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Abstract

With the recent detection of gravitational waves, a new window has opened for studying the
universe. Because gravitational waves interact weakly with matter, they can pass through
matter without being affected significantly. Due to this, they are very important in the study
of the early universe. In this thesis, the interaction of gravitational waves and electromag-
netic waves is studied in the Minkowski and de-Sitter spacetime. The explicit form of the
perturbations (describing electromagnetic waves) is solved in the presence of a gravitational
wave in the Minkowski background. We find a new frequency mode of the perturbed elec-
tromagnetic wave and analyze for resonance. The nature of the wave interaction is depen-
dent on the relative direction of propagation of both the waves. For the de-Sitter spacetime
background, the inhomogeneous wave equations for the perturbed electromagnetic wave

are solved and we find a similar new mode which modulates the electromagnetic wave.
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Chapter 1

Introduction

We wish to understand the origin of the Universe and its evolution using data observed
today. According to the Big Bang theory [1], the universe began with the Big Bang in a
hot, dense, nearly uniform state approximately 13.8 billion years ago. There was a period
of rapid expansion known as cosmic inflation during which the universe expanded and its
volume increased by (approximately) a factor of 1078 (compared to its initial size). Density
waves and gravitational waves were generated due to quantum fluctuations in the matter dis-
tribution, which have been magnified by inflation. After inflation (10~3%sec), the universe
was a hot soup of quarks, gluons, electrons and other elementary particles. As the universe
cooled down due to the expansion, quarks clumped into protons and neutrons (10™>s ~
Is). These protons and neutrons merged together and formed nuclei during the process of
nuclear fusion (roughly between 10 sec to 20 min [2]). As the universe cooled down to
10,000°C, the electrons, protons and nuclei combined together to form atoms (mostly hy-
drogen and helium).

Before the formation of neutral hydrogen (380,000 years after big bang), the universe was
opaque due to constant interaction between light and matter (free electrons and protons).
Photons started streaming freely after this time and formed the Cosmic Microwave Back-
ground (CMB) visible today. E-mode and B-mode polarization in CMB [3] are associated
with density waves and gravitational waves respectively. The state of the early universe
can be deduced from CMB and CNB (Cosmic Neutrino Background). Since the CMB was

produced approximately 380,000 years after the Big Bang, it is very difficult to deduce the



1. INTRODUCTION

Figure 1.1: The Cosmic Microwave Background radiation

[3]

state of the very early stages of the universe using it. Neutrino decoupling on the other hand
took place when the temperature of the universe was approximately 1MeV (approximately
1 second after the Big Bang). So the CNB can indeed help us determine the state of the
early universe but neutrinos from CNB have a very low energy (10710 times smaller than
current direct detection) due to which it is very difficult to detect CNB and get relevant

information about the early universe using CNB.

The recent detection of gravitational waves in February 2016 by LIGO (Laser Inter-
ferometer Gravitational-wave Observatory) [4] and Virgo has opened new doors through
which relevant observations about the early universe might be made. Gravitational waves
can have important information about the very early state of the universe [5] e.g. typi-
cal frequency, intensity, temperature, efc. If the GWB (Gravitational Wave Background
or stochastic background) [6, 7] is detected, then it would have a huge impact on early
universe cosmology and high energy physics. We intend to study the interaction of gravi-
tational waves and electromagnetic radiation which will lead to the detection of primordial
gravity waves.

With our aim being the study primordial gravitational waves, in this work we begin with

the study of their interactions with electromagnetic waves in the background of Minkowski
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spacetime. The behavior of plane-polarized monochromatic electromagnetic wave is stud-
ied when it interacts with a weak linearized gravitational wave. The resultant perturbations
in the electromagnetic waves are studied at the first order. Different aspects like resonance
and the relative direction of propagation of the waves are considered.

In the second part of the work we investigate a similar interaction of the primordial gravi-
tational waves in the background of flat Friedmann—Lemaitre-Robertson—Walker (FLRW)
spacetime [1, 8]. The FLRW spacetime describes a homogeneous, isotropic, expanding
universe. The FLRW metric is the exact solution of the Einstein field equations satisfying
above properties.

Electromagnetic waves are fluctuations in the electric and magnetic field which propagate
at the speed of light. These waves occur at various wavelengths, producing a spectrum
of radiation from radio waves to y -rays. The Maxwell equations in the curved spacetime
[1, 9] describe the behavior of electric and magnetic fields at different points in spacetime,
depending on the distribution and motion of charges. The Gauss-Ampere law, in the ab-
sence of electric charge, forms the mathematical basis for the electromagnetic waves.

Gravitational waves are disturbances in the curvature of spacetime that propagate outward

h(t)

Figure 1.2: Gravitational wave polarization

at the speed of light from the source. Accelerating massive (e.g. blackholes, binary neutron

stars, supernova) bodies are sources of gravitational waves. These waves were predicted by

3



1. INTRODUCTION

Albert Einstein in 1916 on the basis of General Theory of Relativity. They are a form of
radiant energy (also known as gravitational radiation), which transports energy away from
the accelerated masses, similar to the electromagnetic radiation produced by accelerated
charges. Gravitational waves were detected in 2016, a hundred years after its prediction,
by the Laser Interferometer Gravitational-Wave Observatory (LIGO) and Virgo [4]. Un-
like electromagnetic waves, which are plane polarized, gravitational waves are quadrupole
waves and the relevant polarizations are given by two functions. For a gravitational wave
propagating in the positive Z-direction, the /4. polarization stretches and squeezes the XY-
plane horizontally and vertically; while the &, polarization stretches and squeezes the X Y-
plane diagonally over time, as can be seen in figure 1.2. For the considered gravitational

wave, these polarizations are explicitly given as

hy = Ay cos(0g(z—1))

hy =Ax cos(®g(z—1)+9)

where @y is the frequency of the gravitational wave and the speed of light c = 1 as we work
with geometrized units. A, and A are the amplitudes of the two polarizations and 9 is the
phase difference.

The interaction between electromagnetic field and gravitational wave generates perturba-
tions and causes oscillatory patterns in the electromagnetic wave. These new electromag-
netic waves frequency modes can be detectable by LIGO and Virgo. The investigation in
this direction can help us with the discovery of primordial gravitational waves [10]. The fre-
quency signatures of primordial gravitational waves can be searched in the CMB radiation
observed today. This will have a profound impact in our understanding of early universe
cosmology and high energy physics as it can be used as a tool to probe the very early state
of the universe. These detected primordial gravitational waves may contain information

about the density, temperature and intensity of the very early state of the universe [S]. This
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information can help us develop better theories and models of the universe and deepen our
understanding of the young cosmos.

Notable work has been done in a similar direction. One such work studies the resonant con-
version of a gravitational wave into an electromagnetic wave and (vice-versa) when a static
electromagnetic field is present [11]. The considered interaction of gravitational waves and
electromagnetic waves are studied too; these include frequency splitting [12], intensity fluc-
tuations [12, 13], deflection of rays [13, 14, 15] and gravitationally induced rotation of the
electromagnetic waves polarisation [15, 16, 17, 18, 19]. One of the works takes a similar
approach as we have adopted and studies the resonance amplification of electromagnetic
waves in the presence of gravitational waves [20].

