tables, we have the following:
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4.6. ZERO DENSITY RESULT

¢ For the first version of our bound obtained from Table 4.1, we have a = %, b=2and

from the Table 4.4, we have @’ = 1, ' = 0. Therefore we have

8(1-0) (4—20)
7" “logT,
N(c,T1,T2) < (T —Ti)log T» log (1 + U-2 %25 ) +V(logTr)?,
(L—-T)
(4.165)
and
8
N, Ty, 1) < Uy 1og 70729 + V(log 1), (4.166)

Kadiri, Lumley and Ng [26] have presented the following result:

16, .4
N(0.90,T) < 11.499(logT)5 T'15 +3.186(log T)?,
For specific values of 6 = 0.9, k = 2, 1 = 0.20341, Ty = X = 3-10'2, §; = 0.36,
0y = 0.35 and oo = 0.241 we can see how this improves on Kadiri, Lumley and Ng’s

estimate [26]:

u“ox
.n""

N(0.90,T) < 7.733(log T) S T'15 +2.6993(log T)2. (4.167)

In addition, you can see the numerical result for this version in Table A.1.

Also we can easily compare our bound with the recent updated bound from Fiori,

Kadiri and Swidinsky [8] as well:

J"O\
u-"’k

N(0.90,T) < 10.8209(log T) S TS +2.8640(log T)2.

« For the second version from Table 4.2 we have g = 1%

= %5 ,b =0 and similarly from the

Table 4.4, we have a’ = 1,0’ = 0. Therefore, we have

% (1-0) (20)

logT,
(2 —Th)

T,

N(6,T1,T3) < (T — T1)(log T») log (1 + U2 ) + 1V (logT»)?,

(4.168)
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and

109 (176)

N(o,Ty,Ty) < UL, 10g T + V(log 1n)2. (4.169)

For specific values of 6 = 0.9, k = 2, 1 = 0.20341, Ty = X = 3-10'2, §; = 0.30,

8, =0.31 and o0 = 0.189 we obtain for 7> > T and T; > H) that:

109 14

N(0.9,T;,T5) < 58.947T, log T,° +2.6993(log T2)*. (4.170)

In addition, you can see the numerical result for this version in table A.3.

¢ For the third version of our obtained bound from Table 4.3, we have a = %, b=2and

from the Table 4.4, we have @’ = 1, b’ = 0. Therefore we have

3(1-0) (4—20)
3 G
(h—T)

) + V(log Tz)z,
4.171)
and

5(1-0)

N(o,T;,T>) < UTy (5-20

log T2 + 9(log T»). (4.172)

For specific values of 6 = 0.9, k = 2, 1 = 0.20341, Ty = X = 3-10'2, §; = 0.36,

9> = 0.35 and o = 0.240 we obtain for 75> > Ty and T; > H) that:

(ES

16
5

N(0.90,T) < 7.683(logT)5 T'™s 4+2.6993(log T)?, (4.173)

W

In addition, you can see the numerical result for this version in table A.5.

Remark 4.48. We noticed that for 6 = 0.9 the second version, (4.170) is better than the first

version, (4.167) for T» > 4-10°°.

Remark 4.49. We note that Remark 4.47 is the bound for N(c,71,7>) at 6 = 0.9. The
following results are comparison of the of upper bounds for N(c, T, T») for different large

values of Ty at ¢ = 0.99:
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For specific values of k =2, 1 =0.20341, ) =X =3 10'2, §, = 0.35, &, = 0.34

and o = 0.146 by using Table 4.1, we obtain for 7> > Ty and 77 > Hy that

51 4 2
N(0.99,T) < 11.912(log T) 50 T 150 +1.998(log T (4.174)

For specific values of k =2,m =0.0598, Tp = X =3-10'%, §; =0.36, 8, = 0.36 and

o = 0.091 by using Table 4.1, we obtain for 7, > Ty and 71 > Hj that

151

N(0.99,T) < 9.497(log T) S0 T'50 +0.4239(log T')?. (4.175)

For specific values of k =2, 1 =0.20341, H =X =3 10'2, §; = 0.30, &, = 0.31

and o = 0.1009 by using Table 4.2, we obtain for 7> > Ty and 71 > Hj that

109 149
N(o,T1,T2) < 16.824T,"P log T, +1.998(log 75)*. (4.176)

For specific values of k =2,m =0.0598, Ty = X =3-10'%, §; =0.36, 8, = 0.36 and

o = 0.0.085 by using Table 4.2 we obtain for 7, > Ty and 71 > Hj that

109 149

N(0,T1,T3) < 11.497T,1% 1og T,% +0.4239(log T>)°. 4.177)

For specific values of k =2, 1 = 0.20341, Ty = X =3-10'2, §; = 0.35, &, = 0.34

and o = 0.146 by using Table 4.3 we obtain for 7> > Ty and 77 > Hj that

4

3 2
N(0.99,T) < 11.888(logT) 50 T750 +1.998(logT) (4.178)

For specific values of k =2,m =0.0598, Ty = X =3-10'%, §; =0.36, 8, = 0.35 and
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o = 0.091 by using Table 4.3 we obtain for 7> > T and 77 > H) that

151 4 2
N(0.99,T) < 9.386(log T) 50 T'150 +0.4239(log T)?. (4.179)
Using our result from Table 4.1, we can obtain:
Corollary 4.50. For T > 3-10'2 and c € [0.75,1] we have
81— _
N(o, Ty, T3) < 12.4532175 " 1og T°72%) +3.869(log T3 ). (4.180)

