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Abstract

This thesis is an examination of the theory of association schemes. A part of this thesis
focuses on the relation between association schemes and different combinatorial objects.
Special attention is paid to the notion of Bose-Mesner algebra of an association scheme,
which leads us to eigenmatrices, Krein matrices, and intersection matrices. It is shown that
if an association scheme is imprimitive, it can be used to generate a quotient association
scheme. Different constructions are used to generate association schemes. This thesis
explains how to generate a new class of association schemes from mutually unbiased Bush-
type Hadamard matrices (abbreviated as MUBH). This class of association schemes leads to
an upper bound on the number of mutually unbiased Bush-type Hadamard matrices. Lastly,

the existence of this class of association schemes results in the existence of sets of MUBH.
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Chapter 1

Introduction

1.1 Background

This thesis is mainly concerned with association schemes. The concept of association
schemes was originally introduced by Bose and Shimamoto [4] in the design of statistical
experiments. The theory of association schemes arose in statistics, in the study of group
actions, in algebraic graph theory, and in algebraic coding theory, and has seen used in knot
theory and numerical integration.

The algebraic theory of the association scheme constitutes a special case of the coherent
configuration introduced by Higman [9]. The case of association schemes we are focusing
on is called symmetric association schemes, which results in the commutative case. This
case has drawn much attention in the last few decades [1, 5, 20, 21].

We studied the concept of association schemes and analysed how this notion is related
to distance-regular graphs, symmetric block designs, Hadamard matrices, and Bush-type
Hadamard matrices. Holzmann and Kharaghani have shown that Hadamard matrices and
Bush-type Hadamard matrices can be used to generate association schemes [11].

As mentioned in [23], Hadamard matrices of order 12 and 20 were found in 1893 [8].
Prior to that in a seminal paper [25] published in 1857, such matrices are found for all orders
that are powers of two. Hadamard [8] proved that matrices with entries +1 and maximal
determinant could exist only for orders 1, 2, and 4z.

The concept of Bush-type Hadamard matrices is an specific case of regular Hadamard
matrices [22]. Bush-type Hadamard matrices have various applications in different areas.
Kharaghani and his co-workers [13, 14, 15, 17] showed that these matrices can be used to

construct symmetric designs and strongly regular graphs.
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There is an interesting combinatorial application for normalized Hadamard matrices of
order 2n to construct Bush-type Hadamard matrices of order 4n2, which is introduced for
the first time by Kharaghani [16]. It is open question whether such matrices of order 4n>
exist for odd integer n greater than one.

The method introduced by this thesis is to construct 5-class association schemes us-
ing mutually unbiased Bush-type Hadamard matrices. Upgrading these 5-class association
schemes by evaluating Krein parameters in [18], Kharaghani, Sasani and Suda proved an
upper bound for the number of mutually unbiased Bush-type Hadamard matrices of order
4n?; they also generated a set of mutually unbiased Bush-type Hadamard matrices from the

5-class association schemes [18].

1.2 Outline

Here we discuss briefly what follows in the succeeding chapters. Section 2.1 is com-
prised of an overview of the definitions and concepts required for our field of study. In
Section 2.2, we describe three definitions of the concept of association schemes that are
helpful in providing different aspects of the subject under consideration.

In Section 2.3, we describe how Mathon [21] used symmetric block designs to produce
association schemes, and in Section 2.4, we explain how he used Latin squares to generate
3-class association schemes [21].

There is a basis of idempotents for the Bose-Mesner algebra of an association scheme,
which is reviewed in Section 3.1. Then, we define the first and second eigenmatrices of an
association scheme in Section 3.2. Intersection matrices and Krein matrices of an associa-
tion scheme appear in Section 3.3.

There are two interesting association schemes called imprimitive association schemes
and quotient association schemes. They are related to each other and have crucial proper-
ties. We examine them in Sections 3.4 and 3.5, respectively.

We briefly review Hadamard matrices in Section 4.1. In Section 4.2, we define mutu-
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ally unbiased Hadamard matrices, and in Section 4.3, we explain how they can be used to
construct association schemes [11]. In Section 5.1, we study how skew-symmetric Bush-
type Hadamard matrices can be used to make 3-class association schemes whose adjacency
matrices are non-symmetric [7].

In this thesis, 5-class association schemes derived from mutually unbiased Hadamard
matrices are presented. We describe these association schemes in Section 5.2, and in Sec-
tion 5.3, we find all intersection matrices, Krein matrices, and eigenmatrices of the associ-
ation schemes for them.

We examine the upper bound, introduced in [18], for the number of mutually unbiased
Bush-type Hadamard matrices in Section 5.4 and provide an example in which this upper
bound is obtained [12]. In Section 5.5, we explain how in [18], 5-class association schemes

are used to generate a set of mutually unbiased Bush-type Hadamard matrices.



Chapter 2

Introduction to Association Schemes

In this chapter, we study the concept of association schemes. In Section 2.1, we review the
fundamental concepts required for association schemes which can be defined from three
different points of view. In Section 2.2, we review these three different equivalent concepts.
In Section 2.3, we describe how Mathon [21] used symmetric block designs to produce
3-class association schemes. In Section 2.4, we explain how to use Latin squares to create

3-class association schemes [21].

2.1 Preliminary

Let A and B be two algebras over a field F, amap K : A — B is called a homomorphism

if for all @ in F and all x,y € A we have
1. K(ax) = aK(x);
2. K(x+y)=K(x)+K(y); and

3. K(xy) =K(x)K(y).

Distance-regular graphs and strongly regular graphs play crucial roles in the study of asso-
ciation schemes, accordingly we give review on basic definitions from graph theory. Some
definitions are elementary, however, reviewing them helps us to clarify the symbols we are

using. Also see [3] for relevant definitions.

Definition 2.1. A graph G is an ordered pair (V, E) such that E is a subset of the set of the
unordered pairs of V. Each element of V' is called a vertex and each element of E is called

an edge. The edge {x,y} joining x and y is denoted by xy, and it is said that x and y are
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incident with xy, and x and y are adjacent or neighbours of each other. The degree of a
vertex is the number of its neighbours. The graph G is called complete if we have xy € E,

for any two vertices x and y in V.

Definition 2.2. A partition on a set X of points is a set of disjoint subsets of X such that
their union is equal to the whole set X. The characteristic matrix P = P(m) of a partition
n={C,...,C;} of a set X with n elements is the n by k matrix defined as follows:
1 ifieCy;
Pij =
0 otherwise.

A partition T = (Cy,...,Cy) of P is equitable if, for all i and j, the number of neighbours

which a vertex in C; has in the cell C; is independent of the choice of vertex in C; [6].

A graph G’ = (V' E') is called a subgraph of the graph G = (V,E) if V' CV and E' CE.

A subgraph Q of G with r vertices is called r-clique if all its vertices are adjacent.

Definition 2.3. For a given graph G, if degrees of all of its vertices are equal to a constant

k, it is called a k-regular graph or a regular graph of order k.

A path between two vertices x and y of a graph is a sequence of edges {xxo,xox1, ..., Xy}
and it is called an xy-path. The length of a path is the number of edges it includes. For any

two vertices x and y in V, their distance d(x,y) is

min{length of Q : Q is a xy-path}.
The diameter of a graph G is defined to be max, yd(x,y) and is denoted by diam G. For a
vertex x of a given graph G = (V,E), let G;(x) = {u € V|d(x,u) = i}.

Definition 2.4. A k-regular graph G = (V, E) with diameter d is a distance regular graph if
forallx € Vandfori=1,...,d, each u € G;(x) has a; neighbours in G;_; (x), b; neighbours

in G;(x), and ¢; neighbours in G;11(x).
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Definition 2.5. A graph G is strongly regular with parameter (v, k, A, u) if
1. G is a k-regular graph with v vertices;
2. Any two adjacent vertices have A common neighbours;
3. Any two non-adjacent vertices have 4 common neighbours.

A graph of this type will be denoted by SRG(v,k, A, ).

Note that any distance-regular graph with diameter 2 and v vertices is a strongly regular
graph SRG(v,k,by,a;). To get familiar with the theory of block designs, we restate the
definitions of a symmetric block design and a system of linked symmetric block designs

from [21] as follows:

Definition 2.6. A symmetric block design (v,k,A) is a set V of v points and a set B of v

k-subsets of V, called blocks, such that:
1. Any point of V belongs to k blocks;
2. Any two blocks have A common elements;
3. Any two points belong to A blocks.

To form an incidence graph of a symmetric block design (v,k,A), V UB is considered
as the set of vertices, and two vertices are adjacent if and only if one of them is a block and

the other is a point of the block [10].

Definition 2.7. A system of linked symmetric block designs (v,k,\;1,a, ) is a collection

{V1,...,V;} of sets satisfying the following conditions:
1. Any pair {V;,V;} forms a symmetric block design (v,k,A);

2. For any three sets, V;, V;, and Vi, the number of elements x € V; incident with both

y € V;and z € Vj is equal to 0., if y and z are incident, and is equal to 3 otherwise.
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Next we consider Latin squares and orthogonal Latin squares; Refer to [12] for more

details.

Definition 2.8. A Latin square is an n by n array filled with n different symbols, each

occurring exactly once in each row and exactly once in each column.

The following is an example of a Latin square.

Let L = (L;;) and K = (K;;) be two Latin squares. The array R = (R;;), where R;; =
(Lij,K;j) is called L and K superimposed and it is said that one Latin square is superimposed

on the other.

Definition 2.9. A pair of Latin squares A and B of order n is orthogonal if, when superim-

posed, each of the possible n? ordered pairs occurs exactly once.

For example, the following two Latin squares of order 3 are orthogonal .

123 123 (1,1) (2,2) (3,3)
2 3 1 312 2,3) (3,1) (1,2)
312 231 3,2) (1,3) (2,1)

A B A and B superimposed

Definition 2.10. A set of Latin squares is called Mutually Orthogonal Latin Squares if
every pair of Latin squares in the set is orthogonal. They are also called hypergraecolatin

squares and abbreviated as MOLS.

Here, we define suitable Latin square and mutually suitable Latin squares.
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Definition 2.11. Two Latin squares L and K of size n on the symbol set {0, 1,...,n— 1} are
called suitable if every superimposition of each row of L on each row of K results in only

one element of the form (a,a).

Definition 2.12. A set of Latin squares is called Mutually Suitable Latin Squares abbrevi-

ated as MSLS, if every pair of Latin squares in the set is suitable.

Example 2.13. Three mutually suitable Latin squares of size 4 are:

02 31 0312 0123
201 3 3021 1 0 3 2
310 2 ’ 1 203 7 2 301
1 320 2130 3210

The following lemma shows the numbers of MOLS and MSLS are equal.
Lemma 2.14. [12]. There are m MOLS of size n if and only if there are m MSLS of size n.

Proof. Let L and K be two orthogonal Latin squares on {0, 1,...,n— 1} both having their
rows and columns labeled by the set. Let ((i, j),k) denotes the entry at (i, j) position of a
Latin square which is equal to k. Then the transformation ((i, j),k) = ((k, j),i) results in a
pair of suitable Latin squares. The transformation ((k, j),i) = ((i, j), k) implies the reverse

implication. [

It is well known that there are g — 1 MOLS of size ¢ if g is a power of a prime. Moreover,
g — 1 MOLS of size g can be found by taking the non-zero element a in the field with ¢
elements F;, and letting the a-th square have cell at the intersection of the row x and the

column y given by ax+y. We have the following:

Lemma 2.15. Let g be a prime power. There are g — 1 mutually suitable Latin squares of

size q.
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2.2 Equivalent Definitions for an Association Scheme

There are three different versions for definition of an association scheme which provide
various standpoints of association schemes. These three definitions are based on partitions,
graphs, and matrices respectively. In [1], the definition of association schemes are phrased

as follows:

Definition 2.16. The pair (X,S) is called a d-class association scheme if X is a set of n

points, and S = {Ry,...,Ry} is a partition of X x X such that
1. (x,y) € Ry if and only if x = y;
2. Ri =Ry, forsomei =1,...,d, where R, = {(x,y)|(y,x) € Ri};

3. Forall i, j,kin {0,1,...,d} and for all (x,z) € R, we have

{yeX:(ry) € Riand (32) € R} = piY.

If R; is symmetric for all i = 1,...,d, the association scheme is called symmetric. We
mostly deal with symmetric association schemes. In this context, association schemes are

symmetric unless it is explicitly mentioned. The parameters pg.c), 0<1i,j,k <d are called

the intersection numbers of the association scheme.

In Section 5.1, we provide an example of an association scheme whose relations are not
symmetric.

The definition of an association scheme implies that pg.)) =0ifi+# j, and pg.() = p_(il;).
If (x,y) € R;, x is called i-th associate of y and y is also i-th associate of x. Condition (3)

(0)

implies that each element of X has a; = p,;’ i-th associates. The parameter a; is called the

(k)

valency of i-th associate class. If one or more of ,j, and k is equal to zero, the value of p; i

is trivial. Hence, we just focus on pgf) when i, j,k # 0.
Example 2.17. [1]. Let X be a rectangle with p rows and g columns, where p, ¢ > 2. The

classes of the 3-class association scheme are defined as follows:
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Ro={(x,y) :x=y}

Ry ={(x,y) : x, y are in the same row but x # y}

Ry ={(x,y) : x, y are in the same column but x # y}
R3 ={(x,y) : x, y are in different rows and columns}.

This association scheme has v = pg objects and the intersection numbers are as ap-

peared in Table 2.1.

Table 2.1: Intersection numbers of the rectangular association scheme

1 2
aj P,(j) p,(j)
qg—1 q—2 0 0 0 0 q—1
p—1 0 0 p—1 0 p—2 0
(p—1)(q—-1)| 0 p—1 (p—2)(g—1)|qg—1 0 (p—1)(g—2)
3
p,(j)
0 1 qg—2
1 0 p—2
g—2 p—2 (p—2)(qg—2)

This kind of association scheme is called a rectangular association scheme and is de-

noted by R(p,q).

We review two more equivalent definitions of an association scheme provided in [1]. It
is useful to work with graphs to generate association schemes or use association schemes
to make different kind of graphs. Moreover, any association scheme can be considered as

an edge-coloured complete undirected graph.

Definition 2.18. A d-class association scheme (X, S) is an edge-coloured complete undi-

rected graph with a finite vertex set X and d colours such that

1. Every colour is used at least once;

10
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Table 2.2: Intersection numbers of the association scheme derived from a cube

yellow red black
Pij Pij Pij

2. Foralli,j,kin{1,...,d} there is an integer pl(f) such that, whenever xz is an edge of
colour k
{y € X : xy has colour i and yz has colourj}| = pg?);
3. Foreachi € {1,...,d} there is an integer a; such that each vertex belongs to exactly

a; edges of colour i.

As noted in [24], any distance regular graph G with diameter d is equivalent to a d-class

association scheme with relations {Ro,R1,...,R;}, where (x,y) € R; if d(x,y) = i.

Example 2.19. [1] Let X be the eight vertices of a cube. Consider the graph whose edges
are the edges, main diagonals, and face diagonals of the cube. Suppose the colours of
edges, main diagonals, and face diagonals are yellow, red, and black, respectively. This
association scheme has 8 points. The intersection numbers of this association scheme are

given in Table 2.2. Note that ayejow = 3, dreq = 1, and apaer = 3.

The following definition of an association scheme is based on matrices. The matrix of

all one of order n is shown by J,,.

Definition 2.20. A set of non-zero (0, 1)-matrices Ag,Ay,...,A; in R"" is an association

scheme with d classes on a finite set X of order n if
1. A() = In;
2. A;is symmetric fori =1,...,d;

3. AjA; is a linear combination of Ay, ...,Ay, foralli,jin {1,...,d};

11
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4. Y4 (A =T,

In fact, if we consider an association scheme (X, S) with relation {Ry,...,R;} (Defini-

tion 2.16), the matrix Ay = (ag.()) in the set {Ag,A1,...,Ay} is defined as follows:

1 if (i, )) € Rk

0 otherwise

for k ={1,2,...,d}, and the set {Ag,A1,...,Ay} is called the set of adjacency matrices.
Since each matrix in this definition is symmetric, the association scheme is commuta-

tive. The real vector space spanned by {Ag,A1,...,A4} is called the Bose-Mesner algebra

of the association scheme (X,S) and is denoted by 4. The following example provides a

set of matrices that forms a 3-class association scheme.

Example 2.21. The following matrices are the adjacency matrices of a 3-class association

scheme on 8 elements.

Ay =

12
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Al =

13
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Table 2.3: Intersection numbers of the association scheme derived from a symmetric block

design
i 2 3
aj pl(j) P,(j) p,(j)
k 0 0 k—110 0 k A k—A 0
v—1|k—1 v—k 0 k v—k—1 0 0 0 y—2
v—k 0 0 v—k|0 0 v—k—1|k—A v=2k+X O

The linear combinations of their products are as follows:

AoAg = Ao, AoA1 =A1, ApAr =Az, AoA3 = A3,
AjAg=A1, A1A]1 =3A0+24A1, A1A2 =2A2+3A3, A1A3 = Ay,
ArAg =Az, A2A; =2A3+3A3, A2A» =3A0+24A1, A2A3z=Aj,

A3Ag =A3, A3A1 =A;, A3Ar=A, A3A3=A.

2.3 A system of Linked Symmetric Block Designs

As it is mentioned in [19], an incidence graph of a symmetric block design (v,k, ), de-
fined in Page 6, is a distance-regular graph with diameter 3 which is equivalent to a 3-class
association scheme. This association scheme has 2v points and its intersection numbers are
shown in Table 2.3.

In the following example [21], the incidence graph of a (16,6,2)-design generates a

3-class association scheme:

Example 2.22. Let (16,6,2) be ablock design withV ={1,2,...,16} and B={By,...,Bis},

where
By =1{2,3,4,5,9,13}, B, = {1,3,4,6,10,14} , B3 = {1,2,4,7,11,15},
By =1{1,2,3,8,12,16}, Bs = {6,7,8,1,9,13}, B¢ = {5,7,8,2,10, 14},
B; ={5,6,8,3,11,15},Bg = {5,6,7,4,12,16}, B = {10,11,12,1,5,13},

Bio={9,11,12,2,6,14}, By, = {9,10,12,3,7,15}, B;» = {9,10,11,4,8, 16},

14
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Table 2.4: Intersection numbers of the association scheme derived from a system of linked

symmetric block designs

ai ry} P
v—1 v—2 0 0 0 k—1 k
ki, 0 7\,]1 (k—?u)ll k—1 (075) (k— Oc)lz
=L | 0 k=ML (v=2%k+N | v—k (k—a)h (v—2k+a)b
o
0 k v—k—1
k Bl (k—B)L
v—k—1 (k=B (v—2k+B)h

Bis={1,5,9,14,15,16}, B4 = {2,6,10,13,15,16}, Bs = {3,7,11,13, 14, 16},
and By = {4,8,12,13,14,15} .

The set of vertices of the incidence graph G of this designis VUB={1,2,...,16,B},...,Bis}.
In this graph, 1 and B, are adjacent since B, is a block and 1 is a point of B, 1 and 2 are
not adjacent since both of them are points, By and B; are not adjacent since both of them
are block, and 1 and B are not adjacent since 1 does not belong to Bj.

The graph G is a distance-regular graph with diameter 3 and therefore, it is a 3-class
association scheme (X,S) with relation {Ro,R;,R2,R3}, where (x,y) € R; if d(x,y) =i,

0<i<3.

In [21], linked symmetric designs are used to derive 3-class association schemes. Any
linked symmetric designs (v,k,A;l, o, ) with collection {Vj,...,V;} is equivalent to a 3-
class association scheme with relation {Ro,R|,R>,R3}, where (x,y) € Ry if {x,y} CV; for
some 1 <i</; (x,y) € Ry if x and y belong to different sets and are adjacent; and (x,y) € R3
if x and y belong to different sets and are not adjacent. This association scheme has v/ points
and the intersection numbers are shown in Table 2.4 where [y =/ —1and [, =1 — 2.

The following example shows how Mathon [21] used 7 linked symmetric block designs

(16,6,2;7,1,3) to construct a 3-class association scheme.

15
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Table 2.5: Squares used to generate a system of linked symmetric block designs

1 2 3 4
1 2 3 4,1 2 3 4|1 2 3 4|1 2 3 4
s 6 7 86 5 8 7|7 8 5 6|8 7 6 5
9 10 11 12|12 11 10 9 |10 9 12 11|11 12 9 10
13 14 15 16|15 16 13 14|16 15 14 13|14 13 16 15

5 6 7

1 2 5 6|1 2 5 6|1 2 9 10

4 3 8 73 4 7 8|3 4 11 12

10 9 14 13|14 13 10 9 |6 5 14 13

11 12 15 16|16 15 12 11 |8 7 16 15

Example 2.23. The 7 linked symmetric block designs (16,6,2;7,1,3) can be generated by
the squares of order 4 provided in Table 2.5. Forevery 1 <i<7,wehaveV;={1,2,...,16}.
If we want to make the block [4(i — 1) + j], where 1 < i, j <4, of the kth design 1 <k <7,
we consider the 6 entries in the i-th row and j-th column not equal to the component (i, j)
in the k-th square.

In Example 2.22, we use the first square to make the blocks. The system expressed in
this example is a linked symmetric block designs. Any pair {V;,V;} is a 2-(16,6,2) block
design, which means any two blocks from distinct designs have either 1 or 3 common
elements. This structure, denoted by K is isomorphic to a block design (16,6,2), in the
way that the blocks of one design are points of K and the blocks of the other design are the
blocks of k. Here, incident means coming from different designs and having one common
element.

By considering any three sets {V;,V;,Vi}, the number of elements x € Vj incident with
both y € V; and z € V; is one if two points are incident and three otherwise. Note that
points here means blocks, and incident means coming from different designs and having
one common element.

If we consider all 7 designs, the association scheme has 112 points which are blocks of

16



2.4. MUTUALLY ORTHOGONAL LATIN SQUARES

all the designs. Then two points (or blocks of the designs) are in the first associate if they
belong to the same design, and they are second or third associate if they belong to different
designs and are or are not incident respectively.

If we choose any number 1 < b <7 of designs, still we can form an association scheme

with 165 points.

2.4 Mutually Orthogonal Latin Squares

In [21], Mathon used MOLS to create 3-class association schemes. In this Section, we
discuss his method and then we provide an example. Consider s < n mutually orthogonal

Latin squares of order n . This system is equivalent to the strongly regular graph

SRG(n?,(s+2)(n—1),(n—2)+s(s+1),(s+2)(s+1))

also called a Latin square graph Ls(n). The construction is as follows:

e The vertices are {1,2,...,n>}. They are set in an n by n array, called square of

arrangement, as followed:

1 n
n+1 ... 2n
n?—n+1 ... n?

e Two vertices are adjacent if they are in the same column or the same row of the square

of arrangement or they have the same symbol in one of the Latin squares. Suppose

17
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we have 25 vertices and L is one of the Latin square we consider.

012 34
1 2340
L=123401

3401 2

401 23

Then the square of arrangement is as followed:

11 12 13 14 15
16 17 18 19 20

21 22 23 24 25

Consider the positions of 17 and 21 in the square of arrangement, the symbols ap-
pearing in these two position in L are the same and equal to 4. Hence, two vertices

17 and 21 are adjacent.

Given s = i+ j — 2 mutually orthogonal Latin squares of order n, 1 <i < j <k =
n—i— j+1,itis possible to partition Ly, ,(n) into the graphs L;(n) and L;(n) consisting of
i and j sets of n disjoint n-cliques K, respectively. Then a 3-class association scheme can be
formed. The objects are the n> nodes of Ly 2 (n). Two objects are first or second associate
if they are adjacent in L;(n) or L;(n), respectively, otherwise they are 3-rd associate.

It is well known that the maximum number of MOLS of order n is n — 1 and the maxi-

mum number for MOLS occurs if n is prime or prime power.

Example 2.24. [21]. In this example, we use some of the following four mutually orthog-
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onal Latin squares to generate 3-class association schemes.

01 2 3 4 01 2 3 4 01 2 3 4 01 2 3 4
1 2 3 40 2 3 4 0 1 34 0 1 2 4 01 2 3
2 3 4 0 1 4 01 2 3 1 23 40 34 0 1 2
34 01 2 1 2 3 40 4 01 2 3 2 3 4 0 1
4 01 2 3 34 0 1 2 2 3 4 0 1 1 2 3 40

Using all four MOLS, we obtain a SRG(25,24,23,30) which is a complete graph and gives
us a 2-class association scheme. Since we want to generate a 3-class association scheme,
we use just the first two MOLS. Thens =2 and i+ j =4. Leti =2 and j = 2.

