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Abstract

The far-infrared band of the electromagnetic spectrum is one of the least explored areas

of astronomy despite its critical importance for understanding the formation and evolution

of planets, stars, and galaxies. Part of this disparity is explained by the challenges asso-

ciated with conducting observations with the sub-arcsecond spatial resolution required to

resolve the structures of interest. Much of the utility of far-infrared astronomy is due to the

wealth of spectral features residing within this band, which probe the full range of phys-

ical conditions within the interstellar medium. As such, the ideal instrument is one that

provides broad spectral imaging capabilities with enhanced spatial resolution. A promis-

ing candidate is the double-Fourier interferometer that combines a spatial interferometer

with a Fourier transform spectrometer. The two techniques have separately been studied

extensively and used productively, however, their combination into a single instrument is

relatively new and has yet to be fully validated.

The primary objective of this thesis, and the work presented within, is to validate the

double-Fourier technique by demonstrating the key observing capabilities of the instru-

ment. First, it must be shown that the data collected with the instrument can be used with

traditional aperture synthesis techniques to produce images with enhanced spatial resolu-

tion. Second, it must be shown that the instrument is sensitive to spectral variation within

the source, and thus, allow for the production of spectral images with enhanced spatial res-

olution. This is the main advantage a double-Fourier system has over transitional narrow

band spatial interferometers. Third, it must be demonstrated that these techniques can be

extended to wide field applications where multiple detectors, sensitive to different regions

of the source plane, are used within a detector array.
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DEDICATION

The observing capabilities listed above were demonstrated independently using simple

test cases. This thesis also includes a detailed report on the design, operation, and character-

ization of the particular double-Fourier interferometer used in this work. Analytical models

and empirical measurements were leveraged to predict and better understand the results

and limitations of the instrument observations. This analysis extends to the unconventional

bolometer technology that was employed for the detector system of the interferometer. The

full observation process is presented including data acquisition, calibration, and each step

of image reconstruction. Both real data and simulated models are provided when discussing

data reduction, and when presenting final results, which provide confidence in the accuracy

and quality of the analysis. With the inclusion of a review of the underlying theoretical

framework for spatial interferometry and Fourier transform spectroscopy, this thesis serves

as an appreciably comprehensive end-to-end reference for double-Fourier interferometry.
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Chapter 1

Introduction

Light, consisting of vibrations of the electromagnetic field, serves as the primary tool for

investigating the universe. Indeed, the exotic cosmic environments manifest physical con-

ditions on time scales that cannot be achieved in the lab, and the structures of interest are

so incomprehensibly far away that there is little hope of probing them directly. Fortunately,

a rich complement of information about the physical (e.g., temperature, density, etc.) and

chemical characteristics of an emission source is encoded in light through its spectral con-

tent, intensity, polarization, and time variation. Information about the matter between the

source of emission and observer can also be inferred from absorption and gravitational

lensing. Although astronomy has made tremendous progress towards understanding the

nature and evolution of the universe and the sub-structures within it, many questions are

still outstanding. Some of the gaps in our understanding can be attributed to the lack of

observations in the Far-Infrared (FIR) band of the electromagnetic spectrum. In particular,

the kinds of observations that are most insightful require sub-arcsecond spatial resolution

which can only be achieved with a spatial interferometer. A compelling implementation

of such an instrument combines a spatial and spectral interferometer in order to provide

spectral images with enhanced spatial resolution. Such an instrument has been associated

with various names in the literature, but in this work, it will be consistently referred to as a

Double-Fourier Interferometer (DFI).

Although the FIR and broader astronomy community have recognized the importance

of such an instrument [1], resulting in National Aeronautics and Space Administration
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1.1. INFRARED UNIVERSE

(NASA) and European Space Agency (ESA) led mission concept studies [2, 3], no such

mission has been funded to date. The cost of such a missions in comparison to compet-

ing proposals is certainly a relevant factor, but so is the demanding detector sensitivity

requirements and the novel technology required for a space based interferometer. Signifi-

cant advances are close to achieving the desired detector sensitivity on detector arrays with

large pixel counts [4]. The planned Laser Interferometer Space Antenna (LISA) [5], will

contribute significantly to overcoming engineering challenges associated with a space in-

terferometer and provide confidence in its feasibility. Although the theory of a DFI rests on

a firm foundation, there are conspicuously few experimental demonstrations of this obser-

vation technique. A comprehensive and compelling demonstration would be of significant

value to the FIR community, both in terms of arguing the case of a DFI, but also for provid-

ing a reference that describes in detail the data reduction required to convert the instrument

response into high resolution images. This thesis provides such a demonstration and probes

independently the most important aspects of the DFI technique.

1.1 Infrared Universe

1.1.1 Overview

For the purposes of astronomy, the FIR is typically considered to consist of electromag-

netic radiation within the 25−350µm (1.20−0.85THz) band. An often repeated statement

that captures the importance of FIR astronomy is that half of the energy emitted by stars

and accreting objects comes to us in the form of FIR radiation [6]. This Cosmic Infrared

Background (CIB) is due to the fact that stars are formed within, and Active Galactic Nu-

clei (AGN) are often obscured by, clouds of gas and dust that absorb or otherwise scatter

light with energies greater than the FIR. For energy to escape these clouds, light must be

converted, through various mechanisms, to a wavelength that has a low probability of in-

teracting with the surrounding matter. The limiting factor is often interstellar dust: small

(0.1−1.0µm) refractory solid particles composed of heavy elements like carbon, oxygen,

2
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magnesium and iron [7]. In the Rayleigh limit, when the wavelength of light is larger than

the diameter of dust grains, the scattering cross section depends strongly on wavelength

∝ λ−4 [8]. Beyond this limit is the Mie scattering regime, which is largely wavelength in-

dependent [8]. As such, light with a wavelength comparable to or smaller than dust grains

will often be scattered while FIR radiation, with its longer wavelengths, pass largely unob-

structed through dust (see Fig. 1.1). Since dust is a solid, it expresses thermal and optical

properties similar to a black body. With each photon interaction is the possibility that the

energy is absorbed and re-emitted as thermal radiation. As such, the most productive way

to study the formation and evolution of galaxies, stars, and planets, is through FIR observa-

tions which allow the most direct measurements of the underlying structures.

Objects with temperatures in the range of ∼10−100K that radiate as black bodies will

express a spectrum with peak intensity in the FIR. These are typical temperature ranges

for prestellar cores, protostars, and protoplanetary disks which represent some of the most

important, yet poorly constrained, stages of star and planet formation. FIR observations

provide a significant sensitivity advantage for such objects since they are brightest in this

band. Dust is another important component that absorbs light emitted from protostars and

re-emits this energy as thermal radiation that is brightest in the FIR. Although dust is consid-

ered a nuisance at shorter wavelength, it provides a powerful diagnostic for total luminosity

in galaxies, star formation rates, dynamics in protoplanetary disks, and metalicity.

Another significant advantage of FIR astronomy is that this band contains the rest frame

emission frequencies of many of the most interesting spectral lines and continuum fea-

tures for the purpose of studying the chemistry and physical conditions of the Interstellar

Medium (ISM) and Young Stellar Objects (YSO). In molecular clouds, interaction ener-

gies are sufficient to excite rotational energy states associated with CO, HD, OH, HF, H2O,

SO2, NH3, CH3OH, CH3OCH3O, and more [9]. Of particular note is CO which is one of

the most abundant molecules in the ISM and traces warm molecular gas, typically associ-

ated with feedback processes from other nearby stars [10]. The most abundant molecule in
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Figure 1.1: The Andromeda galaxy at different wavelengths. At visible wavelengths (top;
credit: R. Gendler), much of the luminous matter in the galaxy is obscured by dust.
Near-infrared images (NIR; middle; credit: NASA/JPL-Caltech/K. Gordon, University of
Arizona), reveal the warm molecular clouds, while far-infrared images (bottom; credit:
ESA/Herschel/PACS/SPIRE/J.Fritz, U.Gent), show cooler gas and dust. Much of the light
emitted from stars, and particularly young stars embedded within molecular clouds, is ab-
sorbed and re-emitted at infrared wavelengths.
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the universe is H2 and is ubiquitous in molecular clouds. Observations of H2 could provide

unique access to the molecular mass budget of the ISM, especially in environments where

other tracers are frozen onto dust grains. Unfortunately, this symmetric molecule lacks an

electric dipole moment, possessing only a weak quadrupole, and does not express strong

vibrational or rotational emission features. However, the asymmetric isotopologue HD has

a slight dipole moment and its first two rotational states have corresponding features in the

FIR. Perhaps the most interesting molecule in the ISM is H2O. Water is a crucial com-

ponent for life sustaining planets, and tracking the distribution of water in protoplanetary

disks provides information about how and under what conditions water is deposited on

these planets. The FIR has access to both rotational lines of water vapour and continuum

emission features of water ice. As such, H2O emission provides access to a wide range

of physical conditions, from high energy feedback processes in molecular clouds to cold

material beyond the snow line in protoplanetary disks [9].

The spectral features discussed so far originate from relatively cold environments with

interaction energies low enough to sustain molecules. In warm photodissociation and hot

ionized regions, the radiation field is dominated by higher energy photons. These photons

are outside of the FIR and in many cases are obscured by gas and dust. However, under

certain conditions neutral atoms and ions can have low energy excitations associated with

the orientation of electron spin due to spin-orbit coupling [11]. Emission resulting from

electron spin state transitions are called fine structure lines, and their energies are often

low enough to escape the enshrouding gas and dust. For this reason, fine structure lines

constitute the dominant cooling mechanism of the ISM and are particularly useful tracers

for star formation and AGN accretion. Some of the most important species with rest frame

emission in the FIR include [CII] (158 µm), [OI] (63, 146 µm), [OIII] (52, 88 µm), and [NII]

(122, 205 µm). Other species that probe highly energetic regions like [ArII], [SIV], [NeV],

and [OIV] have rest frame emission at lower wavelengths that are shifted into the FIR at

moderate to high redshifts (see § 1.2.2). Such high energy regions are associated with AGN
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and starburst galaxies and can be used to study how these structures formed and evolved in

the early stages of reionization z ≈ 10 [12] and during the era of peak star formation z ≈ 2

[13]. A more extensive survey of modern FIR science cases can be found in the The PRobe

for-Infrared Mission for Astrophysics (PRIMA) science book [14].

1.1.2 Limitations

Clearly the FIR has a unique advantage and significant discovery potential in astronomy,

yet the FIR remains one of the most poorly studied bands. There are three main reasons

for this which can be summarized as sensitivity requirements, the need for space based

observations, and the spatial resolution constraints of single aperture telescopes.

Sensitivity

The development of FIR detectors was slow to start largely due to the lack of commer-

cial applications to motivate funding such technology. Infrared detectors gained interest

among astronomers in the 1960s and by the mid 1980s, state of the art could achieve detec-

tors with a Noise Equivalent Power (NEP) of ∼ 10−17 W/
√

Hz [15]. However, the sensi-

tivity requirement such that the dominant noise source is photon statistics from background

emission is ∼10−20 W/
√

Hz [4]. Three promising FIR detector technologies with state of

the art performance that can meet this requirement include Transition Edge Sensor (TES),

Kinetic Inductance Detectors (KID), and Quantum Capacitance Detectors (QCD). These

technologies are discussed in more detail below.

It wasn’t until the refinement of TES technology in the mid 90s that significant progress

was made towards the goal of background limited sensitivity. TES detectors exploit the

rapid change in resistance as a function of temperature in the transition region of metals

between superconducting and normal conduction states [16]. These detectors were initially

developed in the 1940s but failed to gain wide spread use due to the difficulties associ-

ated with maintaining the sensors at the temperature of their transitions. Originally these

detectors were current biased. As the sensor warmed under optical loading its resistance
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increased, and since Joule heating is proportional to resistance in the current biased con-

figuration, the detectors experienced thermal runaway resulting in poor stability. Another

challenge was readout electronics. The available semiconductor amplifiers were poorly

matched to the low impedance of TES circuits resulting in noisy readout. The first of

these challenges was overcome using voltage biased TES elements that produced negative

electrothermal feedback and self-regulated the thermal balance of the detector [17]. This

self-regulation allowed for larger format detector arrays since negative feedback made the

detectors less sensitive to their thermal environment. As such, detectors with slight manu-

facturing variations could obtain similar performance when sharing the same thermal bias.

The second challenge was overcome with the introduction of very sensitive magnetic field

sensors called Superconducting Quantum Interference Devices (SQUID), which were in-

ductively coupled to the TES circuit to measure changes in electrical current [18]. Modern

TES detectors can achieve an NEP of ∼10−19 W/
√

Hz and show potential for even more

improvement [4]. In addition to sensitivity improvements, research is ongoing with respect

to integrating several detectors into large format arrays which is primarily limited by the

large number of wires required to do so. These wires introduce additional electrical and

thermal effects which reduce performance.

Another promising detector technology is KID [19]. These detectors make use of charge

carrier mass and the fact that currents resulting from the motion of these charge carriers has

an associated kinetic energy. In order to change the current direction, the electric field must

do work on the charge carriers proportional to the product of mass and velocity squared of

the charge carriers. This description is equivalent to electrical inductance but is a result of

the kinematics of the charge carrier. As such, the phenomena is called kinetic inductance. In

superconductors, pairs of electrons are bound through electron-phonon interactions at low

temperatures. The sum of electron spin for two electrons is an integer, and the electrons

bound in this way form a composite boson called a Cooper pair. Cooper pairs are thus

exempt from the Pauli exclusion principle and multiple Cooper pairs can share the same
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quantum state. It is this property that allows them to move without resistance through a

superconductor. Electrons, on the other hand, must wait for quantum states (i.e., adjacent

positions in the conductor with an accessible energy level) to become available before they

can move. As such, current is most efficiently facilitated by Cooper pairs, and due to

their higher velocity, they are primarily responsible for the kinetic inductance within a

superconducting wire. If the superconductor is exposed to photons with energy sufficient

to break Cooper pairs, quasiparticles with the properties of electrons will be created. This

effectively increases kinetic inductance, as Cooper pairs must travel faster to maintain the

same current, and simultaneously increases the resistance of the conductor as a result of the

quasiparticles [19].

To use these physical properties as a detector, the super conducting material, treated as a

variable inductor, is integrated into an LC resonator circuit. The circuit is then capacitively

coupled to a common read line that is shared by many other such resonators. The resonant

frequency can be tuned by changing the capacitance of the LC circuit, with each detector

on the read line having a unique resonant frequency. Detectors can be read by sending

a broad spectrum electric signal down the read line with a bandwidth that encompass the

resonant frequency of all detectors on the line. Each detector will parasitically extract

energy from the input signal that is close to its resonant frequency with the amount of

energy extracted inversely proportional to the quality factor of the resonator. At the output

of the read line, the spectrum will be ideally flat with absorption features at the resonant

frequencies of the detectors. When subjected to optical loading, inductance and resistance

of the LC resonator will increases resulting in a lower resonant frequency and lower quality

factor. These effects manifest in the output signal as a frequency shift and reduction in

amplitude of the absorption feature. This technology, developed in the early 2000s, has

achieved sensitivity that is competitive with TES detectors [4]. An attractive feature of

KIDs is their inherent frequency division multiplexing capabilities. Multiple detectors can

be read using a single read line, easily overcoming one of the main challenges of TES

8
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detectors.

An even more recent detector technology with considerable potential is QCD [20]. In

this case a superconducting island is coupled to a superconducting absorber through a tunnel

junction. The island is further capacitively coupled to an LC resonator by a gate capacitor.

The tunnel junction, island, and gate capacitor form a single Cooper pair box. The island

is physically small and forms a quantum system that is sensitive to a small number of elec-

trons such that when an electron is on the island, it significantly changes the capacitance

of the gate capacitor. The operating principle of a QCD is that when light with sufficient

energy to break Cooper pairs is incident on the absorber, quasiparticles, which are effec-

tively electrons, will be created. An electron will then tunnel across the junction and occupy

the absorber, significantly altering the capacitance of the gate capacitor. The electron will

then tunnel back and forth between the absorber and island multiple times before relaxing

back into a Cooper pair. The rate at which electrons tunnel across the junction, and their

average occupancy time on the island, is proportional to electron density in the absorber,

and thus the incident optical power. Detector readout is largely the same as with KIDs, but

instead of a continuous frequency shift, the resonant frequency of each detector will be one

of two discrete states corresponding to electron occupancy of the island. The average state

is used as an estimate for the power incident on the absorber. QCDs possess the same fre-

quency domain multiplexing advantage as KIDs, and since the island is sensitive to single

electron occupancy, they can achieve single photon detection [21], making them the most

sensitive FIR technology to date. However, QCDs were first demonstrated in 2009, and lag

behind both TES and KID in terms of development. The are also quite easily saturated and

presently have low dynamic range.

In addition to detector sensitivity, it is also important to consider the optical properties

of the telescope. Every optical component of the optical system emits radiation that can

typically be expressed as a black body with varying emissivity. Since the FIR corresponds

to peak emission from a black body between 10− 100K, components need to be cooled
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below these temperatures to obtain and optimal thermal background. Although cooling

small components to < 4K is routine, this requirement poses a significant challenge for the

primary collecting mirror of telescopes. With appropriate shielding, space based telescopes

can be passively cooled to 50K [22], but even at this temperature, emission from the mir-

ror is several orders of magnitude above background levels [4]. Clearly, actively cooled

telescopes are required to unlock the full potential of FIR astronomy.

Atmospheric Opacity

Although the presence of water lines in the FIR band is a significant benefit to FIR as-

tronomy, they are also responsible for one of the primary limitations. Earth’s atmosphere

contains a significant concentration of water vapour which absorbs and scatters almost all

the light in the FIR band (see Fig. 1.2). Under ideal observing conditions at high elevation

ground based observatories, atmospheric transmission is effectively zero with the exception

of small windows at 35 and 350µm, at the ends of the FIR band, where transmission may

increases to ∼50%. Significant improvements can be obtained using scientific ballooning,

however, observing campaigns are constrained to a duration of days, and there are signif-

icant risks associated with recovering and redeploying these facilities. The most effective

way of overcoming atmospheric absorption is with space based observatories.

The compelling science case of FIR astronomy, and the need for space based observa-

tories, led to the first space based FIR telescope called the Infrared Astronomical Satellite

(IRAS) in 1983 [23]. Notably, it was the first cryogenic scientific satellite actively cooled

to 10K, and although detector sensitivity was relative low, it is still described as one of the

most successful space astronomy missions ever conducted [24]. IRAS mapped 96% of the

sky at 12, 25, 60, and 100 µm photometric bands and discovered 350k infrared sources.

It observed dust and gas in starburst galaxies resulting in a significant contribution to the

first measurements of the CIB [25]. It also discovered Vega-type debris disks thought to be

the result of colliding bodies and similar to the Kuiper belt in our solar system [26]. The
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Figure 1.2: Atmospheric opacity at different wavelengths. Outside of a few narrow win-
dows, the atmosphere is almost entirely opaque at FIR wavelengths, necessitating high
altitude balloon observations or space based observatories. Figure obtained from NASA
image gallery and is in the public domain.

success of IRAS motivated the development of ESAs Infrared Space Observatory (ISO) in

1995 [27], and later in 2003, the NASA led Spitzer space telescope [28]. Both of these

telescopes were actively cooled to ≤ 6K and benefited from improved sensitivity, detec-

tor arrays, and high resolution spectroscopy. The last space based FIR telescope was the

ESA-led Herschel Space Telescope, launched in 2009 [29]. One of the most notable fea-

tures of Herschel was its 3.5m diameter primary mirror which significantly exceeded the

previously largest 0.85m mirror of Spitzer. This gave unprecedented spatial resolution, but

due to its large size, was not actively cooled and observations were dominated by thermal

emission from the ∼70K mirror. In any case, these missions are all regarded as a tremen-

dous success. It is impractical to list all their discoveries, but a few that are of particular

interest include: detection of water lines in the ISM [30]; first observations of the galactic

center [31]; detection of ultraluminous infrared galaxies and mapping the CIB [25]; the

development of Mid-Infrared (MIR) diagnostics to distinguish AGN from starbursts [32];

first direct detection of light from extra solar planets [33], the detection of thousands of FIR

sources including YSO at various stages of evolution [34]; and contributions to detection of

some of the oldest galaxies in the universe [35]. Indeed, these observatories have exceeded
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expectations and delivered unprecedented FIR science. However, their performance is dras-

tically lacking in one key metric which will not be addressed by modern improvements in

detector technology.

Spatial Resolution

One can recall the familiar experience where the apparent size of an object decreases

as it moves further away. Equivalently, any two points on the object will appear to get

closer together as the distance between the object and observer increases. As the distance

continues to increase, eventually the two points will become indistinguishable. For an

optical system, spatial resolution describes the minimum separation between two points

that can still be distinguished. It is common to quantify this separation in terms of an angle,

in which case it is called the angular resolution.

In the best case scenario, the angular resolution of an optical system will be limited

by diffraction effects. If a point source is imaged by a diffraction limited system, radiant

energy will always be spread over some finite region on the image plane. This intensity

distribution is a consequence of the finite size of the optics which results in incomplete

destructive interference in the neighbourhood of the nominal image point. This intensity

distribution is called the Point Spread Function (PSF), and it depends significantly on the

geometry of the optics. Using the Rayleigh criterion, two points are considered resolved

when the central maximum of one PSF overlaps with the first minimum of the other [8].

With this definition, the angular resolution associated with a circular aperture is

∆θcirc ≈ 1.22
λ

D
, (1.1)

where λ is the wavelength of light being observed, and D is the diameter of the aperture.

The PSF of a circular aperture is shown in Fig. 1.3. From Eq. 1.1, it is clear that resolution

scales with wavelength. Since a small angular separation is desirable, somewhat confus-

ingly referred to as high resolution, longer wavelengths are at a disadvantage compared
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Figure 1.3: The points spread functions associated with different aperture geometries when
viewing light with wavelength λ. The top row shows a circular aperture with diameter
D (left), and two small circular apertures separated by a distance B (right). The bottom
row shows the associated PSFs and includes labels for their diffraction limited angular
resolutions.

to shorter wavelengths. For example, Herschel, with its 3.5m primary mirror, the largest

single mirror launched into space to date, achieves an angular resolution of 7.2arcsec at

100µm. This represents the same angular resolution that can be obtained with a 2.1cm

diameter telescope at visible wavelengths (e.g., 600nm). Going in the other direction, Hub-

ble, with its 2.4m diameter primary mirror achieves a 0.06arcsec at 600nm. A 400m

diameter mirror would be required to obtain the same angular resolution at 100µm, and a

mirror over a kilometre in size would be required for the full FIR band, and it would need

to be in space! Under these constraints, it is clear why angular resolution in the FIR lags

behind other areas of astronomy resulting in the well-known “FIR gap” (see Fig. 1.4).

Low angular resolution leads to a situation called source confusions. Due to diffraction
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interferometer facilities. Image adapted from [36].

effects and the finite size of detectors, each detector in an optical system is sensitive to a

region of the sky. The extent of this region is typically characterized by the Full Width at

Half Maximum (FWHM) of the detector PSF and is called the “beam.” Light originating

from sources within the beam is integrated on the detector. Depending on the situation,

light from sources that are not the target of interest is incident on the detector and can be

interpreted as a kind of noise that pollutes measurements. It becomes difficult to determine

if the signal you are measuring is a result of the target of interest or some other source in the

beam. In addition to confusion, low spatial resolution simply prevents detailed mapping of

the distribution of sources on the sky. Fig. 1.5 shows the effect of poor spatial resolution.

The most promising solution to the spatial resolution challenges of FIR astronomy is

a spatial interferometer. Inspecting Fig. 1.4, it is clear that interferometers dominate in

terms of spatial resolution and sub-arcsecond resolution has been achieved on both sides of
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Figure 1.5: Effects of spatial resolution on image quality. The left panel shows a section of
the Hubble ultra deep field (image adapted from NASA, ESA, and S. Beckwith (STScI) and
the HUDF Team), with a circle representing the Herschel beam at 100µm. Several individ-
ual galaxies reside within the Herschel beam and it becomes impossible to distinguish them
when observed with the spatial resolution of Herschel. The left panel shows the same image
but convolved with a synthetic Herschel beam and approximates what Herschel would see
looking at the same patch of sky.

the FIR gap. The simplest form of a spatial interferometer consists of two input apertures

separated by a displacement vector called the baseline. Each aperture samples the electric

field at different regions of space which is relayed to a central combiner. Typically there is

some mechanism that can vary the optical path difference between the two beams before

reaching the combiner producing an interference pattern as a function of this optical path

difference. This interference pattern gives information about the spatial distribution of the

source intensity, and by measuring interference patterns at multiple baselines, an image of

the source can be reconstructed using a technique called aperture synthesis. Spatial interfer-

ometry and aperture synthesis are discussed extensively in this thesis. In particular Ap. A

includes a derivation and discussion of the van Cittert-Zernike theorem which provides the

theoretical foundation of aperture synthesis. In Ap. B, the instrument response of the in-

terferometer used in this work is derived, and demonstrates how the response is related to

source characteristics.
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Using a simple interferometer, the interference pattern obtained when viewing a point

source, the PSF, is a sinusoid multiplied by the PSF of one of the assumed identical in-

put apertures. Using the Rayleigh criterion, the diffraction limited angular resolution of a

spatial interferometer is,

∆θint f =
λ

2B
, (1.2)

where B is the baseline length between the two input apertures, and λ is the wavelength

of light being observed. In effect, the spatial resolution that can be obtained with a very

large single mirror telescope with diameter D can also be obtained with a spatial interfer-

ometer consisting of two small apertures with diameters d ≪ D, separated by a baseline

B ≈ D. This approach is a significantly more manageable engineering challenge than get-

ting a 400m telescope in space. Additionally, it is much easier to cool two small telescopes

than a single large one. Once the sub-apertures are in space, the obtainable spatial reso-

lution is only limited by the precision with which the baseline can be maintained, and the

amount of observing time available. In principle, spatial resolution can be increased arbi-

trarily with a space based interferometer. For high quality interferometry, the baseline and

any other distortions which affect optical path, must be maintained to within λ/10 of its

nominal value. In this case the longer FIR wavelengths provide an advantage by somewhat

relaxing instrument tolerances.

1.2 Science Cases for High Spatial Resolution

The apparent angular size of a distant object can be calculated using,

θ ≈ h
L
, (1.3)

where h is the linear size of the object, and L is the distance between object and observer.

Due to the vast expanse of space, the distances to most astronomical sources of interest

are large and the angular size of these sources are small. To unambiguously distinguish
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these sources from their surrounding environments, an imaging system requires an angular

resolution comparable to the angular size of the sources.

1.2.1 Stars and Planets

Stars form in cold dense molecular clouds permeated by dust. Density variations with-

ing these clouds serve as the nucleation site for gravitational collapse forming prestellar

cores which radiate as black bodies with varying emissivities and peak emission in the FIR

and sub-mm. As more matter accumulates on these cores they progress through various

protostar classes. From class 0 to II, emission is dominated by the surrounding gas and dust

in the FIR (see Fig. 1.6). It is not until the late class III phase when the star has consolidated

or otherwise blown away its surrounding cloud that the star becomes unobstructed. While

obscured, radiation with wavelengths comparable to or smaller than the size of dust grains

≲1µm is absorbed by the grains and re-emitted thermally at low temperatures ≲25K [37].

The study of prestellar cores and protostars is thus limited to continuum and line emission

in the FIR. The characteristic scale of these structures is shown in Fig. 1.6 and decreases

from ∼ 1,000AU in the earliest stages to ∼ 10AU in the later stages. In the context of

planet formation, 1AU is taken as the scale of interest.

The nearest star forming regions are Taurus [39] and the Rho Ophiuchi molecular com-

plex [40], both about 140 pc away. Orion nebula is also particularly interesting for its high

star formation activity and wide range of conditions making it one of the most studied star

forming regions [41]. These star forming complexes are 400 pc away. At a distance of

100pc, an angular resolution of 1arcsec is required to resolve structures with a 100AU

scale, which is about an order of magnitude lower than what Herschel could achieve. As

such, protostars remain unresolved in the FIR, even within the Milky Way.

In the case of low mass stars, formation and evolution is reasonably well understood

[42]. However, there is still significant uncertainty relating to the formation of high mass

stars. These stars are very important to the evolution of galaxies and chemical enrichment
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Figure 1.6: Formation and evolution of stars. Each row shows the different protostellar
classes as stars progress though their development. The left column shows the SED associ-
ated with each class, and the right column shows morphology and scale. Young protostars
are large and cold, emitting primarily in the FIR and sub-mm. As the stars mature, gravity
pulls them into a smaller volume which heats up the surrounding gas and dust, moving the
peak of the SED into the FIR. Conservation of angular momentum additionally results in
the collapse of the cloud into a disk-like structure. It is not until the later stages, when stars
are nearly main sequence, that most of the obscuring gas and dust is blown away by stellar
winds. Even then, the remaining disk in which planets form emits primarily in the FIR.
Figure obtained from [38], which was adapted from Andrea Isella’s thesis (2006).
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of the ISM. They produce the bulk of heavy elements which are critical to physical and

chemical processes in the ISM, and their ionizing radiation, stellar winds, and supernovae

have a strong feedback effect on the surrounding ISM, potentially triggering or quench-

ing star formation. It is not known why massive stars are only born in clusters, and why

mainly in the center of these clusters [43]. The two competing models are accretion of the

surrounding gas vs single cloud collapse. If high mass stars form through accretion, why

doesn’t the intense radiation field and stellar wind quench accretion? What is the role of

magnetic fields? If single cloud collapse, why don’t these clouds fragment into smaller

clouds? How important are stellar mergers in this process? To answer these questions,

early stages of star formation must be observed on a scale of a few 100pc. Since high mass

star formation is rare, observations beyond the nearest star formation regions are needed to

build up a relevant statistical sample. With an angular resolution of 0.1arcsec, the relevant

scales can be probed out to a distance of ∼10kpc. Furthermore, the best tracers for high

mass star formation are the cooling lines [OIII] 52µm associated with the highly ionized

region around the star, [CII] 158µm and [OI] 63µm for the cooler photo dissociation region,

and rotational emission from CO, H2O, and OH to probed warm molecular clouds in the

earliest stages of formation.

As a star’s development progresses, a protoplanetary disk is formed. This disk is a

dynamic and complicated structure with physical and chemical process that determine the

conditions under which planets are formed. Fig. 1.7 shows a diagram that depicts the phys-

ical and chemical structure of a protoplanetary disk. The highest temperatures are obtained

near the central star and decrease towards the periphery. The outer surface of the disk may

be heated and ionized by uv radiation from other stars. Different phases of the gas are

observed when progressing from the surface of the disk to the midplane, starting with low

ionized gas, proceeding though neutral then molecular gas, and finally ices. Dust subli-

mates near the inner edge of the disk, but in the colder outer disk, dust grains can collide

and grow to larger bodies. Dust grains can also serve as a substrate for chemical reac-
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Figure 1.7: Physical and chemical structure of protoplanetary disks. The top figure shows
the dynamic processes which regulate the physical environment of the protoplanetary disk.
The physical conditions strongly influence the chemical structure of the disk, shown in the
bottom figure. Chemical structure affects the cooling mechanism in the disk which then
influences the temperature and physical structure as part of a feedback cycle. FIR obser-
vations can probe the full range of conditions within protoplanetary disks. Resolving these
structures is critical to understanding how and where planets form, and what conditions
determine the composition of those planets. Figure obtained from [44]; credit: Cleeves,
International Astronomical Union.

tions facilitating the production of molecules, with more volatile molecules supported in

the colder environments of the disk.

The FIR is unique in its ability to probe all the phases of protoplanetary disks. Ionized

fine structure lines trace the hot inner region and outer surface, neutral fine structure lines

give access to the neutral components, and molecular rotation lines probe cooler regions

and of course provide direct measurements of the disk chemical structure. Of particular

note is water ice continuum emission that is only observed in the FIR band. A model spec-

trum showing the important emission features of protoplanetary disks is shown in Fig. 1.8.

The Near-Infrared (NIR) portion of the spectrum is observed by the James Webb Space
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Figure 1.8: Model spectrum of a protoplanetary disk. FIR observations have access to
a broad range of molecular and fine structure emission lines that probe the full range of
conditions within the disk. Of particular note is the abundance of water vapour lines and
water ice continuum features that allow mapping of the distribution and phase of water
within disks. JWST observations probe the warm outer surface of the disk while ALMA
probes the quiescent midplane. FIR can provide complementary observations and is the
only band capable of observing the bulk of the disk. Figure obtained with permission from
[46]. Credit: L. Trapman.

Telescope (JWST) [22], which maps the energetic outer surface of the disk. The Atacama

Large Millimeter/submillimeter Array (ALMA) [45] is sensitive to the sub-mm part of the

spectrum, which maps the cold quiescent parts of the midplane where molecules may be

inactive and frozen onto dust grains. FIR observations bridge the gap between these two

existing facilities and provide access to the majority of the disk while probing the full range

of physical conditions.

Observations of water, both in it gaseous and solid forms are of particular importance.

In the coldest environments, water frozen onto grains can be observed from their 43−63µm

continuum emission features. Rotational emission from water vapour can be used to trace

thermal environments in the range ∼100− 300K where water is sublimated from grains.

Higher energy transitions can also be used to trace shock regions with temperatures >300K

[9]. As such, water traces the full range of conditions in the disk. Spatially resolving

the different components is critical for understanding where and under what conditions

planets form. Beyond the snow line, where water is frozen onto grains, the ice deposited
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on the grain can help grains stick together to form larger bodies which are the precursors to

planet formation. Resolving this region gives information about where and how efficiently

this process occurs [47]. Resolving the distribution of water gives insight into what kinds

of planets form and where they form, such as rocky planets like Earth close to the star,

compared to gas giants and icy bodies in the outer disk. Such observations can also help

answer the question of how water is deposited on rocky planets. Is water locked into porous

grains, or is it delivered by comets? The ability for FIR observations to provide such rich

insight about the phase and distribution of water make it one of the most powerful tools for

answering the questions of where and how life sustaining planets form.

In the early stages of planet formation, the growing bodies are still embedded in the

protoplanetary disk. The signatures of these planets can be inferred from the effects they

have on the surrounding gas. They may created vortices or density variations that can

be observed through continuum dust emission. Turbulence resulting from these vortices

injects energy into the gas which can be observed using molecular lines from species such

as CO and H2O. These structures are expected to be observed with a characteristic scale of

∼1AU, which for the nearest star forming regions would require an angular resolution of

0.01arcsec.

1.2.2 Galaxies and Cosmology

Cosmic distances are often quantified by “redshift” which relates the observed wave-

length of light λobs to emitted wavelength λemit [48],

z =
λobs −λemit

λemit
. (1.4)

The difference in wavelength is due to the observed expansion of the universe; the longer

light stays in space, the more it gets stretched out. Since light travels at a finite speed that

is constant in all inertial reference frames, the time in space is proportional the distance

travelled. Note that since the expansion rate is not constant in time, redshift is not directly
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proportional to distance.

Some important cosmological landmarks are the surface of last scattering z ≈ 1090

when electrons combined with hydrogen nuclei [49, 50], and for the first time, light could

travel though the universe without scattering off free charge carriers. At this time, baryonic

matter in the universe had a nuclear abundance of 24% helium and 76% hydrogen [50].

Using these elements, the first stars are predicted to have formed at z = 20-30 with a mass

≳ 100M⊙ [51]. Fusion within these stars and their explosive deaths began to enrich the

universe with heavier elements. Stars became more ubiquitous, and at z ≈ 10 the energetic

light of massive stars had re-ionized the rarefied intergalactic medium [49, 50]. The peak

star formation rate is observed at z ≈ 2 and has been decreasing ever since [13].

The formation and evolution of primordial stars is a subject in astronomy with consid-

erable uncertainty. In the early universe devoid of heavier elements, fine structure lines

associated with these elements, which provide the mechanism for efficient cooling of the

ISM, were absent. As such, the mass of stars must be immense to overcome the thermo-

kinetic pressure of the gas. Observations are required to constrain the mass and time scale

associated with their formation. The main cooling mechanisms in such an environments are

the H2 quadrupole rotational emission lines at 12, 17, and 28 µm [51]. Although nominally

emitted in the NIR, these lines are shifted into the FIR between z ≈ 2− 20. Resolving a

molecular cloud with primordial star formation at z ≈ 20 is challenging, both in terms of

resolution and sensitivity. However, molecular clouds at z ≈ 10 may have stars that form

under similar conditions that can be resolved, and are expected to be bright enough to detect

[3].

Primordial stars naturally leads to questions regarding the origin of dust. Significant

quantities of dust have been measured in galaxies out to z > 5 [52], indicating that there

must be a rapid mechanism for the production and distribution of dust. A plausible solu-

tion is the supernovae of massive stars, in particular type-II and pair-instability supernovae.

These massive stars have short lifetimes and models predict that their energetic supernovae
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could convert as much as 30% of the stellar mass into dust [53]. Traces of dust can be

found with thermal emission from dust, and although some evidence has been found to

support this model, the low resolution of current FIR measurements leads to doubts related

to foreground confusion. To constrain these models, angular resolution needs to be compa-

rable to resolutions of other telescopes at wavelengths which are known to originate from

supernovae remnants. In this way, dust emission can be unambiguously correlated to the

remnants.

The proliferation of dust and the chemical enrichment of the ISM provides efficient

cooling pathways which could lead to rapid star formation. On its own, this does not ex-

plain why star formation peaked at z ≈ 2 as significant quantities of dust were available

before this time. It has been shown that the mass of Super Massive Black Holes (SMBH),

thought to exist in the center of most galaxies, are directly related to the mass of the bulge

in their host galaxies. This relation suggest that starbursts are correlated with accretion

onto SMBH which produce AGN [54], and that this interplay strongly influences the evo-

lution of galaxies. However, the extent of the galactic bulge is significantly larger than

the Schwarzschild radius of the SMBH, suggesting co-evolution resulting from a common

galactic gravitational potential. The question remains as to what triggers the active star

formation, how is it regulated, and why does it stop? Galaxy mergers have been suggested

as a trigger, and regulation is no doubt related to feedback processes between components

of the AGN and host galaxy. It could even be the case that strong outflows from AGN push

out much of the star formation material, thus quenching the rapid star formation phase [55].

A diagram showing the main components of the unified AGN model is presented in

Fig. 1.9. The figure also shows the characteristic scale of some of the important compo-

nents. Resolving these components is required for detailed analysis of the feedback pro-

cesses in AGN. The first galaxies and subsequent mergers occur around z ≈ 5−10. At this

distance, an angular resolution of 0.02arcsec over an arcmin2 Field of View (FOV) is re-

quired to distinguish between AGN excited narrow line region gas and circum-nuclear gas
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Figure 1.9: Structure and scale of AGN. AGN are often obscured by dust during their most
active phase which correlates with starburst activity in the host galaxy, necessitating FIR
observations. The various components can be observed in the FIR using the highly ionized
fine structure lines. Resolving these structures would provide valuable information about
feedback processes which might influence star formation in the host galaxy. Resolving
the narrow line region in particular would be decisive in separating AGN excited gas from
stellar radiation excited gas. Figure modified from [56].

excited by stars.

Evidence suggests that most galaxies progress through a dust obscured and FIR bright

phase during their evolution. These FIR bright phases are signatures of starburst, are cor-

related to AGN, and contribute significantly to the CIB. Just like stars, the obscuring dust

makes FIR the ideal band for studying the evolution of galaxies. AGN, being one of the

brightest cosmic structures driven by accretion onto SMBH, express extremely energetic

environments containing highly ionized gas. These ions produce fine structure lines within

rest frame emission in the NIR and FIR that can be observed in the FIR at the redshifts

of interest, z ≈ 5−10. This statement applies equally well to fine structure lines resulting

from lower energy ionization associated with massive star formation during the starburst

phase (see Fig. 1.10). As such, FIR observations provide the means needed to distinguish
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Figure 1.10: Important diagnostic lines for AGN and host galaxies. The predicted intensity
and wavelengths of various spectral features are modelled for different redshifts assuming
(z+ 1)2 luminosity scaling (solid) or no scaling (dashed). Stellar radiation excited lines
(red squares), AGN excited lines (blue triangles), photodissociation lines (green circles),
and warm molecular gas lines (magenta circles) can all be detected at relevant redshfts
withing the FIR. These lines are key tracers for separating AGN from starburst regions and
studying their co-evolution. Figures obtained from [3] with permission.

between AGN and star formation components, and can track mergers and feedback at the

appropriate epochs when these processes are most active.

With an angular resolution of 0.01arcsec, the broad line region of AGN, associated

with accretion and one of the smallest AGN structures, can be resolved out to ∼16Mpc.

One of the largest structures is the narrow line regions, and emission from this region can be

effectively used to trace AGN. With the proposed angular resolution, the narrow line regions

are expected to be resolved at any redshift using the standard cosmological model [38]. FIR

observations with sufficient angular resolution can thus trace the growth of SMBH through

mergers obscured by dust, probing binaries separated by 0.1−100kpc out to z≥ 10. Studies

of mergers can be used to infer the relative importance of mergers compared to accretion

with respect SMBH growth. Additionally, distinguishing narrow line regions of AGN from
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stellar radiation excited gas under the same angular resolution requirements can be used to

study the co-evolution of AGN and starburst.

An orthogonal study of active star formation can be conducted by observing the local

universe. In particular, the Magellanic clouds at 55 and 70 kpc have lower metalicity than

solar abundance and demonstrate high levels of star formation activity. These clusters have

conditions similar to those expected at z ≈ 2 but are not subject to the effects of AGN

discussed above. As such, the Magellanic clouds may provide insight as to why star for-

mation peaked z ≈ 2, and to what extent SMBH accretion is relevant. Due to their close

proximity, star formation can be studied in greater detail with a higher resolution than in

distant galaxies. For example, the ∼ 1,000AU prestellar cores, representing the earliest

stages of formation, can be resolved with sub-arcsecond angular resolution. Although the

Magellanic clouds are subject to interaction with the gravitational potential of the Milky

Way, they provide somewhat isolated test cases to study star formation in low metalicity

environments.

1.3 Double Fourier Interferometry

In addition to meeting the spatial resolution requirements, spectroscopy is needed to

observed the important spectral features. In most cases, the necessary spectral resolution

is determined by the need to map gas dynamics. Gas velocity is revealed through the

Doppler effect, where spectral lines are shifted in proportion to the radial velocity between

source and observer. Typical requirements are 100km/s, which implies a resolving power

of λ/∆λ = 3,000. Combining a spatial and spectral interferometer into a single instrument

is thus a powerful tool for reaching FIR observation requirements. Although spatial and

spectral interferometry have been studied separately to a high level of maturity, combining

both techniques is still quite novel. The particular realization of a spatial-spectral interfer-

ometer used in this work will be called a DFI, as both spatial and spectral aspects of the

instrument are directly related to Fourier analysis. In this section, the historical develop-
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ment leading to this instrument is briefly reviewed.

Deciding when to start is difficult, but Thomas Young and Augustin-Jean Fresnel de-

serve some recognition due to their significant contribution to the wave theory of light, and

they independently performed their own early interferometer experiments before 1820.

Albert A. Michelson arguably contributed most significantly to the DFI used in this

work. In 1887, Michelson developed the “Michelson interferometer” that gained wide

spread popularity as a result of its use in the famous Michelson–Morley experiment [57].

The instrument provided sensitive measurement of the optical path difference between two

beams and is one of the simplest implementations of a Fourier Transform Spectrometer

(FTS). The Mach–Zehnder interferometer was developed in 1891 [58], which used sepa-

rated light paths and two input-output ports. Combining this design with an optical path

delay mechanism similar to the Michelson interferometer results in a highly configurable

instrument. The dual input and distinct optical paths make it amenable to spatial interfer-

ometry, while the dual outputs can be used to fully leverage the light input to the system.

Not long after developing his spectral interferometer, Michelson pioneered the field of

stellar interferometry staring in 1890 when he used the wave nature of light to define, and

further calculate, the visibility of interference fringes when viewing an extended source

through two apertures [59]. He realized that by increasing the distance between the two

apertures, the visibility of fringes would decrease to zero and that this could be used as a

sensitive measure of the extent of a source or the separation between sources. The technique

was first applied to Jupiter, but the work that was most iconic was when the technique was

applied to measure the diameter of Betelgeuse in 1920 [60]. This was the first application

of stellar interferometry and is associated with the famous “Michelson stellar interferom-

eter,” not to be confused with the Michelson interferometer. This experiment marked the

beginning of spatial interferometry in astronomy.

The next major milestone was the discovery and further development of the van Cittert-

Zernike theorem. In 1934, Pieter H. van Cittert introduced the “degree of consonance”
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which described the correlation between the complex amplitudes of light at any two points

in space [61]. By means of rather elaborate calculations, he succeeded in establishing a

relationship between the source intensity and degree of consonance in the special case of

a perfectly focused aberration-free optical system having a rectangular aperture. In 1938,

Frits Zernike used a purely statistical approach to the topic and introduced the “degree of

coherence” [62]. This result was a much more general and simple formulation which re-

vealed the direct relationship between source intensity distribution and degree of coherence

through a Fourier transformation. As a result of these efforts, what Michelson described as

the visibility of fringes was generalized to a complex value.

The van Cittert-Zernike theorem was further developed by Harold H. Hopkins in 1951

who added an explicit description for homogeneous media [63]. This revised quantity was

called the “phase-coherence factor” and was presented with an intuitive physical descrip-

tion in terms of the Young double slit experiment. Emil Wolf extended the formulation

to include intensity distributions with arbitrary spectral width in 1955 by introducing a

time delay between the two interferometer beams [64]. Wolf called the derived quantity

the “mutual coherence function.” With this addition, the foundational theory of DFI ob-

servation was complete. A derivation based on Wolf’s work is presented in Ap. A. The

normalized mutual coherence is called the “complex visibility,” which is more commonly

referenced in modern literature.

Spatial interferometry was first adopted by radio astronomers in the 1940s. This is

unsurprising considering the resolution penalty imposed by diffraction limited optics in

the radio band is orders of magnitude worse than visible or even FIR light. The longer

wavelengths also relax the baseline precision required for interferometry, and the low at-

mospheric opacity allows for long baseline interferometers to be constructed on the ground.

Another significant advantage, at least from a measurement perspective, is that radio fre-

quencies are low enough that the electric field at each aperture can be recorded coherently

and read out with a relatively low bandwidth. The correlation between fields at different
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apertures can thus be directly obtained either digitally from data written to a storage device,

or by transmitting and combining the signals through wires and analogue electronic devices.

This provides a high level of flexibility compared to other wavelengths of light. Radiation

with frequencies greater than tens of GHz must have their electric fields combined directly,

and the correlation inferred from intensity measurements. However, photonic circuits, het-

erodyne systems, and fast readouts have helped to achieve more flexibility at higher fre-

quencies. Perhaps the main drawback with radio interferometry is that coherent detection

is typically limited to a narrow bandwidth and observations of distantly spaced frequencies

require separate channels, which makes spectroscopy and the production of spectral images

difficult.

The first demonstration of radio interferometry was in 1947 and detected sun spots

using a sea-cliff interferometer [65]. This was a single aperture receiver that used reflection

off sea water to produce a synthetic second aperture. The interferometer baseline was not

configurable with such a system, which limited spatial resolution and what wavelengths

of light could be used productively. The first double aperture radio interferometer was

developed in 1948 [66], after which, multi-aperture systems became the norm. Almost all

of the modern aperture synthesis algorithms and image deconvolution techniques grew out

of radio astronomy due to its early monopoly on interferometry.

It wasn’t until 1974 that interferometry at 10µm in the infrared was demonstrated [67].

The system employed heterodyning and coherent detection with limited bandwidth. In

1996, interferometry was demonstrated at visible wavelengths [68]. In this case, direct

detection (as opposed to coherent detection) was used, which recorded visibilities and clo-

sure phase, a conserved quantity requiring three apertures that can be used to determine the

phase of the complex visibility. The late development of visible light interferometry was

largely due to the need for precise laser metrology and fast readout.

Up until the mid 1980s, interferometry and spectroscopy remained largely separate dis-

ciplines. One of the first demonstrations that combined the two was Itoh et al. in 1986 using
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visible light [69]. The instrument, called a “volume interferometer,” used a design similar

to the Michelson interferometer with mirrors replaced by orthogonal wavefront folding

prisms. At the output was a rectangular detectors array which recorded a two-dimensional

interference pattern. The wavefront folding produced a situation where each point on the

detector array effectively corresponded to a different baseline vector for a two-aperture

system despite the instrument only having a single aperture. Like the Michelson interfer-

ometer, one of the wavefront folding prisms could be moved in order to affect and optical

path difference between the two arms of the interferometer. In this way, the instrument

probed both spatial and temporal coherence. However, spatial resolution was limited by the

detector array and input aperture geometry, providing no spatial resolution enhancements

over a single aperture system.

Soon after, Mariotti et al. independently developed their own NIR spatial-spectral in-

terferometer in 1988 [70]. They employed separate apertures with beam combination in

the pupil plane, like the Michelson stellar interferometer, which is amenable to high spatial

resolution observations. The spectrometer side used a Mach-Zehnder-like design where the

optical path length of one arm could be controlled independently of the other using a mov-

able mirror. Modern designs closely resemble their design in most respects. Measurements

where taken with the 4 m telescope at Kitt Peak National Observatory with additional mea-

surements at Haute-Provence Observatory. They successfully extracted visibilities from

interference fringes for resolved and unresolved stars.

In recent years, a number of groups have emerged that developed testbed systems to

study spatial-spectral interferometry, specifically for the purpose of FIR astronomy. The

earliest was the Leisawitz et al. group, who developed the Wide-field imaging interferome-

try testbed in 2003 [71, 72, 73]. This Mach-Zehnder-like system used visible light and could

achieve relatively large effective baselines, and benefited from sensitive mature visible light

detector technology at the cost of tighter wavefront error and alignment constraints. The

camera was a multi-pixel array, which is what allows for wide-field imaging, and the source
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was a highly configurable projector that could produce arbitrary source geometry with ar-

bitrary spectral content. Source rotation, required for two dimensional reconstruction of

the source, could thus be accomplished though software to high precision without manual

intervention that might disrupt alignment. This testbed had the potential to simultaneously

demonstrate all relevant aspects of a spatial-spectral interferometer, with the exception of

measurements within the FIR band, but was unfortunately decommission. The most recent

publication from the group shows interferograms and visibility measurements on a multip-

ixel detector, but no complex visibilities or demonstration of aperture synthesis [74].

The Ohta et al. group used a Martin-Puplett type spectrometer in 2006 [75]. The in-

strument used direct detector bolometers sensitive to sub-mm and mm radiation, and could

be configured to measure polarization. They successfully demonstrated complex visibility

measurements and aperture synthesis using a single detector observing spectrally uniform

sources with isosceles trapezoid shapes [76]. Their system was also used for solar measure-

ments [77].

Finally, the Grainger et al. group developed a system sensitive to FIR radiation in 2012

[78]. They used a Mach-Zehnder-like design with a single direct detection bolometer. Inter-

ferograms were recorded using the step-and-integrated method where signal at a particular

optical path difference was obtained by modulating the source and processing the detector

signal using a lock-in amplifier. The group measured visibilities associated with sources

consisting of narrow slits. They also introduced spectral variation into the source scene by

masking one of two slits with a low-pass filter. This was the first demonstration of the DFI

technique in the FIR, and the first to use sources with spectral variation. However, complex

visibility measurements and aperture synthesis was not demonstrated. Their results were

also confined to one-dimensional targets and a single detector.

Efforts have also been made to extend spatial-spectral interferometry beyond the lab

using balloon-borne experiments. The two separate instances used instruments called Far-

Infrared Interferometer Telescope Experiment (FITE) 2010 [79, 80] and The Balloon Ex-
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perimental Twin Telescope for Infrared Interferometry (BETTII) 2014 [81]. The designs

of both systems include an 8m baseline. Although FITE appears to still be under active

development, BETTII was irreparably damaged during its first flight and is no longer in

development [82]. No science results were obtained, but the test did provide insight on the

challenges and requirements of ballooning interferometry.

Considerable interest in a space based FIR interferometer has been growing since the

2000 decadal report “Astronomy and Astrophysics in the New Millennium” strongly rec-

ommended the development of space based infrared observing capabilities [1]. For the

FIR, the Submillimeter Probe of the Evolution of Cosmic Structure (SPECS) was studied

as a NASA Cosmic Vision mission. This was an ambitious project with a proposed 1km

baseline, 4m sub-apertures cooled to 4K, capable of producing spectral images with a re-

solving power of 104 over a 1arcmin2 field of view [83]. In 2003, the Community Plan

For Far-IR/Submillimeter Space Astronomy recommended Space Infrared Interferometric

Telescope (SPIRIT) as a pathfinder mission for SPECS [84, 2]. While in 2004, the ESA

astronomy working group recommended their own interferometer study, which lead to the

Far-InfraRed Interferometer (FIRI) mission concept study in 2009 [3], with contributing

members from Europe, the USA, and Canada. Shortly after, FIRI was submitted as a pro-

posal for the ESA Cosmic Vision 2015–2025 [85]. FIR interferometer recommendations

have also been submitted to the 2010 NASA decadal survey [86], the ESA call for science

themes for L2 and L3 missions (2013) [87], and the NASA long term plane (2021) [9].