Proof. The table A.7 provides numerical results for 6 € [0.75, 1], showing that for each
interval the maximum value of U occurs at the end points and the maximum value of ¥/

occurs at the start points. 0
Using our result from Table 4.3, we can obtain:

Corollary 4.51. For T > 3-10'2 and 6 € [0.75,1] we have

§(1-0)

N(6,T),Ty) < 12.43517T; 5-20)

log 7y > 43.869(log T»)?. (4.181)

Proof. The table A.11 provides numerical results for 6 € [0.75, 1], showing that for each
interval the maximum value of U occurs at the end points and the maximum value of ¥

occurs at the start points. [

Remark 4.52. Corollary 4.51 can be compared with the bound obtained by Fiori, Kadiri

and Swidinsky [8]. Their result shows for T > 3-10!2 and ¢ € [0.75, 1] they would have:
§(1-0) (5-20) 2
N(o,T) <17.0819T3 logT +4.4648(log T>)~. (4.182)

Remark 4.53. Similar results can be obtained for different ranges of ¢ and different values

for Tp. For specific numerical values corresponding to different choices of ¢ and Tp, see
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4.6. ZERO DENSITY RESULT

table A.8 and A.12.

Using our result from Table 4.2, we can obtain:

Corollary 4.54. For T > 3-10'2 and 6 € [0.9, 1] we have

14&(176)

N(o,Ti,T2) < 58.947T," (20+1)

log Ty +2.6993(log 1»)?, (4.183)

Moreover, for T > 3-10'% and 6 € [0.99, 1] we have

109 (176)

N(6,T;,T5) < 14.382T,*" (20+1)

log T, +1.9975(log T)>. (4.184)
Proof. The Table A.9 provides numerical results for 6 € [0.75, 1], showing that for each
interval the maximum value of both U and ¥ occurs at the start point. U

Remark 4.55. Similar results can be obtained for different ranges of ¢ and different values
for Tp. For specific numerical values corresponding to different choices of ¢ and Ty, see

Table A.10.
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Chapter 5

Conclusions and Future Work

In this thesis, we have proved a general version for the upper bounds for N(c,71,T>) in our
main Theorem 4.46. The theorem can be applied with different bounds for zeta function on
the half line and in our work we have applied it with three different half line bounds: See
Tables 4.1, 4.2 and 4.3. Our result improves upon the previous work by Kadiri, Lumley and

Ng [26] and the ways that this bound is improved are:

* In the versions obtained from Tables 4.1 and 4.3 we used the improved sub-convexity
bound for zeta function on the half line (Lemma 4.14) and used the updated RH ver-
ification by Platt-Trudgian. Additionally, we have improved Ramaré’s upper bound
for )~ % in Lemma 3.9 and optimized the key parameters, o, 8; and &, with

selected values provided in Tables A.7 and A.11. There are other small adjustments

that improve the result.

We extend the zero density result to one which is valid on intervals, improving upon
the previous work by Fiori, Kadiri and Swidinsky [8]. (See Corollary 4.50 and 4.51

and it’s corresponding Tables A.7 and A.11).

* For the version obtained from Table 4.2 we used the sub-Weyl bounds for the zeta
function on the half-line by Patel and Yang [33]. This version strengthens the zero
density result for larger values of 73, (See Remark 4.48). Similar to the first version,
we extended this version of the zero density result to one which is valid on intervals.

(See Corollary 4.54 and table of values in A.9).
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5. CONCLUSIONS AND FUTURE WORK

Beyond the numerical improvements, an essential contribution of our thesis is the structural
reorganization of the proof. By breaking down the argument in to key components and per-
forming the zero density result in a general form, we provide a clear pathway for finding an
explicit zero density result for other L-functions. The main requirement to do this for other
L-functions is finding an upper bounds on the half line, and analyzing the corresponding
arithmetic sums.

In terms of potential future work there are still several potential sources of improve-

ments:
* Using different mollifiers, which potentially we can save a logarithmic factor,

» Using a more sophisticated weight functions, which could save up to factor of 1.46

on dominant term, that is the U, (as suggested by Remark 2.26.)
* Improving the bounds for the zeta function,
* Refining some of the arithmetic sums, for instance we mentioned one in Remark 3.7.

* Improving the secondary error term for the second and third integrals by several op-

tions.
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Appendix A
Calculations

We present calculations illustrating Theorem 4.46, Remark 4.47 and Corollaries 4.50 and
4.54 based on different values of Tables 4.1 and 4.2.

The values in tables were computed using Python with the SymPy and NumPy libraries.
The computations were performed with code available on GitHub:

https://github.com/golnoushfarzan/Thesis

During the computations, all parameters, o, d;, 0, and | were optimized. The values
presented in the table are rounded and the output values U and ¥ are all rounded up.
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A. CALCULATIONS

Table A.1: Sample of values for equations (4.165) and (4.166). These values are for Ty =
3-10'2 and Hy =3-10'2. We use u= 1+ %‘”‘;((X) with k = 2 and n approximately
0.20341. The sub-convexity bound corresponds to table 4.1. In particular for each row for

81— _
all Ty > Ho and T > Ty we have N(6,T1,T3) < UTy " log T"2°) + 4/(log 13)?