We have found a nonzero interaction between the electromagnetic waves and the gravi-
tational waves in the background of flat spacetime. When a monochrometic plane-polarized
electromagnetic wave (with angular frequency ®,) and a linearized gravitational wave (with
angular frequency ,) interact, the resultant frequency mode is found to be 4 / (Dg, + 2. This
was expected as the same mode was found in the case of scalar field interaction with gravi-
tational waves [21]. We find null interaction when both waves are propagating in the same
direction and a nontrivial interaction when the propagation is parallel but in the opposite
direction. This is different from the results of [20]. We further note the absence of any
resonance phenomena when frequencies for the waves are the same (i.e. ®; = ®,).

The same kind of interaction can also be determined in the background other than Minkowski
spacetime. In the later part of the work we investigate the interaction of electromagnetic

waves and gravitational waves in the spatially flat FLRW spacetime. The resultant pertur-

bation in the electromagnetic potential components can reveal information about the early

state of the universe. In this thesis we derive the explicit form of the perturbations and plot

them. The study of the effects of these perturbations on the CMB is a work in progress.

In the chapters to follow, we will give a brief review of general relativity, discuss grav-

itational waves and the interaction of gravitational waves with electromagnetic waves in
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the Minkowski and FLRW backgrounds. In chapter two, the important mathematical tools
(tensor analysis) which are useful in understanding and working in general relativity are
introduced. Then we discuss the nature and description of electromagnetic waves in curved
spacetime. In chapter three, a detailed derivation of linearized gravitational waves in the
background of Minkowski spacetime is done. The used gauge conditions are discussed.
The ‘plus’ (h4) and the ‘cross’(hy) polarizations of the gravitational waves, and their ef-
fects are derived as well. In chapter four,detailed calculations for the interactions of the
electromagnetic waves and gravitational waves in the Minkowski spacetime are presented.
Cases like i« = 0 or h = 0 and both being nonzero are considered. The resultant first order
perturbations in the electromagnetic four potential components and their graphical repre-
sentation are also shown. In chapter five, we derive the form of electromagnetic waves in
the cosmological background. The detailed calculation of the interaction between electro-
magnetic waves and gravitational waves in the flat-FLRW spacetime is also done in chapter
five. The form of the first order perturbations in the electromagnetic vector potential com-
ponents are found and their graphical representation is also shown. In chapter-6, the results

and prospective continuation of the work are discussed briefly.



Chapter 2

General Theory of Relativity

To understand gravitational waves, we first need to understand the general theory of rela-
tivity. According to the general theory of relativity, gravity is a geometric property of the
four-dimensional spacetime. The gravitational force is the result of spacetime curvature.
The Einstein field equations describe how the momentum and energy of matter (and radia-
tion) are related to the curvature of spacetime. In this chapter, we will discuss and derive the
mathematical tools that are essential to understand the general theory of relativity. Quanti-
ties like four-velocity, four-momentum, number-flux, stress-energy tensor are defined and
discussed in the sections to follow. Once all the necessary quantities are defined and ex-
plained, we discuss the Einstein field equations as they will be used in chapter 3 for the

derivation of linearized gravitational waves.

2.1 Special Theory of Relativity

Since the general theory of relativity is the generalization of the special theory of rel-
ativity [22, 23], in this section we will briefly review the special theory of relativity. It is
a theory which describes the dynamic relation between space and time, depending on the
state of motion of inertial observers.

In classical mechanics space and time are independent of each other, regardless of the
motion of observers. The Galilean transformation is used to transform from one inertial
reference frame to another. It describes the relationship between the space and time coor-

dinates of two inertial observers (K with coordinates (z,x,y,z) and K’ with the coordinates
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(¢',x',y',7))) travelling with relative velocity v in the X-direction.

The Galilean transformation is given by:

t'=t,
X =x—vt,
/

y =5

!/

7=z

For a given phenomenon, the rules of Galilean transformation of classical mechanics do not
hold under the implementation of the postulates of the special theory of relativity.

The two postulates of the special theory of relativity are:

1. The laws of physics are invariant (i.e. take the same form) in all inertial reference

frames.

2. The speed of light is constant (in a vacuum) for all inertial observers.

The transformations derived by implementing these postulates are known as Lorentz
transformations. The Lorentz transformations show that inertial observers with relative
velocity will not agree about when and where an event occurred. Meaning, contrary to
Galilean mechanics, events that occur at some time ¢ for one observer (K) do not necessarily
occur at the same time ¢ for an observer (K’) that is moving relative to the observer K.
Hence, the notion of ‘absolute’ space and time as suggested by Galilean transformations is
wrong and must be replaced by an observer-dependent dynamic space and time.

For a given reference frame, an event is a happening specified by a definite time and a
definite location with respect to that reference frame. Therefore, an event can be thought
of as a point, and collection of such events (points) can be thought of as the continuum of
spacetime.

Consider an event p in an inertial reference frame K that is given by the coordinates

(t,x,y,z). Now consider another inertial reference frame K’ which is moving with constant
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velocity v relative to K in the positive X-direction and has the same coordinate orientation as
K. The origins of K and K’ coincide at time zero of both reference frames. The coordinates
of reference frame K’ are denoted by (¢',x',y’,7"). Being constrained by above postulates,

the coordinate values of event p for the frame K’ are obtained to be:

=1(-3).

x =y(x—wt),

Y=y

7=z, (2.1)

where 7y is called the ‘Lorentz factor’ and is given by y= . Here c is the speed of
light.

The above transformation is known as the ‘Lorentz transformation’ [9]. These transforma-
tions reduce to Galilean transformations when the relative velocity v << ¢, as then y~ 1
and 7 >> 3.

These transformations predict that the length of a moving object is measured (by other ob-
servers) to be shorter (than its rest-frame length) in the direction of motion, a phenomenon
known as ‘length contraction’. And the elapsed time for moving clocks is longer than the
elapsed time for stationary clocks, a phenomenon known as ‘time dilation’. In other words,
moving clocks run slower with respect to stationary clocks. The Lorentz transformations
also indicate that, for moving objects, the addition of velocities is not as simple as suggested
by Galilean transformations.

The shortest distance between two points in the Euclidean geometry is a straight line. The
‘length’ of this shortest distance line remains the same irrespective of the arbitrary choice

of coordinates. Hence, we can say that the distance between two points is invariant in

Euclidean geometry. Similarly, in spacetime, the shortest invariant distance between two
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points (events) is given by

(A5)? = (A1) + (M%) + (A9)* + (A2)*

where s is called the spacetime interval.

The infinitesimal spacetime interval (ds) is then written as

(ds)* = —(d1)* + (dx)* + (dy)* + (dz)”.

If we take (x°,x!,x?,x%) = (t,x,y,7), the above can be written as

3 3
ds* = Y ) 1”|(x[5d)c°°dxB
a=0B=0

cds? = T]aﬁdx“dxﬁ,

where in the second step we have used the Einstein summation convention which implies
summation over indices that are repeated as superscript and subscript. The Ngg is known
as the metric tensor of Minkowski spacetime. The components of the metric tensor (in

Cartesian coordinates) are expressed as

-1 000
0 100
Nap = (2.2)
0 010
| 0 0 0 1

Nogp 18 known as Minkowski space metric.