1.4 Thesis Outline

The work presented in this thesis is expected to further enrich spatial-spectral interfer-

ometer development. A successful FIR space interferometer must be capable of generating

wide-field spectral images with high spatial resolution. These requirements can be factored

into independent tasks:

1. Demonstrate complex visibility extraction and aperture synthesis for a single detec-
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tor. This item proves that integrating a spectrometer into the instrument does not

compromise the imaging capabilities of a spatial interferometer.

(a) If the relevant source variation is along one axis, this task can be performed with

a single baseline orientation producing a one-dimensional image.

(b) Generalize the procedure for a two-dimensional source requiring multiple base-

line orientations.

2. Demonstrate that these images have spatial resolution better than can be obtained with

the sub-apertures individually, and that image properties are consistent with theory.

This item proves the spatial resolution enhancement capabilities of the DFI technique.

3. Demonstrate sensitivity to spectral variation in the source. This is the key advantage

over traditional interferometers that allows the production of spectral images.

4. Demonstrate wide-field capabilities. A wide field of view significantly reduces the

time required to observe extended sources and is of tremendous practical importance.

Fulfilling the items above is the main goal of the work presented in this thesis. Further-

more, this thesis is intended to provide a comprehensive resource for individuals interested

in the DFI technique. To this end, Ch. 2 develops the underlying theory of Fourier anal-

ysis and its application to spectral and spatial interferometry. This chapter provides the

tools needed to understand how a DFI works, and how to interpret and analyze the system

response. Ch. 3 discusses the interferometer system design, focusing on the optical and

mechanical characteristics. This chapter provides insight into the limitations and expected

performance of the imaging system. Ch. 4 focuses specifically on the detector system,

an unconventional Proportional-Integral–Derivative (PID) controlled TES bolometer array.

The detector system is a critical component of the instrument that affects the spectral sensi-

tivity and understanding its parameter space can help improve performance. Ch. 5 presents

a variety of DFI observations and includes detailed discussions on data acquisition, cali-

bration, complex visibility extraction, and aperture synthesis. These observations provide
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insight into how source geometry affects complex visibility and directly addresses the items

enumerated above. Concluding remarks and recommendations for future research are given

in Ch. 7.

My work was conducted as part of a small research team. I joined the project early in

its conception and I have played a primary role in virtually all aspects of the instrument de-

velopment. With the exception of the specific items listed in the acknowledgments section,

the work presented in this thesis is entirely my own. This thesis places little emphasis on

the ancillary work that was needed to bring the project to fruition. In particular, the soft-

ware libraries used for: data acquisition, data analysis, hardware control, simulation, and

laboratory management are extensive and were critical to the success of the project, but are

not presented. Additionally, this work does not focus on the commissioning phase which

iterated over a number of proposed experimental designs, detector system data structures,

and software versions. Although a significant amount of content is presented in this thesis,

it does not capture the full scope of my contributions.

Aspects of this work have been presented at conferences including the Canadian As-

tronomical Society [88], Optica [89, 90], the International Symposium on Space Terahertz

Technology [91], and the Society of Photo-Optical Instrumentation Engineers [92]. Some

of the work relating to instrument design and characterization has been published in the

Institute of Electrical and Electronics Engineers Transactions on Terahertz Science and

Technology journal [93]. A future publication is expected for the experiments on complex

visibility extraction and aperture synthesis discussed in Ch. 6.
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Chapter 2

Fourier Analysis

Fourier analysis is the branch of mathematics concerned with representing general func-

tions as linear combinations of orthonormal trigonometric functions. The intellectual her-

itage of such techniques date back to antiquity, however, the modern formalism is attributed

to Jean-Baptiste Joseph Fourier who used, what are now called, Fourier series to model heat

flow analytically [94]. Fourier series prove to be a powerful tool in mathematics do to the

generality of functions that can be synthesized and the ease with which these representa-

tions can be manipulated. In physics, and optics in particular, representations of functions

as a superposition of waves conforms precisely to the classical representation of polychro-

matic light. The Fourier series thus provides a model that expresses physical reality and

not simply a convenient mathematical abstraction. However, the utility of a Fourier series

reaches its full potential with the introduction of the Fourier transform, an operation which

decomposes the general function into its frequency components. The implications for spec-

troscopy are evident, but more broadly, the associated theory provides the foundation for

analogue and digital signal analysis. As such, adequate knowledge of Fourier analysis is

essential for understanding and interpreting the output of the interferometer system used in

this work.

This chapter is dedicated to providing an introduction to Fourier analysis and connect-

ing it to the response generated by the Fourier Transform Spectrometer (FTS) and Double-

Fourier Interferometer (DFI) used in this work. The Fourier series is developed in Sec. 2.1

followed by a derivation of the Fourier transform and its properties in Sec. 2.2. The dis-
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cretization of signals and the resulting implications with respect to the Fourier transform

are presented in Sec. 2.3. Connection to, and techniques associated with FTS are discussed

in Sec. 2.4, with a similar discussion with respect to DFI in Sec. 2.5.

2.1 Fourier Series

Any function can be synthesized from the sum of an even and an odd function

f (x) = fe(x)+ fo(x) , (2.1)

where the even and odd functions can be found using,

fe(x) = fe(−x) =
f (x)+ f (−x)

2
, (2.2)

and

fo(x) =− fo(−x) =
f (x)− f (−x)

2
. (2.3)

Functions that are periodic with period L can be represented as a linear combination of sinu-

soidal functions with frequencies consisting of the fundamental spatial frequency k = 1/L,

and higher harmonics, kn = n/L. Such a construction is formally a Fourier series [95],

f (x) =
a0

2
+

∞

∑
n=1

an cos(2πknx)+bn sin(2πknx) , (2.4)

where a0, an, and bn are constants known as Fourier coefficients. The sum of weighted

cosines and sine functions can be identified as the even and odd components of Eq. 2.1,

respectively. Note the constant term originates from a zero-frequency cosine.

An equivalent representation of a Fourier series can be constructed using the amplitude

and phase formalism,

f (x) =
a0

2
+

∞

∑
n=1

dn cos(2πknx−φn) , (2.5)
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where the amplitude is,

dn =
√

a2
n +b2

n , (2.6)

and the phase is,

φn = arctan
(

bn

an

)
. (2.7)

This formalism is particularly useful when interpreting interferometric data, as discussed in

§ 2.4 and 2.5.

To construct a Fourier series, the function must satisfy the Dirichlet conditions [95]:

1. The integral of | f (x)| over one period must converge.

2. The function must be single-valued and continuous, except at a finite number of finite

discontinuities over one period.

3. The function must have a finite number of maxima and minima over one period.

If these condition are met, the Fourier series converges to f (x) at all points where f (x) is

continuous. At points of discontinuity, the Fourier series converges to the average of the

values the function approaches from either side of the discontinuity.

The coefficients of Eq. 2.4 are obtained using,

an =
2
L

∫ L/2

−L/2
f (x)cos(2πknx)dx , (2.8)

bn =
2
L

∫ L/2

−L/2
f (x)sin(2πknx)dx , (2.9)

which can verified by inserting Eq. 2.4 into the above equations and using the orthogonality

of trigonometric functions,

∫ x0+L

x0

cos(2πkmx)sin(2πknx)dx = 0 for all m and n, (2.10)

38



2.1. FOURIER SERIES

∫ x0+L

x0

cos(2πkmx)cos(2πknx)dx =


L for m = n = 0,

1
2L for m = n > 0,

0 for n ̸= m,

(2.11)

∫ x0+L

x0

sin(2πkmx)sin(2πknx)dx =


0 for m = n = 0,

1
2L for m = n > 0,

0 for n ̸= m,

(2.12)

Since a Fourier series contains, in general, both sine and cosine functions, it can be

expressed more conveniently using complex variables and Euler’s formula,

eiθ = cos(x)+ isin(x) . (2.13)

With this formalism, Eq. 2.4 can be expressed as,

f (x) =
∞

∑
n=−∞

cnei2πknx (2.14)

where the Fourier coefficients are obtained using,

cn =
1
L

∫ L/2

−L/2
f (x)e−i2πknx dx . (2.15)

This equation can be verified by inserting Eq. 2.14 into Eq. 2.15 and using the orthogonality

relation, ∫ x0+L

x0

e−i2πkmxei2πknxdx =


L for m = n,

0 for n ̸= m,

(2.16)

which upon using Euler’s formula, can be viewed as a generalized expression for Eqs. 2.10

to 2.12. Note that the Fourier coefficients in the complex representation now extend over
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positive and negative integers and can be related to the real representation using,

cn =
1
2
(an − ibn) ,

c−n =
1
2
(an + ibn) .

(2.17)

It is clear from Eq. 2.14 that f (x) has been generalized to a complex valued function, and the

coefficients cn represent the complex amplitude of the spectral components of the function.

2.2 Fourier Transform

Consider the spatial frequency harmonics, kn =
{ 1

L ,
2
L , . . . ,

n
L

}
. The separation between

these spatial frequencies is ∆k = 1/L. With this consideration, inserting Eq. 2.15 into

Eq. 2.14 gives,

f (x) =
∞

∑
n=−∞

∆k
∫ L/2

−L/2
f (x′)e−i2πknx′ dx′ ei2πknx . (2.18)

If the period L is taken to infinity, the discrete summation in the above equation becomes

an integral. This can be seen by noting the separation between spatial frequencies becomes

a vanishingly small differential ∆k → dk, and the variable kn → n dk = k, becomes contin-

uous. With these considerations, Eq. 2.18 becomes,

f (x) =
∫

∞

−∞

[∫
∞

−∞

f (x′)e−i2πkx′ dx′
]

ei2πkxd k , (2.19)

which is formally Fourier’s inversion theorem [95].

One can identify the expression in square parenthesis in Eq. 2.19 as the Fourier trans-

form of f (x),

f̂ (k) =
∫

∞

−∞

f (x)e−i2πkx dx ≡ F [ f (x)] , (2.20)

where the change of variable x′ = x is used. The inverse Fourier transform is then,

f (x) =
∫

∞

−∞

f̂ (k)ei2πkx dk ≡ F −1 [ f̂ (k)
]
. (2.21)
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In deriving these relations, the use of a positive or negative sign in the exponent is a matter

of convention, and the relations hold if they are interchanged. It is also common for the

frequency variable to be written as an angular frequency κ = 2πk, where the differential

becomes dk = dκ/2π.

The paradigm shift from Fourier series to Fourier transforms is effectively a generaliza-

tion from periodic functions to arbitrary aperiodic functions. As a consequence of extending

the period of the series to infinity, only the first of the Dirichlet conditions must be satisfied

by the function f (x) for the transform to exist.

For the derivations of general relationships between Fourier domains, conjugate Fourier

pairs of position x, and spatial frequency k, are used. However, these results apply equally

to functions described in time t, with temporal frequencies f . Most practically from the

perspective of spectral interferometry, the Fourier pairs of Optical Path Difference (OPD)

z, and wavenumber k = 1/λ, where λ is the optical wavelength, are used. For spatial in-

terferometry, the Fourier pairs of angle θ in radians, and wavelength normalized baseline

u = B/λ, where B is the interferometer baseline, are used.

The Fourier transform can be extended to two-dimensions by taking the Fourier trans-

form over the orthogonal components within a given space independently,

f̂ (kx,ky) =
∫

∞

−∞

[∫
∞

−∞

f (x,y)e−i2πkxx dx
]

e−i2πkyy dy

=
∫

∞

−∞

∫
∞

−∞

f (x,y)e−i2π(kxx+kyy) dx dy .
(2.22)

This approach can be generalized to arbitrarily many dimensions n, using,

f̂ (⃗k) =
∫

n
f (⃗x)e−i2π⃗k·⃗x d⃗x , (2.23)

where x⃗ and k⃗ are n-dimensional vectors with components describing orthogonal spatial

coordinates and spatial frequencies, respectively.
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2.2.1 Symmetry

If a function is real, as is the case with any physically realizable signal, its Fourier

transform is,

f̂ (k) =
∫

∞

−∞

[ fe(x)+ fo(x)]e−i2πkx dx

=
∫

∞

−∞

fe(x) [cos(2πkx)− isin(2πkx)] dx

+
∫

∞

−∞

fo(x) [cos(2πkx)− isin(2πkx)] dx ,

(2.24)

where Eq. 2.1 has been used to represent the general function f (x) in terms of its even and

odd components.

Recall that the definite integral of an odd function vanishes when integration is per-

formed with symmetric limits about the origin. Additionally, the product of two even func-

tions, or two odd functions, produce an even function, while the product of an even and odd

function produces an odd function. With these considerations, Eq. 2.24 reduces to,

f̂ (k) =
∫

∞

−∞

[ fe(x)cos(2πkx)− i fo(x)sin(2πkx)] dx . (2.25)

It is observed that cos(2πkx) is an even function of k, while sin(2πkx) is an odd function

of k. The main point of interest is that the Fourier transform of a real function results

in a spectrum with real and imaginary components. The real component is symmetric

and encodes the even part of the function. Conversely, the imaginary component is anti-

symmetric and encodes the odd part of the function. When the function is real, its transform

possesses Hermitian symmetry,

f̂ (−k) = f̂ ∗(k) , (2.26)

as is evident from Eq. 2.25, where ∗ denotes the complex conjugate.
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Using a similar analysis, if a function is imaginary, the Fourier transform gives,

f̂ (k) =
∫

∞

−∞

[i fe(x)cos(2πkx)+ fo(x)sin(2πkx)] dx . (2.27)

Once again, there are real and imaginary components. In this case, however, the real com-

ponent is anti-symmetric and encodes the odd part of the function, while the imaginary

component is symmetric and encodes the even part of the function. When the function is

imaginary, its transform possesses the following symmetry,

f̂ (−k) =− f̂ ∗(k) . (2.28)

2.2.2 Properties and Transform Pairs

Fourier transforms possess a number of useful properties and transform pairs that make

analysis more intuitive. A selection of these properties are presented in Tab. 2.1, and a

selection of transform pairs are presented in Tab. 2.2. These tables are presented here

for convenience, and the equations within are derived in Ap. C. The application of these

equations in the context of interferometry are presented in Sec. 2.4 and 2.5.

Parseval’s Theorem

Parseval’s theorem relates the integrals of the magnitude of a given function squared in

both Fourier domains and is given by the equation,

∫
∞

−∞

| f (x)|2 dx =
∫

∞

−∞

∣∣ f̂ (k)∣∣2 dk . (2.29)
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Table 2.1: A selection of Fourier transform properties [96].

Property Function Fourier Transform

Linearity a f (x)+bg(x) a f̂ (k)+bĝ(k)

Scaling f (ax) 1
|a| f̂ ( k

a)

Translation f (x−a) e−i2πak f̂ (k)

Phase Shift ei2πax f (x) f̂ (k−a)

Multiplication f (x)g(x) [ f̂ ∗ ĝ](k) †

Convolution [ f ∗g](x) f̂ (k)ĝ(k)

Correlation [ f ⋆g](x) ‡ f̂ ∗(k)ĝ(k)

Duality
f (x) f̂ (k)
f̂ (x) f (−k)

† The symbol ∗, represents the convolution operator.
‡ The symbol ⋆, represents the cross-correlation operator.

Table 2.2: A selection of Fourier transform pairs [96].

Name Function Fourier Transform

Cosine cos(2πax) 1
2 [δ(k−a)+δ(k+a)]

Sine sin(2πax) 1
2i [δ(k−a)−δ(k+a)]

Rectangle Π
( x

a

)
asinc(ak) †

Sinc sinc
( x

a

)
aΠ(ak)

Exponential Decay e−a|x| 2a
a2+(2πk)2

Step Function Decay u(x)e−ax ‡ 1
a+i2πk

Gaussian e−ax2
√

π

a e−
(πk)2

a

Dirac Delta δ(x) 1

Unit 1 δ(k)

Dirac Comb XL(x) 1
L ∑

∞
n=−∞ δ

(
k− n

L

)
† The normalized sinc function is defined as sinc(x) = sin(πx)

πx
‡ u(x) is the Heaviside step function.
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This equality can be verified by inserting the definition of the Fourier transform Eq. 2.20,

into the Right-Hand Side (RHS),

∫
∞

−∞

∣∣ f̂ (k)∣∣2 dk =
∫

∞

−∞

{[∫
∞

−∞

f (x)e−i2πkx dx
][∫

∞

−∞

f (x′)e−i2πkx′ dx′
]∗}

dk

=
∫

∞

−∞

∫
∞

−∞

f (x) f ∗(x′)
[∫

∞

−∞

e−i2πk(x−x′) dk
]

dx′ dx

=
∫

∞

−∞

∫
∞

−∞

f (x) f ∗(x′)δ(x− x′)dx′ dx

=
∫

∞

−∞

f (x) f ∗(x)dx .

(2.30)

The third line can be obtained as a combination of the phase shift property and the Fourier

transform of the unit function (see Tab, 2.1 and 2.2).

Parseval’s theorem is often interpreted as an expression of conservation of energy. In a

general sense, the signal squared is referred to as the signal power, regardless of the units

of the signal. However, in the context of electronics, signals are usually recorded as, or can

be equivalently converted to, a voltage drop across a resistor as a function of time. As such,

the units of both sides of Eq. 2.29 have units of V2 · s, and if this voltage is measured across

a 1Ω resistor, the result is equivalent to energy with units of joules (J). The energy in both

reciprocal domains of the Fourier transform are thus equivalent.

2.3 Discretization

Many signals of interest manifest as continuous variables which have defined values at

every instant of time, within some time range. Although analog systems exist which can be

used to perform various kinds of analysis on continuous signals, digital computers provide

greater flexibility and convenience. Information stored in the form of discretized values is

also more resistant to degradation. Any amount of noise on a continuous variable degrades

the signal. However, a digital signal can be perfectly reconstructed as long as the noise is

below the threshold required to resolve different discrete values. Although discretization

provides many benefits, there are disadvantages. For example, rounding errors result from
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taking a range of continuous values and putting them all in the same bin. However, it is

often the case that rounding errors are small compared to other sources of noise present in

the system. A more practical concern is that signals must be sampled at finite intervals and

the signal is not known during the time between these intervals. In general, this results in

loss of information, however, under certain conditions the signal can be sampled without

loss of information.

2.3.1 Sampling Theorem

Mathematically, the process of discretizing a continuous signal is accomplished by mul-

tiplying the signal with a Dirac comb,

fn = f (x)X∆x(x)

= f (x)
∞

∑
n=−∞

δ(x−n∆x) ,
(2.31)

where ∆x is the sampling interval, which can be either the time or distance between samples

depending on the context. Taking the Fourier transform of this equation gives,

F [ fn] = S(k)∗ ks

∞

∑
n=−∞

δ(k−nks)

= ks

∞

∑
n=−∞

S(k−nks) ,

(2.32)

where the convolution theorem has been used, and S(k) is the spectrum of the continuous

function obtained through its Fourier transform. The Fourier transform of the Dirac comb

Eq. C.27, produces another Dirac comb with delta functions separated by intervals of the

sampling frequency ks = 1/∆x. Eq. 2.32 effectively describes an infinite number of S(k)

copies separated by intervals of the sampling frequency, as shown in Fig. 2.1.

If the signal is band-limited such that the minimum frequency is zero and the maxi-

mum frequency is km, the repeated copies of the signal spectrum will have no overlapping
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Figure 2.1: Spectra resulting from the Fourier transform of a band-limited signal with var-
ious sampling rates. The spectral content of the signal is band-limited to a maximum fre-
quency km, as shown by the orange triangles. The signal is sampled at a frequency ks,
which produces the blue curve after transformation, and is consistent with convolving a
Dirac comb with the signal spectrum Eq. 2.32. It is observed that when ks < 2km, the spec-
tra overlap and higher frequency content is folded over the Nyquist frequency kN = ks/2,
indicated by the dashed line.
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segments if

ks ≥ 2km . (2.33)

In other words, to reconstruct a signal without distortion, the signal must be sampled at

a frequency twice that of the highest frequency present in the signal. This condition is

formally the Nyquist–Shannon sampling theorem [97], which motivates the concept of the

Nyquist frequency,

kN =
ks

2
, (2.34)

and describes the highest frequency resolvable using a given sampling rate.

When Eq. 2.33 is violated, the signal reconstructed from the sampled points is distorted.

The resulting distortion is known as aliasing, an example of which is shown if Fig. 2.2.

Effectively, frequency components above Nyquist present in the continuous signal manifest

in the sampled signal as frequency components that are less than the Nyquist frequency.

This can be understood in terms of a folding effect demonstrated in Fig. 2.1. To avoid

aliasing, either the sampling rate must be increased, or high frequency components must be

attenuated using a low-pass filter such that the sampling theorem is respected.

2.3.2 Discrete Fourier Transform

Eq. 2.32 is formally the Discrete-Time Fourier Transform (DTFT). It maps an infinite

sequence of discrete signal samples, uniformly spaced in time, to a continuous periodic

summation of the signal’s Fourier transform (i.e., its spectrum) in frequency space. The

DTFT is analogous to the Fourier series which maps an infinite number of uniformly spaced

discrete samples in frequency space to a continuous and periodic function in time.

Neither paradigm is suitable for real applications since signals can only be measured

over a finite amount of time. In practice, signals are discretely sampled over a finite time,
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Figure 2.2: Aliasing resulting from undersampling a high frequency signal. The blue curve
shows a chirp signal where the frequency increases linearly from 0mm−1 to 2mm−1. The
signal is sampled at a frequency of 2samplesmm−1, as shown by the red circles, which
results in a Nyquist frequency kN = 1mm−1. The orange curve results from plotting the
same chirp signal as the blue curve, but the frequency linearly decreases after reaching
the Nyquist frequency. Effectively, folding the high frequency components of the blue
curve over the Nyquist frequency produces the orange curve. It can be observed that the
orange curve is an accurate representation of the sampled points and matches the blue curve
perfectly until 5mm when the frequency of the chirp equals the Nyqyist frequency. After
this point, the blue curve is aliased by the samples, meaning the samples can be equally
attributed to the lower frequency orange signal.

and frequency components are obtained using the Discrete Fourier Transform (DFT),

f̂r =
N−1

∑
n=0

fn e−i2πrn/N , (2.35)

with the Inverse Discrete Fourier Transform (IDFT) given by,

fn =
1
N

N−1

∑
r=0

f̂r ei2πrn/N . (2.36)

In this case, fn are assumed to be N uniformly spaced samples of one cycle of a continuous

periodic signal. Similarly, f̂r are assumed to be N uniformly spaced samples of one cycle

of a continuous periodic spectrum.

The validity of these equations can be verified in the following way. Consider the
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Fourier transform of a discretized signal,

f̂ (k) =
∫

∞

−∞

[
f (x)

∞

∑
n=−∞

δ(x−n∆x)

]
e−i2πkx dx

=
∞

∑
n=−∞

f (n∆x)e−i2πkn∆x ,

(2.37)

where n is the sample index and ∆x is the distance between samples. Note that Eq. 2.37

is just an alternative form of Eq. 2.32 and produces a continuous periodically summed

spectrum as shown in Fig 2.1. The next step is to discretely sample the spectrum at points

k = r∆k, where r is the sample index and ∆k is the distance between frequency samples.

Eq. 2.37 is then,

f̂ (r∆k) =
∞

∑
n=−∞

f (n∆x)e−i2πrn∆k∆x (2.38)

Now impose the condition that the function f (x) is periodic and that it has been sampled

such that one cycle is measured with N uniformly spaced samples; that is

L = N∆x , (2.39)

where L is the period of the signal. Note that a finite signal that is not periodic can be made

periodic by appending copies of itself at its ends. Similarly, assume one cycle of the already

periodic spectrum f̂ (k) has been measured with N uniformly spaced samples; that is

ks = N∆k = 1/∆x , (2.40)

where ks is both the “period” for the spectrum and the sampling rate of the signal as dis-
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cussed in Sec. 2.3.1. With these considerations Eq. 2.38 is,

f̂r =
N−1

∑
n=0

fn e−i2πrn∆k∆x

=
N−1

∑
n=0

fn e−i2πrn∆k/ks

=
N−1

∑
n=0

fn e−i2πrn/N ,

(2.41)

which is equivalent to the DFT, Eq. 2.35. A similar process can be performed from the

perspective of a Fourier series to obtain the IDFT. The additional factor of 1/N is a normal-

ization constant required to make the IDFT the inverse of the DFT.

The discretization process, as described above, and the required sampling of the signal

and spectrum for correct use of the DFT and IDFT is shown in Fig. 2.3. In the context

of FTS, the relevant signal is an interferogram that is effectively sampled according to the

sequence {−zmax,−zmax +∆z, ...,0, ...,zmax −∆z}, where zmax is the maximum OPD and

∆z is the spacing between samples. This sequence is similar to the orange curve in the

top panel of Fig. 2.3. However, the required sampling for correct use in the DFT is as

shown by the red circles, thus, the samples must be swapped such that the sequence is

{0, ...,zmax −∆z,−zmax,−zmax +∆z, ...}. The output spectrum samples are oriented in the

same way.

2.3.3 Fast Fourier Transform

For each frequency component of the DFT, N multiplications and additions are re-

quired. Since there are N frequency components, the DFT has a computational complexity

that scales as O(N2). Such complexity becomes prohibitively expensive for large input

sequences. Fortunately, through clever factorization of the DFT calculations, the complex-

ity scaling can be reduced. Any algorithm that offers efficient calculation of the DFT is

referred to as a Fast Fourier Transform (FFT).

The most popular strategy involves recursively splitting the full N-point DFT into two
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Figure 2.3: Sampling required for use of DFT and IDFT. The top panel shows a finite signal
(orange) that has been artificially made infinite and periodic (blue). Red circles show one
cycle worth of samples drawn from the infinite periodic signal that are used as inputs to the
DFT. Transformation of these values produces a sequence of frequency samples shown by
red circles in the lower panel. In applying the IDFT, one proceeds in the reverse direction,
from the spectrum to the signal, where the color of the curves in the lower panel have the
same interpretation as the top panel.

N/2-point DFTs, then combining the results [98]. This is accomplished by separating the

DFT into even and odd parts,

f̂r =
N−1

∑
n=0

fn e−i2πrn/N

=
N/2−1

∑
m=0

f2me−i2πr(2m)/N +
N/2−1

∑
m=0

f2m+1e−i2πr(2m+1)/N

=
N/2−1

∑
m=0

f2me
−i2πrm

N/2 + e
−i2πr

N

N/2−1

∑
m=0

f2m+1e
−i2πrm

N/2

= f̂ e
r + e

−i2πr
N f̂ o

r ,

(2.42)

where f̂ e
r is the DFT of the even-index parts of fn, and f̂ o

r is the DFT of the odd-index parts
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of fn. From the periodic nature of the DFI,

f̂r = f̂ e
r + e

−i2πr
N f̂ o

r

f̂r+N
2
= f̂ e

r − e
−i2πr

N f̂ o
r ,

(2.43)

so that the even and odd index transforms can be reused to calculate the two halves of

the full transform. Note that Eq. 2.43 represents N two-point DFTs. The FFT algorithm

described is represented visually in Fig. 2.4.

To summarize, the N-point DFT is split into two N/2-point DFTs resulting in a com-

putational complexity O(N2/2). The results are then combined with N two-point DFTs

with computational complexity O(2N). The full complexity is O(2N +N2/2) which for

N = 1024 results in ∼ 5×105 multiplications and additions which should be compared to

the ∼ 106 such operations required for the DFT. When this process is repeated recursively,

the computational complexity approaches O(N log2 N). As such, when N is large, the FFT

can compute the transform N/ log2 N times faster than the DFT.

2.3.4 Comparison to Fourier Transform

The DFT preserves many of the same characteristics of the Fourier transform, however,

a few subtle changes should be noted.

Units

The Fourier transform multiplies the units of the input sequence with the units of the

independent variable that is being integrated over. For example, a voltage signal measured

at regular intervals of time will have a Fourier transform with units of V · s. The DFT is a

weighted summation of the input sequence, and as such, the output units are the same as

the input units.
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Figure 2.4: Visual representation of one iteration of the FFT. The full N-point DFT is split
into two N/2-point DFTs consisting of the even and odd index points of the input sequence.
The outputs are then combined using what is effectively N two-point DFTs which computes
the full transform. Computational efficiency is obtained by re-using the calculated f̂ e

r and
f̂ o
r values through linear combinations using the coefficients wr

N = e−i2πr/N (Eq. 2.43).

Normalization

The Fourier transform pairs presented in Tab. 2.2 are mostly valid when using the DFT.

However, the expressions for f̂ (k) must be normalized by the number of point in the input

sequence for strict equality, that is,

f̂r = f̂ (k)/N . (2.44)

Parseval’s Theorem

As a consequence of the items above, Parseval’s theorem Eq. 2.29 for the DFT is mod-

ified to,
N−1

∑
n=0

| fn|2 =
1
N

N−1

∑
r=0

∣∣ f̂r
∣∣2 . (2.45)
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Figure 2.5: FTS configuration used for this work. Input light is split by a 50:50 intensity
beamsplitter then propagated along two paths with optical path lengths x1 and x2. The
beam are combined using a second beamsplitter and imaged onto the detector plane. OPD
is controlled by the spectral stage and the resulting signal is an interference pattern recorded
as a function of OPD.

2.4 Fourier Transform Spectroscopy

An FTS is an instrument that probes the spectral content of light. Input radiation is split

into two beams and an OPD is induced between the two beam before they are recombined

and imaged onto a detector (see Fig. 2.5). The resulting signal is an interference pattern

as a function of OPD, often called an interferogram. OPD can be interpreted as a time

delay τ = z/c, between the two beams, and the recorded intensity can be interpreted as

the correlation between electric fields in the two beams with that particular time delay.

As such, an FTS measures the temporal coherence of input radiation which is encoded

in an interferogram. These interferograms consist of a superposition of sinusoids that are

discretely sampled over finite intervals, and the analysis of these data is, to a large extent,

applied Fourier analysis. In this section, a discussion of interferograms and their analysis

is presented in the context of Fourier analysis.
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2.4.1 Monochromatic Source

The ideal response of an FTS to a monochromatic source of frequency k0, measured as

a function of OPD z = x2 − x1, is

IFT S(z) = 2I0 cos(2πk0z) , (2.46)

where I0 is the intensity of light incident on the detector from each arm of the interferometer.

The intensity in each arm is assumed to be equal and proportional to the intensity of light

emitted by the source. The constant term has been omitted for convenience, and a full

derivation of the response for the system shown in Fig. 2.5 is presented in Ap. B. Evidently,

the monochromatic response is a cosine function with amplitude 2I0. The sinusoidal nature

of the response is a consequence of the two beams passing through regions of constructive

and destructive interference as OPD changes. The Fourier transform of a cosine function is

(see C.28),

F [2I0 cos(2πk0z)] = I0 [δ(k− k0)+δ(k+ k0)] . (2.47)

The Fourier transform of the monochromatic response is two delta functions centred on

±k0, the optical frequency of the incident light, and with amplitude equal to I0, the intensity

in each arm of the interferometer.

If some arbitrary phase offset φ is applied to the cosine function, the result is,

F [2I0 cos(2πk0x−φ)] = I0e−iφk/k0 [δ(k− k0)+δ(k+ ko)]

= I0

[
e−iφ

δ(k− k0)+ eiφ
δ(k+ ko)

]
,

(2.48)

where the translation property is used in the first line and the filtering property of the delta

functions is used in the second line. Applying an offset to the cosine effectively rotates the

delta functions within the complex plane with the delta function at ±k0 rotated by ∓φ.

Consider the complex value of the delta function at k = k0. Expanding the first term on
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the RHS of Eq. 2.48 gives,

I0 [cos(φ)− isin(φ)] = SRe + iSIm , (2.49)

where SRe and SIm are the real and imaginary components of the complex value, respec-

tively. By noting that tan(φ) = sin(φ)/cos(φ), the phase can be recovered using,

φ = arctan
(

SIm

SRe

)
. (2.50)

As a consequence of the symmetry relation discussed in Sec. 2.2.1, if a general asymmetric

function is fully real, the phase spectrum will be anti-symmetric due to the anti-symmetry

of the imaginary component. This statement is also verified by repeating the previous steps

for the delta function centered at −k0, which results in a different sign for the imaginary

component in Eq. 2.49. Furthermore, by noting sin2(φ)+cos2(φ) = 1, the magnitude of the

complex value can be obtained using,

I0 =
√

S2
Re +S2

Im . (2.51)

2.4.2 Polychromatic Source

The ideal response of an FTS when observing a polychromatic source is a superposition

of sinusoids,

IFT S(z) = 2
∫

∞

0
I(k)cos(2πkz) dk . (2.52)

According to the linearity property, the Fourier transform of this response produces a sum

of complex value delta functions each individually possessing the characteristic previously

outline in this Sec. 2.4.1, as shown in Fig. 2.6 for two frequencies. This means SRe(k)

and SIm(k) from Eq. 2.49 can be interpreted as real and imaginary components of a com-

plex spectrum, respectively. These components can be used to calculate a phase spectrum

φ(k) and amplitude spectrum I(k), using Eq. 2.50 and 2.51, respectively. In particular, the
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Figure 2.6: Cosines and their Fourier transforms. The left panel shows two cosine functions
with different amplitude, frequency, and phase. Their sum is shown in gray. The right panel
shows the Fourier transform of the gray curve where contributions from the constituent
cosines are evident. Peaks at k =±5mm−1 with amplitude 1.5 are fully real and correspond
to the blue cosine with the same frequency and twice the amplitude. Peaks at k=±10mm−1

are complex with real and imaginary components resulting from the phase shift applied to
the orange cosine.

Fourier transform provides a powerful tool for simultaneously extracting spectral compo-

nents from the response of an FTS which correspond to the optical frequencies present in

the source.

Assuming the amplitudes of the sinusoids are constant over a finite bandwidth 2I(k) = A,

and there are no phase errors, the polychromatic response is,

I(z) =
∫ kmax

0
Acos(2πkz)dk

= A
[

sin(2πkz)
2πz

]kmax

0

= Akmax sinc(2kmaxz) ,

(2.53)

as shown in Fig. 2.7. Although a flat source spectrum is not realistic, this result demon-

strates many important characteristics of interferograms obtained when observing sources

with broad spectra. In particular, the interferogram is symmetric and expresses a central

lobe, often called the white-light fringe, with oscillating side-lobes that decay asymptoti-
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Figure 2.7: Interferogram generated from the superposition of cosine functions. The cosine
functions have uniform amplitude and frequency indicated by their shade of blue. The
average of these cosines gives the black sinc function.

cally to zero. The width of the main lobe is proportional to the coherence length of the

input radiation, and is inversely proportionate to the bandwidth. In general, as the band-

width increases, the interferogram becomes taller and narrower as expected from the scaling

property of Fourier transforms (see Fig. 2.8).

2.4.3 Spectral Resolution

Spectral resolution describes the minimum frequency separation between statistically

independent samples in a spectrum. A higher spectral resolution (lower frequency separa-

tion) makes it easier to distinguish between closely spaced spectral features and provides

greater accuracy on feature positions. The spectral resolution that can be achieved with a

particular interferogram is determined by the nature of the DFT and the symmetric prop-

erty of the interferogram. It can be inferred from Eqs. 2.39 and 2.40 that the spectrum is

sampled at intervals of,

∆k =
1
L
→ 1

2zmax
. (2.54)

Here, as in Sec. 2.3.2, L represents the full length of the sampled signal (interferogram

in this case), and zmax is the maximum optical path difference. In practice, it is often the
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Figure 2.8: Interferogram (left) generated from spectra with different bandwidths (right).
As the bandwidth increases, the resulting interferogram increases in amplitude and becomes
more narrow.

case that 2zmax < L, implying a one-sided interferogram where more samples are taken on

one side of the interferogram compared to the other side. However, the symmetry of an

ideal FTS interferogram, IFT S(−z) = IFT S(z), allows for the missing measurements to be

populated by the complementary value on the other side of the interferogram. In principle

an FTS interferogram can always be constructed such that 2zmax = L.

2.4.4 Bandwidth

Bandwidth describes the range on frequencies present in a signal. Through applica-

tion of the phase shift property of the Fourier transform, the minimum frequency can be

translated to zero, and after this translation, the maximum frequency kmax, is equal to the

bandwidth. The following statements are given in the context of a bandwidth that ranges

from [0,kmax].

For an interferogram, the bandwidth properties are determined by the sampling rate

as described in Sec. 2.3.1. In particular, the Nyquist frequency or maximum resolvable

frequency is calculated using Eqs. 2.34 and 2.40,

kN =
1

2∆z
, (2.55)
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Figure 2.9: Effects of zero padding and apodization. The left panel shows a sinusoidal in-
terferogram (blue) that is zero padded (orange) and then apodized with a Gaussian function
(green). The right panel shows the resulting spectra. The spectrum resulting from the zero
padded signal is a sinc interpolation of the spectrum resulting from the unpadded signal.
The spectrum resulting from the apodized signal shows how side-lobes are attenuated using
apodization.

where ∆z is the separation between OPD samples in the interferogram. To avoid aliasing,

∆z should be selected such that kN ≥ kmax. If the signal is known to be band-limited over

a bandwidth that does not include zero frequency, then aliasing can be used to reduce the

sampling conditions required for full signal recovery [99].

2.4.5 Zero Padding

Since spectral resolution is determined by the maximum OPD, it is possible to synthet-

ically increase the spectral resolution of a spectrum by appending zeros to the ends of the

interferogram. This process is called zero padding and is demonstrated in Fig. 2.9. Al-

though zero padding does not add information to the interferogram and does not increase

the true spectral resolution, it can still be useful for mapping interferograms of different

lengths, thus of different spectral resolutions, onto the same frequency grid. Additionally

zero padding can be used to increase the number of samples to a multiple of two, facilitating

the use of the FFT (Sec. 2.3.3). The increased sampling density in the spectral domain also

provides advantages when using regression techniques to analyze spectral features.
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The left panel of Fig. 2.9 shows interferograms, and the blue curve represents a monochro-

matic interferogram consisting of a cosine function with k = 25mm−1. The right panel

shows the corresponding spectra obtained using the Fourier transform, which for the blue

curve, is a delta function centred at k = 25mm−1, as expected. The blue interferogram

is zero padded by symmetrically appending zeros to both sides, increasing the maximum

OPD by a factor of four, which produces the orange interferogram. The resulting spectrum

is a sinc function with a sample density four times the unpadded interferogram. Notably,

the zero crossings of the sinc functions are at the sampled points of the original spectrum.

In particular, the width of the sinc function, as measured by the distance between the first

zero crossings, is identical to the width of the delta function. As such, zero padding has not

increased the true spectral resolution and the resulting effect is a sinc interpolation of the

original spectrum.

An alternative interpretation of the above result is to suppose the blue interferogram

initially extended the full range of the padded interferogram. The orange interferogram is

then obtained by multiplying the blue interferogram with a truncating rectangle function.

As a consequence of the multiplication property of Fourier transforms, the spectrum of the

orange signal is obtained as the convolution of the transform of the blue signal (a delta

function) and the transform of the rectangle function (a sinc function). In the context of

FTS, the transform of the truncating function gives the Instrument Line Shape (ILS), and

the spectrum is obtained as the convolution of the ILS with delta functions corresponding

to different spectral components of the source radiation.

2.4.6 Apodization

In a general sense, any operation that modifies a signal is a form of apodization. In

FTS, apodization is typically accomplished by multiplying the interferogram by some kind

of window function. For example, multiplying the interferogram by a rectangle function,

as discussed in Sec. 2.4.5, is a kind of apodization. A consequence of this apodization was
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to convert the delta function to a sinc function. In many cases, this result is not desirable

as less prominent spectral features may be obscured by the side-lobes of more prominent

spectral features.

The presence of side-lobes, consisting of decaying oscillations, is a phenomena known

as ringing and results from discontinuities in the interferogram. Such discontinuities typi-

cally result from measuring interferograms that do not decay to zero at the maximum mea-

sured OPD. Ringing is suppressed for interferograms from coherent sources, which do not

decay, if the frequency components present in the interferogram are sampled exactly in the

spectral domain, as is the case with the blue curve in Fig. 2.9. For a broadband source,

ringing can be suppressed using an appropriate apodization function.

The main characteristic of an apodization function that attenuates ringing is that, when

multiplied with the interferogram, the ends of the interferogram are smoothly tapered to

zero. One such function is a Gaussian, the use of which is demonstrated ind Fig. 2.9. The

green curve is constructed by multiplying the orange interferogram by a Gaussian function

such that the interferogram is tapered sufficiently to zero before the discontinuity resulting

from zero padding. Ringing has been significantly attenuated in the spectral domain by this

process at the cost of a wider spectral feature with lower amplitude. All such apodization

functions express this trade-off, and optimal functions provide maximal side-lobe suppres-

sion at the cost of minimal line width distortion [100].

In practice, the best way to minimize ringing is by sampling the interferogram out to an

OPD where the signal is below the noise. This has the added benefit of maximizing Signal

to Noise Ratio (SNR) with less processing complexity. Even when extending the OPD is

not possible, the use of an apodization function is contentious as information is inevitably

lost and may complicate spectral feature analysis [100].
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2.5 Spatial Interferometry

While FTS probes the temporal coherence of light in order to determine the source

spectrum, spatial interferometry probes the spatial coherence of light in order to determine

the source intensity distribution. In this section, the principles of spatial interferometry are

discussed in the context of Fourier analysis.

2.5.1 Fundamentals

Spatial coherence Γ0(B⃗), is quantified by correlating the electric fields sampled at two

regions of space. The vector separation between the two sampled regions is called the base

line B⃗. By measuring spatial coherence at multiple baselines, the monochromatic source

intensity distribution I(⃗θ,ν0), can be reconstructed using a process called aperture synthesis

[101]. The theoretical foundation of this technique is provided by the van Cittert-Zernike

theorem,

Γ0(B⃗) =
∫

Ω

I(⃗θ,ν0)e−i2πB⃗·⃗θ/λ0 dΩ , (2.56)

which is derived from physical principles in Ap. A. In effect, the spatial coherence of the

electric field in the Fraunhofer regime is given by the two-dimensional Fourier transform

of the source intensity distribution. The reciprocal coordinates for this transform are angles

θ⃗, in radians, which describes the source plane, and the uv-plane defined in terms of spatial

frequencies, or equivalently, wavelength normalized baseline B⃗/λ0. The decomposition of

an image into its spatial frequencies is shown in Fig. 2.10.

Since the van Cittert-Zernike theorem is a Fourier transform, the properties developed

in this chapter apply to the analysis of the spatial coherence. In particular, much of the

intuition about DFT carries over with two main conceptual changes. First, the analysis is

generally performed in two spatial dimensions instead of one temporal dimension. Second,

the observation technique measures spatial frequency components in order to reconstruct a

signal rather than measuring a signal to recover spectral components.

An arbitrary one-dimensional signal can be constructed as a Fourier series consisting of
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Figure 2.10: Two-dimensional Fourier transform of an image. A simple image (left) de-
fined using angular coordinates is decomposed into its real (center) and imaginary (right)
spatial components. The spatial components are defined on the uv-plane using wavelength
normalized baseline units. Real components are symmetric about the origin while imagi-
nary components are anti-symmetric showing Hermitian symmetry.

a superposition of sinusoids possessing various amplitudes, frequencies, and phases. Simi-

larly, a two-dimensional signal can be constructed in the same way, except in this case, the

sinusoids are expressed in two-dimensions, as shown in Fig. 2.11. These two-dimensional

sinusoids are referred to as spatial frequency components and are mapped onto the uv-plane

based on their orientation and the number of cycles per radian. Components closer to the

origin of the uv-plane have a smaller spatial frequency, and as these components are ro-

tated, the orientation of the waves in the spatial domain is rotated in the same way. The

amplitude and phase of the spatial components are given by the magnitude and phase of its

corresponding value in the uv-plane, and calculated using Eqs. 2.51 and 2.50, respectively.

Baseline Sampling

The source intensity distribution is a continuous function and so is its Fourier trans-

form, represented as a complex spatial frequency distribution in the uv-plane. The uv-plane

must be sampled discretely, and assuming the source intensity distribution is band-limited,

sampling must be performed according to the Nyquist sampling theorem 2.33 in order to

reconstruct the source without aliasing. Practical limitations prevent Nyquist sampling of

the uv-plane, and sampling is often sparse and non-uniform.

65



2.5. SPATIAL INTERFEROMETRY

−2.5 0.0 2.5

U [Bx/λ]

−4

−2

0

2

4

V
[B
y
/λ

]

−2.5 0.0 2.5

U [Bx/λ]

−2.5 0.0 2.5

U [Bx/λ]

−2.5 0.0 2.5

Spatial X [rad]

−4

−2

0

2

4

S
p

at
ia

l
Y

[r
ad

]

−2.5 0.0 2.5

Spatial X [rad]

−2.5 0.0 2.5

Spatial X [rad]

Figure 2.11: Relationship between uv-samples and spatial frequency components. The top
row shows the uv-plane which have been populated by a single spatial frequency component
of varying magnitude and orientation. The bottom row shows the resulting spatial distribu-
tion, obtained as the inverse double-Fourier transform of the above uv-plane. From left to
right is shown increasing magnitude, rotation, and distance from the origin in the uv-plane
resulting in increasing amplitude, rotation, and spatial frequency in the spatial domain.
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Figure 2.12: The effect of phase in the uv-plane on spatial signal distribution in the spatial
domain. The real (top) and imaginary (middle) components of the uv-plane with various
induced phases are shown along the the resulting spatial distributions (bottom). Non-zero
phase results in a rotation of the positive baseline uv samples in the complex plane. Negative
baseline samples are inferred from Hermitian symmetry. The resulting spatial distributions
obtained as the inverse two-dimensional Fourier transform of the uv-plane show a two-
dimensional sinusoid offset by an amount equivalent to the induced phase.
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Sparse sampling can be modelled as applying a mask to the uv-plane. By applying a

mask to Eq. 2.56 and taking the inverse Fourier transform, the resulting source reconstruc-

tion using the multiplication property is,

F −1
{

Mu,vΓ0(B⃗)
}
= F −1 {Mu,v}∗F −1

{
Γ0(B⃗)

}
= M̃

θ⃗
∗ I(⃗θ,ν0) ,

(2.57)

where Mu,v is the masking function in the uv-plane, and M̃
θ⃗

is its inverse Fourier-transform.

In the context of aperture synthesis, M̃
θ⃗

is called the dirty beam. Sparse sampling in the

uv-plane thus produces a dirty image consisting of the source intensity distribution con-

volved with the dirty beam. An equivalent interpretation is that sparse sampling in the

uv-plane applies a spatial frequency filter to the source intensity distribution that attenuates

spatial frequencies not included in the masking function. The effects of such sampling is

demonstrated in Fig. 2.13.

Since the source intensity distribution is always real for physical sources, its Fourier

transform possesses Hermitian symmetry Γ0(−B⃗) = Γ∗
0(B⃗). Thus, when measuring spatial

coherence, only half the uv-plane must be sampled since the other half is obtained for free.

Intuitively, this makes sense as the baseline vector is arbitrarily drawn from one sampled

region in space to the other, and inverting the direction would not change the useful infor-

mation obtained from a measurement. Hermitian symmetry can be observed in Figs. 2.10,

2.11, and 2.12.

Sparse sampling typically truncates the distribution in the uv-plane resulting in signif-

icant ringing in the spatial domain. Removing this ringing is equivalent to deconvolving

the dirty beam from the dirty image to produce a clean image. Many cleaning algorithms

have been developed with most being variations of the clean [102] and maximum entropy

method [103].
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Figure 2.13: The effects of sparse uv-plane sampling. Sampling of the uv-plane (left), re-
sulting dirty beam (middle), and reconstructed dirty image (right) are shown for various
sampling strategies. The top row shows the sampling characteristic of a single aperture
telescope with dirty beam given by an Airy pattern. The second and third rows show sam-
pling strategies that are practical for a spatial interferometer with blue circles for measured
values and orange circles for symmetric values. The second row uses a Gaussian weighted
sampling density while the third row uses a uniform sampling density. The undistorted im-
age used for these simulations is shown in Fig. 2.10.

69



2.5. SPATIAL INTERFEROMETRY

Spatial Resolution

Spatial resolution describes the minimum separation between two point sources such

that the sources can still be distinguished individually. At separations less than the spatial

resolution, the sources are blended and appear as a single source. The finite nature of spatial

resolution results from the wave characteristics of light and and diffraction effects of finite

apertures. When a point source is imaged, its light is spread over some regions of the image

plane where the intensity distribution is given by the diffraction pattern resulting from the

electric field diffracting through the aperture. For this reason, the intensity distribution

obtain in this way is called the Point Spread Function (PSF). In the Fraunhofer regime, and

assuming the aperture is uniformly illuminated, the PSF is obtained as the square of the

Fourier transform of the aperture geometry. A familiar example is the Airy pattern, which

is the PSF associated with a circular apertures. More complicated PSFs result when using a

spatial interferometer. They vary from sinusoids for a single baseline configuration, similar

to that shown in Fig. 2.11, to the square of the dirty beams shown in Fig. 2.13.

A common metric used for quantifying the spatial resolution of an optical system is the

Rayleigh criterion [8]. It states that two sources are considered resolved if the maximum

of one PSF coincides with the first minimum of the other. For a spatial interferometer with

baseline magnitude B, observing light with wavelength λ, this criterion gives,

θmin =
λ

2B
, (2.58)

This result is consistent with Fourier analysis and Nyquist sampling where the spatial fre-

quency k = B/λ, requires a spatial sampling ∆θ = 1/2k. More complicated uv sampling

strategies produce more complicated PSFs. However, due to the design of a practical spa-

tial interferometer, it is most convenient to vary the baseline length and orientation. This

naturally produces sampling in the form of concentric circles or spirals similar to Fig. 2.13.

In the dense sampling limit, uv coverage approaches a circle where the outer perimeter cor-
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responds to samples taken with a maximum baseline Bmax. The PSF associated with such

coverage is an Airy pattern and is the same as would be obtained with a single aperture

telescope with a primary mirror of diameter D = Bmax. As such, in the dense sampling

limit, the spatial resolution or a spatial interferometer is,

θmin = 1.22
λ

Bmax
. (2.59)

Of course, dense sampling is rarely obtained due to time constraints, and the spatial reso-

lution associated with an observation tends to reside between the limiting cases of Eq. 2.58

and 2.59.

2.5.2 Interferometer Response

The spatial interferometer used for this work is shown in Fig. 2.14. In fact, the design is

a DFI that combines a spatial interferometer with the OPD varying infrastructure of an FTS.

Electric fields sampled at two regions of space are propagated though the optical system

then combined at the beamsplitter and imaged onto the detector array. The spectral stage

controls the OPD z = x2 − x1, between the two beams, and the spatial stage controls the

baseline separation B, between the two input apertures. A full derivation of the instrument

response is given in Ap. B, and the main result is,

IDFI(B⃗,z) =−e−iφbs

[∫
Ω

∫
∞

−∞

I12(⃗θ,k)e−i2πkB⃗·⃗θei2πkz dk dΩ

]
, (2.60)

where I12(⃗θ,k) is the geometric mean of the power spectrum of the light incident on the

detector resulting from each beam, and is proportional to the source power spectrum. Sym-

metry has also been imposed onto the source spectrum to extend the frequency integra-

tion limits to ±∞. The quantity in square brackets is identified as the Mutual Coherence

Function (MCF) Eq. A.12, and is a generalized version of the van Cittert-Zernike theorem

Eq. 2.56, suitable for sources of arbitrary spectral width. The detector can only measure
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Figure 2.14: DFI configuration used for this work. Input light is sampled by two aper-
tures then propagated along two paths with optical path lengths x1 and x2. The beam are
combined using a second beamsplitter and imaged onto the detector plane. The baseline is
controlled by the spectral stage, and OPD is controlled by the spectral stage. The resulting
signal is an interference pattern recorded as a function of OPD at a particular baseline.

real intensity resulting in a detected signal,

IDFI(B⃗,z) =−
∫

Ω

∫
∞

−∞

I12(⃗θ,k)cos
(

2πk(z− B⃗ · θ⃗)−φbs(k)
)

dk dΩ

→
∫

Ω

∫
∞

−∞

I12(⃗θ,k)sin
(

2πk(z− B⃗ · θ⃗)
)

dk dΩ ,

(2.61)

where the second line is obtained from the approximation φbs(k) ≈ π/2 and the fact that

the detector signal is inverted such that an increase in incident power produces a lower

signal. Eq. 2.61 describes the response at a particular baseline B⃗, as a superposition of

monochromatic signals with frequency k = 1/λ, resulting from point sources at angular

positions θ⃗. A conceptual simplification can be made by taking the two-dimensions source

intensity distribution and projecting it onto the axis parallel to the baseline vector. This

reduced the situation to a one-dimensional problem where vector quantities can be replaced

by scalar quantities.