c o o1 5, u v

0.750 0.409355 0.382366 0.358985  3.436480 3.868940
0.760 0.398079 0.381098 0.358549  3.637080 3.790960
0.770 0.386811 0.379884 0.358105  3.848100 3.712980
0.780 0.375555 0.378717 0.357650  4.069980 3.635000
0.790 0.364310 0.377590 0.357185  4.303130 3.557020
0.800 0.353077 0.376495 0.356708  4.547990 3.479040
0.810 0.341859 0.375429 0.356220  4.804980 3.401060
0.820 0.330658 0.374386 0.355718  5.074550 3.323090
0.830 0.319477 0.373362 0.355203  5.357110 3.245110
0.840 0.308317 0.372354 0.354673  5.653090 3.167130
0.850 0.297181 0.371354 0.354126  5.962890 3.089150
0.860 0.286072 0.370364 0.353563  6.286900 3.011170
0.870 0.274994 0.369378 0.352982  6.625510 2.933190
0.880 0.263951 0.368393 0.352382  6.979070 2.855210
0.890 0.252947 0.367406 0.351761  7.347900 2.777240
0.900 0.241987 0.366414 0.351117  7.732300 2.699260
0910 0.231077 0.365414 0.350450  8.132490 2.621280
0.920 0.220223 0.364403 0.349758  8.548700 2.543300
0.930 0.209432 0.363378 0.349037  8.981040 2.465320
0.940 0.198714 0.362337 0.348289  9.429580 2.387340
0.950 0.188078 0.361274 0.347508  9.894320 2.309360
0.960 0.177534 0.360188 0.346693 10.375150 2.231390
0.970 0.167096 0.359076 0.345841 10.871850 2.153410
0.980 0.156779 0.357933 0.344950 11.384100 2.075430
0.990 0.146600 0.356755 0.344016 11.911420 1.997450
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A. CALCULATIONS

Table A.2: Sample of values for equations (4.165) and (4.166). These values are for Ty =
3-10' and Hy = 3-10'2. We use u =1+ %oi(x) with k£ = 2 and n approximately
0.0598. The sub-convexity bound corresponds to table 4.1. In particular for each row for

81— _
all Ty > Ho and T > Ty we have N(5,T1,T3) < UTy " log T5 2 + 4/(log 3)2.

c o o1 S, u v

0.750 0.359348 0.373249 0.370307 2.903130 2.159860
0.760 0.347236 0.373090 0.370239 3.070630 2.087520
0.770 0.335160 0.372935 0.370169 3.246390 2.015190
0.780 0.323123 0.372782 0.370095 3.430670 1.942850
0.790 0.311128 0.372633 0.370021 3.623740 1.870510
0.800 0.299178 0.372487 0.369944 3.825840 1.798180
0.810 0.287279 0.372342 0.369864 4.037220 1.725840
0.820 0.275433 0.372198 0.369781 4.258090 1.653510
0.830 0.263646 0.372055 0.369695 4.488660 1.581170
0.840 0.251924 0.371912 0.369605 4.729110 1.508830
0.850 0.240272 0.371769 0.369511 4.979580 1.436500
0.860 0.228699 0.371624 0.369414 5.240200 1.364160
0.870 0.217211 0.371477 0.369313 5.511030 1.291830
0.880 0.205819 0.371329 0.369206 5.792100 1.219490
0.890 0.194532 0.371178 0.369096 6.083390 1.147150
0.900 0.183363 0.371027 0.368980 6.384820 1.074820
0910 0.172323 0.370867 0.368857 6.696220 1.002480
0.920 0.161432 0.370706 0.368729 7.017350 0.930150
0.930 0.150703 0.370540 0.368595 7.347880 0.857810
0.940 0.140161 0.370367 0.368453 7.687400 0.785480
0.950 0.129827 0.370189 0.368303 8.035340 0.713140
0.960 0.119727 0.370004 0.368144 8.391050 0.640800
0.970 0.109892 0.369810 0.367977 8.753740 0.568470
0.980 0.100357 0.369610 0.367798 9.122440 0.496130
0.990 0.091160 0.369400 0.367610 9.496080 0.423800
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A. CALCULATIONS

Table A.3: Sample of values for equations (4.168) and (4.169). These values are for Ty =

3-10'2 and Hy = 3 - 102,

We use u=1+

logX

kloglog(X)

with k = 2 and n approximately

0.20341. The sub-Weyl bound corresponds to table 4.2. In particular for each row for all

%(1—6)

T\ > Hp and T, > Ty we have N(o,T1,T>) < UT,

log TZ(ZGH) + V(logT)?

9

(0

o1

R

u

%

0.750
0.760
0.770
0.780
0.790
0.800
0.810
0.820
0.830
0.840
0.850
0.860
0.870
0.880
0.890
0.900
0.910
0.920
0.930
0.940
0.950
0.960
0.970
0.980
0.990

0.350851
0.339864
0.328896
0.317947
0.307018
0.296112
0.285234
0.274385
0.263570
0.252792
0.242055
0.231366
0.220728
0.210154
0.199645
0.189211
0.178864
0.168614
0.158474
0.148461
0.138589
0.128882
0.119360
0.110050
0.100983

0.306917
0.306805
0.306689
0.306570
0.306447
0.306319
0.306188
0.306052
0.305911
0.305766
0.305614
0.305456
0.305296
0.305123
0.304944
0.304760
0.304567
0.304365
0.304153
0.303931
0.303698
0.303453
0.303196
0.302925
0.302640

0.321834
0.321702
0.321565
0.321425
0.321280
0.321130
0.320975
0.320815
0.320649
0.320477
0.320299
0.320112
0.319920
0.319719
0.319509
0.319290
0.319061
0.318821
0.318570
0.318306
0.318029
0.317738
0.317431
0.317108
0.316767