Also note that the Lorenz transformations can be written in a compact form as

K= Ang

10



2.2. TENSOR ANALYSIS

where Ag is Lorentz transformation matrix and satisfies Mg = A‘é/\ﬁm wv- The component

form is given by

Yy —vy 0 O
—vy v 00
o __
AB_ ,
0 0 00
0 0 0 0]

where 7y is the Lorentz factor. This coordinate transformation can be simply written as

(using the chain rule)
/o, ox'® B

5F xv. (2.3)

Another important invariant quantity in spacetime, which all observers agree upon, is called
proper time. Curves in spacetime are often parameterized using the proper time. Proper
time along a (time-like) world line is defined as the time that is measured by a clock fol-
lowing that trajectory. Hence, it is independent of coordinates. The proper time between
two events in spacetime depends not only on the points (events) but also the curve (world
line) connecting them, therefore, on the motion of the clock between the two events. It is
analogous to arc length in three-dimensional Euclidean space. It is denoted by tT. Consider
an infinitesimal spacetime interval ds on a timelike world-line (trajectory of particle) for an

arbitrary Lorentz frame K and an instantaneous rest-frame K’ for the same interval.

o —=cdt? = —Pd? - dx + dy2 +dZ?,

2
v
sdt=di1——,
T 2
dt
cdt=—.
Y

2.2 Tensor analysis

Manifold and Riemannian geometry

A manifold is any surface (space) which can be divided into open sub-spaces, each of which

11



2.2. TENSOR ANALYSIS

can be mapped to Euclidean space e.g. the m dimensional surface of an n dimensional
sphere (m < n). It is any set that can be parameterized continuously. The number of
independent parameters is the dimension of the manifold, and the parameters themselves
are the coordinates of the manifold [1, 9]. A manifold locally looks like Euclidean space.
It is smooth and has a certain number of dimensions, but the large scale topology of a
manifold maybe very different from Euclidean space e.g. a small part of the surface of a
torus can be mapped one to one into the plane tangent to it. Hence, a manifold is a space
with coordinates that locally look Euclidean but has no distance relation or shape specified.
It is a ‘differential manifold” on which a symmetric tensor field g has been singled out to act
as the metric. The metric adds structure to the manifold. Thus, choosing different metrics
would give different curvature to the manifold. The sum of the diagonal elements of metric
is called ‘signature’ of the metric. The metric signature for the special and general theories
of relativity is +2. Such a manifold is called pseudo Riemannian manifold. We know thta
global Lorentz frames can not exists in a general gravitational field, so we choose any point
P on the manifold for which g, (P) =1y for all a, B. It is possible to find coordinates such

that, in a neighbourhood of P, the above equations are nearly true:

g,uv(P) = Nuv,

aocg,uv<P) - 07

where dg, is used to denote partial derivative with respect to o-th coordinate. Any curved
space has a flat space tangent to it at any point and this is the reason why local Lorentz

frames exists.

Vectors

Using the Einstein summation convention, the vectors can be represented as

V =vke,

12



2.2. TENSOR ANALYSIS

where V# are vector components and €, are the basis vectors for a given coordinate system.
The Greek indices can take values from O to 3. Vectors are usually seen as entities con-
necting two positions in space. However, we can not have a vector connecting two points
on a curved surface as the rules of vector manipulation require space to be flat. To have
the notion of vectors on a curved surface, at every point in the space a ‘tangent space’ is
defined as the set of tangent vectors to all curves passing through that point. Vectors on
every point in the space lie on these tangent spaces. For a flat space, all the tangent spaces
are parallel, but in curved spaces that is not the case. For every vector space, there is a dual
vector space, whose elements define a map from the vector space to the field of scalars. For
a tangent space, the dual vector space is called a cotangent space and its elements are called
one-forms. We can define physical quantites by taking tensor products of m tangent spaces
and n cotangent spaces. These are known as (m n) tensors. In particular, the vector is a

(1 0) tensor and the one-form is a (0 1) tensor.

One-form

Oneform is a (0 1) tensor, which takes a vector as its argument and results in a scalar. It is
denoted by p. It is linear in its arguments.

If we have one-form which are defined as @ = b+ & and d = 0@ (where o is a scalar), then
the linearity property can be seen in the action of the one-form on the vector field such that
a(V) =b(V)+&V) and d(V) = 0a(V). With above properties, one-form satisfy all the
axioms for a vector space. Hence, they are also called dual vector space to distinguish them
from the space of all vectors.

The components of any (0 N) tensor are obtained by supplying n number of basis vectors.

Hence, the components of one-form p are obtained as

13
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Hence, when a vector is the argument of p we have

The basis one-forms are denoted as ®* and are defined as
~0l (= _ U
(D (eB) —_ SB .

We can see that, ®@*(ég) gives B-th component of o-th basis oneform in a given coordinate

system. With these the one-form p is given by

- p(A) = pa@*(APep),
. B(A) = paAP@*(Ep),

p(XABSav

\D_>/1
I

B

ﬁ(ﬁ) = pocA(x-

Metric tensor
A metric tensor is a symmetric (0 2) tensor, which takes two vectors as its arguments and
produces a scalar. It defines the dot product between two vectors. It is linear in its argu-

ments. Meaning,

g(0A +BB,c) = ag(4,C) + pg(B,C).

For a given space, the metric tensor establishes the distance and angle relation between

points.

14



2.2. TENSOR ANALYSIS

The components of metric tensor are obtained when the basis vectors (for an arbitrary co-

ordinate system) are taken as arguments.

g(zyvgv) - Z,u : E\,’

g(é’m g\’) = 8uv-

For Minkowski spacetime (in Cartesian coordinates)

because €, - éy = 0 for Vv, éy-éyp = —1 and &;.¢; = §,; for Cartesian coordinates.
1 u J J

Hence, the dot product between two vectors using metric tensor is defined as

—

g( 7§) :g(A‘ug,Uane_{/))
g( vé) :AHBVg(EMagV)7

. g(A,B) = gwA"B".

The metric tensor acts as a mapping between one-forms and vectors. Consider g(‘7, ), where
one vector argument is given and the second vector argument is yet to be supplied. When
the second vector argument (A) is supplied in g(\7, ), it will produce a real number. Hence,

g(V,) can be seen as a symmetric linear function of vectors producing scalars: a oneform.

- =

When the vector argument A is supplied to V (), it evaluates A to V - A

V(A):=g(V,A),

1

(A)=V-

<



2.2. TENSOR ANALYSIS

The components Vi, of the one-form V can be found by supplying the basis vectors &y of

the coordinate system.

(ZOC) — ‘7 . E(x,

<t

Va =
V= V(g5 -2),

As seen in the expression above, the components of the metric tensor gug can be used to
lower the index. Similarly, it can be shown that the components of the inverse metric tensor

g®® can be used to raise the index. (e.g. V* = gO‘BVB)

THE STRESS-ENERGY TENSOR
In general relativity, the energy and momentum of a collection of particles (or of a field or
of a fluid) act as the source of gravitational field and curvature. It is important to discuss

how these quantities are described in a frame independently in terms of tensors.

Four-velocity
The path traced by an object through spacetime is called its world-line. The world-line of
an object in spacetime is given by four functions x*(t) of proper time T. The position of
this object is given by four-position vector X = x*¢,, for a given inertial frame.
Four-velocity U can be defined as a four-vector of unit magnitude which is tangent to the
world-line of the object. At any point of the world-line, U can be given as U= %. Its

components are given by

d M
Ut — d—xr, (2.4)
di
U’ = priat (2.5
- dxtdt .
Taa " 286

16



2.2. TENSOR ANALYSIS

where # is the 3-dimensional velocity vector and 7y is the Lorentz factor. Hence, U can be
written as U = y(1,ii). We can see that in the object’s rest frame U = (1,0,0,0) as the

spatial velocity is zero.