To develop intuition on the character of the response function, simulated outputs when

observing various on-axis sources with a 130mm interferometer baseline are presented in
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Fig. 2.15. A monochromatic point source results in a single sine function with a constant

amplitude and frequency k. A polychromatic point source with a rectangular spectrum

produces multiple monochromatic sine waves of linearly increasing frequency. The average

of the individual sine waves results in the final response, an antisymmetric function with an

envelope that decreases asymptotically to zero as OPD magnitude increases.

Now consider an extended source represented as a line of identical point sources uni-

formly distributed along the baseline direction and centered on the optical axis. When the

source is monochromatic, each point source will produce a sine function with constant fre-

quency and amplitude. If a point source is displaced from the optical axis by an angle θ, the

sine wave will be offset on the OPD axis by ∆z = Bθ. The average of these sine waves is

itself a sine wave with the same frequency as its constituents but with decreased amplitude.

When calculated this way, the decreased amplitude is indicative of the decreased visibility

or contrast of fringes. The variation of fringe visibility is one of the main observables of

a spatial interferometer, and gives information about the magnitude of the complex visibil-

ity. As shown by this example, the visibility is related to source structure. If the source

is polychromatic, the result is the same as the polychromatic point source but reduced in

amplitude due to the same visibility effects just described.

When the source is displaced from the optical axis by an angle θ, the resulting interfer-

ence pattern will also be shifted along the OPD axis by ∆z = Bθ, as previously discussed.

This time, note the dependence on baseline which amplifies the OPD offset. As the baseline

increases, the separation between the responses of individual point sources which constitute

an extended source will widen, typically resulting in lower visibility fringes. If the center

of an extended source is displaced from the optical axis, the central feature of the interfer-

ence pattern is also shifted by an amount proportional to the baseline. This displacement

of fringes along the OPD axis is the other main observable of a spatial interferometer and

gives information about the phase of the complex visibility. These effects are shown in

Fig. 2.16 for an off-axis polychromatic extended source.
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Figure 2.15: DFI response to various on-axis sources. The left column is associated with
point source observations and the right column is associated with extended source observa-
tions. The general consequence of sources extent is to reduce the visibility of fringes ow-
ing to the spread of interference patterns resulting from the individual, uncorrelated, point
sources that make up an extended source. The top row shows monochromatic observations
and the bottom row shows polychromatic observations. The superposition of monochro-
matic interference patterns with different frequencies results in a prominent central feature
that decays with increasing OPD magnitude. The frequency of monochromatic interference
patterns are indicated by colors with the net response indicated by black curves.
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Figure 2.16: Effects of baseline length on DFI response. In general, as the baseline length
increases when observing an extended source, the visibility of fringes decrease. If the center
of the source is not aligned with the optical axis, the interferogram will be offset along the
OPD axis for non-zero baselines. This offset will increase as the baseline length increases.

Integrating the instrument response over the source plane, Eq. 2.61 can be represented

as,

IDFI(B⃗,z) =
∫

∞

−∞

I12(k)|γ0(B⃗,k)|sin
(

2πkz+φ0(B⃗,k)
)

dk , (2.62)

where |γ0(B⃗,k)| is the magnitude of the complex visibility manifested as fringe visibility,

and φ0(B⃗,k) is the phase of the complex visibility manifested as a shift of the fringes along

the OPD axis. The full response is a superposition of such modulated and shifted functions

corresponding to each frequency present in the source intensity distribution. As discussed

in Sec. 2.4.1, the Fourier transform of a sinusoid produces a delta function with real and

imaginary components. The amplitude and phase can be recovered from these components

using Eqs. 2.51 and 2.50, respectively (keeping in mind the π/2 phase difference between

sine and cosine functions). The utility of this techniques comes from the linear property

of Fourier transforms in that real and imaginary components are computed simultaneously

for all frequencies present in the source. Thus the Fourier transform of the instrument re-

sponse Eq. 2.62, quantifies the complex visibility, at a particular baseline, for all frequencies

present in the source.

To reconstruct the source intensity distribution, the complex visibilities γ0(B⃗,k), ob-
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tained as described above, are projected into the uv-plane at coordinates (kBx,kBy). In

general, when there are frequency depended variations in the source intensity distribution,

a uv-plane is constructed for each frequency. Repeating this process for multiple baseline

lengths and orientations, the uv-plane can be suitably sampled to meet observation require-

ments. The inverse Fourier transform of the uv-plane produces a dirty image similar to that

depicted in Fig. 2.13, specific to each frequency.

If the source is spectrally uniform, in the sense that the source preserves the same shape

when viewed at any frequency, complex visibilities from different frequencies can be used

to populate a single uv-plane. Recall that uv coordinates correspond to different spatial

frequency components. At a given baseline, higher optical frequencies probe higher spatial

frequencies and a single baseline observation can be used to populate multiple points in

the uv-plane resulting in higher quality images. In order to combine uv samples from all

frequencies, the spectral variations in source intensity I12(k), must be normalized using a

zero baseline measurement B⃗=0, which removes the effects of source extent and visibility.

2.6 Summary

Classical theory models light as vibrations of the electromagnetic field. As such, these

disturbances and their superpositions can be described as a sum of harmonic oscillators

with various amplitudes, frequencies, and phases. The Fourier series constructs arbitrary

functions using the same formalism. Associated with the Fourier series is the Fourier trans-

form, which decomposes the arbitrary function into its frequency components and provides

information about the amplitude and phase associated with each frequency component.

This relationship between the signal and spectral domain makes Fourier analysis the ideal

framework with which to study interferometry.

In this chapter, a review of Fourier analysis was presented. The Fourier series was

introduced, and from this starting point, the Fourier transform was derived. A number of

convenient symmetries, theorems, and Fourier transform pairs where discussed which help
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make the relationship between Fourier domains more intuitive. Detailed derivations for

these theorems and transforms are presented in Ap. C. In practice, continuous signals must

be sampled discretely at periodic intervals. The way in which the signal is sampled affects

the resulting bandwidth and spectral resolution of the spectrum obtained by evaluating the

DFT. The effects of discretization were discussed in detail. Perhaps the most important

result from this study of discretization is that, to avoid aliasing in the relevant spectral or

spatial domain, the signal must be sampled at greater than or equal to twice the maximum

spectral or spatial frequency present within the signal. The DFT was derived, and the way in

which the signal must be sampled for correct use of the DFT was emphasized. An overview

of the FFT, an efficient algorithm for fast computation of the DFT, was also presented.

After the fundamentals of Fourier analysis were presented, these ideas were further

developed in the context of FTS and spatial interferometry. In particular, it was shown how

the spatial and spectral structure of the source being observed is encoded in the instrument

response and recorded interferogram. It was also shown how parameters associated with the

source structure can be extracted from the interferogram with the application of the Fourier

transform and the analysis of the resulting spectrum. Concepts including zero padding

and apodization were discussed in the context of FTS. Furthermore, concepts of uv-plane

sampling and how this relates to synthesized image quality was discussed in the context of

spatial interferometry.
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Chapter 3

Interferometer System

In this chapter, the interferometer system used in this work is presented along with descrip-

tions and characterizations of all the relevant components, with the exception of the detector

system which is the subject of Ch. 4. These characterizations are used to determine many

of the observing capabilities of the instrument, and are used to verify that the individual

components perform with a precision suitable for interferometry. The optical design is also

discussed and modelled to first order with the paraxial approximation in order to derive

equations that describe the mapping between conjugate points on the source plane to the

detector plane. This model is further refined with ray tracing experiments to study aberra-

tions, and beam modelling to study diffraction effects. Field of View (FOV) measurements

are then used to assess the validity of the optical model.

3.1 Overview

The interferometer system can be configured to operate in two different observing

modes; Double-Fourier Interferometer (DFI) mode, and Fourier Transform Spectrometer

(FTS) mode, as shown in Fig. 3.1. In DFI mode, a source is placed at the focal point of an

off-axis parabola, and emits light as a spherical wave. On incidence with the collimating

mirror, the spherical wave is converted to a plane wave and propagates towards the input

apertures of the interferometer system. The apertures are circular mirrors at 45◦ incidence,

and through a series of reflections off identical shaped mirrors, the light is relayed to a

beamsplitter which combines the light. Half the power of the light is directed out of the in-
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strument, while the other half is directed towards a focusing mirror which images the light

onto a 5×5 feed horn coupled array of detectors. The superposition of electric fields from

both arms of the interferometer result in an intensity measurement on the detectors.

A double-rooftop mirror configuration is mounted on the spectral stage, (i.e., the one

closest to the detector system (see. Fig. 3.1)). The position of this stage controls the optical

path difference between the two beams before they are combined at the beamsplitter. This

design results in a folding factor of four, meaning that every one unit of mechanical stage

travel results in four units of Optical Path Difference (OPD) change. A single flat mirror is

mounted on the spatial stage (the one closest to the collimating mirror (see. Fig. 3.1)), and

acts as an input aperture to the interferometer and is called the dynamic aperture. The posi-

tion of the spatial stage controls the separation between the two input apertures, effectively

setting the spatial interferometer baseline. The second input aperture is called the static

aperture and is the first flat mirror along the optical path in upper arm of the instrument.

When the spectral stage is scanned at a constant speed, the detector system records a signal

that encodes both the temporal and spatial coherence of the electric fields sampled by the

input apertures.

In FTS mode, an additional beamsplitter is placed in front of the dynamic aperture and

an additional flat mirror is placed in front of the static mirror. This configuration is function-

ally equivalent to a DFI system with a baseline length equal to zero. In this configuration,

the detector system encodes exclusively the temporal coherence of the electric field entering

the interferometer.

Most relevant, in terms of design considerations that affect the instrument’s ability to

meet observation goals, is DFI mode. With respect to the development of the instrument,

the available sources, linear translation stages, beamsplitters, and detector system precede

the optical design phase, and are taken as constraints rather than free parameters. The de-

sign space is then defined in terms of the sizes, shapes, and positions of the collimating,

focusing, and flat mirrors. These parameters are then constrained by the following obser-
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Figure 3.1: Pictures of the interferometer system in DFI mode (top), and FTS mode (bot-
tom). These pictures have complementary diagrams presented in the Ch. 2, as Fig. 2.14 and
Fig. 2.5, respectively. In these pictures are shown the main components of the interferom-
eter system including: Pegasus thermal source, collimating mirror, flat mirrors, Aerotech
translations stages, beamplitters, focusing mirror, and cryostat housing the detector array.
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vation objectives:

• Resolve a 1mm source at 1THz in DFI mode.

• A DFI spatial resolution that is at least 5 times better than the primary beam of the

detectors (see § 3.4.2).

The first item is somewhat arbitrary, but was chosen to be as small as is practical for the

manufacturing of aperture masks, and is of dimensions large enough that a 1,000◦C source

of the same size is bright enough to be visible with the detector system. The second item is

a necessary condition for convincingly demonstrating the DFI technique, which attempts to

resolve spatial features smaller than the primary beam. As further constraints, all compo-

nents should fit on the 3×1.5m optics table and be justified with the table grid to facilitate

alignment. The aperture mirrors should be as small as possible in order to sample the small-

est baseline possible, but large enough that they do not limit throughput. Throughput should

be optimized for the central detector for best case Signal to Noise Ratio (SNR) and should

be limited by the detector feed horn acceptance angle. Finally, as always, manufacturing

of the components must fit within the available budget. This point is most relevant to the

collimating mirror as it is a large monolithic structure that must be machined to a custom

shape with high precision. Although it is the most important mirror in the design, it must

be minimized to smallest acceptable dimensions that allow for the target spatial resolution

and sufficient throughput.

Instrument parameters and performance metrics are summarized in Tab. 3.1. For such

quantities that can be estimated based on the system optical design, calculations and mea-

surements are presented in this chapter. Parameters related to interferometer performance

are developed in this chapter, with validation details left until Ch. 5. Detector specific

quantities are presented in Ch. 4.
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Table 3.1: Interferometer system parameters.

Parameter Value Units
collimating mirror focal length 1,200 mm
focusing mirror focal length 240 mm
flat mirror diameter 135 mm
field of view (pixel/array)† 14/75 mm
field of view (pixel/array) 40/215 arcmin
magnification −0.2 -
detector feed horn f# 4.5 -
optical NEP 7.1 pW/

√
Hz

detector time constant 1.0 ms
sampling rate 13 kHz
optical bandwidth 0.3−2.2 THz
baseline range 135−310 mm
spectral resolution‡ 0.19 GHz
spatial resolution (ν = 1.2THz)† 1.0 mm
spatial resolution (ν = 1.2THz) 3.0 arcmin
† Defined on the source plane Eq. 3.18.
‡ Maximum resolution for an on-axis point-source.

3.2 Instrument Components

In this section, descriptions and characterizations of the individual interferometer com-

ponents are presented. Technical drawing for appropriate components are given in Ap. D.

3.2.1 Detector

The detector system is the most complicated part of the interferometer and is critical

to its overall performance. As such, Ch. 4 is dedicated to a detailed description and char-

acterization of the detector operation and performance. A summary of the most important

aspects are presented here.

The detector system was manufactured by QMC Instruments and consists of a 5× 5

array of Transition Edge Sensor (TES) bolometers housed within a ∼4K cryostat. Bolome-

ters are coupled to the incoming electric field by a rectangular feed horn array. Each horn

has an f-number f# = 4.5, and a square entrance aperture with dimensions 3.63mm. Along
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the horizontal or vertical axis, the horn centers are separated by 4.0mm, thus the full array

accepts light incident on the feed horn plane defined by a square with dimensions 19.63mm.

The f-number of the horns define a cone with an acceptance angle of ∼12.7◦. All other op-

tical components in the system were oversized such that this acceptance angle would be the

limiting factor in throughput for the central detector, and its projection onto the focusing

mirror is taken as the aperture stop. Due to the proprietary nature of the detector system,

some important information is missing which affects optical design and system characteri-

zation. One such piece of information is the feed horn beam shape. In the absence of this

information, it is assumed the beam is approximately a radially symmetric Gaussian with a

Full Width at Half Maximum (FWHM) defined by the acceptance angle. Discussion of the

beam profile incorporating square feed horns is presented in § 3.4.2.

After the square entrance aperture, the feed horns smoothly taper to a square waveguide

with dimensions 0.59mm. The size and shape of the waveguide determines which modes of

light can be propagated through the waveguide and eventually reach the detector. An anal-

ysis of which modes can be propagated is presented in § 4.3.4. Following the waveguide

is an integrating cavity where the TES resides. The TES itself consists of a pure Niobium

filament as the superconducting material, coupled to a heating wire, all on a gold absorber.

Mode rejection at lower frequencies results in a cutoff at ∼250GHz, while reduced cou-

pling efficiency begins to attenuate sensitivity at ∼ 1THz with no signal observable after

∼2.2THz. Additionally, there is an aggressive frequency attenuation at higher frequencies

that is not explained by the beamsplitter efficiency. Although the beamsplitter transmis-

sion strongly influences the spectral characteristics of the overall interferometer system, the

limiting factors on the instrument bandwidth seem to be a result of the detector system.

Unlike most TES bolometers which operate based on electrothermal feedback, the de-

tectors used in this work are regulated by a Proportional-Integral–Derivative (PID) con-

troller feedback system. Performance of the detector system strongly depends on the PID

gains and other configuration parameters. The parameters used when making science mea-
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surements in this work result in a sensitivity characterized by the Noise Equivalent Power

(NEP) of, 7.1pW/
√

Hz, and a detector response time of 1.0ms representing a low-pass

cutoff frequency of 174Hz.

The 25 detectors are time-division multiplexed over 4 channels such that 7 readout

cycles are required to measure the full detector array. Nominally, each readout cycle takes

11µs and a full frame requires 77µs. This measurement time gives a detector sampling

rate of 12,914Hz. In addition to incident optical power, the detector system also records a

high/low signal on an ancillary digital channel. This channel is useful for synchronization

with external hardware and is sampled each readout cycle.

3.2.2 Linear Translation Stages

High precision Aerotech ALS20045 linear translation stages were used for the spatial

and spectral stages of the interferometer. As stated by the manufacturer, the stages possess

a 450mm linear travel range, with ±1.0µm accuracy and ±0.5µm repeatability. Using an

analogue sine wave encoder, the internal metrology obtains a resolution of 2nm. The stage

controller provides a digital signal that can be configured to produce a variety of digital

waveforms that relate to stage motion. Typically this signal is configured to send out a

pulse at regular intervals of stage travel, and is fed into the detector system’s digital channel

to register detector data with stage position. As such, this signal is called the Position

Synchronized Output (PSO).

Stage calibration and complicated motion functions can be constructed using a suite of

software provided by the manufacturer. Stage motion is controlled though a PID feedback

system, and the controller parameters must be calibrated for optimal performance when

nominal speed or loads on the stages are changed. Calibration was always performed using

the manufacturer software, however, stage motion was facilitated using custom software

developed in Python. The Python software manages a network connection that sends and

receives ASCII strings conforming to the Aerotech Ensemble syntax. In addition to many
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other features, stage motion can be controlled and the stage position can be queried in this

way, providing a more integrated platform for interacting with the interferometer system.

As discussed in Sec. 2.4, processing interferometer data involves the use of the Fast

Fourier Transform (FFT) algorithm, which requires signals to be sampled at regular OPD

intervals. The detector system used in this work samples the signal at regular time intervals,

and to ensure equally spaced OPD samples, the stage must travel at constant speed. In most

cases, the sources being observed result in low SNR. This is due to the small area of the

source being observed, reduced visibility of fringes resulting from the nature of a spatial

interferometer measurement, sensitivity limitations of the detector, and imperfections in

the optical system. To improve SNR, many interferograms must be averaged, usually more

than a thousand. For averaging to be effective, the stage motion must have a high degree

of repeatability. These are the two qualities required from the stage: constant speed and

repeatability, both to high accuracy. More quantitatively, the OPD errors resulting from

stage motion should be less than λ/10 which, accounting for the folding factor of four of

the double-rooftop mirror configuration on the spectral stage, implies positional errors of

the stage must be less than 3.4µm at 2.2THz.

To develop some confidence in the internal stage metrology, interferograms obtained

when observing a thermal source are considered. The thermal source acts as an external

reference of stage position in that the temporal coherence of the radiation is low and results

in an interferogram with a localized feature. This feature, called the white light fringe,

and has a center that corresponds to Zero Path Difference (ZPD) of the FTS. Using this

feature, and assuming good SNR, interferograms can be aligned without reference to the

stage metrology. Alternatively, interferograms can be aligned using the stage metrology

then averaged. If the difference between the white light fringe aligned average and the

metrology aligned average is negligible, the stage metrology can be considered sufficiently

reliable.

An interferogram obtained in FTS mode when viewing a 1,200◦C is shown in Fig. 3.2.
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The signal is then passed though a band-pass filter that removes frequency components that

are outside of the optical band. The peak of the filtered signal is taken as the estimate for

ZPD, which is subject to a ±1µm rounding error. Subsequent scans are subjected to the

same processing and then the ZPD aligned interferograms are averaged producing the white

light fringe result in the lower panel of Fig. 3.2. For each scan, the stage was configured to

produce a PSO pulse every time the stage mechanical position moves 15µm, corresponding

to a Nyquist frequency of 2.5THz, which is fed into the detector system’s digital channel.

Interferograms are then aligned to the 15th PSO pulse, excluding the acceleration phase of

the stage motion. After averaging all scans aligned in this way, the result is passed though

the same band-pass filter described above. This PSO aligned interferogram average is also

shown in the lower panel of Fig. 3.2. Both methods represent the average of 500 forward

scans and produce nearly identical results.

For a quantitative analysis of the stage motion repeatability, the start and end positions

of the spectral stage for multiple scans are considered. These data are obtained during a

DFI mode observation and consist of 1,200 forward and reverse scans after 8 hours of con-

tinuous operation. Position measurements are queried from the stage controller and depend

on the internal stage metrology. Mean subtracted distributions of the start and end positions

for forward and reverse scans are shown in Fig. 3.3. Also shown is the mean subtracted

distribution of the total stage travel for the forward and reverse directions. The distribu-

tions related to start and end positions are all similar with approximately Gaussian shapes

and standard deviations of 2.3nm. The stage travel distributions are also approximately

Gaussian with standard deviations of 3.2nm. These results show that the stage does not

experience any systematic drift in scan range during long observations and that the errors

associated with random variations in stage travel is about three orders of magnitude lower

than required.

High precision in stage motion repeatability is particularly important for DFI observa-

tions. Individual interferograms are of low SNR and averaging hundreds of interferograms
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Figure 3.2: Comparison of averaging using external and internal metrologies. The top panel
shows unaltered (blue) interferometer data that has been smoothed (orange) using a band-
pass filter to remove frequency components outside of the optical band. The peak of the
smoothed signal is used to align 500 interferograms resulting in an average interferogram
shown in the lower panels (blue). Averaging the same interferograms, but aligned using
PSO pulses based on the internal stage metrology, is also shown (orange) along with the
residual between the two methods (green). The center and bottom panels show results for
forward and reverse scans, respectively.
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Figure 3.3: Distribution of stage positions and travel distance. The left and center panels
show the mean subtracted distribution of start (blue) and end (orange) positions of forward
and reverse scans, respectively. The right panel shows the mean subtracted distribution of
the stage travel distance the forward (blue) and reverse (orange) directions. Values given
are the standard deviations of associated distributions in nanometers.

are required before any signal becomes evident. Even if SNR was high, interferograms

generally express complicated structure that changes with baseline. As such, it is generally

impossible to align interferograms based on regular features present in the signal. Thus,

high quality metrology is required in order to accurately align interferograms and average

down noise effectively.

Using the PSO signal recorded on the detector digital channel, a speed profile of the

stage motion can be constructed. The stage was commanded to travel at the typical speed

of 6.7mm/s and the controller was configured to send out a PSO pulse ever 15µm of stage

travel. By identifying the time difference between PSO pulses, the stage speed can be

reconstructed. Reconstructed speed profiles for a forward and reverse scan are shown in

Fig. 3.4. Deviations from the commanded speed at the start and end of each scan result

from the acceleration of the stage. The dashed lines indicate the position of the 15th PSO

pulse after the stage starts moving in either direction. After the 15th pulse, the stage speed

reaches a constant speed and detector measurements are take at approximately equal OPD

intervals. It is for this reason that the first 15 pulses are skipped when using the stage

metrology based averaging strategy described above.
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Figure 3.4: Stage speed profiles when commanded to travel at 6.7mm/s. Forward (blue)
and reverse (orange) directions profiles show constant speed after initial acceleration re-
gions. The dashed lines indicate the 15th PSO pulse after the stage starts moving and is
taken as the point at which the stage reaches constant speed. Average and standard devia-
tions for data between the dashed lines are shown.

The mean and standard deviation of the data residing within the dashed lines are calcu-

lated giving 6.700±0.017mm/s. This uncertainty represents a relative error of 0.25%. The

average OPD sampling interval under the conditions for this experiment is 2.075µm, and

using the same relative error, the OPD intervals are expected to have an associated random

error of 5.2nm. Variations resulting from random sampling error are well bellow the 3.4µm

requirement.

3.2.3 Beamsplitters

The beamsplitters used in this work are composed of metal mesh layers separated by di-

electric spacers [104]. By combining inductive low-pass, and capacitive high-pass meshes,

the beamsplitters achieve a 50:50 split between reflected and transmitted light intensity.

The cut-off frequency for each kind of mesh is dependent on the mesh geometry. In this

way, the beamsplitters can be tuned to operate over a broad bandwidth. The beamsplitters

used in the interferometer are circular with a 175mm diameter clear aperture.

The most important characteristics of a beamsplitter are its transmission and reflection

spectra, and the associated phase properties of the transmitted and reflected light. The pho-
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tomixer system, described in § 3.2.4, is used to measure the transmission spectrum. In the

absence of a reflection measurement, it is assumed that the beamsplitters are approximately

lossless,

R ≈ 1−T , (3.1)

where R is the reflectance, and T is the transmittance of the beamsplitter. These quantities

describe the fraction of radiant power reflected or transmitted, respectively. Beamsplitter

efficiency is then expressed as,

εbs = 4RT , (3.2)

so that in the ideal case R = T = 0.5 and εbs = 1. The calculated efficiency from the mea-

sured transmission spectrum is shown in Fig. 3.5. Beamsplitter efficiency is ∼1.0 between

0.4− 2.1THz with a notable drop in efficiency at ∼ 1.7GHz. At frequencies ≥ 2.1THz,

the efficiency drops nearly to zero before returning to appreciably high yet variable val-

ues. Although the beamsplitter seems functional at frequencies greater than 2.4THz, no

interferometer signal is observable after 2.2THz. This lack of signal may be due to the in-

validity of the lossless assumption at higher frequencies. However, significant attenuation

of signal is observed after ∼1THz and suggests the high-frequency cutoff of the interfer-

ometer system is due to reduced detector coupling efficiency at higher frequency. At the

lower frequency edge, the beamsplitter efficiency reaches 0.5 at ∼0.25THz which corre-

sponds approximately to the frequency at which the first propagation mode of the detector

waveguides becomes active.

The general phase properties of the beamsplitters are discussed in Ap. B.3 in detail. To

summarize, transmission results in a constant phase shift. Depending on whether reflected

light interacts with the inductive or capacitive side of the beamsplitter, the resulting phase

shift is φL ≈ +π/2 or φC ≈ −π/2, respectively. The main utility of these quantities is to

establish the symmetry properties of measured interferograms in FTS or DFI observation

modes. In FTS mode, interferograms are approximately symmetric, while in DFI mode, in-
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Figure 3.5: Measured beamsplitter efficiency. The red and blue bands indicate the edges
of the frequency ranges obtained using different pairings of input lasers to the photomixer.
Efficiently is near unity between 0.4−2.1THz with a significant loss at 1.7THz. Variable
but appreciably high efficiency is observed at frequencies greater than 2.4THz.

terferograms are approximately anti-symmetric when observing symmetric sources. These

symmetries are generally preserved with some variation due to dispersion resulting from the

beamsplitters and detector electronics. For FTS measurements, the phase is well compen-

sated as a result of the instrument design using two beamsplitters, and due to the relatively

high SNR measurements, the absolute value of the spectrum can be used and the phase

need not be considered. The phase spectrum in DFI mode is not compensated and is highly

significant for data analysis. A detailed discussion of the phase spectrum measurement

and why it matters is presented in § 5.2.1, while the resulting phase spectrum is shown in

Fig. 3.6.

3.2.4 Sources

A variety of sources are used to probe different aspects of the interferometer perfor-

mance including coherent and incoherent thermal sources. These sources are summarized

in Tab. 3.2 and are discussed in more detail in this section.
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Figure 3.6: DFI mode phase spectrum. This figure shows the polynomial fit to the measured
phase spectrum when operating in DFI mode. Horizontal lines show the bandwidth of the
system.

Table 3.2: Instrument sources.

Name Description
Pegasus Thermal source with a 35mm aperture and maximum tem-

perature of 1,200◦C.
Wide Field Thermal source with a 90mm aperture and maximum tem-

perature of 100◦C.
Photomixer Tunable coherent source that emits radiation in the 0.04−

3.30THz range.
Virginia Diodes Tunable coherent source that emits high power ∼ 16mW,

radiation in the 320−330GHz range.

Pegasus Thermal Source

The Pegasus model R source from Isotech produced thermal radiation with a broad

spectrum approximated by Planck’s law. The temperature of the source is stabilized by

a PID controller and operates within the temperature range 150− 1,200◦C. Structurally,

the source consists of a ceramic tube wound with nichrome wire and further surrounded

by insulating material. Inside the tube resides a thermometer coupled to an iron thermal

load 70mm in length. When current is passed through the wire, the temperature of the wire

increases and heat is conducted to the iron. Current through the wire is moderated by the

PID controller using the thermometer reading as the process variable. Behind the iron is

an insulating ceramic cylinder, and in front of the iron is 70mm of length where a thick
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ceramic tube can be inserted to improve thermalization. With the insert, the exit aperture is

20mm in diameter, and without the insert, the aperture is 35mm.

When making DFI observations, a mask is placed in front of the source aperture and at

the focal point of the collimating mirror. The masks have various shapes cut out to allow

light through which illuminates the collimating mirror. For the DFI technique to work, the

source must be accurately modelled as a collection of incoherent point sources, and the

experimental setup simulates this physical situation for the cutout shapes. However, the

simulation is only valid when the surface of the backlighting thermal source, as viewed

from the perspective of the collimating mirror is at a constant temperature. Although the

iron load can be reasonably assumed to be a uniform temperature, the temperature of walls

of the ceramic tube just in front of the iron are at a different temperature that decreases

towards the exit aperture of the tube. This is to say, if some region of the collimating mirror

sees light originating from the ceramic walls while another region of the mirror sees light

originating from the iron load when looking through the same point on the mask, the DFI

requirement begins to lose validity. To minimize this effect, the ceramic insert was removed.

In this configuration, an on-axis mask point can be regarded as emitting a cone of uniform

light with half angles θ1/2 =±14◦. As the mask point moves by an amount x in millimeters

orthogonal to the instrument optical axis, the half angles change asymmetrically and are

given by,

θ1/2 = arctan

(
35
2 ± x
70

)
, (3.3)

which is approximately linear for small x with a −0.74◦mm−1 slope. Given the angle

that the collimating mirror subtends from its focal point, performance relating to uniform

illumination begins to degrade when the mask point is shifted by +3.2mm or −4.5mm

where the negative sign indicates the direction away from the detector (see Fig. 2.14). This

range effectively defined the maximum extent of the mask features for optimal observing

conditions. However, if the mask feature is not extended, the source can be re-positioned

to accommodate for off-axis points further away from the optical axis than this range.
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The Pegasus black body was the source of choice when attempting to perform imag-

ing with the DFI system due to its broad spectrum, high intensity (at least compared to

other available broadband sources), and the control over source intensity distribution us-

ing masks. Using the highest temperature possible would be preferable for measurements

to maximize the SNR, however, the prolonged use of the source at its highest tempera-

ture lead to failure of the nichrome wire. As such, the source was most commonly used

at 1,100◦C for long observations, but found use at other temperatures for measurements

relating to detector system characterization.

Wide Field Thermal Source

A second thermal source was used in this work for wide field applications. It is a

custom black body produced to study beamsplitter emission for the Herschel/SPIRE in-

strument [105], and consists of heating elements coated with a mixture of thermal epoxy,

graphite, and carborundum grains. This coating results in high emissivity while reducing

specular reflection. Coupled to the black body are two temperature sensors which feed into

a PID controller that regulates the heating elements. The black body obtains a high level

of temperature uniformity over a circular emission surface 90mm in diameters, and can

operate at temperatures between 30−100◦C. The relatively low maximum temperature of

the black body makes it unsuitable for DFI observations. However, the large profile and

thermal uniformity of the emission surface makes it ideal for simultaneous characterization

of all detectors within the detector array.

TeraScan 1550 Photomixer

The TeraScan 1550 system is a commercial product developed by TOPTICA Photonics

and is capable of producing temporally coherent radiation at moderate power over a large

tunable range [106]. A diagram of the TeraScan system is shown in Fig. 3.7. Distributed

feedback lasers are used to produce radiation at closely spaced wavelengths ∼1.5µm, which

are coupled to single mode polarization maintaining optical fibers. The fibers are then
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Figure 3.7: TeraScan 1550 photomixer diagram [106]. The system consists of two dis-
tributed feedback laser sources emitting radiation with closely spaced wavelengths coupled
to single mode polarization maintaining optical fibers. Light is then combined then sep-
arated using a fiber optic splitter. The resulting beams are guided to the transmitter and
receiver elements. The photomixers proper reside within the transmitter and is used to emit
THz radiation at the beat frequency of the combined lasers. Image used with permission
from TOPTICA Photonics.

brought to a fiber splitter, combining and then separating the electric fields, producing a

high frequency carrier wave modulated at a beat frequency given by the sum and difference

of the input radiation frequencies, respectively. The resulting electric fields are propagated

to the transmitter and receiver elements.

Inside the transmitter is the photomixer containing an InGaAs photodiode emitter cou-

pled to a log-spiral antenna. The photodiode consists of an intrinsic layer embedded be-

tween p-doped and n-doped semiconductors with a band gap of 1.68µm. When light from

the lasers is incident on the intrinsic layer, charge carriers are produced in a time varying

fashion dependent on the modulating wave. By applying a bias voltage across the junction,

a photocurrent results which oscillates at the beat frequency of the combined lasers. The

moving charges are coupled to the antenna producing a THz wave.
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The THz frequency can be adjusted by tuning the output frequencies of the lasers. Dis-

tributed feedback lasers use a semiconductor architecture where periodic variations in the

semiconductor structure produce periodic variations in the index of refraction [107]. This

periodic structure supports resonance at wavelengths that satisfy λ = 2ne f f Λ, where ne f f

is the effective refractive index of the semiconductor and Λ is the pitch or wavelength of

the periodic structure. As such, only one longitudinal mode is supported within a much

longer active cavity providing a high level of mode stability. The pitch, and thus frequency

of emitted radiation, can be adjusted through thermal expansion with precise control over

the semiconductor temperature.

The TeraScan system comes with three lasers, and through the different combinations,

the transmitter can emit light over 0.04− 3.30THz, with a line width of ∼1MHz. Power

output decreases with frequency and depends on the bias voltage. With default settings,

THz power values of 100µW at 0.1THz and 10µW at 0.5THz are typical. In front of the

antenna is a hemispherical lens 10mm in diameter, with a 22mm back focal distance, which

produces a cone of light with a FWHM divergence angle of 15◦.

On its own, the transmitter functions as a coherent THz source that can be used as the

input to the interferometer system. The bias voltage can also be varied in some periodic

way in order to electronically modulate the output power. When combined with the re-

ceiver element, the TeraScan system becomes an interferometer that is particularly useful

for measuring transmission spectra. The receiver element is similar in structure to the trans-

mitter element, and charge carriers are created within the InGaAs semiconductor intrinsic

layer with a time variation dependent on the combined lasers beat frequency. However,

instead of an external bias voltage, photocurrent is induced by a time varying voltage re-

sulting from the THz wave interacting with the receiver antenna. Recall that the THz wave

frequency results from the beat frequency in the transmitter which has a common origin

with the beat frequency in the receiver. Photocurrent in the receiver is then a measure of the

phase difference ∆φ between the THz wave and the modulating wave in the receiver with
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frequency ν. This situation can be modelled as,

IRX(ν) ∝ ET Hz cos(∆φ) = ET Hz cos(2πzν/c) , (3.4)

where z is the OPD between the transmitter arm, including the THz path, and the receiver

arm, both measured initially from the fiber splitter. Note that photocurrent is proportional

to the amplitude of the THz wave electric field ET Hz, not power. Eq. 3.4 is similar to the

response on an FTS, however, in this case, the frequency is varied by tuning the lasers while

the optical OPD remains constant. The receiver signal can be amplified by modulating the

bias voltage of transmitter at some frequency, then processing the receiver signal using a

lock-in amplifier.

True measures of the THz field amplitude, unmodified by phase, are given when ∆φ =±nπ,

which correspond to the extrema of the sinusoidal photocurrent response that are separated

by ∆ν = c/z. As such, the quantity of interest is the envelope of the absolute value of

photocurrent response. This function is typically obtained by averaging several datasets,

followed by smoothing and peak identification. The result is usually a relatively smooth

curve which has been sampled densely enough so that it can be interpolated onto whatever

frequency axis that is convenient. To measure the transmission spectrum of a particular

material, a photcurrent spectrum is measured with the sample placed in the path of the THz

wave Isamp(ν), in addition to a background measurement with no sample Ibkg(ν). After in-

terpolating both measurements onto the same frequency grid, which may be necessary due

to phase shifts on transmission, the transmission spectrum is calculated as,

T (ν) =
(

Isamp(ν)

Ibkg(ν)

)2

. (3.5)

Note this is a ratio of photocurrents proportional to electric field, and squaring the ratio gives

transmitted power. By dividing by the background measurement, the calculation effectively

removes absorption due to atmosphere or systematic errors.
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Virginia Diodes

Commercial millimeter-wave transmitters produced by Virginia Diodes (VDI) are ca-

pable of achieving high output power radiation with narrow linewidths. These transmitters

exploit a technique where microwave frequency voltage signals are frequency multiplied up

to THz frequencies. In particular, the VDI Tx-148 accomplishes frequency multiplication

using planar GaAs Schottky diode technology [108] in order to obtain ∼16mW emission

over 320− 330GHz with an advertised line width on the order of tens of Hz. The trans-

mitter includes a diagonal horn antenna which produces an approximately Gaussian beam

with a 10◦ FWHM. The VDI sources used in this work were provided by Dr. David Naylor

in association with Blue Sky Spectroscopy.

3.2.5 Mirrors

The components previously discussed are commercial products that were selected to

be of the highest quality available while staying within budget. Interferometer mirrors,

however, were custom made and designed to meet observation objectives outlined earlier

in this chapter. In particular, the mirror designs affect interferometer baseline coverage,

magnification, beam shape, and spectral resolution. These characteristics also influence

field of view and throughput. Inevitably, the optical design will result in some level of

degraded performance for some region of the source plane due to the finite size and surface

quality of the optics. Mirror dimensions, focal lengths, and surface quality were chosen

such that these distortions would be minimized for the central detector.

All the mirrors used for the interferometer are constructed from Aluminum 6061 which

is an alloy known to have high reflectivity at the wavelengths of interest [109]. Technical

drawings for all the mirrors are presented in Ap. D.

Collimating Mirror

The collimating mirror is derived from a paraboloid surface as illustrated in Fig. 3.8.

The three-dimensional paraboloid is a surface of revolution where all points satisfy the
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equation,

z =
r2

4 f
, (3.6)

where r =
√

x2 + y2 is the distance from the axis of symmetry, and f is the focus point

of the paraboloid. To facilitate alignment, a 90◦ Off-Axis Parabolic (OAP) geometry was

chosen such that the central ray would be justified to the grid of the optics table. As such,

the nominal center of the mirror is where the slope of the paraboloid is one. Solving for

this condition, the mirror center is at (r,z) = (2 f , f ). A light ray originating from the focus

point of the paraboloid must then travel

fe f f = 2 f , (3.7)

before intersecting the center of the mirror. To obtain the mirror surface, a plane tangent

to the mirror center is constructed such that the center of the plane coincides with the

center of the mirror. Projecting the plane onto the paraboloid surface, along the direction

of the plane normal vector, produces the mirror surface. For the collimating mirror, the

normal plane has dimensions 590×135mm. From the perspective of an on-axis source, the

collimating mirror subtends the angles ∼11.5◦ to −10.5◦, referenced from the mirror center

with positive counter-clockwise rotation. Projected onto the aperture plane, the collimating

mirror is ∼420mm in in extent.

All the mirrors used in this work were manufactured by B-Con Engineering. The colli-

mating mirror shows visible striations resulting from the machining process, which are most

prominent about half way towards the edges as measured from the center of the mirror. This

local surface roughness is expected to degrade performance and is baseline dependent. To

estimate surface roughness, a 4D Technology PhaseCam 4030 was used, which employs a

Twyman–Green interferometer to measures OPD variations with respect to a flat reference

surface [8]. Measurements suggest the ridges on the mirror result in deviations ranging

from 20nm to 100nm. A sample of these measurements is shown in Fig. 3.9. Typically
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Figure 3.8: Parabolic mirror geometry. The black parabolic curve represents a cross sec-
tion of a three dimensional paraboloid with focal length f . Light rays emitted from a point
source at the focal point, represented by blue lines, are made parallel after reflection off
the parabolic surface. A tangent plane, shown as a red line, is constructed and centered on
the point of the parabola where the slope is one. The mirror surface in green results from
projecting the plane, along the direction of the plane’s normal vector, onto the paraboloid
surface. The distance between the paraboloid focus point and the mirror center is the effec-
tive focal length of the mirror fe f f = 2 f .

when assessing surface roughness and modeling the effects on instrument performance, the

surface variations are assumed to be random. In this case, the surface variations express

regular structure and such analysis is not valid. A more appropriate analysis would require

detailed numerical simulations, which are not performed in this work. In the absence of

such analysis, it is still encouraging that average surface deviations are an order of magni-

tude lower than required.

In addition to local surface deviations, the accuracy of the broader mirror curvature

was measured. To accomplish this, a laser was placed on one of the translation stages

with the laser beam incident on the collimated side of the mirror. The system was aligned

such that the laser beam would propagate parallel to collimated light, and the reflected

beam would be focused at the focal point of the mirror. A target was placed at the focal

point and the position of the focused light on this target was recorded as the laser was
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Figure 3.9: Collimating mirror surface deviations. These images were obtain using a phase
camera which reconstructs the surface under observation using interferometric measure-
ments combined with proprietary analysis software. This measurement was taken ∼40mm
away from the center of the mirror and shows the striations visible on the surface. The left
panel shows an image of a 7×7mm region of the mirror, while the right panel shows a two
dimensional reconstruction of the same region. The color scale indicates deviations from a
flat surface with a maximum value of ∼160nm. Analysis of the Root Mean Squared (RMS)
surface roughness and measurements of the peak to peak deviations suggest ridges are ap-
proximately 40nm in height. The overall curvature is attributed to slight misalignment.

scanned across the mirror surface. Results for this experiment are shown in Fig. 3.10 and

indicate that collimated light is focused to a roughly circular region with a 1mm radius.

These measurements also provide an estimate of the collimating mirror’s effective focal

length fcol = 1198± 2mm. Variation in the focus point as a function of aperture position

will degrade instrument performance by introducing baseline dependent OPD offset errors.

Measured intensity variations resulting from source plane coupling to the interferometer

beams are also expected. Deviation from the ideal collimating mirror curvature results in

the sensitivity of a detector to different points on the source plane varying as a function of

aperture position.

Focusing Mirror

The focusing mirror takes collimated light at the end of the interferometer system and

focuses it onto the detector feed horn plane. Geometric considerations for this mirror are

similar to that of the focusing mirror Fig. 3.8. In this case the tangent plane is a circle with
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Figure 3.10: Collimating mirror curvature. A laser beam parallel to the optical axis was
scanned over the collimated side of the mirror and its reflected position on the focal plane
was recorded. The left panel shows the average of all recorded positions on the focal plane
target and the right panel shows the position on the target as a function of mirror position.
The red cross parameterizes the mean and standard deviation of the distribution of points.

a 135mm diameter, and the paraboloid focal length is f = 120mm.

Striations resulting from the machining process are evident on the mirror, however, in

the active region of the mirror, the ridges are < 30nm in height. More prominent ridges

are located >30mm away from the center of the mirror, but the mirror is oversized and for

the central detector only light incident on the inner 27mm radius is efficiently coupled to

the feed horns. The mirror curvature was also measured with results shown in Fig. 3.11.

In this case, light is focused to a circular region ∼ 0.5mm in radius. However, much of

this variation results from light incident with the mirror outside the active region. Light

incident on the inner 30mm radius is focused to a circular region 0.2mm in radius. This

spread is expected to give good performance since the target is the 3.63mm square entrance

apertures of the detector feed horns. With this experiment, the effective focal length of the

focusing mirror was measured to be f f oc = 240±2mm.

Flat Mirrors

Eleven flat mirrors are required for DFI observations with an additional mirror required

for FTS observations. These mirrors are all identical circular flats 135mm in diameter.
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Figure 3.11: Focusing mirror curvature. A laser beam parallel to the optical axis was
scanned over the collimated side of the mirror and its reflected position on the focal plane
was recorded. The left panel shows the average of all recorded positions on the focal plane
target and the right panel shows the position on the target as a function of mirror position.
The red cross parameterizes the mean and standard deviation of the distribution of points.

Surface measurements were made for one test mirror and it was found to have a surface

roughness RMS of 28nm with no visible striations.

Although the flat mirrors are all circular, they are rotated by 45◦ around an axis parallel

to the optics table normal vector. When considered as apertures that the interferometer

beams pass through, they take the shape of ellipses with a 135mm major axis in the vertical

direction, and a 135/
√

2 ≈ 95mm minor axis in the horizontal direction.

Like the focusing mirror, but unlike the collimating mirror, the flat mirrors use a mount-

ing strategy where their backs have three contact points oriented as a right triangle. These

contacts rest against micrometers, which given the triangular geometry, provide precise

control over the tip-tilt degrees of freedom, and allow for translation along the direction of

the mirror plane normal vector. All mirrors are designed to be justified with the optics table

grid, and the mounting apparatus are designed such that all optical components are aligned

to sub-millimetre precision when in their default positions on the optics table.
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3.3 Optical Design

In the section, the individual component parameters discussed in the previous section

are used to estimate figures of merit for the interferometer system. In some cases, calcula-

tions are facilitated by a number of simplifying assumptions that will be highlighted when

they are used.

3.3.1 Focusing Optics

The optical component that limits the light incident on the detector is the f4.5 feed

horn. To determine an estimate of the aperture stop, the acceptance cone of the feed horn

is projected onto the focusing mirror. The aperture stop is then represented as a circle with

diameter,

dAS =
f f oc

f4.5
≈ 53 [mm] (3.8)

centered on the optical axis and intersects the interferometer beam after the beamsplitter

and just before the focusing mirror. The most important approximation used here is the

assumption that the feed horn acceptance cone has a hard cutoff. Although the beam shape

of the feed horns have yet to be measured, they are most likely approximately Gaussian

with a gradual cutoff.

The solid angle associated with a cone with half angle θ1/2 is [110],

Ω = 2π
[
1− cos(θ1/2)

]
, (3.9)

where the half angle can be expressed in terms of the f-number,

θ1/2 = arctan
(

1
2 f#

)
. (3.10)

Using the feed horn f-number, the solid angle for a detector is Ωdet ≈ 38×10−3 sr. Through-

put describes the amount of light that propagates through an optical system. Using the

paraxial approximation and assuming the radiating and receiving surfaces are parallel, the
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system throughput can be calculated as [110],

S = AΩ , (3.11)

where A is the area of the radiating surface and Ω is the solid angle or the receiving surface

as viewed by the radiating surface. Throughput is a conserved quantity in a well designed

optical system, and the roles of the emitting and receiving surfaces can be interchanged. In

this way, the throughput of a detector in the interferometer system is calculated as Adet ×

Ωdet ≈ 5.06×10−7 m2sr.

3.3.2 Collimating Optics

Since the light travelling between the collimating and focusing mirrors is ideally par-

allel, the aperture stop can be projected to just in front of the collimating mirror unmodi-

fied. The collimating mirror in conjunction with the aperture stop results in an f-number

f# = fcol/dAS = 22.5. Using Eq. 3.9, the solid angle associated with the input aperture is

Ωap ≈ 1.55×10−3 sr. Using conservation of throughput, this implies a square on the source

plane with side lengths 18mm, couples to the central detector.

Each arm of the interferometer can be modelled as double converging lens optical sys-

tem where the first lens is synthesizes from the collimating mirror and flat aperture mir-

ror, and the second lens is synthesized from the focusing mirror and aperture stop (see

Fig. 3.12). This model is valid in the paraxial regime where sources are close to the optical

axis and the angles at which light intersect the lenses are small.

To estimate magnification and FOV, the thin lens equation is used [8],

1
so

+
1
si
=

1
f
, (3.12)

where so and si are the distances to the source and image objects, respectively, measured

from the center of the lens, and f is the focal length of the lens. When a source is located
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Figure 3.12: Thin lens model used to estimate optical performance. The collimating and
entrance aperture mirrors are combined and represented as a converging lens. This lens has
a focal length f1 equal to the effective focal length of the collimating mirror, and has the
same extent as the entrance aperture mirror which is length r taller than the aperture stop
(AS). The AS is another converging lens that results from the acceptance cone of a detector
feed horn projected onto the focusing mirror. This lens has a focal length f2 equal to the
effective focal length of the focusing mirror. An unvignetted source of height h1, located
on the focal plane of the first lens, is imaged onto the focal plane of the second lens with
height h2. Two bundles or rays are shown, one bundle for an on-axis point which trace
marginal rays (blue), and one bundle for an off axis point (green). The chief ray is also
shown with a dashed line where y is the height of the chief ray and y is the height of the
off-axis ray bundle at any point along the optical axis. Angles θ are labeled to show that
they are equivalent.
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on the foal plane of a lens, so = f , the image point is at infinity, implying parallel rays.

Additionally, the transverse magnification of a lens is given by [8],

mT ≡ hi

ho
=

−si

so
, (3.13)

where hi and ho are the heights of the image and source objects, respectively. For a multi-

lens system, the image point for the first lens is used as the source point for the next lens

s2o = x− s1i, where x is the distance between lenses. The total transverse magnification for

a multi-lens system is also obtained as the product of the magnifications of the individual

lenses. With these considerations, the total transverse magnification of the double lens

system that represents the interferometer is,

MT = lim
s1i→∞

s1i

s1o
× s2i

s2o

= lim
s1i→∞

s1i

s1o
× s2i

x− s1i

=
− f2

f1
,

(3.14)

which when f1/2 take the values of the effective focal length of the collimating and focusing

mirrors, respectively, gives MT = −0.2. With the magnification, the extent of objects on

the image plane and the source plane are related by,

himg =−hsrc
f f oc

fcol
(3.15)

and can be used to calculate the FOV of a single detector and the entire detector array. Using

the detector extent parameters discussed in Sec. 3.2.1, the detector and detector array FOVs

are FOVdet ≈ 18mm and FOVary ≈ 98mm, respectively, and represent the dimensions of

square regions on the source plane centered on the optical axis.

Perhaps more important than the total FOV is the unvignetted FOV. This represents the

region of the source plane where light emitted from the points within this region are not
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obstructed by any apertures in the optical system, with the exception of the aperture stop.

In other words, any point source within the unvignetted FOV with the same intensity as an

on-axis point source will appear just as bright to the detector as the on-axis source. Sources

outside the unvignetted FOV will be gradually attenuated as they move further from the

optical axis. Fig. 3.12 shows the geometry for an unvignetted source using the thin lens

model for an arm of the interferometer. The blue lines represent the marginal rays which

describe a bundle of rays emitted from an on-axis source point that pass through the aperture

stop. The green lines represent a bundle of rays that originate from an off-axis point and

also pass through the aperture stop. Also drawn as a black dashed line is the chief ray, a

ray that by definition originates from an off-axis point and passes through the center of the

aperture stop. An off-axis source is unvignetted if at every point along the optical axis the

aperture radius is,

rap ≥ |y|+ |y| , (3.16)

where y and y are the heights of the chief ray and off-axis ray bundle, respectively. The

aperture at any point along the optical axis can be regarded as some abstract region of space

that light passes through, but more practically, it is the bounding region of some optical

component that light passes through. The relevant apertures in this case are the first and

seconds lenses, and from Fig. 3.12, it is clear that Eq. 3.16 is satisfied. In this model, an

unvignetted source point a distance h1 away from the optical axis requires that the first

aperture be a height r greater than the apertures stop height. Using similar triangles, the

relationship between these quantities is,

h1 =
f1r
x

, (3.17)

where f1 is the focal length of the first lens, and x is the separation between lenses. Given the

effective focal length of the collimating mirror, the difference in size between the aperture

stop and flat mirror aperture, and the average distance between collimating and focusing
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mirrors ∼4m, the unvignetted FOV is estimated to be an ellipse with major and minor axis

in the vertical and horizontal directions of lengths 24.0mm and 12.4mm, respectively. The

average of these axes is 18.2mm, which is the same as the nominal full FOV of a single

detector.

The source plane must be defined in terms of angles in order to make the intensity

distribution amenable to Fourier transformation. From Fig. 3.12, it is clear that the mapping

between souce or detector plane spatial extent hi, and angular extent θ, is,

θ ≈ tan(θ) =
hi

fi
. (3.18)

In the context of true mirror based optical system, fi represents the effective focal length of

the OAP mirror and applies to both the collimating a focusing optics.

3.3.3 Resolution

As discussed in § 3.2.5, the projected extents of the collimating and flat aperture mir-

rors onto the aperture plane are 420mm and 95mm, respectively. With the constraint that

the aperture mirrors must reside entirely within the projected collimating mirror region, the

maximum separation between the centers aperture mirrors is 420− 95 = 325mm. How-

ever, some space is left on either side of the apertures as a buffer and the maximum sepa-

ration used in observations was 310mm. Theoretically, the minimum separation is 95mm,

however, due to the depth of the mirrors and their associated mounting infrastructure, the

minimum separation is 135mm. These limits constrain the allowable baseline range for

DFI measurements to 135 ≤ B ≤ 310mm. Minimum baseline increments are set by the

positional accuracy of the translation stage, but in practice, the desired increments are de-

termined by the observing objective and affect the extent of the reconstructed image in the

same way that OPD steps affect bandwidth (see § 2.3.2).

One way to quantify the spatial resolution of an instrument is by using the Rayleigh

criterion to describe the minimum separation between point sources where the sources can
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still be distinguished (see § 2.5.1). Another metric that applies to spatial interferometry

is the minimum source extent that that can be resolved. In this case, resolved means the

visibility for fringes drops to zero at the maximum baseline of the interferometer. From

the van Cittert-Zernike theorem (see Ap. A), the visibility is given by the absolute value

of the normalized Fourier transform of the source intensity distribution. If the source is a

square of angular width θ, then its associated visibility curve is the Fourier transform of the

rectangle function with a = θ Eq. C.31,

V = sinc(θB/λ) , (3.19)

where B is the interferometer baseline, and λ is the wavelength being observed. The spatial

extent of θ on the source plane can be obtained using Eq. 3.18. When using the normal-

ized sinc function, the first zero occurs when the argument is equal to one. With these

considerations, the minimum source extent that can be resolved is,

hmin =
λ fcol

Bmax
. (3.20)

With a target resolution hmin = 1.0mm, focal length fcol = 1,200mm, and maximum base-

line Bmax = 310mm, the source is resolved for λ ≤ 258µm → 1.16THz.