We wish to construct the graph:

G~ Lg2(n) ~ SRG(n?, (s +2)(n—1),(n—2) +s(s+ 1), (s +2)(s+ 1)),

where s+2 =4 and n =5, that is, G ~ L4(5) ~ SRG(25,16,9,12). Let the vertices of the

graph be {1,2,...,25} in the following square of arrangement A:

11 12 13 14 15
16 17 18 19 20

21 22 23 24 25

Then two vertices are adjacent if they are in the same row or column of A, or they have
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the same number in one of the Latin squares, we have,

012 34 012 34
1 2340 23401

h=1234011|:-L=|40123

In the graph G, for example the vertices 1 and 2 are adjacent because they are in the same
row of A; the vertices 1 and 6 are adjacent because they are in the same column of A; and
the vertices 1 and 10 are adjacent because if we transfer their position from A to the Latin
square /1, both of them appear with the same symbol 0. This graph is shown in Figure 2.1.

We have L;(n) and L;(n) both consist of two sets of 5 disjoint 5-cliques. There are
different ways to define L;(n) and L;(n) based on cliques. We explain here one of the
possibilities. Let L;(n) consists of each edge pg such that p and g are in the same row of A,
or they have a same symbol in the first Latin square /;. In the similar way, let L;(n) consists
of each edge pg such that p and g are in the same column of A, or they have same symbol

in the second Latin square /.
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Figure 2.1: SRG(25,16,9,12)
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Chapter 3

More on Association Schemes

We study the theory of association schemes more in depth in this chapter. We provide a
review on the Bose-Mesner algebra A4 of an association scheme and a review on a basis of
primitive idempotents for 4 in Section 3.1. In Section 3.2, we mention the definition of
eigenmatrices of an association scheme, and in Section 3.3, we continue by discussing the
concept of intersection and Krein matrices of association schemes. There are also surveys
on imprimitive association schemes and quotient association schemes in Section 3.4 and

3.5, respectively.

3.1 Idempotent Bases

Now, we study the Bose-Mesner algebra of an association scheme. Then, we provide
two bases for this algebra. Some definitions required for the subject are reviewed below.

The Hadamard product of two matrices A = (a;;) and B = (b;;) is denoted by A o B and
is defined by A o B = (a;b;;). Two matrices are dis joint if their Hadamard product is equal
to the zero matrix.

If A = (a;;) is an n by m matrix and B = (b;;) is a r by s matrix, then the Kronecker

product of A and B, denoted by A ® B, is a mr by ns block matrix defined

allB ces alnB
amB ... au,B
For a given association scheme (X,S) with d classes and adjacency matrices Ao, ...,Ay,
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3.1. IDEMPOTENT BASES

suppose A4 is the Bose-Mesner algebra of this scheme. By Definition of Bose-Mesner al-
gebra in Page 12, we know A4 = span(Ao,...,As). From the Definition 2.20, we conclude
A; and A; are disjoint, when 0 < i # j < d. This means the set {Ag,...,Ay} is a set of
linearly independent matrices because suppose apAg + a1A; + --- +azA; = 0, for some
real number ay, ...,ay. If we multiply A; from right using the Hadamard product, we have
a;AjoA; = a;A; = 0; this shows a; = 0. Since i was arbitrary, the set {Ag,...,A4} is a set of
linearly independent matrices and form a basis for the algebra 4.

It is well known that an square matrix B of order n is called positive semi-definite if
for any column vector w € R", we have w! Bw > 0. A principal submatrix is a submatrix
in which the set of row indices that remain is the same as the set of column indices that
remain.

It is easy to show that a principal submatrix of a positive semi-definite matrix is positive
semi-definite. Suppose C of order k is a principal submatrix of a matrix B of order n,
and suppose w is a column vector in R¥. Let z be the column vector in " obtained by
extending w by putting zero in the positions that are removed from B to gain C. Then, we
have w/ Cw = 7z Bz, and since B is positive semi-definite, wl'Cw > 0. Hence, C is also

positive semi-definite.
Definition 3.1. A square matrix B is idempotent if B> = B, using matrix multiplication.

There is a basis of mutually orthogonal idempotent matrices for the Bose-Mesner al-
gebra of an association scheme. To construct the basis, we start with a review following
[6].

The transpose of the conjugate of a complex matrix B is denoted by B*. If B is a real
matrix, the transpose of B is denoted by B?. The matrix is hermitian if B* = B and is
unitary if BB* = I. Therefore, a real matrix is hermitian iff it is symmetric and it is unitary
iff it is orthogonal. If B= —B” for a real matrix B, it is called a skew-symmetric matrix. We
call B normal if BB* = B*B. If B is normal then its eigenvectors span C", and eigenvectors

in different eigenspaces are orthogonal. Suppose B is a normal matrix. For each eigenvalue

23



3.2. EIGENMATRICES

A of B, let Uj be a matrix whose columns form an orthogonal basis for the eigenspace
belonging to A and set E), := UpU,. The matrices Ej are called the principal idempotents
of B. The set of eigenvalues of B is denoted by ev(B).

It is noteworthy that E; is the matrix representing orthogonal projection onto the column
space of U, i.e., onto the eigenspace belonging to A. Here are two fundamental theorems.

See [6] for detalils.

Theorem 3.2. (Spectral decomposition). Let B be a hermitian matrix of order n with prin-

cipal idempotents Ey, where A € ev(B). Then the followings hold:
1. E} =E) and ExEg =0 if L #6;
2. BE) = \E;,
3. Yocens) Er =1

4. If f(B) is a rational function which is defined at each eigenvalue of B then f(B) =
Yoce(s) f(M)Ey.

Theorem 3.3. For a given association scheme (X,S) with |X| = n, d classes, and adjacency

matrices Ao, . . .,Aq, suppose A is the Bose-Mesner algebra. Then there is a set of pairwise
orthogonal idempotent matrices Ey, ..., E; and real numbers p;; such that
d 7.

2. AiEjzpj,-Ej,forall i,jil’l{l,...,d},‘
_17.

3. E()—;l‘],

4. {Ey,...,E4} is a basis for A.

The matrices E; are called primitive idempotents or principal idempotents of the as-

sociation scheme (X, S).
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3.2 [Eigenmatrices

We continue the subject of association schemes by introducing eigenmatrices, intersec-
tion numbers, and Krein parameters. Our main reference in this Section is [6]. The column
space of E; is a common eigenspace for the matrices in the Bose-Mesner algebra 4. From
the condition (2) of Theorem 3.3, the eigenvalue of A; on this eigenspace is pj;, and the
number p;; are known as eigenvalues of (X,S). We have po; = 1 for all j because Ag = I,
and as Ey = %J , we have pjp is equal to the number of non zero entries in any row of A; or
valency a; of A;. We denote the dimension of the eigenspace belonging to E; by m;, and
we call the numbers my, . .., my, the multiplicities of (X,S). Since the set Ay, . ..,A, forms a

basis for the algebra 4, there are numbers ¢;; such that

1 d
Ei=—Y quiAk. 3.1)
=0

By multiplying both sides of the equation 3.1 from right by A ; using Hadamard multiplica-
tion, we find Ej0A; = }lq jiA j, which is similar to condition (2) in the Theorem 3.3.

The matrices P = (p;;) and Q = (g,;) are called the first and second eigenmatrices of
the association scheme, respectively. By using equation 3.1 to substitute for E; in A; =

AiI:A,'ZjEj = ijjiEj9 we find

1
A= ZZPjiZerAr
J r
- l ZzpjiCIrjAr~
n=%a
Therefore, we have Z?f:o Pkiq jk = nd;j; i.e., QP = nl.
Consider the matrix A;A ;. The value of the (r,s)-entry of the matrix A;A; is equal to the

multiplication of r-th row of A; and s-th column of A;. Since A; and A; are {0, 1 }-matrices,

the multiplication of r-th row of A; and s-th column of A; is equal to the number of ones
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matched in this row and column. In fact, this number is equal to

[{z|(r,z)-entry of A; and (z,s)-entry of A both are nonzero}| =

{2l(12) € Riand (z,5) € R}}| = ply -

This leads us to the fact that A;A; = Z Y ) Ak, Since E;oE; is in the algebra A4, there
(k)

;j are called the krein

are numbers ql(J) such that E; o E; T Oqu)E The numbers g,
parameters of the association scheme. Since A; are {0, 1 }-matrices, the intersection num-
bers are non-negative.

Lemma 3.4. [6] (The Krein condition). The Krein parameters q(].()

ij Of an association

scheme are non-negative.

Proof. Wehave E;oE; = %,Zi:o qg.()Ek. Multiply both sides of this equality by E; for some

[=0,1,...,d, using matrix multiplication. Then, we have

(EioE))E; = Zq,, Ey)E

k
= - Z ql(j)EkEl
=0

Lo
This shows that %qg.) is the eigenvalue of E; o E; on the column space of E;. Moreover,
(ESE) =B 0B B0,

and so the eigenvalues of E; ® E;j are 0 or 1. The matrix E; ® E; is symmetric because the
matrices E; and E; are symmetric. A symmetric matrix with non-negative eigenvalues is
a positive semi-definite matrix. Hence, E; ® E; is positive semi-definite. This implies that
the matrix E; o E; is also positive semi-definite because E; o E; is a principal submatrix of

E;®E;. So all eigenvalues of E; o E; are non-negative. Hence, all qg-(), for0<i,j,k<d
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3.3. INTERSECTION MATRICES AND KREIN MATRICES

are non-negative. [

By multiplying A,, r =0,1,...,d, on the left side of the equality A; =) ; p;;E;, 0 <
i,j <d,wehave AijA, = Y, piiE1Ar = Y piiE1(Y, psrEs) = Y piipi-Er. On the other hand,

we have

k
A=Y piP Ay
k

k
= Zp,(r) (). puE)
k 1
k
= Z(Zpgr))pzkEz-
1k
This implies for all 0 <1, j,r <d,
k
Y pupyy) = pipir- (3.2)
k
In a similar way, we have
k
Y andl) = qudr- (3.3)

k

Therefore, by having the eigenmatrices of an association scheme, we are able to evaluate

all intersection numbers and Krein parameters of the association scheme.

3.3 Intersection Matrices and Krein Matrices

In this Section, we evaluate intersection and Krein matrices, which are really practical
to evaluate the entries of eigenmatrices. We do a review on some definitions phrased in [2].

Let (X,S) be an association scheme with adjacency matrices Ag,Aj,...,Ay, intersection
(k)

i 0 <i,j,k <d, and Krein parameters q(].c), 0 <i,j,k <d. Then, the matrix

numbers p ij

Pi=( l(f)) is called i-th intersection matrix of (X,S), and the matrix B} = (‘]l(f)) is called
the i-th Krein matrix of (X,S).
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Let 4 be the Bose-Mesner algebra, and M, (C) be full matrix algebra of degree n over
C. Regarding the left multiplication of A4 as a linear transformation on A4 and expressing
them in matrix form with respect to the basis {Ag,A1,...,Ay}, we have an algebra homo-
morphism from 4 to M,,(C).

This is called left regular representation of A4 with respect to the basis {Ag,A1,...,A4}.
Since we have A;A; = Z;i:o pg.{)Ar, the image of A; is PiT. Hence, the correspondence
A — Pl-T is an isomorphism for 4. Since A4 is a commutative algebra, P, — PiT also gives us
an isomorphism. Hence, the correspondence A; — P; is an isomorphism of 4. This shows
A; and P; have the same minimal polynomial, and therefore same eigenvalues with different

multiplicities.

3.4 Imprimitive Association Schemes

Here we study the concept of imprimitive association schemes. An association scheme
(X,S) with adjacency matrices Ay,...,Ay is primitive if all graphs Gy,...,G, are con-
nected, where the graph G; is a graph made with adjacency matrix A;; otherwise, it is called
imprimitive. It is also relevant to consider Gy, ..., Gy as the classes of the scheme, and then
the Bose-Mesner algebra of matrices can convert to the Bose-Mesner algebra of graphs.

Let Gy,...,Gy4 be the classes of an association scheme. A partition 7 of an association
scheme (X, S) is equitable if it is an equitable partition for each graph G;. In [6], important
properties of an imprimitive association scheme are developed in the form of the following

theorem:

Theorem 3.5. Let (X,S) be an imprimitive association scheme with classes G1,...,Gy. Let
|X| =n and G be the disconnected graph which makes the association scheme imprimitive
with m components. Let G be the partition formed by the components of G. Then G is
equitable and all its cells have the same cardinality. If S is the characteristic matrix of ¢

then SST is in the Bose-Mesner algebra A of the scheme.

Proof. Let A be the adjacency matrix of G with exactly m components. As G is regular its
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components are also regular. Let k be the valency of G. Suppose j is the column vector
of all ones. Since Aj = kj, k is the eigenvalue of A with multiplicity m. Therefore, the
characteristic vectors of the components of G, which are column of S, form a basis for the
eigenspace belonging to k. Denote this eigenspace by U. Hence, U is the column space of

S. If G; € A4 and A; is the adjacency matrix of G;, then AA; = A;A. If x € U then
Ath:=14ﬂ4X::/h(kX)::kAqx.

This shows that A;x € U if x € U. Since each column of S is a member of U, we have the
columns of matrix A;S are also in U and therefore are linear combinations of columns of S,

and consequently, they are constant on each component. On the other hand, we have

n

(AiS)pq = Z (Ai)kakq = Z Sk

k=0 p~k

where p ~ k means pk is an edge in A;. The last sum is equal to the number of neighbours
of vertex p contained in the g-th component of ¢ which depends on the component of ¢ in
which i lies, and therefore © is equitable for each graph G; in 4.

It remains to prove that all components of ¢ or G have the same cardinality. Two
vertices v and u lie in the same component of ¢ if and only if (A”),, # O for some non-
negative integer r, or equivalently if and only if (A +1)" # 0. If the edge uv lies in G; then
(A")uy # 0 if and only if A" 0 A; is a non-zero multiple of A;. Define the subset J of the set
{0,1,...,d} by

J={i:(A+1)"0A; £ 0}

and then let H = U;c5G;. Then H has the same components as G and each component is a
complete graph. Each of these complete graphs has the same cardinality since H is a regular
graph. Therefore, all cells of ¢ have the same cardinality. If D is the adjacency matrix of

H, we have D = SST —I. Hence, SST € 4. O]
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3.5 Quotient Association Schemes

As it is appeared in [6], an imprimitive association scheme is made from two smaller
schemes. Let (X, S) be an association scheme with Bose-Mesner algebra 4 and with classes
Gi,...,Gg, where G 1s not connected. Consider one of components of G| with vertex set
C. Then C induces a subgraph of G; for i = 1,...,d. Some of the subgraphs are empty,
however, it can be proved that the non-empty subgraphs form an association scheme with
vertex set C.

Next association scheme made from imprimitive association scheme is called guotient.
The vertex set of the quotient association scheme includes the components of G;. Let §
be the characteristic matrix of the partition made by the components of G;. Then SS7 is a
(0,1)-matrix in 4 and SST = I, ® J,, for some positive integer g and r. Let J denote the
subset of {0, 1,...,d} such that

ssT =Y A

i€J

Then we have

(SST)? = (I, @J) (I, ®J,) =L, @r), =r(l,@J,) =rSST = Y AiAj,
i,j€T
which implies that if i and j belong to J and pl(f) # 0 then k € J. Now, define a relation
~on {0,1,...,d} such that a ~ b if pgs) # 0 for some i € J. This relation is a symmetric
relation because we have PES) = 0 if and only if PSZ) = (0. Now, we show why this relation

) and

is an equivalence relation. Let @ ~ b and b ~ c. Then for some i, j € J both p
are non-zero. We show a =~ c.

By pgf) # 0, there are vertices x, y, and w such that xw and wy are edges in G, and G},
respectively, and xy is an edge in G;. Since p%) # 0, we have pgj’-) # 0. Therefore, there is
a vertex z such that wz is an edge in G and yz is an edge in G;. The existence of y implies

pg.) # 0, forsome [ =0,1,...,d. Since i, j € J, we conclude [ € J. So pEfB # 0, and hence

p\) 0. This implies a ~ c.
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Let J; be the subset of elements of {0,1,...,d} equivalent to i and Jy := J. For each

equivalence class J; there is a matrix B; such that

Y Aj=Bi®J,. (3.4)
JET;
We have already seen this for i = 0. For the case of i # 0, let C and D be distinct components
of G;. Assume that u and v are vertices of C and D respectively, joined by an edge from
G,. Let x and y be a second pair of vertices chosen from C and D respectively, joined by
an edge from G,. Since u and x belong to C, there is i € J such that ux is an edge in G;.
Therefore, if xv is an edge in G, we have ¢ ~ a. In the similar way, we have b ~ ¢ because

v and y both lie in D. Consequently b ~ a. Define the matrix

M=) A

i€Jy,

where a # 0. Therefore, if u and v are vertices in distinct components of G; such that
M., # 0 then M,, = 1 for any vertices x and y such that x is in the same component as u and
y is in the same component as v, respectively. Hence, M = B® J, for some {0, 1 }-matrix B.
This implies there are matrices B; such that 3.4 holds for each equivalence class J;.

It follows from 3.4 that B; is a symmetric {0, 1}-matrix and that the sum of all the

matrices B; is J,. We also have
(Bi©Jy) (Br ©Jy) = (BiBy © 1),

which implies that B;By ® J, € A4, and therefore the matrices B; also satisfy the condition 3
of the Definition 2.20. Hence, the matrices B; form the guotient association scheme.
In the following example, we construct the quotient association scheme of the imprim-

itive association scheme which appeared in Example 2.21.

Example 3.6. Consider the association scheme on 8 points of example 2.21. This associ-
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ation scheme is imprimitive because the graph whose adjacency matrix is Ay, consists of 2
disjoint 4-cliques and is disconnected. Then the set J defined in the proof of the theorem

3.5 for this association scheme is {0, 1}, and we have

ZAi:AO+A1:IZ®J4:
€37 000O0OT1TT1T1T1

The equivalence classes are Jg = J,J; = {2,3}. We have 2 ~ 3 because pg) =32#0and

1 € J. We have

Y A=A +A3=(h—-h)®Jy=
USH 11 1 100O00O0

This implies that the adjacency matrices of the quotient association scheme are By = I> and

B =0, —D.
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Here we review the definition of fiber and uniform association scheme [18]. For an
imprimitive association scheme (X, S) with adjacency matrices Ag,A1,...,Ay, there is a set
J such that ) ;c5A; = I, ® J,, for some positive integer p and r. Therefore, the set X is
partitioned into p subsets each one of which is called a fiber. For fibers U and V, let [(U,V)
denote the set of indices of adjacency matrices that have an edge between U and V. We

define a {0, 1}-matrix AYY by

1 if(Ai))y=1xeU,yeV,

(AzUV)xy =

0 otherwise.

Definition 3.7. An imprimitive association scheme is called uniform if it has a quotient
scheme with one class and there exists integers af?j such that for all fibers U,V,W and

i€l(U,V), jel(V,W), we have

AVVAYY Y gE AUV
k
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Chapter 4

Hadamard Matrices

In this chapter, we study a method of using sets of mutually unbiased regular Hadamard
matrices to generate 3-class association schemes. This method, introduced in [11], is given
in Section 4.3. Prior to that, we briefly review Hadamard matrices in the next Section while

in Section 4.2, we study mutually unbiased Hadamard matrices.

4.1 Definitions

A Hadamard matrix H is a {—1, 1 }-matrix of order n with orthogonal rows, (under the

usual inner product on R"); that is, HH T —nr,.

Definition 4.1. A Hadamard matrix of order n for which the row sums and column sums

are all the same is called regular.

Note that in a regular Hadamard matrix of order n the row or column sums must be /7.
Suppose H is a Hadamard matrix of order n and suppose ¢; is the i-th column sum. Let j
denote the column of all ones and y denote the column with ¢; as its i-th element. Then we
have

iTHH j=yTy =2+ 3+ 4%

On the other hand, since HHT = I, we have
iTHH j = hj=n’.

Now, apply the Cauchy-Schwarz inequality giving

clt-ten <Vmy/ed+- 2 4.1)
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If H is a regular Hadamard matrix, then y is a multiple of j, and we have equality in the
Cauchy-Schwarz inequality. Let the column sums of H be equal to m. Then from 4.1, we

have

mn = n\/n,

which implies that m = y/n. In the same way, we can prove that the row sum of H is also
equal to \/n. A Hadamard matrix is normalized if all the elements of the first row and first

column are 1. The following is a normalized Hadamard matrix of order 4.

I 1 1 1

I 1 - —
Hy =

I — 1 -

I — — 1

4.2 Unbiased Hadamard Matrices and Bases for R”

Mutually unbiased regular Hadamard matrices are important objects for generating as-
sociation schemes. In this Section, we provide the definition of mutually unbiased bases
for R4 derived from mutually unbiased regular Hadamard matrices. The three definitions,

expressed below, appeared in [11].

Definition 4.2. Two Hadamard matrices H and K of order n are called unbiased if HKT =

v/nL for some Hadamard matrix L.

Since the elements of a Hadamard matrix are 1 or —1, the elements of the multiplication
of two Hadamard matrices are integral. This implies that the order of unbiased Hadamard

matrices must be a perfect square.

Definition 4.3. Two orthonormal bases B; and B, for R" are called mutually unbiased real
bases if (u,v) € {\/Lﬁ, —\/Lﬁ} for all u € By and v € By, where (,) is the standard Euclidean

inner product on R".
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Definition 4.4. A set of Hadamard matrices {H\,...,H;} is called mutually unbiased if

every pair of Hadamard matrices in this set is unbiased.

Let {H),...,H;} be a set of mutually unbiased Hadamard (abbreviated as MUH) matri-

ces of order 4n2. Then the set

1 1

Ui g Hs oo i}

forms a set of mutually unbiased bases (abbreviated as MUB) in R4,

If the elements of a set of MUH matrices are regular, they can be used to generate as-
sociation schemes. Mutually unbiased bases are called mutually unbiased regular bases
(abbreviated MURB)) if they are derived from mutually unbiased regular Hadamard matri-

ces. Here, we state two lemmas about regular Hadamard matrices [11].

Lemma 4.5. Let H and K be two unbiased regular Hadamard matrices of order 4n*. Then

ﬁH KT is also a regular Hadamard matrix.

Proof. Let C = %HKT. Then

1 1 1 1
cCT = (—HK"(—HK"T = —(HK")(HK")" = —H(KTK)H" =
4n?

T T 2
@H(Lmz)H =HH" =4n I4n2.

Hence, ﬁH KT is a Hadamard matrix. Let Jj be the column vector of all ones, then we have

1 1
j = (=—HK")j = (s—H)(2nj) = 2nj.
Ci= (3, HK")i= (5 H)(2nj) =2nj
Similarly, we have j7C = 2nj’. Therefore, 21—nH KT is a regular Hadamard matrix. O

Lemma 4.6. There is a set of mutually unbiased regular Hadamard (abbreviated MURH)
matrices of order 4n* with m elements if we have a set of MUH matrices of order 4n* with

m+1, m > 2 elements.
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4.2. UNBIASED HADAMARD MATRICES AND BASES FOR RV

Proof. Let {Hi,Hy,...,H, 1} with m > 2 be a set of MUH matrices of order 4n’. If

Hj = [h;j] and D = [hy;8;;], where §;; is the Kronecker delta function defined by

1 ifi=j,

0 otherwise,

then the set {H,D,H>D, ... ,H, 1D} is a set of MUH matrices. By definition of D, we
have the first row of HD is all 1 entries. Since the elements of {H\D,H;D,... H, 1D}
are unbiased, the row sums of all other matrices are in {—2n,2n}. By negating all rows
with row sum —2n, all matrices in the set {HD,H,D, ... H,, 1D} except H| D are regular
Hadamard matrices. This implies that the set {H,D,H3D, ... H,, D} is a set of mutually

unbiased regular Hadamard matrices with m elements. [

If {I,5-Hi,5-Hs,...,5Hy} is a MUB for R4 the Gramian matrix is as follows:

' 2n ) 2n

1

H/2n
M = I HI/2n ... HI/2n |- (4.2)

Hy,/2n

Now, we mention a lemma from [11] which provides important properties of the Gramian

matrix.