The magnitude of U is obtained by

]
]
Il
d
=
d
<
=l
!

L dx* dx¥
U-U=8w e
U-U=-1 (2.7)

The second last step follows from the fact that the infinitesimal spacetime interval ds*> =
—d7? in the object’s rest frame. The above equality is true for any massive object. It is clear

from the definition of four-velocity that it cannot be defined for a photon.

Four-momentum

Four-momentum is the generalization of classical 3-dimensional momentum to 4-dimensional
spacetime. It is defined as P= mOU , where my is the rest-mass (the mass measured in the

rest frame of the particle) of the particle. In any inertial frame it can be written as

P=(E,p), (2.8)

where m = mygY is the relativistic mass, p is the 3-D relativistic momentum and E is the

energy of the particle.

17



2.2. TENSOR ANALYSIS

Number-flux vector N
A collection of particles, all of which are at rest with respect to some inertial frame is called
‘dust’. The number density #z is simply the number of particles per unit volume. So n can

be written as

N
n=-———
AxAyA7’

where N is the total number of particles contained in the volume AxAyAz from the rest
frame. It is easy to see that if a dust has velocity v with respect to some inertial frame, then
due to length contraction the number density is given by yn, where v is the Lorentz factor.

The flux across a surface is defined as the number of particles crossing a unit area of that
surface in a unit time. It can be shown that the flux across a surface of constant x* (normal

to x) is given by ynU*. Hence, the number-flux vector N is defined as N = nU, where n is

the number density and U is the four-velocity. In an inertial frame N can be written as

N =nU,
N = ny(1,i),
N = (ny, nyii). (2.9)

From the above equation we can see that the component N° is the number density, while
the components N’ are the fluxes across the surfaces of constant x’. Hence, N° can be in-
terpreted as the flux across the surface of constant time i.e. the number of particles in the

spatial volume. Note that N-N=-n?asU-U=—1.

Energy Density
Energy density is defined as total amount of energy per unit volume. In the rest frame of
dust, the energy of each particle is given by myg. Therefore the energy density p of all the

particles is given by p = nmy.
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If the dust has some velocity with respect to some inertial frame, then the energy density
will given by y>p since number density and energy of each particle have a factor y due to

relative velocity.

Stress-energy tensor
The stress-energy tensor is a symmetric (2 0) tensor which takes two one-forms as its
arguments and produces a scalar. It is denoted by T. The components T are obtained when

the basis one-forms dx* and dx" are the arguments.

T(dd,dx’) = TH.

The component T#¥ represents the flux of the u-th component of four-momentum P* across
a surface of constant x¥. For example, the component 7% represents the flux of energy
(0-th component of momentum) across the surface of constant time, which is simply the
energy density.

Let’s briefly consider the meaning of each component.
 T% is the energy density as discussed above.

o T is the flux of energy across the surface of constant x’, therefore it represents the

energy flux.

o T is the flux of momentum across the surface of constant time, therefore it repre-

sents the momentum density.

o T'J is the flux of momentum across the surface of constant x/, therefore it represents

the momentum flux.

Let’s consider a general fluid. A fluid is a collection of innumerable particles such that
the dynamics of individual particles cannot be followed. Hence, it is called a special kind

of continuum whose description can only be given in terms of bulk quantities like number
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density, energy density, temperature, pressure, efc. The bulk (collection of particles) which
is large enough so that individual particles do not matter and yet small enough to be homo-
geneous, is called an element of the fluid.

Each element of the fluid is assigned a value of density, pressure, temperature, efc. which
may vary for each element. Mathematically, this approximation is expressed by giving each
point some value of pressure, density, efc. Hence, the fluid can be defined as collection of
various field defined at each location and each time.

For a general fluid, T% can be seen as conduction of heat among the fluid elements, T
can be interpreted as momentum associated with the energy flux (heat conduction) and T/
represents forces per unit area between adjacent fluid elements, known as stresses. Forces
per unit area which are parallel to the interface are called sheares and the forces which are
perpendicular to the interface are called pressures.

A perfect fluid is defined as a fluid which has no viscosity and no heat conduction in its rest

frame. From this definition we can conclude the following things:
« In the rest frame of the perfect fluid 7°° = 7% = 0 due to the lack of heat conduction.

» Shear forces due to viscosity is parallel to the interface of the elements. Since a
perfect fluid has no viscosity, 7% = 0 when i # j. Hence, T"/ = p&%/, where p is the

pressure and 8" is the identity matrix in 3-dimensions.

From above discussion we can conclude that in the rest frame of perfect fluid, the compo-

nents of T are

T = (2.10)
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p+p 0 0 0 -p 0 0 0

0 000 0 p 0O
ST = +

0 000 0 0poO

0 000| | 0O 00 p|

It is easy to see that above can be expressed as

™ = (p+ p)U*U" + pn* (2.11)

The above equation shows the components of the stress-energy tensor for a perfect fluid. It
is frame invariant when written as a tensor equation. Note that the conservation of energy

and momentum is described by (in Cartesian coordinates)

T = 0. (2.12)

This equation is correct only in flat spacetime. To find the correct equation in curved space-
time one needs to replace partial derivative with the covariant derivative as we shall see in

the sections to follow.

Derivative of a Vector

If we have a vector V = V%, then its derivative is given by

v Ve 02,
b o TV o
= 0V = 0V %8 + V*9péq. (2.13)

If we are working in a coordinate system in which the basis vectors are normalized e.g.
Cartesian coordinates, then dgéo, = 0. But in any arbitrary coordinate system in which this

might not be the case (e.g. polar coordinate system) the derivative of a vector is given by
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Eq. (2.13).

Christoffel symbols
Because BBE(X is itself a vector (in eqn. (2.13)), it can be expressed as a linear combination
of the basis vectors. If we relabel BBZa as K, then A can be written as A = A*é,,. Here, the
coefficients A* is the u-th coefficient of 85%, AH also contains the information of which
basis vector (€y) is being differentiated with respect to what coordinate (xB).

To indicate all this information, we can denote the coefficients of vector aﬁé’a as F&B'
BBé’a = F’&Bé’u. (2.14)

These symbols (coefficients) F&B are called the Christoffel symbols. The Christoffel sym-
bols are symmetric in their lower indices, meaning F‘&B =TI%4. They can be expressed in

terms of derivatives of the metric tensor components as follows

1
= Egaﬁ(avgﬁp +9ugpy — 9pguv)- (2.15)

This formula can be derived using the definition of the covariant derivative and the com-
patibility of covariant derivative with respect to the metric. (The covariant derivative of the

metric is zero) which we describe next.)