Spectral resolution is determined by the maximum OPD between the two beams of the

interferometer Eq. 2.54. With a DFI system, the concept of ZPD is somewhat ambiguous

since, at a particular baseline, a source that is off the optical axis by an angle θ will have its

ZPD shifted by (see Fig. A.2),

δz = Bsin(θ) , (3.21)

The term “phase center” is used to avoid this ambiguity and refers to ZPD for an on-axis

point source. Since phase is such an important quantity with spatial interferometers, double-
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sided interferograms are recorded such that the set of OPD samples are,

z ∈ {−zmax,−zmax +∆z, ..., 0, ...,+zmax −∆z} , (3.22)

where ∆z is the separation between OPD samples, and OPD is measured with respect to the

phase center.

Increasing the baseline results in a decrease in the path length of the beam associated

with the dynamic aperture (see Fig. 2.14). This means the position of the phase center on

the spectral stage is baseline dependent. To compensate for the phase center shift, for every

four units the baseline is increased, the spectral stage is moved up by one unit. This factor

of four results from the folding factor associated with the double-rooftop mirror design on

the spectral stage. Accounting for these effects, the maximum symmetric OPD that can be

achieved consistently at all baselines is,

zmax = 4Lmax = 4× Lstage − Bmax−Bmin
4

2
≈ 800 [mm] , (3.23)

where Lmax is the maximum symmetric mechanical stage travel, and Lstage = 450mm is

the total travel distance of the translation stage. With this maximum OPD, with respect

to the phase center, the best achievable spectral resolution is ∆ν ≈ 0.18GHz. In practice,

however, averaging thousands of interferograms is required to obtain good SNR. To confine

observations to a reasonable amount of time, scan ranges were significantly shortened for

DFI observations resulting in a more typical spectral resolution of 25GHz.

Maximum OPD also imposes restrictions on the instrument FOV through Eq. 3.21. If a

source is too far off axis, its ZPD will be shifted outside of the sampled interferogram, and

this shift is proportional to baseline. If a point source is defined to be within the FOV when

its white light fringe is sampled by the interferogram, then OPD limits the FOV to,

FOVOPD =
zmax fcol

Bmax
, (3.24)
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and this quantity is defined with spatial units on the source plane.

3.4 Optical Characterization

In the previous section, estimates for the interferometer performance were derived using

the paraxial approximation. This formalism is convenient for its simple analytical form,

and produces good estimates for conjugate points close to the optical axis. However, the

instrument is configured to operate over a wide FOV where the paraxial approximation

loses validity. This section is dedicated to characterization of the interferometer in the

regime where the paraxial approximation fails. Note that the horizontal axis of the source

plane is inverted compared to the more conventional orientation. This is done to keep

results consistent with the sign convention used when deriving the DFI response equation

(see Ap. B, and Fig. B.1 in particular).

3.4.1 Ray Tracing

One way to assess the performance of an optical system is to use ray tracing. Ray tracing

describes a method for calculating the path light takes as it originates from some point and

propagates through the optical system. In these calculations, light is treated as a ray which

propagates in some direction characterized by a unit vector, and travels in a straight line

when propagating in a medium with constant index of refraction. Rays may also be defined

with properties like wavelength, amplitude, and polarization, which are appropriate for

quantifying electromagnetic waves. As the ray interacts with optical components in the

system, their properties are modified according to physical laws. In particular, the law of

reflection, Snell’s law, and Fresnel equations [111], constitute the core of any physical ray

tracing algorithm. Since this analysis is based on physical interactions with optical surfaces,

it is suitable for light originating from any point in space, overcoming the limitations of

paraxial theory.

To facilitate this analysis, analytic ray tracing software was written in the Python pro-
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gramming language [112], with support from the third-party packages: NumPy [113],

SciPy [114], Astropy [115], and Matplotlib [116]. The software leverages the equations

of geometric optics to calculate interaction between rays, described as vectors, and surfaces

modelled as planes and conic surfaces. Since the rays and surfaces are analytic, the paths

rays take as they propagate through an optical system can be modelled with a high degree

of numerical precision. The software accommodates reflective and refractive interactions

while tracking quantities like wavelength, amplitude, path length, optical path length, and

phase associated with rays. The software was not designed to accommodate stochastic

deviations of ray interactions resulting from surface roughness statistics.

A ray trace of the interferometer system in a typical state is shown in Fig. 3.13. The

only dispersive optic in the system is the beamsplitter. Since its boundaries with air are

parallel and the beamsplitter membrane is thin, the wavelength dependent properties of the

beamplitter have little effect on the trace. As such, the trace is wavelength independent. In

this figure, rays are emitted from points on the source plane that are conjugate to the center

of detectors on the detector plane, as calculated using the paraxial approximation. The rays

are propagated through the optical system and terminated on the detector plane. Only rays

that successfully propagate though the optical system and terminate on the detector plane

are shown. As can be seen from the figure, source points further from the optical axis have

emission cones that are constrained to smaller angles than the on-axis point. This result is

an expression of the vignetting associated with off-axis source points.

On the detector plane, it is observed that the on-axis source point focuses perfectly on

the central detector in accordance with the paraxial approximation. Additionally, the image

is inverted, as expected. However, for more distant source points, the rays do not achieve

a proper focus, and the nominal focus points are offset from the expected detector centers.

This offset appear to be asymmetric with a dilation on the left side and a compression on

the right side.

A more complete picture of the rays in the detector plane is shown in Fig. 3.14. In
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Figure 3.13: Interferometer ray trace. Bundles of rays originating from positions on the
source plane, that coincide with the projected positions of detector centers, are propagated
through the interferometer system to the detector plane. The top panel shows the entire
system while the bottom panels show close up views of the source plane (left) and detector
plane (right). The off-axis source points are not perfectly imaged onto the detector plane,
nor do their effective focus points coincide with the detector centers, indicated by black
circles in the bottom right panel. Vignetting is also present and no ray vector could be
found for the far left source point that would propagate through the lower arm of the detector
system. These distortions become more significant with increasing distance from the optical
axis.
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Figure 3.14: Aberrations resulting from the parabolic mirrors. This trace is similar to
Fig. 3.13, but was contrived to be free of any vignetting, and demonstrates exclusively the
distortions associated with the collimating and focusing mirrors. The presence of coma, and
approximately parabolic field curvature, are evident. Black circles correspond to centers of
detectors.

this case the system is contrived to prevent vignetting by the flat mirrors. This figure

clearly demonstrates the deviations from the paraxial approximation resulting from the use

of parabolic collimating and focusing optics. Such deviations are more generally referred to

as aberrations [8]. The traces show the characteristic signature of coma, and the heights of

the nominal focus points across the detector plane indicates the presence of field curvature

which is approximately parabolic. This two-dimensional trace does not give information

along the vertical axis of the optics system. However, it is expected that similar effects

occur along the vertical axis, in that degradation increases symmetrically away from the

on-axis point. As such, astigmatism is expected for source points that are unequally distant

from the horizontal and vertical axes.

3.4.2 Interferometer Beam

In assessing the optical properties of the instrument, diffraction effects associated with

the aperture geometry were not considered. However, diffraction effects are important for

determining what a detector sees on the source plane. The input apertures are structurally
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circular mirrors rotated by a 45◦ angle. The resulting elliptical shape does not give an ac-

curate representation of how the electric field couples to the detector system since coupling

is strongly influenced by feed horn characteristics. In order to determine the effective aper-

ture geometry, it is imagined that the detector is replaced by a transmitter and its emission

is reverse propagated through the optical system to aperture plane.

Consider the situation where one beam of the DFI is blocked. After replacing the de-

tector with a transmitter, the electric field passes through a rectangular waveguide, which is

then coupled to an approximately pyramidal feed horn. The feed horn projects the electric

field out of the detector system as a spherical wave with an approximately Gaussian am-

plitude distribution. After incidence with the focusing mirror, the field is truncated at the

edges of the mirror and converted to a plane wave that is propagated to the aperture plane.

The f-number of the feed horn f#, is assumed to define the FWHM of the Gaussian

amplitude distribution. The spherical wave emitted from the feed horn travels the distance

of the focusing mirror’s effective focal length f f oc, before being converted to a plane wave

and propagating to the aperture plane. As a plane wave, the Gaussian amplitude distribution

has FWHM = f f oc/ f#, and can be written as,

A(⃗r) = T (⃗r)e−α|⃗r|2 , (3.25)

where α= (2λ f#/ f f oc)
2 ln(2), and r⃗ are Cartesian coordinates defined in the aperture plane.

The elliptical truncation function is,

T (⃗r) =


1 if

( rx
a

)2
+
( ry

b

)2 ≤ 1

0 if
( rx

a

)2
+
( ry

b

)2
> 1

(3.26)

where the semi-axes are b = D/2 and a = b/
√

2, with D being the circular mirror diameter.

The aperture plane electric field distribution is shown in Fig. 3.15.

Converting the aperture plane field distribution A(⃗r), to source plane distribution is ac-
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Figure 3.15: Aperture illumination and beam models. The left panels shows the frequency
independent electric field amplitude distribution on the aperture plane resulting from the
Gaussian beam of the feed horn. The red curve truncates the distribution and corresponds
to the elliptical boundary of the rotated flat mirror. The center and right panels show the
detector beam models at 850GHz and 1.7THz, on the source plane, respectively. The gray
curve shows the 50% contour resulting from squaring the Fourier transform of the field
distribution in the left panel, representing the Fraunhofer diffraction pattern associated with
the aperture illumination. This pattern is then convolved with a square on the source plane
which is the projection of feed horn aperture. The red curve shows the 50% contour of the
synthesized beam.

complished using a Fourier transform [117],

Â(⃗θ) =
∫

A
A(⃗r)e−iκ⃗θ·⃗r d⃗r ≈ e−(π⃗θ)2/α , (3.27)

where θ⃗ are source plane angular coordinates (see Fig. A.2), and the integral is taken over

the aperture plane A . The right-hand side is obtained as the Fourier transform of the Gaus-

sian component of Eq. 3.25 (see Ap. C), and the approximate equality results from neglect-

ing the truncation function. Since truncation occurs where the field amplitude is low, its

effect on the Fourier transform is negligible (see § 2.4.6).

Now consider the situation where both beams of the DFI are allowed to propagate to the

source plane. The resulting intensity pattern is I(⃗θ) = Â1(⃗θ)Â∗
2(⃗θ), where subscripts denote

the electric field pattern produced by the individual beams. Due to the symmetry in both

beams of the DFI, Â1(⃗θ)≈ Â2(⃗θ), when the system is well aligned. The normalized source
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plane intensity pattern is then,

∣∣∣Â(⃗θ)∣∣∣2 ≈ exp

−( π⃗θ f f oc

λ f#

)2
1

2ln(2)

 . (3.28)

This equation pertains to a point source located at the centre of the feed horn plane. How-

ever, the feed horn aperture is rectangular with finite extent. To account for this, imagine a

collection of point sources evenly distributed over the feed horn plane. On the source plane,

one would observe the sum of Eq. 3.28 over these points, with angular offsets δ⃗θ = −⃗θ f ,

where θ⃗ f is the angular position of an individual point source on the feed horn plane. This

process is functionally equivalent to convolving Eq. 3.28 with the projection of the feed

horn aperture onto the source plane. The source plane sensitivity, or beam, of a particular

detector is then,

ξ(⃗θ) =
∣∣∣Â(⃗θ)∣∣∣2 ∗ rect

(
θ⃗− θ⃗det

θh

)
, (3.29)

where rect[(⃗θ− θ⃗det)/θh] is a two-dimensional rectangle function of width θh = 52arcmin,

centered on the projected detector position θ⃗det , and represents the projection of the rectan-

gular feed horn aperture onto the source plane. A visual representation of the result of this

process is shown in Fig. 3.15.

Reverse propagating the square of the electric field, from the detector to the source

plane, produces a model of the interferometer beam that is equivalent to the source plane

sensitivity of the detector. For the DFI, this pattern is approximately independent of the

optical path lengths of the two arms of the interferometer but is affected by vignetting.

There is a modest frequency dependence on the beam shape over the bandwidth of the

instrument. At lower frequencies, the corners of the 50% contour describing the beam

shape are more rounded than at higher frequencies, however, the width and height of the

rectangular beam shape are essentially constant at 18mm. Note that this modeling assumes

the Gaussian amplitude distribution resulting from the feed horn is frequency independent.
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3.4.3 Field of View Measurements

To empirically validate the preceding analysis, the FOV of the detector array is mapped

using the photomixer as a source. Data is acquired by setting the photomixer to a particular

optical frequency and electronically modulating the output power by varying the bias volt-

age sinusoidally with a frequency of 10Hz. The photomixer is then raster scanned over the

detector plane using 5mm steps in the vertical and horizontal directions. At a particular op-

tical frequency and photomixer position, the power incident on each detector is quantified

by extracting the amplitude of the sinusoidal signal resulting from the modulated source.

This amplitude is extracted by taking the Fourier transform of the signal and fitting the

resulting feature in the frequency domain with a sinc function. The amplitude of the sinc

function gives the amplitude of the sinusoid. A demonstration of this process is presented

in § 4.3.3. This approach was chosen as it is less affected by noise in low SNR signals

than peak-to-peak identification. By combining the results from different source positions,

a sensitivity map over the entire source plane is generated for each detector. Since this

observation is carried out at multiple optical frequencies, a frequency dependent sensitivity

map is also obtained. However, maps were limited to a maximum frequency of 1050GHz,

since the power output of the photomixer decreases rapidly with frequency, and the detector

sensitivity begins to decrease after ∼1THz. The results for all detectors can be co-added

producing a sensitivity map for the entire detector array. Sensitivity maps obtained in this

way are shown in Fig. 3.16 for the static aperture at multiple optical frequencies, and at

multiple aperture positions with a constant 850GHz optical frequency. Contours are added

to the figure representing the 50% level of the sensitivity.

One application of these maps is to clarify the positions and orientations of each de-

tector within the detector array. These results suggest the alignment of the mirrors can be

improved in that the array sensitivity seem to be centered below and to the left of the A0

detector, and with ideal alignment, it should be centered on the A0 detector. It also seems as

though the point of maximum sensitivity varies as a function of baseline, but is largely con-
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stant as a function of optical frequency. This effect can be explained by the curvature of the

collimating and focusing mirror as shown in Figs. 3.10 and 3.11. Furthermore, only a few

detectors in the full array are suitable for interferometer measurements. In particular, the

detectors with beams indicated in the lower right panel of Fig. 3.16 contain detectable signal

over all the sampled aperture positions and optical frequencies. With improved alignment,

it is expected that the central nine detectors should be usable.

It is observed that the detector beam positions on the left side of the source plane are

spread out, while beam positions on the right are compressed. This behaviour is expected

from the ray trace in Fig. 3.13. The ray trace shows uniformly distributed source points

where source points on the left get compressed and source points on the right get dilated,

when imaged on the detector plane. It is then expected that going in the reverse direction,

from uniformly distributed points on the detector plane to the source plane, would produce

the opposite effect, as observed in the sensitivity maps. Additionally, there appears to be a

general compression of detector beams further away from the optical axis along the vertical

direction.

Although the unvignetted region of the source plane is difficult to quantify from these

results, an estimate from visual inspection gives 18 ± 5mm. More easily quantified is

the beam size of each detector beam, represented by the 50% contour shown in the fig-

ure, and the separation between beams. For A0, the nominally on-axis beam, the width is

14.5±1.5mm. The position of the A3, A0, and C0 beams, are respectively, −13.9±2mm,

1.5±1.5mm, and 18.9±1.3mm, which gives an average separation of 16.4mm. The full

FOV of the detector array is approximately square with a width of 75±5mm. All the beam

properties, including widths, separations, and full FOV, deviate from expected values by

roughly −20%.

All the A0 contours from Fig. 3.16 are re-plotted in Fig. 3.17 for closer inspection. The

left panel shows beams at various optical frequencies with respect to the static aperture.

As expected, the beams are roughly rectangular and largely independent of frequency with
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Figure 3.17: Field of view of the A0 detector. These curves are the 50% contours of the
A0 detector taken from Fig. 3.16. The left panel shows the A0 beam at multiple opti-
cal frequencies using the static aperture, and are all similar with the 650GHz beam being
somewhat more circular. The right panel shows beams resulting from different aperture
positions using a constant 850GHz optical frequency. These beams get somewhat smaller
with increasing aperture position, likely resulting from a bias in the photomixer alignment.
Apart from a 20% reduction in size, the beam shapes seem to be in good agreement with
beam models Fig. 3.15.

the lowest frequency beam expression having somewhat more rounded corners. The left

panel shows beams resulting from different aperture positions at a constant 850GHz. These

results suggest the beam gets smaller with greater aperture position and this is attributed to

vignetting or misalignment.

Other than the overall 20% reduction in beam extent and separation, the sensitivity

mapping experiment is in good agreement with the optical modelling discussed in previous

sections. A significant uncertainty in the experiment is physical characteristics of the pho-

tomixer. The back focal length of the transmitter lens is not well defined, and although care

was taken to obtain best alignment, the focal point of the lens may not have coincided with

the focal plane of the collimating mirror. The direction of the photomixer beam is also un-

certain, and it is possible the beam direction favoured the far side of the collimating mirror,

explaining why the sensitivity map using the static aperture produced the best result while

aperture positions further away from the static aperture gradually degraded performance.
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3.5. SUMMARY

To address these concerns, a followup experiment was conduced where a 1mm slit, back

lit by the Pegasus thermal source, was moved across the source plane in 2mm increments.

Light passing through the slit was modulated by a mechanical chopper, and the analysis

proceeded in the same way as the previous experiment. This version of the experiment ben-

efits from having a well defined source structure that is known to be point-like with respect

to the detector beam along the horizontal axis. Additionally, there is a higher degree of

confidence that the slit coincided with the focal plane of the collimating mirror. However,

this experiment required manual intervention, taking more time, and had a limited range

in the slit positions. As such, these measurements were confined to central detector and

fewer baselines. Results for this experiment, conducted at two different dynamic aperture

positions, are shown in Fig. 3.18. The curves show similar sensitivity profiles at the two

aperture positions, and are in good agreement with beam width estimates using the pho-

tomixer experiment. In this case, the FWHM is 13.0±0.5mm. Both experiments suggest a

20% reduction from expected values in beam widths, separations, and full FOV. One factor

which explains this discrepancy is that the feed horn array provided by the manufacturer

is 20% smaller than indicated by the technical drawings in Ap. D. This hypothesis is plau-

sible as there are often differences between design and fabrication dimensions for custom

components.

3.5 Summary

In this chapter, the design and characterization of the interferometer instrument was

discussed in detail. The individual components of the system were described and their

figures of merit were calculated and measured when possible, as summarized in Tab. 3.1.

Each component was found to be within acceptable performance limits with the collimat-

ing mirror contributing most significantly to deviations from ideal performance. Given the

component parameters, figures of merit were calculated including the spatial and spectral

resolution of the interferometer, and optical properties including magnification, vignetting,
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Figure 3.18: Field of view measurements obtained using a 1mm slit point-like source. The
slit was moved across the source plane in 2mm increments to produced these sensitivity
curves for the A0 detector at two aperture positions. Both curves are similar in shape and
largely agree with the photomixer measurements.

and FOV. The properties were estimated using the paraxial approximation, which were fur-

ther refined using ray tracing simulations to study aberrations, and beam modelling analysis

to study diffraction effects. These optical properties were then verified through detector sen-

sitivity measurement that largely confirmed the validity of the models, with the exception

of an overall 20% reduction in expected beam dimensions.

The interferometer system meets its design goals of being able to resolve a 1mm source

at ∼1.2THz, and the primary beam of the detectors are >10× larger than this resolution.

The optical design has been well optimized for the central detector in the detector array,

and interferometric measurements are expected to be possible for the central and a few of

the surrounding detectors.
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Chapter 4

Detector System

In this chapter, the operating principles and characterization of the detector system used in

this work are presented. The detectors used in any optical system are of critical importance

when discussing the performance capabilities of the system. The detectors used in this work

belong to the category of Transition Edge Sensor (TES) bolometers. When radiant energy

is incident on the detectors, that energy is converted to heat which increases the tempera-

ture of the TES element. The TES element is a pure niobium filament, the resistance of

which changes rapidly as a function of temperature in the region where the filament transi-

tions from a normal conducting state to a super conducting state. As such, when operated

within this transition region, the TES is a sensitive thermometer capable of measuring small

changes in optical power.

Although TES bolometers have been studied extensively [16, 118], the operational prin-

ciple of the detectors used in this work is significantly different from conventional TES

detectors. Conventional TES are voltage biased and maintain a particular operating tem-

perature primarily through negative electrothermal feedback. As such, the sensor is kept

near thermal equilibrium with typically small temperature deviations when subjected to

variable optical power. The TES used in this work are current biased, resulting in positive

electrothermal feedback, and are at risk of thermal runaway and detector instability. Instead

of relying on electrothermal feedback, the thermal state is moderated primarily by a heater

wire coupled to the TES and regulated by a Proportional-Integral–Derivative (PID) con-

troller operating at ∼13kHz. Throughout the duration of a detector readout cycle, the TES
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4.1. BOLOMETERS

is never in thermal equilibrium and temperature variations are relatively large and rapid.

These conditions explicitly violate the assumptions made when deriving standard bolome-

ter theory, so the detector system used in this work merits empirical characterization given

the lack of literature on the subject. Although operation of the detectors used in this work

is more complicated with lower sensitivity than conventional TES bolometers, these detec-

tor have some advantages when used in a laboratory setting. The detector parameters are

highly configurable and can be optimized for different observing conditions and the PID-

based control loop prevents the detectors from saturating when exposed to the laboratory

environment.

Direct application of standard bolometer theory to the detectors used in this work is

potentially misleading. However, the concepts of balancing power entering and exiting the

system, how this energy budget affects the temperature of the TES, the basic components of

a bolometer, and understanding the primary sources of noise for such detectors all remain

relevant topics. As such, Sec. 4.1 is dedicated to a review of standard bolometer theory. In

Sec. 4.2, an overview of the detector system is presented along with a discussion pertaining

to the operating principles and readout cycle of the detectors. Experimental characterization

of the central detector in the detector array, the one primarily used in this work, is presented

in Sec. 4.3.

4.1 Bolometers

4.1.1 Response

A bolometer consists of an absorbing element that is coupled to a thermometer, and

these thermally active components are weakly linked to a heat sink with temperature Ts.

In some cases, the absorber and thermometer are mounted on a common substrate. The

combination of the substrate, absorber, and thermometer has a bulk heat capacity C and are

mutually connected with high thermal conductivity such that they can always be assumed

to be in thermal equilibrium at temperature T . To investigate the properties of a bolometer
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4.1. BOLOMETERS

under optical loading, suppose that radiant energy with intensity

Poptical = P0 +δPei2π f t [W] , (4.1)

is incident on the absorber, which includes a constant term P0, and a harmonic term with

amplitude δP, that varies in time t, with frequency f . This power influences the temperature

of the bolometer according to

T = T0 +δTei2π f t [K] . (4.2)

In many cases, the thermometer component of the bolometer is realized by a resistor which

varies with temperature R(T ). In such a case, the resistor is integrated into an electrical

bias circuit that can be simplified into a Thevenin equivalent circuit consisting of a voltage

source Vb, and load resistor RL, in series with the thermometer resistor. A voltage biased

resistor is more common, but in this work the resistor is current biased by setting RL ≫R(T )

so that variations in resistance do to a changes in temperature have little effect on the bias

current Ib ≈ Vb/RL. The load resistor is decoupled from the thermal circuit so that the

relevant electrical heating includes only the thermometer resistor. Using the current biased

configuration, and expanding the temperature dependence of the resistor to first order, the

electrical power dissipated is

Pelectrical = I2
b R(T ) = I2

b

[
R(T0)+

dR
dT

δTei2π f t
]
. (4.3)

Heat leaves the thermally active part of the bolometer to the thermal sink through a weak

thermal link. The power removed is given by

Pconductance =
∫ T

Ts

G(T )dT = G(T0 −Ts)+GδTei2π f t (4.4)
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where G = dP/dT = κA/l is the thermal conductance, which can be related to the physical

properties of the link described by its cross-sectional area A, length l, and thermal conduc-

tivity κ. The average thermal conductance between the steady state temperature T0 and the

temperature of the thermal sink Ts is denoted by G. Energy can also be exchanged with the

thermally active parts of the bolometer through the bulk heat capacity at a rate given by

Pcapacitance =
dT
dt

C = i2π f δTei2π f t C , (4.5)

where the time derivative is calculated from Eq. 4.2.

The thermal balance of the bolomter is given by Popt + Pel = Pcond +Pcap, which is

expanded to

P0+δPei2π f t + I2
b R(T0)+ I2

b
dR
dT

δTei2π f t = G(T0−Ts)+GδTei2π f t + i2π f δTei2π f t C . (4.6)

Equating the steady state terms give

P0 + I2
b R(T0) = G(T0 −Ts) , (4.7)

and equating the time dependent terms resulting from variations in optical loading gives

δP
δT

= G+ i2π fC− I2
b

dR
dT

[
W
K

]
. (4.8)

With a current biased bolometer, temperature is inferred from the measured voltage drop

across the thermometer resistor. The voltage responsivity describes the change in voltage

for a change in incident optical power, SV = δV/δP = Ib(dR/dT )(δT/δP), and can be

obtained from Eq. 4.8 as

SV =
Ib

dR
dT

G+ i2π fC− I2
b

dR
dT

[
V
W

]
(4.9)
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It is convenient to introduce an effective thermal conductance Ge f f = G− I2
b

dR
dT . The sec-

ond term is included to account for how a change in thermometer resistance changes the

power dissipated in the bolometer through Joule heating, subsequently influencing temper-

ature. The sensitivity of the bolometer to temperature variations is parameterized using

α = (dR/dT )/R which is conventionally evaluated at the steady state temperature, but is

generally temperature dependent. The effective thermal conductance is then modified to

Ge f f = G− I2
b Rα. Furthermore, an effective thermal time constant τe f f = C/Ge f f can be

defined which describes how quickly the bolometer responds to variations in optical load-

ing. With these quantities, Eq. 4.9 can be written as

SV =
IbRα

Ge f f

1
1+ i2π f τe f f

, (4.10)

which has the form of a first order low-pass filter transfer function.

In the current biased bolometer configuration, if α > 0, it is possible for Ge f f = 0,

in which case Eq. 4.10 diverges. This situation corresponds to thermal runaway resulting

from positive electrothermal feedback. Since Joule heating is given by I2
b R and resistance

increases with temperature, α > 0, increasing temperature results in even more Joule heat-

ing. This positive feedback cycle results in thermal runaway if the thermometer resistor

generates more heat than can be conducted to the heat sink.

4.1.2 Noise

Photon Noise

Photon noise describes the signal variations resulting from the statistical properties of

photon arrival rates from the source being observed. Thermal sources are common ex-

perimental and astronomical targets, so photon noise is derived with respect to thermal

radiation. The spectral density associated with a thermal source is described by Planck’s

law,

B(ν,T ) =
2hν3

c2
1

ehν/kBT −1

[
W

m2 ·Hz · sr

]
, (4.11)
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where h is the Planck constant, kB is the Boltzmann constant, c is the speed of light in the

medium, ν is the frequency of light, and T is the temperature of the source.

From the antenna theorem, single moded throughput of a diffraction limited optical

system is given by [117]

(AΩ)0 = λ
2 =

c2

ν2

[
m2 · sr

]
, (4.12)

where λ is the wavelength of light. Associated with each photon is energy

Ephot = hν [J] . (4.13)

Multiplying Eq. 4.11 by Eq. 4.12, dividing by Eq. 4.13, and dividing by a factor of two (ac-

counting for orthogonal polarization states), gives the number of photons in each vibration

mode (i.e., frequency ν),

n =
1

ehν/kBT −1

[
1

s ·Hz

]
, (4.14)

which can be identified as a special case of the familiar Bose-Einstein distribution for pho-

tons called the Planck distribution.

Associated with the Planck distribution is a mean variance [119]

〈
(δn)2〉= n+n2 . (4.15)

With respect to thermal radiation, this represents the variance in the number of photons

arriving each second within a particular mode. When hν/kBT ≫ 1, the variance in the

arrival rate of photons is
〈
(δn)2〉 ≈ n and is well described by Poisson statistics. In this

regime, the statistical properties of radiation are similar to particles and is associated with

shot noise. In the opposing limit, when n ≫ 1, the square term dominates and photons

arrive in clusters emphasizing the wave-like nature of light.
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The mean squared fluctuation in energy arriving each second is then

P2
N =

∫
νmax

νmin

(hν)22N(n+n2)dν , (4.16)

where 2N = 2AΩν2/c2 is the number of modes accounting for two polarization states (see

Eq. 4.12). From the Nyquist-Shannon sampling theorem (see § 2.3.1), integration over

one second is the sampling rate required to unambiguously determine signal in a 1/2Hz

bandwidth ∆ f . Normalizing the mean squared noise power Eq. 4.16, by bandwidth gives,

P2
N

∆ f
= 2

∫
νmax

νmin

hνP(ν,T )dν+
1

AΩ

∫
νmax

νmin

c2

qν2 P2(ν,T )dν , (4.17)

where P(ν,T ) = 2Nnhν is the spectral power absorbed by the bolometer. The factor

q = AΩ∆ν∆tν2/c2 represent the number of modes in one polarization state with frequency

ν and detected in the bandwidth ∆ν during a time ∆t. Although q does not follow from the

derivation, it is often added to satisfy the central limit theorem where the fluctuations from

many modes should approach a Gaussian distribution [120].

The bandwidth normalized mean squared noise power resulting from an optical system

viewing black body emission is presented in Eq. 4.17. As such, an equivalent bandwidth

normalized mean squared signal power is required to produce an Signal to Noise Ratio

(SNR) = 1. From the definition of Noise Equivalent Power (NEP) (see § 4.3.2), it can

be concluded that Eq. 4.17 gives the square of the photon noise NEP. It is necessary to

introduce quantities which describe the optical system including the source emissivity ε, the

transmissivity of the optical system from source to detector T , and the absorption efficiency

of the detector η. This equation is often written using the unitless quantity x = hν/kBT as

NEP2
photon =

4(kBT )5

c2h3
AΩεT

η

(∫ xmax

xmin

x4 dx
ex −1

+
εT η

q

∫ xmax

xmin

x4 dx
(ex −1)2

) [
W2

Hz

]
, (4.18)

and describes NEP referenced to the input of the instrument.
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Johnson–Nyquist Noise

Johnson–Nyquist noise describes fluctuations of electric potential resulting from ther-

mal variations within electrical components. In particular, fluctuations within the ther-

mometer resistor produces noise in the bolometer voltage signal. If motion of electrons

within the resistor are modelled as harmonic oscillations, then noise can be attributed to ran-

dom phases associated with these oscillations. By the equipartition theorem, each quadratic

degree of freedom receives energy kBT/2 when in thermal equilibrium [119]. For a single

vibrational mode, there are two quadratic degrees of freedom, resulting in kBT energy per

mode, with the total power over all modes given by kBT ∆ f .

To understand how this noise power is dissipated in an external load, it is conventional

to represent the noisy resistor as a noise free resistor R in series with a voltage noise source

VN =
√

4kBT R∆ f . The external load has resistance RL = R and is connected in series with

the noise circuit with a lossless transmission line for maximum power transfer. The power

dissipated in the load by the noise voltage is then I2
NRL =V 2

NRL/(R+RL)
2 = kBT ∆ f . This is

the noise power that would be measured by an impedance matched instrument connected to

the noisy resistor, and is equivalent to the noise power obtained in the previous paragraph.

Voltage noise is converted to power noise through the voltage responsivity VN/SV (see

Eq. 4.10). As such, the bandwidth normalized mean square power noise is

NEP2
J/N =

V 2
N

∆ f |SV |2
=

4kBT R

|SV |2
, (4.19)

which is the square of the Johnson–Nyquist noise NEP.

Thermal Fluctuation Noise

When the bolometer is in thermal equilibrium, energy will be transferred to or away

from the thermally active part through the random interactions of electrons, photons, or

phonons (quantized lattice vibrations). Although thermal fluctuations are facilitated by

various mechanism, the noise they produce is typically called phonon noise. The mean
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variance of thermal fluctuations is [121]

〈
(δT )2〉= kBT 2

C
=

∫
∞

0
BT ( f )d f , (4.20)

where BT ( f ) is the temperature spectral density. Ignoring electrothermal feedback, this

quantity can be related to the power spectral density BP, as BT ( f ) = BP/[G2 +(2π fC)2]

using Eq. 4.8. In this case the power fluctuations are treated as white noise and are in-

dependent of frequency. The power spectral density can be understood as the bandwidth

normalized mean variance of power fluctuations and can be identified with a squared NEP.

Using the substitution in Eq. 4.20 and solving for BP gives

NEP2
phonon = 4GkBT 2 . (4.21)

When multiple thermal elements at different temperatures are connected, Eq. 4.21 is evalu-

ated as a sum over these elements.

Excess Noise

The noise contributions discussed above are well understood, however, there are poorly

understood noise sources as well. Notoriously, there is low frequency noise with spectral

dependence 1/ f a present in most electronic systems that has not been rigorously explained.

For a bolometer, some of this noise may be explained by low frequency fluctuations in the

bias current or temperature variations of the heat sink. A common noise component also

results from amplifier electronics, however, this is usually quite low for a well designed

system. In TES bolometers specifically, some excess noise can be explained by internal

thermal fluctuations within the TES filament itself instead of between the thermally ac-

tive part of the bolometer and the heat sink. Noise with the same spectral dependence as

Johnson-Nyquist noise has been observed which tends to increase with lower normal re-

sistance and when biased lower on the TES transition curve. This noise is also strongly
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correlation with the bolometer sensitivity parameter α. Attempts have been made to ex-

plain this noise in terms of magnetic field interactions [122], and the fluctuations of normal

and superconducting regions within the TES filament [16].

4.2 Operating Principle

The detector system used in this work was manufactured by QMC Instruments, and

due to the proprietary nature of the unconventional design, some technical details about the

system remain unknown. Perhaps the most important missing information for the purpose

of detailed characterization is knowledge of the electrical circuit. An effort was made to

map the circuit design from the exposed electronics, but this exercise was insufficient to

fully render the circuit. Although this limits the ability to infer some physical characteristics

of the detector, there is still much to discuss in terms of detector operation. Additionally,

performance with respect to most important figures of merit can still be measured without

reference to the circuit.

4.2.1 Overview

The detector system consists of a 5× 5 array of feed horn coupled TES bolometers

(see Fig. 4.1). Detectors are read out using a time division multiplexing scheme where as

many as seven detectors sequentially share time on a single channel with a total of four

channels. Each detector is designated using a letter and a number (e.g., A0), where the

letter indicates the channel and the number indicates the order of detectors on the channel.

Only four detectors share the A channel, and it should be noted that the D2 and D3 detectors

are unstable. Various metadata are output from the detector system including entries related

to detector readout timing, the state of the detector system’s external digital channel, and a

running frame count. A “frame” describes the information acquired during a full iteration

of the multiplexing cycle.

Mapping detector sensitivity on the source plane of the Double-Fourier Interferometer
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(DFI) system was discussed in § 3.4.3, and results were shown in Fig. 3.16. With reference

to these results, the orientation of detectors in situ can be inferred and is presented in the

top left panel of Fig. 4.1. The top right panel shows the physical detector array and the

bottom left panel shows the feed horn array. Technical drawing for these two components

are shown in Ap. D. Each horn has an f-number 4.5, and a square entrance aperture with

dimensions 3.63mm. The f-number of the horns defines a cone with an acceptance angle of

∼12.7◦. The bottom right panel shows a close up view of one of the TES bolometers. The

absorber of the detector is made of gold. One of the roles of the feed horn coupling device

is to convert the impedance of free space at the entrance of the horn to the impedance of the

absorber at the exit of the horn. When the impedance is matched, absorption efficiency is

maximized [123]. Two concentric circles are observed on the detector which are joined to

wires that leave the detector. One of these circles corresponds to the TES element, a pure

niobium filament that transitions between normal and superconducting states and serves

as a sensitive thermometer. The other circle is a heater wire that is used to regulate the

temperature of the TES device.

The detector and feed horn assembly is housed within a cryostat that is cooled using a

PT405 pulse tube cryocooler manufacture by Cryomech (see Fig. 4.2). The cryostat uses a

two-stage design where one region is cooled to ∼65K and a second region nested within the

first is cooled to ∼4K. The detector assembly is mounted onto a detector block within and

is thermally biased by the Ts = 4K environment. Since the detectors are thermally active,

the detector block is typically a few Kelvin above the bias at ∼ 6K. Before cooling, the

cryostat must be evacuated to a pressure ≤10−2 mbar to prevent ices from forming within

the cryostat. The cool-down and warm-up periods can take several hours, and are monitored

using temperature sensitive diodes mounted to the 65K plate, 4K plate, and detector block.

A typical thermal cycle is shown in the right panels of Fig. 4.2. These diodes are current

biased at 10µA. Temperature is inferred by measuring the voltage drop across these diodes

and referencing these measurements to a temperature calibration curve provided by QMC
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Figure 4.1: Pictures of the detector system. The top left picture shows the physical orien-
tation of the detectors, with their designations, on the cryostat window. Top right shows
the detector array which is coupled to the incident electric field using the feed horn array
shown in the bottom left. A close up view of an individual detector is shown in the bottom
right which notably has two circuit elements: a niobium TES filament and a heater resistor.

Instruments. Data acquisition is facilitated by an external teensy microcontroller which

is also connected to sensors which monitor the temperature, pressure, and humidity of

the laboratory environment. The software that interfaces with the teensy controller also

periodically queries the state to of the cryocooler compressor and logs various metadata

that can be used to assess whether the equipment is functioning properly.

A high-level diagram that shows the electrical and thermal circuit of a single TES

bolometer is shown in Fig. 4.3. The absorber is represented as a red rectangle on which

is mounted a variable resistor RTES, which represents the niobium filament, and a heater
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Figure 4.2: The cryostat system. The left panel show a picture of the cyrostat in which
the detectors are located. The center panel shows a cross sectional view of the cryostat
interior which notably consists of a 65K and a nested 4K environment. The detector array
is mounted on the detector block within the 4K volume. The top right and bottom right
panels show a cooldown and warmup thermal cycle of the cryostat, respectively.

resistor Rhtr. It is assumed that the TES resistor and absorber are always in thermal equi-

librium at temperature T . The heater is generally not at this temperature, but can efficiently

conduct heat to the absorber. The absorber is connected to a thermal ground at temperature

Ts, through a weak link with thermal conductance G. The absorber assembly has a bulk

heat capacity C. The TES resistor is current biased. Studying the exposed electronics, it

appears as though this bias is accomplished using two voltage buffers that maintain a con-

stant potential across the TES in series with a load resistor RL ≫ RTES, such that the current

through the circuit is largely unaffected by changes in RTES. Voltage across the TES resistor

is proportional to its resistance and is measured in a way that includes additional resistance

from the voltmeter leads Rleads. The measured voltage VTES, is used as an input to a PID

controller, the output of which drives the voltage applied across the heater resistor. The

PID controller output is used as the detector signal for this system and is adjusted by the

controller such that a predefined VTES is maintained.

When a voltage is applied across the heater resistor, power Phtr = V 2
htr/Rhtr is con-

tributed to the absorber. At the same time, the current bias of the TES resistor contributes
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Figure 4.3: High-level thermal and electrical detector circuit diagram. The TES resistor
RTES and heater resistor Rhtr are mounted on the red bolometer absorber with bulk heat
capacity C and temperature T . The temperature of the absorber/TES configuration can
increase due to power loading from incident optical radiation Popt , and Joule heating from
the TES or heater resistors PTES and Phtr, respectively. Temperature may decrease when
power is conducted Pcond to the heat sink at temperature Ts through a thermal conductance
G. The TES resistor is current biased Ibias using two voltage buffers which maintain a
voltage bias Vbias across RTES and a load resistor RL in series. RL ≫ RTES, such that changes
in TES resistance do not significantly affect the current. The voltage drop across the TES
resistor VTES is measured, which includes a voltage drop due to resistance in the voltmeter
leads Rleads, and is input to a PID controller. The PID controller outputs a voltage Vhtr used
to drive the heater resistor which is used as the detector signal. The PID controller attempts
to maintain a particular TES voltage setpoint which is proportional to the TES resistance
and absorber temperature. When the absorber temperature rises due to optical loading, the
heater voltage is decreased and vice versa. As such, the detector signal is inverted with
respect to the incident optical power.
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power PTES = I2
biasRTES. If under optical loading, an additional Popt is included which de-

scribes the optical power absorbed by the absorber. It is assumed that energy leaves the

absorber through a link with thermal conductance G at a rate of Pcond = G(T −Ts). Com-

bining these effects, the energy change of the system over a small time increment dt is,

dE = (Popt +PTES +Phtr dt −Pcond) dt

=

(
Popt + I2

biasRTES +
V 2

htr
Rhtr

−G(T −Ts)

)
dt .

(4.22)

This equation is analogous to Eq. 4.6, but assumes constant optical loading. Using this

change in energy, the change in temperature of the absorber is

dT =
dE
C

, (4.23)

and this change in temperature changes the resistance of the TES resistor,

RTES(T ) = R(T0)+
dR
dT

∣∣∣∣∣
T0

dT , (4.24)

where T = T0 +dT . Using these equations, the response of the TES to thermal loading can

be simulated. One such simulation is shown in Fig. 4.4, in the absence of optical loading.

The simulation uses typical parameters that are not necessarily equivalent to the unknown

parameters for the detector system used in this work, however, the results are qualitatively

representative. When the heater is activated, temperature rises sharply in a largely linear

fashion as the change in energy is dominated by the heater term. When the heater is de-

activated, temperature decreases through conduction, which depends on the difference in

temperature between the absorber and the thermal sink. The rate of change of temperature

thus depends on the temperature of the absorber resulting in the characteristic exponential

decay curve. The resistance curve is similar in shape to the temperature curve when resis-

tance values are within the approximately linear transition region. When the temperature is

139



4.2. OPERATING PRINCIPLE

0.0

0.5

1.0

H
ea

te
r

P
ow

er
[W

]

Thermal Conductance
G = 4.0e-06 [W/K]

Heat Capacity
C = 4.0e-10 [J/K]

6

8

T
em

p
er

at
u

re
[K

]

0 20 40 60 80 100

Time [µs]

0

100

200

R
es

is
ta

n
ce

[Ω
]

0.0

0.1

0.2

V
ol

ta
ge

[µ
V

]

2 3 4 5
0

200

Figure 4.4: Detector response simulation. When the heater is activated (top), power is con-
ducted to the absorber and TES filament which rapidly increases their temperature (center).
The increase in temperature results in a rapid increase of the TES resistance (botom) as it
passes through its transition region and saturates after the filament enters its normal con-
ducting state. When the heater is deactivated, temperature deceases exponentially with
time constant τ ≈C/G. TES resistance decreases slowly while temperature is high enough
to maintain the normal conducting state producing a plateau-like region. After additional
cooling, the TES passes through the transition region and returns to its superconducting
state.

bellow the superconducting temperature, resistance is zero and insensitive to temperature

change. Similarly, when the resistor temperature is high enough and the resistor expresses

normal resistance, the resistance curve is effectively saturated and further increases in tem-

perature have little effect on resistance. This saturation results in the apparent plateau-like

region in the resistance curve.

It should be easy to understand that changing the amount of power supplied by the heater

will change the resulting TES resistance curve: if more power is supplied, it will take more

time for the TES resistor to relax back into its super conducting state, and vice versa. With

the detectors used in this work, the heater voltage is controlled by a PID controller that
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adjusts the applied voltage so that the TES resistance is at a predefined value at a specific

time. Critically, if power is supplied by optical loading, the heater voltage must be lowered

in order to meet this condition. Since the heater voltage is used as the detector signal, the

detector signal is inversely proportional to the incident optical power.

The PID controller is a feedback system which accepts a process variable r(t) and re-

turns a control variable u(t) which is input to some system that affects the process variable.

The control function is written as

u(t) = Kp e(t)+Ki

∫ t

0
e(t ′)dt ′+Kd

de(t)
dt

, (4.25)

where Kp, Ki, and Kd are positive coefficients corresponding to the proportional, integral,

and derivative terms, respectively. The error value is calculated as

e(t) = r(t)− y(t) , (4.26)

where y(t) is a particular setpoint. The PID controller seeks to minimize this error through

repeated application of the control function. Although these equations are represented as

continuous variables, they are typically sampled and evaluated at periodic intervals. The

proportional term has more influence in the control function when the error value is large

and acts much like the restoring force of a spring trying to return to equilibrium. If the

proportional gain is too large, the process variable may overshoot the setpoint resulting

in oscillations which may grow over time and produce instability. The derivative term is

effectively a damping term that is most relevant when the error function is changing rapidly

and acts in a way to reduce this change. On their own, these two terms effectively model a

damped harmonic oscillator. The integral term is most significant when error with the same

sign persists over a relatively long period of time. This term can correct for residual error

that is not corrected by the other terms. Such a situation may result when there is some

bias force on the process variable that equals the restoring force at a particular error value.
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The integral term is proportional to the total accumulated error. If the accumulated error is

positive and the error value itself becomes negative, the integral term will continue to force

the process variable away from the setpoint until the accumulated error becomes zero. In

this way, an integral gain that is too high may lead to oscillations and instability. One of

the key benefits of PID controllers is that they require no information about how the system

responds to the control variable and still manage to achieve good, although generally not

optimal, performance in a variety of applications.

4.2.2 Readout

For the detector system used in this work, the process variable is the TES state which

is physically a 32-bit number that is a digitized representation of VTES (see Fig. 4.3) and is

related to RTES through a linear transformation. The control variable is the heater voltage

applied to the heater circuit. In addition to the PID gains, there are a number of detector

parameters that define the operation of the system. The active phase for an individual

detector within the full time domain multiplex detection cycle is called the readout cycle.

This readout cycle is segmented into discrete time steps called loops, with the duration of

each loop corresponding to the time it takes for the hardware to read the TES state. The

loop time can be artificially increased with software, but the minimum time is constrained

by the time it takes the hardware to execute the various software instruction within a given

loop. The total time of a readout cycle is the product of the loop time and the number of

loops, and is referred to as the pulse width. The number of loops is a free parameter. At the

beginning of the the readout cycle, the heater is switched on and remains on for a specified

amount of time. As previously discussed, the voltage supplied to the heater is determined

by the PID controller. At some point in the readout cycle, measured TES states start being

used as inputs for the PID controller, and at some later time, measured TES states stop

being used as inputs to the PID controller. The points are called TES read start and TES

read end, respectively. Both are free parameters but restricted such that the end point is
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greater than the start point and neither can be greater than the pulse width. If averaging is

enabled, then the average of these samples will be used as input to the PID controller. If

averaging is disabled, only the sample obtained at TES read start will be used.

Additional parameters allow for different operating modes. The multiplexing readout

parameter controls whether multiplexing is used. If multiplexing is disabled, then one

detector on each channel is read repeatedly. Under nominal operation, only the control

variable (heater voltage) of the PID controller is output from the detector system. When

the full-pulse readout parameter is enabled, the system will additionally output the sampled

process variable (TES state) for each loop count. The various detector parameters previ-

ously discussed are summarized in Tab. 4.1. The PID specific parameters affect the control

function of the PID controller, while the other parameters affect the readout timing.

An example readout cycle is shown in Fig. 4.5. The top panel shows the sampled

process variable at each loop count, obtained when using the full-pulse readout mode. The

data is also presented in terms of TES voltage after subtracting the voltage drop associated

with the lead resistance. The initial >10k value at the start of the readout cycle is attributed

to switching noise which has contributions related to heater activation and the multiplexer

connecting the TES filament to the bias circuit. The heater remains on until the heater

off point, indicated by a star. During this time, the temperature of the filament increases.

However, for most of this time, the process variable is constant since the temperature of

the filament remains below the superconducting temperature. When the heater is turned

off, the heater resistor still has an elevated temperature and takes some time before the

excess heat is transferred to the absorber, and subsequently, the filament. As a result of this

heating, the filament moves through its entire transition region and well into the normal

conducting region. As the fillament cools, it moves back through its transition region into

the superconducting region. During some range of the readout cycle, the process variable

is read and used as input to the PID controller, indicated by the triangles in Fig. 4.5. In this

case, three points are read, and the average is used as the input. The PID controller varies
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Table 4.1: Detector system parameters. The first category includes parameters relevant
to the PID controller. The second category includes parameters relevant to the detector
readout cycle. The thrid category includes parameters which alter the operating mode of
the detector system.

Parameter Description Typical Range

Kp PID proportional gain. 100−1,000

Ki PID integral gain. 100−1,000

Kd PID derivative gain. 100−1,000

Setpoint (SP) TES state that the PID loop tries to main-
tain.

10,000−18,000

Loop Time (tl) The time it takes for the system to read the
TES state.

∼1 µs

Pulse Width (PW) The length of an individual detector ele-
ment readout cycle.

[5,50] tl

Heater Time (thtr) Time an individual TES heater is active
within the readout cycle.

[3,25] tl

TES Read Start (Rs) Time within the readout cycle when TES
states start being input to the PID loop

[3 tl,PW]

TES Read End (Re) Time within the readout cycle when TES
states stop being input to the PID loop

[Rs + tl,PW]

TES Averaging When enabled, TES state measurements
from Rs to Re are averaged within a single
readout cycle and input to the PID loop.
When disabled, only the sample at Rs is
used.

Enabled/Disabled

Multiplexed Readout When enabled, the readout cycles through
all detectors within a given channel. When
disabled, the readout cycle only includes a
single detector per channel.

Enabled/Disabled

Full-pulse Readout When enabled, the detector system pro-
vides the TES state at each loop count
within a readout cycle in addition to the
PID output value.

Enabled/Disabled
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Figure 4.5: Detector readout cycle. The top panel shows the process variable (i.e., TES
voltage with leads contribution subtracted) during a readout cycle. The bottom panel shows
timing diagrams associated with the heater state and TES read state. At the start of the cycle,
the bias circuit and heater are activated producing switching noise. TES temperature begins
to increase which results in an increase of the process variable only once the temperature
is above the superconducting temperature. When the heater is deactivated, temperature
continues to increase as the still warm heater conducts residual heat to the absorber. When
the read state is active, sampled process values are averaged and input to the PID controller,
which attempts to vary the heater voltage in the next cycle so that this average is equal to
the setpoint.

the heater voltage such that the average of these points is equal to the setpoint indicated

in the figure by the horizontal line. The top panel of Fig. 4.5 should be compared to the

bottom panel of Fig. 4.4, noting the similar shape due to a similar operating principle.

The readout cycles for each detector in the array over a full multiplexing cycle is shown

in Fig. 4.6. In this case, the readout cycle is configured using nominal parameters. The

A4 to A6 detectors show no signal as these detectors do not exit. Detectors B2 and B3

correspond to unstable detectors and do not provide useful signal under nominal operation.

With the preceding discussion, the difference between conventional TES bolometers

and the detectors used in this work can be fully appreciated. With conventional bolome-

ters, the response function and noise equations are derived under the assumption of thermal

equilibrium and small power perturbations. These assumption are clearly violated with
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Figure 4.6: Time division multiplexed readout using nominal readout parameters. Up to
seven detectors are read out sequentially on a single channel. Note that the A4 to A6
detectors do not exist, and the B2 and B3 detectors are unstable.

this system where the temperature varies rapidly and substantially over a readout cycle. In

conventional systems, electrothermal feedback plays the main role in regulating the tem-

perature of the TES. Although electrothermal feedback is relevant with these detectors,

their temperatures are primarily regulated by PID control function. Detector performance

in terms of response amplitude, response time, and noise properties have been observed to

change significantly based on variations of the detector parameters shown in Tab. 4.1. This

is a layer of complexity not included in the equations discussed in Sec. 4.1. Although the

detector response has been reasonably well modeled using numerical simulations based on

the equations presented in this section, convenient analytical expressions for the response

and noise are not provided. Instead, figures of merit and other performance metrics are

measured experimentally and presented in the next section.

For a conventional current biased TES, the response variable is the voltage drop across

the TES filament, which is proportional to the incident optical power. Furthermore, the

voltage response of the TES is proportional to the temperature derivative of the TES fila-
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ment transition region SV = dV/dPopt ∝ dR/dT . That is, a small change in optical power

results in a large change in the response variable. In this way, the TES bolometer is ef-

fectively a signal amplifier with a gain dR/dT . For the detectors used in this work, the

signal is the voltage applied across a heater resistor Vhtr, but the response variable is better

understood as V 2
htr as this is the quantity that is proportional to incident optical power. It

is reasonable to assume that the proportionality constant between heater power and optical

power is largely independent of TES resistance and is instead determined by some effective

coupling efficiency between the TES filament, heater, and absorber. The way in which a

sharp transition region benefits sensitivity is that a small change in heater power results in

a large change in the TES state. As such, precise adjustment of the response variable is

required to move the TES state to its setpoint.