Lemma 4.7. Let M be the Gramian of a MURB for R4, Suppose N =2n(M —1I). Then

M? = (m+1)M, M and N are symmetric, and N is a {0, —1,1}-matrix with

0 Lo ... Lignyy
Loy 0 o Logntry
Lont1yr Limt1yz - 0
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4.2. UNBIASED HADAMARD MATRICES AND BASES FOR RV

where L;; are regular Hadamard matrices.

Proof. The matrix M is symmetric because of its structure. Let Fyp = I and F; = ﬁHi, for

1 <i<m. Then we have

Fo Fo
5 F F
M= R .. FF IO O
Fn Fin
Fo
F
= (m+DI| ;T FT ... FI | =(m+1)M.
Fn

Hence, we have M? = (m+1)M. If we expand M, we have

I HIj2n ... HL/2n
Hi/2n I ... HiH,/4n?
M =
H,/2n H,H,/4n* ... I

Therefore, by letting N = 2n(M —I), we have

0 HT HI
H] 0 e Hle/zn
N =
H, HyH/2n 0
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4.3. 3-CLASS ASSOCIATION SCHEMES

Since each pair H; and H; is unbiased, each of %H,-HJT are {—1,1}-matrices. By setting

ﬁHiHjT = L;;j and using the Lemma 4.5, we see that the matrix N has the desired form. [

4.3 3-class Association Schemes

Association schemes derived from a set of MURB have interesting properties and they
can be generalized to 5-class association schemes. In [11], the following theorem is used
to present a 3-class association scheme constructed from a set of MURB. Then, we deter-
mine the intersection matrices, Krein matrices, and first and second eigenmatrices of this
association scheme.

Note that if A is a {0, 1, —1}-matrix, we can write A = A" —A~, where A™ and A~ are

disjoint {0, 1 }-matrices.

Theorem 4.8. Let M be the Gramian of a MURB of size m+1, m > 2, in R4 s given
in 4.2 and let N = 2n(M —1I). Then Iy,p 11y N, N~ and Lyt1 @ Jy2 — Ly 4.1y form an

imprimitive 3-class association scheme.

Proof. Let p=m+1 and g = 4n* and set D = (I, ®J,;) — I, Note N* —N~ =N and
NT+N~ =Jy,— (I, ®J,). It suffices to prove that multiplication of any two pair of our
matrices is a linear combination of all four matrices. By Lemma 4.7, we have M? = (m+

1)M. Hence, we have

N? = 4n2(M2 —2M+1,,) = 4”2((m+ DM + 1)

= 2n(m— 1)N +4n’ml,,. (4.3)
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4.3. 3-CLASS ASSOCIATION SCHEMES

From Lemma 4.7, we have

+ + - —
0 L12 Ll(m—l) 0 LIZ Ll(m—l)
+ + — —
v L 0 o Ly v L 0 o Ly
+ + — -
Liopinyt Linsr 0 Lopinyt Linsry 0
The regularity of L;;’s implies
JoLi; = L1, = (2n* £n),, (4.4)
Therefore
JpgN= = NEJpy = (20 £ n)mJ . 4.5)
Set
= (m—1)Jpg+D+1py
=mlpy+(m—1)N"+(m—1)N"+mbD.
From 4.4 and 4.5, we have
(NTHNTINT = [Jpg— (I, ®Jg)INT
= (2n* +-n)S, (4.6)

NT(NT+N7)=N"[Jpy— (I, ®1y)]

= (2n% +n)S.
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4.3. 3-CLASS ASSOCIATION SCHEMES

These imply that N* and N~ commute. In the same way, we have
(NT+NN™ = (2n* —n)S.

Adding 4.6 and 4.7 gives
(NT+N7)? =4n’s.
From 4.3 and 4.8

NN~ =N N" = (N+—|—N*)2/4_ (N+_N7)2/4

= n*S— g(m —1)N —n’ml,,

= (= 5)(m—1)N* +(n* + 3) (m— N~ +n’mD.

2

Subtracting 4.9 from 4.6, respectively 4.7, gives

(N = (P £n)S+ g(m — )N +nPml,,
(2 2, " —1)N*
= (2n" £ n)mlp, + (n —I—Zin)(m 1)N

(- ’% + 1) (m— )N~ + (n® £ n)mD.
Next

= (4n> =2)(I, ®Jy) +1pq

= (4n* = 2)D + (4n* — 1)1,
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4.3. 3-CLASS ASSOCIATION SCHEMES

From 4.5

N'D=DN" = (I,®J,))N" —N*
= (20 +n)[Jpg — (I, @Jy)] = N*
= (2 +n)[NT+N]-NT

= (2n*+n—1)NT +(2n* +n)N". (4.13)
In the same way, we have

N D=DN"~

= (2n* —n)NT + (202 —n—1)N". (4.14)

Therefore, matrices Iy,2 (4 1), D, N *, and N~ form an association scheme. Moreover, this
association scheme is imprimitive because the graph of D consists of m + 1 disjoint 4n>-

cliques and hence, it is disconnected. O

By reviewing the proof of the Theorem 4.8, we evaluate the intersection matrices of the

association scheme shown below:

1 00O
01 00
Py= ,

0010
0 0 01

0 1 0 0

4n® —1 4n* -2 0 0
P = ,
0 0 2n?+n—1 2% +n
0 0 2n% —n M2 —n—1
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4.3. 3-CLASS ASSOCIATION SCHEMES

P =

0

0

0

0

1

2n’+n—1

0

2n2—i—n

2n?+n)m (n*+n)m (> +%+n)(m—1) (> —%+n)(m—1)

0

(2n%> —n

nzm

(n ~)(m—1)

0
2n? —n

(n*—=5)(m—1)

(n*+5)(m—1)

1
2n?—n—1

(n*+ %) (m—1)

ym (n?+%—n)(m—1) (n*—%—n)(m—1)

Evaluating the eigenvalues of these matrices, we have the first eigenmatrix P:

1 n(2n+1m n(2n—1D)m 4n>—1

nm —nm
—n n
—n(2n+1)

From the matrix %P‘l , we find

4n’ -1 (4n> —1)m

2n—1 —2n+1

—2n—1 2n+1
—1 —m
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4.3. 3-CLASS ASSOCIATION SCHEMES

Equation 3.3 gives us all four Krein matrices

BS = 147
0 1 0 0
2 2(2n%—m—1 an?
Bf — =1 nm+’;1 : mzlrl 0
! 0 4n’m (4”2*2)’"*2 4 2 1 ’
m+1 m+1 n—
0 0 1 0
0 0 1 0
4n’m (4n*—2)m—2 2
B _ 0 mil mrl 4n”—1
2 — 5
2 202m*n*—m*—m)  202m*n?—m>+1) 2
4mn= —m i) D) 4m—1)n"—m+1
0 m m—1 0
0 O 0 1
. 0 0 1 0
B3 —
0 m m—1 0
m 0 0 m—1

Specifically the following system of linear equations gives us the first row of Bj:

gy + (4n> = 1)gly) +m(4n* = 1)qsy +mafy) = 4n* 1
a2 4 2n—1)gl) + (—2n+1)gl — g =2 -1

a0 — n+1)gl) + en+1)gl) — gl = —2n—1

a1 — by —may; +mafy = —1
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4.3. 3-CLASS ASSOCIATION SCHEMES

All systems of linear equations that we need to evaluate By, ..., B3, are stated in Ap-

pendix B.
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Chapter 5

Bush-type Hadamard Matrices

The theory of Bush-type Hadamard matrices is a special case of regular Hadamard matrices.
In Theorem 4.8 in Section 4.3, we gave the construction of a class of 3-class association
schemes derived from mutually unbiased regular Hadamard matrices. If we use mutually
unbiased Bush-type Hadamard (MUBH) matrices instead, we have the 3-class association
schemes of the Theorem 4.8, and moreover we can generalize this association scheme to
5-class association schemes. We describe this process in Section 5.2, and in Section 5.3,
we evaluate all intersection matrices, Krein matrices, and eigenmatrices of the 5-class as-
sociation scheme.

In [7], it is explained how Bush-type Hadamard matrices of skew-type form 3-class
association schemes whose relations are not symmetric. In the next Section, a different
method, suggested by my supervisor, is presented to show a similar result that has appeared
in [7]. In Section 5.4, we study the upper bound for the number of mutually unbiased Bush-
type Hadamard matrices of order 4n? [18], and then provide an example in which this upper
bound is attained [12]. In Section 5.5, we study how to generate sets of mutually unbiased

Bush-type Hadamard matrices from association schemes [18].

Definition 5.1. [13] A Bush-type Hadamard matrix is a Hadamard matrix H = [H;;] of order

n* with sub blocks H;; of size n such that H;; = J, and H;;J, = J,H;; = 0,1 <i# j<n.

5.1 Bush-type Matrices of skew-type and Association Schemes

All matrices in the definition of an association scheme provided in this thesis are sym-
metric. There are also (non-symmetric) association schemes where the adjacency matrices

are not required to be symmetric. However, the transpose of each of these matrices must be

46



5.1. BUSH-TYPE MATRICES OF SKEW-TYPE AND ASSOCIATION SCHEMES

in the set of these matrices. From Bush-type Hadamard matrices of skew-type, One can con-
struct non-symmetric association schemes whose adjacency matrices commute with each
other [7]. We now present a method, suggested by my supervisor, to show a similar result
that has appeared in [7].

Let L = (;;) be a symmetric Latin square of order n = 3(4"), k > 1, with 1 on diagonal
and H = (h; j) be a Hadamard matrix of order n. Consider the matrices C; = rl.T ri, where r;
isthei-throwof H,1 <i < 3(4").

For each i, the matrix C; = (cgls)) is symmetric because we have

C%) = hirhis = hishiy = CEQ-
Suppose [, =1i. If s > r, we replace i of the matrix L with C;, and if » > s, we replace i
of the matrix L with —C; to obtain matrix O of order n2. Since H is normalized and all
elements on diagonal of L are 1, O is a Bush-type Hadamard matrix of skew-type. Let
K =0-1,®J,. Hence, K = (J, —I,) ® K;, where K;;’s have row sums and column sums

zero. So (I, ® J,)K = K(I, ® J,) = 0.

Theorem 5.2. The matrix K gives a non-symmetric commutative 3-class association scheme,

with classes Ao,A1,A,, and Az defined as follows:
1. Ag=1p,;
2. Ay =60,y —Lp;
3. A, =K,
4. A3=K".

Proof. We prove this by showing that the multiplication of any pairs of elements of {Ag,A|,A>,A3}
is a linear combination of Ag, A1, A, and A3z. Cases involving Ag are trivial. We also have

A% = (n—1)Ag+ (n—2)A;. To prove the other cases, we note that Ay + Az = (J, — I,,) ®J,,
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5.1. BUSH-TYPE MATRICES OF SKEW-TYPE AND ASSOCIATION SCHEMES

Ay = (Jy —1,) @ D;j, and A3 = (J,, — I,) ® R;j, where D;;’s and R;;’s are regular matrices

with regularity n/2. This implies
n
JuDij = DijJy = JyRij = RijJ, = EJn.
Therefore,

(In ®Jn)A2 :A2<In ®Jn) - (In ®Jn)A3 :A3(In ®Jn)

n

n
2(1n ®Jy) = E(AZ +A3). (5.1)
On the other hand, we have I,, ® J,, = Ag +A;. Hence

n n
A1Ay =A2A; = (5 — 1)Ar + A3,

2 2
n n
A1A3 =A3A1 = EAZ + (E — 1)A3.

We also know

(Az +A3)A2 = ((Jn _In) ®Jn)((Jn _In) ®Dij)
= I+ (n—2)Jy) ® an, (5.2)
(A2 +A3)A3 = ((Jn _In) ®Jn)((Jn _In) ®Rij)

=+ (n—2)J)® gfn, (5.3)

which implies A, and A3 commute. Adding 5.2 and 5.3 gives

n

(Ay+A43)> =2((I,+ (n—2)J,) @ 5 ).
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Next, we evaluate (A —A3)?. Since

A)—A3=K=0-1,8J,,

it follows
(A3 —A3)? =(0—-1,21,)(0—1,®1,)
=00—-0(1,J,) — (I, ®J,)0+ (I, @ J,) (I, @ J)
= —n*Lo+n(l,®J,).
Hence,
Ar+A3)?  (A;—A3)?
Aoy — Agp, — A2TA)T (A2 As)
4 4
1 n 1 5
2
n n n
=(—— =)Ao+ -(n—2)(A] + A2+ A3).
(5 =5)40+ (1 =2)(A1 + 42+ 43)
This implies
2 2
A2=A2=" A0 E DAy,
2=4A3= A+ (7 —5) (A2 +43)

5.2 Bush-type Hadamard Matrices and Association Schemes

Association schemes of class five which are constructed from MUBH matrices are im-
portant in the sense that their Krein parameters give an upper bound on the number of
mutually unbiased Bush-type Hadamard matrices. In this Section, we generalize the asso-
ciation scheme of Theorem 4.8 to a 5-class association scheme by using a set of MUBH

matrices. To develop this idea, we need to mention the following lemma from [18].
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Lemma 5.3. The multiplication of two unbiased Bush-type Hadamard matrices H and K

of order 4n* is of the form of HKT = 2nL, where L is a Bush-type Hadamard matrix.

Proof. If D = b, ® Jy,, then we have L is of Bush-type if and only if LD = DL = 2nD. On

the other hand, we have

1 1
LD = —HK'D = —H(2nD) = HD = 2nD.
2n 2n

In the same way, we have DL = 2nD. This implies L is a Bush-type Hadamard matrix. [

In the following theorem, we generalize the association scheme of the Theorem 4.8 to

a 5-class association scheme:
Theorem 5.4. Let N* and N~ be the matrices given in Theorem 4.8. Define
A0 = Lp2 (1),
Al = In1 @ by ® (Jan — D),
Az = Iyt1 @ (Jon — lan) @ Jon,
A3 = (Jnt1 = Int1) @y ® Jop,
Ay =NT—Az, and
As=N".
Then Agy,A1,...,As form an imprimitive 5-class association scheme.

Proof. From Theorem 4.8, we know

A3 = (N7) = (207 =m)mlpg + (4 5 —n) (m—1)(A3 +Aq)

+(n?— g —n)(m—1)As + (n* — n)m(A; +Az). (5.4)
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Also

Ag+A1 =1 @Dy @ Jon;
As+As = (Int1 — Int1) @ (Jon — bon) @ Jons
A1 +Ay =D;

A4+A3 :N+7

where D = Iy ® g2 — L1 1)4,2- The case A is obvious. For other cases, we have

A1AL = (L1 @by @ (Jon — b)) (Ins1 @ Iy @ (J2n — )
=Int1 @by ®((2n—2)J2n + by)
=ly1 b, @ (2n—2)J2y — 2n—2)hy + (2n—2) by + Iy)
= (p+1 @by ® (2n—2)(Jon — b)) + (Lnt1 @y @ (2n—1)1y,)
=2n=2)In+1 @00y @ (Jon — b))+ 2n—1)Int1 @ Ly @ by)

= (Zn— I)AQ—I— (21’1—2)141.

A2A2 = (Int1 @ (Jon — bon) @ J2n) (I @ (Jon — bon) @ Jon)
= Ipnt1®@((2n—2)J2n + Don) @2nJ2,
— D1 @ (20— 2)m — (211 — 2) I + (211 — 2) o + o) © 21)5
= (Ln+1® (2n—2)(Jon — by) @2nJ2,) + (In+1 @ (2n— 1), ® 2nJ3,)
=2n(2n—2)(In+1 @ (Jon — bhp) @ Jop) +20(2n — 1) (L1 @ by @ Joy)

=2n(2n—2)A2+2n(2n—1)(Ag+Ay).
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A3A3 = (Jns1 = Ins1) @ b @ J20) (It 1 — Ing1) @ 1oy @ J2y)
= ((m—1)ms1 +1nt1) @ by @20z,
=((m—1)ps1 — (m— Dy +(m— Dy +Ips1) @ by @21,
= ((m—=1)(Umg1 = Ins1) @ by @2nJ2,) + (M1 @ by @ 2nJ,)

=2n(m—1)Asz+2mn(Ag+A).

A1A2 = A0A1 = (Ing1 @ Ly @ (Jon — hy) ) (1 @ (Jon — on) @ Jop)
=lp+1® (J2n _IZn) & (21’1 - 1)JZn

= (2n—1)A,.

A1A3 :A3Al = (Im—H ®12n X (J2n _I2n))((-]m+l _Im—H) ®12n ®J2n)
= (1 —Int1) @y @ (2n—1)J2,

= (2n—1)As.

A2A3 - A3A2 = (Im—|—l ® (J2n _I2n) ®J2n)((~]m+l _Im—|—l) ® by ®J2n)
= (Jm+1 —Int1) ® (J2n — bn) @212,

= 2n(As +As).

Since NTN~ =N"N* = (n> —n/2)(m— 1)N* + (n* +n/2)(m — 1)N~ +n’mD,

As=N",and A4 +A3 =NT, we have

As(Ag+A3) = (n? — g)(m 1) (A3 +Ag) + (B + g)(m ~ DAs+n?m(A; +As).  (5.5)
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On the other hand, we have
As = (1 = Ins1) @ (J2n — ) ® Oy,

and

As = (St — Ing1) @ (Jon — Dp) @ T,

where O;;’s and T;;’s are blocks of order 2n satisfying O;;J>, = n and T;;J5, = n. Therefore,

AsA3 = A3As = (Jns1 — Int1) @ (J2n — Bn) @ 0ij) (It 1 — g 1) @ Loy @ J21)
= ((m—1)Jms1 +Int1) @ (Jon — o) @12
= ((m= 1)1 — (m—=Dlpy1 + (m— Dli1 + 1) @ (J2n — on) @ 12y
= ((m—=1)Ung1 = Ing1) ® (J2n — Iop) @ ndoy) + (Mlypg1 @ (Jon — Ion) @ nd2y)

= (m—1)n(As+As) +mnA,.
In the same way, we find
A4Az = A3A4 = (m— 1)n(As + As) +mnA;.
By 5.5, we have

AsAy = n’mA; +m(n® —n)Ay + (n* — g)(m —1)A3

+(n2—g—n)(m— 1)A4+(n2—|—g—n)(m— 1)As.
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Since we have

NN = (2 +n)ml + (n* + g +n)(m—1)NT
n
+ (n* — 5 +n)(m—1)N~ + (n* +n)mD,

N+ :A4 +A37
and D = A; +A,, we imply

(A4 +A3)(Ag+A3) = (2n* +n)ml + (n* + g +n)(m—1)(As+A3)

n
+ (n®— 5 tm(m—1)As+ (n> +n)m(As+A;).
Since A4A4 = (A4 —|—A3) (A4 +A3) —2A3A4 — A3A3, we evaluate

AAy = (2n% —n)ml + (n® —n)mA; + (n® —n)mA, + (n® + g —n)(m—1)A3

n n
+ (n* + 5 —n)(m—1)Ag4+ (n> — 5 —n)(m—1)As.
We also evaluate

AsAy = AoAs = ((Imt1 — Int1) ® (Jon — L) @ Oi) (L1 @ (J2n — Ion) ® J2n)
= (Jm—l—l _Im—i—l) ® ((211 - 2)J2n +12n) ®nJoy,
= (Jm-l—l - Im—i—l) ® ((21’1 - 2)-]211 - (21’1 - 2)12n + (21’1 - 2)12n +12n) ® nJon

= (2n—2)n(As+As) + (2n— 1)nAs.
This implies

AgAr = ArAy = (2n —2)n(A4 +As) + (2n — 1)nAs.
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Since
DNt =NTD = (2n*+n—1)N*t 4+ (2n* +n)N~,
we have
(Al +A2)(A3+Ag) = (2n° +n—1)(A3 +Ag) + (2n% +1n)As.
Since
A1Ay =A4A1 = (A1 +A2)(A3+Ay) —A1A3 — ArA3 — ArAy,
we have

A1Ay = A4A | = (n— 1)A4 +nAs.

Since we have

DN~ =N"D=2n*—n)N"+Q2n*—n—1)N",

then

(Ay +A1)As = (2n* —n) (A3 +Aq) + (2n* —n— 1)As.

Finally, we have

AsA| =A1A5 = (A2 +A1)A5 —ArAs.
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In a summary, we have

A1A1 = (2n— D)Ag+ (2n—2)Ay,

A1As = ArA; = (2n— 1)As,

A1As = A3A; = (2n— 1)As,

A1As = AsA; = (n—1)As +nAs,

A1As = AsA; = nAg + (n— 1)As,

ArAy =2n(2n—1)I4+2n(2n—1)A;1 +2n(2n—2)A,,

ArAs = AsAr = 2n(Aq + As),

A2As = A4Ay = (2n— 1)nAz + (2n—2)n(As +As),

ArAs = AsAy = (2n— 1)nAz + (2n—2)n(As + As),

A3Asz =2mn(I+ A1) +2n(m—1)As,

AzAg = AgA3 = mnAy + (m— 1)n(Ag +As),

A3As = AsA3 = mnAy + (m— 1)n(As +As),

AgAy = (2n* —n)ml + (n* —n)mA| + (n* —n)mA, + (n* + g —n)(m—1)A3
(2= D) m— DA+ (2 T~ 1)As,

A4As = AsAy = nPmAy +m(n® —n)Ay + (n* — g)(m ~1)A;
+(n2—37n)(m— DAs+ (22— 5)(m— 1)As,and

AsAs = (2n* —n)(m)I + (n* —n)(m)(A; +A»)

3n

+ (2 = 2)(m— D)(A3+A0) + (2 = 5) (m— DAs.
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5.3 Eigenmatrices, Intersection Matrices, and Krein Matrices

The first and second eigenmatrices of an association scheme are really important, in-
deed, they are the change of bases matrices of two bases of the Bose-Mesner algebra. In
this Section, we study the association schemes of the Theorem 5.4 by evaluating the first
and second eigenmatrices. When the linear combinations of the product of adjacency matri-
ces of an association scheme are available, we can easily evaluate all intersection matrices
of the scheme. The intersection matrices of the association scheme of Theorem 5.4 are

shown below.

Py = ,

00 O0OT1O00O0

00 O0O0OT1TDO0

00 O0O0OO0O°1
0 1 0 0 0 0
2n—1 2n—-2 0 0 0 0
0 0 2n—1 0 0 0

P = ,

0 0 0 2n—1 0 0
0 0 0 0 n—1 n
0 0 0 0 n n—1
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Py =

0

0

2n(2n—1) 2n(2n—1) 2n(2n—1)

0

0

0 1 0 0 0
0 2n—1 0 0 0
0 0

0 0 0 2n 2n
0 0 n(2n—1) n(2n—2) n(2n—2)
0 0 n(2n—1) n(2n—2) n(2n—2)
0 0 1 0 0
0 2n—1 0 0 0
0 0 0 2n 2n
2mn 0 2n(m—1) 0 0 |
0 mn 0 nm—1) n(m—1)
0 mn 0 n(m—1) n(m—1)

0 0 1 0

0 0 n—1 n

0 n(2n—1) n(2n—2) n(2n—2)

mn 0 n(m—1) n(m—1)
m(n?>—n) (m—1)n*+5-n) (m—-1)n*-5) (m—1)n* -
e —n) (=D =8) =D =%) (=1 -
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5.3. EIGENMATRICES, INTERSECTION MATRICES, AND KREIN MATRICES

0 0 0 0 0 1
0 0 0 0 n n—1
0 0 0 n(2n—1) n(2n—2) n(2n—2)
Ps =
0 0 mn 0 n(m—1) n(m—1)
0 mn? m(n*—n) (m—1)(n*—1%) (m—l)(nz—%”) (m—1)(n*—%)
m(2n® —n) m(n*—n) m@n*—n) (m—1)(n*—4%) (m—1)(n*—14%) (m—1)(n*—32)

[\S}

By evaluating the eigenvalues of these matrices, we have eigenmatrix

1 2n—1 2n(2n—1) 2mm nm(2n—1) nm(2n—1)
I -1 0 0 nm —nm
» 1 2n—1 —2n 2nm —nm —nm
- 1 2n—1 —2n —2n n n
I -1 0 0 —n n
1 2n—1 2n(2n—1) —2n —n(2n—1) —n(2n—1)

Computing %P*I gives

1 2n(2n—1) 2n—1 m(2n—1) 2nm(2n—1) m

1 —2n 2n—1 m(2n—1) —2nm m

1 0 -1 —-m 0 m
0=

1 0 2n—1 —-2n+1 0 -1

1 2n —1 1 —2n —1

1 —2n —1 1 2n —1
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Then, Equation 3.3 gives all six Krein matrices.