427.731850
375.935260
330.287930
290.071730
254.651200
223.464170
196.013420
171.859270
150.612980
131.930970
115.509600
101.080630
88.407130
77.279870
67.514150
58.946940
51.434400
44.849640
39.080770
34.029120
29.607760
25.740080
22.358590
19.403900
16.823700

3.868940
3.790960
3.712980
3.635000
3.557020
3.479040
3.401060
3.323090
3.245110
3.167130
3.089150
3.011170
2.933190
2.855210
2.777240
2.699260
2.621280
2.543300
2.465320
2.387340
2.309360
2.231390
2.153410
2.075430
1.997450
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A. CALCULATIONS

Table A.4: Sample of values for equations (4.168) and (4.169). These values are for Ty =

3-10' and Hy = 3-10'2. We use u =1+

logX

kloglog(X)

with k£ = 2 and n approximately

0.0598. The sub-Weyl bound corresponds to table 4.2. In particular for each row for all
109 (1
T\ > Hp and T, > Ty we have N(c,T1,T>) < UT," (1-0) log TZ(ZGH) + 1V (logT»)?

(&) o 81 82 u v
0.750 0.351352 0.365426 0.368308 315.111530 2.159860
0.760 0.339313 0.365402 0.368282 276.386650 2.087520
0.770 0.327312 0.365378 0.368256 242.314410 2.015190
0.780 0.315351 0.365352 0.368229 212.346280 1.942850
0.790 0.303433 0.365325 0.368201 185.997340 1.870510
0.800 0.291563 0.365298 0.368172 162.839030 1.798180
0.810 0.279744 0.365270 0.368143 142.492670 1.725840
0.820 0.267981 0.365240 0.368111 124.623760 1.653510
0.830 0.256277 0.365208 0.368084 108.936910 1.581170
0.840 0.244644 0.365178 0.368048  95.171320 1.508830
0.850 0.233083 0.365147 0.368010  83.096790 1.436500
0.860 0.221604 0.365112 0.367975  72.510200 1.364160
0.870 0.210214 0.365076 0.367937  63.232370 1.291830
0.880 0.198923 0.365039 0.367898  55.105310 1.219490
0.890 0.187743 0.365001 0.367857  47.989690 1.147150
0.900 0.176687 0.364960 0.367814  41.762760 1.074820
0.910 0.165767 0.364917 0.367767  36.316330 1.002480
0.920 0.155003 0.364874 0.367720  31.555150 0.930150
0.930 0.144411 0.364827 0.367671  27.395320 0.857810
0.940 0.134015 0.364777 0.367618  23.763010 0.785480
0.950 0.123839 0.364727 0.367562  20.593280 0.713140
0.960 0.113912 0.364675 0.367502  17.828980 0.640800
0.970 0.104265 0.364617 0.367441  15.419900 0.568470
0.980 0.094935 0.364560 0.367372  13.321880 0.496130
0.990 0.085963 0.364495 0.367306  11.496170 0.423800
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A. CALCULATIONS

Table A.5: Sample of values for equations (4.171) and (4.172). These values are for Ty =
3-10'2 and Hy =3-10'2. We use u= 1+ %‘”‘;((X) with k = 2 and n approximately
0.20341. The sub-convexity bound corresponds to table 4.3. In particular for each row for

81— _
all Ty > Ho and T > Ty we have N(6,T1,T3) < UTy " log T"2°) + 4/(log 13)?

c o o1 5, u v

0.750 0.405202 0.382421 0.359032  3.395870 3.868940
0.760 0.394087 0.381157 0.358600  3.595230 3.790960
0.770  0.382980 0.379947 0.358159  3.805060 3.712980
0.780 0.371884 0.378784 0.357708  4.025770 3.635000
0.790 0.360799 0.377662 0.357248  4.257810 3.557020
0.800 0.349727 0.376571 0.356774  4.501620 3.479040
0.810 0.338669 0.375510 0.356292  4.757650 3.401060
0.820 0.327628 0.374472 0.355794  5.026350 3.323090
0.830 0.316607 0.373453 0.355283  5.308140 3.245110
0.840 0.305606 0.372449 0.354758  5.603480 3.167130
0.850 0.294629 0.371456 0.354217  5.912800 3.089150
0.860 0.283679 0.370471 0.353659  6.236500 3.011170
0.870 0.272760 0.369491 0.353084  6.574990 2.933190
0.880 0.261875 0.368513 0.352490  6.928650 2.855210
0.890 0.251028 0.367532 0.351876  7.297830 2.777240
0.900 0.240225 0.366548 0.351239  7.682850 2.699260
0910 0.229472 0.365554 0.350578  8.084000 2.621280
0.920 0.218772 0.364553 0.349895  8.501510 2.543300
0.930 0.208136 0.363536 0.349183  8.935560 2.465320
0.940 0.197571 0.362505 0.348443  9.386250 2.387340
0.950 0.187086 0.361452 0.347672  9.853620 2.309360
0.960 0.176693 0.360378 0.346867 10.337620 2.231390
0.970 0.166404 0.359277 0.346026 10.838100 2.153410
0.980 0.156232 0.358147 0.345148 11.354780 2.075430
0.990 0.146194 0.356982 0.344226 11.887270 1.997450
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A. CALCULATIONS

Table A.6: Sample of values for equations (4.171) and (4.172). These values are for Ty =
3-10' and Hy = 3-10'2. We use u =1+ %oi(x) with k£ = 2 and n approximately
0.0598. The sub-convexity bound corresponds to table 4.3. In particular for each row for