Covariant derivative

Using the Christoffel symbol notation and definition in (2.14), we can rewrite the derivative
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of a vector in curved geometry as

VB‘_} — aBVaga + Vaaﬁga,
= VBV = 0V %eq + V Thpés,
VBV = (BBVO‘ +V“FE‘B)ZOC,

VBV = VBVOLEOL.
Hence, the covariant derivative of vector components V% is defined to be
VBVOc = aﬁv‘* + V“Fgﬁ. (2.16)

Using the covariant derivative formula (2.16), the divergence of the vector field V® is given

by

1
VoV = da(1/1gIV®), (2.17)

Vgl

where |g| is absolute value of the determinant of the metric tensor. Similarly, the covariant

derivative of a one-form field py, is given by
VpPo = 0P — Pulg. (2.18)
Some examples of covariant derivative of higher order tensors are as follows [9]

VT = 9Ty — Tow gﬁ = Tut 35’
VA" = 9gA*" +A°‘VFZB +A“°‘F‘éﬁ,

VpBy = 0pBy + ByT,5 — Bl yg.
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If the arbitrary tensor 7,y is taken to be the metric tensor gy, then Vg4 = 0 can be solved
to get the above described definition of the Christoffel symbols in terms of the metric tensor

components.

Parallel Transport

There are two types of curvatures in general theory of relativity: extrinsic curvature and
intrinsic curvature. The extrinsic curvature describes how an m-dimensional surface is
embedded into an n-dimensional surface (n > m). It describes the curvature of the m-
dimensional surface when looked from a higher n-dimensional point of view (bird’s eye
view). Surface of a cylinder is an example of a surface with an extrinsic curvature. Itis a 2-
dimensional surface embedded in 3-dimensional space that appears curved when observed
from a 3-dimensional point of view. The distance relation of the points of a cylinder is
the same as the distance relation of a flat surface when observed from the two dimensional
perspective. Parallel lines remain parallel on the surface of a cylinder just like they would
on a flat surface. From this 2-dimensional perspective the surface of the cylinder appears
analogous to a flat surface. A flat sheet of paper can be converted into a cylinder without
tearing or crumpling it, so its intrinsic geometry is that of a plane: it is flat. So, the extrin-
sic curvature describes how m-dimensional surface points are related to the n-dimensional
space.

The intrinsic curvature only considers the relationships amongst the points as observed
from the (m -dimensional) surface itself. It does not rely on the notion of a higher-dimensional
space. In a surface with intrinsic curvature, the distance between any two points is not the
same as of a flat space. Parallel lines would either converge or diverge on a surface with
nonzero intrinsic curvature. The general theory of relativity describes this intrinsic curva-
ture of the 4-dimensional spacetime without referring to any higher dimensions. The (2D)
surface of a sphere is an example of a surface with an intrinsic curvature.

Consider a triangle with points A, B and C on a flat surface. Now consider a vector at
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Figure 2.1: Parallel transport of a vector on a flat surface

point A. Let’s transport this vector (along the curve) from A to B to C and back to A with
the condition that the vector is always tangent to the surface and parallel to itself after any
infinitesimal displacement. Such a construction is called parallel-transport. When it returns
to point A again, we see (in figure 2.1) that it will be parallel to itself and will have the same
magnitude.

Now consider a triangle with points A, B and C on the surface of a sphere such that points
A and C are on the equator and point B is on the pole. If we parallel transport a vector
along the triangle (curve) ABC and back to A, we see (figure 2.2) that the vector is pointing
in some other direction and/or has different magnitude. In other words, the vector is not
parallel to itself.

This means that on a curved manifold it is not possible to define a globally parallel vector
field. Two vectors can only be compared after parallel-transporting one of them to the other.
In other words, they can be compared in the tangent space of a point. And this comparison

will depend on the path taken for parallel transport. Therefore, we cannot claim that a cer-
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Figure 2.2: Parallel transport of a vector on the surface of a sphere

tain vector at point A is parallel to another vector at B or not.

Let’s consider a curve on a curved surface defined by the parameter A. The tangent

vector U is then given by

]
[l
S|g

If we have a vector field V defined on the curve such that vectors V at infinitesimally close
points of the curve are parallel and of equal magnitude, then V is said to be parallelly

transported along the curve. In a locally inertial (flat) coordinate system, the components
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of V must be constant along the curve in the infinitesimal neighbourhood of point P.

% =0, (2.19)
o 4B
R
- UP9Rv e =0,
- UPVv =0,
S VYV =0.

In the fourth step of the above equation we used the fact that Fﬁ‘v = 0 at point P, hence the
partial derivative can be changed as a co-variant derivative. And since it is a tensor equa-

tion, it is true in any arbitrary frame.

Geodesic
On a curved surface, a geodesic is analogous to a straight line of Euclid’s flat space. Itis a
curve that is ‘as nearly straight as possible’ on a curved surface. A straight line in Euclid’s
geometry is a curve for which the tangent at a point is parallel to the tangent at a previous
point. So, a geodesic is essentially a curve that is obtained by parallel transporting the

tangent vector. Looking at the definition of parallel transport of a vector, it can be given by

VU =0,
S UPYRU* =0,
- UPORU* +THRUHUP =0,
d2x® d2x* dxP
T l—*OC - "
oz TN dn

The above equation is a nonlinear, second-order differential equation for x*(A). It has
a unique solution for a given initial position and initial direction. We can get a unique

geodesic with different initial conditions.
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Riemann Tensor

It is rather difficult to distinguish flat space from curved space just by looking at the metric
as the representation of the metric is coordinate dependent. Even in flat space, the metric
does not take the simplest form unless one is working with Cartesian coordinates. The
Christoffel symbols and their partial derivatives do vanish in flat space when using Carte-
sian coordinates, but they do not vanish in flat space when represented by any arbitrary
coordinates (e.g. polar coordinates). This is due to the fact that the Christoffel symbols are
not tensors. Even in curved spaces, one can always choose locally inertial coordinates (at
some point P) such that the metric is the Minkowski metric and the Christoffel symbols are
zero (at that point).

We need a more useful mathematical tool which can be used to distinguish curved spaces
from a flat one. Let’s use the fact that, on a curved surface (e.g. a sphere), when a vector is
parallel transported in a closed loop, it is not identical to the original vector when we return
to the starting point [24]. Consider a closed loop (see figure 2.3) formed by the coordinate
grids x*, x* 4 0x*, x¥ and x¥ + dx". Consider a vector VX‘ at point A. Let’s say that vector V/i‘
is represented by VC7‘ when parallel transported across ABC. And vector VX‘ is represented
by V% when parallel transported across ADC. The difference between VC)“ and Vé is denoted
as 8V (at the point C). 8V* will tell us whether the space is flat or curved. If 8V is zero
then the space is flat, otherwise it is curved.

Mathematically, VC7“ can be represented as VHVVV7L since we are parallel transporting across

the coordinate grids. Similarly, Vé can be represented as VVVF,VX.

SV}h = V,quV}h - VVv,uvk,

VA=V, VyVr
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X x'+ 8x"

Figure 2.3: Parallel transport of a vector on the path ABC and ADC across the closed loop
formed by the coordinate grids

Hence, 8V is obtained by finding the commutator of the covariant derivatives V, and V.

[V, V=V, Vvt — v, v, v
= (Qu(VyV*) =T VeV + ThVyVO) — (0y(V, V) =TS, VsV* + 5V, V),

A A A A
- (a,urv(x - avr,uoc + chrgoc - FVGF,S(X)VOL‘

In last few steps, we reapplied the definition of covariant derivative, relabelled the summa-
tion index as to take V* out of the bracket, removed the same terms with opposite signs and
used the fact that the Christoffel symbols are symmetric in their lower index (torsion free
condition).