4.3 Characterization

The science observations used in the work were conducted with the detector in mul-

tiplexing mode with full-pulse readout disabled (see Tab. 4.1). This is expected to be

the nominal configuration for future work as well since multiplexing is required to ac-

cess the full detector array, and the loop time is typically shorter when full-pulse read-

out is disabled resulting in a higher frame rate. With these constraints, the detector sys-

tem still has effectively eight parameters that can be adjusted to vary performance. A

broad survey of this parameter space was conducted and detector performance was as-

sessed for the entire array in terms of noise characteristics, SNR, and frequency response.

Although collecting, organizing, and analyzing this data represents a significant amount

of work, it is out of scope of the present thesis. In this section, detector performance

is presented for the central A0 detector using the largely unmodified default parameters

provided by QMC Instruments that were used for science observations. The PID con-

figuration was (Kp,Ki,Kd,SP) = (1000,200,0,10585), and the readout configuration was

(PW, thtr,Rs,Averaging) = (10tl,4tl,9tl,Disabled) with multiplexing enabled.
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4.3.1 Transition Curve

The physical property responsible for the high sensitivity of TES bolometers is the

rate at which the resistance of the TES filament changes with respect to temperature in

the region where the filament transitions between normal and superconducting states. To

measure the transition curve, the detector system was turned off and a mirror was placed

in front of the cryostat window. This allowed the detectors to reach thermal equilibrium

with the cryostat environment and resulted in a largely isolated system since the mirror

had a low emissivity and blocks external radiation from entering the system. The detector

system was then turned on, however, the readout cycle was configured such that the heater

was never active. With these changes, the most significant sources of detector heating were

removed. The cryostat was then turned off, and the temperature within the cryostat began

to rise slowly at a rate of ∼1K/min. Temperature within the cryostat was monitored using

the detector block mounted diode (see Fig. 4.2). Due to the close physical proximity to

the detectors, and the slow rate at which temperature increased, it is assumed the detectors

closely approached thermal equilibrium with diode thermometer as the cryostat warmed. In

this configuration, the main source of deviation from equilibrium was the Joule heating from

the TES element as a result of the bias current. The detector system was configured using

the full-pulse readout parameter enabled. As such, data output from the system included the

process variable (i.e., the TES voltage). A teensy microcontroller was programed to sample

the detector block temperature on the rising and lowering edge of an external trigger. This

external trigger was also sent to the digital channel of the detector system. In this way,

temperature samples from the teensy and process variable samples from the detector data

could be synchronized in time. By co-aligning the two datasets, the process variable as a

function of temperature was estimated and is presented in Fig. 4.7.

Although the methodology for this measurement was reasonable, it is likely that the

temperature of the TES is under estimated. When the resistance of the TES filament is non-

zero, current biasing the filament results in Joule heating which raises the TES temperature
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Figure 4.7: Detector transition region. The left panel shows the process variable as a func-
tion of temperature where the blue curve indicates the distribution of measurements among
four trials. The right panel shows the temperature derivative of the process variable with a
peak value at 8.14K indicated by the red cross. The corresponding 10,585 process variable
is used as the setpoint within the PID controller.

above the cryostat environment. This further raises the TES resistance, and subsequently,

the sampled process variable. A such, the curve presented in the left panel of Fig. 4.7 is

expected be be somewhat more steep than the real transition. However, since the readout

was conducted with time domain multiplexing enabled, the detector was not subject to the

heating effects of the bias current for 6/7-ths of the time, which allows for the TES filament

to, at least partially, cool back down to the cryostat temperature. An obvious suggestion

for improving the methodology would be to decrease the bias current and minimized self-

heating. Modifying the bias circuitry was deemed too great a risk and was not adjusted as

part of this work.

The temperature derivative of the transition curve is shown in the right panel of Fig. 4.7.

This result was used to identify the most sensitive part of the transition, indicated by the

red cross at 8.14K. Heuristically in association with Eq. 4.9, it was assumed that using this

value as the setpoint in the PID loop would provide the best performance. Two transition

regions are evident in Fig. 4.7. The smaller transition at ∼8.35K is not well understood but

is speculated as resulting from impurities and/or variations in geometry of the TES filament

where it is joined to the electrical circuit.
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4.3.2 Noise Equivalent Power

Noise within the detector signal is an important factor in determining detector sensi-

tivity. To estimate noise properties, a mirror was placed in front of the cryostat window,

and signal was recorded for 30s. A mean subtracted segment of this data is shown in the

top panel of Fig. 4.8. The right side of this panel shows the mean subtracted distribution

of the full measurement. It is observed that the noise is well approximated as a Gaussian

distribution with standard deviation σRMS = 8.1× 10−4 V2. Repeated trials of the same

measurement produces similar results in terms of the average value and standard deviation,

with variations of 10−3 V2 and 5× 10−6 V2, respectively. Variations in the mean between

trials is comparable to the standard deviation of the signal within each trial, indicating no-

ticeable low frequency drift on the order of minutes.

The bottom panel of Fig. 4.8 shows the amplitude spectral density of the noise repre-

sented in term of both optical frequency (left/bottom axes) and electrical frequency (top/right

axes). The electrical frequency describes the rate at which the signal oscillates physically,

while the optical frequency represents where these oscillations would show up if these os-

cillations were attributed to the source optical spectrum. Noise amplitude is predictably

greater at low frequencies due to the typical 1/ f noise. The rest of the spectrum is rela-

tively flat with a forest of unidentified noise features.

The detector NEP is a quantity often used to estimate sensitivity limits. NEP is func-

tionally defined as the amount of optical power incident on the detector required to achieve

an SNR=1 in a 1 Hz bandwidth. Due to the Nyquist sampling theorem (see § 2.3.1), this

represents half a second of integration time. A common way to compute this value is by

using the ratio of noise amplitude spectral density and power responsivity. In principle, this

is a frequency dependent quantity, but is typically presented as a single number by inte-

grating over the instrument bandwidth. In this sense, NEP can be calculated as the ratio of

the bandwidth normalized Root Mean Squared (RMS) noise amplitude and the integrated
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Figure 4.8: Detector noise properties. The top panel shows a short, mean subtracted, time
stream of detector signal when the cryostat window was covered by a mirror. A histogram of
a longer version of this noise signal is shown on the right which is approximately Gaussian
with a 8.1× 10−4 V2 standard deviation. The bottom panel shows the amplitude spectral
density of this noise signal and is presented in terms of optical and electrical frequencies.
The noise spectrum shows a forest of unidentified noise features and a characteristic 1/ f
low frequency noise profile.

power response,

NEP =
σ f

SP
. (4.27)

Here σ f =σRMS/
√

∆ f represents the bandwidth normalized RMS noise amplitude. The de-

nominator uses the square root of the electrical bandwidth ∆ f ≈ 6.5kHz for normalization,

which may seem strange. The square root of the bandwidth is used because σ f is conven-

tionally computed as the square root of the bandwidth normalized RMS noise power. Note

that the electrical bandwidth in this case is given by half the detector frame rate. The inte-

grated power response is given by SP = ∆S/∆P, which is obtained by measuring the change
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in signal amplitude ∆S for a given change in optical power ∆P . Using the substitution

SNR = ∆S/σRMS,

NEP =
∆P

SNR
√

∆ f
, (4.28)

and is the expression used to estimate NEP in this work.

To measure ∆S, the wide field thermal source discussed in § 3.2.4 was placed ∼10mm in

front of the cryostat window and set to a particular temperature. After a few minutes, when

the source reached equilibrium, data was recorded for a duration of ∼3min. A second trial

was conducted where the source was modulated by a mechanical chopper at 10Hz. This

procedure was conducted for temperatures between 50−110◦C in increments of 10◦C. In

the static case, the signal difference is computed as the difference between the average value

of two trials at different temperatures. It was anticipated that this approach may be subject

to low frequency errors resulting from signal drift on the time scale of a few minutes. This

is why the modulated trial was conducted. For the modulated trials, the periodic waveforms

were averaged with reference to the chopper generated trigger signal input to the detector

system’s digital channel. The peak to peak amplitude of the resulting average is used as

an estimate for the modulated signal. Taking the difference between the modulated signals

at two temperatures can be modelled as (ST 2 − Sbkg)− (ST 1 − Sbkg) = ST 2 − ST 1, and is

expected to be similar to the static measurement in the absence of low frequency noise

<10Hz.

To estimate ∆P, the power incident on the detector resulting from the thermal source at

temperature T is modelled as

P(T ) =
∫ 2.2THz

0.3THz
TwinAΩB(ν,T )dν (4.29)

where B(ν,T ) is the Planck function (see Eq. 4.11), Twin is the cryostat window transmis-

sion (see § 4.3.4), AΩ is the optical throughput, and the integral is taken over the instrument

optical bandwidth. This model does not account for spurious reflection losses and resonant
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cavities which may reduce the amount of absorbed radiation and modify the spectral re-

sponse. Throughput is taken to be independent of frequency and is defined by the product

of the detector feed horn aperture area A, and the solid angle Ω, defined by a cone with

the same f-number as the feed horn f# = 4.5. Since the wide field thermal source fills the

detector aperture, this throughput parameterization is expected to be reasonably accurate.

Power difference with different source temperatures is then ∆P = P(T2)−P(T1).

Following the steps outlined in the previous discussion, NEP was calculated for ev-

ery combination of source temperature. Results are shown in Fig. 4.9. The right panel

shows a heat map where the top left triangle corresponds to static measurements with

NEPstatic = 2.0±0.3pW/
√

Hz, and the bottom right triangle corresponds to the modulated

measurements with NEPmod = 7.1±0.2pW/
√

Hz. The right panel show a histogram of the

results in which an outlier is evident for the static measurements. This outlier is attributed

to poor thermalization of the source and is excluded from statistical calculations. The static

measurements have a slightly higher spread than the modulated values, as expected from

the low frequency noise present in the static measurements. NEP measurements using

both methods are of the same order of magnitude, and are reasonably consistent with the

2.8pW/
√

Hz reported by QMC Instruments. Since the detector is not operated under static

loading during science observations, the modulated estimates is considered a better repre-

sentation of the instrument NEP. How the instrument response changes as a function of

modulation frequency is discussed in the next subsection.

4.3.3 Frequency Response

Frequency response describes the sensitivity of the detector to different modulation fre-

quencies and is related to the speed with which the detector can responds to variations in

the optical loading. One way to understand this relationship is to consider the impulse re-

sponse of a hypothetical system. The impulse response can be modelled as the product

of the Heaviside step function, and an exponential decay. The step function represents an
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Figure 4.9: Noise equivalent power measurements. The left panel shows a grid of measured
NEPs using different temperature differentials. The top left triangle represents measure-
ments using static optical loading while the bottom right triangle represents measurements
using modulated optical loading. The right panel shows histograms for these two datasets.
Statistics for the static measurements exclude the outlier.

impulse or rapid increase in temperature of the TES, and the exponential decay expresses

the characteristic dependence of a variable who’s time derivative is proportional to the vari-

able. Such is the case for a bolometer who’s cooling rate is proportional to the temperature

difference between the TES filament and the thermal sink. The impulse response can be

written as

h(t) = u(t)e−at , (4.30)

where u(t) is the Heaviside step function, and a parameterizes the exponential decay. This

parameter is often associated with a time constant τ = 1/a which characterizes the time

it takes for the system to relax back to its equilibrium state. The impulse response of an

arbitrary system modelled in this way is shown in the left panel of Fig. 4.10.

The Fourier transform of Eq. 4.30 is derived in Sec. C.2 and is given by

ĥ( f ) =
1

a+ i2π f
, (4.31)

which has the same form as the transfer function of a first-order lower pass frequency

filter. Note the similarly of this equation with the voltage response of a conventional TES
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Figure 4.10: Fourier transform of a truncated exponential decay function. The left panel
shows a signal representative of a system that is rapidly excited and allowed to decay with
a characteristic time constant τ. The right panel shows the corresponding Fourier transform
plotted using a decibel scale (see Eq. 4.34). Notice that the frequency response reaches the
−3dB level at the cutoff frequency fc, as expected for a low-pass filter.

bolometer Eq. 4.10. Taking the absolute value give

|ĥ( f )|= a√
1+
(

2π f
a

)2
, (4.32)

which is the frequency response curve of a first-order low-pass filter [124]. The cutoff

frequency fc, is defined to be the frequency at which the power spectrum drops to half its

initial value, |ĥ( fc)|2 = |ĥ(0)|2/2. This condition is met when a = 2π fc, and the resulting

relationship between the exponential decay time constant and the power spectrum cutoff

frequency is,

τ =
1

2π fc
. (4.33)

Often the frequency response curve is presented on a decibel scale computed as

L( f ) = 10log

(
|ĥ( f )|2
|ĥ(0)|2

)
= 20log

(
|ĥ( f )|
|ĥ(0)|

)
[dB] , (4.34)

which has a value of ∼−3dB at the cutoff frequency. The frequency response associated
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with an arbitrary system is shown in the right panel of Fig. 4.10.

An Fourier Transform Spectrometer (FTS) or DFI instrument measures interferograms

which typically express a superposition of harmonic functions. The detector will have low

sensitivity to variations within the interferogram if the frequencies of these oscillations are

above the detector cutoff frequency. As such, knowledge of the detector frequency response

and the harmonic content of interferograms must be understood to obtain good instrument

performance. The FTS system used in this work possesses a spectral stage with a folding

factor of four, meaning that every one unit of stage travel results in four units of Optical Path

Difference (OPD) variation. When viewing a monochromatic source with wavelength λ,

the detector records a sinusoidal interferogram as a function of OPD also with wavelength

λ. As such, if the stage is moving at a constant speed vmech, the frequency of the signal

recorded on the detector is

fdet =
vopt

λ
=

4vmech

λ
. (4.35)

To directly measure the frequency response of the detector system, the photomixer de-

scribed in § 3.2.4 was placed at the input of the FTS with its output radiation set to 850GHz.

The speed of the spectral stage was then configured to produce a particular frequency. An

interferogram was recorded and analyzed with the intent of estimating the amplitude and

frequency of the resulting sinusoidal function. Analysis was performed in the frequency

domain by zero padding the interferogram and taking the absolute value of the Fourier

transform. The resulting feature is well approximated as the absolute value of a sinc func-

tion. Data was fit using such a sinc model to extract the amplitude and frequency of the

sinusoidal interferogram. Performing analysis in the frequency domain provides a simpler

and more accurate way of determining the average amplitude and frequency of the sinusoid

than in the signal domain where the amplitude of each peak is difficult to determine because

of noise. Zero padding the interferogram before transformation results in sinc interpolation

in the frequency domain (see § 2.4.5), which provides more points to constrain the fitting

algorithm and generally results in better performance. In this case, the signal was padded
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by a factor of three. Sample analysis for an interferogram and fit result are shown in the top

panels of Fig. 4.11.

The procedure described above was repeated for a number of frequencies to build up

a sample set sufficient to measure the detector frequency response. These data were then

fit to Eq. 4.32 to determine the detector cutoff frequency. Results for forward and reverse

scans are shown in the bottom panels of Fig.4.11. The cutoff frequency was determined to

be fc ≈ 174Hz which corresponds to a time constant τ ≈ 1ms. By using fdet = fc, and by

knowing the maximum optical frequency νmax or equivalently minimum wavelength λ =

λmin, the optimal stage speed can be calculated using Eq. 4.35. Initially this calculation was

performed for νmax = 2.5THz, resulting in an estimate of vmech = 6.7mm/s. However, this

calculation initially included an erroneous estimate of the cutoff frequency resulting from

an error in the frequency response fitting model. Science measurements were consistently

performed with the stage speed given above. With this stage speed and the correct detector

cutoff frequency, the DFI system achieves an optical cutoff frequency of ∼ 2THz, which is

relatively close to the 2.2THz upper edge of the instrument bandwidth. Although this error

attenuates signal at the higher optical frequencies, the complex visibility measurement, the

main quantity of interest for this work, is obtained by dividing one spectrum by another. As

long as both spectra have the same attenuation error, the results are still valid even though

SNR is moderately compromised.

4.3.4 Spectral Response

The detector signal is the voltage applied across the heater resistor in the detector cir-

cuit (see Fig. 4.3). However, since the power output by the heater is used to compensate for

changes in the incident optical power, heater voltage squared is the more useful response

variable. When computing the Discrete Fourier Transform (DFT) of a recorded interfero-

gram, the resulting spectrum also has units of volts squared. The function which converts

the instrument units to physical units that describe the incident optical power is called the
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Figure 4.11: Detector frequency repose. Sinusoidal optical loading was achieved using the
interferometer response associated with a monochromatic source, the signal of which is
shown in the top left panel. The absolute vale of the Fourier transform of this zero padded
signal is shown in the top right panel. This spectral feature was fit using the absolute
value of the sinc function to extract the amplitude and frequency of the sinusoidal signal.
Results for multiple trials analyzed in this was are plotted in the bottom panels using both
forward and reverse scans of the interferometer spectral stage. This data is fit using a first
order low-pass filter equation (see Eq. 4.32) to estimate the cutoff frequency of the detector
fc = 174±4Hz. Missing data points are due to corrupted data.
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spectral response.

The spectral response function can be obtained by computing

R (ν) =
S(ν,T )

Be f f (ν,T )

[
V2

W

]
, (4.36)

where S(ν,T ), with units [V2/Hz], is the spectral density obtained experimentally when

observing a thermal source at temperature T , and Be f f (ν,T ), with units [W/Hz], is the

effective spectral density of the thermal source. The effective spectral density is modelled

as

Be f f (ν,T ) = Te f f (ν)nλ
2 B(ν,T ) , (4.37)

where Te f f (ν) is the effective transmission spectrum which accounts for all the ways in

which the spectral intensity may be reduced when radiation propagates from the source to

the detector through the interferometer system. The Planck function is denoted by B(ν,T )

(see Eq. 4.11), and nλ2 describes the n-moded throughput of the optical system at wave-

length λ. Eq. 4.37 is intended to model the spectral density of light that is incident on the

detector system. Any additional inefficiencies not captured by this equation that manifest

in the experimental spectrum are attributed to detector effects and are incorporated into the

spectral response.

For a diffraction limited single-mode optical system, throughput is given by λ2 [117].

When the system can support the propagation of multiple modes, throughput is increased

to nλ2, where n is the number of modes. The number of modes a system can support for

a particular wavelength of light λ is largely determined by the system waveguide geom-

etry which allows for the efficient transmission of electromagnetic waves. In this work,

the detector feed horns accept electromagnetic waves through a square input aperture with

side dimensions 3.63mm. The horns gradually taper to a square output aperture with side

dimensions 0.59mm and this smaller shape is approximately maintained over a length of

∼7mm (see Fig. D.6). Within this region, the electromagnetic waves are regarded as prop-
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agating though an approximately rectangular waveguide.

The number of modes supported within a rectangular waveguide is obtained through

solutions of Maxwell’s equations with appropriate boundary conditions for the rectangular

conductor [123]. To summarize, when an electromagnetic wave enters the waveguide, the

wave number vector will have components along the horizontal and vertical directions of

the waveguide k⃗ =
〈
kx,ky

〉
, where k2 = k2

x +k2
y . For a rectangular waveguide with horizontal

and vertical dimensions a and b, respectively, the wave is supported when a = m/2kx and

b = n/2ky, where m and n are positive integers. Effectively, an integer multiple of half the

projected wavelength along the horizontal or vertical direction must fit within the horizontal

or vertical extent of the waveguide, respectively. This is the familiar resonance condition

for a wave bound by two nodes within a cavity. Under these conditions, the cutoff frequency

at which a mode is supported is given by

νmn = kc =
c
2

√(m
a

)2
+
(n

b

)2
, (4.38)

where c is the speed of light. Frequencies bellow the cutoff are exponentially attenuated as

the wave travels along the waveguide. A rectangular waveguide can propagate both electric

and magnetic fields in this way and are referred to as Transverse Magnetic (TMmn) and

Transverse Electric (TEmn) depending on which field components is perpendicular to the

direction of energy propagation. Solutions to Maxwell’s equations require that m ̸= 0 and

n ̸= 0 for TM modes, and that at least one of m or n is not zero for TE modes.

The rectangular waveguides used in this work possess the geometry a = b = 0.59mm.

By evaluation Eq. 4.38 for all permutations of m,n ∈ [0,20], with separate accounting for

TM and TE modes, and taking the cumulative sum, the number of active modes as a func-

tion of optical frequency was computed. Multiplying the number of modes by the wave-

length squared corresponding to these optical frequencies gives the theoretical multimoded

throughput. These results are shown in Fig. 4.12. The number of modes increases with

frequency in a roughly quadratic fashion while wavelength squared has the reciprocal de-
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Figure 4.12: Modal analysis of the feed horn waveguide. The frequency dependence of
active modes supported by the waveguide is shown in blue and associated with the left
vertical axis. Multiplying the number of active modes by the wavelength of light squared
associated with a particular frequency gives the multimodal throughput of the waveguide.
This throughput curve is shown in orange and is associated with the right vertical axis.
Although rapidly varying at low frequencies, throughput is roughly constant with frequency.

pendence. As such, their product, while varying significantly at low frequencies, is largely

constant.

The effective transmission spectrum is a product of multiple independent factors asso-

ciated with different mechanism which attenuate radiation as it propagates from the source

to the detector. The effective transmission spectrum can decomposed into

Te f f = Tatm ·Tbs ·Twin ·Tstg ·Tloss , (4.39)

where Tatm is atmospheric transmission, Tbs is defined to be equivalent to the beamsplitter

efficiency discussed in § 3.2.3 (Eq. 3.2), Twin is associated with the cold filter within the

cryostat window, Tstg is the low-pass filter associated with the detector frequency response

and chosen stage speed (see Fig. 4.11), and Tloss includes loss due to mirrors and half

the optical power being lost to the second output port of the interferometer. Any losses

not accounted for (i.e., feed horn reflections) are incorporated into the spectral response

estimate.
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Atmospheric transmission was simulated using the am atmospheric model software

[125]. Parameters input to this simulation included environmental variables such as pres-

sure ∼900mbar, temperature 21.5◦C, and relative humidity 14%. These values were taken

from the laboratory environment logs recorded during the time when relevant data was ac-

quired. The simulation also included the path length through which light travels, which was

set to 5.4m and is approximately the average length through either arm of the interferom-

eter, from the source to the front of the detector window, during a full spectral stage scan.

The only molecular species assumed within the atmospheric model was H2O.

The transmission spectrum of the cryostat window cold filter was obtained by analyzing

a picture provided by QMC Instruments. Loss associated with the mirrors is estimated by

assuming a constant mirror reflectivity of 0.97, which is comparable to measured values for

aluminum at Far-Infrared (FIR) wavelengths [109]. With a total of eight mirror reflections

in each arm of the interferometer in FTS mode, including the collimating and focusing

mirrors, Tloss = 0.978 ×0.5 ≈ 0.4. The factor of 0.5 is included to account for the fact that

half of the optical power is lost to the second output port of the interferometer.

The various transmission factors are shown in the top panel of Fig. 4.13. The bottom

panel shows the experimental spectral density obtained when observing a 1,200◦C ther-

mal source. This spectrum is bandwidth normalized using the 2THz instrument bandwidth.

Also shown is the effective spectral density obtained by multiplying an appropriate Planck

function by the multimoded throughput and effective transmission efficiency spectrum (see

Eq. 4.37). Note the high level of agreement in positions of the atmospheric absorption lines

between the experimental and simulated spectra over the entire instrument bandwidth. The

experimental spectrum expresses a jagged profile that is not represented in any of the trans-

mission factors and is plausibly associated with the multimoded throughput (see Fig. 4.12).

The observed peaks do not agree perfectly with the peaks in the model throughput curve.

This may be explained by the fact that the geometry at the end of the feed horn is only

approximately a rectangular waveguide.
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Figure 4.13: Experimental and effective spectral density. The top panel shows the vari-
ous transmission factors included in Eq. 4.39. The bottom panel shows the experimental
spectral density in blue associated with the left vertical axis, and modeled effective spectral
density in orange associated with the right vertical axis. Note the difference in units and the
high level of agreement in the position of atmospheric absorption features between the two
spectra.

The spectral response is obtained by dividing the experimental spectral density by the

modeled effective spectral density, blue and orange curves in bottom panel of Fig. 4.13,

respectively. A more accurate approach, which cancels any constant signal that may enter

the second input port of the FTS, is to use a differential method given by,

R (ν) =
S(ν,T2)−S(ν,T1)

Be f f (ν,T2)−Be f f (ν,T1)

[
V2

W

]
. (4.40)

Calculating the quantities in this equation proceeds in the same way as described above. The

spectral response curves obtained using thermal sources at T2 = 1,200◦C and T1 = 900◦C

are shown in Fig. 4.14. It can be observed that the detector response decreases rapidly with

frequency. This may be due to loss of absorption efficiency resulting from the geometry of
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Figure 4.14: Detector spectral response. The curves show the spectral response calculated
from observations of a thermal source at two temperature. The differential result is also
included which cancels any constant signal entering through the second input port of the
FTS interferometer. The spectral response evidently decreases rapidly with frequency.

the bolometer integrating cavity. Alternatively, the spectral response curve appears some-

what reciprocal to the number of active modes curve (see Fig. 4.12). Each unique mode

propagates down the waveguide at a slightly different speed due to the slightly different

angle at which light corresponding to those modes enter the waveguide. When multiple

modes are present, their fields may add incoherently reducing detector sensitivity.

4.4 Summary

In this chapter, the detector system used in this work was discussed in detail. These

detectors belong to the class of TES bolometers which detect incident optical power by

measuring the change in temperature of an absorbing element that result when the incident

optical power is converted to heat. The TES element expresses a rapid change in electrical

resistance as a function of temperature and can thus be used as a sensitive thermometer.

Conventional TES bolometers use an electrical circuit with a voltage biased TES element,

and the change in resistance is inferred from a change in current passing through the ele-

ment. Temperature of the TES element is regulated primarily though negative electrother-

mal feedback, and through this process, the TES is maintained at a constant temperature
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with relatively small fluctuations. Conventional bolometers have been used extensively

and their theoretical foundation is well developed. This theory was reviewed in order to

communicate relevant thermodynamic processes, primary sources of noise, and bolometer

architecture. However, the detectors used in this work use a significantly different operating

principle than conventional bolometers. These bolometers use current biased TES elements

and heater resistors that are thermally coupled to the TES absorber assemblies. In the sys-

tem under study, temperature of the TES is regulated by varying the voltage applied across

the heater element and is used as the detector signal. When optical power is incident on the

detector, the amount of power the heater must add to the system to maintain a particular

temperature decreases. In this way, the detector signal is proportional to the inverse of the

incident optical power. The heater voltage is moderated by a PID controller which seeks to

adjusted the heater voltage in such a way that the process variable, in this case the voltage

measured across the TES resistor, maintains a constant setpoint with each iteration of the

PID loop.

The detector system consists of a 5×5 array of feed horn coupled detectors time divi-

sion multiplexed over four channels. The active phase of a detector during the multiplex

loop is called a readout cycle. The readout cycle is parameterized in terms of how much

time it takes to complete a cycle, how long the heater element is active within the cycle, and

what TES voltage values read during this cycle are used as input to the PID controller. The

heater is active during only a fraction of a readout cycle. During this time, the temperature

of the TES varies rapidly, and is one of the key differences with respect to conventional

bolometers. Another notable difference is that the detectors used in this work are sensitive

due to the precise changes in heater voltage required to maintain a particular TES voltage.

That is, signal variations are small but precise, while conventional bolometers operate as

amplifiers where small changes in incident optical power produce large changes in detector

signal.

Detector performance strongly depends on the chosen PID and detector readout pa-
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rameters. The parameters used in this work are almost the same as the default parameters

provided by QMC Instruments, except the PID setpoint has been modified so that it cor-

responds to the point on the TES transition curve which varies most rapidly with changes

in temperature. With these parameters, various performance metrics were measured for

the A0 detector at the center of the detector array. Important figures of merit include the

NEP = 7.1±0.2pW/
√

Hz and detector frequency response 174±4Hz. Also studied was

the noise spectrum and distribution, the multimoded throughput associated with the feed

horn waveguide geometry, the transmission spectrum of the interferometer system, and the

spectral response of the detector.

166



Chapter 5

Observations

In this chapter, a detailed overview of experimental procedures, data calibration, and data

processing for the purpose of image synthesis using the Double-Fourier Interferometer

(DFI) testbed is presented. Sec. 5.1 describes the observation process including all of

the measurements that are required to produce a complete dataset with the necessary in-

terferometer and calibration measurements. Sec. 5.2 describes the various calibration steps

that are required to remove instrument systematics such that recorded interferograms can

be compared to the ideal DFI response, and subsequently analyzed using DFI theory. In

Sec. 5.3, a step-by-step procedure for extracting complex visibilities from interferometric

data is presented. This is followed by a discussion on aperture synthesis, the process by

which complex visibilities are used to synthesize dirty images. This includes a discussion

on deconvolution techniques used to reduce distortions resulting from incomplete uv-plane

sampling.

5.1 Observation Process

In the context of the DFI tesbed used in this work, a complete dataset consist of DFI

mode and Fourier Transform Spectrometer (FTS) mode interferograms, in addition to pho-

tometric calibration measurements required to compensate for the different intensity through

each arm of the interferometer. It is also instructive to discuss various aspects of observation

preparation and source plane configuration to better understand the expected performance

and limitation of the system.
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5.1.1 Observation Preparation

Source Position

The source is placed on the focal plane of the collimating mirror. In general, the

“sources” must conform to a model where each point of the source can be represented

as a point source that emits light as a spherical wave. Put another way, light emitted from

any point on the source must intersect all points of the collimating mirror. If this does not

occur, light from that point cannot propagate through both arms of the spatial interferome-

ter and interference is not possible. In the case of the photomixer or Virginia Diodes (VDI)

lasers, it is the back focal point of the emitter that is typically co-located with the focal

plane. Applying the Huygens-Fresnel principle [8], every point on a wavefront is itself a

source of secondary spherical waves, implying that if the back focal point is not on the

focal plane, some cross section of the source’s emission cone will be. As viewed by the

interferometer, this virtual source will then be extended with the same shape as the cross

section. This statement is approximately true for small cross sections. For relatively large

cross sections, the inclination factor associated with the secondary waves prevents them

from illuminating the full collimating mirror. This is why it is not generally possible to

mask parts of this cross section area in order to generate arbitrary intensity distributions.

The mask will cast shadows on the collimating mirror, violating a necessary condition for

spatial interferometry.

The emitting surface of a thermal source can be modelled as a collection of point sources

emitting spherical waves. Ideally, this surface would be co-located with the focal plane of

the collimating mirror, and an arbitrary source intensity distribution would be constructed

by masking parts of the emission surface. In principle, this approach is possible, but in order

to achieve a sufficiently bright thermal surface in a safe and efficient way, a thermal cavity

is required. As such, the best that can be done is masking off parts of the exit aperture

of the thermal cavity. This strategy proves to be sufficient if the emission surface of the

thermal source is uniform and all points of the collimating mirror can see this surface when
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looking through the aperture mask. The limits under which this requirement is satisfied are

discussed in § 3.2.4. In preparation for an interferometer observation, an aperture mask

is placed within a mask holder and positioned to be aligned with the focal plane of the

collimating mirror. The Pegasus thermal source is then positioned such that its aperture is

as close as possible to the mask. Horizontal and vertical positions of the black body are then

optimized for mirror illumination. Optimal illumination can be verified by looking at the

collimating mirror from the collimated side and observing the mask at different positions

along the mirror surface.

With the thermal source operating at temperatures of ∼1,000◦C, it is not surprising that

the mask material gets rather hot, and even charring the material in some cases. Not only

does this damage the masks, but it also makes the shape of the source ambiguous since

the mask material itself will radiate like a black body. To address this issue, a repurposed

computer fan was placed ∼20cm away from the mask and angled such that the fan does

not obstruct the light path between source and mirror, and such that turbulent air is directed

away from the rest of the instrument. Due to the excellent thermal properties of the mask

material, this solution was found to reduce the temperature of the mirror facing surface

of the mask to room temperature, and the thermal source facing side showed no sign of

damage after prolonged use. The turbulence induced in front of the source could in principle

degrade the quality of the observation. However, the length of turbulent air the light must

pass through is quite small, and any random phase variations between the two arms of the

DFI should average out over many scans. These phase variations would be common to both

arms of the FTS and thus have little effect on observations in that mode.

Aperture Masks

Aperture masks are derived from commercial circuit board material. The core substrate

is a laminate of continuous woven fiber glass with epoxy resin. This substrate is flame

retardant, a thermal insulator, and maintains its shape and stiffness at high temperatures.
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Both surfaces of the substrate are metalized with copper, which has the typical properties

of being a thermal conductor with relatively low emissivity. This combination is ideal for

the aperture masks. The metal surface facing the source reflects back most light helping

to thermalized the cavity while not efficiently transferring heat to the mask. When this

side inevitably does heat up, heat is not efficiently transferred though the substrate due

to its insulating properties. On the mirror facing side, the low emissivity helps to reduce

emission of light from the mask and the high thermal conductivity facilitates cooling by

conducting heat to air particles provided by the cooling fan. The relatively high thermal

tolerances and mass production of the base material makes these masks safe, cheap, and

durable.

Arbitrary shapes are cut out of this material using a three axis mill. The aperture masks

used in this work are shown in Fig. 5.1. The top four are effectively one dimensional

sources where the relevant source variation is along the horizontal axis. These masks are

convenient since they do not require baseline rotation, or alternatively, source rotation in

order to reconstruct an image from interferometer measurements. The bottom mask in

Fig. 5.1 has spatial variations in the horizontal and vertical directions, and baseline rotation

is required for image reconstruction. Although simple in structure, observations of these

masks are relatively easy to model, and are sufficient to validate the core aspects of the DFI

technique.

5.1.2 Data Acquisition

A full observation consists of DFI, FTS, and photometric calibration measurements.

Each of these measurements start by homing the translation stages, and for interferometer

measurements, the spectral stage is configured to output a Position Synchronized Output

(PSO) pulse every 15µm of stage travel corresponding to 2.5THz optical frequency Nyquist

sampling. Although the order of presentation is DFI then FTS measurement, the observa-

tion can be performed equally in reverse order. A comprehensive dataset consists of the
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(a) 1mm slit. (b) 2mm slit.

(c) 2mm and 1mm slit separated by 5mm. (d) 2mm and 1mm slit separated by 12mm.

(e) 2D mask composed of 1mm and 2mm slits.

Figure 5.1: Aperture masks used to demonstrate the DFI observation technique.
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items discussed in this section, however, some of these items may be omitted depending on

the objective of the observation.

DFI Measurement

During a typical DFI observation, the spatial stage moves the dynamic aperture to its

first position, setting the initial baseline. Typically, this is the minimum 135mm baseline.

The spectral stage then moves the double rooftop mirror assembly to its appropriate initial

position. This position depends on the commanded maximum optical path difference. Typ-

ically, the stage is positioned at 2mm mechanical (8mm optical), before the phase center.

The phase center is initially estimated with ray tracing, and is further refined through ob-

servation (see § 5.2.2). The spectral stage is then scanned symmetrically about the phase

center at a mechanical speed of 6.7mm/s. This speed was chosen to be as fast as the stage

could travel before resulting in detector signal oscillations, from relevant optical frequen-

cies, above the cutoff frequency of the detector system (see § 4.3.3). Once the stage travels

its commanded distance and stops, it is immediately commanded to travel in the opposite

direction for the same distance at the same speed with no delay. Scans performed in the first

direction are designated as forward scans, and when performed in the other direction, are

designated as reverse scans. Short scan distances with minimal delays were chosen to min-

imize observation time given the large number of scans that need to be averaged to achieve

sufficient Signal to Noise Ratio (SNR). The number of forward and reverse scans recorded

for each baseline is constant within an observation and is chosen based on the source being

observed. For bright sources with modest spatial coherence, like the photomixer or VDI

lasers, the number of scans is relatively low, typically between 1− 5. However, for ob-

servations of the masked Pegasus thermal source, the number of scans is high, typically

between 1,000−4,000.

Once all spectral scans are performed for a given baseline, the spectral stage will have

returned to its initial position. The spatial stage is then moved to set a larger baseline. In-
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creasing the baseline reduces the optical path associated with the dynamic aperture, and

to compensate for the resulting shift in the phase center, the spectral stage is moved to-

wards the static aperture by one-quarter of the increase in baseline. Spectral scans are then

repeated as previously described. The number of baselines measured depends on the obser-

vation goals but are typically ten uniformly spaced baseline lengths between 135−310mm.

After completing all spectral scans, photometric measurements are conducted as described

later in this section.

FTS Measurements

Once DFI mode measurements are complete, the system is configured to operate in FTS

mode. This is accomplished by inserting a beamsplitter in front of the dynamic aperture and

a flat mirror in front of the static aperture (see Fig. 3.1). These components require some

tip-tilt alignment, but due to the lack of spatial coherence effects, the alignment accuracy is

somewhat relaxed compared to DFI mode. Before inserting these components, alignment

is facilitated by back propagating visible lasers from the beamsplitter along the optical

axis. The laser associated with the static aperture is placed just in front of the beamsplitter,

while the laser associated with the dynamic aperture is placed between the last two mirrors

such that both lasers are pointed upwards with respect to Fig. 2.14. The dynamic aperture

is then moved to its nominal position which was previously optimized to align with the

center of the FTS beamsplitter. The position and orientation of the lasers are adjusted so

that the beam intersects the centers of all the flat mirrors and propagate to the previously

measured nominal focal point of the collimating mirror (see § 3.2.5). These procedures

are facilitated using 1mm pinhole apertures which condition the laser beams and can be

used to check laser height and alignment with respect to the optics table grid. Typically

these pinholes are placed near the collimating mirror and the lasers are adjusted to intersect

these pinholes. The spectral stage is then moved to both ends of its allowed travel to ensure

intersection does not change with optical path. Light passing through these pinholes and
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reaching the collimating mirror focal point over a range of optical paths ensures the lasers

are sufficiently aligned. The FTS beamsplitter and mirror are then inserted and their tip-

til degrees of freedom are optimized. The laser associated with the dynamic aperture is

only transmitted through the beamsplitter and its propagation to the source plane is largely

unaffected by the FTS components. As such, the inserted mirror need only be adjusted such

that the laser associated with the static aperture intersect the same point on the beamsplitter

as the transmitted laser. The beamplitter tip-tilt degrees of freedom are then adjusted to

ensure the reflected and transmitted lasers take the same path to the source plane. Since

the transmitted laser should already be aligned to the center of the beamsplitter, and the

reflected laser is aligned to the transmitted laser, tip-tilt variations should not change the

position of either laser on the beamsplitter.

Once the system is aligned, the observation takes place in the same way as a single

baseline observation in DFI mode. In principle, the orientation of the source should not

affect the FTS measurement, assuming the source is centered on and confined to the beam

of the detector. As such, with both one and two dimensional aperture masks, only one FTS

measurement is necessary. After recording interferometric data, photometric calibration

measurements are made.

Photometric Calibration Measurement

Photometric calibration observations are required to account for the power imbalance

between the two arms of the interferometer. This imbalance results from imperfections in

the optical system, be it alignment errors or quality of the optics, and also from the geo-

metric properties of the collimating mirror. As discussed in Ap. B, the power in each arm

depends on the source intensity and the inverse square of the distance between the source

and the point on the collimating mirror associated with the input apertures. Since the static,

dynamic, and FTS apertures generally sample different regions of the aperture plane, power

imbalance is expected for all observations. In DFI mode, the amplitude of the response is
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proportional to the geometric mean of the intensity through both arms Eq. B.11. If the

intensity through the dynamic aperture is baseline dependent, then variations of fringe am-

plitude are affected both by intensity variations and spatial coherence. Thus intensity vari-

ations must be corrected to accurately estimate fringe visibility. Similarly, if FTS spectra

are to be used for normalization when obtaining complex visibility estimates, the spectrum

must be corrected to make it comparable with DFI measurements.

It is assumed that the variations in intensity though any aperture are frequency inde-

pendent such that the power spectrum obtained with any two aperture positions obey the

relation I1(k) = aI2(k). With this assumption, calibration measurements only require an

estimate of the total power reaching the detector through an aperture. To measure this, a

mechanical chopper is placed in front of the source and configured to rotate at a frequency

of 5Hz. Care is taken to ensure the source can be seen through the chopper blades from the

perspective of all points on the collimating mirror. The relatively low chopper frequency

is chosen to minimize any low-pass filter effects associated with the detector frequency re-

sponse (see § 4.3.3). The chopper controller sends out a pulse every period of the chopper

which is input to the digital channel of the detector. A DFI or FTS measurement is then

initiated. These measurements are nearly identical to the process described above with the

exceptions that time it takes to perform scans with the spectral stage are limited to ∼30s,

and one arm of the interferometer is blocked by a sheet of metal. The measurement is then

repeated with the other arm of the interferometer blocked. In this way, measurements are

taken for each aperture position in DFI mode and both the static and dynamic arms in FTS

mode.

For each aperture, data are processed by averaging the resulting waveforms using the

trigger signal from the chopper controller to align the individual waveforms. The peak-to-

peak amplitude is used as an estimate of intensity through each interferometer arm.
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5.2 Calibration

Calibration in the context of this work refers to processes that remove systematic errors

from measurements such that they can be reasonably approximated by ideal theoretical

models. Ideal instrument response equations for the DFI and FTS modes of observation are

derived in Ap. B. More general expressions which allow for potential sources of systematic

error are presented below. For DFI mode, the modified equation is,

IDFI(B⃗,z) =
∫

∞

−∞

I12(k)|γ0(B⃗,k)|cos[2πk(az+δz)+φ0(B⃗,k)+φDFI(k)]dk . (5.1)

The complex visibility amplitude |γ0(B⃗,k)|, and phase φ0(B⃗,k), are the observable quanti-

ties of interest, and are baseline B⃗, and frequency k, dependent.

Optical Path Difference (OPD) z, maybe subject to a systematic scaling error a and

offset δz. Scaling error affects the size of OPD steps between interferogram samples. This

can then affect the instrument bandwidth, and potentially spectral resolution, resulting in

line position and line width errors. Measurements show a high level of agreement between

atmospheric absorption models and observed spectra (see § 4.3.4). Experiments with VDI

sources (see § 6.2) also suggest a line position accuracy of 50MHz, a factor of four lower

than the best possible spectral resolution of the instrument. As such, errors due to the OPD

scaling factor are considered negligible and do not need correction. A systematic offset in

OPD implies an error in the DFI phase center. The phase center was initially estimated using

geometric models and ray tracing, but this approach is expected to be accurate only to a few

millimeters of OPD, and a more accurate estimate of δz is required. A frequency dependent

phase term φDFI(k), is used to represent phase shifts resulting from the beamsplitter φbs, in

addition to any other sources of systematic phase error. If not corrected, these phase effects

will show up in the complex visibility phase producing erroneous results. Finally, there is
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the term representing the source intensity distribution,

I12(k) =
∫

Ω

ξ(⃗θ,k)
√

I1(⃗θ,k)I2(⃗θ,k)dΩ , (5.2)

where ξ(⃗θ,k) represents the source plane sensitivity of the detector (i.e., the detector beam),

Ii(⃗θ,k) are the intensities obtained at the detector resulting from light emitted from point

sources located at θ⃗ propagating through each arm of the interferometer, and the integral

is taken over the source Ω. Due to the geometry of the collimating mirror, it is generally

expected that I1(⃗θ,k) ̸= I2(⃗θ,k), and the relationship between these quantities may also be

affected by instrument alignment error and the positional dependence of the collimating

mirror surface quality. The source plane sensitivity may reduce the apparent brightness of

sources as a function of their position within a detector beam and should also be corrected.

Another potential source of systematic error is the baseline of the DFI, controlled by

the spectral stage. Although no calibration process is proposed, the baselines have been

physically measured with an absolute accuracy of 2mm and a relative accuracy of 0.1mm.

These measurements were performed with a ruler. The precision of the absolute baseline

measurement is limited by the ability to determine the centers of the aperture mirrors, while

the relative accuracy is limited by the ability to read the ruler scale. The relative accuracy

is expected to be significantly better, on the order of tens of nanometers, similar to that of

the spectral stage which was discussed in detail in § 3.2.2.

An expression similar to Eq. 5.1 can be written for the instrument response in FTS

mode,

IFT S(z) =
∫

∞

−∞

I0(k)cos[2πk(az+δz)+φFT S(k)]dk . (5.3)

The quantities in this equation have the same interpretation as Eq. 5.1. Of principle concern

is the term related to the source intensity I0(k) which is applied to the DFI response as a

normalization function in order to obtain complex visibilities. Due to the relatively high

SNR of FTS measurements compared to DFI measurements, the absolute value of the FTS
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response may be used which is independent of phase. As such, systematic errors in phase

or in quantities which affect the phase can be ignored.

The rest of this section is dedicated to a detailed discussion of how the phase, OPD

offset, and source intensity are calibrated.

5.2.1 Phase

The ideal FTS response consists of a superposition of cosine functions and is expected

to produce a real symmetric function. From the symmetry relations of Fourier transforms

(see § 2.2.1), the Fourier transform of the response is expected to be real and symmetric.

However, the instrument may be subject to uncompensated dispersion typically resulting

from frequency dependent variations in the beamsplitter and detector electronics. Various

sources of random error are also present in the system which combine to produce a response

that deviates from its symmetric ideal. As such, in general φFT S(k) ̸= 0 and is composed of

systematic and random components. As discussed in § 2.4.1, a non-zero phase shift applied

to a cosine function results in a Fourier transform consisting of a delta function rotated in

the complex plane by the same phase value. As such, phase errors in the FTS response result

in Fourier transforms with complex values. Fortunately, the symmetries present within the

ideal FTS response mean that, in principle, any phase errors present in any measurement

can be corrected without reference to information external to the measurement.

The ideal DFI response also contains phase contributions resulting from the same sources

of systematic and random error. However, the response also contains the phase associated

with the complex visibility which gives information about the source intensity distribution.

In particular, it effectively encodes positional information about the source which is of crit-

ical importance if the source is displaced from the optical axis or is not symmetric. The

complex visibility phase is also baseline dependent, further complicating matters. Since

there is no consistent symmetry in the DFI response, it is not generally possible to correct

each measurement without reference to external information and a standard phase correc-
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tion product is required which removes only instrumental effects.

Instrumental phase effects can be decomposed into linear φL(k), non-linear φNL(k), and

random φR components,

φDFI(k) = φL(k)+φNL(k)+φR . (5.4)

Linear phase contributions take the form, φL(k) = mk, where m is a constant. In connection

with Eq. 5.1, it can be observed that the OPD offset δz produces a phase shift with a linear

dependency and slope 2πδz. Recall also that a point source offset from the optical axis by

an angle θ parallel to the baseline axis B will result in an OPD shift δz = Bθ. That is, a

source offset from the optical axis produces a linear phase shift. This is effectively what is

meant by the statement “complex visibility phase encoding source position.” This results in

a situation where an erroneous OPD offset δz is expressed in the same way as the complex

visibility phase. The phase correction process must then be careful not to confuse the two.

In a more comprehensive sense, the complex visibility phase is produced by the com-

bined effects of all the point sources that are imagined to constitute an extended source. If

the source possesses significant structure, the resulting phase is more complicated and may

be difficult to model. Even if the source structure is simple, if it is near the edge of the

detector beam the effective shape of the source can become more complicated. It is also the

case that a point source expresses perfect spatial coherence resulting in a DFI response with

frequency components that are negligibly attenuated by visibility effects while an extended

source may have significant attenuation. Frequency components with low amplitude have

low SNR and obtaining an accurate phase measurement for these components is more diffi-

cult. Taking account of these effects, phase correction is most productively performed when

observing an on-axis point-like source. These conditions are difficult to obtain in practice.

The next best option is to use a symmetric source that is as small as possible situated near

the optical axis, and to acquire data using the smallest baseline of the interferometer so as to

minimize visibility effects and to keep the phase characteristics as simple as possible. For
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Figure 5.2: Phase corrected interferogram. The blue curve is an averaged interferogram
obtained when observing a 1mm , approximately on-axis, slit backlit by a 1,100◦C black
body, using a 135mm baseline. The orange curve shows the same interferogram after
phase correction, which results in the green curve after passing through at 300−2,200GHz
optical frequency band-pass filter. Note the high degree of symmetry after correcting for
non-linear phase errors.

this work, a 1mm slit illuminated by a 1,100◦C black body was used, and the observation

was conducted with a 135mm baseline. Although the slit position was optimized to be as

close the optical axis as possible, this step is not required as long as the slit is not near the

edge of the detector beam. The data used to calculated the phase correction product, along

with the corrected interferogram, is shown in Fig. 5.2.

The phase correction product is obtained in the following way. A point on the interfer-

ogram is taken as an estimate for Zero Path Difference (ZPD) of the source, which is not in

general the phase center of the instrument. Due to the approximately anti-symmetric nature

of the unprocessed interferogram, the initial estimate of ZPD is the sampled point nearest

the zero crossing along the axis of anti-symmetry. The interferogram is then truncated on

one side so as to follow the sampling requirements of the Discrete Fourier Transform (DFT)

(see § 2.3.2). The Fourier transform is then calculated producing real and imaginary com-

ponents which are subsequently used to calculate the phase using Eq. 2.50. In Python, the

calculated phase is bound between ±π resulting in discontinuities when the phase exceeds

these boundaries. The “unwrapped” phase is shown in the top panel of Fig. 5.3.
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Figure 5.3: Polynomial fit to non-linear phase. The blue curves in the top and bottom panels
represent the calculated phase and amplitude spectra of the data from Fig. 5.2, respectively.
The phase data residing within the instrument bandwidth (vertical dashed lines), is fit to a
fifth degree polynomial, which provided a good result without over fitting the noise. Each
data point in the phase spectrum is weighted by its corresponding amplitude in the ampli-
tude spectrum. Note the fit matches the data quite well in regions with high amplitude.
The fit is tapered to zero outside of the instrument bandwidth using sinusoids that satisfy
boundary conditions such that their value and slope are equal to the polynomial’s value and
slope at the point where they intersect at 300GHz and 2,200GHz.

In addition to calculating the phase, the amplitude spectrum is also calculated using

Eq. 2.51. The phase data is then fit using a fifth degree polynomial and the least-squares

regression algorithm is supplied with weights corresponding to the amplitude spectrum.

This operation ensures that samples with high SNR are given proportionately more consid-

eration when comparing the model polynomial to data. It can be observed in Fig. 5.3 that

phase data with low corresponding spectral amplitudes tend to deviate from the otherwise

smooth phase curve. The frequency range that is fit is limited to the instrument bandwidth

of ∼300−2,200GHz, as indicated by the horizontal dashed lines.

To avoid correction for the linear phase effects associated with the complex visibility,
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an attempt is made to minimized the linear term in the resulting polynomial fit. The extent

to which a linear term is needed is influenced by which point is chosen as ZPD in the

uncorrected interferogram data. As such, twenty points on either side of the initial ZPD

estimate are tested, and the one which minimizes the linear term is ultimately used. To

this end, it is important to expand the polynomial fit around the center of the instrument

bandwidth. A quadratic term, for example, looks very much like a line far away from the

origin. If the polynomial is expanded around 0GHz, then the linear term serves largely

to correct the effects of other terms in the polynomial and does not accurately reflect the

effects of complex visibility phase or ZPD offset.

Once the desired polynomial is obtained, it must be tapered to zero outside of the in-

strument bandwidth. To avoid ringing (see § 2.4.6), the polynomial is smoothly tapered

to zero using a cosine function. The cosines are joined to the polynomial by imposing the

boundary conditions that both functions must have the same value and first derivative at the

joining point. This results in two linearly independent equations for a cosine function with

three variables: amplitude, phase offset, and frequency. Frequency is taken as a free pa-

rameter which can be adjusted to control how rapidly the tapper tends to zero. In this work,

the taper frequency was chosen to have an equivalent “wavelength” in frequency space of

250GHz.

The resulting phase function is smooth and can be accurately interpolated onto a more

or less dense frequency axis as needed. If an anti-symmetric interferogram is desired,

π/2 can be added to the phase function. This option may be useful for comparing model

interferograms to data since the data is somewhat more naturally anti-symmetric. However,

symmetric correction is more useful for aperture synthesis as the anti-symmetry would

need to be removed before complex visibility extraction anyway. In either case, the phase

function is then inverted and mirrored onto the negative frequency axis, preserving the

symmetry conditions required for a fully real interferogram.

In principle, the phase function obtained in this way should account for all instrumental
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phase effects that cannot be interpreted as resulting from an OPD offset. As such, it should

be applicable to any DFI observation. To help validate this assumption, the phase function

for a 215mm observation of the same source was calculated and found to be equivalent

below 1.7THz. Above this frequency, the amplitude spectrum was too low due to visibility

effects to calculated accurate phase values.