81— _
all Ty > Ho and T > Ty we have N(5,T1,T3) < UTy " log T5 2 + 4/(log 3)2.

c o o1 S, u v

0.750 0.359288 0.373786 0.370835 2.318590 2.159860
0.760 0.347180 0.373624 0.370768 2.474240 2.087520
0.770 0.335106 0.373470 0.370697 2.639180 2.015190
0.780 0.323072 0.373318 0.370624 2.813870 1.942850
0.790 0.311080 0.373168 0.370549 2.998720 1.870510
0.800 0.299134 0.373021 0.370471 3.194200 1.798180
0.810 0.287237 0.372876 0.370390 3.400740 1.725840
0.820 0.275394 0.372732 0.370308 3.618770 1.653510
0.830 0.263610 0.372589 0.370221 3.848740 1.581170
0.840 0.251891 0.372445 0.370131 4.091070 1.508830
0.850 0.240243 0.372302 0.370039 4.346170 1.436500
0.860 0.228672 0.372155 0.369940 4.614430 1.364160
0.870 0.217188 0.372010 0.369838 4.896200 1.291830
0.880 0.205798 0.371862 0.369732 5.191810 1.219490
0.890 0.194514 0371711 0.369621 5.501550 1.147150
0.900 0.183348 0.371557 0.369505 5.825650 1.074820
0910 0.172312 0.371398 0.369382 6.164270 1.002480
0.920 0.161422 0.371237 0.369254 6.517520 0.930150
0.930 0.150697 0.371069 0.369118 6.885390 0.857810
0.940 0.140158 0.370896 0.368976 7.267790 0.785480
0.950 0.129826 0.370717 0.368826 7.664520 0.713140
0.960 0.119728 0.370532 0.368666 8.075230 0.640800
0.970 0.109896 0.370338 0.368498 8.499420 0.568470
0.980 0.100364 0.370137 0.368319 8.936450 0.496130
0.990 0.091168 0.369925 0.368131 9.385490 0.423800
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A. CALCULATIONS

Table A.7: Sample of values for equations (4.165) and (4.166). These values are for Ty =

3-10'2 and Ho =3-10'2. We use = 1+ 1285 with k = 2 and m approximately 0.20341.
The sub-convexity bound corresponds to table 4.1. In particular for each row for all ¢ €

$(1— _
[6},65]. T > Hy and T» > Ty we have N(0,7;,T») < ‘UT23(1 °) log Tz(5 20) V(logTz)?

o) c) o o1 5, u vV

0.750 0.760 0.398079 0.381098 0.358549  3.637080 3.868940
0.760 0.770 0.386811 0.379884 0.358105  3.848100 3.790960
0.770 0.780 0.375555 0.378717 0.357650  4.069980 3.712980
0.780 0.790 0.364310 0.377590 0.357185  4.303130 3.635000
0.790 0.800 0.353077 0.376495 0.356707  4.547990 3.557020
0.800 0.810 0.341859 0.375429 0.356220  4.804980 3.479040
0.810 0.820 0.330658 0.374386 0.355718  5.074550 3.401060
0.820 0.830 0.319477 0.373363 0.355203  5.357110 3.323090
0.830 0.840 0.308317 0.372354 0.354673  5.653090 3.245110
0.840 0.850 0.297181 0.371355 0.354126  5.962890 3.167130
0.850 0.860 0.286072 0.370364 0.353563  6.286900 3.089150
0.860 0.870 0.274994 0.369378 0.352982  6.625510 3.011170
0.870 0.880 0.263951 0.368393 0.352382  6.979070 2.933190
0.880 0.890 0.252947 0.367406 0.351761  7.347900 2.855210
0.890 0.900 0.241987 0.366413 0.351117  7.732300 2.777240
0.900 0910 0.231077 0.365414 0.350450  8.132490 2.699260
0910 0.920 0.220223 0.364403 0.349758  8.548700 2.621280
0.920 0.930 0.209432 0.363378 0.349037  8.981040 2.543300
0.930 0940 0.198714 0.362337 0.348289  9.429580 2.465320
0.940 0.950 0.188078 0.361274 0.347508  9.894320 2.387340
0.950 0.960 0.177534 0.360188 0.346693 10.375150 2.309360
0.960 0.970 0.167096 0.359076 0.345841 10.871850 2.231390
0970 0.980 0.156779 0.357933 0.344950 11.384100 2.153410
0.980 0.990 0.146600 0.356755 0.344016 11.911420 2.075430
0.990 0.991 0.145590 0.356634 0.343920 11.964960 1.997450
0991 0.992 0.144583 0.356515 0.343824 12.018640 1.989650
0.992 0993 0.143576 0.356395 0.343727 12.072470 1.981850
0.993 0.994 0.142571 0.356274 0.343630 12.126440 1.974060
0.994 0995 0.141568 0.356153 0.343533 12.180550 1.966260
0.995 0.996 0.140567 0.356031 0.343434 12.234800 1.958460
0.996 0.997 0.139567 0.355909 0.343336 12.289190 1.950660
0.997 0.998 0.138569 0.355786 0.343236 12.343720 1.942860
0.998 0.999 0.137573 0.355663 0.343137 12.398390 1.935070
0.999 1.000 0.136578 0.355540 0.343037 12.453200 1.927270
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A. CALCULATIONS

Table A.8: Sample of values for equations (4.165) and (4.166). These values are for Ty =