Since the covariant derivatives V,, and Vy are tensors, their commutator [V, Vy] is also a
tensor. Even though the Christoffel symbols are not tensors, 8,,1“2}0c — 8VFZ;OL + Fﬁcl“% —

Fz,‘cl“ga is a tensor, it obeys all the tensor transformation laws and is independent of the

29



2.3. GENERAL RELATIVITY

coordinates.
ngv = ayrgﬁ — avrg‘ﬁ + 1“2‘61“33 — FS‘GFSB. (2.20)

ngv is called the Riemann curvature tensor. It is a (1,3) tensor which measures the
curvature of the given space. Unlike the Christoffel symbols, ngv does not vanish in local
inertial frames.

Using the metric tensor one can write ga;LRE‘“V = Ropuv-

We can contract the first and the third index of RE‘W to define the Ricci tensor. It is denoted

by Ryyv.

. p
Ry = R,

.'. Rluv — gaBRB,U(XV
The Ricci tensor (R,y) can be further contracted to define the Ricci scalar.

R = g’uleuV7

S R= gﬂvgaBRalqu.

2.3 General relativity

The weak equivalence principle:

Freely falling particles move on a timelike geodesic of the spacetime.

The Einstein equivalence principle:
Any local physical experiment not involving gravity will have the same results if performed
in a freely falling inertial frame as if it were performed in a flat spacetime of special rela-
tivity. [9] Or, in other words, it is possible to choose a locally inertial coordinate system at

every spacetime point in a gravitational field such that, within a sufficiently small region of
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the point, the laws of nature are the same as in special relativity. There is great similarity
between the equivalence principle and the appearance of local flatness on a curved Rie-
mannian manifold. Because of this resemblance one may expect that spacetime in general
relativity can be described with a pseudo-Riemannian manifold [9].

The Principle of General Covariance:

We will now discuss the principle that is used to generalize valid equations from special
relativity to general relativity. It is known as the ‘principle of general covariance’. This

principle states that a physical equation holds true in all coordinate systems if:

1. The equation holds true in absence of gravitation (i.e. it holds true in special relativ-

ity).

2. It is a tensor equation (i.e. it preserves its form under a general coordinate transfor-

mation).

By the equivalence principle, an equation that is correct in a locally inertial coordinate
system can be written and then a general coordinate transformation can be made to find
the corresponding equation in an arbitrary coordinate system. Using the principle of gen-
eral covariance, we can find the equation that holds for all coordinate systems in a simple
manner. It follows from the equivalence principle by considering any equation that satisfy
condition (1) and (2). Since the equation is generally covariant it preserves its form under
a general coordinate transformation, so if its form is correct in one coordinate system then
it is correct in all coordinate systems. The equivalence principle says that at every point in
spacetime there exists locally inertial coordinate systems in which the effects of gravity are
absent. Since we assumed that our equation holds in special relativity and therefore holds
in these locally inertial systems, it must hold in all coordinate systems.

So to find equations that are correct in a general gravitational field we simply take the
valid tensor equations of special relativity and replace all partial derivatives by coordinate

appropriate covariant derivatives and the Minkowski spacetime metric 1,y by the general
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MELric tensor g,y .

THE EINSTEIN FIELD EQUATIONS
In the above sections we have introduced the mathematical tools which are crucial in un-
derstanding how spacetime gets curved due to massive bodies. The Einstein field equations
(EFE) are a set of nonlinear equations which describe how the spacetime gets curved [25].
They can be derived from the action principle formulated based on the invariance under

general coordinate transformations [25]. They are given by
1
R,UV - EgluvR - STCTHV (2.21)

where R,y is the Ricci tensor, R is the Ricci scalar, g,y is the metric tensor and 7,y is the
stress-energy tensor.

The left hand side of the equation is known as the Einstein tensor G,y. It describes how
the spacetime curves. All the information of the source (like energy, mass, pressure and
electromagnetic field) is contained in the stress-energy tensor 7,y. For a given distribution
of matter (described by 7,y), one can solve the EFE to obtain the metric tensor g,y. Once
the metric tensor is found, one can know everything about the given space as it can be used
to calculate Christoffel symbols, Riemann tensor, Ricci tensor and Ricci scalar.

Since Ry,guv and T,y are symmetric in their indices, we have a set of ten independent

equations described by EFE. The contracted Bianchi identity for EFE is given by

1
V'Ruy = 5 VuR. (2.22)

But with the consideration of contracted Bianchi identity, we are left with six independent
equations which need to be solved for the metric tensor. Once the solution is found, we
know how the spacetime is curved. The motion of particles through curved spacetime (in

the absence of all the forces except for gravity) is described by the geodesic equation.
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2.4 Electromagnetic waves
Maxwell’s equations [26] describe the behavior of electric and magnetic fields at dif-
ferent points in spacetime, depending on the distribution and motion of charges. These

equations are as follows

V.E= B, (Gauss’s law)
€0
V.B=0,
= = aE
VXE = —5 (Faraday’s law)
= = - aE
V x B = upJ + pp€o— (Ampere’s law),

ot

where the vector E is the electric field vector, B is the magnetic field vector, p is the electric
charge density and J is the electric current density. The constants &y and yg represent the

permittivity and the permeability of empty space. We know that

B=VxA, (2.23)
L - A
E=-Vo-= (2.24)

where A is the magnetic potential and ¢ is the electric potential. Now if we transform the
magnetic potential as A — A" = A+ VA and the electric potential as ¢ — ¢/ = ¢ — %—/t\, then
the electric and magnetic field remain unchanged for any scalar function A. This can be
easily seen by substituting the transformed magnetic and electric potentials in the above
equations. A particular choice of the scalar and vector potentials is known as a gauge po-
tential; and such changes in the electric potential ¢ and magnetic potential A are known as

the gauge transformations.

The Lorenz gauge

In the Lorenz gauge we pick the magnetic vector potential and the scalar electric potential
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- - 100
.VA+—=—=0. 2.25
+ c2 ot ( )
In tensor notation above can be written as
BMA“ =0, (2.26)

where the components of the four-vector A* are given by A* = (%,2). It is known as the
electromagnetic four potential.

Maxwell’s equations in this gauge become

OAY = upJ", (2.27)
where the components of the four-vector J¥ are given by JY = (cp, j). It is known as the
four-current (p is the charge density).

Note that after the interaction with the gravitational wave, the four-potential A, can be
divided in two parts, the unperturbed part denoted by A and the perturbed part denoted by

A.

Ay =Ay+Au(h) | (2.28)

Here DZ# = 0 is the unperturbed electromagnetic wave and Dgy # 0 is the perturbed
electromagnetic wave. Note that Zy > Avy as the electromagnetic potential perturbations

are caused by a weak gravitational wave.