From the translation property of Fourier transforms (or more explicitly Eq. 2.48),

F
{

2
∫

∞

0
I(k)cos[2πkz+φinst(k)]dk

}
= eiφinst(k)F

{∫
∞

0
I(k)cos[2πkz]dk

}
, (5.5)

where φinst(k) represents instrumental phase shift. The work up until now has produced a

model for the instrumental phase shift where φmod(k)≈ φinst(k), at least over the instrument

bandwidth. Phase correction is then performed in the frequency domain using

e−iφmod(k)eiφinst(k)F
{∫

∞

0
I(k)cos[2πkz]dk

}
≈ F

{∫
∞

0
I(k)cos[2πkz]dk

}
, (5.6)

and by use of the multiplication property of Fourier transforms, phase correction in the

interferogram domain is performed using the convolution,

F −1
{

e−iφmod(k)
}
∗
∫

∞

0
I(k)cos[2πkz+φinst(k)]dk ≈

∫
∞

0
I(k)cos[2πkz]dk . (5.7)

The approximate equality is due largely to the fact that the polynomial that models the

phase does not have enough degrees of freedom to accurately represent the noise in the

phase spectrum.

Phase correction applied in the signal domain is show in Fig. 5.2. The resulting inter-

ferogram shows a high degree of symmetry with slight variations corresponding to signal

frequencies outside of the instrument bandwidth.
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5.2.2 Phase Center

The next step in calibration involves identifying the instrument phase center which rep-

resents ZPD for an on-axis source. After the phase correction process, ZPD for an off-axis

source is affected by the linear phase terms

φo f f set(k) = φ0(B⃗,k)+φδz(k)+φres(k)

= 2πkB⃗ · θ⃗+2πk δz+2πkm .

(5.8)

The first term on the right-hand side describes the phase shift associated with visibility

effects. If the source is extended and symmetric instead of point-like, then θ⃗ represents

the geometric center of the source. The second and third terms describe the phase shift

associated with a systematic OPD offset δz, and any residual linear phase error present in the

instrument that was intentionally ignored during the nominal phase correction, respectively.

From the phase shift property, each phase term manifests as on offset along the OPD axis,

zo f f set = B⃗ · θ⃗+δz+m , (5.9)

which notably are all constant with the exception of the first term which is dependent on

baseline. By estimating zo f f set when B⃗ = 0, the constant terms can be measured and re-

moved.

When a source is symmetric, the resulting shape of the DFI response is dominated by

temporal coherence effects. With a symmetric phase correction, the response is approxi-

mately a sinc function and ZPD for that source can be easily estimated by the peak of the

sinc function. Although the DFI response at zero baseline cannot be physically measured,

the response at multiple baselines can be measured, and given the linear relationship of

Eq. 5.9, regression techniques can be used to estimate the constant term as the y-intercept

of a linear equation. This procedure is demonstrated in Fig. 5.4 for a 1mm slit. It can be

observed in the upper panel that as the baseline increases, the peak of the sinc like DFI
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Figure 5.4: Phase center calibration. The top panel shows the phase corrected DFI response
obtained at multiple baselines when viewing a 1mm source. Peaks of the sinc-like functions
are identified and plotted as a function of baseline in the lower panel. These data are fit using
a linear equation producing a y-intercept of 0.28±0.03mm. This value is identified as an
uncorrected OPD offset in connection with Eq. 5.9, and is subtracted from the OPD axis as
part of the calibration procedures.

response moves further away from the phase center. The OPD of the identified peaks is

plotted as a function of baseline in the lower panel, showing a linear relationship. The data

are fit using a linear equation resulting in a y-intercept of 0.28± 0.03mm. Apparently,

initial estimates from geometric modelling was quite accurate, but this analysis has further

constrained the phase center down to ∼ 30µm. Applying this correction simply consists

of subtracting the offset from the OPD axis that was constructed before the correction was

determined.

Repeating this process with the slit at various positions on the source plane results in

offsets which are positive and correlated with the distance between the slit and optical axis.
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The calculated offset is also roughly equivalent for different detectors when these detectors

can see the same slit. This demonstrates a seemingly asymmetric source dependent term

not captured by Eq. 5.9. The most compelling explanation is aberrations associated with

the collimating and focusing optics which are both asymmetric and source plane dependent

(see Fig. 3.14).

5.2.3 Photometric

Intensity

Photometric calibration measurements are part of a complete observation and have been

discussed in detail in § 5.1.2. In summary, the source is modulated using a mechanical

chopper while one arm of the interferometer is blocked. The resulting peak-to-peak ampli-

tude recorded by the detector gives an estimate of the intensity that propagates through the

unobstructed arm of the interferometer

Ii =
∫

Ω

∫
∞

−∞

ξ(⃗θ,k) Ii(⃗θ,k)dk dΩ . (5.10)

This process is conducted once for the static aperture and at every position of the dynamic

aperture that was used when performing a DFI observation. This process is also conducted

for both the static and dynamic aperture when performing an FTS observation.

In connection with Eqs. 5.1 – 5.3, the response is normalized by dividing it by
√

I1I2,

the geometric mean of the intensity through both arms of the interferometer. This calibra-

tion is valid under the conditions that the source plane sensitivity ξ(⃗θ,k) is the same for

both arms of the interferometer, and that the spectral intensities through both arms of the

interferometer are related to the source spectral intensity by a scalar multiple Ii(k) = ai I(k).

After applying the correction, the FTS response has the form
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IFT S(z) =
∫

∞

−∞

√
I1(k) I2(k)cos(2πkz) dk√∫

∞

−∞
I1(k)dk× ∫

∞

−∞
I2(k)dk

=

√
a1a2

∫
∞

−∞
I(k)cos(2πkz) dk

√
a1a2

∫
∞

−∞
I(k)dk

=

∫
∞

−∞
I(k)cos(2πkz) dk∫

∞

−∞
I(k)dk

.

(5.11)

A similar result is obtained for the DFI response,

IDFI(B⃗,z) =
∫

∞

−∞
I(k)|γ0(B⃗,k)|cos(2πkz+φ0(B⃗,k)) dk∫

∞

−∞
I(k)dk

. (5.12)

This calibration is generally needed since the intensity through the dynamic aperture

varies as a function of position resulting from the geometry of the collimating mirror (see

Ap. B). If not corrected, this intensity variation would be interpreted as resulting from the

amplitude of the complex visibility |γ0(B⃗,k)|. Furthermore, the intensity through each arm

of the interferometer in FTS mode is generally different than in DFI mode for the same

reason. If FTS spectra are to be used to normalize DFI measurements, they must be made

comparable though this calibration. An additional benefit of this calibration is that it helps

to correct for intensity variations due to aliment error or other imperfections in the optical

system.

Beam

All the previous calibration procedures are required to extract accurate complex visi-

bility estimates from measured interferograms. The beam correction is applied as the last

step of image reconstruction and accounts for variations in the source plane sensitivity of

the detector. Effectively, the reconstructed image is divided by ξ(⃗θ,k) which for this work

is assumed to be independent of frequency and aperture position. Based on the analysis
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presented in Sec. 3.4, these assumptions are reasonably valid for the central detector and

potentially its nearest neighbours.

The data used to estimate ξ(⃗θ) is the 135mm baseline measurement shown in Fig. 3.18.

For this observation, a 1mm slit was moved across the source plane in 2mm increments.

The source intensity is then estimated through the modulation procedure summarized previ-

ously in this subsection. The intensity curve is then normalized so that its maximum value is

one. Since the data is relatively smooth, the result can be interpolated onto whatever source

plane axis is required. Due to the somewhat imprecise slit mask mounting solution used in

this work, the position of the source on the source plane is only known to ∼0.5mm accu-

racy. Similarly, the position of the phase center on the source plane is not well constrained

and has an uncertainty of ∼2mm. As such, the beam correction is somewhat dubious, but

also has little effect over a ∼10mm range where the sensitivity curve is relatively flat.

5.3 Data Processing

5.3.1 Parsing and Averaging

After a full observation is complete, the raw timeline data is parsed into individual

scans. This process is facilitated using the PSO signal sent out by the spectral stage and

recorded on the detector system’s digital channel. The stage is configured to send out a

pulse every 0.015mm of mechanical travel, which corresponds to the sampling interval

required to obtain a 2.5THz optical Nyquist frequency. The pulse itself is a change of state

that lasts for a commanded amount of time and is chosen so as to achieve an approximately

50:50 duty cycle when the stage is travelling at a constant 6.7mm/s. Signal on the digital

channel thus appear as a sequence of uniform and closely spaced pulses when the stage is

moving, interrupted by extended regions with no pulses when the stage is not moving. The

PSO is in a high state by default, so a scan is identified by the first falling edge and the

last rising edge within a sequence of regular pulses. Note that this method discards some

of the interferogram data, both at the start of the scan before the stage has travelled one
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PSO interval, and at the end where there is some uncertainty about whether or not the stage

is even moving. Forward scans always precede reverse scans, and by keeping track of the

scan number, the scan direction can be later determined by whether it is even or odd. In rare

occasions, the detector system encounters an error which breaks the regular pattern of PSO

pulses. When this occurs, the scan parsing algorithm may combine or discard scans and

some manual intervention may be required to determine which scan numbers correspond to

which direction. The problem is not discussed in detail in this work. In general, raw data

packets are exported every ∼1.2s. Errors can be identified by deviations from the expected

file sizes, and based on when they occur, the corrupted scan number can be estimated.

Whether this scan was combined with another scan or discarded can be determined by

inspecting the size of resulting scan files and noting whether there are any missing scans.

This approach is fairly simple for a small number of errors, which is usually the case since

detector system errors are rare.

Once the timeline data is parsed into scans, the forward and reverse scans are averaged

separately. To ensure only the constant speed portions of the scans are used, data contained

within the first 15 PSO pulses are discarded, and then a constant number of data points after-

wards are used. In this way, scans can be easily and accurately averaged as demonstrated in

§ 3.2.2. Fig. 5.5 shows how the SNR of the interferogram improves with averaging. To get

the highest SNR possible with the available data, the average forward and average reverse

scans are averaged together. Combining forward and reverse scans can be challenging. As

previously discussed, the end of a scan is ambiguous and aligning the end of a forward scan

with the start of a reverse scan is unreliable. Forward and reverse scans may not sample the

same OPD positions and interpolation of noisy data is generally bad practice. Additionally,

the time constant of the detector results in a delay between variations in optical signal and

detector signal, and thus perfect alignment with respect to OPD may produce sub-optimal

results. To overcome these challenges in a simple and effective way, scan alignment is de-

termined by correlating the interferograms and determining what offset between the two is
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Figure 5.5: Interferogram averaging. The top panel shows an interferogram obtained after
one scan (blue), and after averaging 2,000 interferograms (orange). A substantial increase
in SNR is evident. The bottom panel shows how SNR varies with n, the number of scans
used for averaging. Results show the expected

√
n scaling, and it appears the trend will

continue for greater n, allowing for even more SNR improvements if additional observation
time is acceptable.

required to obtain maximum correlation.

Returning to Fig. 5.5, the top panel shows results obtained when averaging 2,000 for-

ward scans. Notably, there is a low amplitude sinusoid that dominates the signal at around

6mm with a wavelength of 0.06mm. Converted to stage mechanical path length, this wave-

length corresponds to 0.015mm of stage travel and correlates exactly with the PSO signal.

This indicates there is some cross-talk between the digital channel and the detector chan-

nels within the detector system. Fortunately, this signal shows up at 2.5THz in the optical

spectrum, as expected, and is sufficiently far away from the 2.2THz upper limit of the in-

strument band and can simply be ignored. The bottom panel shows how the SNR varies
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Figure 5.6: Productive scan range test. The blue and orange curves represent FTS interfer-
ograms expected to have similar noise properties to that which can be obtained with 2,000
scans in DFI mode. The green curve is the residual, calculated as the difference between the
forward and reverse scan, and represents the noise present in the interferograms. Interfer-
ograms can be recorded productively while the signal is above the noise. From inspection,
the orange signal is obscured by the green noise at around ±15mm. As such, it is likely
that the DFI scan range can be productively extended to this limit when using 2,000 scans.

with the number of scans used and expresses a
√

n scaling that is expected for a signal that

is constant in time with ergodic noise. The amplitude in the SNR calculation is constant and

determined by the peak-to-peak value of the central interferogram feature that results from

averaging all forward and reverse scans. The noise of the SNR is calculated as the standard

deviation of the difference between forward and reverse scans for a particular number of

scans averaged. This analysis was performed with data obtained from a 135mm baseline

viewing a 1mm source. At longer baselines, and for more extended sources, the visibility of

fringes are generally lower and the amplitude is decreased. That is, the analysis presented

here is nearly a best case scenario, and under different conditions, the SNR is expected to

be worse.

The nominal scan range of about ±6.5mm OPD was primarily chosen to reduce ob-

servation time. Indeed, almost an hour of integration time is required to achieve the mod-

est SNR signal shown in Fig. 5.5, and a full DFI observation for one baseline orientation

can take >14hrs, which does not included processing time. However, it is instructive to
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consider what maximum scan range can be used productively with 2,000 averaged scans.

Fig. 5.6 shows an FTS interferogram with noise properties comparable to what can be

obtained with 2,000 DFI scans. Forward and reverse scans are shown and have been sub-

jected to a band-pass filter to remove out of band noise and the spurious PSO component.

The residual is also shown, and is calculated as the difference between forward and reverse

scans. The residual is a good representation of the noise present in the interferograms, and

the data is considered useful if the interferogram signal is greater than the noise. After this

point, mostly noise is contributed to the spectrum, degrading the spectrum quality. From

inspection, it is reasonable to conclude that the DFI scan range can be productively ex-

tended to around ±15mm, where the orange curve is fully obscured by the green curve,

when averaging 2,000 scans.

After obtaining the average interferogram, the phase, photometric, and ZPD corrections

are applied, as discussed in Sec. 5.2. The order in which these corrections are applied is not

important.

5.3.2 Complex Visibility Extraction

The main observable quantity of interest when using the DFI instrument in this work

is the complex visibility. Note that for a more practical space interferometer, the Mutual

Coherence Function (MCF), which is the non-normalized complex visibility, may be de-

sired (see Ap. A and § 2.5.2). The MCF preserves the relative intensity differences of the

source intensity distribution between different spectral components. However, if the source

is spectrally uniform, spectral components can be normalized and combined in a way that

extends uv-plane coverage resulting in higher quality image reconstruction at the cost of

spectral imaging. The DFI instrument used in this work is quite limited in its uv coverage

due to the economical size of the collimating mirror, and working with complex visibilities

is generally required. However, in some cases, spectral imaging can still be demonstrated,

albeit with lower spectral resolution than nominally provided by the DFI (see § 6.3.2).
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Figure 5.7: Interferogram simulation for an off-axis ∼1mm slit illuminated by a 1,100◦C
thermal source. The top panel shows the source geometry modelled as a 0.7mm slit with
a −3.4mm offset. The middle panel is the spectrum resulting from an FTS measurement
of the 1mm aperture mask back-lit by the Pegasus thermal source. The orange curve in the
bottom panel is the simulated DFI interferogram for a 135mm baseline. The blue curve is
the observed interferogram under the same conditions after phase correction and band-pass
filtering.

For the remainder of this chapter, processing will be demonstrated with reference to a

test case dataset obtained when observing a 1mm slit offset from the optical axis by ∼3mm.

To provide confidence in the processed results, data is presented alongside simulated results

for the same source geometry using ideal, noise free, models. An explicit expression for

computing interferograms which include the spatial and spectral structure of the source

is given by Eq. B.10. An example evaluation is shown in Fig. 5.7 which demonstrates

excellent agreement between model and data.

After applying the nonlinear phase, photometric, and phase center corrections, the DFI
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response can be written as,

IDFI(B⃗,z) = A
∫

∞

−∞

I(k)|γ0(B⃗,k)|cos(2πkz+φ0(B⃗,k))dk (5.13)

Similarly, the FTS response can be written as,

IFT S(z) = A
∫

∞

−∞

I(k)cos(2πkz+φFT S(k))dk , (5.14)

where A = 1/
∫

∞

−∞
I(k)dk is the reciprocal of the integrated spectral intensity (see Eq. 5.11

and 5.12). Taking the Fourier transform of Eqs. 5.13 and 5.14 gives,

F
{

IDFI(B⃗,z)
}
=

AI(k)
2

|γ0(B⃗,k)|eiφ0(B⃗,k) , (5.15)

and

|F {IFT S(z)}|=
AI(k)

2
, (5.16)

where the delta functions associated with the cosine functions have been suppressed for

simplicity but without loss of accuracy. The magnitude of the FTS transform is computed

to remove the FTS phase (see Eq. 2.51). FTS phase can also be removed through a phase

calibration procedure like the one described in § 5.2.1, which can reduce the noise in the

FTS spectrum by a factor of
√

2. However, interferograms recorded in FTS mode are typi-

cally of significantly higher SNR than DFI mode interferograms due to the greater number

of scans averaged and the absence of reduced fringe visibility from spatial coherence ef-

fects. Since the FTS spectrum will be used to normalize the DFI spectrum, noise in the

resulting complex visibility is dominated by noise in the DFI spectrum. Thus, the modest

noise reduction that comes from a more detailed FTS phase correction renders the process

unnecessary. The complex and absolute value of the spectra obtained according to Eqs. 5.15

and 5.16 when applied to the test case dataset are shown in Fig. 5.8. The decrease in DFI

spectral amplitude compared to the FTS spectral amplitude at higher frequencies results
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Figure 5.8: Amplitude and complex spectrum for the test case dataset. The top panel
shows the FTS spectrum (blue), and the absolute value of the DFI spectrum using a 135mm
baseline. Experimental results are shown in yellow, with simulated results shown in pink.
The difference in amplitude between the FTS and DFI spectrum is a result of decreased
fringe visibility at higher frequencies. The bottom panel shows the same fully real FTS
spectrum, in addition to the complex DFI spectrum obtained from the Fourier transform of
the interferogram in Fig. 5.7. Real and imaginary experimental results are shown in green
and purple, respectively. Real and imaginary simulated results are shown in red and orange,
respectively. The complex nature of the DFI spectrum results from the complex visibility
phase.

from decreased fringe visibility due to spatial coherence effects. The complex nature of the

DFI spectrum results from the complex visibility phase.

The complex visibility is recovered as the ratio Eqs. 5.15 and 5.16,

γ0(B⃗,k) = |γ0(B⃗,k)|eiφ0(B⃗,k) =
F
{

IDFI(B⃗,z)
}

|F {IFT S(z)}|
. (5.17)

The result of this process applied to the testcase dataset is shown in Fig. 5.9. It is worth

emphasizing that this process results in simultaneous measurements of complex visibility
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Figure 5.9: Frequency dependent complex visibility. The bottom panel shows the complex
visibilities obtained as the ratio of the complex DFI and real FTS spectrum from the bottom
panel of Fig. 5.8. The top panel shows the absolute value of the complex visibilities from
the bottom panel, which can be equivalently computed as the ratio of the absolute value
of the DFI spectrum and the FTS spectrum shown in the top panel of Fig. 5.8. The color
scheme used in this figure is the same as that used in Fig. 5.8.

at each frequency over the entire bandwidth of the instrument. This is the unique aspect

of the DFI method that distinguishes it from traditional methods used in radio astronomy.

The frequency dependent visibility measurements over a broad spectral range allows for the

production of high spatial resolution spectral images.

5.3.3 Aperture Synthesis

Once complex visibilities are obtained, the subsequent processing steps required to gen-

erate images follow the well developed procedures developed in the context of radio astron-

omy [126]. The first step is to project the frequency dependent visibilities onto the so called
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“uv-plane” using the mapping

Bx

λ
=

|B⃗|cos(θB⃗)

λ
→ u

By

λ
=

|B⃗|sin(θB⃗)

λ
→ v ,

(5.18)

where θB⃗ is the rotation of the baseline vector B⃗, and λ is the wavelength of light. The

uv coordinates describe how many wavelengths can fit along the orthogonal components

of the baseline vector Bx and By, thus the uv-plane can be thought of as a space defined in

terms of spatial frequencies. When the source has an intensity distribution that is frequency

dependent, a separate uv-plane should be constructed for each frequency. If the source is

spectrally uniform within some bandwidth, the uv measurements from all frequencies with

in that bandwidth may be combined into a single uv-plane. An example of this procedure

is shown in Fig. 5.10 for the test case observation. In order to exclude unreliable mea-

surements, complex visibilities are only used when their associated amplitude in the FTS

spectrum is ≥ 5% of the maximum value of the FTS spectrum. This requirement avoids

both low SNR data, and data that may be divergent due to the low value of the denominator

when using the FTS spectrum for normalization. The intuition behind aperture synthe-

sis is that an arbitrary two dimensional signal can be constructed from a superposition of

two-dimensional sinusoids with various amplitudes, spatial frequencies, and phases, in the

same way an arbitrary one dimensional signal can be constructed using a Fourier series

(see Eq. 2.5). Once the uv-plane is populated, the source intensity distribution is recovered

through Fourier inversion.

Complex visibility distributions in the uv-plane will be denoted by V (u,v). In practice,

this distribution is sampled discretely based on the sampled baselines and optical frequen-

cies. A general sampling function can be written as

S(u,v) =
N

∑
n=1

δ(u−un,v− vn) , (5.19)
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Figure 5.10: Complex visibility samples. This figure represents a one dimensional slice of
the uv-plane and is populated by uv samples from multiple frequencies using the mapping of
Eq. 5.18. To ensure high quality samples, visibilities are only taken from frequencies with
corresponding amplitudes in the FTS spectrum that are ≥5% of the maximum amplitude in
the FTS spectrum. The bottom panel shows complex visibilities, and the top panels shows
the absolute value of these complex visibilities. Note that the complex visibilities express
hermitian symmetry: negative spatial frequencies are obtained as the complex conjugate of
the positive spatial frequencies, or equivalently, the real components are symmetric while
the imaginary components are anti-symmetric. The color scheme used in this figure is the
same as that used in Fig. 5.8.
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where (un,vn) are sampled uv coordinates, which, when applied to the visibility distribution,

produce a set of sampled visibilities

Vs(un,vn) = S(u,v)V (u,v) . (5.20)

Rarely, if ever, are these samples uniformly distributed on a rectangular gird. In most cases

the sampling is sparse with significant density variations within the uv-plane. As such, the

Fast Fourier Transform (FFT) cannot be used to perform Fourier inversion. Instead, the

direct Fourier transform must be computed though brute force evaluation of

IDFT (θx,θy) =
1
N

N

∑
n=1

Vs(un,vn)e−i2π(unθx+vnθy) , (5.21)

where (θx,θy) are arbitrary angular coordinates in the source plane. If the N samples in

the uv-plane are transformed into N samples in the reciprocal domain, the computational

complexity of Eq. 5.21 scales as N4. This task rapidly becomes prohibitively expensive

with increasing N and a faster method that approximates IDFT is desirable.

Every strategy for efficient computation of Eq. 5.21 attempts to leverage the FFT. The

most common approach is to construct a regularly sampled rectangular grid from the irreg-

ularly sampled data. Interpolation is an obvious option, but this does not take advantage

of the statistical benefits of the densely sampled regions of the uv-plane, and is sensitive to

noise. Another approach that overcomes these short comings is the convolution method.

As part of the convolution method, the sampled visibilities may be multiplied by various

weighting factors. These weights may account for effects like the reliability of the sample,

the local sampling density, or some enforced taper function. The purpose of these weights is

to obtain a synthesized beam with desirable side-lobe characteristics. The tapering weight,

for example, serves the same purpose as an apodization function in FTS (see 2.4.6). The

local density weighting, calculated as the inverse of the number of sample points within

some neighbourhood, is an attractive option when the sampling density varies slowly, but
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can result in discontinuities otherwise. In this work, the visibility samples are not weighted.

The discrete convolution operation is written as,

C ∗V S =
N

∑
n=1

C(un −u,vn − v)Vs(un,vn) , (5.22)

where C is some convolution kernel. A suitable kernel should be symmetric and tend to

zero away from its origin. In this work, a Gaussian function is used,

CGauss(u,v) = exp
[
− 1

2σ2

[
(u−u0)

2 +(v− v0)
2]] , (5.23)

which is centered at (u0,v0) with a standard deviation σ along both orthogonal axes. In

practice, convolution is only evaluated at the uniformly distributed resampling positions.

The resampling function is given by

R(u,v) =
M/2

∑
i=−M/2

M/2

∑
j=−M/2

δ(u− i∆u,v− j∆v) (5.24)

where i, j are evaluated over the desired M number of points in the resampled grid. The

pixel size in the uv-plane is defined by ∆u and ∆v. When choosing M, ∆u, and ∆v, it is im-

portant to recall the sampling conditions of DFTs (see § 2.3.2). In particular, ∆θ = 1/M∆u

and ±θmax = 1/2∆u. Applying Eq. 5.24 to Eq. 5.22 produces the regridding by convolution

equation,

Vr(um,vm) = R× (C ∗SV ) , (5.25)

where (um,vm) are uniformly spaced coordinates in the uv-plane obtained from the delta

functions centered at (i∆u, j∆v) from Eq. 5.24. In practice, the convolution is evaluated

only at the resampled coordinates and is calculated as a weighted sum of the surrounding

irregular points. This abstracted process is represented visually in Fig. 5.11. Usually the

calculation is limited to the irregular points within a small neighbourhood around the resam-

pled point which reduces computational complexity. There is no generally accepted rule for
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determining the width of the convolution kernel. In this work, the Gaussian kernel width is

constrained to σ = ∆u = ∆v, and is chosen so that the convolution produces a smooth func-

tion. From testing various options, a value of σ = 25 was chosen and consistently applied

to all observations.

Now that visibilities have been projected onto a regular grid, the inverse Fourier trans-

form can be computed efficiently with the inverse FFT which gives,

Ĩ(θx,θy) = F −1 {R}∗
[
F −1 {C}

(
F −1 {S}∗F −1 {V}

)]
, (5.26)

where the multiplication/convolution property of Fourier transforms has been used. The

resampling function makes Ĩ periodic as described in Sec. 2.3, which is why ∆u and ∆v

must be chosen carefully to avoid aliasing. Generally they should be selected such that the

resulting ±θmax is comfortably larger than the instrument Field of View (FOV). Eq. 5.26 is a

quantity referred to as the dirty image which may express significant distortion due to sparse

sampling in the uv-plane. It is further distorted by the convolution process, which is easily

compensated by dividing by the inverse transform of the convolution kernel c = F −1 {C},

Ĩc(θx,θy) =
Ĩ
c
. (5.27)

This calculation diverges at points where c → 0, as such, it is customary to set low values to

one, and simply ignore image points within this region. Note that the inverse transform of

the kernel is subject to the scaling property of Fourier transforms. If the kernel is too wide,

its transform will tend to zero rapidly and limit the FOV of the reconstructed image.

The dirty beam is obtained in the same way described by the preceding discussion but

with Vs(un,vn) = 1, which is simply the sampling function S,

b̃(θx,θy) = F −1 {R}∗
[
F −1 {C}F −1 {S}

]
, (5.28)
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Figure 5.11: Regridding by convolution algorithm in one-dimension. Three irregularly
sampled visibility points SV , real or imaginary, are represented by vertical bars. The top
panel shows the convolution process as it is typically understood where the irregular sam-
ples are multiplied by a convolution kernel (Gaussian in this case), and the sum of these
profiles gives the full convolution (black curve; C ∗ SV ). Black outlined vertical bars indi-
cate the contribution to the convolution from the various irregular samples. This strategy is
not easily performed on irregular data since irregular positions are not generally sampled
by the regular convolution axis. The bottom panel shows an alternative approach, where a
Gaussian with unit amplitude (dashed curve) is centered on the resampled coordinate. The
height of the Gaussian where it intersects with irregular samples, which can be computed
analytically, is multiplied by the heights of the irregular samples resulting in the black out-
lined vertical bars. The sum of the heights of these outlined bars give the convolution value
at the resampled coordinate R(C∗SV ). The process is thus equivalent to a weighted sum of
the irregular points with weights obtained from the convolution kernel.
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followed by the same kernel correction,

b̃c(θx,θy) =
b̃
c
. (5.29)

Additionally, the dirty beam is normalized by dividing it by its maximum value. This

same value is used to normalized the dirty image. After this step, the dirty image is a

close approximation of the result that would be obtained using the direct Fourier transform

Eq. 5.21. Fig. 5.12 provides a visual summary of the regridding by convolution procedure

described in this section.

5.3.4 Deconvolution

The distortions in the dirty image result from incomplete uv-plane sampling. Sampling

in the uv-plane can be modelled as multiplying the fully sampled uv-plane by a masking

function which is one at sampled points and zero everywhere else (i.e., the sampling func-

tion S, from Eq. 5.19). In the reciprocal image plane, this procedure corresponds to a

convolution of the source with the inverse Fourier transform of the masking function. This

concept is discussed in more detail in § 2.5.1. The inverse transform of the masking func-

tion gives the dirty beam, so the dirty image is a convolution of the dirty beam with the

source. Removing distortions from the dirty image is then a deconvolution problem.

There are two classes of deconvolution algorithms commonly used in radio astronomy.

The first employs the maximum entropy method [127, 103], which casts the problem in

terms of an optimization problem. Many variations exit, but all such algorithms attempt to

fill in missing uv samples while minimally affecting the sampled points. Missing data is

inserted in a way that maximizes “entropy,” which is not related to physical or information

entropy. The resulting clean image is regarded as the most probably intensity distribution

that is consistent with measured data. This optimization conspires to produce images that

are maximally smooth, and as such, produces poor results for images with point sources

that result in discontinuous variations. Conversely, this technique works particularly well
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on extended sources and tends to converge on a final result faster than the alternative de-

convolution class when the number of uv samples is large. The maximum entropy method

can incorporate a priori information, like a low resolution image, which helps bias the op-

timization towards a particular result. Additionally, the algorithm enforces positive flux in

the image domain which imposes a real physical constraint on the clean image.

An alternative approach is the “clean” method [102, 128], which employs a more in-

tuitive strategy. The peak intensity and its associated coordinates are identified within the

dirty image. A scaled version of the dirty beam, centered on this coordinate, is subtracted

from the dirty image, where the scaling factor is the peak intensity multiplied by some gain.

The value of the scaling factor and the coordinate of peak intensity is recorded for future

use, and is called a “clean component.” This process is repeated until a stopping condition

is reached which may be a maximum number of iterations or when the peak intensity in the

residual dirty image is below some threshold. When the stopping condition is met, clean

components are added to an empty image plane and convolved with a synthetic clean beam.

The residual dirty image is then added to the convolved clean components producing the

final clean image. Typically, the clean beam is constructed by fitting a Gaussian to the main

lobe of the dirty beam. The clean method performs particularly well on images with point-

like sources and is generally easier to implement than the maximum entropy method. The

clean method also converges faster than alternative deconvolution methods when the image

sizes are small. For these reasons, the clean method is used in this work. All deconvolution

algorithms are sensitive to their input parameters, and there is no consensus for determining

optimal parameters. As such, the gain and number of iterations is selected on a case by case

basis with the goal of minimizing sidelobes in the reconstructed image. An example of the

clean method applied to the test case dataset is shown in Fig. 5.13.
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Figure 5.13: Demonstration of image cleaning. The top panel shows the dirty (gray;
Eq. 5.29) and synthesized clean beam (red) generated by fitting a Gaussian to the top 50%
for of the central lobe of the dirty beam. The second panel shows the dirty image resulting
from data processing (blue) and a simulated dirty image (orange) obtained by convolving
the dirty beam with the model source. The third panel shows clean components (black bars)
resulting from the cleaning process, which when convolved with the clean beam and added
to the clean residual, produce the clean image (blue). A simulated clean image (orange),
produced by convolving the model source with the clean beam, demonstrates the best case
scenario when using the clean method. The bottom panel shows the model source which
the clean image is meant to approximate.
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5.4 Summary

In this chapter, the details of performing testbed DFI observations and data processing

were presented. The discussion on observations included information on the initial setup

of the instrument in order to obtain the best results. The core measurements include DFI

interferograms recorded at multiple baselines and FTS interferograms required for normal-

ization and the extraction of complex visibility samples. Thousands of interferograms were

averaged in order to bring the SNR up to a reasonable value and a typical observation took

in excess of 20 hours, conducted over two working days, not including processing time.

In order to fully leverage the dataset, photometric observations were required to cali-

brate the intensity through each arm of the interferometer. If not corrected, baseline de-

pendent intensity variations would be indistinguishable from variations in fringe visibility

and would produce spurious visibility measurements. It is also necessary to correct for in-

strumental phase errors resulting from dispersion in the optical components and non-linear

effects of the detector electronics. To this end, a standard non-linear phase correction prod-

uct was obtained and applied to all future DFI measurements. The residual linear phase

error was corrected by observing the shift of interferograms along the OPD axis, as a func-

tion of baseline, associated with a small symmetric off-axis source. The OPD shift at zero

baseline can be identified as a residual linear phase error. When this shift is subtracted from

the OPD axis, this point corresponds to the phase center of the instrument. A beam correc-

tion was also discussed, which compensates for source plane dependent detector sensitivity

and can attenuate source intensity at the edges of the beam.

After the calibrations procedures, complex visibility extraction was discussed and demon-

strated. A unique feature of the DFI technique is that the instrument is sensitive to a broad

bandwidth, and complex visibilities associated with each sampled frequency can be ob-

tained. This allows for image synthesis at each sampled frequency, resulting in the pro-

duction of spectral images with enhanced spatial resolution. However, the limited baseline

coverage of the testbed instrument required complex visibility samples from multiple fre-
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quencies to be combined in order to extend uv coverage and produce higher quality images.

This process was demonstrated, and the conditions under which such a process is valid

were discussed. Once complex visibilities are obtained, the well developed techniques

of aperture synthesis can be employed to reconstruct an image of the source plane. One

challenge involves projecting the generally non-uniformly sampled visibility data onto a

uniformly sampled grid so that fast computation of the inverse Fourier transform is possi-

ble. The regridding through convolution technique, used in this work, was explained and

demonstrated. Due to the generally sparse sampling of the uv-plane, reconstructed im-

ages are often distorted. Removing these distortion is effectively a deconvolution problem.

Deconvolution strategies were discussed, and the “clean” method used in this work was

demonstrated. As such, this chapter presented an end-to-end description for the acquisition

and processing of DFI data for the production of high spatial resolution images, and was

supported by examples with experimental data.
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Chapter 6

Results

In this chapter, the results from various Double-Fourier Interferometer (DFI) experiments

are presented. The measurements in Sec. 6.1 demonstrate how source extent affects the

visibility of fringes when observed at different baseline lengths. It is also shown how source

extent can be inferred from visibility curves when some assumptions can be made about the

source geometry. The measurements in Sec. 6.2 demonstrate how the phase of the complex

visibility changes as a function of baseline and source position. These results can also

be used to validate the spectrometer accuracy of the testbed DFI system. Taken together,

these experiments independently probe the two aspects of complex visibility: amplitude

and phase, and are intended to give a clear demonstration of how these quantities relate to

source structure.

Subsequent experiments exploit complex visibility as a whole and are oriented towards

demonstrating image reconstruction from interferometric measurements. These experi-

ments are intended to independently verify the various imaging requirements outlined in

Sec. 1.4. Sec. 6.3 includes observations of one dimensional sources which are further di-

vided into three categories. The first category is spectrally uniform sources imaged using

a single detector, which verifies that aperture synthesis techniques can be applied to DFI

data, and that the DFI instrument is capable of resolving structure much smaller than the

size of the detector beam. The second category is nonuniform spectral sources, where the

source has a different structure at different optical bandwidths. By performing aperture

synthesis within these bands separately, it is shown that the DFI technique is capable of
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providing high spatial resolution spectral images. The third category involves source struc-

ture that is extended such that the full source can only be observed when using multiple

detectors. These are the conditions that describe wide field imaging. Multi detector aper-

ture synthesis is demonstrated, and experimental results provide insight into the processing

steps required to exploit multiple detectors. Finally, Sec. 6.4 demonstrates aperture synthe-

sis when observing a two dimensional source, which requires measurements from multiple

baseline/source orientations. The details of how to fill the uv-plane when using arbitrary

baseline lengths, orientations, and telescope pointings are discussed, in addition to how this

process is extended to wide field applications.

6.1 Photomixer Observations

The photomixer source, described in § 3.2.4, provides a convenient target for study-

ing the effects of source extent on fringe visibility. Due to the monochromatic nature of

the emitted radiation, the resulting interference pattern is well defined by a sinusoid and

removes a layer of complexity associated with broadband sources.

For these observations, the divergence point of the photomixer was placed at foal point

of the collimating mirror. The back focal point of the photomixer emitter is not known with

high precision, and as discussed in § 3.2.5, the focal point of the collimating mirror is only

constrained to ±2mm. To achieve the best results, the emitter was manually adjusted so

as to maximize the sum, and minimize the difference, of the intensity through both arms

of the interferometer. Intensity was estimated by electronically modulating the photomixer

output and measuring the peak-to-peak amplitude of the the resulting signal when either arm

of the interferometer was blocked. Position was iteratively adjusted at different dynamic

aperture positions until a position was found that resulted in strong, and nearly equivalent,

signal through the static aperture and all position of the dynamic aperture. Unfortunately,

this result did not hold over a broad range of optical frequencies, suggesting that the back

focal point and/or beam characteristics of the emitter are frequency dependent. For this
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reason, observations were carried out in the frequency range ∼ 840− 860GHz, at 5GHz

intervals, and alignment was performed at 850GHz. This range was chosen for its lack of

atmospheric absorption (see Fig. 4.13), high detector sensitivity (see Fig. 4.14), and high

photomixer output power.

At each of the sampled frequencies, interferograms were obtained using interferometer

baselines from 135− 310mm in increments of 5mm. A subset of these interferograms

when viewing radiation with frequency ν ≈ 855GHz is shown in Fig. 6.1. The resulting

interferograms are well described by the monochromatic DFI response Eq. 2.62, which has

the functional dependence

IDFI(B,z) = I(k)|γ0(B,k)|sin(2πkz) , (6.1)

where B is the baseline, z is Optical Path Difference (OPD), and k = 1/λ = ν/c is the

wavenumber of the radiation with wavelength λ and speed of light c. The main quantity of

interest is |γ0(B,k)|, the absolute value of the complex visibility. By definition, this quantity

is 1 ≥ |γ0| ≥ 0, and serves to modulate the sinusoidal interference pattern. This modulation

can be observed in the top panel of Fig. 6.1 where |γ0| decreases with increasing baseline

from 135 to 175mm.

The amplitude of the sinusoid can be extracted directly from the interference pattern

by measuring the peak-to-peak intensity. However, this approach is only possible for a

monochromatic source, and since the optical frequency is also of interest, this approach

can be somewhat cumbersome. A more general strategy is to take the Fourier transform of

the interferogram which produces a complex valued sinc function centered on the optical

frequency. Taking the absolute value of this result gives the absolute value of the sinc

function with amplitude I(k)|γ0(B,k)|/2. An example of this process is shown in the bottom

panel of Fig. 6.1. By fitting these profiles with an appropriate function, the optical frequency

and amplitude of the interference pattern can be obtained with high precision.

Taking the absolute value of the spectrum removes any phase information encoded in
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Figure 6.1: Baseline effect on fringe visibility. The top panel shows the measured
monochromatic interferogram when observing the photomixer at various interferometer
baselines. It is observed that the contrast or visibility of fringes decreases with increased
baseline. The amplitude of the sinusoidal interferogram is proportional to the fringe vis-
ibility and can be obtained by computing the absolute value of its Fourier transform, as
shown in the bottom panel. The amplitude of the resulting spectral feature is equal to half
the amplitude of the interferogram. Drift in the spectral feature is attributed to thermal drift
in the photomixer’s distributed feedback lasers.
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the complex values, but in some cases this may not be problematic, particularly if some

assumptions can be made about the source geometry. In this case, the photomixer emitter

consists of a log spiral antenna coupled to a 10mm diameter circular lens. With these

considerations, it is perhaps reasonable to approximate the source as a circle. From the van

Cittert-Zernike theorem, the expected visibility profile is,

|γ0(B)| ∝

∣∣∣∣J1(2πθrB/λ)

2πθrB/λ

∣∣∣∣ , (6.2)

which is the absolute value of the Fourier transform of a circle, where J1 is the first order

Bessel function of the first kind and θr is the angular radius of the circle. Note that source

plane angles can be converted to spatial extent using Eq. 3.18.

The absolute values of the sinc functions for all the observed interferograms were ob-

tained through model fitting. These results are shown in Fig. 6.2. The dashed curves show

the best fit for the data to Eq. 6.2. Both the cure and the data have been scaled by a nor-

malization factor such that the model is unity at B = 0 so that the curve is equivalent to

the visibilities. This factor was obtained from the fitting process. Although there are some

deviations, the model function represents the data reasonably well. Furthermore, the fitted

angular radius of the model is equivalent to 4.6± 0.1mm on the source plane, which is

consistent with the 10mm diameter photomixer emitter lens. From these experiments, the

relationship between fringe visibility and source extent has been demonstrated in addition

to how visibilities can be extracted from interferograms and how such information can be

used to infer the structure of the source through model fitting.

6.2 Virginia Diodes Observations

Due to their high power and relatively high spatial coherence, the Virginia Diodes (VDI)

sources, provided by Blue Sky Spectroscopy and discussed in § 3.2.4, are convenient for

investigating how source position and interferometer baseline affect the phase of the DFI
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Figure 6.2: Visibility curves obtained when viewing the photomixer at different monochro-
matic frequencies. The curves are well modelled by the expected visibility profile given by
Eq. 6.2. Best fit models are given by the black dashed curve with the best fit radius of the
assumed circular source indicated in the legend. The discrepancy between data and model
may be due to imperfect assumptions related to the source geometry.
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response. Additionally, the high temporal coherence and precision with which the source

frequencies can be controlled makes these sources ideal for some aspects of spectral char-

acterization of the DFI instrument.

For these experiments, two VDI source were used in addition to a polarizer (see Fig. 6.3).

One source was position on the focal plane of the collimating mirror (i.e., the nominal

source plane). The polarizer was placed ∼ 200mm in front of this source with its polar-

ization axis at 45◦ with respect to the normal vector of the optics table. A second source

was positioned at the reflected focal point of the collimating mirror. The source which emits

light that is transmitted through the polarizer to the collimating mirror maintained a constant

frequency νT = 320.001GHz, but its horizontal position on the source plane was allowed

to vary. The source which emits light that is reflected off the beamsplitter to the collimating

mirror had a frequency νR which is varied, but its position was held constant. Configured

in this way, transmitted and reflected light have an electric field with the same polarization,

and the sources can be made to effectively overlap on the source plane. The sources were

initially aligned by back propagating a visible laser through the interferometer system. The

position of the reflected source was then optimized for maximum throughput in the same

way as the photomixer described in Sec. 6.1. The position of the transmitted source was

made to align with the effective position of the reflected source, where alignment accuracy

was determined by inspection of measured interferograms, as will be detailed later in this

section. Finally, the output power of each source was tuned to be approximately equal

through both the static and dynamic aperture at a 135mm baseline.

When observing either the reflected or transmitted source individually, the resulting

interferogram is well described by the monochromatic DFI response Eq. 2.62, with the

functional dependence

IDFI(B,z) = I(k)sin [2πk(z−Bθ)] , (6.3)

where the variables are defined in the same way as Eq. 6.1, and θ is the angular position

of the source. Comparing this equation to Eq. 6.1, note that the fringe visibility is set to
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νT = const

νR

Collimating
Mirror

Figure 6.3: VDI experimental setup. One source is aligned with the nominal focal plane of
the collimating mirror and emits radiation that is transmitted through the beamsplitter. This
transmitted source maintains a constant frequency, but its position along the focal plane can
be varied. A second source is placed at the reflected focal point of the collimating mirror.
This reflected source is operated at a constant position, but its frequency can be varied.
After the beamsplitter, light from the two sources have orthogonal polarization states.

unity, as is characteristic of a spatially coherent point-like source, and an extra term has

been added to the argument of the sin function which is the phase of the complex visibility

φ0(B⃗,k) =−2πkBθ, associated with a point-like source. Although the VDI sources are not

point sources, the physical extent of their emitter is small and the wavelength at which they

are operated is relatively large, so the point-like description is approximately true.

The signal obtained when observing both sources simultaneously can be approximated

by summing the responses associated with two monochromatic sources,

IV DI(B,z) = I1 sin [2πk1(z−Bθ1)]+ I2 sin [2πk2(z−Bθ2)]

≈ (I1 + I2)cos [2πz(k1 − k2)−α]sin [2πz(k1 + k2)−β] ,

(6.4)

where the subscripts denote variables from different sources and,

α = 2πB(k1θ1 − k2θ2) (6.5)
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and

β = 2πB(k1θ1 + k2θ2) (6.6)

are constants for an individual interferogram. The second line in Eq. 6.4 is obtained using

the sum-to-product trigonometric identity, and the approximation assumes the intensities I1

and I2 are equivalent. The full response is then a high frequency sine wave modulated by

low frequency cosine function. The envelope of the response is the most apparent structure

when inspecting interferograms and is phase shifted by α which maps to an OPD shift

δz = B(k1θ1 − k2θ2)/(k1 − k2). Fourier transforming the composite interferogram results

in a complex spectrum with complex sinc features centred on the optical frequencies of the

sources. Complex visibility phase can then be computed for each source using

φ0(B,k) =−2πkBθ = arctan
(

SIm(k)
SRe(k)

)
, (6.7)

where SRe(k) and SIm(k) are the real and imaginary components of the complex spectrum.

For this experiment, the frequencies ν = ck and amplitudes of these components are deter-

mined by fitting a sinc function to the data. Monochromatic and composite interferograms

are shown in Fig. 6.4 in addition to the complex spectrum associated with the composite

interferogram.

Alignment of the transmitted source with the position of the reflected source was as-

sessed with reference to the envelope of the composite interferogram. Inspecting α in

Eq. 6.5, it is clear that the envelope is independent of baseline when k1θ1 = k2θ2, and

if k1 ≈ k2, this condition reduces to θ1 ≈ θ2. The reflected source frequency was set to

323.773GHz, representing a 1.2% difference with respect to the transmitted source fre-

quency. The position of the transmitted source was then adjusted so that the interferogram

envelope was independent of baseline. The end result is presented in the left panel of

Fig. 6.5. This figure also shows the complex spectra, obtained from the Fourier transform

of the interferograms. Positions of the sources with respect to the optical axis can be com-
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Figure 6.4: Example VDI response and complex spectrum. The left panel shows the si-
nusoidal monochromatic response associated with the reflected (blue) and transmitted (or-
ange) sources, with a vertical offset for clarity. Both sources observed simultaneously pro-
duces the green curve, referred to as the composite response, which shows a prominent
cosine modulating envelope. The inset shows a close up of the ZPD region. The right panel
shoes the complex spectrum of the composite interferogram with real (green) and imagi-
nary (purple) sinc features centered on the source frequencies of the sources.

puted from the baseline dependent phase of each source. With reference to Eq. 6.7, the

phase can be represented as a linear equation with slope −2πkθ and independent variable

B. Calculating the baseline dependent phases, and fitting linear equations to the data, re-

sults in a slope which correspond to positions −1.4± 0.1mm for the reflected source and

−1.3±0.1mm for the transmitted source.

When the source positions do not align, the envelope of the composite interferogram

is expected to shift as a function of baseline. To validate this hypothesis, the transmitted

source was moved 1.8± 0.2mm to the left of its reference position, which corresponds

to a positive increase with respect to the interferometer coordinate system (see Fig. B.1).

Interferograms and complex spectra from measurements in this configuration are shown

in Fig. 6.6. It can be observed that the interferogram envelope slowly drifts to the left

with increasing baseline. Furthermore, the complex spectra associated with the stationary

reflected source at ∼ 324GHz is equivalent to complex spectra associated with the same

source in the previous configuration (see Fig. 6.5). However, the phase characteristics of
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Figure 6.5: Results obtained at different baselines when the VDI sources overlap. The left
panel shows the composite interferograms at different baselines, and it can be observed
that the positions of the envelopes are nearly constant. The right panel shows the resulting
complex spectra. By calculating the phase associated with each source at each baseline and
fitting a linear equation, the resulting slope can be used to estimate source position. In this
case, the reflected source position is −1.4±0.1mm, and the transmitted source position is
−1.3±0.1mm, which are approximately equal, as expected.
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the transmitted source have changed. Fitting a linear equation to the baseline dependent

phase of the transmitted source in the same way described in the previous paragraph reveals

a source position of 0.5± 0.1mm, corresponding to a 1.8mm shift in source position, as

expected. The results of the linear fitting procedure are shown in Fig. 6.7

An important feature of Figs. 6.5 and 6.6 to emphasize is how the phase of the com-

plex spectra varies with baseline. The functional dependence is given by Eq. 6.7, which is

linear with baseline, as previously mentioned. Invoking the translation property of Fourier

transforms, this linear phase in the spectral domain causes a translation in the interfero-

gram domain. As such, when a source is at a fixed point offset from the optical axis, the

interferogram will be increasing shifted from the phase center as the baseline increases.

Analogously, when observing at a fixed baseline, the interferogram will be increasingly

shifted from the phase center when the source position is increasingly offset from the opti-

cal axis. This effect is demonstrated in Fig. 6.8 which shows interferograms and complex

spectra for observations with a constant baseline, where the transmitted source is offset

from its reference position in increments of ∼ 2mm. It is observed that the phase of the

reflected source at ∼324GHz is constant, since the baseline and position are fixed. How-

ever, the phase of the transmitted source is changing with source position at increments of

∼−π/2. With reference to Eq. 6.7, this observed phase increment corresponds to a source

position increment of ∼2mm, as expected.

The preceding demonstrations are intended to emphasize the relationship between in-

terferometer baseline and source position on phase in the complex spectrum. Note that in

these demonstrations, the phase under study is associated with the phase of the complex

visibility Eq. 6.7, and as such, these demonstrations show how complex visibility phase re-

veals information about source position. In these experiments, two sources have been used.

It is clear that the phase associated with each source position is independent of the other,

as indicated by Fig. 6.8, so the distribution of sources on the source plane can be obtained

with these kinds of observations. Similarly, it has been shown that the spectral components
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Figure 6.6: Results obtained at different baselines when the VDI sources do not overlap.
The left panel shows the composite interferograms at different baselines, and it is observed
that the envelope of the composite interferogram slowly drifts to the left as the baseline
increases. The right panel shows the complex spectra associated with each interferogram.
The phase properties of the stationary/reflected source at ∼324GHz have not changed from
the previous experiment, but the phase properties of the translated/transmitted source at
∼320GHz have. Estimating source position from the phase gives −1.5± 0.1mm for the
reflected source, and 0.5±0.1mm for the transmitted source.

221



6.2. VIRGINIA DIODES OBSERVATIONS

150 200 250 300

Baseline [mm]

π

5π/4

3π/2

7π/4

2π

P
h

as
e

[r
ad

]

320.0 GHz

323.8 GHz

150 200 250 300

Baseline [mm]

Figure 6.7: Linear fit to baseline dependent phase for the transmitted (blue) and reflected
(orange) sources with the transmitted source at different positions. The left panel shows
data for when the two sources overlapped. The nearly equivalent slopes indicate a common
position on the source plane. The right panel shows data for when the sources do not
overlap. The distinctly different slopes indicate different positions on the source plane.

of the complex spectrum can be treated independently. With the discussion of complex vis-

ibility phase in this section, combined with the discussion of complex visibility amplitude

in Sec. 6.1, it should be clear how complex visibility as a whole relates to the source inten-

sity distribution and how the DFI technique can, in principle, be used to generate spectral

images.

Due to the high precision of the VDI sources, these results can be used to validate the

performance of the spectrometer. By fitting sinc functions to the spectral features in the

previous figures, and using the centers of these fitted functions as estimates for the fea-

ture frequencies, the source frequencies were measured to be 320.048±0.006GHz for the

transmitted source and 323.824±0.004GHz for the reflected source. These are compared

to the expected frequencies of 320.001GHz and 323.773GHz for the transmitted and re-

flected sources, respectively. The discrepancy represents a 0.05GHz systematic error with

a 0.005GHz random error. Since the systematic error is four times lower than the best pos-

sible spectral resolution of the instrument, and more than three orders of magnitude lower

than the spectral resolution under nominal observing conditions, the spectral performance

is considered more than adequate.
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Figure 6.8: Phase dependence on source position. The left panel shows composite in-
terferograms at a constant 135mm baseline where the transmitted source is translated in
increments of ∼2mm. It can be observed that the envelope of the interferogram drifts to
the left. The right panel shows the complex spectra associated with the interferograms. The
phase properties of the reflected source are constant since the source position and interfer-
ometer baseline are stationary. The phase properties of the transmitted source, however, are
variable and change in increments of ∆φ ≈ 90◦ which corresponds to translation increment
of ∆x ≈ 2.0mm, as expected. Note the decreased amplitude of the transmitted source is
due to the source moving out of the detector beam, and results in decreased contrast in the
interferogram envelope.
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Figure 6.9: Demonstration of spectral resolving capabilities of the DFI technique. The VDI
sources were configured to have a frequency difference of ∼0.235GHz which is considered
resolved with a 640mm maximum OPD. The left panel shows the resulting interferogram,
and expresses the characteristic single period interferogram envelope for two resolved spec-
tral feature. The right panel shows the associated complex spectrum and power spectrum
given by the blue curve. The blue curve is similar to what would be seen by an Fourier
Transform Spectrometer (FTS), and it is difficult to distinguish the two features. Under
certain conditions, however, the complex nature of the DFI spectrum make the two features
easy to resolve.