3-101% and Hy =3-10'2. Weuse u= 1+ %Oi(x) with k = 2 and 1 approximately 0.0598.
The sub-convexity bound corresponds to table 4.1. In particular for each row for all ¢ €

$(1— _
[6},65]. T > Hy and T» > Ty we have N(0,7;,T») < ‘UT23(1 °) log Tz(5 20) V(logT)>.

o) o) o o1 5, u vV

0.750 0.760 0.347236 0.373090 0.370239 3.070630 2.159860
0.760 0.770 0.335160 0.372935 0.370169 3.246390 2.087520
0.770 0.780 0.323123 0.372782 0.370095 3.430670 2.015190
0.780 0.790 0.311128 0.372633 0.370021 3.623740 1.942850
0.790 0.800 0.299178 0.372487 0.369944 3.825840 1.870510
0.800 0.810 0.287279 0.372342 0.369864 4.037220 1.798180
0.810 0.820 0.275433 0.372198 0.369781 4.258090 1.725840
0.820 0.830 0.263646 0.372055 0.369695 4.488660 1.653510
0.830 0.840 0.251924 0.371912 0.369605 4.729110 1.581170
0.840 0.850 0.240272 0.371769 0.369511 4.979580 1.508830
0.850 0.860 0.228699 0.371624 0.369414 5.240200 1.436500
0.860 0.870 0.217211 0.371477 0.369313 5.511030 1.364160
0.870 0.880 0.205819 0.371329 0.369206 5.792100 1.291830
0.880 0.890 0.194532 0.371178 0.369096 6.083390 1.219490
0.890 0.900 0.183363 0.371027 0.368980 6.384820 1.147150
0.900 0910 0.172323 0.370867 0.368857 6.696220 1.074820
0.910 0920 0.161432 0.370706 0.368729 7.017350 1.002480
0.920 0.930 0.150703 0.370540 0.368595 7.347880 0.930150
0.930 0.940 0.140161 0.370367 0.368452 7.687400 0.857810
0.940 0.950 0.129827 0.370189 0.368303 8.035340 0.785480
0.950 0.960 0.119727 0.370004 0.368144 8.391050 0.713140
0.960 0.970 0.109892 0.369810 0.367977 8.753740 0.640800
0.970 0.980 0.100357 0.369610 0.367798 9.122440 0.568470
0.980 0.990 0.091160 0.369399 0.367610 9.496080 0.496130
0.990 0.991 0.090260 0.369378 0.367591 9.533670 0.423800
0991 0.992 0.089364 0.369356 0.367572 9.571300 0.416560
0.992 0993 0.088472 0.369333 0.367553 9.608950 0.409330
0.993 0.994 0.087584 0.369311 0.367534 9.646650 0.402090
0.994 0.995 0.086700 0.369288 0.367515 9.684370 0.394860
0.995 0.996 0.085820 0.369267 0.367494 9.722120 0.387630
0.996 0.997 0.084943 0.369244 0.367475 9.759910 0.380390
0.997 0.998 0.084072 0.369221 0.367454 9.797720 0.373160
0.998 0.999 0.083204 0.369199 0.367435 9.835550 0.365930
0.999 1.000 0.082340 0.369176 0.367415 9.873410 0.358690
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A. CALCULATIONS

Table A.9: Sample of values for equations (4.168) and (4.169). These values are for Ty =

3-10'2 and Ho =3-10'2. We use = 1+ 18850 with k =2 and m approximately 0.20341.

The sub-Weyl bound corresponds to table 4.2. In particular for each row for all 6 € [0],0%],

109 1 _
T\ > Ho and T > Ty we have N(c,T1,T») < UT," (1-0) log T2(2c5+1) + V(log T2)2.

0/1 6,2 o 61 62 u Vv

0.750 0.760 0.349069 0.203710 0.322351 521.416920 3.868940
0.760 0.770 0.338145 0.211061 0.322133 453.844500 3.790960
0.770 0.780 0.327247 0.218322 0.321922 394.641360 3.712980
0.780 0.790 0.316377 0.225495 0.321715 342.830970 3.635000
0.790 0.800 0.305537 0.232580 0.321513 297.540800 3.557020
0.800 0.810 0.294731 0.239572 0.321314 257.992980 3.479040
0.810 0.820 0.283958 0.246487 0.321117 223.495550 3.401060
0.820 0.830 0.273224 0.253308 0.320919 193.434130 3.323090
0.830 0.840 0.262531 0.260042 0.320723 167.264270 3.245110
0.840 0.850 0.251883 0.266690 0.320526 144.504260 3.167130
0.850 0.860 0.241284 0.273251 0.320329 124.728600 3.089150
0.860 0.870 0.230738 0.279727 0.320129 107.562030 3.011170
0.870 0.880 0.220252 0.286115 0.319926  92.674010 2.933190
0.880 0.890 0.209830 0.292417 0.319719  79.773840 2.855210
0.890 0.900 0.199481 0.298633 0.319507  68.606160 2.777240
0.900 0910 0.189211 0.304761 0.319290  58.946940 2.699260
0910 0.920 0.179032 0.310799 0.319066  50.599850 2.621280
0.920 0.930 0.168952 0.316751 0.318836  43.393050 2.543300
0.930 0.940 0.158982 0.322612 0.318595  37.176280 2.465320
0.940 0.950 0.149139 0.328382 0.318347  31.818330 2.387340
0.950 0.960 0.139437 0.334061 0.318087  27.204690 2.309360
0.960 0.970 0.129895 0.339646 0.317816  23.235550 2.231390
0.970 0.980 0.120533 0.345136 0.317532  19.824020 2.153410
0.980 0.990 0.111375 0.350529 0.317234  16.894490 2.075430
0.990 0.991 0.102451 0.355824 0.316921  14.381250 1.997450
0.991 0.992 0.101572 0.356348 0.316889  14.150560 1.989650
0.992 0.993 0.100696 0.356871 0.316857  13.923400 1.981850
0.993 0.994 0.099823 0.357393 0.316824  13.699720 1.974060
0.994 0.995 0.098952 0.357914 0.316792  13.479470 1.966260
0.995 0.996 0.098084 0.358434 0.316759  13.262600 1.958460
0.996 0.997 0.097219 0.358953 0.316726  13.049060 1.950660
0.997 0.998 0.096357 0.359471 0.316693  12.838810 1.942860
0.998 0.999 0.095498 0.359987 0.316660  12.631780 1.935070
0.999 1.000 0.094641 0.360503 0.316626  12.427940 1.927270
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A. CALCULATIONS