By = I,
0 1 0 0 0 0
(41’12 . 271) 4(n®—n) —2((m+1)n—2n%) 4n? 4(n®—n) 0
(m+1) (m+1) (m+1) (m+1)
—(m=2n+1) 2n
BT _ 0 (m+1) 0 0 (m+1) 0
2mn (2mn—m—1)
0 (m+1) 0 0 (m+1) 0
4(mn*—mn) 4mn? 2(2mn®—(m+1)*n)  4(mn*—mn) 2
0 m+71) (m+1) (m+1) D) (4n° —2n)
0 0 0 0 1 0
0 0 1 0 0 0
—(m—2n+1) 2n
0 (m+1) 0 0 (m+1) 0
| @ 0 2n—-2) 0 0 0
2= )
0 0 0 (2n—2) 0 (2n—1)
2mn (2mn—m—l)
0 (m+1) 0 0 (m+1) 0
0 0 0 1 0 0
0 0 0 1 0 0
2mn (2mn—m—1)
0 (m+1) 0 0 m+1) 0
0 0 0 (2n—2) 0 (2n—1)
By =
2mn—m 0 2mn—2m 2(m—1)n—2m+2 0 2(m—1)n—m+1
(2m*n—m?—m) (2m*n—m>+1)
O T 0 0 T 0
0 0 m m—1 0 0
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0 0 0 0 1 0
4(mn*—mn) 4mn? 2(2mn*—(m+1)n) 4(mn*—mn) 2
0 (m+1) (m+1) (m+1) (m+1) (4n° —2n)
2mn (2mn—m—1)
B = 0 (m+1) 0 0 (m+1) 0
4 0 (2m2n—m2_m) 0 0 (Zlnzn—m2+l) 0
(m+1 (m+1)
2 dmPn®—m’n)  202m*n®—(m*4m)n)  202mPn®—(m*—1)n)  4(m*n®—m’n)
4mn” —2mn It 1 (n+1) (m+1) (m+1) a
0 m 0 0 m—1 0

For instance, the following system of linear equations allows us to determine the first row

of Bs.

a2 + (2n)(2n— D)g¥ + @2n— 1) + m2n—1)glY + m(2n)2n—1)g{) + mglY =m

q(()(;) — an(()? +(2n— 1)(](()? +m(2n— 1)q(()? — 2mnq((;;) + mq(()? =m

4b3 —dgs —mdgs +masy =m

q(()(;) +(2n— 1)q(()25) —(—2n+ l)qg) — q(()? =-1

403 +2ndhs — a3 +dg3 —2ndbs —dps = 1

a4 —2ng58 — g5 + a5y +2ngld — g = —1
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All systems of linear equations that we need to evaluate By, ..., B5, appear in Appendix C.

Example 5.5. [12] In this example, we use a Gramian of a MURB to make a 5-class associ-

ation scheme. First we construct the MURB. We start with the following Hadamard matrix

of order 4.
1 1 1 1
1 1 - —
H =
1 - 1 -
1 — — 1

-1 - 1 I - — 1

1 2 3 4 1 4 2 3 1 3 4 2

21 4 3 4 1 3 2 312 4
MSLS, = , MSLS, = , MSLS; =

341 2 2 3 1 4 4 2 1 3

4 3 2 1 32 41 2 4 3 1

By replacing i with C; in MSLS;, 1 <i <4 and 1 < j < 3, we make a MURH whose
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elements {H|,H,,H3} are of order 16 as shown below:

1111 11— — 1 —1-— 1-— —1
1 111 11 - - —1-—1 —11 -
1 111 - —11 1 -—1- — 11 -
1 111 — —11 —1—-—1 1 - —1
11 - - 1111 1 ——1 1-—1 -
11 - - 1111 —11- —1 -1
- - 11 1111 — 11— 11 -
- - 11 1111 1 —-——1 —1 -1

Hi =
1 -1 - 1 - -1 1111 11— —
-1 -1 —-—11- 1111 11— —
1 -1 - — 11 - 1111 — — 191
-1 -1 1 - -1 1111 — — 11
1 - -1 1 -1 - 11— — 111/1
- 11 - -1 -1 11 - - 1111
- 11 - 1 -1 - — —11 11711
1 - -1 -1 -1 ——11 11191
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1 1 1 1 I — — 1 1 1 - — 1 — 1 -
1 1 1 1 -1 1 - 1 1 - - -1 -1
1 1 1 1 -1 1 - - — 1 1 1 — 1 -
I 1 1 1 I — — 1 - — 1 1 -1 — 1
I - — 1 I 1 1 1 1 - 1 — 1 1 - -
-1 1 - I 1 1 1 -1 — 1 1 1 - -
-1 1 - I 1 1 1 I -1 - - =11
I — — 1 I 1 1 1 -1 = 1 - =11
H) =
1 1 - — I — 1 — I 1 1 1 I — — 1
1 17 - - -1 -1 I 1 1 1 -1 1 -
- — 11 I — 1 — I 1 1 1 -1 1 -
- — 1 1 -1 — 1 I 1 1 1 1 - — 1
I - 1 — I 1 — — 1 — — 1 I 1 1 1
-1 — 1 1 1 - — -1 1 - I 1 1 1
I -1 - - =11 -1 1 - I 1 1 1
-1 — 1 - — 1 1 I - — 1 1 1 1 1
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1111 1 -—1- 1 -——1 11— -
1111 -1 -1 —11+- 11 — —
1111 1 -1- —11- — — 11
1111 -1 -1 1 -—=1 = =11
1 -1 - 1111 11— 1= -1
-1 -1 1111 11— - — 11 -
1 -1 - 1111 —-——11 — 11 -
-1 -1 1111 — =11 1 - -1

H; =
1 - -1 11 -——- 1111 1 -1 -
- 11 - 11-- 1111 —1-"1
- 11 - —-——11 1111 1 -1 -
1 - -1 —-— —11 1111 —1 —1
11 - - 1 — =1 1 -1 - 1111
11 - - —11- —1-1 1111
- - 11 —-—11- 1-—1- 1111
- - 11 1 -—-—1 —1 -1 11T1:1

Then the set {/, %Hl , %HQ, ng} is a set of MURB. The Gramian matrix M of {I, %Hl, é—ltHz, %H3}
gives a 5 class association scheme with the classes explained in Theorem 5.4. The adjacency
matrices of this association scheme and the elements of the basis of principal idempotents

of the Bose-Mesner algebra are of order 64. All these 12 matrices are listed in Appendix A.
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We study this association scheme by providing the parameters and matrices related to

it. We have n = 2 and m = 3. Hence, the first and second eigenmatrices of scheme are:

1 3 12 12 18 18 1 12 3 9 36 3

1 -1 0 O 6 —6 1 -4 3 9 —-12 3

1 3 -4 12 -6 -6 1 0 -1 -3 O 3
P= ) Q:

1 3 -4 —4 2 2 1 0 3 -3 0 -1

1 -1 O 0o -2 2 1 4 -1 1 —4 -1

1 3 12 -4 -6 -6 1 4 -1 1 4 -1

and the six Krein matrices are as follows:

By = I,
01 0 00 O 001000
12 2 0 42 0 000O0OT1O
0 0 001 O0 302000
By = , By = :
0 3 0 020 0002203
0 6 12 8 6 12 030020
0 0 0 010 000T1O0O0
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000T1O0O0 0O 0 0 0 1 O
030020 0 6 12 8 6 12
0002203 0O 3 0 0 2 O

B3 = , By = :
9 06 406 0 6 0 0 7 O
06 0070 36 18 24 28 18 24
003200 0O 3 0 0 2 O

Bs =
003 200
0300220
30000 2
The multiplications among elements of the set {Ag,Aj,...,As} are shown below.

ApAg =1,A0A1 = A1, ApAr = Az, ApA3 = A3,A0A4 = Ay, ApAs = As,

A1A1 =31+2A1,A1A) =3A), A1A3 = 3A3, A1Ay = Ay +2A5, A1As = 2A4 + As,
AsAy = 121+ 1241 + 845, ArA3 = 4A4 +4As, AyAy = 6A3 +dA, + 4As,

ArAs = 6A3 +4A4 +4As, A3A3 = 121 + 12A1 + 8A3, A3Aq = 645 + 444 + 4As,

A3As = 6A) +4A4+4As5, AyAy = 181 +6A1 + 6Ar + 6A3 + 6A4 + 2As5,

A4A5 = 12A1 + 6A) + 6A3 +2A4 4+ 6A5, AsA5 = 181 +6A1 4+ 6A, + 6A3 + 6A4 + 2A5.

This association scheme is imprimitive because the graph whose adjacency matrix is
A is disconnected. Indeed, it includes 16 disjoint cliques of size 4. The choice of 7,
satisfying Y ;c5A; = I, ® J, for some p and g, is not unique. We choose J = {0, 1,2}, so

Yic3Ai = 11 ® J16. The equivalence classes are Jyp = J = {0, 1,2} and J; = {3,4,5} with
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the property that };c5, A; = (J4 —I4) ® Ji6. Since we have

ZAi:I4®J16

i€Jy

and

Y Ai=(Js—Is) @6,

[ISA N

the matrices By = I4 and B| = J4 — I form the quotient association scheme.

5.4 Upper Bound on the Number of MUBH Matrices

In this Section, we study a method of evaluating an upper bound for the number of
MUBH matrices of order 4n2 [18]. Then, an example from [12] is provided in which a set
of MUBH matrices is constructed whose cardinality is equal to the upper bound.

Kharaghani and Suda [18] determined the upper bound on the number of MUBH ma-

trices as follows:
Theorem 5.6. The number of MUBH matrices of order 4n* is at most 2n — 1.

Proof. Suppose m is the number of MUBH matrices of order 4n%>. By Theorem 5.4, we

have a 5-class association scheme made by this MUBH. By looking at B} of this association

—(m—2n+1)

0 . Lemma 3.4 shows that the Krein
m+1)

. 2
scheme appeared in page 60, we have g7, =
parameters of an association scheme are non-negative. Therefore, 2n — m — 1 must be non-

negative. Hence, we conclude m < 2n—1. O]
So far, every item is more or less a quotation [12].

Theorem 5.7. If there are m mutually suitable Latin squares of size 2n with all one en-
tries on diagonal, where 2n is the order of a Hadamard matrix, then there are m mutually

unbiased Bush-type Hadamard matrices of order 4n>.

Proof. Let Cy,...,Cy,—1 be the matrices corresponding to the normalized Hadamard matrix

of order 2n. We may assume that all Latin squares are on the set {0, 1,...,2n— 1} and their
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rows and columns are all labeled by the set. Replacing the entry i in each of the Latin
squares by the matrix C;, 0 < i < 2n — 1 will result in m mutually unbiased Bush-type

Hadamard matrices of order 4n2. L]

Example 5.8. [12] In the first part of the Example 5.5, we made a set of MUBH matrices of
order 16 with three elements. By Theorem 5.6, we reached the upper bound on the number
of mutually unbiased Bush-type Hadamard matrices of order 16. The matrices H,H,, H3

are mutually unbiased Bush-type Hadamard matrices which all are symmetric and the set

(her~Hy, by, L)
1674 174 274 3

forms a group under matrix multiplication. We note that Hy,H,, H3 have the following

form.
Co G G5 4 Co C3 C1 G Co Ci & Gy
G C C G G Cy & Ci G G5 &
Hl - ) H2 - ) H3 -
C; C C & Ci G Cy G5 C Gy Cy C
G GG G G G C G G G G G G

5.5 A Set of MUBH Matrices Derived from Association Schemes

Using the association scheme of Theorem 5.4, we can construct a set of mutually un-
biased Bush-type Hadamard matrices. In this Section, we study the structure of this set by

giving the following theorem from [18]:

Theorem 5.9. Suppose (X,R) is an association scheme with 5 classes Ay, . ..,As and with
the same eigenmatrices of the association scheme of Theorem 5.4. Then there exists a set

of MUBH matrices {H\,...,H,} of order 4n’.

Proof. Let By =Ag, B =A3+A4, Bo =As and B3 = A| + Ay. We rearrange the vertices so

that B3 = (Im—H ®J4n2) _I4n2(m+1)'
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We first determine the form of A3. Since A is the adjacency matrix of an imprimitive
strongly regular graph with eigenvalues 2n — 1 and —1 with multiplicities 2n(m + 1) and
2n(2n — 1)(m + 1) respectively, Ay is equal to Ly (1) @ (J2u — I2n) after rearranging the
vertices. Since B3 = (In+1 ® Ja2) — Lyy2(mr1) = A1 + Az, the matrix Ay has the form of
In+1 @ (Jon — bhy) @ J2,. Since B3 and A3z are disjoint and AyA3 = 2n(A4 + As), we have
A3 = (1 — Int1) @y ® Jap.

Letting G = (m+1)(Eo + E; + E2), we observe that

G= (m—l— 1)(E0—|—E1 —I—Ez)

1 5
= Y (gio+ g +gi)A;
i=0

1 1 1
=Ag+ —Az+ —As— —As.
O+2n 3+2n 4 2n >

Since A3 +As+As = (Jyt1 — Int1) ® Ly @ Jop, G has the following form

1 1
by, smH12 oo 5 HU e
LH I LH
12,1 2n s 22 mA-1
G= ,
Lp LH, I
ptm+1,1 3, dm+12 .- 2n

where H; ;, for i # j, is a {1, —1}-matrix.

Let Hy := Hy 1,1, for each 1 <k <m. Now, we want to prove that the set {H,H>,...,H,,}
is a set of mutually unbiased Bush-type Hadamard matrices. Consider the principal sub-
matrix G of the matrix G obtained by restricting to the indices on the first and (k + 1)-th

blocks, that is,

Since the association scheme is uniform, restricting to indices on the first and second blocks
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yields an association scheme with the eigenmatrix P = (p; j) obtained by putting m = 1.

Since ’"T“Eo, ’"T“Fl, and ’"T“Ez are principal idempotents of the subscheme, we have

G° = 2G. On the other hand, by matrix multiplication we have

| T | T | T 1T
62 _ IZn EH/{ IZn ﬂHk _ 1211 + mHk Hk ﬁHk
il b wHe  Dba o H DL+ g HiH{
Hence, the equality
2h, ‘HT | Bt - HT Hy gl
1H, 2D, LH, by + 4n2 HH]

implies that Hy, is a Hadamard matrix of order 4n?.
The next step is to prove that the Hadamard matrix Hy is Bush-type. For this, we

evaluate A3G in two ways, and the final equality gives us the desired result. First, we have

K3E = (m+ 1)23(F0 —l—Fl +E2)

— (m+ (Y, ) (Bo+ By + o)

I2n ®J2n IZn ®J2n

I2n ®J2n IZn ®J2n
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5.5. A SET OF MUBH MATRICES DERIVED FROM ASSOCIATION SCHEMES

On the other hand

0 Dn®Jw | [ bn  2H

£y
Ql
||

by®Jy 0 >He Dy

5 (I @ Jon)Hy by ®Jon

by ®Jy 5 (ha®Jon)HF

Therefore, we obtain the following equality

(I @ Jon)Hi = (I @ Jon ) HY = 2n(I, @ Jay),

which implies H; is Bush-type.

As the final step, we prove Hi,...,H,, are unbiased. Let &,/ be integer satisfying 1 <

k < I < m. Now, consider the principal submatrix G of the matrix G obtained by restricting

to the indices on the first, (k+ 1)-th, and (! + 1)-th blocks, that is

bn  H[  5H]
G= +-H by =Hi 1,141
%,Hl ﬁﬂlﬂ,kﬂ by,
Since “HE(, “HE,, and FE, are principal idempotents of the

G~ = 3G. On the other hand, by matrix multiplication we have

subscheme, we have

| T | yT | T | T
b 2t 2] b prieh 2]
—2
—| 1 1 1 1 —
G =| LH by s Hk+11+1 5, Hk by, siHer10+1 | =
1 1 1 1
5 5 Hig ke by s i 5 Hi 1 k1 by

72



5.6. CONCLUSION

1 T 1 T 1 T 1 HTH 1 T 1 T
Izn—i—mHk Hk—f—mHl H,; ﬁjik +m | 41 k+1 EHI 4n2Hk Hk+1,l+1
e+ gl 18] ey +Dn+ gl His it ] + 5 e
g+ g H L gHT + 1 C
w1 T a1 -1k a2 1y ntt+1k+1

where the matrix C is equal to #HIHIT + #H1+l,k+1Hk+l,l+l + b, On the other hand,

we have 52 = 3G. Hence, we have

3 T 3 T
3 3 —
5. Hy 3D, saHr+1041 | =
3 3
5 H 5H141 ke 3by,
| T | T \yT . 1 T VT . 1 T
Izn+mHk Hk—f—mHl H,; ﬁHk +mHl Hl+1’k+1 ng +mHk Hk+1,l+1

1 1 1 T 1 1 T 1
aHc+ gaHer v Hy o o Dy gaHe i Hipn ket gpHld) + Higen 4
1 1 1 T 1

o+ 2 Hin 1 Hy o HiH + 5 Hip g C

Comparing the (2,3)-block of two matrices in the last equation, we have

L o2 3
@HkHz + EHk-l—l,H—l = ZHIH—I,H—I

which implies HkHlT = 2nHyy 1 41. Since Hyyy 4+ is a {1, —1}-matrix, Hy and H; are
unbiased. Therefore, the set of matrices derived from the association scheme is a set of

MUBH matrices. ]

5.6 Conclusion

There is a relation between association schemes and Hadamard matrices in the sense
that one can be used to generate the other. Kharaghani and his co-workers worked on
this relation from many aspects. The fundamental part of this thesis was concerned about
how Hadamard matrices and association schemes interact with each other. More generally,

the theory of association schemes deals with many combinatorial notions. In this thesis,
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a discussion on association schemes derived from practical concepts such as graphs and
designs were provided. Moreover, studying the Bose-Mesner algebra of an association
scheme provides us with eigenmatrices of the association scheme and also other crucial
matrices, such as intersection matrices and Krein matrices.

We devoted a part of this thesis to study these matrices and review a practical way to
evaluate them. We also discussed how imprimitive association schemes and quotient asso-
ciation schemes are related. The diversity of applications of association schemes persuaded
us to study the concept of association schemes more in depth. It is hoped that this will
lead to a better understanding of this area of combinatorics and lead to further avenues of
research. The open questions on this area are about the existence of association schemes
of some specific orders. One can continue this research by using combinatorial concepts to
generate new classes of association schemes. Conversely, researchers may use association

schemes to generate different combinatorial objects.
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Appendix A

Adjacency Matrices

The adjacency matrices {Ay,...,As} of the association scheme mentioned in the example
5.5 and the elements of basis of principal idempotents {Ey, E1,...,Es} of the Bose-Mesner
algebra are provided here. Examining them helps us to understand the theoretical part of
this thesis better.

For convenience, we present 6F; instead of E; because the elements of 6F; are all inte-
gers. If a is an integer, we denote —a by a. Moreover, we have ¢ = 12 and z = 36.

Ay = g4,
Al =1e®Js,
6Eg = J.

77



A. ADJACENCY MATRICES

Ay =

1000000000000000000000000000000000000000000000000
1000000000000000000000000000000000000000000000000
1000000000000000000000000000000000000000000000000
1000000000000000000000000000000000000000000000000
1000000000000000000000000000000000000000000000000
1000000000000000000000000000000000000000000000000
1000000000000000000000000000000000000000000000000
1000000000000000000000000000000000000000000000000
1000000000000000000000000000000000000000000000000
1000000000000000000000000000000000000000000000000
1000000000000000000000000000000000000000000000000
1000000000000000000000000000000000000000000000000
00000000000000000000000000000000000000000000000000
000000000000000000000000000000000000000000000000000
0000000000000000000000000000000000000000000000000000
10000000000000000000000000000000000000000000000000000
00000000000000011111111111100000000000000000000000000000000

1
1
1
1
1
1
1
1
1
1
1
1

0000000000000000000011111111111100000000000000000000000000000000
0000000000000000000011111111111100000000000000000000000000000000
0000000000000000000011111111111100000000000000000000000000000000
0000000000000000111100001111111100000000000000000000000000000000
0000000000000000111100001111111100000000000000000000000000000000
0000000000000000111100001111111100000000000000000000000000000000
0000000000000000111100001111111100000000000000000000000000000000
0000000000000000111111110000111100000000000000000000000000000000
0000000000000000111111110000111100000000000000000000000000000000
0000000000000000111111110000111100000000000000000000000000000000
0000000000000000111111110000111100000000000000000000000000000000
0000000000000000111111111111000000000000000000000000000000000000
0000000000000000111111111111000000000000000000000000000000000000
0000000000000000111111111111000000000000000000000000000000000000
0000000000000000111111111111000000000000000000000000000000000000

0000000000000000000000000000000000001111111111110000000000000000

0000000000000000000000000000000000001111111111110000000000000000
0000000000000000000000000000000000001111111111110000000000000000
0000000000000000000000000000000000001111111111110000000000000000
0000000000000000000000000000000011110000111111110000000000000000
0000000000000000000000000000000011110000111111110000000000000000
0000000000000000000000000000000011110000111111110000000000000000
0000000000000000000000000000000011110000111111110000000000000000
0000000000000000000000000000000011111111000011110000000000000000
0000000000000000000000000000000011111111000011110000000000000000
0000000000000000000000000000000011111111000011110000000000000000
0000000000000000000000000000000011111111000011110000000000000000
0000000000000000000000000000000011111111111100000000000000000000
0000000000000000000000000000000011111111111100000000000000000000
0000000000000000000000000000000011111111111100000000000000000000
0000000000000000000000000000000011111111111100000000000000000000

00000000000000000000000000000000000000000000000000001 11111111111

00000000000000000000000000000000000000000000000000001 11111111111
00000000000000000000000000000000000000000000000000001 11111111111
00000000000000000000000000000000000000000000000000001 11111111111
0000000000000000000000000000000000000000000000001111000011111111
0000000000000000000000000000000000000000000000001111000011111111
0000000000000000000000000000000000000000000000001111000011111111
0000000000000000000000000000000000000000000000001111000011111111
0000000000000000000000000000000000000000000000001111111100001111
0000000000000000000000000000000000000000000000001111111100001111
0000000000000000000000000000000000000000000000001111111100001111
0000000000000000000000000000000000000000000000001111111100001111
0000000000000000000000000000000000000000000000001111111111110000
0000000000000000000000000000000000000000000000001111111111110000
0000000000000000000000000000000000000000000000001111111111110000
0000000000000000000000000000000000000000000000001111111111110000

78




A. ADJACENCY MATRICES

000000000000000011
000000000000000011
000000000000000011
000000000000000011
000000000000000000
0000000000000000000 1
00000000000000000000 |
000000000000000000001111
000000000000000000000000
000000000000000000000000 1
000000000000000000000000 1
0000000000000000000000001111
0000000000000000000000000000
0000000000000000000000000000 1
0000000000000000000000000000 1
00000000000000000000000000001111
11110000000000000000000000000000
10000000000000000000000000000
0000000000000000000000000000
00000000000000000000000000001
1

1

1

00000000000
00000000000

8 % 00000000000
00000000000011

0

1

1

1

0 1
00000000000011
00000000000011
0
1
1

{ 00000000000
1
00000000000111
1
1
1

0
000000000000
000000000000
000000000000
11

11

11

1

— —
—_—
—_—

1
1
1
0000000000111

1
1
1
1
0 100000000000

1
1
1
1
0 100000000000 100000000

1 1
1 1
1 1
1 1
0 0
0 000000000000 0
000000000001

00000000000 1
00000000000 1
00000000001111
1000000000000
000000000000
800000000000
1
1
1

00000000

0
1 1
1 11
1 11 0000000
1 00000000001111

1000000000000
000000000000 1
00000000000 1
00000000001111
1000000000000
000000000000

800000000000
1
1
1

000000
10000
0000
0000
0
1
1
1

1
1
1
1
0

O = -

0 0 0
00 00 00
11 11 11
11 11 1111
11 11 1111
1 1 00000000001111
1000000000000
000000000000

800000000000
1
1
1

00

1
1
1
1
0 11
11
11
11

1 1

1 1
0 1 1
00 1100 1100
11 0011 0011
11 111 1
11 111 1
1 00000000001111 1
1000000000000
000000000000

800000000000
1
1
1

00000000001
1000000000000
000000000000
000000000000
000000000000
11
11
11
1

1 1
1 1
1 1
1100 1100
0011 0011
1 111
1 111
1 00000000001111
1000000000000
000000000000
800000000000
1