As an interesting demonstration of the spectral resolving capabilities of the DFI, the

transmitted source frequency was set to 320.236GHz. The frequency difference between

the transmitted and reflected source was then ∼0.235GHz. Resolving these two sources

would require a maximum OPD of 640mm (see Eq. 2.54). Furthermore, the complex spec-

tra of the transmitted and reflected sources are expected to be π/2 out of phase when sep-

arated by 2mm and observed with a baseline of 135mm. The interferogram and complex

spectrum obtained under these conditions is shown in Fig. 6.9. It is observed that the enve-

lope of the interferogram goes though one complete cycle over the measured OPD, which

is characteristics of an interferogram with two resolved spectral features. This statement is

verified by inspecting the cosine term of Eq. 6.4 and noting that an envelope with wave-

length 2zmax is expressed as 2πzmax∆k = π, which is consistent with the spectral resolution

equation of an FTS, ∆k = 1/2zmax. The absolute value of the complex spectrum is shown

in blue in the right panel of Fig. 6.9. This curve is similar to the absolute value of the real
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spectrum that would be obtained using an FTS. Even though the spectral features are con-

sidered resolved, the lower amplitude of the lower frequency feature makes it quite difficult

to distinguish the two features by inspecting the blue curve. However, the π/2 complex vis-

ibility phase difference resulting from the DFI observing conditions results in the feature

associated with the transmitted source being mostly real, while the feature associated with

the reflected source is mostly imaginary. Thus, under certain conditions, features that are

difficult to resolve with an FTS are easily distinguish with a DFI.

6.3 One Dimensional Source

The remaining observations discussed in this chapter were obtained and processed fol-

lowing the procedures discussed in Ch. 5. The sources consist of various aperture masks

backlit by the Pegasus thermal source. Aperture masks are constructed by cutting slits of

various widths with various orientations into the mask material. Slits are used because they

can be cut with high precision, have well defined and easily modelled visibility curves, and

they provide a sensitivity advantage. A spatial interferometer is only sensitive to spatial

variations parallel to the baseline vector. In effect, the interferometer sees the two dimen-

sional source plane, multiplied by the detector sensitivity, as if it was projected onto a one

dimension space represented as a line that is extended parallel to the baseline vector. When

using a slit mask with structure that is constant along the perpendicular direction, this pro-

jection increases throughput in proportion to the perpendicular extent of the slit within the

detector beam without changing the source structure along the parallel direction. This ef-

fect helps to overcome the sensitivity constraints of the detector system and is the driving

motivation for an optical design with a <1 magnification which increases the detector beam

size, and subsequently, the perpendicular extent of the slit that the detector is sensitive to. A

slit mask is effectively a one dimensional source since there is no variation along one axis.

As such, they are best used when studying single baseline orientation observations. Fortu-

nately, generalizing the observation and processing steps required for a single orientation to
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multiple orientations is, in principle, quite simple (see Sec. 6.4). Validating the DFI tech-

nique at a single baseline orientation is thus foundational to developing more complicated

observation strategies.

In this section, results are presented for single baseline orientation observations when

viewing one dimensional slit masks. For each observation, data is compared to ideal noise

free models at each relevant step. These results are generally communicated though a multi

panel figure which includes panels for measured data, processed data, and aperture syn-

thesis. Due to the limited space in each figure, legends are excluded. However, the color

scheme used in each panel is consistent, and can be referenced to Fig. 6.10. Each panel is

analogous to a corresponding figure previously presented in Ch. 5 where they are discussed

in detail. The top left panel shows phase corrected band-pass filtered interferograms. The

top right panel shows the FTS spectrum for the observation and complex spectra associated

with each interferogram. The center panel shows complex visibility samples. The panels

bellow this show the dirty image, clean image with clean components, and the source model

that is assumed when calculating simulated results. When appropriate, experimental data is

presented alongside ideal models, and the qualitative agreement between the two is used to

demonstrate the consistency between experiment and theory.

The model source was constructed so as to accurately represent the source being ob-

served with minor manual adjustment in width and position to improve agreement between

data and simulation. Position is effectively a free parameter since the aperture mask mount-

ing strategy was unsophisticated and the position of the slit relative to the optical axis is

limited to the precision of manual adjustment in the absence of a well defined reference

(i.e., a few millimeters). Model slit width consistently needed to be made smaller than the

actual source. The reason for this is left as a discussion topic in the next section.

226



6.3. ONE DIMENSIONAL SOURCES

Interferogram

data

model

Spectrum

FTS spec

Re data

Im data

Re model

Im model

Complex Visibility

Re data

Im data

Re model

Im model

Aperture Synthesis

data

model

clean comps

Figure 6.10: Multi-panel figure legend. The color scheme used in the results figures pre-
sented throughout this chapter are consistent with those indicated in this figure.

6.3.1 Uniform Spectrum

The observations presented in this subsection consist of slit masks back lit by the Pega-

sus thermal source, and data is derived from the central A0 detector of the detector array.

Although the relative intensity at each optical frequency may be different, the shape of the

souce should be constant at all frequencies. As such, these experiments are described as

having a uniform spectrum. Results when observing a 1mm slit offset from the optical axis

by ∼3mm are shown in Fig. 6.11. Results when observing a 1mm and 2mm slit separated

by 5mm are shown in Fig. 6.12.

In general, there is excellent agreement between experimental and model results at every

stage of processing. It is clear that the DFI instrument can extend the spatial interferome-

try techniques. In particular, the DFI can accurately reconstruct the shape and distribution

of sources much smaller than the detector beam. Note that in the case of the double slit

experiment, light from both slits is integrated onto the same detector, and the slits would

be impossible to distinguish with non-interferometric imaging techniques. Although agree-

ment between data and model is quite good, a few deviations are evident which can be fully

understood as instrumental or experimental error.
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Figure 6.11: Results for an offset 1mm slit. Model is a 0.7mm slit centered at −3.4mm.

228



6.3. ONE DIMENSIONAL SOURCES

−2 0 2

Optical Path Difference [mm]

135

195

255

310

B
as

el
in

e
[m

m
]

500 1000 1500 2000

Frequency [GHz]

0 250 500 750 1000 1250 1500 1750 2000

Spatial Frequency [B/λ]

−1

0

1

V
is

ib
il

it
y

0

1
Dirty Image

0

1

A
m

p
li

tu
d

e
[a

rb
]

Clean Image

−8 −6 −4 −2 0 2 4 6 8

Source Plane [mm]

0

1
Source

N
or

m
al

iz
ed

A
m

p
li

tu
d

e
[a

rb
]

Figure 6.12: Results for a 1mm and 2mm slit separated by 5mm. Model is a 0.7mm and
1.6mm slit separated by 4.5mm.
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Model source size must consistently be assumed to be smaller than the actual slit width

in order to improve agreement between data and models. This can be explained by the

geometry of the aperture mask with respect to the collimating mirror. The masking material

has thickness t = 2mm. When the source of width w is viewed at an angle θ, the apparent

source size is

s = wcos(θ)− t tan(θ) . (6.8)

The first term represents the projected width of the source when viewed at an angle, while

the second term accounts for the additional reduction in apparent source size that results

from the finite thickness of the masking material. The apparent size of the source is a

monotonically decreasing function of viewing angle. For example, a w = 1mm slit viewed

at an angle of θ = 8◦, has an apparent size s ≈ 0.7mm. From the perspective of the static

aperture, which views the source through the collimating mirror at a similar angle, the

source always appears to be smaller than it actually is. Since spatial interference can only

occur with source points that overlap from the perspective of both apertures, measured

interferograms are limited by the smallest apparent size between the two apertures of the

spatial interferometer.

Baseline dependent phase errors result from a slight OPD offset of the interferogram.

As such, the phase errors have a linear dependence and can be amended at a particular

baseline by assuming a sub-mm shift in source position. As can be observed in Fig. 6.11, the

complex spectrum is in good agreement with simulations at B = 135mm. As the baseline

increases to B= 195mm, the agreement with simulation decreases as a result of linear phase

error. As the baseline continues to increase to B = 310mm, agreement between data and

simulation improves. This baseline dependence indicates that simply assuming a different

source position will not improve the overall agreement. A potential explanation is the errors

in curvature associated with the collimating and focusing mirrors. When characterizing the

collimating mirror, parallel rays originating from the aperture plane were focused onto the

nominal focal point and a ±1mm horizontal spread was observed (see Fig. 3.10). Reversing
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the rays from focal point to aperture plane would then result in a ±1mm apparent shift

in source position when viewed from different position in the aperture plane. Inspecting

Fig. 3.10, it is notable that the difference between the horizontal positions of rays focused

by the outer edges of the collimating mirror is small. If the shift of apparent source position

is a result of the collimating mirror curvature, this fact would help to explain why there is

agreement between results at small and large baselines.

Another notable deviation from theory is the loss of fringe visibility at higher optical

frequencies. A specific example would be at ∼1,400GHz for the 310mm baseline obser-

vation in Fig. 6.11. Although the expected visibility is low, there seems to be a statistically

significant absence of spectral amplitude in the data. However, visibility is at the expected

level in the same spectral region for the B = 135mm data, so whatever is causing visibility

loss is expected to be baseline and frequency dependent.

Visibility loss can result from differential wavefront error between the two beams of the

interferometer, amplitude mismatch, OPD errors, and alignment errors in the form of partial

beam overlap and tip-tilt angular differences between the beams when they are combined

[129, 130]. Visibility loss can also be due to polarization mismatch, however, the DFI used

in this work is not sensitive to polarization so these effects are not relevant here. Of the

various contributions listed, differential wavefront, OPD, and tip-tilt alignment errors have

an explicit wavelength dependence. Fractional visibility loss can be expressed as

Vloss = 1−VWFE ·VOPD ·Vtt

= 1−
[

e−(2πσWFE/λ)2 · e−(2πσOPD/λ)2 ·2J1(πDσtt/λ)

πDσtt/λ

]
,

(6.9)

where σWFE , σOPD, and σtt are Root Mean Squared (RMS) deviations associated with

differential wave front, OPD, and tip-tilt alignment errors, respectively. The tip-tilt term

assumes circular apertures with diameter D. It is clear from Eq. 6.9 that for a given error

source, visibility generally deceases with increased frequency. Beam overlap is defined as

the fractional area of one interferometer arm beam that overlaps with the other. Although
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this is not explicitly a function of frequency, the beam sizes may be frequency dependent

and fractional overlap errors related to alignment will have a greater effect on small beams

associated with high frequencies than larger beams at lower frequencies. In § 3.4.2, it was

found that the model beam sensitivity profile has a slight frequency dependence which may

result in a frequency dependent fractional beam overlap error. Worse alignment at larger

baselines is expected to be the cause of decreased visibility at larger baselines and at higher

frequencies.

6.3.2 Nonuniform Spectrum

The baselines accessible with the testbed DFI are too limited to fill the uv-plane suffi-

ciently for the production of monochromatic images at each optical frequency sampled by

the DFI. This is why emphasis has been placed on extracting complex visibilities and com-

bining the results of multiple frequencies to increase the sampling in the uv-plane. However,

this strategy is applicable only when the source is spectrally uniform, which implies that,

apart from a scaling factor, the source has the same intensity distribution at all frequencies.

This condition is not met in many interesting cases, and analyzing data in this way ignores

one of the most attractive features of the DFI technique: the ability to produce spectral

images.

To demonstrate spectral imaging capabilities with the testbed system, it is still necessary

to combine data from multiple frequencies to appreciably fill the uv-plane. In effect, the

source spectrum needs to be segmented into broad spectral bands with the source expressing

different spatial structure in each band. Such a scene was manufactured using the double

slit aperture mask by placing a low-pass THz filter over the 2mm slit. The filter material

consists of a capacitive metal mesh grid with a 1THz cutoff frequency. The transmission

curve, measured using the interferometer in FTS mode, is shown in Fig. 6.13. In this

configuration, the source appear as two slits at frequencies ≲ 1THz, and appears as one slit

at frequencies ≳ 1THz.
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Figure 6.13: Low-pass filter transmission curve. The top panel shows the background
spectrum (blue) obtained when viewing an unfiltered slit, back lit by a thermal source. The
sample spectrum (orange) was obtained when viewing the slit masked by the low-pass filter
material. The transmission curve in the lower panel (black) is computed as the ratio of the
sample and the background spectra. Uncertainty in transmission is conveyed by the blue
shaded region.

Results for the full instrument bandwidth are shown in Fig. 6.14. Since the source is not

spectrally uniform, it is only sensible to show interferograms, and complex spectra for the

whole bandwidth. For these quantities, there is a high level of agreement between data and

model. Observed deviations result from the same effects previously discussed in § 6.3.1.

Results for the lower band are shown in Fig. 6.15. In this case, only complex visibility data

derived from complex spectral components between 300− 1,000GHz are considered. In

this spectral range, the source is expected to appear as a 1mm and 2mm slit separated by

5mm. Thus, a similar geometry is used when constructing the model and is in excellent

agreement with the data.

Results for the upper band are obtained using complex visibilities derived from complex

spectral components between 1,200− 2,200GHz. In this range, transmission through the

low-pass filter is negligible and the source is expected to appear as a single 2mm slit at the
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Figure 6.14: Full bandwidth results for a 1mm and 2mm slit separated by 5mm, with
the 2mm slit masked by the 1THz low-pass material. For modelling, the 2mm slit is
assigned the “sample” spectrum and the 1mm slit is assigned the “background” spectrum
(see Fig. 6.13). Additional model details are described in Figs. 6.15 and 6.16.

same position as the 2mm slit used in the lower band model. Data and simulated results

with these constraints is shown in Fig. 6.16. Complex visibility amplitudes are observed

to be systematically lower than the model, which is consistent with previous observations,

where visibilities from higher frequency spectral components tend to express lower visibil-

ity resulting from the higher alignment precision required for interference. The cleaning

procedure performed poorly in this case, which is reasonable considering the absence of

low spatial frequency uv components. However, the agreement between the measured and

simulated dirty images is substantial, and is a compelling indication that experimental re-

sults conform to theoretical expectations.

Although this is a particularly simple example with only two spectral channels, the

experiment presented here clearly demonstrates that the DFI is sensitive to the spectral

structure of the source. In a more general situation with greater baseline sampling, the

same principles and processing techniques can be used to construct spectral images with

234



6.3. ONE DIMENSIONAL SOURCES

0 250 500 750 1000 1250 1500 1750 2000

Spatial Frequency [B/λ]

−1

0

1

V
is

ib
il
it

y

0

1
Dirty Image

0

1

A
m

p
li
tu

d
e

[a
rb

]

Clean Image

−8 −6 −4 −2 0 2 4 6 8

Source Plane [mm]

0

1
Source

N
or

m
al

iz
ed

A
m

p
li
tu

d
e

[a
rb

]

Figure 6.15: Lower band results. The model is a 1.6mm slit and a 0.7mm slit separated by
4.5mm.
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Figure 6.16: Upper band results. The model is a 0.7mm slit centered at −5.6mm.
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each layer of the image corresponding to a sampled spectral component in the DFI complex

spectrum.

6.3.3 Wide Field

Wide field observations are facilitated by the use of multi-pixel detector arrays where

the beam associated with each detector in the array is centered on a different position of

the source plane. Such a situation is achieved by the optical system used in this work (see

Fig. 3.16). To demonstrate wide field imaging, a slit mask was used where a 2mm and a

1mm slit were separated by 12mm. The separation between slits is sufficient for each slit to

be approximately centred within the beams of adjacent detectors. For this experiment, the

2mm slit was placed within the A0 detector beam, and the beam was sufficiently small that

it was not sensitive to the 1mm slit. Similarly, the 1mm slit was placed within the beam of

the A3 detector which had no sensitivity to the 2mm slit.

Measurements taken with the A3 detector were processed in the exact same way as

measurements taken with the A0 detector. Results for the A0 detector are shown in Fig. 6.17

and results for the A3 detector are shown in Fig. 6.18. In both cases, data is well represented

by simulation using the assumed source geometry. Combining the source plane models

from the two detectors with summation produces a composite model consisting of a 1.4mm

slit, from the A0 detector, and a 0.7mm slit, from the A3 detector, separated by 13.0mm.

That is, the wide field source can be constructed though straight forward summation of the

clean images from both detectors with no additional processing steps.

Due to the linear property of Fourier transforms, results from different detectors can

be combined though summation in any of the interferogram, spectral, uv-plane, or spatial

domains. This fact is demonstrated in Fig. 6.19 which shows interferograms that were ob-

tained when viewing a 1mm slit that was positioned such that adjacent detectors could view

the slit simultaneously. It can be observed that, apart from a scaling factor and some asym-

metry, the interferograms obtained from different detectors when viewing the same source
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Figure 6.17: Wide field A0 results. Model is a 1.6mm slit centered at −1.4mm.
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Figure 6.18: Wide field A3 results. Model is a 0.7mm slit centered at 11.6mm.
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are identical. As such, it is appropriate to simply add the two signals in wide field appli-

cations. Although each detector may have their own systematics requiring detector specific

phase, beam, or sensitivity calibration products, these results are a compelling demonstra-

tion that detector specific processing for the purpose of visibility extraction and uv-plane

population is not required.

The differences between interferograms in Fig. 6.19 can be explained by the position of

the slit with respect to the detector beams. The slit is nominally a rectangle, but when the

slit is near the edge of the beam, the side nearest the edge of the beam is attenuated. From

the perspective of the detector, the rectangular slit may then appear as something like a

trapezoid. The asymmetry of the apparent source geometry produces an asymmetric inter-

ferogram as can be seen for the A0 detector in the top panel of Fig. 6.19. For the adjacent

A3 detector, the other side of the slit is attenuated, and the asymmetry is reflected. The

difference in amplitude of the interferograms is explained by the beam sensitivity profile.

In both cases shown in Fig. 6.19, the slit was paced closer to the center of the A0 detector

than the adjacent detector, resulting in better sensitivity and higher amplitude for the A0

interferogram.

A further caveat must be noted. When performing nominal phase center calibration on

the A0 detector it was determined that a 0.28± 0.03mm offset was required for the OPD

axis (see § 5.2.2). Repeating this analysis on the A0 data obtained for Fig. 6.19 gave a

different result. The same analysis was performed on the A3 and C2 detector data. This

analysis gave OPD corrections of 0.15±0.03mm for A0/A3 and 0.42±0.02mm for A0/C2.

Evidently, the phase center correction depends on the position of the source used during the

calibration, but given a particular source position, the correction is the same for adjacent,

and potentially all, detectors. This discrepancy was not anticipated from theory and is

attributed to imperfections in the optical system resulting from the collimating mirror’s

aberrations. It is emphasized that the OPD correction is asymmetric about the optical axis

which is characteristic of modelled aberrations (see Fig. 3.14), and if this correction was
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Figure 6.19: Wide field source overlap interferograms. Interferograms were obtained us-
ing a 135mm baseline and by placing a 1mm slit in the Field of View (FOV) of adjacent
detectors. The interferograms within each panel are nearly identical apart from a scaling
factor and some asymmetry, both resulting from the slit being near the edges of the detector
beams. The equivalence of interferograms when viewing the same source suggests detector
specific processing is not needed for off-axis detectors in wide field imaging. Interfero-
grams from different detectors can simply be added.

a necessary aspect of the ideal instrument, the correction would be symmetric about the

optical axis.

When conducting wide field observations with a DFI, it is generally necessary to ac-

count for well known obliquity effects of an FTS instrument [100, 105]. In particular, when

viewing an off-axis source that is at an angle α with respect to the optical axis, the OPD is

modified to

z′ = z cos(α) , (6.10)

where z is the OPD for an on-axis source. This obliquity factor typically increases instru-

ment bandwidth while reciprocally decreases spectral resolution. Although these effects

can become significant, in this work, the cosine correction is on the order of 10−5 and is

not considered with nominal processing.
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Figure 6.20: Simulated two dimensional slit mask and associated power spectrum. The left
panel shows an approximate model for the two dimensional slit mask used in this exper-
iment. The left panel shows the absolute value of the Fourier transform of the simulated
source, and represents the energy distribution in the uv-plane. It is observed that most of the
energy is along the 0◦, 45◦, and 90◦ lines that intersect the origin. Sampling these regions
thus provides the most information and has the lowest sensitivity requirements.

6.4 Two Dimensional Source

The experiments discussed so far have been conducted using a constant baseline ori-

entation. Since the DFI is only sensitive to spatial variation on the source plane along the

direction parallel to the baseline vector, this configuration is only suitable for one dimen-

sional sources. In order to probe two dimensional spatial variations, the baseline orientation

must be changed. In the case of a real telescope, this is accomplished by physical rotation

of the instrument by an angle θB⃗. With the testbed system, however, baseline rotation is not

practical, and instead, the aperture mask is rotated by θs =−θB⃗.

The two dimensional aperture mask used for these measurements was shown in Fig. 5.1,

with an approximate model shown in the left panel of Fig. 6.20. The target consists of

a variety of slits at 0◦, 45◦, and 90◦. The right panel of Fig. 6.20 shows the absolute

value of the Fourier transform of the target model. It is evident that most of the energy in

the uv-plane resides along lines, rotated by the previously mentioned angles, that intersect

the origin. As such, baseline orientations that sample these axes are expected to be most

productive and least demanding in terms of Signal to Noise Ratio (SNR) requirements.
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Figure 6.21: Two dimensional uv sampling. The left and center panels show the real and
complex uv samples after regridding, respectively. The right panel shoes the uv-plane cov-
erage for this experiment.

Observations and data processing were conducted in the same way as described in Ch. 5.

The main point to emphasize is that, before regridding, complex visibility samples were

projected onto the uv-plane using the typical uv basis mapping in Eq. 5.18. In previous

observations the baseline angle was always zero, which is not the case here. Real and

imaginary uv components after regridding, for the sampled baseline orientations, are shown

in Fig. 6.21 with the right panel of the figure showing the uv coverage for this experiment.

In addition to the baseline rotation angles previously mentioned, the data presented includes

measurements taken at θB⃗ = 135◦. The resulting uv samples are of such low amplitude that

they barely register on the complex uv-plane. This result was expected based on the model

uv-plane in Fig. 6.20.

The synthesized dirty image is shown in left panel of Fig. 6.22. Due to the extended

nature of the source, the clean algorithm performed poorly and the results are not shown.

Although the dirty image fails to distinguish the length of each slit, the positions, widths,

and orientations of the slits are well represented. In the right panel of Fig. 6.22 the dirty

image is superimposed on top of a picture of the aperture masked used in this experiment.

It is clear that the bright bands are an accurate representation of the source structure.

In order to improve image quality and distinguish the lengths of the slits, more uv-

coverage is necessary. The full dataset for the two dimensional source experiment includes
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Figure 6.22: Two dimensional image reconstruction. The left panel shows the resulting
dirty image, which is compared to a picture of the slit mask used in this experiment. Al-
though the lengths of the slits are not evident in the dirty image, the widths, orientations,
and relative positions are well represented by the dirty image.

baseline rotations between 0◦ − 162◦ at intervals of 18◦. Unfortunately, including these

results did not improve the quality of the image and only succeeded in increasing the noise.

However, it should be possible to improve image quality with this system, even accounting

for low SNR. A dirty image constructed by applying the same uv coverage used in this

experiment to the model uv-plane is shown in the center panel of Fig. 6.23. This can be

compared to the experimental image shown in the left panel. Both images are very similar

in quality which suggests the experimental results are consistent with theory and the image

obtained is precisely what would be expected with the given uv coverage. The right panel is

a synthesized dirty image which has been constructed with uv components residing within

an annulus defined by 150 ≤
√

u2 + v2 ≤ 1,700, and is a uv space easily accessible by

the testbed DFI. Additionally, Gaussian noise with a standard deviation of 0.2 has been

applied to this complex visibility space, which is comparable to the complex visibility noise

measured with previous experiments in this chapter. Under these conditions, the slits are

fully imaged in simulation.

In order to recreate such results in the future, it is necessary to develop an improved
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Figure 6.23: Two dimensional dirty image compared to model. The left panel shows the
experimental dirty image, and the center panel shows the model dirty image with the same
uv-plane sampling. Both images are similar, suggesting that experimental results for two
dimensional sources agree with theory. The right panel shows a theoretical image recon-
struction with full uv sampling within the annular region 150 ≤

√
u2 + v2 ≤ 1,700, which is

accessible by the testbed DFI. Complex visibility samples have been subjected to Gaussian
noise with a standard deviation of 0.2, similar to the visibility noise observed in this work.
Even with this distortion, the source is well resolved, and such performance is expected to
be possible with improved slit mask rotation infrastructure.

aperture mask mounting strategy where the rotation of the mask can be controlled, ideally

though automation, to high precision. Part of the reason why adding additional baseline

orientations to the experimental dataset did not improve image quality was because the ro-

tation was only accurate to within ±3◦ and it is suspected that the position of the aperture

mask was shifted during rotation. With these errors, spatial frequencies added to the uv-

plane cannot be expected to contribute to the image in a productive way. Using the heuristic

criteria λ/10 ≥ r σθB⃗
, which states that the error in the source position a distance r from the

optical axis as a function of baseline rotation should be less than λ/10. For the central

detector with beam extent r ≈ 10mm and using the highest frequency of light in the in-

strument bandwidth ν = 2,200GHz, the required rotational precision is σθB⃗
≤ 0.1◦, which

must be further constrained for wide field observations. However, greater rotational pre-

cision may be necessary in some applications (e.g., λ/100 criteria). Another benefit of an

automated mounting solution is that it facilitates more uniform uv coverage. With manual

rotation, the only practical uv sampling is lines that extend out of the origin of the uv-plane,
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as in Fig. 6.21. This inevitably leaves large gaps further away from the origin, which may,

as a whole, contribute significant information to the source intensity distribution.

Although wide field observations were not performed at multiple baseline orientations,

the discussion in § 6.3.3 is easily generalized to two dimensional sources. The key insight

from § 6.3.3 was that data can be combined from multiple detectors through summation

in any of the interferogram, spectral, visibility, or image domains. This statement applies

equally to all baseline orientations. The crucially important difference is that complex vis-

ibility samples must be correctly mapped to the uv-plane using Eq. 5.18. A potential com-

plication arises when there is no overlap between detector beams on the source plane. Such

sub-Nyquist sampling leaves gaps in the source plane that are typically amended by slight

adjustments to the telescope pointing. Such pointing variations change the phase center of

the instrument, which subsequently affect the phase of the measured complex visibilities.

Measured interferograms can be corrected for pointing by applying an appropriate baseline

dependent offset to the OPD axis. However, this is not the best option since the required

shift may not be an integer multiple of the OPD increments and would require interpolation

in order to put all observations onto a common OPD axis. A better solution is to use the

translation property of Fourier transforms. That is, translation in the interferogram domain

can be accomplished in the spectral or visibility domain by applying an appropriate linear

phase shift through simple multiplication to each sample point. In this way, a common

uv-plane can be accurately populated with data obtained from multiple detectors, baseline

lengths and orientations, and telescope pointings. Once a dirty or clean image has been

synthesized from these measurements, it is still necessary to correct for the source plane

sensitivity. This will require an accurate model of each detector beam for the full detector

array. If the instrument is configured such that each detector has constant pointing for the

full duration of the observation, as was the case for the one dimensional targets in this work,

the image can be divided by the sensitivity map. If the detector pointing changes during the

observation, either from rotation or translation of the instrument, a composite sensitivity
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map must be constructed by iteratively multiplying the source plane by the nominal beam

sensitivity map rotated or translated by the same amount as the instrument. The image is

then corrected by dividing it by the composite sensitivity map.

6.5 Summary

In this chapter, aperture synthesis was demonstrated using the testbed DFI system for a

variety of interesting situations. The nature of complex visibility amplitude and phase were

demonstrated independently through monochromatic photomixer and VDI source observa-

tions. These experiments revealed how source extent and position are related to visibility

amplitude and phase, respectively. Aperture synthesis was performed separately for sources

that were spectrally uniform, spectrally nonuniform, and extended over an FOV greater than

could be observed with a single detector. These results demonstrated the enhanced spatial

resolution, spectral imaging, and wide field extension of the DFI technique, respectively.

Observations of two dimensional sources were also presented with discussions on how to

populate the uv-plane for arbitrary baseline length, orientation, and instrument pointing.

Although the individual experiments performed were simple test cases, taken as a whole,

they demonstrated all the critical observing requirements for a more sophisticated space

based instrument.

In general, experimental results were found to be in excellent agreement with noise

free models constructed using the ideal theoretical DFI response. Slight deviation were

observed including systematic under estimates of the source size, loss of visibility at higher

frequencies for measurements using larger baselines, and slight baseline dependent shifts

in recorded interferograms. These deviations are well explained by the geometry of the

aperture masks with respect to the collimating mirror, increased alignment error at larger

baselines, and deviations in collimating mirror curvature, respectively. For wide field ob-

servations, aberrations resulting from the collimating and focusing mirrors produced source

plane dependent shifts in the interferometer phase center. Dirty images obtained when
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viewing a two dimensional source are in good agreement with simulated results using the

same uv-plane sampling. Although increasing uv coverage did not significantly improve

image quality, it is expected that a higher precision aperture mask mounting and rotation

solution will provide a significant improvement, even when assuming substantial noise in

the measured complex visibility samples. In summary, the testbed DFI system produced

the expected theoretical result under a variety of unique test cases, and the slight deviations

observed are explained by experimental error associated with imperfections of the optical

system.
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Chapter 7

Conclusion

Although the Double-Fourier Interferometer (DFI) technique has been previously studied

by other research groups, a comprehensive demonstration of its observing capabilities has

yet to be provided. In particular, it must be shown that complex visibilities can be obtained

using the instrument, and that these complex visibilities can be successfully used in standard

aperture synthesis techniques to produce images with enhanced spatial resolution. It must

be shown that the instrument is sensitive to spectral variations in the source and is capable of

producing spectral images with enhanced spatial resolution. Finally, it must be shown that

the technique can be extended to wide field applications which exploit an array of detectors

sensitive to different regions of the source plane.

7.1 Thesis Summary

The primary result of this thesis was the successful independent demonstration of the

key observational capabilities of the DFI technique. More broadly this work serves as a

convenient reference for the theoretical foundation and practical implementation of a DFI

system. This was achieved with a presentation of Fourier analysis in which was derived

the relevant theorems and transforms necessary for the interpretation and analysis of inter-

ferometric data. Additional emphasis was placed on the discretization of signals and how

this sampling affects the Fourier transform. These tools were subsequently applied in the

context of Fourier Transform Spectrometer (FTS) and spatial interferometry to develop an

understanding of the instrument response and how it relates to the sources being observed.
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Much of this thesis was dedicated to providing a detailed report on the design and char-

acterization of the particular DFI system used in this work. The design was initially guided

by geometric modeling and ray tracing simulations in order to meet specific observation

requirements. This design was validated with empirical measurements and found to be in

good agreement with expectations. Relevant figures of merit were summarized in Tab. 3.1.

Each component of the system was quantitatively characterized to ensure sufficient quality

such that the overall performance of the system would be capable of combining the electric

field from both arms of the interferometer coherently over the full instrument bandwidth.

Critically, the precision and repeatability of the linear translation stages were found to be

suitable for averaging thousands of scans, which was required to achieve appreciable Signal

to Noise Ratio (SNR) in the measured interferograms.

The detector system used in this work consists of a 5× 5 array of feed horn coupled

Transition Edge Sensor (TES) bolometers that are read out using time division multiplexing

over four channels. Unlike conventional bolometers, in this case, the TES element temper-

ature is regulated by a thermally coupled heater resistor. The voltage applied across the re-

sistor is used as the detector output and is controlled by a Proportional-Integral–Derivative

(PID) controller that tries to maintain a particular voltage drop across the current biased

TES element, which increases with TES temperature. Increased optical loading reduces

the heater voltage required to maintain the thermal balance, and thus the detector output

is inversely proportional to the incident optical power. Figures of merit for these detectors

including Noise Equivalent Power (NEP), frequency response, and spectral response were

measured experimentally. Also included was a detailed discussion of the detector readout,

the configurable detector parameters, and multimoded throughput of the feed horn waveg-

uides.

Discussion of the interferometer system was followed by a detailed explanation of how

observations were conducted and how data was processed. Full datasets consist of FTS and

DFI interferometric measurements and photometric calibration measurements at each aper-
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ture position. Data calibration applies corrections for intensity variations between the two

arms of the interferometer, removes non-linear instrumental phase, registers interferograms

to the spatial interferometer phase center, and corrects for variations in sensitivity due to

the detector beam profile. Complex visibility values were extracted by normalizing the

generally complex DFI spectra by the fully real FTS spectrum. This frequency dependent

complex visibility extraction process is the critical aspect of the DFI instrument that allows

for the synthesis of spectral images with enhanced spatial resolution. The processing steps

for aperture synthesis were discussed with emphasis on how irregularly sampled data can

be projected onto a uniform grid for efficient computation of the inverse Fourier transform.

Finally, the results for various DFI observations were presented and discussed. Pho-

tomixer observations were used to demonstrate how the complex visibility amplitude varies

as a function of source extent and baseline. Virginia Diodes (VDI) observations were used

to demonstrate how the complex visibility phase varies as a function of source position and

baseline. These two datasets independently verify the two aspects of complex visibility and

help to communicate how this quantity is sensitive to the source intensity distribution. The

rest of the observations independently demonstrate the key observational capabilities of the

DFI technique using aperture masks with various geometries backlit by a thermal source.

It was successfully demonstrated that aperture synthesis techniques can be applied to DFI

measurements producing one and two dimensional images that are sensitive to spatial fea-

tures much smaller than an individual detector beam. Masking part of the scene with a

low-pass optical filter imposed spectral variation on the source plane. It was demonstrated

that the DFI instrument was sensitive to this spectral variation, producing images with dif-

ferent and accurate source intensity distributions on either side of the low-pass filter cutoff

frequency. Image reconstruction was also demonstrated for an extended source with struc-

ture larger than the size of an individual detector beam. This was followed by an evidence

based discussion on how to combine visibility samples in the uv-plane for measurements

with arbitrary baseline orientation and instrument pointing.
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The results summarized in the previous paragraph were found to be in excellent agree-

ment with theory, providing compelling evidence that the DFI technique can fulfill the needs

of the Far-Infrared (FIR) community. The small deviations from expected results are well

explained by experimental errors attributed to imperfect optical alignment, and distortions

resulting from the geometry of the instrument collimating and focusing optics.

7.2 Future Work

The logical next step with respect to experimental validation of the DFI technique is

to demonstrate all of the relevant observing capabilities simultaneously instead of inde-

pendently. Extending observations to sources with more complicated spatial and spectral

structure should also be a priority. Such a task is largely infeasible with the testbed system

used in this work as it is currently configured. The accessible baselines are too restrictive,

the detector sensitivity is too low, and distortion due to aberrations are too high. These

limitations are precisely why this work has been structured around spectrally uniform, one

dimensional slit masks, imaged using only the central detector. Only one of these factors

was allowed to be varied at a time, and only in a restricted way. Bellow are discussed a few

ways in which the system can potentially be modified to accommodate more complicated

observations.

Generating more complicated scenes at FIR wavelengths in itself is challenging. One

options is to cut out more complicated shapes into the aperture masks and overlay a greater

variety of low-pass, high-pass, and band-pass filters. However, this limits the shapes which

can be used. An annulus, for example, would not be possible. Additionally, acquiring the

necessary filters might be difficult. Alternatively, a scene constructed from a collection of

wires heated to different temperatures may be viable. This option avoids the issues with us-

ing masking material with finite thickness, and allows for wider emission cones. However,

rotating such an apparatus is somewhat more challenging and the spectral variation con-

trast will be lower. For example, the percent difference in intensity between an 800◦C and
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1,200◦C thermal source at 1THz is only 27%, which may be difficult to unambiguously

distinguish with the present detector sensitivity.

On the topic of sources, a better source mounting strategy is needed. The unsophisti-

cated solution used in this work is subject to source position and source rotation precision

limited by visual alignment and manual adjustment. This lack of precision become signif-

icant when imaging two dimensional sources where sub-degree and sub-mm rotation and

translation errors, respectively, prevent spatial frequency samples from adding productively

to the synthesized image.

Instrument alignment can be improved. Comparing the intensity through each arm of

the interferometer to the peak of the white light fringe in FTS mode suggests a ∼ 20%

reduction in fringe visibility. Since FTS interferograms are ideally insensitive to spatial

coherence effects, the loss of visibility is attributed to alignment error. Aligning an op-

tical system with up to 18 optical components, each with multiple degrees of freedom,

with respect to invisible light, is inevitably going to be a challenge. However, nontrivial

improvement seems possible.

Extending baseline coverage requires a larger collimating mirror. Obtaining a large

mirror is an expensive proposition but cost can be reduced by using an on-axis spherical

mirror instead of an off-axis parabolic mirror. An issue with using a larger collimating

mirror for a given focal length is that the emission angle of the source must be increased so

as to fully illuminate the mirror. As discussed in § 6.3.1, the apparent source size decreases

with viewing angle, and as discussed in § 3.2.4, the emission angle of the backlit aperture

mask is limited. Thus, accommodating a larger mirror will require an increase in the focal

length of the mirror, which will decrease optical throughput. Integrating a larger on-axis

(or slightly off-axis) spherical mirror with a larger focal length into the DFI system may

require adjustment of the optical layout, and both source and collimating mirror may not be

accommodated by a single optics table.

Increasing the unvignetted Field of View (FOV) and reducing the effect of aberrations
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will be important for future wide field observations. This will allow for the periphery

detectors to be used productively. A simple way to accomplish this is to decrease the

minification of the optical system which can be accomplished most easily by increasing

the focal length of the focusing mirror (see Eq. 3.13). For example, if the focal length

is increased by a factor of three, the nine central detectors of the detector array will be

sensitive to the same region of the source plane as the single central detector currently is.

Distortions due to the imaging optics over all nine detectors would then be expected to be

similar to the distortion currently observed over the central detector. Unfortunately, since

throughput is proportional to the detector FOV, this modification will have a sensitivity

penalty.

Extending baseline coverage and more productive detector utilization, using the sug-

gested modifications, both reduce throughput and SNR when the current system SNR is

already very low. SNR can be improved with better alignment and averaging significantly

more interferograms. There is hope for improved detector performance as well. Although

not discussed in Ch. 4, a survey of detector parameters reveals that an increase in SNR by a

factor of four, and a cutoff frequency increase to 300Hz is possible. Using the current opti-

cal design, this improvement implies that sixteen times fewer scans are required to obtained

the same quality of results, and scans can be acquired ∼40% faster.

Improvements may also be possible with a different observing mode. In this work, the

“rapid scan” approach was used where the spectral stage is moved at a constant speed and

data is continuously recorded as a function of Optical Path Difference (OPD). The stage

speed in combination with the ∼13kHz detector sampling rate results in an optical Nyquist

frequency of 72THz, roughly 34 times larger the highest frequency in the instrument band-

width. Alternatively, the “step and integrate” strategy integrates signal at specified OPD

intervals which can be configured so as to more closely match the Nyquist frequency to the

instrument bandwidth. The increases bandwidth efficiency may reduce the observing time

required to obtain results of similar quality. However, the step and integrate method is sen-
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sitive to low frequency noise which is typically overcome by modulating the optical signal

and feeding the analogue detector signal to a lock-in amplifier. The detector signal in this

work is intrinsically digitized and cannot be processed in this way. An analogous approach

is to modulated the optical signal, average the detector signal over many wave forms, and

use the peak-to-peak amplitude as an estimate for the interferogram measurement. The time

requried for a full observation can be calculated as

tobs =
L

∆L
×
(

nsamp

fmod
+ tmove

)
. (7.1)

The number of samples taken at a particular OPD is nsamp = 4,000, and is given by the

number of scan in rapid scan mode, or the number of averaged waveforms in step and in-

tegrate mode. The frequency at which the optical signal is modulated is fmod = 100Hz,

which should be well below the instrument cutoff frequency. The time to move the stage

between OPD samples is tmove = 0.5s. The distance the stage moves over the entire ob-

servation is L = 4mm, which occurs in intervals of ∆L = 0.015mm. The values provided

are those required to make the step and integrate mode comparable the rapid scan obser-

vations obtained in this work with a 2.5THz Nyquist frequency. Evaluating Eq. 7.1 with

these values gives an observation time of ∼3hr, which is about 30% longer than the rapid

scan mode. However, there is some freedom to adjust the modulation frequency parameter

which could significantly reduce observation time, and the way in which the modulated

waveforms are analyzed may provided improved SNR not captured by this discussion. As

such, this observing mode merits closer investigation and may provide new revelations.

7.3 Final Remarks

FIR astronomy is of critical importance for understanding the formation and evolution

of galaxies, stars, and planets. During the earliest stages of formation, theses objects are

invariably obscured by gas and dust which scatters or absorbs light with wavelengths less
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than or comparable to the size of dust grains ≲ 1µm. FIR radiation consists of light with

wavelengths that are above this threshold and can pass largely unobstructed through these

denser regions of the Interstellar Medium (ISM). FIR astronomy thus provides the ability

to directly observe the structure and distribution of objects embedded within these regions.

Within the FIR band resides a wealth of ionic, atomic, and molecular emission features.

Ionic and atomic features result from fine structure lines which are the product of electron

spin state transitions. A number of lines including [CI], [CII], [OI], [OIII], and [NII] have

rest frame emission within the FIR and probe the neutral and warm interstellar medium.

Highly ionized species, produced in the vicinity of Active Galactic Nuclei (AGN), have fine

structure lines with rest frame frequencies in close spectral proximity to the FIR including

[ArII], [SIV], [NeV], and [OIV]. These lines are shifted into the FIR at redshifts z ≳ 2

during the peak of star formation and AGN activity. Molecular lines result from transitions

in rotation and vibration states with species such as CO, HD, OH, H2O, and NH3 expressing

many emission features within the FIR band. These features are associated with molecular

gas and probe both the cold quiescent phase, and regions where gas is excited by feedback

processes. Additionally, the FIR band corresponds to the peak emission of thermal radiation

for sources at temperatures between ∼10−100K. Mapping the distribution of interstellar

dust, typically found at these temperatures, is most productively conducted in the FIR. As

such, the FIR probes the full range of physical conditions within the ISM and is often the

most productive band when studying the chemistry and physical processes within many

astronomical structures.

Despite the merits of FIR astronomy, this region remains relatively unexplored com-

pared to the optical and radio bands which surround it. This is primarily due to three

reasons. First, although the ability to observe interstellar water is one of the features of

FIR astronomy, the abundance of water in earth’s atmosphere results in low transmission

of FIR radiation to earth’s surface. As such, observations must generally be conducted

in space. Second, FIR detector technology is comparatively immature and lacks the de-
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sired sensitivity. Only within the past decade have background limited detector arrays been

feasible, and fully leveraging this sensitivity requires telescopes that are cooled to ∼4K.

Third, the spatial resolution of diffraction limited imaging systems is proportional to the

wavelength of light being observed. FIR wavelengths are of such length that it is wildly

impractical to build a single aperture system of sufficient size to achieve the sub-arcsecond

spatial resolution necessary to resolve the astronomical targets of interest.

With the proposed spatial resolution: active star forming regions can be distinguished

from AGN during the period of reionization to better understand their coevolution; prestel-

lar cores of massive stars can be resolved in the local universe under metallicity conditions

similar to those expected during the peak of star formation; stellar environments in the lo-

cal galaxy can be resolved to 1AU allowing the search for signatures of protoplanets within

protoplanetary disks; mapping the dynamics, chemistry, and the distribution of water in

protoplanetary disks, providing unprecedented insight into where and how habitable plan-

ets form. These observations require not only higher spatial resolution, but also access

to the full FIR band. The most promising instrument for meeting such requirements is a

DFI which combines the spatial resolution enhancements of a spatial interferometer with

the spectral imaging capabilities of an FTS. This work has demonstrated the key observ-

ing capabilities of a DFI, and provides compelling experimental support for future space-

based DFI missions like Far-InfraRed Interferometer (FIRI), Space Interferometer for Cos-

mic Evolution (SPICE), and Submillimeter Probe of the Evolution of Cosmic Structure

(SPECS).
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pis, A. Ducout, J. Dunkley, X. Dupac, G. Efstathiou, F. Elsner, T. A. Enßlin, H. K.
Eriksen, M. Farhang, J. Fergusson, F. Finelli, O. Forni, M. Frailis, A. A. Fraisse,
E. Franceschi, A. Frejsel, S. Galeotta, S. Galli, K. Ganga, C. Gauthier, M. Gerbino,
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[94] Jean Baptiste Joseph Fourier. Théorie analytique de la chaleur. Gauthier-Villars.

[95] K. F. Riley, M. P. Hobson, and S. J. Bence. Mathematical Methods for Physics and
Engineering: A Comprehensive Guide. Cambridge University Press, 3rd edition.

[96] David W. Kammler. A First Course in Fourier Analysis. Cambridge University Press,
2nd edition.

[97] Claude Elwood Shannon. Communication in the presence of noise. 37(1):10–21.
Publisher: IEEE.

[98] James W. Cooley and John W. Tukey. An algorithm for the machine calculation of
complex fourier series. 19(90):297–301.

[99] David A Naylor, Brad G Gom, Trevor R Fulton, Margaret K Tahic, and Gary R
Davis. Increased efficiency through undersampling in fourier transform spec-
troscopy. In Fourier Transform Spectroscopy, page FTuD14. Optica Publishing
Group.

[100] Sumner P. Davis, Mark C. Abrams, and James W. Brault. Fourier Transform Spec-
trometry. Academic Press, 1st edition edition.

[101] A. Richard Thompson, James M. Moran, and George W. Swenson. Interferometry
and Synthesis in Radio Astronomy. Astronomy and Astrophysics Library. Springer
International Publishing.
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Appendix A

van Cittert-Zernike theorem

The theoretical foundation for combining interference measurements to synthesize images
is provided by the van Cittert-Zernike theorem. This equation relates the source intensity
distribution to a quantity called the Mutual Coherence Function (MCF). The MCF describes
the coherence of electric fields at two points in space under the condition that these points
are a great distance from the sources that produce the electric fields. An appropriate in-
terferometer instrument is capable of measuring the MCF, and with enough samples, the
source intensity distribution can be reconstructed.

Although there are many notable contributions to the principles of interferometry and
the coherence of light which provide the framework for the van Cittert-Zernike theorem,
the first formal description of the theorem was provided by Pieter Hendrik van Cittert [61],
and separately Frits Zernike [62]. van Cittert’s approach was based explicitly on statistical
calculations related to a perfect optical system with a rectangular aperture. Zernike gen-
eralized these results by considering the Young’s double slit experiment and how sources
of finite extent affect fringe visibility. Further developments were made by Harold Horace
Hopkins [63] who extended the theory to more general optical systems and showed how
the complex visibility relates to image formation using a fairly simple formalism. The most
general result was obtained by Emil Wolf who extended the theorem to sources of arbitrary
spectral width [64]. Slight variations in terminology are used by the authors mentioned
above, and in this work the terminology used by Wolf is employed. It is interesting to
note that in the absence of a generalized theory of mutual coherence, Albert A. Michelson
was separately applying the principles spatial and temporal coherence almost half a century
earlier with his famous stellar spatial interferometer experiment [59] and the Michelson-
Morley spectral interferometer [57].

In this appendix, the MCF is derived through relation to a general source intensity dis-
tribution following a framework similar to [64]. It is also shown how the MCF can be
measured with an appropriate interferometer instrument. An intuitive description of what
the MCF represents and how it manifests within interferometer measurements are also dis-
cussed.

A.1 Deriving the Mutual Coherence Function
To derive the relationship between the MCF and a source intensity distribution, the

geometry shown in Fig. A.1 will be used. A planar source Σ is embedded in the source
plane and described using coordinates s⃗. The aperture plane is parallel to and separated
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Source Plane
Aperture Plane

Image Plane

r1
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P1

P2
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Figure A.1: Coordinate system used in deriving the van Cittert-Zernike theorem. Although
not well represented by the figure, the parallel planes are assumed to be separated by large
distances such that pairs of light rays passing through the aperture plane are approximately
parallel and the angles of the rays with respect to the plane normal vectors are small. Po-
sitions in the source, aperture, and image plane are represented with Cartesian coordinate
vectors s⃗, r⃗, and p⃗, respectively. The baseline vector B⃗ is the displacement vector from r⃗1 to
r⃗2. Quantities R1, R2, P1, and P2 are scalar distance between the indicated points from one
plane to the next.

from the source plane by a distance large enough that spherical waves emitted from points in
the source plane can be approximated as plane waves when incident on the aperture plane.
Positions in the aperture plane are described by coordinates r⃗, and the separation vector
between points where the electric field is considered is called the baseline B⃗ = r⃗2 − r⃗1.
Similarly, the image plane is parallel to and separated from the aperture plane by a large
distance, with positions described using coordinates p⃗. Coordinate systems listed above are
all Cartesian with length units. Scalar quantities R1,R2,P1, and P2 represent the distances
between considered points.

The generally complex MCF is given by,

Γ(r⃗1, r⃗2,τ) = ⟨E(r⃗1, t + τ)E∗(r⃗2, t)⟩

= lim
T→∞

1
2T

∫ T

−T
E(r⃗1, t + τ)E∗(r⃗2, t)dt ,

(A.1)

and represents the time averaged correlation of the generally complex random variable E,
considered at two points in space r⃗1 and r⃗2, with E(r⃗1) being considered at a time τ later
than E(r⃗2). In the context of electromagnetic fields, E can be regarded as one orthogonal
component of the electric field for linearly polarized light. In effect, the MCF describes the
temporal and spatial coherence of light. In the special case where r⃗1 = r⃗2 = r⃗ and τ = 0,
Eq. A.1 is proportional to the intensity at r⃗,

Γ(⃗r,⃗r,0) = |E (⃗r)|2 = I(⃗r)
Z

. (A.2)
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The proportionality constant Z, is the impedance of the propagation medium
√

µ/ε, where
µ and ε are the permeability and permittivity of the propagation medium, respectively. In
the context of this appendix, the proportionality constant will be suppressed for simplicity,
since the main results of interest obtained in this appendix are normalized quantities. The
normalized MCF is obtained as,

γ(r⃗1, r⃗2,τ) =
Γ(r⃗1, r⃗2,τ)

Γ(r⃗1, r⃗1,0)Γ(r⃗2, r⃗2,0)
=

Γ(r⃗1, r⃗2,τ)√
I(r⃗1)I(r⃗2)

, (A.3)

with 0 ≤ |γ(r⃗1, r⃗2,τ)| ≤ 1 by way of the Cauchy–Schwarz inequality [95]. For reasons that
will be evident in Sec. A.2, γ(r⃗1, r⃗2,τ) is called the complex visibility.

At a particular point in the aperture plane r⃗, the time-dependent electric field can be
expanded as a Fourier series,

E (⃗r, t) =
∫

∞

−∞

Ê (⃗r,ν)ei2πνt dν , (A.4)

where Ê (⃗r,ν) is the spectral component of the field at frequency ν. Although negative
frequencies are not physical, their inclusion allows for a more direct use of Fourier trans-
forms and does not affect the derivation if it is understood that for real E (⃗r, t), the spectral
components will obey the condition Ê∗(⃗r,ν) = Ê (⃗r,−ν). Inserting Eq. A.4 into Eq. A.1
and using the correlation theorem (Sec. C.1), the MCF can be written in terms of spectral
components,

Γ(r⃗1, r⃗2,τ) = lim
T→∞

1
2T

∫
∞

−∞

Ê(r⃗1,ν)Ê∗(r⃗2,ν)ei2πντ dν . (A.5)

The source is modelled as a collection of statistically independent point sources with
differential area dΣ = dsx dsy. Computing the total electric field in the aperture plane is
obtained as the superposition of all point source contributions

E (⃗r, t) =
∫

Σ

E (⃗r, t; s⃗)dΣ , (A.6)

where E (⃗r, t; s⃗) is the electric field at r⃗ due to a point source on the source plane at s⃗.
Substituting Eq. A.6 into Eq. A.1 and using the same correlation theorem that was used to
obtain Eq. A.5, the MCF is modified to,

Γ(r⃗1, r⃗2,τ) =
∫

Σ

∫
Σ

Γ(r⃗1, r⃗2,τ; s⃗1, s⃗2)dΣ1 dΣ2 , (A.7)

with
Γ(r⃗1, r⃗2,τ; s⃗1, s⃗2) = lim

T→∞

1
2T

∫
∞

−∞

Ê(r⃗1,ν; s⃗1)Ê∗(r⃗2,ν : s⃗2)ei2πντ dν , (A.8)

and the source integrals explore the source plane independently. Since it is assumed that the
source is composed of statistically independent point sources, Γ(r⃗1, r⃗2,τ; s⃗1, s⃗2) = 0 when
s⃗1 ̸= s⃗2. Consequently, the first integral in Eq. A.7 selects for the condition s⃗1 = s⃗2.