Table A.10: Sample of values for equations (4.168) and (4.169). These values are for Ty =

3.101% and Hy =3-10'2. Weuse u= 1+ %O)g((x) with k = 2 and 1 approximately 0.0598.

The sub-Weyl bound corresponds to table 4.2. In particular for each row for all 6 € [0],0%],

109 1 _
T\ > Ho and T > Ty we have N(c,T1,T») < UT," (1-0) log T2(2c5+1) + V(log T2)2.

0/1 6,2 o 61 62 u Vv

0.750 0.760 0.351015 0.230516 0.368415 396.383090 2.159860
0.760 0.770 0.338988 0.239602 0.368373 343.930590 2.087520
0.770 0.780 0.327000 0.248671 0.368332 298.066010 2.015190
0.780 0.790 0.315053 0.257724 0.368293 258.015930 1.942850
0.790 0.800 0.303152 0.266760 0.368253 223.089040 1.870510
0.800 0.810 0.291300 0.275778 0.368214 192.668870 1.798180
0.810 0.820 0.279501 0.284779 0.368176 166.206990 1.725840
0.820 0.830 0.267759 0.293763 0.368137 143.216520 1.653510
0.830 0.840 0.256081 0.302729 0.368098 123.266070 1.581170
0.840 0.850 0.244470 0.311676 0.368059 105.974180 1.508830
0.850 0.860 0.232935 0.320605 0.368020  91.004090 1.436500
0.860 0.870 0.221483 0.329517 0.367982  78.059050 1.364160
0.870 0.880 0.210122 0.338407 0.367939  66.877980 1.291830
0.880 0.890 0.198861 0.347278 0.367899  57.231520 1.219490
0.890 0.900 0.187709 0.356129 0.367856  48.918510 1.147150
0.900 0910 0.176687 0.364960 0.367814  41.762760 1.074820
0910 0.920 0.165800 0.373770 0.367769  35.610160 1.002480
0.920 0.930 0.155068 0.382559 0.367722  30.326140 0.930150
0.930 0.940 0.144509 0.391325 0.367674  25.793270 0.857810
0.940 0.950 0.134146 0.400068 0.367624  21.909290 0.785480
0.950 0.960 0.124002 0.408788 0.367572  18.585210 0.713140
0960 0970 0.114105 0.417484 0.367517  15.743710 0.640800
0.970 0.980 0.104489 0.426155 0.367459  13.317680 0.568470
0.980 0.990 0.095186 0.434800 0.367399  11.248940 0.496130
0.990 0.991 0.086237 0.443418 0.367335 9.487140 0.423800
0.991 0.992 0.085363 0.444278 0.367329 9.326110 0.416560
0.992 0.993 0.084494 0.445138 0.367322 9.167670 0.409330
0.993 0.994 0.083628 0.445998 0.367316 9.011780 0.402090
0.994 0.995 0.082766 0.446857 0.367309 8.858400 0.394860
0.995 0.996 0.081908 0.447717 0.367302 8.707490 0.387630
0.996 0.997 0.081055 0.448575 0.367296 8.559010 0.380390
0.997 0.998 0.080206 0.449434 0.367289 8.412940 0.373160
0.998 0.999 0.079361 0.450292 0.367282 8.269220 0.365930
0.999 1.000 0.078520 0.451151 0.367276 8.127820 0.358690
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A. CALCULATIONS

Table A.11: Sample of values for equations (4.171) and (4.172). These values are for

To=3-10"2 and Hy = 3-10'>. Weuse u =1+ %ng) with k = 2 and M approximately

0.20341. The sub-convexity bound corresponds to table 4.3. In particular for each row
§ - —

for all ¢ € [6},0%], T > Hy and T» > Ty we have N(o,7;,T3) < ‘llT23(l o) logTz(S 20)

V(logT»)?