1

1

1 1
11 1
11 1
11 1
10000000000000000000000000000 0
0000000000000000000000000000
8000000000000000000000000000
1

1

1

100000000
00000000
00000000
0
1
1
1

1

11
11
00
00 1
0000 1
00001111
00000000
00000000 1
00000000 1
000000001111
000000000000
000000000000
000000000000
0000000000001
11110000000000
111100000000000
1111000000000000
65110000000000001

0 0
1 1
1 111
1 111
1 000000000000000000000000001111
10000000000000000000000000000
0000000000000000000000000000
8000000000000000000000000000
1

1

1

1
1
00000000001111
1000000000000
000000000000
800000000000
1
1
1

000000
10000
0000

0
0
1
1
1

1 1 1
1 1 1
1 1 1
1100 1100 1100
0011 0011 0011
1 111 1
1 111 1
1 000000000000000000000000001111 1
10000000000000000000000000000
0000000000000000000000000000

8000000000000000000000000000
1
1
1

1
1
00000000001111
1000000000000
000000000000
800000000000
1
1
1

1 1 1
1 1 1
1 1 1
1 1 1
0 0 0

0 0
1 1
1 1
1 1
1 1

—_———

1

1
000000000000000000000000001111
10000000000000000000000000000111
0000000000000000000000000000111
0000000000000000000000000000111
?0000000000000000000000000001 1
1
1

00000000001
1000000000000
000000000000

1 1
11 1
11 1
1100 1100

0011 0011

011 111
1 111000000000000
1 111
10000000000000000000000000000

?00000000000
00000000000000000000000000001

1
1
1
1
00111100000000000 11100000000
1
000000000000000000000000000011
0
1
1
1

1
1
1
011
0000111100000000000011
0000111100000000000011
0000111100000000000011
0000000011110000000000

1 1100000000

1 1

é 00000000000000000000000000111
000000001111000000000000

100000000
100000000
1000000000000000000000000000011110000
1000000000000000000000000000011110000
000000001111000000000000 1000000000000000000000000000011110000
0000000011110000000000001111000000000000000000000000000011110
0000000000001111000000000000111100000000000000000000000000001111
0000000000001111000000000000111100000000000000000000000000001111
0000000000001111000000000000111100000000000000000000000000001111
0000000000001111000000000000111100000000000000000000000000001111
1111000000000000111100000000000011110000000000000000000000000000
1111000000000000111100000000000011110000000000000000000000000000
1111000000000000111100000000000011110000000000000000000000000000
1111000000000000111100000000000011110000000000000000000000000000
0000111100000000000011110000000000001111000000000000000000000000
0000111100000000000011110000000000001111000000000000000000000000
0000111100000000000011110000000000001111000000000000000000000000
0000111100000000000011110000000000001111000000000000000000000000
0000000011110000000000001111000000000000111100000000000000000000

1
1
1
1100 0
00111 11
11 11
1110 11
1110 11100
001 0011
1 1
1 1
1

0000000011110000000000001111000000000000111100000000000000000000
0000000011110000000000001111000000000000111100000000000000000000
0000000011110000000000001111000000000000111100000000000000000000
0000000000001111000000000000111100000000000011110000000000000000
0000000000001111000000000000111100000000000011110000000000000000
0000000000001111000000000000111100000000000011110000000000000000
0000000000001111000000000000111100000000000011110000000000000000

79




A. ADJACENCY MATRICES

OO~ — OO0 —0O0—0O0—0 0000 —O0O—O0O0———0O0O0—000O0—O0O0—O0—O—O0OO0—~—O0 000000000000 OOO
OO —O——O—O0—O0 0000 —O—O0O0O0——O——O000O0O0O0O—~—O0—0O0—00O0—=—O0 0000000000000 OOO
—— O OO —=— 0O —0O0—0 0000 —O———0 00 ——00 0000 ——O0O0—O———O0O 0000000000000
—_— OO — OO —~—O0O—0 0000 —O—O——O0O0—0 0 —000O0—O0O0——O—O——O0O 0000000000000 OOO
— OO0 —0O0——00 00O —O0—0 00— —O—0O0—0 000 —O0O0—O—O——0O0—O0 00000 ——O0 0000000000000
O—— OO0 ——00 00 —O0—O0O0O0———O—O000O0O0O—~—O—O—O0O0 0000000 ——O OO0 OOO
O—— OO0 00000 —O—— =000 —O0—0 0000 ——O0O0—O—O——00 00O ——O0 0000000000000
—OO0O—~—— 000000 —O—O0O——0O0—0O0—O000O0O0—O0O0—~—O—O0—0O0—O0O0O0O0——O 0000000000 OOO
O—O—0O0 00O O ———O0O0—=—0O0—0 0000 —O0—O0O0—— OO0 ——O0OO0O0O0—O0O0—O—O—O0 000000000 OOO
— OO0 000000 ——O—— 00 ——000 00 —~0O0—O00O0——O0O0——O0 0000 —~—O—O0—00 000000000 OOO
O—O—0O0 0O ——0O00O0——O0O0——000 00O — OO0 —~—O0 000000 ——O0O0—O—O 00O OOO
— O =0 0000 ——0O0— 00 ——00—0 000 —0O0—O0——O0O0—=—0 00000 —O0O0——O0—00 0000000000000
OO OO —O——O0O0—~0O0— 0000 —O0O0— OO0 ——O—O0—O000O0O0O0——O—O——O0O0—O0OO0O0OOOOOOOOOOOOO
OO OO —O—C0C O ——O0 00— —0 0000 ——O00O0———O0—00 00000 ———O—O0O0——O0O0 000000000000
OO OO —O— O ——O——0 000000 ——O—~—O0 00 —O0—O0O00O0——O OO0 —O—O——O00O0OOOOOOOOOOOOOO
OO OO —O—O—O0O0—~— =0 00000 — OO0 ——— OO0 —0O0—0000O0—— OO0 —O0—O—O0O0 =000 O
O—O— OO0 —~——0O0—00 0000 ———O0O0—O—0O0—O0 0000000000000 O0O0O OO —O0O0—O—O0—O0 O ——O OO
—O— OO0 ——O——O0 000000 ——O——O—0O0—O00000O0O0OOOO0O0OO0OO0O0O0O0O0O0O0O0 O ——O—O—00O0—=—O0 OO0
O— O === OO0 ——0 0000 ——O0 00 ——O0O0—O0—0 0000000000000 OO ——0O0—O———O0 0000
—O—O—— OO0 — 00 —~0O0 0O ——O0O0—O0O0—~—O—O000O0O0O0O0O0OO0O0OO0OO0O0O0OO0O0O0O0O—O0 O ——O0—O——O0 00O
OO —O—O0—0 000 —O0O0——0O0—0O0——O0 0000 —O—O0 0000000000000 —O——OO—O0O0OOOO — —
OO~ —O—O0 0000 O —— OO0 ——O0OO0O0——O00O0O0—O—O00O0O0O0OO0OO0OO0O0OO0O0OO0O0O OO —O—O0 O ——O0O0OOOO — —
—_— OO O — O =00 00O ——O0OO0——O——0 000000 —O—O0 0000000000000 O —O—O——00 00O ——OO
— OO —O 00000 — OO0 —~—0O0—~——O0 00000 —~O0—O00O00O0OO0OOOO0O0O0O0O0O0OO0 O —O—~O0—O0O0—O0 OO0 ——OO
—OO0O—0O0 00O — O — 00— —O—0O0—0 00000 ———O0O0—O0O000O0O0OOOOO0OO0OO0O0O0O0 OO —~—O0 00O —O0O0—O—O —
O—— 00000 —O—O0 00 ———0O0—00 00000 ——O 0000000000000 —=—0 0000 ——O—O—O
O—— OO0 OO —O—— OO0 —O—0O0O0 0O ——O0O0O0——00O0O0O0O0O0OOOOO0OO0OOOO0O OO0 O0OO0OO——OO—O —
— OO0 —0O0 00— O —O——0O0—0O0—000O0O0——0O0—00—0 0000000000000 ——O0 00000 —O0O——O—O
OO0 O —OO0O—~0 O ——O—O0—~0 0000 —O——O0OO0—OO0——O000O0O0O0OOOOO0OOO0OO0OOOO0O OO ——O—O——O O —
OO OO —— OO0 ———O—0 0000 —O0—O0O0O——O00O0—=—0000O0O0O0O0O0O0O0O0O0O0O0O0O0O0O0O0OO0O—=——O—=0O0 O ——O
OO OO ——O— 00O —O0—~O0 0000 —O0O—O——O—~—O0 0000000000000 ——O0 0O —O—O——O
OO0 —O0 O —~— OO0 —O0—0 0000 —O—O—O0O0———O0 0000000000000 OO0 OO ——O0 O —O—O—O O —
— OO —O—O0O—0O0——00000O00O0O0O0O0O0O0O0O0O0O0O0O0 0O O ———O0O0—O—O—0 0000 —O0— OO0 ———OO—00O0OO
O~ O—O—O0 00— =00 0000000000000 OO0 ——O—~—O—O0—000O0O0—O0—00O0——O——O0O0OOO
O—— OO —O—=— =000 00O —— 000 ——0O0—O0—O0 0000 —O———O0 0O ——00O0OO
—OO—~—O—O——0 0000000000000 O0O0O0 OO —— 00— 00 ——O0—000 00 —O0—~O——O0O0—O0O—OOOO
O—O—=— OO0 —0 00000 — 0000000000000 OO0 —O0O0— OO0 ——O0 0000 —O0— OO0 ——O0—O0—O0 00O —OO —
—O— OO —— 0000000000000 O0O0O0O0O0O0 OO —~—O00O0——0O0 00O —O0—O00O0———O—00 00O ——O
O—O—O =000 =000 OO ——O——O0 000000 —O——— O 0O —O—O0O0O0OO——O
— OO — 00 —~00 0O ——000O00O0OO0OO0O0O0O0O0O0 OO0 O — OO0 ——— 0000000 —O—"—O0O0—O0—00O0O0O—OO —
OCO——OO0 OO0 —O0O0O—O—O0—0 0000000000000 —O—0O0 00000~ —OO0——O0O0O—O0 00O —O—O O —
OO —=—O0O 00O ——O—0O0—0 0000000000000 —O0—0 000000 ——O—— OO0 ——00 00O —O—OO O — —
OO OO0 OO ——OO0O—O—~00 0000000000000 0O —O0—0O0 00O —— 000 ——O0O0——00 00O —O———OO
—_— OO OO0 —O0O0O——O—0 0000000000000 OO0 —O0—0 0000 —— OO0 —0O0——O0O—O0 00O —O0—O—=—OO
OO OO OO —O——O0O0—~0O0 0000000000000 OO~ O ——O0O0—O0O0—~—O0 00O —O0OO0O—OO—~—O—O —
OO OO ———O—O0O0O——O0 0000000000000 00— O —0 0000 —=—O0 0000 —— OO0 ———O—O
OO OO0 O —O0O—~O——O0 0000000000000 O0O0O0O0 OO~ O — O —~—O——O0 0000 OO ——O——O0 OO —O —
SO0 O ——O0OO0—O—O—O0O0—~00 0000000000000 OO0 — O —O—O0O0———O0 00000 —O0OO———OO—O—O
QOO0 O0OOO0O0O0O0O0O0 OO0 —O0C O —O0—O0—O0 0 ——0 0000 —O0— OO0 ———O0O0—0 00000 ———OO—O—O0—00O0O
SO0 OO0 OO0OO0OO0C OO0 O ——O—O0—O0O0O0——0O00 00 —O0—O0O0O0——O—~—O000O0O0O0O——O——O—O—0O0O0OO
QOO0 OOOOO0O0O0O0O0O0O0O——O0 OO0 —O———O0 000000 —O——— 000 ——00 00O ——O0 0O ——0O0—O0—0O0OO
OO OO0 OO0 OO -0 O —~—O0—O——0 00000 —O—O—— OO0 —O0O0—O0O0O0O0O——O0OO0—O0OO0——O—00OOO
OO OO0 OO0OO0OO0CO0O0 OO —O——0O0—0 00000 —— OO0 ——O—O—O00O0O0—O0O0——O0O0— OO0 —=—O0 00O —O —
OO OO0 OO0 O0 OO0 OO —O0—O0O O —~—000 00O —— OO0 ———O0O—000O0O0O0O—~—O0O0——O00O0O——O0 00O —O—O
OSOOOOOOOOOOO0OO0OO0O OO — O —O——O0O0 00O ——O0O0—~—O0 00 —O—O0O0O0O0O0——O0O0——O——O0 00000 —O—
QOO0 OOO0O0O0O0O0O0 OO0 —O—O0—0 0 —0 000 —=—0 0 —~—00—0O0—00 000 —O0O0——O0O0———O0 00000 —=O—O
SO0 OOOOOOOOO0OO0 OO0 —— 0000 —O0O0—O—O——O0O0—00O0O0O0—O— OO0 —~—O—O—O0 00000 ———O O —
QOO0 O0O0O0O0O0O0O0O0O—=—0 0000 ——O0—0O0—0O0——00 000 —0O0—0O0O0—=——O =00 00000 —=—O——O
SO OO OO0 OO0 OO OO ——O0O0 00O OO ——O0O0—O—O—~—O00O0 00O —O——— OO0 —O—O0 OO0 ——O0 OO ——O
OO OO0 O0OO0O0O0O0O0 OO0 —=—0 00000 —0O0——O0—0O0—00—0 000 —O0—O0—— OO0 —0O0—000O0O0——O0 O —=O O —
OO OO0 OOOOO0OO0OO0O0O0O0O0O0 OO ——O—O0——O0O0—00 00— OO0 —O0O0——O—O0—O0 0000 —O——O0O—O O — —
SO0 OOOOOOOOOOO0OO0OO0O0OO0 OO0 ———O—O0O——O00O0 00O —~—O00O0———O—00 00O —O0—O0O0——O OO ——
QOO0 O0O0O0O0O0 OO0 ——0 00 —O0—O0——0 00000 ——O0—— 000 —O0—0 0000 —O—O——O——O0O
SO O OO OO OO OO0 OO0 OO ——O0O0—~O0—O—00—000O0— OO0 ——— OO0 —O0—~00O0O0O0—O—~O—O0O0———OO

Il
<
<<

80



A. ADJACENCY MATRICES

—— OO O —— O —O0O—0 0000 —O0O0—O 000 ——0000O0O0—~—0O0—O0—O——O 0000000000000 OOO
—_— OO — OO0~ O —0O0—0 0000 —O———O0O0—~0O0—~0 000 —~O0O0—O—O———O 0000000000000
OO ——— OO0 —=—0O0—0 0000 —0O0—0 00 ———0O0—0 000 —0O0——0O0—00O0——O0 0000000000000
OO —O—— OO0 —O0—00 00O~ O —O0OO0——O——O00O0O0O0O0——O0O0—O—OO0——O0O0O0O0OOOOOOOOOOOO0OOOOO
O——O—— OO0 0000 —O0O—O0——O0O0—0O0—00 0000 ——O0—0O0—0O0—=—00 00O ——O0 0000000000000
—OO—~——OO0O0O0O0O0O—O—— 00O —O0—0O0 00O —~O0O0—O—O——OO0—~O0O0O0O0O——O 000000000 OOO
— OO0 =00 ——00 00 —O0O—C0 00— ——O0—00 000 —O0O0——O0—O—0O0—O0000O0O0——O 0000000000000
OO0 O ——00 00O —O0— 00 ——O—O0—O0 0000 —~—O0O0—~O0—O——O00O0O0O0OO—~—O OO0 OOO
—_O—O0 0000 —— 00O ——O0O0——0 0000 —0O0—O——O0O0——O0 000000 ——O—O0 =00 00000000000
O—O—O0 00O ——0O0O0—0O0—~—0 0 —~00 00O —O———O0 0 ——0 00000 —O0O0—O0—O0—O0 00O OOO
—O—O0 000000 ———O0O0——0 0 —00 00 —0O0—O0O0O0——O0OO0——O0O0O0O0—O0O0——O0—00 00000000 OOO
O—O—0 000 OO0 ——O——O0O0——0 00000 —O0—O0O0——O0O0——O0 0000 ——O0O0—O—O0O 0000000000000
OO0 O —O— OO ——O— 000000 O ——O OO0 —0O0—00O0O0O0—— OO0 —O0—O0O0——O0O0 00000000 OOO
OO0 OO —O—— 00 —— =00 0000 —O0O0———O0 00 —O0—O0 000 ——O0 00— O ——O0O0—O 0000000000000
OO O —O—O—O0O0O—~0O0 0000 —O0O0—~ OO0 ———O—000O0O0O0O0O—~——O—O—O0O0—O0 0000000 OOO
OO OO —O—O—— 00O ——00 00O ——O00O0——O—O0—0000O0O0——O—O—O——0000O0O0OOOO0OOOOO
— OO —— 000 ——0 0000000 ——0O0—0O0—00O00O0O0O0OO0OO0OO0OO0O0O0O0O0O0O0O OO —— O —O—O——0 00O
O— O OO0 —O0O0—~0O0 0O ——O0O0—O0O0—O—O0—0O0 0000000000000 —OO—O—O———O0 00O
— O =000 ———O0 0 —0000O0O0———O0O0——0O0—00 0000000000000 —O0O0——O—00O0—=—O0 00O
O—O—O0OO0——O——O0 0000 OO0 ——O——OO0—O—O0O0O0O0O0OOOOOOOO0O0O0OO0O0O0O0 O ——O0O0—O—OO——O OO
—_— OO = O =0 00000 ——O0O0——O——0 00000 —O0—0O00O00O0O0O0O0O0O0O0O0O0 00O —O0—0O0—=—00 00O ——OO
—— OO O —O—~00 00— OO0 —~—O0O0—~——O0 000000 —O—O0O0O0OOO0O0OOO0OO0O0O0O0O OO0 —O——O0O0O—~O OO0 ——OO
OO == O =0 0000 —O0O0O——0O0—0 00— =000 —O0—0000O0O0O0O0O0O0O0O0O0O0O0O0O0O—O0—0O0—O0O =000 —
OO~ O —O—0 0000 ——O0O0——O00O0——O0O00O0O—~O—O0 0000000000000 OO —~O—O——O0O0O0OOOO ——
O——O 0000 —O—O——O0O0—0O0—00O0O0O0——O0 0O ——00O000O0O0O0OOO0OO0OO0O0 OO ——O0O 0000 OO ——O—O—O
— OO0 —00 00O —O———O0 00 —O0—0 000 —=—O0O0—~0O0—O0 0000000000000 —=—O0 00000 —O0O0—O—O —
— OO0 —00 00— O —O0 00— ——O—O000O0O0O0O0———OO0—O0O00O0O0O0OO0OOO0OO0OO0O0O0O0O OO —~—O0 00O —O0OO——O—O
O—=— OO0 0O —O0— 00— —O—O0—0 00000 ——O——00 0000000000000 OO0 —=—O0 0000 —— OO —O —
OO OO ——O—— OO0 —O0O—0 0000 —O0—O0O0——O——O0 0000000000000 —— OO0 —O—OO——O
OO OO —O0 O —— =000 —O0—0 0000 —O——O0O0———O0 0000000000000 OO0 ——O OO0 —O——O O —
SO0 OO0 —O0 0 ———O0—0 0000 —O0—O0—0O0—O0O0——O0 0000000000000 OO —~——O—O—O O —
OO0 OO ——O 00— —O—0O0—0 0000 —O—O——OO0O0 =000 O0O0OO OO ——O—O—O——O
O——O—O—O——0 0000000000000 00O —— 000 ——0O0—0O0—00 000 —0O0—0O0——O0 00 ——00 00O
—OO—O—O———0O0 0000000000000 O0O0 OO —— OO0 —O0O0—O—O—O0 0000 —O———O0OO0—O0O—OOOO
—OO—=— O =000 ——00000O00O0O0O0O0O0O0O0O0O0O0O0O0 OO0 ——— OO0 ——O0—00 000 —0O0—00O0———OO—O0O0OO
O OO —O—O0O0— 0000000000000 O0O0O0C OO ——O——O0O0—O—O0 0000 —~O—OCO—~—O——O0OO0OOO
—O— OO —=—O0 0000 =000 OO0 O ——O—— 000000 —O0—O——O0OO0—O0—0000O0O——O
O—O—— OO0 —~0 00O ——O000O0O0O0O0OO0O0O0O0O0O0OO0O0O0 O —O0 OO0 ———O0 0000 OO —O———O0O 0O —O—O OO0 —OO —
—O—O—O0O0O 000000 — 0000000000000 —0O0— OO0 ——O0 000 —O0—00 0 ———O =00 00O —O O —
OO —O—— 0000000 —~—O0 000000000000 OO OO —~—0 00 ——O0 000 O —O0—O0O0—~—O—O0—O0 00O ——O
—— OO OO0 OO ——O—O—0 0000000000000 O —O0— 0000 O —— OO0 00— —O0O0——00 00O —O—O——OO
—— OO OO0 OO — 0O —O0—0O0—0 0000000000000 OO0 —O0—0O0 00O —— OO0 —0O0——0O0—O0 0000 —O———OO
OO OO0 OO0 —O0O0O——O—O0 0000000000000 OO —O0—-O0O0O0O0OO0O———OO0——OO0—CO OO0 —O—OO O —
OO ——O0OO0 OO0 ——O0O0O—O—0 0000000000000 0O —O—O0 000 OO0 ——O—— OO0 ——00 0000 —O—O O — —
OO OO0 —O—O0O0O——00O0O0O0O0OOOOO0OO0O0O0O0O0O0O0 0O — O —O0O0——O——O0 0000 OO ——O——O0 O —O—O
OO0 O ——O0O0 O —O——O0O0—~00 0000000000000 O — OO0 ———O0 00000 —O0O0O———O0 OO —O—
OO OO O —~——O0—O0—0O0—0 0000000000000 OO0 —0O0—0O0—O0 0 —~—O0 00O —O0O0—O O —~——O—O
SO0 OO O ——O—O—O——O0 0000000000000 O~ O—O—~—O0O0O0—=—O0 000 O ——OO0O——O—O —
QOO OO0 OO0OO0O0O0O0O0 OO0 ——O—0O0—0O0——0 00000 —O0—0O0—— 000 ——00 00O ——O0 00 ——O—=O0—000OO
SO0 OO0 OO0O0OO0O OO — OO~ O —O———O0 000000 —O——— OO0 —O0O0—O0O0O0O0O——OO0—O0O—O—O—OOOO
OO OO0 OO0O0O0O0O0O0O0—O0 O ——0O0—0 00 ——0 000 —0O0—0O0O0———O0O0—000O0O0O0———OO—=—O =000
OO OO OO0 O0OO0 OO —— OO0 —O— OO0 ——O00 00O~ O — OO0 —~—O——O000O0O0 OO —~—O—— OO0 —O—OOOO
OO OO0 OO0OO0OO0CO0O0 OO0 —O—O0 O ——0 0000 —— 00 —— 00 —0O0—000O0O0O0——O0O0——O——O0 00000 —=O—O
OO OO0 OO0 O0O0O0O OO0 —O——0 0 —~0 00O —~—O0 0 ——O0 00 —O0—O0 00O —O0O0——0O0—~——O0 00000 —O —
SO0 OO0 OOO0OO0OO0OO0O OO —O—O—0O0—~0 000 OO0 —— OO0 ———O—000O0O0—O0O0——O0O0—O0O0—~—O0 00O —=O—O
QOO0 O0O0O0O0O0O0O—O—O——0 00000 O —— OO0 ——O0—O0—O0 0000 ——0O0——0 00 —=—0 0000 —O —
SO0 OO0 OOOO0 OO 000000 O ——O0—O0—O0O0——00O0 0O —O0—O—— OO0 —O0—00 00O ——O0 OO ——O
OO0 OO0 O0OO0O0O0O0O0O0O0—=—00 0000 —0O0— O —O——0O0—O0 0000 —O———O0 00 —O—O0 00O ——O O —OO —
SO0 OO0 OO0O0OO0O OO0 OO ——0O0 00 —O0 00— —O0—O0—0O0—00 0O —O0—00O0—~——O—00 00O ———O O —
OO OO0 OO0O0OO0OO0OO0O0OO0C OO0 ——O0 0000 ——O0O0—O0—O——00O0O0 0O~ O — OO0 —~—O—O—000O0O0O——O——O
OO OO0 OOOO0O0OO0 OO0 O0 OO ——0 0 —0O0—O0O0——000 00O —~—O—— OO0 —O0—00 00O —O0—O0O0——O——OO
SO0 OOOOOOOOO0OO0O OO0 OO0 OO =000 —O——O0O0—~0O0 000 —O0O0———O0O 00 —O0—O0 0000 —O——OO———OO
QOO0 O0O0O0O0O0O0O0CO0 O ———O0—0O0—0O0—0 000 —0O0—O0O0———O—00 000 —0O0—0O0—0O0 —O O — —
SO0 OO OO OO OO0 OO0 O OO~ O —~—O00O0O0O0O0O 000 —~—O—O—O0O0O0O0O—O—O——OO O —