Electromagnetic field strength tensor

It is an anti-symmetric (0 2) tensor with six independent components (electric and magnetic

34



2.4. ELECTROMAGNETIC WAVES

field components). In the covariant component form it is given by

F'uv - a‘uAV - avAlu. (2.29)

The contravariant matrix form of it can be given by

Y = . (2.30)

Maxwell’s equations in tensor form

The tensor form of Gauss’s law and Ampere’s law can be written as

OVFHY = i J". (2.31)

Gauss’s law for magnetism and Faraday’s law can be written as

BHFVX + aVF;W + a;LF,, =0. (2.32)

In the absence of sources J* = (0,0,0,0) and eqn. (2.31) will describe electromagnetic
waves

avF'uV — 0 (2'33)

Maxwell’s equations in curved geometry
From the ‘Minimal Coupling Principle’, Maxwell’s equations [1] in curved spacetime can
be written as

VyF* =0,
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But we know that
1

Vgl

VP = oy F*Y =0, (2.34)

VvF'uV —

v (V/IglF™),

2.5 Conclusion

The essential ideas of the special theory of relativity were discussed. The Lorentz
transformation; and general coordinate transformation notations were introduced. It was
shown that the metric tensor g defines lengths and angles on the given manifold; and has
all the necessary information to describe the manifold. For any arbitrary coordinate sys-
tem, the components of the metric tensor are given by g,v = é,-€y. Quantities such as
four-velocity(U*), four-momentum, number-density, number-flux and energy density were
defined in the given framework. The meaning of stress-energy tensor components was dis-
cussed in detail and it was shown that in any arbitrary coordinates its components are given
by T* = (p+ p)U*U" + pg"¥. The notion of differentiation on a curved surface was in-
troduced and the covariant derivative of a vector was defined to be VgV% = dgV® + VAT 5.
With the definition of Christoffel symbols as I, = %g“ﬁ(a\,gﬁy + dugpy — dpguv). Key
mathematical tools like parallel transport, geodesic equation, Riemann curvature tensor,
Ricci tensor and Ricci scalar were discussed in depth. Using the Einstein equivalence prin-
ciple, it was established that in the gravitational field at every point a local inertial coordi-
nate system can be chosen such that the laws of physics are the same as in special relativity.

The Einstein Field Equations describe how matter and energy curve spacetime.
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Chapter 3

Gravitational Waves

3.1 Introduction

Gravitational waves were predicted shortly after Einstein introduced the general theory
of relativity in 1916. However, their detection was rather difficult due to experimental and
technological limitations. They were recently detected by LIGO and Virgo and announced
in February 2016 [4]. These gravitational waves were produced due to a binary blackhole
merger. With this detection, a new era of gravitational wave optics has begun. A grav-
itational wave is a ripple in the fabric of spacetime. It is generally produced due to the
acceleration of massive bodies. Because gravitational waves interact weakly with matter,
they can be used to observe the events which might not be visible using electromagnetic
radiation. There are efforts towards detecting primordial gravitational waves [6, 7, 27].
These are the waves which were produced shortly after the Big-Bang during the process
of inflation [28] and due to early astrophysical sources. In this chapter, we will study how
the weak gravitational waves can be described mathematically as the perturbation on the
background metric. We show a detailed derivation of the form of the metric perturbation
hu. We will only consider the linear terms of the metric perturbation and solve the Ein-
stein field equations in the absence of any matter. The background spacetime is taken to
be Minkowski spacetime described by the metric 1,y. Note that to describe gravitational

waves in any other spacetime, we follow a similar procedure as done in this chapter.
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3.2 Linearized Einstein field equations

To obtain the linearized Einstein field equations, let’s consider a spacetime with mod-
est curvature. One can think of regions of space which are far away from any massive
gravitating bodies. The gravity is so weak that the metric g,y for the given spacetime is
‘close’ to the metric M,y of Minkowksi spacetime, with small deviations due to curvature.

Mathematically, it can be written as

8uv :nuv+huV7 (3.1)

where h,y is a ‘small’ metric perturbation [9, 29, 30, 27]. Since the metric components
can be described in any arbitrary coordinates, there is no natural sense of the norm of a
tensor being ‘small’. To rectify this, we can require that |A,y| < 1 when the metric 1y is
described by n,y = diag(—1,1,1,1).

Let’s now find the inverse of /,,y. We begin with g*¥ =n*¥ +X*", where X*" is the unknown

inverse of Ay .

g,quVB = (n,uv + hluv)(T]VB —i-XVB),
SB = 85 +T]WX"[5 4—11"[3}1,”7 (. gyvgvﬁ — nwnvﬁ — 6B>
n,uocnvavB = —Tl"“nvﬁhpv,

- X0 = i Py,

Because |,y | < 1, we have neglected the higher order terms of /,,y in the second step.

Now we can write gtV =n*" — n““nvﬁh“v. Because h™ = n“o‘n"ﬁhw, we have
g = — . (3.2)

This equation is correct up to first order in /,y. Note that the raising and lowering of the

indices is not done through the metric tensor gy, but through m . This is due to only
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keeping the linear terms in /.
We need to substitute the above definitions of the metric and its inverse to find the linearized

Einstein field equations. To do so, let’s first find the Christoffel symbols using the definition
@ — Lo (@ugp, 1 dugpy— 0
Ly = 78 (9vgpyu + 9ugpy — Ip&uv)-
By keeping only the terms of linear order, we find that
1
e = §ﬂ°°B(avhBu +0uhpy — Ophuy).-

Now that the linearized Christoffel symbols have been found, we can find the linearized

Ricci tensor by

R,UV = a(x].—‘gv + avrg(x + Fgcrg‘u - F\(}Gl—‘c

o

1
SRy = E(ava“hm + 0,0%hyo, — 040% Iy — Oy, hYy) (3.3)
and similarly, the Ricci scalar is given by

R = g% Rop,

S R=m"Rgp. (" |hopl < 1) (3.4)

After substituting the above results in the Einstein field equations (2.21), the linearized

Einstein equations are found to be

(0v0% My + 30% v, — Dd Py — NIuhd) — My (M*™PRog) = 167 Ty,
(3% + 9,9 — 0y — D) — Ty [% (20 hg — 20%9h)] = 16TT .
. 0y0% g + 040 hye, — 060% hyy — 4Oyl — M 0*Phgp +Mywd™ et = 16T,y

(3.5)
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To simplify the expression above we can define the trace-reversed form of /4,y as
— 1
h,uv = h,LN - En,uvh; (3.6)

E,N is called trace-reversed of A,y because n“"ﬁw = h = —h. We can also write hy =
Ry — 3Muvh, which can be easily verified.

With this definition of Eﬂv, the linearized Einstein field equations can be rewritten as

—000% Ty +0,0% e, — My 0“Phigg = 16T,

. Ohyy — 9,0%hye +M0%Phgp = — 1607, (3.7)

where 0% = —9? 4+ V2 = O is called the d’ Alembertian operator or the wave operator.
If we can simplify the above expression such that the last two terms on the left side of
the equality vanish (i.e. 9", = 0), then we will have a wave equation with the source
term on the right side of equality. In general relativity, we have the freedom to select a
situation appropriate coordinate system or ‘gauge’. To better understand if we can choose a
coordinate system in which 8V71W = 0, let us consider an arbitrary infinitesimal coordinate

(gauge) transformation of the form

x(x_>x/0c:xa+§a(x0’x1’x2’x3)’

where the ‘prime’ refers to the transformed coordinates for the convenience of the cal-

I x?,x3), shortly written as £*(x*), is the function of position that

culation. Here £*(x°,x
represents an arbitrary infinitesimal displacement four-vector.

To see how this changes the metric perturbations, we need to find the derivative of x'* and
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3.2. LINEARIZED EINSTEIN FIELD EQUATIONS

x® with respect to each other.