o o) o ] & U 14

0.750 0.760 0.394087 0.381157 0.358600  3.595230 3.868940
0.760 0.770 0.382980 0.379947 0.358159  3.805060 3.790960
0.770 0.780 0.371885 0.378784 0.357709  4.025770 3.712980
0.780 0.790 0.360799 0.377662 0.357248  4.257810 3.635000
0.790 0.800 0.349727 0.376571 0.356774  4.501620 3.557020
0.800 0.810 0.338669 0.375510 0.356291  4.757650 3.479040
0.810 0.820 0.327628 0.374472 0.355794  5.026350 3.401060
0.820 0.830 0.316607 0.373453 0.355283  5.308140 3.323090
0.830 0.840 0.305606 0.372450 0.354758  5.603480 3.245110
0.840 0.850 0.294629 0.371456 0.354217  5.912800 3.167130
0.850 0.860 0.283679 0.370471 0.353659  6.236500 3.089150
0.860 0.870 0.272760 0.369491 0.353084  6.574990 3.011170
0.870 0.880 0.261875 0.368512 0.352490  6.928650 2.933190
0.880 0.890 0.251028 0.367532 0.351875  7.297830 2.855210
0.890 0.900 0.240225 0.366548 0.351239  7.682850 2.777240
0.900 0910 0.229471 0.365555 0.350579  8.084000 2.699260
0910 0.920 0.218772 0.364553 0.349895  8.501510 2.621280
0.920 0.930 0.208136 0.363537 0.349183  8.935560 2.543300
0.930 0.940 0.197571 0.362505 0.348443  9.386250 2.465320
0940 0.950 0.187086 0.361452 0.347672  9.853620 2.387340
0.950 0.960 0.176693 0.360378 0.346867 10.337620 2.309360
0.960 0.970 0.166403 0.359277 0.346027 10.838100 2.231390
0970 0.980 0.156232 0.358147 0.345148 11.354780 2.153410
0.980 0.990 0.146194 0.356982 0.344226 11.887270 2.075430
0.990 0.991 0.145199 0.356864 0.344133 11.941370 1.997450
0.991 0.992 0.144206 0.356746 0.344038 11.995620 1.989650
0.992 0.993 0.143213 0.356627 0.343943 12.050020 1.981850
0.993 0.994 0.142222 0.356508 0.343847 12.104580 1.974060
0.994 0995 0.141233 0.356388 0.343751 12.159280 1.966260
0.995 0.996 0.140246 0.356268 0.343654 12.214130 1.958460
0.996 0.997 0.139260 0.356147 0.343557 12.269130 1.950660
0.997 0.998 0.138276 0.356026 0.343459 12.324280 1.942860
0.998 0.999 0.137293 0.355905 0.343361 12.379580 1.935070
0.999 1.000 0.136314 0.355784 0.343261 12.435020 1.927270
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A. CALCULATIONS

Table A.12: Sample of values for equations (4.171) and (4.172). These values are for Tp =

3-101% and Hy =3-10'2. Weuse u= 1+ %Oi(x) with k = 2 and 1 approximately 0.0598.
The sub-convexity bound corresponds to table 4.3. In particular for each row for all ¢ €

$(1— _
[6},65]. T > Hy and T» > Ty we have N(0,7;,T») < ‘UT23(1 °) log Tz(5 20) V(logTz)?

o) o) o S ) U v

0.750 0.760 0.347180 0.373625 0.370768 2.474240 2.159860
0.760 0.770 0.335106 0.373469 0.370697 2.639180 2.087520
0.770 0.780 0.323072 0.373318 0.370623 2.813870 2.015190
0.780 0.790 0.311061 0.373170 0.370548 2.998720 1.942850
0.790 0.800 0.299134 0.373021 0.370471 3.194200 1.870510
0.800 0.810 0.287237 0.372876 0.370391 3.400740 1.798180
0.810 0.820 0.275394 0.372732 0.370308 3.618770 1.725840
0.820 0.830 0.263610 0.372589 0.370221 3.848740 1.653510
0.830 0.840 0.251891 0.372445 0.370131 4.091070 1.581170
0.840 0.850 0.240242 0.372299 0.370038 4.346170 1.508830
0.850 0.860 0.228672 0.372157 0.369940 4.614430 1.436500
0.860 0.870 0.217188 0.372010 0.369839 4.896200 1.364160
0.870 0.880 0.205798 0.371861 0.369732 5.191810 1.291830
0.880 0.890 0.194514 0.371711 0.369621 5.501550 1.219490
0.890 0.900 0.183348 0.371557 0.369505 5.825650 1.147150
0.900 0910 0.172312 0.371398 0.369381 6.164270 1.074820
0.910 0920 0.161422 0.371237 0.369254 6.517520 1.002480
0.920 0.930 0.150697 0.371069 0.369118 6.885390 0.930150
0.930 0.940 0.140158 0.370896 0.368976 7.267790 0.857810
0.940 0.950 0.129826 0.370717 0.368826 7.664520 0.785480
0.950 0.960 0.119728 0.370532 0.368667 8.075230 0.713140
0.960 0.970 0.109896 0.370338 0.368499 8.499420 0.640800
0970 0.980 0.100364 0.370137 0.368320 8.936450 0.568470
0.980 0.990 0.091168 0.369926 0.368132 9.385490 0.496130
0.990 0.991 0.090268 0.369904 0.368113 9.431010 0.423800
0991 0.992 0.089373 0.369882 0.368093 9.476650 0.416560
0.992 0993 0.088481 0.369859 0.368075 9.522390 0.409330
0.993 0.994 0.087593 0.369837 0.368055 9.568240 0.402090
0.994 0.995 0.086709 0.369815 0.368035 9.614190 0.394860
0.995 0.996 0.085829 0.369793 0.368016 9.660250 0.387630
0.996 0.997 0.084953 0.369770 0.367996 9.706410 0.380390
0.997 0.998 0.084081 0.369748 0.367976 9.752680 0.373160
0.998 0.999 0.083214 0.369725 0.367956 9.799040 0.365930
0.999 1.000 0.082350 0.369701 0.367936 9.845510 0.358690
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