I
"
<

81



A. ADJACENCY MATRICES

6E,

44000000000000000044444444444400004444444444440000444444444444

44000000000000000044444444444400004444444444440000444444444444

7
c

[ESNI

44c4000000000000000044444444444400004444444444440000444444444444

444¢000000000000000044444444444400004444444444440000444444444444

0000c44400000000444400004444444444440000444444444444000044444444

00004c¢4400000000444400004444444444440000444444444444000044444444

000044c400000000444400004444444444440000444444444444000044444444

0000444¢c00000000444400004444444444440000444444444444000044444444

00000000c444000044444444000044444444444400004444444444440000444%

000000004 c440000444444440000444444444444000044444444444400004444

0000000044c4000044444444000044444444444400004444444444440000444%

00000000444c0000444444440000444444444444000044444444444400004444

000000000000c444444444444444000044444444444400004444444444440000

0000000000004 c44444444444444000044444444444400004444444444440000

00000000000044c4444444444444000044444444444400004444444444440000

000000000000444c444444444444000044444444444400004444444444440000

0000444444444444¢44400000000000000004444444444440000444444444444

00004444444444444c4400000000000000004444444444440000444444444444

000044444444444444¢40000000000000000444444444444000044444444444%

000044444444444444400000000000000004444444444440000444444444444

44440000444444440000c4440000000044440000444444444444000044444444

444400004444444400004c¢440000000044440000444444444444000044444444

4444000044444444000044c40000000044440000444444444444000044444444

44440000444444440000444¢0000000044440000444444444444000044444444

444444440000444400000000c444000044444444000044444444444400004444

4444444400004444000000004c44000044444444000044444444444400004444

44444444000044440000000044c4000044444444000044444444444400004444

444444440000444400000000444c000044444444000044444444444400004444

4444444444440000000000000000c44444444444444400004444444444440000

14444444443400000000000000004c4444444444444400004444444444440000

444444444444000000000000000044 c444444444444400004444444444440000

00004444444444440000444444444444¢4440000000000000000444444444444

000044444444444400004444444444444c44000000000000000044444444444%

0000444444444444000044444444444444¢4000000000000000044444444444%

0000444444444444000044444444444444400000000000000000444444444444

444400004444444444440000444444440000c444000000004444000044444444

4444000044444444444400004444444400004c44000000004444000044444444

44440000444444444444000044444444000044c4000000004444000044444447

444400004444444444440000444444440000444¢000000004444000044444444
4444444400004444444444440000444400000000c44400004444444400004444

44444444000044444444444400004444000000004c4400004444444400004444

444444440000444444444444000044440000000044c400004444444400004444

4444444400004444444444440000444400000000444¢00004444444400004444

44444444444400004444444444440000000000000000c4444444444444440000

444444444444000044444444444400000000000000004c444444444444440000

444444444444000044444444444400000000000000004444444444444440000

44444444444400004444444444440000000000000000444c4444444444440000

000044444444444400004444444444440000444444444444¢444000000000000

0000444444444444000044444444444400004444444444444c44000000000000

00004444444444440000444444444444000044444444444444¢4000000000000

000044444444444400004444444444440000444444444444444¢000000000000

4444000044444444444400004444444444440000444444440000c44400000000

14440000444444444444000044444444444400004444444400004¢4400000000

444400004444444444440000444444444444000044444444000044c400000000

1444000044444444444400004444444444440000444444440000444¢00000000

44444444000044444444444400004444444444440000444400000000c4440000

444444440000444444444444000044444444444400004444000000004c¢440000

4444444400004444444444440000444444444444000044440000000044¢40000

44444444000044444444444400004444444444440000444400000000444¢0000

444444444444000044444444444400004444444444440000000000000000c444

4444444444440000444444444444000044444444444400000000000000004 44

44444444444400004444444444440000444444444444000000000000000044 ¢4

4144444444444000044444444444400004444444444440000000000000000444 ¢
82




A. ADJACENCY MATRICES

[ |t |t [t [t o ot [t [ = [ [ = 003 €0 €0 00 | [ [t o [t o o [ et o [ vt | |
Pt [t et ot ot | e [t [t [t |t [ = €0 €0 €0 O e [t ot o [t ot ot | [ et et [t |
[t [ et ot [t [ et [yt [ = [ [ [ = €00 00 00 0 [ [t ot [t [ et ot [t [ e ot [t [ = [ = o)
[t [t et [t [t | e et [t =t = = [ = €0 €0 €N O e vt [t [ e [ [ [t | [ | =t = [ = €N N N en ||
[l [ [ [ = en 0N 0N N |t |t ot ot ot [ et et [ et [ et [ i [ i [ = €0 €0 €N €N et [t [ ot |t |t | | [ en N N Nt [t |t [t [t |t |t |t |t | =t | =t | = €0 €N €N €N [+t [+ v |
[ [ = = [ [ [ [ N €N en 0N | | | | e | | [ | [ [ [ [ en €N €0 00 v [ | | | = | | | = | [ [ [ en N 6N 0N | | [ [ [ | | | | [~ | — | — N N N 0N [ | || —
[l [ [ [ [ = 00 0N 0N N |t |t et ot ot [ et [ ot [ et [ et [t [ i [ €0 €0 €0 €0 et | et | ot | ot | et ot et [ et [t [t [ [ €0 €0 €0 €0 [+ [ [ [ [ [ [ [ [ [ [ | = 1 N 0N 0N ||| = | —
[ [ == == == N en N eN e | || | | | | | [ || N N 6N 0N | | | | | = || |~ | | [ == N N N N | | [ | [ | = | |~ | == [—|— N N N N [ | |—|—
[ === e N 0N N |t |t [t | | |t [t | e [ [ | == €0 €N €N €N [t vt [t e [t [t et [ et ot [t | = = €0 €0 €0 0N it | [t ot |t | e [t [t | = [ [ [ €0 €N €N O et ot | et [ ot |t |
[l e N 0N N |t |t |t | |t |t [t | [ [ | = €0 €0 €N €0 [rf v |t | ot [t | ot | et [t [t | | = €0 €0 €0 00 [t | [t ot |t | o ot [t | [ [ [ €0 €0 €0 €0 ||t ot | et [ o o |t |
[t === e N 0N O |t | ot [t | et | et [t [t | e [ [ | = €0 €0 €N €0 [t ot ot [ e et [t et | et [t [t [ e = €0 €0 €0 00 it [t [t ot |t | e [t [t [ et e [ [ €0 €0 €N O et ot et [ e et |t |
=== N N 6N N | |t |t [ |t | et [t | et | [t [ | = €N €7 €N 0N | [t [t | ot | et [ et [ [ i | = €0 €N €N 0N [t | ot | et [t [t | et [yt [t [ = [t [ = €1 €1 €N O et e ot [t [ ot [ et |
€N 0N N N | | [ | | | | [ | [ = [ = 61 €N 0N 0N [ | | [ | [ [ | [ [ [ [ €0 €N 00 00 [ [ | [ [ | [ [ [ [ [ [~ 00 00 00 00 | | | | | | ot [ [ [t [ |
€N 0N 0N N |t [t et et ot ot ot ot et et ot | €N 0N N | [t [t [t [t |t [t [t [t [ | = 00 00 €0 €0 et et ot et [ ot [ ot [ ot [ et [ et [t [ i [ i €0 €0 €0 €0 et ot ot ot ot ot [t [t [t [t [t [
€N N 0N 0N | [ [ | | [t | | [ | ] €N N 0N [ | [ [ e | [ = [ [ [ = | €0 00 €0 00 | |t [ | [ [ | [ [ [ [ | €0 €0 €0 00 [ | |t | |t | ot | o [t [ ot [ i |
CN ON N ON v |t |1t | ot |t [ [ v | ot | e | ot | et N 0N N vt [ |1t |1t |t |t [ vt [t |7 [ et [t €Y €O O O [t [t 1 |1t | |t [ 1 [ 1t [ 7t [t [ €Y €Y O O [t [t [ vt |t | o | et |t [ v [ o [ v | e | e
[t [ [ |t | = [ [ | = = [ | = 0 en en [t [t et [t [t | [t [t | =t = [ €0 €0 €0 00 [t | et [t |t o [t |t | [ [ | = €0 €0 €0 €0 | [t [t | | [ |t | | | | (| — N N en en
[t [ e [t |t | = [ [ | = [ = | |— 0 cn N [t [ et [t [t | e et [t |t [ = [ €0 €0 €0 00 [t e ot ot |t [ e ot [t | e [ [ [ = €0 €0 €0 OO e vt |t | e | [ |t | | | | (| — N N N e
[t et [t | ot [t | et [ [t [ et [ [t = €0 €0 €0 €0 [t [t [ | [ o [t [ ot [ [t [ [ [ = €1 €0 €0 €0 [ | |t [ | [ [t | [ [t [ [ = €0 €N €N 0N [ [ | |t | |t | = | | = |~ |~ |— €N N N N
[ [t [ [ et [ [t [ [ = = = 60 00 00 00 | [t [ [ [t [ [ [ [ [ [ | = €0 €0 €N 00 [ | |t | | [ | [ [ [ [ [ €N €N 00 0N [ | [ | == | |+ | =~ || | = |—|— cn N cn N
[l [ [ [ [ = 00 0N 0N 0N |t ot ot ot et ot [ et [ et [t [ i [ €03 €0 €0 €0 et et ot ot ot ot ot [ et [t [t [ [ €0 €0 €0 €0 v v [ [ [ [ [ [ [ [ [ | = 1 €N 0N 0N ||| (|
[ [ = = [ [ [ [ N €N 6N 0N e | || e | | [ | [ [ [ [ 0N €N €0 0N | | | | | = | | | = | [ [ | en N eN 0N | | [ | | | | |~ | |~ | —|— 0 en N N [ | | |—
[t = = [ [ = [ = 0 €0 0N OO | ot [t | e ot [t | = [ [ |t | == €0 €N €N €N [+t [t |t et ot [t e | ot [t | = [ [ €N €10 €0 0N [t | [t [t |t [ o ot [t | | [ | = €0 €N €N €N [ v |t |
[ === == == en en N eN | | || | | | | | [ || N N N N | | || |~ || |~ |— | = [—|— N N N N | | [ | [ | — | |~ | == |—|— N N N N [ | |—|—
[ === e N 0N O |t | |t [t |t | et [t [t | e [ [t | = €0 €0 €N €N [t ot [t [ e ot [t et [ e [t [t [ = €0 €0 €0 00 it | [t ot |t | e [t [t [ e [ [ [ €0 €0 €N O et ot et [ e ot |t |
[t N N 0N N | |t | [ |t | [t | et | [t [ | = €0 €0 €0 0N | [t [t | ot | et [ ot | et [ | i | = €0 €0 €N 0N [t [ ot | et [ [t | e [yt [t | = [t | = €0 €0 €0 O et o ot [ et [ ot [ e |
[t [t [ [ = 0N 0N N O | |t |t [t vt | 1t | 7t | et [ et [ [ i [ = € €N €N O [t |t |t |t [ [t |7t | et | et [t [ i [ = €0 €N €N OO [ |t |t | [ [ e [ [ | | =i [ =i [ = €Y €O ©N €N Rl Al R A Rl A A
==t l—=—= cn N N N ||t | e [ |t | [t | et | [t [ | = €N €N €N 0N [ [t [t | ot | et [ [t [ [ i | = €0 €N €N 0N [t [t v | et [t [ [ et [t [t [ = [t [ = €1 €1 €0 O et o ot [t [ ot [ e |
€N 0N N 0N | | [ [ | | | [ | | = [ [ = 1) €N 0N 0N | [ | [ | [ [ | [ [ [ [ 00 €N 00 00 [ [ | [ [ [ [ [ [ [ [ [~ 00 €0 00 00 [ | | | | o ot [ | [t [ |
CN ON N ON |t |t |1t |t |t [ [ | 1ot | e | et [ et [t €Y €N O O [t [ |1t [ |t [ vt [ [t [t | e [ et [t €Y €0 O O [t 1t [ [ 1 | |t v [ [ vt [ 1t [t [ €Y €Y O O |t [t [ v |t | o | ot |t [ v [ e [ v | e | e
€N N N N | | [ |t | |t | [ = [ = [ [ = 01 €N 0N 0N [ [ [ [t | [ [ [ [t [ [ [ = 00 €0 00 00 [ [ | [ [t [ [t [ [ [ [ = [ 00 €0 00 00 | | |t |t | o o ot [ e [ [t [ |
N N 0N N et |t |t | ot |t [t 1t |1t |7 | et [ et [ €03 €N O O [t 1 |1t |1t |t [t 1 [t [t |7 [t [ = €Y €0 O O [t 1t 1 [t [ |t [ [ [ et [ 7t [+t [t €Y €Y O O |t [t [ vt |1t | o | et [t [ et [ [ e | o |+t
[ = = = [ [ = [ = = == 00 o0 en o0 | | | | | [~ | | = | = [ |— 0 o0 en e | || |~ | |~ |~ | [~ |— | [— e en en en | | — | |~ |— ||~ || —|—|—]|— en cn en en
Pt [t et ot [t | e et [t [t = i [ €0 €0 €0 O e et ot [ [ e ot ot | e [t [t [ =t | = €00 €0 €0 €0 [t ot et | ot ot | et [ e [ [t | = [ [ €1 €0 €0 O [t [ e vt [t [ e | [ |t | | = | = | — cn N N N
[t [t | [t |t [t [t [ e [ | =t = €0 €0 €0 00 | [t [ | | [ [t [ [ [ [ [ = €1 €0 €0 00 [ | | et | | [ [ | [ [ [ [ €0 N 6N 0N | | | |+ | | = | = |~ | = |~ |~ |— N N N N
[ [ | [ = [ [ [ = [ = = 00 00 00 00 | [t [ [ [ [ | [ [ [ [ | €0 00 €N 00 [ || | = | | | | [ [ [ [— e 6N N 0N | | | | = | |~ |~ || | = |—|— cn N cn N
[t = = [ [ = [ = N €0 €N OO | |t [t | e ot [t | [ [ | | == €0 €N €N N |t [t | et | o ot [t e | ot [ | = [ [ €N €0 €N 0N [t | [t [t et | o ot [t | = | [ | = €0 €0 €N €N [ v ||
[ [ = = [ [ == N en en eN e | || | | | | [ [ | | 6N €N 60 0N | | | | | = | | | | — |~ | |— N N eN 0N | | [ | [+ | = | |~ | — |~ | —|— 0 en N o [ | || —
[t [ = [ [t = [ = 0 €0 €N OO e ot [t | e ot [t | e [ |t | =1 €0 €N €N €0 [t it | et et ot [t e | ot [t | [ [ €1 €10 €0 0N [t | [t [t et [ e ot [t [ = | [ | = €0 €N €N €N [ v |t |
[ == === == en en en en | ||| | — | |~ |— = [ |—|— en N N N | | || | — | — ||~ |— |~ |—|— N N N N | | [ | | | — | |~ | == —]— N en N N || |—|—
[t === e N 0N N |t |t [t | et | et ot [t | e [ [t [ = €0 €0 €N €0 [t vt ot e et [t et [ et [t [t [ e = €0 €0 €0 00 ot | [t ot |t | e et [t [t [ [ [ €0 €0 €N € et ot et [ e et |t |
[t cn N 0N N | |t |t [t |t |t [t | et [ [t [ | = €0 €0 €0 0N |t ot [t |t ot | et [ ot | et [ | i | = €0 €0 €7 00 [t o ot | et ot [t | et [t [ et [ [t | = €0 €0 €0 O et e ot [ et [ et [ e 1
[t === e N 0N N |t | vt [t | et | et [t [t | e [t [t [ = €0 €0 €N €0 [t ot ot | e ot [t et | et ot [t | e €0 €0 €0 00 it | [t ot et | e et [t [ et [ [ [t €0 €0 €0 € et ot ot et [ e ot |t |
=== cn N N N | |t | || | = |t | = [ [ = | = N 0N 6N 0N | [t [t | [t |t [ [t = [ = | = €N €N N 0N [t | [ | et [ [ [ [t = [ [t = €N €N €N 0N et | ot [ et [ ot [ e |
€N 0N N N | | [ |t | [t | [ = | = [ [ = 01 €N 0N 0N [ [ | [t | [ [ | [ [ [ [ 00 €N 00 00 [ [ | [ [t [ [t [ [ [ [ [ 00 €0 00 00 [ | | |t | o o ot [ et [ [ [ |
CN 0N 0N N et |t |t | ot |t e [ |1t | et | et [ et [t €03 €N O O [t 1 |1t |1t |t [t [ [t [t |7t [ et [t €Y €0 O O [t [t 1t |1t [ |t |1 [ [ 1t [ 7t |7t [t €Y €Y O O |t [t [ v | vt | o | et |t [ e [ [ v | e | e
€N 0N N 0N | | [t |t | [t |t [ [ [ [ | = 0 €N 0N 0N vt [t | [t [ [t [ [ [t [t [ == 00 €0 €0 00 vt [t [ ot [ et [ ot [ [ [t [ [ = 00 €0 00 00 | [t et ot | ot e et [ et [ [ vt [ |
N N 0N 0N e |t |t |t |t [ [t 1t | e | et [t [ = €03 €N O O [t [ 1t |1t |t [ et [ [ [ 1t |7 [t [ = €Y €0 O O [t [t [ [ 1t [ ot |t [ [ [ 7t [t [ [t €Y €Y O O |t [t [ vt | 1t | o | et [t et [ e [ 7 |7t |+t
[t |t [t | ot [t | et [ [t [ et [t |t = €0 €0 €0 €0 [ [t [ [ [ [t [t [ [t [ [ [ = €1 €0 €0 €0 [ | |t [ | [ [t | [ [t [ [ = €0 €1 €N 0N | | | |t |+ | =t | = | = | = |~ |~ |— €N N N N
[ [t | [ et [ [t [t [ [t [ = 00 00 €0 00 | ot [t [ vt [ et [ [ [ [ [ | = €0 €0 €0 00 [ [ |t | [t [ | [t [ [ [ [ €1 €N 00 00 [ | [t | | |+ | = || | = |~ |— N N en N
[ [ | [t | e [ [ = [ | = = 00 €0 00 00 | | [ | | [ [ [ [ [ = [ 1 6N 0N 00 | | | | | | | [ |~ [ [ [ e N eN 0N | |+ | | = |~ |~ | = |~ | | — |~ |— N N N on
[ [ | [ [ [ [ [ = = = = 00 00 00 00 | [t | | [ [ | [ [ [ = [ | €N 60 0N 00 [ | | | == | | | | [ | | [— e en N eN | | | | = | | |~ ||~ |—|—|— en N cn N
[t = = [ [ = [ = 0 €0 €N OO |t | ot [t e ot [t | e [ | | == €0 €N €N €0 [t it | et ot ot [t e | ot [t | [ [ €N €10 €0 0N [t | [t [t | et [ e ot [t | = | [ | = €0 €N €N €N [ v ||
[ | == == == N en en en e | || | | | | | [ |—|— en N 60 N | | | | | = | = | | = | — |~ |—— N N eN N | | [ | [ | — | |~ | = || —|— 0 en N o [ | |—|—
[t = = [ [t = [ = 0 €0 €N OO et ot [t | e ot |t | e e [ |t | =1 €0 €0 €0 €0 [t ot | [ ot ot [t | et et [t [ [ [ €1 €0 €0 O [t [t ot ot o [ et ot ot | e i [ | €N 0N N ||| —
on
—

e e et et e [t [t [ = €0 €0 €0 €00 vt ot |t ot ot et et ot et o o |
et et [ et et [t [ [t |t [ [t €Y O O O [t | vt |t |t et [ vt | o | et | e | et | et [
e et et e [t [t [ = = €0 €0 €0 00 vt et | ot ot et et ot et o o |
1,1
1,1

cneonaon
ocnonon
cneonaon
|t |t [yt [ 1 [t [t [ [t €Y €1 O O [t [ |t | 7t | et | et | et | et | et | [ = €Y €N O

3333

o
— N
— N
onl—
on|—

—
—
—

1
[ = = = = = == N N N N | | | | | [t [ [ [ [ [ = e 0N 0N 0N [t [t [t [t |t [t [t [ [ [ [ [ = €1 €N €N 0 [ [ [ [ [ [ o o o o = | — N N | = |—|—
[— === en en en e ||| —|—|—|— === —]—]— en en N N | [ [ [ | [ | ||| —]— N N N N | | | | | | | | | — | — | |— N en e en | — | — | — | — | — | — | —|—
[— === en en en N — | —|—|—|—|—|—|—|———]— en eN N N [ | [ | | [~ ||~ —[—]— N N N N | | [ | | | | | | — | — | — | — N e N 0N | — | — | — | — | — | — | —|—
[— === en en en en|—|—|—|—|—|—|—|—]——]—]— en en en N | | | | | [ ||| —]—]— N N N N | | | | | | | | | — | — | —|— N en e en | — | — | — | — | — | — | —|—
[ === en en en o | | | || | — || — | | == N 6N 6N 0N | | | | | | || [~ | — = — N 6N N N [ | | | | | [ | [ | ||~ €N N 6N 6N | | | | | | | — | —
€N 0N N 0N |t [ vt ot | ot [ et [ [t [ [ [ = € €0 €N € [t [t [ [t [ et ot [ et [ [t [ et [ = = €0 €0 0N 00 |t [t [ 1t [ ot [ ot [ et [ [t [ = [ €0 €0 00 €0 | [t et ot et e et [ et [ e [ et [ et | 1

N N 0N N et |t |t |t |t [t [t |1t | o | et [t [ €03 €N O O [t 1 [ 1t |1t |t [t e vt [ 1t |7 [t [ = €Y €0 O O [t [t 1 1t |t |t [ [ [ 7t [ 7t [+t [ €Y €Y O O |t [t [ vt | 1t | e | et [t [ et [ [ 7 | o |+t
€N 0N N 0N | | [yt [t | ot | et [ [ [ [ [ = €1 €0 0N 0N vt [t [ [t [ ot ot [ ot | [yt [t [ = = €0 €0 €0 €0 |1t [t [ vt [ et | vt [ et [ [t [ [ = €0} €0 €0 €0 | [t et ot ot o et [ et e [ et [ et |
N N 0N 0N et |t |t |t |t [t [t |1t |7 | et [t [ = €0 €N O N [t [ [t |t |t [t [ [ et [ 7t [ [t [ = €Y €0 €N O |t [t [ 1 [ 7 | ot |t [t [ e [t [t [ [t €Y €Y O O |t [t [ vt |1t | o | ot [t et [ [ 7 |7t |+t