Light emitted from source points propagate as spherical waves. If the medium between
the source and aperture plane is homogeneous, the electric field at the aperture plane is
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given by

Ê (⃗r,ν; s⃗) =
â(⃗s,ν)

R
ei2πνR/c , (A.9)

where â(⃗s,ν) is the source electric field amplitude, c is the speed of light, and R = |⃗r− s⃗|
is the distance between the source point and the position in the aperture plane. Inserting
Eq. A.9 into Eq. A.7 and noting the selection criteria mentioned above, the MCF becomes

Γ(r⃗1, r⃗2,τ) =
∫

Σ

∫
∞

−∞

I(⃗s,ν)
R1R2

ei2πν

(
R1−R2

c +τ

)
dνdΣ , (A.10)

where
I(⃗s,ν) = lim

T→∞

1
2T

â(⃗s,ν)â∗(⃗s,ν) (A.11)

is the source spectral intensity distribution.
A new set of angular coordinates is introduced as θ⃗ = s⃗/R, where R is the distance be-

tween the source and aperture planes. Since the distance between planes is large compared
to the separation between aperture plane positions, the denominator of Eq. A.10 can be
approximated as R1 ≈ R2 = R. The large distance between planes also implies that the an-
gular coordinates are small, admitting the small angle approximation and neglecting obliq-
uity factors associated with the field propagation. Additionally, ∆R = R1 −R2 ≈ B⃗ · θ⃗, with
B⃗ = r⃗2 − r⃗1, as is illustrated in Fig. A.2 for a one-dimension case. Using the substitutions
described, the final form of the MCF is

Γ(B⃗,τ) =
∫

Ω

∫
∞

−∞

I(⃗θ,ν)e−i2πB⃗·⃗θ/λ ei2πντ dνdΩ , (A.12)

with complex visibility

γ(B⃗,τ) =
Γ(B⃗,τ)∫

Ω

∫
∞

−∞
I(⃗θ,ν)dνdΩ

, (A.13)

where λ = c/ν is the wavelength of the electric field, and the integration is performed over
the source in terms of solid angle dΩ = dΣ/R2 = dθx dθy. Integration can be extended to
the entire source plane without loss of generality if contributions to the integral at large
angles are negligible. This is typically the case with real detectors due to the rapid drop-off
in sensitivity away from the optical axis. Since the baseline vector could have been drawn
from r⃗2 to r⃗1 (Fig. A.1), and the time delay τ could have been applied to E(r⃗2) (Eq. A.1),
the sign of the exponents in Eq A.12 are arbitrary and have been chosen to be consistent
with Ch. 2.

Eq. A.12 is the van Cittert-Zernike theorem generalized to sources with arbitrary spec-
tral width. The key insight is that the MCF is related to the source spectral intensity distri-
bution through a two-dimensional Fourier transform in space and an inverse Fourier trans-
form in frequency. The restricted van Cittert-Zernike theorem is obtain by setting τ = 0 and
considering only one spectral frequency ν = ν0,

Γ0(B⃗) =
∫

Ω

I(⃗θ,ν0)e−i2πB⃗·⃗θ/λ0 dΩ , (A.14)

272



A.2. MEASURING MUTUAL COHERENCE

r1 r2

θ

θ

To
 S

ou
rc

e 
Pl

an
e

Point Source Plane Wave

To
 S

ou
rc

e

B

R1

R2ΔR

Figure A.2: One dimensional aperture geometry with respect to the source plane. The
optical path difference ∆R = R1 −R2 is related to the source angular position θ = s/R and
baseline length B = r2 − r1 by ∆R = Bsin(θ) ≈ Bθ for small angles. Note that θ is in the
same direction as B and this relation is equivalent to ∆R = B⃗ · θ⃗. In the general case where
θ⃗ has a component perpendicular to B⃗, if the incoming wave if a plane wave, only the
projection of θ⃗ on B⃗ contributes to the optical path difference.

with complex visibility,

γ0(B⃗) =
Γ0(B⃗)∫

Ω
I(⃗θ,ν0)dΩ

. (A.15)

Conceptually, one can imaging building up Γ(B⃗,τ) as a series of monochromatic Γ0(B⃗)
slices. It is interesting to note that Γ0(B⃗) is equivalent to the Fraunhofer diffraction pattern
associated with an aperture having the same shape and illumination as the intensity distri-
bution I(⃗θ,ν0). This fact is a useful tool when considering the form of the MCF given a
particular source spectral intensity distribution.

Often the MCF is written using a wavelength normalized baseline basis set,

u =
Bx

λ

v =
By

λ
,

(A.16)

and sampling the MCF is referred to as “filling the uv plane.” When filling the uv plane, the
absolute position of the baseline does not matter, only the magnitude and orientation. This
is because the statistical properties of the incident plane waves are invariant to translation,
as is evident from Fig. A.2. Additionally, the MCF possesses Hermitian symmetry [95],

Γ(−B⃗,−τ) = Γ
∗(B⃗,τ) . (A.17)

In particular for the restricted case, Γ0(−B⃗) = Γ∗
0(B⃗), this suggests only half of the uv plane

need be sampled for image reconstruction. Similarly, Γ(0,−τ) = Γ∗(0,τ), and the spectral
content of the source can be obtained using only either negative or positive time delays.
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A.2 Measuring the Mutual Coherence Function
To understand how the MCF can be measured through experiments, the propagation of

the MCF through space must first be considered. The electric field at a point p⃗ on the image
plane due to the electric field distribution on the aperture plane Ê (⃗r,ν) (see Fig. A.1), is
given by

Ê(p⃗,ν) =
∫

A
ΛÊ (⃗r,ν)ei2πνP/c dA , (A.18)

where A denotes the aperture plane and Λ is a general function that describes the propaga-
tion of the electric field from r⃗ to p⃗. For a spherical wave Λ = 1/P, where P is the distance
between r⃗ and p⃗. If the electric field is efficiently coupled to a waveguide, the electric field
amplitude is roughly constant with propagation distance and Λ ≈ 1. Using Eq. A.18 in
connection with Eq. A.7, the MCF at the image plane is,

Γ(p⃗1, p⃗2,τ) =
∫

A

∫
A

[
lim

T→∞

1
2T

∫
∞

−∞

Ê(r⃗1,ν)Ê∗(r⃗2,ν)e
i2πν

(
P1−P2

c +τ

)
dν

]
Λ1Λ

∗
2 dA1 dA2 .

(A.19)
The expression in square parenthesis can be identified as the MCF between the electric
fields at two points in the aperture plane Eq. A.5, and Eq. A.19 can be written more com-
pactly as

Γ(p⃗1, p⃗2,τ) =
∫

A

∫
A

Γ

(
r⃗1, r⃗2,

(
P1 −P2

c
+ τ

))
Λ1Λ

∗
2 dA1 dA2 , (A.20)

which relates the MCF in the image plane to the MCF in the aperture plane.
If the two points in the image plane are made to overlap p⃗1 = p⃗2 = p⃗ and the time delay

is set to τ = 0, Eq. A.20 in connection with Eq. A.2 gives the intensity at p⃗,

I(p⃗) =
∫

A

∫
A

Γ

(
r⃗1, r⃗2,

P1 −P2

c

)
Λ1Λ

∗
2 dA1 dA2 . (A.21)

Note that the situation just described is the functional equivalent of an intensity interferom-
eter where the electric fields from points r⃗1 and r⃗2 in the aperture plane are combined and
the resulting intensity is obtained.

Consider the situation where a screen is placed across the aperture plane with two small
opening at r⃗1 and r⃗2 (Fig. A.1). Taking the integral of Eq. A.21 on the side facing the image
plane gives,

I(p⃗) = I(r⃗1)γ(r⃗1, r⃗1,0)|Λ1|2 dA2
1 + I(r⃗2)γ(r⃗2, r⃗2,0)|Λ2|2 dA2

2

+
√

I(r⃗1)I(r⃗2)γ(r⃗1, r⃗2,z/c)Λ1Λ
∗
2 dA1 dA2

+
√

I(r⃗2)I(r⃗1)γ(r⃗2, r⃗1,−z/c)Λ2Λ
∗
1 dA2 dA1 ,

(A.22)

where the normalization in Eq. A.3 is used, and z = P1 −P2 is the optical path difference
between the two openings on the aperture plane and the point at which the fields from these
openings are combined on the image plane.
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From Eq. A.2 and Eq. A.3, it is clear γ(⃗r,⃗r,0) = 1. Additionally,

I(p⃗;⃗r) = I(⃗r)|Λ|2 dA2 (A.23)

is the intensity at a point in the image plane due to the intensity at a point in the aperture
plane. From the property of Hermitian symmetry of the MCF, γ(r⃗1, r⃗2,z/c)= γ(r⃗2, r⃗1,−z/c),
and Eq. A.22 can be written as,

I(p⃗) = I(p⃗; r⃗1)+ I(p⃗; r⃗2)+2
√

I(p⃗; r⃗1)I(p⃗; r⃗2)γ(r⃗1, r⃗2,z/c) . (A.24)

To summarize the discussion so far, the electric fields from two small regions in the
aperture plane have been propagated to and combined at a point in the aperture plane,
potentially with a non-zero optical path difference, with Eq. A.24 describing the resulting
intensity. Propagating and combining electric fields from separate regions of space and
measuring the resulting intensity is precisely the function of a spatial interferometer with
direct detection. The measured intensity of a spatial interferometer is thus proportional to
the complex visibility, which when related to the van Cittert-Zernike theorem Eq. A.12,
gives information about the source spectral intensity distribution.

To see the connection between Eq. A.24 and the response of a spatial interferometer
more clearly, the complex visibility is written using polar notation for a monochromatic
source,

γ(B⃗,z/c) =
∫

Ω
I(⃗θ,ν0)e−i2πB⃗·⃗θ/λ0 dΩ∫

Ω
I(⃗θ,ν0)dΩ

ei2πz/λ0 = |γ0(B⃗)|ei[φ0(B⃗)+2πz/λ0] , (A.25)

where this result is obtained from Eq. A.13 and Eq. A.15. The amplitude of the complex
visibility is |γ0(B⃗)|, and its associated phase is φ0(B⃗). A spatial interferometer can only
measure real intensity, thus by using Euler’s formula reiφ = r[cos(φ)+ isin(φ)] and taking
the real component, Eq. A.24 becomes,

I(p⃗,z) = I(p⃗; r⃗1)+ I(p⃗; r⃗2)+2
√

I(p⃗; r⃗1)I(p⃗; r⃗2)|γ0(B⃗)|cos(φ0(B⃗)+2πz/λ0) . (A.26)

Evidently, for a monochromatic source, a spatial interferometer produces a sinusoidal in-
tensity pattern as a function of optical path difference z. The pattern is modulated by the
complex visibility amplitude |γ0(B⃗)|, and has a phase offset given by φ0(B⃗). An explicit
dependence on z has been added since this is the independent variable over which an inten-
sity pattern is measured using an interferometer. This intensity pattern is usually called an
interference pattern or interferogram.

In the typical case where I(p⃗; r⃗1) = I(p⃗; r⃗2) = I0, the maximum and minimum intensity
of the interference pattern in Eq. A.26 is,

Imax = 2I0(1+ |γ0(B⃗)|) ,
Imin = 2I0(1−|γ0(B⃗)|) .

(A.27)
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The contrast or visibility of fringes within an interference pattern is computed as

V =
Imax − Imin

Imax + Imin
= |γ0(B⃗)| , (A.28)

and is a quantitative description of the quality of the interference pattern, or the degree of
coherence between the electric fields being combined to generate the interference pattern.
With this relation, the reason for naming γ the complex visibility is clear.

Consider the interference pattern produced when observing a monochromatic point
source located at θ⃗0. In such a case |γ0(B⃗)|= 1 and, ignoring the DC terms, the interference
pattern is

Ipoint(p⃗,z) = 2I0 cos(−2π(B⃗ · θ⃗0 − z)/λ0) , (A.29)

where the substitution φ0(B⃗) =−2πB⃗ · θ⃗0/λ0 has been used and is obtained from Eq. A.15.
If the point source is on the optical axis θ⃗0 = 0, the resulting interference pattern is centred
on z = 0. However, if the point source is offset from the optical axis, the interference patter
in centred on z = B⃗ · θ⃗0. These observations suggest that φ0(B⃗) is related to the position of
sources on the source plane. Although this statement is explicitly true for point sources,
more complicated extended source distributions, which can be modelled as collections of
point sources, can have a more complicated phase dependence.

To obtain the interference pattern for a uniform monochromatic line source centered
on the optical axis and of linear extent θ0, Eq. A.29 is integrated with respect to source
coordinates,

Iline(z) =
2Itotal

θ0

∫
θ0/2

−θ0/2
cos(−2π(Bθ− z)/λ0)dθ

= 2Itotalsinc(πBθ0/λ0)cos(2πz/λ0)

= 2Itotal|γ0(B)|cos(2πz/λ0) .

(A.30)

The intensity of individual point sources is given by Itotal/θ0, where Itotal is the total in-
tegrated intensity of the extended line source. The visibility |γ0(B)|= sinc(πBθ0/λ0) can
be obtained analytically either by direct integration, or in connection with the van Cittert-
Zernike theorem, by taking the Fourier transform of the rectangle function which represents
the source intensity distribution under consideration. However, the point to be emphasized
here is how the visibility coefficient emerges through the sum of interference patterns pro-
duced by independent point sources which compose an extended source. This behaviour
is demonstrated in Fig. A.3. Since electric fields of the elements making up the source
are statistically independent, their electric fields do not combine in such a way to prefer-
entially produce constructive or destructive interference. A consequence of this is that the
net interference pattern is the sum of individual point source interference patterns with unit
visibility, which produces fringes of decreasing contrast dependent on the source extent.

For a source of finite spectral width, the interference pattern at a particular baseline
orientation for an arbitrary source is obtained by integrating Eq. A.26 over all frequencies,

I(p⃗,z) =
∫

∞

−∞

2I(ν)|γ(B⃗,ν)|cos(φ(B⃗,ν)+2πzν/c)dν , (A.31)
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Figure A.3: Mean subtracted interference pattern for an extended line source of width
θ0 = 3arcmin, observed using a baseline B = 300mm, at wavelength λ0 = 353µm. Blue
curves show interference patterns with unit visibility associated with the individual point
sources that make up the extended source. The red curve shows that average value of the
blue curves, and has a peak amplitude sinc(πBθ0/λ0) = 0.638. Apart from a scaling fac-
tor, the red curve represents the interference pattern that would be obtained using a spatial
interferometer. The decreased amplitude of the red curve indicates the reduced visibility of
the total interference pattern.

where the DC term has been omitted. The frequency dependent complex visibilities can
be efficiently extracted from the interference pattern by performing a Fourier transform.
Fourier components obtained in this way will generally have real and imaginary contribu-
tions with magnitude and phase,

I(ν)|γ(B⃗,ν)|=
√

S2
Re(ν)+S2

Im(ν)

φ(B⃗,ν) = arctan
(

SIm(ν)

SRe(ν)

)
,

(A.32)

respectively, where SRe(ν) and SIm(ν) are the real and imaginary components.
To extract |γ(B⃗,ν)| from the Fourier components, a normalization factor is required. If

the sampled points in the aperture plane are made to overlap r⃗1 = r⃗2 → B⃗ = 0, the complex
visibility γ0(0) = 1, as is evident from Eq. A.15. Under these conditions, Eq. A.31 becomes

I(p⃗,z) =
∫

∞

−∞

2I(ν)cos(2πzν/c)dν , (A.33)

and after taking the Fourier transform, the Fourier components are real with magnitude
SRe(ν) = I(ν), which is the required normalization factor needed to extract |γ(B⃗,ν)| from
Eq. A.32. Note the modification proposed is in effect to convert the spatial interferometer
into a Fourier transform spectrometer which probes exclusively the temporal coherence of
the electric fields.
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Appendix B

Interferometer Response

In this appendix, the ideal interferometer responses are derived for the Double-Fourier In-
terferometer (DFI) and Fourier Transform Spectrometer (FTS) observation modes. The re-
sults obtained provide first order equations suitable for modelling sources located relatively
close to the optical axis. Diffraction effects resulting from finite aperture size are discussed
in addition to phase characteristics appropriate for deriving the instrument response.

B.1 Double-Fourier Interferometer Response
A diagram showing the optical layout of the DFI used in this work is shown in Fig. B.1.

A detailed discussion of the interferometer design is presented in Ch. 3. In this appendix,
only the optical paths are considered for the purpose of deriving an equation for the inter-
ferometer response.

Consider a point source, located at the focal point of the off-axis parabolic collimating
mirror, that emits an oscillating electrical disturbance of amplitude E0(k), as a spherical
wave. When incident on the collimating mirror, the electric field is given by,

E1(k) =
E0(k)

R1
ei(κR1−ωt)

E2(k) =
E0(k)

R2
ei(κR2−ωt) ,

(B.1)

where Ri is the distance between the source and the point of intersection on the primary
mirror, and t is time. The subscripts identify the different beams of the interferometer,
where 1 and 2 represent the upper/red and lower/blue beam, respectively. The field is
assumed to be monochromatic with wavenumber κ = 2πk = 2π/λ and angular frequency
ω = 2πν, where λ and ν represent the wavelength and frequency of the field, respectively.

After incidence with the collimating mirror, the spherical wave is modified to a plane
wave propagating towards the aperture plane, and the electric field amplitude maintains a
constant value as it propagates through the remainder of the system. When the electric field
interacts with an optical component, the field is modified in phase and amplitude. At the
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Figure B.1: Diagram of the interferometer in DFI mode.

aperture plane A , the electric fields are,

E1(k) = rM
E0(k)

R1
ei[κ(R1+δ1)−ωt+φM ]

E2(k) = rM
E0(k)

R2
ei[κ(R2+δ2)−ωt+φM ] ,

(B.2)

where rM ≈ 0.97 is the mirror reflection amplitude coefficient [109], and φM is the phase
shift on mirror reflection. Due to boundary continuity conditions, φM = π. The electric field
phase is further modified by δi, which describes the distance between the point of reflection
on the collimating mirror and the aperture plane. From the directrix based definition of
parabolas, Ri + δi = constant, indicating that all light from the source on the focal point
incident on the aperture plane has the same phase. The position of the aperture plane is
arbitrary, and for convenience, the position is chosen such that κ(Ri+δi)+φM is an integer
multiple of 2π. With this simplification, Eq. B.2 is,

E1(k) = rM
E0(k)

R1
e−iωt

E2(k) = rM
E0(k)

R2
e−iωt ,

(B.3)

and these equations are interpreted as the fields entering the DFI.
The discussion so far has assumed a point source is on the optical axis. For a point

source displaced from the optical axis by an angle θ⃗, the distance each beam must travel
before intersecting the aperture plane changes. If |⃗θ fcol|≪ Ri, where fcol is the focal length
of the collimating mirror, the resulting change in field amplitudes is negligible, but results
in a relative path length difference of B⃗ ·⃗θ between the two beams (see Fig. A.2). With these
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considerations Eq. B.3 can be approximated as,

E1(⃗θ, B⃗,k)≈ rM
E0(⃗θ,k)

R1
e−iωt

E2(⃗θ, B⃗,k)≈ rM
E0(⃗θ,k)

R2
e−i[ωt+κB⃗·⃗θ] ,

(B.4)

Any absolute phase offset can be removed by adjusting the position of the aperture plane.
Following the optical paths for each beam, the electric fields at the detector plane are,

Edet
1 (⃗θ, B⃗,k) = r6

MrbsE1(⃗θ, B⃗,k)ei[κx1−ωτ+6φM+φbs]

Edet
2 (⃗θ, B⃗,k) = r7

MtbsE2(⃗θ, B⃗,k)ei[κx2−ωτ+7φM ] ,
(B.5)

where τ is the time in advance of t. All mirrors in the interferometer are manufactured from
the same aluminum alloy and are assumed to possess the same reflection amplitude coef-
ficient. Reflection and transmission amplitude coefficients of the beamsplitter have been
measured, and assuming lossless interaction, have values rbs ≈ tbs ≈ 1/

√
2. Phase shifts

associated with reflection and transmission of the beamsplitter have not been measured
directly. However, relative measurements and energy conservation constraints discussed
below support the conclusion that the relative phase shift between reflection and transmis-
sion is φbs = ±π/2+ ε, where the sign depends on which side of the beamsplitter is used,
and ε is a frequency dependent perturbation that is independent of what side of the beam-
splitter is used. There is a phase shift associated with electric fields as they propagate along
the optical paths x1 and x2, from the aperture plane to the detector plane. Note that there is
parity in the number of reflections in both arms of the interferometer, which is required for
the images of the source to overlap with the same orientation at the detector plane.

The electric field at the detector plane is the sum on the two fields in Eq. B.5. However,
the detector system used in this work is a direct detector that is sensitive to the integrated
intensity. The time averaged intensity incident on the detector is,

IDFI (⃗θ, B⃗,k) =
〈∣∣∣Edet

1 (⃗θ, B⃗,k)+Edet
2 (⃗θ, B⃗,k)

∣∣∣2〉
= r12

M r2
bs|E1(⃗θ, B⃗,k)|2 + r14

M t2
bs|E2(⃗θ, B⃗,k)|2

−2r13
M rbstbsei[κ(x2−x1)−φbs]

〈
E∗

1 (⃗θ, B⃗,k)E2(⃗θ, B⃗,k)
〉 (B.6)

where in the last term, the negative sign comes from an absorbed eφM , and the factor of
two comes from the hermitian symmetry of

〈
Edet ∗

1 (⃗θ, B⃗,k)Edet
2 (⃗θ, B⃗,k)

〉
. In practice, the

detector signal is mean subtracted and the meaningful signal is given by,

IDFI (⃗θ, B⃗,k,z) =−2
√

I1(⃗θ,k)I2(⃗θ,k)e−i2πkB⃗·⃗θei2πkze−iφbs , (B.7)
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where

I1(⃗θ,k) = r12
M r2

bs|E1(⃗θ, B⃗,k)|2

I2(⃗θ,k) = r14
M t2

bs|E2(⃗θ, B⃗,k)|2 ,
(B.8)

and z = x2 − x1 is the optical path difference between the two beams resulting from instru-
mental effects. Note the intensities in Eq. B.8 have no explicit dependence on B⃗, however,
R2 does change as the spatial stage position is varied. This notation is chosen since the
relevant information that results from variations in B⃗ is encoded in the relative phase of the
electric fields and is lost when calculating the magnitude squared. The fact that intensity
depends on aperture position is still implicitly denoted by subscripts.

Eq. B.7 describes the complex response of the DFI to a single point source at position θ⃗

and frequency k = ν/c. The full response is obtained by integrating over the source plane
and spectral components,

IDFI(B⃗,z) =−2e−iφbs

∫
Ω

∫
∞

0

√
I1(⃗θ,k)I2(⃗θ,k)e−i2πkB⃗·⃗θei2πkz dk dΩ

=−e−iφbs

∫
Ω

∫
∞

−∞

√
I1(⃗θ,k)I2(⃗θ,k)e−i2πkB⃗·⃗θei2πkz dk dΩ ,

(B.9)

where dΩ = dθx dθy denotes the source plane differential in terms of solid angle. The
source spectrum is physically real and consists of frequencies k ≥ 0, however, by imposing
symmetry, integration can be extended to ±∞, absorbing a factor of two, as presented in the
second line. By noting that the intensity coefficient is proportional to the source intensity
through Eqs. B.8 and B.4, it can be observed that the DFI response is proportional to the
Mutual Coherence Function (MCF) Eq. A.12. Since the interferometer measures only real
intensity, the measurable signal is,

IDFI(B⃗,z) =−
∫

Ω

∫
∞

−∞

√
I1(⃗θ,k)I2(⃗θ,k)cos(2πkz−2πkB⃗ · θ⃗−φbs)dk dΩ

=−
∫

∞

−∞

√
I1(k)I2(k)|γ0(B⃗,k)|cos(2πkz+φ0(B⃗,k)−φbs)dk ,

(B.10)

where, |γ0(B⃗,k)| and φ0(B⃗,k) represent the amplitude and phase of the complex visibility,
respectively (see Eq. A.15).

The beamsplitter relative phase shift takes a value depending on orientation and is gen-
erally frequency dependent. For modelling purposes, the phase is set to φbs = π/2 and
is reasonably consistent with results, although the observed relative phase is typically less
than this value. Using trigonometric identities, the cosine function becomes a sine function.
For reasons that are explained in Ch. 4, the detector signal is inverted such that an increase
in incident power produces a lower signal. Accounting for these effects, the most practical
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Figure B.2: Interferometer response in DFI (top) and FTS (bottom) observation modes
when observing monochromatic (blue) and polychromatic (orange) light. DFI interfero-
grams express a anti-symmetry about ZPD, characteristic of a signal generated from sine
functions, while FTS interferograms express symmetry characteristic of signals gener-
ated from cosine functions. Polychromatic responses are normalized to their respective
monochromatic response for clarity. The decreased amplitude of the DFI monochromatic
response compared to FTS is a result of visibility effects.

expression for the DFI response used in this work is,

IDFI(B⃗,z) =
∫

Ω

∫
∞

−∞

I12(⃗θ,k)sin
(

2πkz−2πkB⃗ · θ⃗
)

dk dΩ

=
∫

∞

−∞

I12(k)|γ0(B⃗,k)|sin
(

2πkz+φ0(B⃗,k)
)

dk ,
(B.11)

where I12(⃗θ,k) =
√

I1(⃗θ,k)I2(⃗θ,k) is the geometric mean of the power spectrum of the
light at the detector plane, which is proportional to the source power spectrum. Evidently,
the response of the DFI is a superposition of sine waves with amplitudes and frequencies
proportional to the intensity and frequency of the incident electric fields. The sinusoids are
modulated by the visibility |γ0(B⃗,k)| and shifted along the Optical Path Difference (OPD)
axis by the phase of the complex visibility φ0(B,k).
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Diffraction Effects
So far, the discussion has implicitly assumed the interferometer apertures are infinite

in extent. In reality, as the electric field produced by a points source, modelled as a plane
wave, passes through the aperture, diffraction occurs as a result of the finite boundary of
the aperture. The wave proceeds to spread out as it propagates through the optical system,
potentially interacting with other apertures in a similar way, until it reaches the focusing
optics where the field is focused onto some finite region of the detector plane. The intensity
distribution that is produced on the detector plane is called the Point Spread Function (PSF)
and its finite extent is an expression of the diffraction limit of imaging optics [111].

Diffraction effects can be incorporated into the modelling process by assuming each
point on the surface of the aperture is a point source which emits a spherical wave. The
intensity at a particular point on the detector plane is then the square of the integral of
the electric field amplitude taken over the surface of the aperture, effectively the same
approach that was used to obtain Eq. B.9 with respect to the source plane. The end result is
that the PSF is given by the square of the Fourier transform of the electric field amplitude
distribution on the aperture plane. The signal recorded a the detector is then the convolution
of the source plane with the PSF, producing the diffraction limited image on the source
plane, integrated over the area of the detector surface. Although this approach is present in
the literature [131], the process can be carried out in the opposite direction, from detector
plane to source plane which seems to be more common when modelling existing telescopes
[117].

In the more typical treatment, it is imagined that a point on the detector plane is re-
placed by a point source. The electric field is reverse propagated through the optical sys-
tem, diffracting as a result of interaction with the apertures, and is then projected onto the
source plane. The source plane intensity distribution resulting from this process is called
the Beam Spread Function (BSF). Much like the PSF, the BSF is obtained as the square of
the Fourier transform of the field amplitude distribution on the aperture plane. The sensitiv-
ity distribution of the detector is then given by the convolution of the BSF with the detector
area. This produces a quantity, which when normalized such that the maximum value in
the sensitivity distribution is one, is called the beam or normalized power pattern in radio
astronomy [117]. The beam effectively describes how well the detector couples to different
regions of the source plane. Multiplying the source intensity distribution by the detector
beam gives the effective source intensity distribution that the detector sees,

Idet (⃗θ,k) = ξ(⃗θ,k)× I(⃗θ,k) , (B.12)

where ξ(⃗θ,k) is the generally frequency dependent beam function. The beam function
appropriate for this work is obtained in § 3.4.2. For a well designed and aligned spatial
interferometer, the electric field distributions resulting from a point source on the detector
plane propagating through each aperture will have the same shape and be aligned such that
I12(⃗θ,k) can be replaced by Idet (⃗θ,k) in Eq. B.11.

From the van Cittert-Zernike theorem Eq. A.14, the spatial frequency components of the
source intensity distribution are obtained as the Fourier transform of the source intensity
distribution. As a result of the multiplication property of Fourier transforms § C.1, the
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Figure B.3: Diagram of the interferometer in FTS mode.

spatial frequency components obtained from the detector measurements are,

F
{

Idet (⃗θ,k)
}
= ξ̂(u,v)∗Γ0(u,v) , (B.13)

where ξ̂(u,v) is the Fourier transform of the beam function, and u,v = B⃗k coordinates are
used. When sampling a particular point in the uv-plane in the presence of diffraction,
the value obtained is actually a weighted sum of the values in a region defined by ξ̂(u,v)
and centered on the nominal sample coordinate. This result has a natural Fourier analysis
interpretation. Just like the sampling frequency of a time dependent signal determines the
bandwidth in frequency space (see § 2.3.2), sampling interval in the uv-plane determines
the extent of the reconstructed image on the source plane. By truncating the source plane
with the beam function, the separation between statistically independent uv samples has
been increased.

B.2 Spectral Interferometer Response
In order to extract visibilities from Eq. B.11 it is necessary to determine the normaliza-

tion factor I12(k). Accomplishing this requires a measurement that removes the effects of
the visibilities. As shown in Ap. A, when the input aperture of the interferometer are made
to overlap, producing a zero-baseline configuration B⃗ = 0, the complex visibility is guaran-
teed to be unity. Although physically overlapping the input apertures is impossible using
the DFI configuration shown in Fig. B.1, the interferometer can be modified to use a single
input aperture by introducing an additional beamsplitter and mirror. This configuration is
shown in Fig. B.3 and is functionally equivalent to a standard FTS.

Analyzing this configuration proceeds in much the same way as Sec. B.1. A spherical
wave emitted from a source at the focal point of the collimating mirror is converted to a
plane wave on reflection that propagates to the first beamsplitter which functions as the
input aperture of the interferometer. The electric field at the aperture plane just before the
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beamsplitter is,

E (⃗θ,k)≈ rM
E0(⃗θ,k)

R
e−[iωt+φ⃗

θ
] , (B.14)

where the position of the aperture plane has been chosen such that the phase shift associated
with the collimating mirror reflection and wave propagation for an on-axis point source is
an integer multiple of 2π. Variables in Eq. B.14 have the same interpretation as Eq. B.1.
Point sources displaced from the optical axis by an angle θ⃗ will have a different amplitude,
but if |⃗θ fcol| ≪ R, the effect will be negligible. A position dependent phase shift is also
included φ⃗

θ
which is zero for on-axis sources.

Tracing the beams through both arms of the interferometer gives the following electric
fields at the detector,

Edet
1 (⃗θ,k) = r7

Mr2
bsE (⃗θ,k)e

i[κx1−ωτ+7φM+φbs1+φbs2]

Edet
2 (⃗θ,k) = r7

Mt2
bsE (⃗θ,k)e

i[κx2−ωτ+7φM ] ,
(B.15)

where the variables have the same interpretation as those in Eq. B.5. There are an odd num-
ber of reflections in both beams, which indicates the beams should overlap with the same
orientation when incident on the detector. Note that in this case, there are two beamsplitter
relative phase terms to account for the two beamsplitter interactions. It is also the case that
the beams are not balanced in the sense that one arm transmits through the beamsplitters
twice while the other arm reflects off the beamsplitters twice instead of one reflection and
one transmission each.

The intensity at the detector is computed as,

IFT S(⃗θ,k) =
〈∣∣∣Edet

1 (⃗θ,k)+Edet
2 (⃗θ,k)

∣∣∣2〉
= r14

M r4
bs|E (⃗θ,k)|2 + r14

M t4
bs|E (⃗θ,k)|2

+2r14
m r2

bst
2
bse

i[κ(x2−x1)−φbs1−φbs2]|E (⃗θ,k)|2 .

(B.16)

In practice, the detector signal is mean subtracted and the useful signal is given by,

IFT S(⃗θ,k,z) = 2
√

I1(⃗θ,k)I2(⃗θ,k)ei[2πkz−φbs1−φbs2] , (B.17)

where

I1(⃗θ,k) = r14
M r4

bs|E (⃗θ,k)|2

I2(⃗θ,k) = r14
M t4

bs|E (⃗θ,k)|2
(B.18)

are the intensities incident on the detector from each beam of the interferometer, and
z = x2 − x1 is the OPD between the two beams. Using the assumption rbs = tbs, which
is the intended relationship for a 50:50 intensity beamsplitter, I1(⃗θ,k) = I2(⃗θ,k) = I0(⃗θ,k).

The full complex response of the detector is obtained by integrating over the source
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plane and spectral components,

IFT S(z) =
∫

Ω

∫
∞

−∞

I0(⃗θ,k)ei[2πkz−φbs1−φbs2] dk dΩ

=
∫

∞

−∞

I0(k)ei[2πkz−φbs1−φbs2] dk ,
(B.19)

where spectral symmetry has been imposed, extending the integration limits to ±∞ and
absorbing a factor of two. The detector measures only real intensity, thus the detector
output is obtained by taking the real part of Eq. B.19,

IFT S(z) =
∫

∞

−∞

I0(k)cos(2πkz−φbs1 −φbs2)dk . (B.20)

As discussed in Sec. B.3, the difference between relative beamsplitter phase shifts can take
the values φbs1 −φbs2 ∈ {0,±π} depending on relative orientation. Results obtained in this
work are consistent with ±π. Additionally, the detector response is such that increased
incident power produces a lower signal. Accounting for these effects, the interferometer
response in FTS mode is,

IDFI(z) =
∫

∞

−∞

I0(k)cos(2πkz)dk , (B.21)

where I0(k) is proportional to the power spectrum of the light entering the FTS which is
proportional to the source power spectrum.

Note that Eq. B.21 is independent of the complex visibility. In the ideal case 2I0(k) = I(k)
from Eq. B.11, and the FTS response is used as to extract the normalization constant re-
quired to determine the visibility |γ(B,k)|. However, in general R1R2 ̸= R2 (see Figs. B.1
and B.3). This complication is a product of the collimating optics used to simulate a distant
source, and would not be present with an astronomical instrument. In any case, the FTS
configuration still provides a measurement with unit visibility that can be used to accurately
estimate the source power spectrum which, in principle, can be used to calibrate visibility
measurements.

B.3 Beamsplitter Phase
Constraints can be placed on the phase properties of beamsplitters by analyzing the sys-

tem using conservation of energy. Consider the situation shown in Fig. B.4 where electric
fields E1 and E2 enter the beamsplitter, producing fields E3 and E4 on the opposite sides. If
the energy contained in the electric fields is conserved,

|E1|2 + |E2|2 = |E3|2 + |E4|2 . (B.22)
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The electric field E3 is produced by the sum of the reflected component of E1 and the trans-
mitted component of E2. A similar construction exists for E4, resulting in the equations,

E3 = reiφ1rE1 + teiφ1t E2

E4 = reiφ2rE2 + teiφ2t E1 ,
(B.23)

where r and t are taken to be real numbers and represent the reflection and transmission co-
efficients of the beamsplitter, respectively. The angles φir and φit represent the phase shifts
resulting from reflected and transmitted components of opposing sides of the beamsplitter.
Noting that |E|2 = E∗E, Eq. B.23 in connection with Eq. B.22 gives,

|E3|2 + |E4|2 = (r2 + t2)(|E1|2 + |E2|2)
+ rtE∗

1 E2(eiφ2 + e−iφ1)+ rtE∗
2 E1(eiφ1 + e−iφ2) ,

(B.24)

where
φi = φir −φit , (B.25)

are the relative phase shifts between reflected and transmitted components of opposing sides
of the beamsplitter. For a lossless system r2 + t2 = 1, and Eq. B.22 holds when the last two
terms on the right-hand side of Eq. B.24 cancel. If the electric field amplitudes are real, as
is usually the case, this condition requires,

eiφ1 + e−iφ1 + eiφ2 + e−iφ2 = 4cos
(

φ1 +φ2

2

)
cos
(

φ1 −φ2

2

)
= 0 , (B.26)

which is true when,

φ1 +φ2 =±nπ

or
φ1 −φ2 =±nπ ,

(B.27)

where n is an odd integer. Given the agreement between data and modelled responses for
DFI and FTS observing modes, the relative phase shifts for the beamsplitters are consistent
with,

φ1 =+π/2+ ε

φ2 =−π/2+ ε ,
(B.28)

where ε is a phase perturbation that is generally frequency dependent and is affected by the
phase shift on transmission. The sign associated with the relative phase shift is attributed to
the reflection properties of metal mesh beamsplitters.

To model the phase shifts on reflection, it is assumed that one side of the beamsplitter is
dominated by an inductive interaction while the other side is capacitive. This assumption is
based on the fact that the metal mesh beamsplitters used in this work are fabricated as layers
of inductive and capacitive conductor grids. Reflection is modelled as light propagating
along a lossless transmission line which are terminated by reactive elements [132]. Under
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Figure B.4: Diagram showing the orientation of electric fields with respect to the beamplit-
ter when deriving phase constraints using conservation of energy.

this framework, reflected voltage signals, analogous to electric field signals, acquire a phase
shift of,

φr = 2arctan
(

Z0

X

)
, (B.29)

where Z0 is the characteristic impedance of the transmission line, free space in the case of
light, and X = XL +XC is the reactance, with XL = ωL and XC =−1/ωC the inductive and
capacitive reactance which terminates the line, respectively. It can be seen that |X | = Z0
results in a phase shift

φL =+π/2
φC =−π/2 ,

(B.30)

when termination is purely inductive or capacitive, respectively. Eqs. B.30 referrer to the
phase shifts on reflection and are only approximations as either side of the beamsplitter is
expected to have both inductive and capacitive contributions.

Fig. B.5 provides some insight about the phase properties of the beamsplitters. The
blue curve in the top panel shows data obtained when observing an 850GHz source in DFI
mode. The red and orange curves are obtained by placing the beamsplitter in front of the
dynamic aperture, oriented such that light is incident on the S and W side of the beam-
splitter, respectively. S and W are designations given to each side of the beamsplitter, used
purely for reference, and were chosen because these notations were already present on the
beamsplitter when obtained from the manufacturer. Evidently, the beamsplitter introduces
a constant phase shift on transmission with both orientations. That is, the phase shift on
transmission preserves Eq. B.28.

The bottom panel of Fig. B.5 shows interferograms obtained in FTS mode where the
input beamsplitter is oriented in two ways. From Eq. B.28 in connection with Eq. B.20, the
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Figure B.5: Beamsplitter phase relationships. The top panel shows data obtained in DFI
mode (blue) with a beamsplitter inserted in front of the dynamic aperture, oriented such
that light is incident on either the S (red) or W (orange) side. The curves show a phase
shift resulting from transmission, independent of orientation. The bottom panel shows data
obtained in FTS mode where the input beamsplitter is oriented such that light is incident
on the S (red) or W (orange) side. The curves show a phase difference of ∼ π, which
is consistent with energy conservation constraints and the beamsplitter relative phase, as
described in the text.

possible beamsplitter orientation combinations produce,

φ1 −φ1 = φ2 −φ2 = 0
|φ2 −φ1|= |φ1 −φ2|= π .

(B.31)

As such, flipping one of the beamsplitters in FTS mode is expected to induce a ±π phase
shift in the resulting interferogram. This result is observed in Fig. B.5.
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Appendix C

Fourier Analysis Proofs

In this appendix, proofs for the Fourier properties and transforms used in this work are
derived. The Fourier transform,

F [ f (x)]≡
∫

∞

−∞

f (x)e−i2πkx dx = f̂ (k) , (C.1)

and inverse Fourier transform,

F −1 [ f̂ (k)
]
≡

∫
∞

−∞

f̂ (k)ei2πkx dk = f (x) , (C.2)

are repeated for convenience. The independent variables x and k are reciprocal pairs typ-
ically representing either position and spatial frequency, or time and temporal frequency,
respectively.

C.1 Properties
Duality

Consider the definition of the inverse Fourier transform Eq. C.2 and apply the substitu-
tion x →−x,

f (−x) =
∫

∞

−∞

f̂ (k)e−i2πkx dk

= F
[

f̂ (k)
]
.

(C.3)

Interchanging the variables x and k gives the result,

F
[

f̂ (x)
]
= f (−k) . (C.4)

Effectively, if a function f (x) has the Fourier transform f̂ (k), the Fourier transform of f̂ (x)
is f (−k). The utility of this result comes from the fact that if you can find the Fourier
transform of a given function, the Fourier transform of the result is obtained as well. For
example, as demonstrated in Sec. C.2, the Fourier transform of the rectangle function is
a sinc function, and as a result of the duality property, the Fourier transform of the sinc
function is the rectangle function.
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C.1. PROPERTIES

Linearity
The Fourier transform of a weighted sum of functions is obtained as,

F [a f (x)+b(gx)] =
∫

∞

−∞

[a f (x)+bg(x)]e−i2πkx dx

=
∫

∞

−∞

a f (x)e−i2πkx dx+
∫

∞

−∞

bg(x)e−i2πkx dx

= a
∫

∞

−∞

f (x)e−i2πkx dx+b
∫

∞

−∞

g(x)e−i2πkx dx

= a f̂ (k)+bĝ(k) ,

(C.5)

where a and b are constants. As such, the Fourier transform of the sum of functions is the
sum of their respective Fourier transforms. Any multiplicative scaling factors applied to a
function is also applied to its Fourier transform.

Scaling
When the independent variable of a function is scaled by some nonzero real constant a,

the Fourier transform is

F [ f (ax)] =
∫

∞

−∞

f (ax)e−i2πkx dx . (C.6)

Using the substitution,

u = ax → x = u/a
du = adx → dx = du/a ,

(C.7)

the Fourier transform becomes,

1
a

∫
∞

−∞

f (u)e−i2πku/a du . (C.8)

In the case where a > 0, Eq. C.8 is unchanged. If a < 0, then negative signs in expressions
involving u/a and its derivatives cancel since u ∝ a. As a consequence, the only change is
f (u)→ f (−u), and the resulting equation that cover both cases is,

F [ f (ax)] =
1
|a| f̂

(
k
a

)
. (C.9)

The scaling property expresses the reciprocal nature of Fourier transforms. If a function,
for example a Gaussian, is widened by a factor of a, its Fourier transform will be narrowed
and increased in maximum amplitude by the same factor of a.
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C.1. PROPERTIES

Translation
When a function is translated along the independent axis by the value a, the Fourier

transform is
F [ f (x−a)] =

∫
∞

−∞

f (x−a)e−i2πkx dx . (C.10)

Using the substitution

u = x−a → x = u+a
du = dx → dx = du ,

(C.11)

the Fourier transform becomes,

F [ f (x−a)] =
∫

∞

−∞

f (u)e−i2πk(u+a) du

=
∫

∞

−∞

f (u)e−i2πkue−i2πka du

= e−i2πka f̂ (k) .

(C.12)

Translating the function by a results in a Fourier transform of the original function multi-
plied by a complex exponential. This result can be interpreted as the Fourier transform of
the original function with a linear phase shift of slope −a.

Phase Shift
The phase shift property is the inverse of the translation property. If a function is mul-

tiplied by a linear phase term, the Fourier transform is,

F
[
ei2πax f (x)

]
=

∫
∞

−∞

f (x)ei2πaxe−i2πkx dx

=
∫

∞

−∞

f (x)e−i2πx(k−a) dx

= f̂ (k−a) .

(C.13)

Applying a linear phase shift with slope a to a function thus result in a Fourier transform
consisting of the Fourier transform of the original function shifted by a.
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C.1. PROPERTIES

Multiplication
When a function is the product of two functions f (x) and g(x) the Fourier transform is,

F [ f (x)g(x)] =
∫

∞

−∞

f (x)g(x)e−i2πkx dx

=
∫

∞

−∞

f (x)
[∫

∞

−∞

ĝ(a)ei2πax da
]

e−i2πkx dx

=
∫

∞

−∞

ĝ(a)
[∫

∞

−∞

f (x)e−i2πx(k−a) dx
]

da

=
∫

∞

−∞

ĝ(a) f̂ (k−a)da .

(C.14)

In the second line, g(x) is replaced by its inverse Fourier transform equivalent (Eq. C.2).
The final line of Eq. C.14 can be identified as the convolution (see Eq. C.16), of the func-
tions f̂ (a) and ĝ(a) which are the Fourier transforms of f (x) and g(x), respectively, and a
is an arbitrary variable with the same units as k. With this consideration, the multiplication
property can be written,

F [ f (x)g(x)] =
[

f̂ ∗ ĝ
]
(k) , (C.15)

where ∗ indicates the convolution operator.

Convolution
The convolution property is the inverse of the multiplication property. The convolution

of two functions is defined as,

[ f ∗g] (x) =
∫

∞

−∞

f (a)g(x−a)da (C.16)

where a is an arbitrary variable with the same units as x. If a function results from the
convolution of two functions, the Fourier transform is,

F [[ f ∗g] (x)] =
∫

∞

−∞

[∫
∞

−∞

f (a)g(x−a)da
]

e−i2πkx dx

=
∫

∞

−∞

f (a)
[∫

∞

−∞

g(x−a)e−i2πkx dx
]

da

= ĝ(k)
∫

∞

−∞

f (a)e−i2πak da

= ĝ(k) f̂ (k) ,

(C.17)

where the third line is obtained using the translation property Eq. C.12. This result shows
the Fourier transform of the convolution of two functions is the product of the Fourier
transforms of the two functions.
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C.2. FUNCTIONS AND DISTRIBUTIONS

Correlation
Closely related to the convolution property is the correlation property. The correlation

of two functions is defined as,

[ f ⋆g] (x) =
∫

∞

−∞

f ∗(a)g(a+ x)da , (C.18)

where a is an arbitrary variable with the same units as x, and the superscript ∗ indicates the
complex conjugate. If a function results from the correlation of two functions, the Fourier
transform is,

F [[ f ⋆g] (x)] =
∫

∞

−∞

[∫
∞

−∞

f ∗(a)g(x+a)da
]

e−i2πkx dx

=
∫

∞

−∞

f ∗(a)
[∫

∞

−∞

g(x+a)e−i2πkx dx
]

da

= ĝ(k)
∫

∞

−∞

f ∗(a)ei2πak da

= ĝ(k)
[∫

∞

−∞

f (a)e−i2πak da
]∗

= ĝ(k) f̂ ∗(k) .

(C.19)

Again, the third line is obtained using the translation property Eq. C.12. This result shows
the Fourier transform of the correlation of two functions is the product of the Fourier trans-
form of one of the functions and the complex conjugate of the Fourier transform of the
other function. Which transform the complex conjugate is applied to is arbitrary.

C.2 Functions and Distributions
Dirac Delta

The Dirac delta function δ(x), or simply delta function, is a mathematical abstraction
with the property that it is zero everywhere, except at the origin where it is infinite. It is
further constrained to satisfy the identity,∫

∞

−∞

δ(x)dx = 1 . (C.20)

A practical application of the delta function is to use it as a filter,∫
∞

−∞

f (x)δ(x−a)dx = f (a) . (C.21)

The sum of a collection of evenly spaced delta functions is called a Dirac comb function,

XL(x) =
∞

∑
n=−∞

δ(x−nL) , (C.22)

where L is the spacing between delta functions.

294



C.2. FUNCTIONS AND DISTRIBUTIONS

The Fourier transform of the delta function is easily computed using the filter property,

F [δ(x−a)] =
∫

∞

−∞

δ(x−a)e−i2πkxdx = e−i2πka . (C.23)

Conversely, the Fourier transform of the complex exponential is,

F
[
ei2πax]= F

{
F [δ(k−a)]∗

}
= F

{
F −1 [δ(k−a)]

}
= δ(k−a) .

(C.24)

To determine the Fourier transform of the comb function, note that Eq. C.22 is periodic in
x with period L. As such it can be expanded as a Fourier series. The complex coefficient,
Eq. 2.15, is computed as,

cn =
1
L

∫ L/2

−L/2

∞

∑
m=−∞

δ(x−mL)e−i2πknx dx =
1
L
, (C.25)

Since the integral is evaluated over the range [−L/2,L/2], the only delta function that con-
tributes is the one at x = 0. The Fourier series Eq. 2.14, is then,

XL(x) =
1
L

∞

∑
n=−∞

ei2πknx . (C.26)

Taking the Fourier transform of this equation, and by using Eq. C.24, the Fourier transform
of the Dirac comb is,

F [XL(x)] =
1
L

∞

∑
n=−∞

δ

(
k− n

L

)
, (C.27)

which is itself a Dirac comb.

Sinusoid
The Fourier transform of a cosine function is obtained as,

F [Acos(2πk0x)] = A
∫

∞

−∞

cos(2πk0x)ei2πkx dx

=
A
2

∫
∞

−∞

[
ei2πk0x + e−i2πk0x

]
ei2πkx dx

=
A
2
[δ(k− k0)+δ(k+ ko)] ,

(C.28)

where the second line employs the exponential representation of the cosine function, and
the third line follows from Eq. C.24. Using a similar procedure, the Fourier transform of a
sine function is,

F [Asin(2πk0x)] =
A
2i
[δ(k− k0)−δ(k+ ko)] . (C.29)
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Rectangle
The rectangle function is defined as,

Π

(x
a

)
=

{
0 if |x|> a

2
1 if |x| ≤ a

2 ,
(C.30)

where a is a real and positive constant.
Taking the Fourier transform of the rectangle function gives,

F
[
Π

(x
a

)]
=

∫
∞

−∞

Π

(x
a

)
e−i2πkx dx

=
∫ a/2

−a/2
e−i2πkx dx

=

[−ei2πkx

i2πk

]a/2

−a/2

=
asin(πak)

πak
= asinc(ak) ,

(C.31)

where

sinc(ax) =
sin(πax)

πax
, (C.32)

is the normalized sinc function.

Sinc
Having previously shown that the Fourier transform of the rectangle function is a sinc

function (Eq. C.31), the Fourier transform of the sinc function is easily obtained with ap-
plication of the duality property (Eq. C.4):

F [sinc(bx)] =
1
b

Π

(−k
b

)
=

1
b

Π

(
k
b

)
,

(C.33)

where the second line is obtained as a consequence of the even symmetry of the rectangle
function. Using the substitution a = 1/b, Eq. C.33 can be written as,

F
[
sinc

(x
a

)]
= aΠ(ak) . (C.34)

The Fourier transform of the sinc function is the rectangle function.
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Step Function Decay
The truncated exponential decay function has the form,

f (x) = u(x)e−ax , (C.35)

where a is a real constant, and

u(x) =

{
0 if x < 0
1 if x ≥ 0 ,

(C.36)

is the Heaviside step function. Eq. C.35 is useful for modelling the impulse response of a
detector system.

The Fourier transform of Eq. C.35 can be obtained as,

F
[
u(x)e−ax]= ∫

∞

−∞

u(x)e−axe−i2πkx dx

=
∫

∞

0
e−(a+i2πk)x dx

=

[
−e−(a+i2πk)x

a+ i2πk

]∞

0

=
1

a+ i2πk
.

(C.37)

This result can be associated with the frequency response of a detector system, and provides
a quantitative way of relating the detector response to its frequency response.

Gaussian
The Fourier transform of a Gaussian function is obtained by evaluating the integral,

F
[
e−ax2

]
=

∫
∞

−∞

e−ax2
e−i2πkx dx

=
∫

∞

−∞

e−(ax2+i2πkx) dx

= e−
(πk)2

a

∫
∞

−∞

e−(
√

ax+iπk/
√

a)2
dx .

(C.38)

The last line is obtained by completing the square of the expression in the exponential in
the second line,

−(ax2 + i2πkx) =−
(√

ax+
iπk√

a

)2

− (πk)2

a
. (C.39)
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Using the substitution,

u =
√

ax+
iπk√

a

du =
√

adx → dx =
du√

a
,

(C.40)

Eq. C.38 becomes,

F
[
e−ax2

]
=

e−
(πk)2

a√
a

∫
∞

−∞

e−u2
du

=

√
π

a
e−

(πk)2
a ,

(C.41)

where the well known integration of a Gaussian function
∫

∞

−∞
e−u2

du =
√

π, is used in the
last line. It can be observed that the Fourier transform of a Gaussian function is another
Gaussian function.
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Appendix D

Technical Drawings

In this appendix, technical drawing for main interferometer components are presented.
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by QMC Instruments.

Figure D.5: Beamsplitter assembly. Drawing provided by Adam Sundberg.
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Figure D.6: Detector feed horn array. Drawing provided by QMC Instruments.
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Figure D.7: Detector block. Drawing provided by QMC Instruments.
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