6E, =

83



A. ADJACENCY MATRICES

— o = e[ en]eN N =N en]en] N o — — — — o~ — — = [en]en]en[enenfen]enfen]enen]en]enjen]enienien O O O O
A A A A o — — [N~ = — [N N[N — o~ — — — — — — N[N enen[enenen|cnlen]en|en|en|enen]en N N O\ O
— e e e e = (N[N [N ON e e e = = = [N N[N N = = = — = =[N cn[en[en[en[enen|en]en|en]en]en|en]cn|encn O O O\ O
— o = — =[N ]eN]eN = — [N NN — =~ — — — — — =[N [N enenenenen|cn|en]en|en|cnlenen]en N N O\ O
— e [N [CN]CN e e e = = = = [N N[N e = — — — (N[N NN — — — — N[N [N NN NN en O\ O\ N NN AN enen
— = = = [eN]eN]eN]eN — o~ en]eN]eN]eN — =~~~ — [N ]en]en]en — — — —[en]enenfen]en]enienien O O O\ Qh[enfenfen|en
— = = [N [CN N[N e e e = = [N [N N[N e e e = = = — [N N[N [eN — — — NN NN NN N en N O\ O\ QNN e en|en
— = = =[N ]en]en]en — =~ = =[N ]en]eN [N — o~ — — — N[N ]en|en — — — —(en]en]enjen]enien]en|en O O O\ Qv[enjenen|en
— —— = eN]eN]eN]N o~ = — NN N[N = = — — — NN ]eNN — — — — — — — —[en]en]enen N O\ O\ QN[N |enen|en|enen|en|on
— — = =[N [EN]EN]EN o o = = = = =[N N[N o = = = — — = [eN NN ]eN — = — = — — — =[N ]en]enen N O\ O\ AN enenen|enjen|en|en|en
— —— = eN]eN]eN]N o = — NN N[N = — — — =[N ][N N — — — — — — — — N[N ]eNen N O\ O\ QN[N enen|en|en|en|en|on
— et =[O EN O et et [ O [ERCN 67 [N [ENEN = — —cA NN [N O O O\ DN [en[enfen [enfen [enen jen
lenen[eN[eN m— r— v o e e e e = =[N [N [ON e e e = = [N [CN N ][CN = = = — — O\ O\ O\ QN[N N [enenenenenen|en|on|en|en
[enfenjenen — — — — =~~~ — —~ =[N ~ A~~~ — — NN~~~ =~~~ — — — O\ QN O\ QN [en[en|enfen|enienienienienienien|en
lenen|eN]eN w— m— = = e e = =[N [N N[N e e = = = = [N [N [N = = = — — O\ O\ O\ QN[N [N [en[en|en|en|en|on|en|en|on|on
lenjen|en]eN m— — o = o — — — [N [N [EN]N —~ o = — NN NN S A A A = = — — — — O\ O\ O\ QN[N [en[en[enjenen|oen|enen|oen|on|on
— e = = = = = NN ][N — = = = — = =[N e enenen]enfenfenfen|enen]en|en]en]en]en NN AN O\ — — = = = = — — — — — =[N ]en]en|en
A = e ]en]en]en — o~ — — — — —[en]en]en]enfenfenjenfenienienienienien]en]en|en N N QN QN — — — — — — — —|en|enjen|en
— ([N [CN [N = — — — =[N [cN NN NN NN eN NN NN AN NN ON N O\ O\ r e = — — — —( [N [N [eN [N
e~~~ = = [en]en]en]en — = — — — — — — —[en]en]en]enfenjenfenfenienienien|enenen|en|en N N N QN — — — — — — — — — — — —|en|enjen|en
— o = en]en]en]en — =~ — —en]enen]en — — — —(enjenenlenienienienien O N O NN enfen|en — — — — — — — —[enjenen]en — — — —
— = =~ — = enjenfen]en — — — — o~~~ — — — — —[en]en]en]en — — — —[en]enjenfenienienienien N N N QN en|en|en|en — — — — — — — —|enjenjenjen — — — —
— o = [N ]eN]eN — o — N ]en]en]en — — — —[en]en|enjenenjenen]en O QY QN Q\[enenfen|en — — — — — — — —[en]en]en|en — — — —
— = = = =N ][N0 = = = = = = — =N en]en]en — — — —[en]en]en]enfen]enenen O O\ O\ N enen|en]en — — — — — — — —|en]en]en|en — — — —
— = =[N [N [N]N = = e e = = = [N [N [N = = — N[N [N [N O QN O\ N[N [N e [en[en]en|en]en — — — —[eN[CN N[N = = —
— = =[N ]EN]EN [N e e e e [N N[N [N [N ]en]en]en QY QN QN QN[N [enfenenfen]en|en|en — — — =[N [eN[EN]0N = = = = —
— — = —enjenjen|en — — — — — — — — o~ — — =[N ]en]en]en — — — — — — — —[en]en]en]en N N QN QN[N [en|enienien]en]en|en — — — —[eN[eNeN|eN — — — — — — — —
— = = = [en]eN]eN|eN — o = = = NN [N [N — = = — [N ]en]en]en O O O QN [enfenjenenfenien|en|en — — — —[eN[eN[eN|eN — — = — — — —
lenjenjenjen — — — — — — — — — — — =[N0 A A A A~ — QN QN QN QNN [en[en[en|enienienienienenenen|en|en|en|en — o — — — — —
[eNEN[EN[EN m e = = [N [CN [N [N e e e e = = — = O\ O\ O\ QN[N N[N [N enenen]en|en|en|en[en]eN[eN N[00 m— m— e e e e —
[enfenfen|en — — — — = = — =[N [N N[N = = = O\ O\ O\ QN[N e [enenenenien]enenenenen[en[en[en|en e —
[en N[N [eN m— e e e = = =[N [N ON e e e = = = — O\ O\ O\ N[N N[N [enenenen|en|en|cn|en|en|enN|eN|eN 0N m— = m— e e e e e —
— == = —— = [eN NN enenenen|en]en|enenen|en NN eN NN N O\ m e e e e e = = [N [N [N [ON e = = — —— e [eN [ en N

— = —— e N[N enenenen|en|cnenen]en|en|cn|en QN ON O\ O\ r i m m— = e = [N [N [N [N e e e = = — — —{|[CN) [eN [eN e
— e~ — — =~ — —en]en]enjenjenjenienienenienienien|ennNNn NN NN — — — — — — — — — — — = [enen]en]en — — — — — — — — — — — [N ]en]en|en
— e = = ([N [enen|en]enjenenen]en]enien]enien]en|en|en O\ O\ O\ ON m i m = e e e e =[O [N [CN 0N e = —([eN [eN [en [ en
| — — — [N [N N[N — — — N[N NN NN eN [N OV N O\ N N[N[CN[CN T e e e = [N [ON[ON [N e e e e e =[O0 [ON [CN [N
— o — — — — —en]enjenjen — — — —|enjenjenjenienienioen]en O Aenjenfen|en — — — — — — — =[N [eN[eN]EN — = = = = = = — =[N eN [N~ — —
— e e —— NN NN — — — — NN [N en|en|enen|en AN N[N[EN[CN v e = = [N [N [N [ON e e e e e e = = [ OO [CN [N [N

—— — — — — — —|enjenjenjen — — — —|enjenjenjenjenienienien ANenjenjenjen — — — — — — — —[enfenfenfen — — — — — — — — — — — —[en]en]en]en — — — —
— =[N NN = — — NN NN N O\ N NN NN eneN[eN]eN v = = N[N [N [0N e e e e = [N [CN [N [0 e ]
— = — = [en]en]en|en — — — — — — — —[en]en]enjen O O O\ N [enfenjenjenienien]en|en — — — N[N [EN[EN T i = = = = [N [EN]EN N
— — — —enjenjenjen — — — — — — — —|enjenjenjen O O O\ QN[enfenjenjenjenjenien|en — — — —[eNENENEN — = = = = — — — — — — = [en[eN]eN]eN — — — —

[o)Je))
[o)Ne)Je)
(o) Yo Yo
onjen

— — — —[enjenjnjen — — — — — — — —[en]enjenjen O O\ N QNenfenjenjenjenjenjenien — — — —jenjenjenjeN — — — — — — — — — — — —[en]eN]eN]eN — — — — — — — —
lenjenjenjen — — — — — — — — — — — — O\ O\ O\ Q\[n[enjenjenjenjenjenjenjenienienienienien|en]en — — = = = = = = = =[N [EN[EN]EN —
[enjenjenjen — A~ — = = = =~ — QN O\ O\ QN[N [en|en|enjenjenien|enien|en]enjen|en]en|en]en — — — = — — — — — — — —[eN]eN][eN]eN — — — —
[enfenen]en m— = = = = = = = — O\ O\ O\ QN[N [N [enen|enfen|en|enfen]en|ecn|en|en]en|en|en m— e = = = e e = = = [ N[N0 e e e e e e
[enlenenn — — —~ =~~~ — — — — QN O\ O\ QN[N [en[en|enfen]enienfenienjen]enjenienien|en]en — — — — — — — — — — — —[eN]eN][eN]eN — — — — o~ —
[enjenjenjenjenienienien|en|en|entnt AN AN AN DN — — — — — — — — — — — —[en]N]en]enN — — — — — — — — — — — = [neneN]enN — — — — — — — — — — — [N ]en]en|en
lenjenjenjenjenjenjenjenien|en|en]en NN N QN — — — — — — — — — — — —[N]N[EN]EN — — = = NN [N ]eN e en|en|en
[enjenjenienienienienienienienienien AN~~~ =~~~ = en]en]enfen —~ =~~~ NN — o~~~ o~ — — — N [en]en|en
[enjenjenjenjenienenienien]en|en|en N QY QN O m— i — — — — —[N[eN[N]EN — — =[N [eN [N o — — — — — —[en]en]enen
lenjenjenenen|enienien N ON O\ QNN [EN[EN[ON m = r=i r=f == == = == [N [N [CN [N i i i el e el e =[O0 [CN) [N [N e e e e e =[O [N [CN[ON e —
lenjenjenienjenjen|enien N O\ O\ QNenen|eN|en — m— v = = = — =[N [EN[EN][EN T = = = o = = = — = [N [N [N ]EN = = = = — — =[N eN NN — — — —
lenjenjenenen|enicnien N ON QN NN [AN[EN[0N m— v = m= = = = = [N [CN [N [N v e e e = [N [N [N O e e e e = = [ [N [N 0N = —
[enjenjenjenienienienien O O N Qvenjenjenjen — — — — — — — —[NjNjNjeN — — — — — — — — — — — = [eNn]N[NfN — — — — — — — — — — — —enenen|en — — — —
lenjenjenien N O\ O\ N enjenjenjenjenen|en|en — — — —eN[eN[EN]EN T r— — = = — — — — — [N N[N ]EN — = = = — [N [N [N — o~ — — —
[enjenjenjen O QN O\ Q\[enjenjenjenjenjenien]en — — — —lenjenjeNfeN — — — — — — — — — — — —|en]njenjeN — — — — — — — — — — — —[en]eN]eN]eN — — — o~ — — —
lenjenjenien Oy O O Qvlenjenjenjenjenjenjenjen — — — —[enfenfeN]enN — — — — — — — — — — — =[N ]N]N]eN — = = = = = NN —
lenjenjen|en N QN O\ A\ [enenenjen|en|en|en|on m— v m— =[N [N [N 0N m m= = i v i Tl = =[O [N [CN [N i e e e e e [ CO)[CN[CN [N e e e
O\ O\ O\ O\enjenjenjenjenjenjen|en|enjenlen|enienen|en|en m— m— m— = = — = — — — — —[eN [N [N[EN — = = = = = = — [N [N [N 0N — = — — —
AN O\ O\ QNenjenenjenjenjcnjen|enen|en|en|en|en|enN|eN|oN m— m— m— = = = = — — e — = [N [N CN[ON e e e e e = e [CO[CN[CN 0N e e e e e e ]
N O\ O\ Q\Nenjenjenjenjenjenienenien|en|enienlen|en|en]en m— r— v = — = — — = — =[O [N][EN[0N — = = — [N N[N ]0N e e — — — — — — —]
O O enfenjenjenjenjenjenienienienienienienien|en|en — — — — — — — — — — — —[N]N]EN]EN — — = = [N[EN[ENEN

6E3 =

84



A. ADJACENCY MATRICES

6E4 =

2000000000000000044444444444400004444444444440000444444444444

c
£c000000000000000044444444444400004444444444440000444444444444

zC
cz
€c2zc000000000000000044444444444400004444444444440000444444444444

¢ec¢z000000000000000044444444444400004444444444440000444444444444
0000z¢cc00000000444400004444444444440000444444444444000044444444

00002zcc00000000444400004444444444440000444444444444000044444444

0000ecz¢00000000444400004444444444440000444444444444000044444444

0000e¢cz00000000444400004444444444440000444444444444000044444444

000000002ze¢c0000444444440000444444444444000044444444444400004444

00000000¢z¢c0000444444440000444444444444000044444444444400004444

00000000¢czc0000444444440000444444444444000044444444444400004444
00000000cecz0000444444440000444444444444000044444444444400004444
0000000000002 cccd44444444444000044444444444400004444444444440000

000000000000¢zcc444444444444000044444444444400004444444444440000

000000000000¢c7c444444444444000044444444444400004444444444440000

000000000000cccz444444444444000044444444444400004444444444440000

000044444444444472c¢¢00000000000000004444444444440000444444444444

0000444444444444c2¢¢00000000000000004444444444440000444444444447

0000444444444444¢¢2¢00000000000000004444444444440000444444444444
0000444444444444¢¢¢200000000000000004444444444440000444444444447
444400004444444400002¢c¢0000000044440000444444444444000044444444

44440000444444440000c2¢¢0000000044440000444444444444000044444444

44440000444444440000¢¢zc0000000044440000444444444444000044444444

44440000444444440000c¢cz0000000044440000444444444444000044444444

41444444400004444000000002zc¢c000044444444000044444444444400004444

444444440000444400000000¢2c¢000044444444000044444444444400004444

444444440000444400000000¢¢2zc000044444444000044444444444400004444
444444440000444400000000¢c¢z000044444444000044444444444400004447
44444444444400000000000000002c¢c44444444444400004444444444440000

4444444444440000000000000000¢z¢c44444444444400004444444444440000

4444444444440000000000000000¢Czc44444444444400004444444444440000

4444444444440000000000000000cccz44444444444400004444444444440000

0000444444444444000044444444444422¢¢0000000000000000444444444444

00004444444444440000444444444444¢7¢¢0000000000000000444444444444

00004444444444440000444444444444¢¢2¢0000000000000000444444444444
00004444444444440000444444444444¢¢¢20000000000000000444444444444
4444000044444444444400004444444400002¢¢¢000000004444000044444444

434400004444434444440000444443440000¢2¢c000000004444000044444447

444400004444444444440000444444440000¢¢2¢000000004444000044444444

444400004444444444440000444444440000¢¢c2000000004444000044444447

44444444000044444444444400004444000000002¢c¢00004444444400004444

1444444300004444444444440000444400000000¢2c¢00004444444400004444

4444444400004444444444440000444400000000¢¢2c¢00004444444400004444
4444444400004444444444440000444400000000c¢c2z00004444444400004444
44444444444400004444444444440000000000000000zcccd444444444440000

44444444444400004444444444440000000000000000¢zcc4444444444440000

44444444444400004444444444440000000000000000¢czc4444444444440000

44444444444400004444444444440000000000000000¢ccz4444444444440000

0000444444444444000044444444444400004444444444447¢¢¢000000000000

000044444444444400004444444444440000444444444444¢2¢c¢c000000000000

000044444444444400004444444444440000444444444444¢¢22¢000000000000
000044444444444400004444444444440000444444444444¢¢¢2000000000000
444400004444444444440000444444444444000044444444000022¢c00000000

4444000044444444444400004444444444440000444444440000¢2¢¢00000000

4444000044444444444400004444444444440000444444440000¢c2c00000000

4444000044444444444400004444444444440000444444440000¢¢¢200000000

444344440000444444444444000044444444444400004444000000002¢¢¢0000

44443444000044444444444400004444444444440000444400000000¢2¢¢0000

44444434000044444444443400004444444444340000444400000000¢¢ 220000
14434434000044444444444400004444444444440000444400000000¢¢cz0000
144444444444000044444444444400004444444444440000000000000000z¢c¢¢

444444444444000044444444444400004444444444440000000000000000czcc

444444444444000044444444444400004444444444440000000000000000¢¢z¢

444444444444000044444444444400004444444444440000000000000000¢¢¢c 7

85
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Appendix B

Systems of Linear Equations for Theorem 4.8

We provide all systems of linear equations we need to evaluate By, ...,B5 of association
scheme of the Theorem 4.8.
The following system of linear equations is for evaluating the first row of Bj;.
0 1 2 3
q(()o) + (4n® — l)q(()o) + m(4n* — 1)qéo) + mq(()o) =1

0 1 2 3
q(()o) + (2n— l)q(()o) +(—2n+ l)q(()o) — q(()o) =1

q(()%) —(2n+ 1)61(()%)) +(2n+ l)q(()%)) — q(()%) =1

0 1 2 3
a0 — by — M +magy =1
The following system of linear equations is for evaluating the second row of By,
0 1 2 3
qgo) + (4n® — l)qgo) + m(4n* — 1)(]50) —|—mq(10) = (4n*—1)

qg(())) +(2n— 1)9(11)) +(—2n+ l)q%) — q(l%) =(2n-1)

0 1 2 3
‘150) —(2n+ 1)q§0) +(2n+ l)qgo) — ‘150) =(-2n-1)
0 1 2 3
5150) - qgo) —mqgo) +mq§0) =-1
The following system of linear equations is for evaluating the third row of By

2 3
qzo + (4n* — )6]20) +m(4n® — l)qéo) + mqéo) = m(4n®*—1)

q20 + (2n— )qzo) +(—2n+ l)q%) — qg%) =-2n+1

2 3
qzo (2n+ 1)‘]20) +(2n+ l)qgo) — qgo) =2n+1

0
Cl( ! ‘lgo) —mqgo) +mq§0) =—m
The following system of linear equations is for evaluating the fourth row of Bj;.

qg%) + (4n2 — l)q%) —I—m(4n2 — 1)qg%)) +mq%) =m

qg%) +(2n— 1)q§2 +(—2n+ 1)qg%) - qg%) =-1

qg%) —(2n+ l)q%) +(2n+ 1)qg%)) — qg%) =—1

g% —aky —maly +maly =m
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B. SYSTEMS OF LINEAR EQUATIONS FOR THEOREM 4.8

The following system of linear equations is for evaluating the first row of B7.
0 1 2 3
Q(()l) + (4n” — 1)q(()1) +m(4n* — l)q((n) —|—mq((n) —4n®—1

gy, + (2n— gy + (=2n+ Dy —qfy) =2n—1

q(()(i) —(2n+ 1)qéll) +(2n+ 1)q(()21) — q((ﬁ) - 2n—1

dor —dor’ —mag) +may, =1

The following system of linear equations is for evaluating the second row of Bj.

6]11 (4”2 - 1)6111) +m(4n 1)‘]%21) +mqﬁ) = (4”2 - 1)2
q“ +(2n— )911)+( 2n+1)q ()—6151) :(2”_1)2
6]11 (2 n+1)CI11)+(2n+ l)q( )_q(u) =(—2n— 1)2
ait —dh —may] +mgly =1

The following system of linear equations is for evaluating the third row of BY.

q21 (4n2 )q21 +m(4n 1)q§21> +mq§3l) = m(4n2 — l)2
q2| +(2n— 1)q21)+(—2n+1)q§21) —qg) = —(—2n—|—1)2
%1 (Zn—l— 1)‘]21 + (Z’H’ 1)‘]521) - qg) = —(2n—|— 1>2

‘lél) Clgl) _mqgl) +mqg1) =m

The following system of linear equations is for evaluating the fourth row of By.

+ (4n? — )6131) +m(4n — 1)qg1) —l—mqgl) —m(4n 1)

‘131 +(

q31 +(2n—1)gs5 )-i—( 2n—|—1)qgl)—qg1) =-2n+1
q31 (2 n+1)q31 —i—(2n+1)q§1)—qgl):2n—|—l

a5 — a5 —mas) +mgs) = —m

The following system of linear equations is for evaluating the first row of Bj.

4n* — 1)%2) + m(4n* — 1)q(()22) + mqgfz) = m(4n* —1)

+(
q02 +(2n— )qoz) +(—2n+ l)q(()zz) — Q(()Sz) =-2n+1
( (3)

2
)

q(o) s —mq(()z)+mQéz)——m

Cloz
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B. SYSTEMS OF LINEAR EQUATIONS FOR THEOREM 4.8

The following system of linear equations is for evaluating the second row of B3.
0 1 2 3
413 + (4 = 1)y +m(4n* = 1)qy3 + ma) = m(4n* —1)?

a3 + (20— 1)gly + (-2n+1)q)3) — gy = —(2n—1)?

0 1 2 3
qu) —(2n+ l)qu) +(2n+ 1)q§2) — q(lz) =—2n+ 1)2

o 4l -l g =

The following system of linear equations is for evaluating the third row of Bj.

gy + (4n? — 1)g8y) +m(4n® —1)q53 +mg5y) = (m(4n® —1))?
a3+ (2n—1)gl) + (—2n+ 1)gl) —¢8) = (—2n+1)?
qéoz) —(2n+ 1)q§12) +(2n+ l)quz) — qg) = (2n+ 1)2

433 —ds3 —magy +ma;) =’

The following system of linear equations is for evaluating the fourth row of B;.

gy + (4 = 1)gsy) +m(dn® = 1)) +mgly) = m*(4n® — 1)
a9+ (2n—1)gy) + (—2n+1)gd — ¢ = —(—2n+1)
g% — (2n+ gy + (2n+ g%y — g5y = —(2n+1)

ds) 4k —masy) +ma) = —m’

The following system of linear equations is for evaluating the first row of Bj.

403 (4”2 )903) +m(4n - 1)01(()3) —}—mq83) =m

q03 +(2n— )5103)+(_2”+ 1)‘1(()3) _q(()33) =-1
‘103 (2n+ 1)‘103)

+ @+ 1)gly —qhy = —1
q(()3) ‘1(()3) - mq(()s) + m‘l(()3) =m

The following system of linear equations is for evaluating the second row of Bj.

q13 (4n2 )q13) +m(4n l)q%) —|—mqg) = m(4n2 —1)

2 3
G+ r ]+ 0 ] =
613 — @n+D)ghy +2n+ Dgly — gy =2n+1
)

0 3
‘153) _‘1(13 —mqg3) +m‘1§3) =—m
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B. SYSTEMS OF LINEAR EQUATIONS FOR THEOREM 4.8

The following system of linear equations is for evaluating the third row of Bj.

qgg) + (4112 — 1)q%) + m(4n2 — l)q%) + mqg) = m2(4n2 —1)
455 + (21— 1)g% + (~2n+ 1) —g5) = ~(~2n+1)
a2 — 2n+ D)gl) + 2n+1)g%) — ) = —(2n+1)

4o — a3 —mayy +mgy) = —m’

The following system of linear equations is for evaluating the fourth row of Bj.

‘133

6133

q33

0
Clg3)

— 1)gsy +mgsy =m?

+(2n— 1)@33 +(—2n+ 1)51%) - qg) =1

2n+1)gy +2n+ 1)l —gf) =1

qga) - m‘lg3) + mng) =m’

+(4n? = 1)g\y + m(4n® -
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Appendix C

System of Linear Equations for Theorem 5.4

We provide all systems of linear equations we need to evaluate By, ...,B5 of association
scheme of the Theorem 5.4.
The following system of linear equations gives us the first row of Bj.

q(()(())) +(2n)(2n— l)q(()%)) +(2n— l)q(()%)) +m(2n— l)q(%) + 2nm(2n — 1)q((;(1)) +mq(()%) =1

q(()%) = 2nq(%) +(2n— 1)q(%) +m(2n— 1)q(()%) - 2mnq((;é) + mq(()%) =1

b0 — b0 —mdy +magy = 1

qé%) +(2n— 1)q(%) +(—2n+ 1)q(()%) — q(()%) =1

oo +2nd — dog + oo — 2100 — 4o = |

0 I 2 (3 5
q(()o) - 2”480) —qbe +dbo + 214ty — gy = 1

The following system of linear equations gives us the second row of B,.

q(()(i) +(2n)(2n— l)q(()ll) + (2n— 1)q(()21) +m(2n— 1)q(()3{) +2nm(2n — l)q((ﬁ) —|—mq(()51) =2n(2n—1)

q((ﬁ) — 2nq(()ll) +(2n— l)q(()zl) +m(2n— l)q(()31) — Zmnq(()? + mq(()sl) = -2n

a1 —ay —maly +mag, =0

gy + (2n—1)g5y) + (—2n+1)g5) — g5} =0

dor +2ndty —dor +do —2ndpy —dy = 2n
dor —2ndyy’ — a1 +do1 +2ndt) — gy = —2n

The following system of linear equations gives us the third row of B.

q(()g) + (2n)(2n— l)q(()lz) +(2n— 1)q((é) +m(2n— 1)q(()32) +2nm(2n — l)q((;;) +mq(()52) =2n—1

q(()g) - an(()lz) +(2n— 1)(](()22) +m(2n— 1)q$) - 2mnqg§) + mqész) =2n—1

%()3) - 61(()22) - mq(()3z) + mq(()sz) =—1
q(()g) +(2n— 1)(](()22) +(—2n+ 1)q(()32) — q(()sz) —2n—1

do +2ng5) — 53 + a5y —2nqly) —qby) = —1

4oy — 2ndy) —a; + 463 +2ndby — gy = 1
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C. SYSTEM OF LINEAR EQUATIONS FOR THEOREM 5.4

The following system of linear equations gives us the forth row of Bj;.
0 1 2 3 4 5
q((B) + (2n)(2n— l)q(()S) + (2n— l)q((B) +m(2n— 1)q83) +2nm(2n — l)q((B) + mq((B) =m(2n—1)

q(()(;);) - 2”61(()2 +(2n— 1)61(()23) +m(2n— 1)q(()? - 2mnq(()? + mqg) =m(2n—1)

) _ () (3) (5)

do3 —403 —M4o3 Mgz = —m

q(()g) +(2n— l)q(()23) +(—2n+ 1)qg? - q(()53) =-2n+1
a8 +2naly —ags +ags —2nq5 —ag =1

463 —2ndby —ags +dgy +2nagy —agy =1

The following system of linear equations gives us the fifth row of By

q(()(i) + (2n)(2n— 1)q(()13 + (2n— 1)q(()i) +m(2n— 1)4(()? +2nm(2n — 1)q(()i) + mq(()i) =2nm(2n—1)

q(()(i) — 2nq(()z) +(2n— l)qéi) +m(2n— l)q(()i) — 2mnq(()1) + mq(()i) = —2mn

0 2 3 5
‘184) - q(()4) - mqé4) + qum) =0

aoy + (2n—1)g5) + (—2n+1)g5) — gty =0

dod +2ndly —dts +do; —2ndby —dgg = —2n
o3 — 240y — dss + o4 +2nd0; — gy = 2n

The following system of linear equations gives us the sixth row of Bj.

qgg) + (2n)(2n — 1)q(()15) +(2n— l)q(()? +m(2n— l)q(()35> +2nm(2n — l)q((;;) + mq(()ss) =m

q(()(;) — 2nqé? + (2n— l)q(()? +m(2n — l)q(()? — 2mnq((;;) + mqé? =m

ab3 —dts —mags +magy =m

q(()g) + (2n— l)q(()? +(—2n+ 1)q(()35) —q(()? =—1

abs + 2005 — dos + a5 —2ndng — gy = 1

0 1 2 3 4 5
a8 — 2nahs — a8 +4bs +2nq58 — a8 = —1
The following system of linear equations gives us the first row of Bj.

q(()(i) +(2n)(2n— l)q(()ll) +(2n— 1)q((ﬁ) +m(2n— 1)q(()31) +2nm(2n — l)q((ﬁ) +mq(()51) =2n(2n—1)

q(()(i) - an(()ll) +(2n— 1)(](()21) +m(2n— 1)q8) - 2mnq((ﬁ) + mqésl) =—2n
dor —doy —mag) +may =0

a1 + (2n = 1)ge) + (~2n+1)qy — gf)) =0

dor +2nayy —ay) +a1 —2nag) — g = 2n

dor —2ndyy’ — a1 +do1 +2nd5) — gy = —2n
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C. SYSTEM OF LINEAR EQUATIONS FOR THEOREM 5.4

The following system of linear equations gives us the second row of Bj.

gl + (@n)(2n—Dg}y + (20— 1)g{) +m(2n— g} +2mm(2n— 1)gi} +mq{) = (2n—1)

qg(;) — 2nq§11) +(2n— 1)q(121) +m(2n— l)q(131) — Zmnqﬁ) + mq(lsl) = (2n)2

a1 —aiy —may) +mgiy =0
q(l(;) +(2n— 1)q(121) +(—2n+ l)qﬁ) — q(lsl) =0

a\1 +2n4}) —ai7 +4i) —2ng(7 —qi} = (20)°
a1 —2ndy) — 417 +4i +2n417) —aiy = (20)°

The following system of linear equations gives us the third row of Bj.

qgi) +(2n)(2n— l)qgll) +(2n— 1)q§21) +m(2n— 1)qg31) +2nm(2n — l)qg? +mq§51) =2n(2n— 1)2

qé?) - 2nq§11) +(2n— 1)q§21) +m(2n— l)qg) — 2mnqg) + mqgsl) =—2n(2n—1)

0 2 3 5
qgl) - ‘151) - mqél) + mqél) =0

qu +(2n— 1)q§21) +(—2n+ l)qg) — qgsl) =0

0 1 2 3 4 5
6151) + 2'%151) - Q&) + Q&) - 2@1) - fél) =—2n

qgi) - 2n61§11) - 61521) + 61531) + ané‘? - qg) =2n

The following system of linear equations gives us the forth row of B7.

qg(i) + (2n)(2n — l)qgll) +(2n— 1)q§21) +m(2n— 1)qg31) +2nm(2n — l)qg) +mqg51) =2nm(2n— 1)2

qg?) - 2nq§11) +(2n— l)qul) +m(2n— l)qg) — 2mnqgﬁ) + mqgsl) = —2mn(2n—1)

a5 — a5y —ma$) +mgy) =0
gy +(2n—1)g5) + (—2n+ 1)gsy =45 =0

0 1 2 3 4 5
qgl) + 2”qg1) - qgl) +qgl) - 2”‘151) - qg1) =2n

¢s1 —2ngs — a5 +a5) +2ng5) — g5 = —2n

The following system of linear equations gives us the fifth row of B.

qg(i) + (2n)(2n — 1)qi11) +(2n— l)qﬁ) +m(2n— 1)q§31) +2nm(2n — l)qﬁ) +mq§51) =m(2n(2n— 1))2

qg?) — 2nq4(111) +(2n— l)qf]) +m(2n— l)qfl) — Zmnqg) + mqgsl) = 4mn?

0 2 3 5
qz(u) - qz(u) - qu(u) + qu(u) =0

qg(;) +(2n— 1)q£(121) +(—2n+ l)qﬁ) — qé(lsl) =0

0 1 2 3 4 5
g +2naly — a3} +4) —2naly) — 4 = —(2n)?

ast —2ndy) —af) + 457 + 24l — i) = —(2n)°



C. SYSTEM OF LINEAR EQUATIONS FOR THEOREM 5.4

The following system of linear equations gives us the sixth row of Bj.

qg?) +(2n)(2n — l)qgll) +(2n— 1)qg21) +m(2n— 1)qg31) +2nm(2n — 1)qg) + mqgsl) =2nm(2n—1)

qg(i) — 2nq§11) +(2n— 1)q§21) +m(2n— l)qg) — Zmnqg) + mqgsl)

as) — a5 —may +maS) =0
qg(i) +(2n— 1)q§21) +(—2n+ l)qg) — qgsl) =0

0 1 2) (3 8y 5
‘lgl) + 2nqgl) - qgl) +‘Igl) - znqgl) - qg1) =—2n

g5, —2ng5y) — 45 + 43 +2nqty) — 4 =2n

= —2mn

The following system of linear equations gives us the first row of B.

q(()g) +(2n)(2n — l)qélz) +(2n— 1)q(()22) +m(2n— 1)q(()32) +2nm(2n — l)q((;) +mq(()§) =2n—1

q(()g) - 2nq(()12) +(2n— 1)q(022) +m(2n— l)q(()32) - 2mnq(()‘;) + mq(()sz) =2n—1

0 @ 3 5
‘1(()2) - q(()z) - mqéz) + mqéz) =-1

qég) +(2n— 1)q(()22) +(—2n+ l)q(()32) - q(()sz) =2n—1

0 1 2 3 4 5
‘1(()2) + 2”‘1(()2) - q(()z) + ‘1(()2) - an(()z) - ‘1(()2) =-1

0 1 2 3 4 5
aby — 2ty —aip + a6y +2na — afy = —1
The following system of linear equations gives us the second row of Bj.
0 1 2 3 4 5
qu) +(2n)(2n — l)qu) +(2n— 1)q§2) +m(2n — 1)q§2) +2nm(2n — l)qu) —i—mqu) =2n(2n—1)>

g19 —2nq\y +(2n—1)q(3 +m(2n—1)q}) —2mng(y +mqfy = —2n(2n—1)

0 @ 3 5
‘152) _‘152) _mq(m) +mq(12) =0

qgg) +(2n— 1)q(122) +(—2n+ l)qg) — q(lsz) =0

0 1 ) @3 4 (s
‘152) + 2”‘152) - qu) +‘1(12) - 2”‘1(12) - qu) =—2n

0 1 2 3 4 5
qu) - 2nq§2) - ‘152) + Cl(lz) + 2”‘1(12) - qu) =2n
The following system of linear equations gives us the third row of Bj.
0 1 2 3 4 5
qu) +(2n)(2n— l)qu) +(2n— l)qu) +m(2n — l)qu) +2nm(2n — l)qu) + mqéz) =(2n—1)>

g%) —2ng5) +(2n—1)g5) +m(2n—1)g%) — 2mngly) + mqs) = (2n—1)?

0 2 3 5
qéz) - (éz) - mféz) +mq§2) =1

g5 + (2n—1)gsy + (~2n+ 1)g5y — g5y = (2n—1)?

0 1 2 3 4 5
gy +2ngy) — g% +a5) —2ng%y) —a5) =1
g% —2ng5) —q53 +a%) +2ng%) — g5y =1
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C. SYSTEM OF LINEAR EQUATIONS FOR THEOREM 5.4

The following system of linear equations gives us the forth row of Bj.
0 1 2 3 4 5
qu) +(2n)(2n — l)qu) +(2n— l)qu) +m(2n — 1)qg2) +2nm(2n — 1)q§2) + mqu) =m(2n—1)?

qgg) — 2nq§12) +(2n— 1)qg22) +m(2n— l)qg) — Zmnqg‘;) + mqgsz) = —2mn(2n—1)

4%y — a3 —may) +may) =0
qgg) +(2n— 1)q§22) +(—2n+ l)qg) — qgsz) =0

0 1 2 3
‘Igz) + 2”51g2) - qu) + ‘Igz)

qgg) - 2m1§12) - quz) + 61§3z) + 2n61§‘§) - qgsz) =—2n

4 5
— angz) — qu) =2n

The following system of linear equations gives us the fifth row of Bj.
qgg) +(2n)(2n — l)qilz) +(2n— 1)q§22) +m(2n— 1)q§32) +2nm(2n — l)qSé) + mqg) =2nm(2n—1)*

qﬁg) - 2”%(112) +(2n— 1)q£(122) +m(2n— l)qu) — 2mnq£é> + mqg) = —2mn(2n—1)

0 2 3 5
‘14(12) - qz(tz) - qu(tz) + m‘]a(tz) =0

qgg) +(2n— 1)q§22) +(—2n+ l)qu) — %(‘52) =0

0 @, .06 4 (s
g +2ndy) — 4l +a) —2nqy) —a) =2n

0 1 2 3 4 5
qgtz) - znqu) - ‘14(12) + ‘14(12) + 2”‘14(12) - %(12) =—2n
The following system of linear equations gives us the sixth row of Bj.
0 1 2 3 4 5
qu) +(2n)(2n— l)qu) +(2n— 1)qg2) +m(2n— 1)qg2) +2nm(2n — l)qu) + mqu) =m(2n—1)

qgg) - 2nq§12) +(2n— l)quz) +m(2n— l)qg) - 2mnq$) + mngZ) =m(2n—1)

0 2 3 5
qu) - qu) - mqu) + mqu) =-—1
(5)

qég) +(2n— 1)q§22) +(—2n+ l)q?z) —qs) =—(2n—1)

0 | 2 3 4 5
qu) + 2”‘1g2) - qu) + ‘Igz) - znqu) - qu) =1

457 —2nqy — a5 +45) + 2095y — g7 =1

The following system of linear equations gives us the first row of Bj.

q(()g) +(2n)(2n— l)q(%) +(2n— l)q(%) +m(2n— 1)q(()? + 2nm(2n — l)q((;;) +mq(()? =m(2n—1)

q(()g) — 2nq(()13) +(2n— l)q(%) +m((2n— 1)q(()33) — 2mnq((;;) + mq(()53) =m(2n—1)

) _ () (3) (5)

doz — 403 —Mqoz +Mmqpy = —m
0 2 3 5

‘183) +(2n— 1)‘1(()3) +(—2n+ 1)61(()3) - q(()3) =—-2n+1
0 1 2 3 4 5

9ty +2naly — a3 +aiy —2nay —qfy =1

0 1 2 3 4 5
403 —2nas — a3 + oy +2ndp3 —qgy = 1
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C. SYSTEM OF LINEAR EQUATIONS FOR THEOREM 5.4

The following system of linear equations gives us the second row of Bj.

a3 +@n)(2n—1)g{y + (20— 1)g[3 +m(2n = 1)g}3) + 20m(2n —1)q3 +mq3) = 20m(2n ~1)?
g1 —2ng\y + (2n—1)qy3 +m(2n—1)q(y —2mnq\3 +mq)y = —2nm(2n—1)

o g maf) g =0

gl +(2n—1)g}3 + =20+ gy — i) =0

613 +2n41 — i3 +a1y —2ng13 — 413 = 2n
0 N @, 6 8y 5
‘153) - 2”‘153) — a3 +aiy +2nq\y — Y = —2n

The following system of linear equations gives us the third row of Bj.

qgg) +(2n)(2n— 1)q§13) + (2n— 1)q§23) +m(2n — 1)q§? +2nm(2n — 1)q%) —|—mq§53) =m(2n— 1)2

qég) - 2”61%) +(2n— l)qé? +m(2n— l)qg) — 2mnq§? + mqg) =m(2n—1)>

0 2 3 5
qg3) - ‘1§3) - mqé; + mqg3) =—m

455 +(2n— 153 + (204 1)g5) g5 = —~(2n -1

0 2 3 4
61§3) + 21%1%) — qég) + qu) - 2@3) - qg) =—1

a5) —2nq5y — g% +ay +2ng5y — g5y = —1

The following system of linear equations gives us the forth row of Bj.

a9+ (2n)(2n— 1)gl) + 2n— )¢ + m(2n— 1)g() + 20m(2n — 1)g{) +mg) = (m(2n—1))?

qgg) - 2nqg13) +(2n— 1)(]%) +m(2n— 1)qg§) - 2mnq§? + mqg? = (m(2n—1))?

45y —ay —masy +mgSy =m?
4+ (2n—1)g) + (~2n+1)g$) — g5 = (=20 +1)?

433 +2nqs — a5+ —2nqly — g5y =1

0 1 2 3 4 5
qg3) - 2nqg3) - qg3) + qg; + ang3) - ‘1§3) =1
The following system of linear equations gives us the fifth row of Bj.
0 1 2 3 4 5
q£13) + (2n)(2n— 1)q§3) +(2n— l)qé(B) +m(2n — 1)qg3) +2nm(2n — 1)q§3) +mq23) =2n(m(2n— 1))2

93 —2ngiy) + 2n = 1)gy) +m(2n—1)g] — 2mngy) + mqly) = ~2mm2n—1)

443 —ds3 —maly +mayy =0

qu) +(2n— l)q%) +(—2n+ l)qfé) — qg) =0

653 +2nqsy — a4 + 4y —2nd\y) — 4y = —2n

a\3 —2ngy) — 43 + 43 +2ngly) — 43 =2n

96



C. SYSTEM OF LINEAR EQUATIONS FOR THEOREM 5.4

The following system of linear equations gives us the sixth row of Bj.
0 1 2 3 4 5
qg3) + (2n)(2n— l)qg3) + (2n— l)qg3) +m(2n— l)qg3) +2nm(2n — l)qg3) —I—mqg3) =m*(2n—1)

qgg) — 2nqgl3) +(2n— 1)q§? +m(2n— 1)qg) — 2mnq§? + mqg) =m*(2n—1)

) _ (2 (3) (5) 2

ds3 —ds3 —Mqsz +Mmqsy = —m

qgg) +(2n— l)q%) +(—2n+ 1)qg33) — qg? =2n—1
453 +2nqsy — g5 + 45 —2nq) — 4 = —1
a5 —2ngy) — 453 + 45y + gy — 4l = -1

The following system of linear equations gives us the first row of Bj.
qu)t) +(2n)(2n— l)q(()z) +(2n— l)q(()i) +m(2n— l)q(()i) + 2nm(2n — l)q(()i) + mq(()z) =2nm(2n—1)

q(()(i) — 2nq(()i) +(2n— l)q(()i) +m(2n— 1)q(()i) — 2mnq(()1) + mq(()i) = —2mn

dbi —dos —magy +magy =0

q(()(i) +(2n— l)q(()i) +(—2n+ 1)‘1&) — q(()i) =0

qgi) + 2'%1813 - 618? + 61(()? - ZHQS? - q(()? =—2n

0 1 2 (3 5
‘1(()4) - 2”‘1(()4) —qby +dby +2nqly — a5y =2n

The following system of linear equations gives us the second row of B}.

gy + (@n)(2n—1)giy + (20— 1)g7 +m(2n— 1)qiy +2mm(2n— 1)gly) +mgy = m(2n(2n—1))?

g\) — g1 +(2n—1)q(3 +m(2n— gy —2mngly +mqy) = m(2n)®

a4 — i3 —mayy +may =0

q(l(i) +(2n— l)q(li) +(—2n+ 1)qﬁ) - qﬁ) =0

di +2n41 —qiy + a1} —2na1 — 41 = —(2n)?

0 | 2 3 4 5
‘154) - 2”454) - q§4) + ‘1(14) + 2”‘1(14) - q§4) = —(2n)?

The following system of linear equations gives us the third row of Bj.

qu)t) +(2n)(2n— l)q&) +(2n— l)qgi) +m(2n— 1)qgi) + 2nm(2n — 1)qg1) -l—mqgi) =2nm(2n — 1)2

qgi) — 2nqg2 +(2n— l)qéi) +m((2n— 1)q§i) — 2mnq§? + mqu) = —2mn(2n—1)

457 — 453 —masy +may) =0

qg(i) +(2n— l)qgi) +(—2n+ 1)q§) — qéi) =0

qgi) + 2'%1%) - 615? + qg) - 2'%151) - qg? =2n

0 1 2 3 4 5
‘1§4) - 2”‘1§4) - ‘1§4) + ‘1§4) + 2”‘154) - ‘154) =—2n
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The following system of linear equations gives us the forth row of Bj.
0 1 2 3 4 5
qg4) +(2n)(2n — l)qg4) +(2n— 1)q§4) +m(2n — 1)qg4) +2nm(2n — 1)q§4) +mqg4) =2n(m(2n—1))?

qgg) — 2nqu) +(2n— 1)qgi) +m(2n— l)qgi) — Zmnqgi) + mqu) = —2m2n(2n —1)

a5 — a5 — may) +may) =0
gy +(2n—1)g5y + (—2n+1)gs) — g5 =0

0 1 ) @3 4 (s
‘Ig4) + 2nqg4) - qg4) + ‘Ig4) - ang4) - qg4) =—2n

0 1 2 3 4 5
qg4) - 2nqg4) - ‘lg4) + ‘lg4) + Z”Qg4) - qg4) =2n
The following system of linear equations gives us the fifth row of Bj.
0 1 2 3 4 5
614(14) +(2n)(2n — l)qi4) + (2n— 1)qi4) +m(2n — 1)q§4) +2nm(2n — l)qu) +mq§4) = (2nm(2n—1))?

qflg) — 2nq4(111) +(2n— 1)qﬁ) +m(2n— l)qﬁ) — 2mnqﬁ) + qu&) = (2mn)2

0 (2 3 5
‘14(14) - qEM) - mqu) + mqu) =0

qﬁ) +(2n— 1)qﬁ) +(—2n+ l)qﬁ) — qﬁ) =0

0 | 2 3 4 5
‘1514) + 2”‘1514) - qz(m) + ‘14(14) - 2”‘14(14) - qz(m) = (2n)?

0 1 2 3 4 5
qu) - 2”q£14) - ‘14(14) + ‘14(14) + 2”‘14(14) - %(14) = (2n)?
The following system of linear equations gives us the sixth row of Bj.
qg(i) + (2n)(2n — l)qg? +(2n— 1)qgi) +m(2n — 1)qgi) +2nm(2n — l)qgj) + mqgi) = 2nm2(2n —1)

qgg) — 2nqu) +(2n— l)qgi) +m(2n— l)qgi) — 2mnqg1) + mqgi) = —2m’n

ds) —dsy —mas, +mgs) =0
6 _ O

0 2
424) +(2n— 1)‘1:24) +(=2n+1)gsy —gs4 =0

0 1 2 3 4 5
g5 +2ngy) — ) + 45 — 2nqy) — 4} = 2n
5
a5y —2nqy) — a5+ + 25 — g5 = —2n

The following system of linear equations gives us the first row of Bs.

q(()(;) + (2n)(2n— 1)q(()15) + (2n— 1)q(()25) +m(2n — 1)q$5) +m(2n)(2n— l)q((;;) + mq(()? =m

q(()(;) — 2nq(()2-) +(2n— l)q(()? +m(2n— l)q(%) — 2mnq((;;) + mq(()? =m

403 —dus —mdgs +magy =m

q(()g) +(2n— l)q(()? —(—2n+ l)q(()35) — q(()ss) =—1

0 2 3 4 5
do +2n958 — a5 + a8 —2ngld — gy = —1

4o — 2ndhs —aps +dg3 +2ndbs —dps = 1
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The following system of linear equations gives us the second row of Bs.

qg(;) +(2n)(2n— l)q%) +(2n— 1)q§25) +m(2n— 1)qg? +2nm(2n — l)qs? +mq§55) =2nm(2n—1)
q(l(;) — 2nq(115) +(2n— l)q(l? +m(2n— l)qg) — 2mnq§? + mqg? = —2mn
613 —dis —majs +mgyy =0

qg(;) +(2n— 1)q(1? +(—2n+ l)qg) - q(lss) =0

200 4
613 — 2415 — g3 + 15 +2ng15 — 415 = 2n

4 5
— 2nq§5) — q§5) = -2n

The following system of linear equations gives us the third row of B5.

qg;) +2n(2n— l)qgls) +(2n— 1)q§25) +m(2n— 1)q§35) +2mn(2n — 1)q§? + mqé? =m(2n—1)

qg;) — angj) +(2n— l)qézs) +m(2n— l)qg-) - Zmnqg;) + mqgss) =m(2n—1)

433 —d55 —mass +mgs) = —m

a0+ 2n—1)g2 + (—2n+ 1)) —gl¥ =1-2n
433 +2nd3 — 455 + 455 —2ngsg g5y =1

(0) m_ 2,
5

1 4 5
955 — 2G5 — 455 + 45 + 2'16155) - CI§5) =1

The following system of linear equations gives us the forth row of Bj.
qg(;) +2n(2n— 1)qg? +(2n— 1)qg25) +m(2n— 1)qg35) +2nm(2n — 1)qg‘;) + mqgss) =m*(2n—1)

qg? - ang? +(2n— 1)61%) +m(2n— l)qg? — 2mnq§? + mqgss) = m?(2n—1)

dss 455 —mass +ma = —m’

qgg) +(2n— l)qus) +(—2n+ 1)q§35) — qgss) =2n—1

433 +2ngs — g3 + 55 — 25 — g5y = 1

0 1 2 3 4 5
‘lgs) - Zn‘lgs) - ng) + qg5) + 2”6155) - qgs) =-1
The following system of linear equations gives us the fifth row of B5.
0 1
qgs) +2n(2n— l)qgs)

0 1 2 3 4 5
qgs) — 2nq£15) +(2n— 1)q4(15) +m(2n— l)qgs) — 2mnq£5) + qu(ts) = —2nm?

ds3 —ds5 —mals +mayy =0
qfl(;) +(2n— l)qfs) +(—2n+ 1)q£13,5) — qfs) =0

s +2ndys — a3 + a3 —2nqis) — 4i5 = 2m

0 1 2 3 4 5
VI B .

+ (20— 1)q3 +m(@n—1)g{y +m(2n)(2n— 1)) +mqy = m(2n—1)
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The following system of linear equations gives us the sixth row of Bs.

qg(;) +2n(2n — 1)qg? +(2n— 1)q§? +m(2n— 1)q§? +m(2n)(2n — l)qg? —l—mqgss) = m?

qg(;) — 2nq§15) +(2n— 1)q§? +m(2n— l)qg? — Zmnqg‘? + mqgss) — m?

0 @ 3 5
g5 — 453 —ma$y +magSy = m?

qg(;) +(2n— l)qus) +(—2n+ l)qg) — qgss) =1

0 ) 1 2 3 ) 4 5
ng) nng) ng) ng) l’lng) qg5) =1
2 o 5
qg(;) nqg? q%) C[g35) I’ng‘;-) ng) =1

100