Cox® ox® ()
“oxP oxB oxB 7

a /00 a o
-.a%:angi. (3.8)

Similarly, we can find

ox*  ox'® B 0E* ox¥
oxB  oxB  ox¥ ox/B’
ox® o 0% {ax"’ &Y ax”}

(.‘.x(X — x/(X. _g(l(x,u))

T oeB T BT o0 | 9nB O ouP

0% oy OB [o  OEY OxF

BT P 9xy | P OxmxB |’

o, Y, JEUIEY

" ox'B B oxy B " 9xv oxt gx/B’

B S

..w—ﬁﬁ—w, (3.9)

where in the last step, the higher order terms of E*(x*) are neglected as [E*(x")| is very

small. Using results above we can write the transformed metric g;N as

, ox* oxP

8uv = Wax_’vg“ﬁ’

M+ gy = (8% — 9,6%) (8 — 0EP) (Mag + hap),

My gy = 8880Mop + 82 g — SMopovEP — 8Mapd &S (Ml = M),
C My + My =Ny + By — vEy — 9,6,

My = huy — OvEy — 0,y (3.10)

In the above calculation, we have neglected the higher order terms of small quantities (i.e.
9uE*hqy is neglected).The above equation represents the gauge transformed metric pertur-
bation and is correct to the first order in £,y and &*.

Since our equations are in the trace-reversed form of £y, let us also find the gauge trans-
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3.2. LINEARIZED EINSTEIN FIELD EQUATIONS

formed form of the trace-reversed metric perturbation EN. We have

— 1

h,uv = h,izv - En,uvh/,

- 1

h,LlV = uv avéy - a’ué’;\/ - Enluv(h - 280(&“)7
—

1
hIJV - h,LlV - En‘u\}h - avé’u - a'ugv +n’u\;aa§(x,

Ny = _,uV - av&y - a,uE;V + n,uvaocga- 3.11)
The condition that we want Eq. (3.7) to satisfy is
0y =0 (or equivalently dy/'" = 0). (3.12)

The above condition is known as the Lorenz gauge condition and the class of gauges satis-
fying this condition are known as Lorenz gauges. They are also known as harmonic gauges
or Hilbert gauges.

Let us say that the metric perturbation (in some coordinate system) does not satisfy the
Lorenz gauge. Is there a way to impose the Lorenz gauge by putting some constraints on
£%? To find that, consider a coordinate system that satisfies the Lorenz gauge condition.

Therefore, we have

Ny =0,
.0V — 0% 0VE, — 0Y0,Ey +M,y0 96 E” =0,
a\%ﬂv —0&, —0,0"Ey 4+ 0,00E" =0,

- 08, = 0"y (3.13)

Hence, the Lorenz gauge can be imposed on any metric perturbation 71”\, by making an in-
finitesimal coordinate transformation E* with condition that O&, = 0"/,y. The constraint

equation always has solutions for a well behaved source term, as it is the three dimensional

42



3.2. LINEARIZED EINSTEIN FIELD EQUATIONS

inhomogeneous wave equation.

So, if in a certain coordinate system (xP) the Eaﬁ does not satisfy the Lorenz gauge con-
dition, then to find a coordinate system x’ B in which the Lorenz gauge is satisfied; solve
D&p = 0%hyg and make the coordinate transformation xB— xB=xBEB

Note that the & is not unique. Any A* satisfying the homogeneous wave equation JA, =0
can be simply added to the &, and will still obey the Lorenz gauge condition (i.e. (&, +
Ay) = Vhy).

Imposing the Lorenz gauge condition on Eq. (3.7), we get
Ohyy = — 16Ty, (3.14)

which is the inhomogeneous wave equation. Here, the metric perturbation E,N propagates
on the flat Minkowski background as a wave and is sourced by the energy momentum ten-
sor Tpy.

Now let us consider the propagation of gravitational waves when 7,y = 0 (i.e. in the vac-
uum)

Ohyy = 0. (3.15)
The simplest general solution to above homogeneous wave equation can be given as

EIUV — Auvei(—(l)gl-i-k'x)

By = Apye o (3.16)

where the constant A,y is a symmetric polarization tensor, which contains information about
the amplitude and the polarization of the linearized gravitational wave. The x* is simply the
position vector components given by (¢, x,y,z) and the constant k* represents the four-wave

vector components, given by k% = (g, ky,ky,k;). As one-form components they can be
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3.2. LINEARIZED EINSTEIN FIELD EQUATIONS

written as ko, = (—g, ky, ky, k;). The substitution of the general solution yields

0y (Aye™) =0,
- VO, (ikS%e ) = 0,
Mk ke e =0,

Sk k=0, (3.17)

. (wg)? = 8Ykik;. (3.18)

The last result translates into the fact that the gravitational waves travel at the speed of light.

g

The speed of any wave is given by v = ik which is equal to 1 (c¢) using the equation above.

Let us now impose the Lorenz gauge condition to the standard solution.

avﬁuv - 0,
nBVaB(A,uveikqxa> =0,
nBvAyvikﬁeikaxa = 0,

Ak =0. (3.19)

The above equation shows that the four-wave vector k" is orthogonal to the polarization
tensor A,y. Due to A,y being symmetric, it has 10 independent components. But now with
the set of four equations (constraints), the number of independent components of A,y re-
duces to 6. Let us now try to further reduce the number of independent components of A,y

by doing another gauge transformation.

The constraint O, = 0" A,y put on the infinitesimal displacement vector &* does not
exhaust all the freedom to choose coordinates (gauge freedom). We can still make another
infinitesimal coordinate transformation x* — x'* = x* 4 A* with the constraint that OA, =

0. This constraint is imposed by the Lorenz gauge condition. As discussed previously
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3.2. LINEARIZED EINSTEIN FIELD EQUATIONS

O(&, + Ay) = 0Vhyy is valid and consistent.

If we choose the form of A, as

Ay = Byeo, (3.20)

where By, is a constant and the k¢ is the wave-vector used in the standard solution of 71,,\,,
then it is easy to see that it satisfies JA,, = 0, due to kyk¥ = 0. As calculated previously, the

transformed metric perturbation h,/;v will be given by
Hy = hyy — OvAL — Oy (3.21)

and the transformed trace-reversed metric perturbation will be given by

—/

by = _uv — OvAy — duly + Ny OaA™. (3.22)

Substituting the form of A, we obtain

7/ T ko™ ko™ kP
h,uV = Nyv — av (Bluel aX ) — a‘u(Bvel at ) +n/.Nn’Y(X,a’Y(BOCel px )7
Lve’k“xa = Awe’k“xa — l}’c\,Bﬁ,e”"O‘xOc — lkyBVe'k“xa + T]yVT]YO‘lkyBae’ka ,

ALy = Ay — ikyBy, — ikyBy + M ik®Bg. (3.23)

The above equations show the relation among the polarization tensor components after the
transformation (A;N) and before the transformation (A,y). Now, let us find the relation
between By, and A,y such that A}, has the simplest form.

If we require that the trace of the transposed polarization tensor components vanish,

AV =0, (3.24)
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3.2. LINEARIZED EINSTEIN FIELD EQUATIONS

then the relation between BY and Ay, is given by

YAy =N A =N iky By — M ikyBy + 1N,y ik Ba,
LAY =AY — 2ikyBY + 4ik* By,

.0 =AY +2ikyB",

kB — éAX- (3.25)

If we require that

A}, =0, (3.26)

then we have

,',A()v _— ikaO - ikOBV +n0VlkOLB(x — 07
. : 1 i
S Ay — lka() — lkOBV — ET]()VAX =0 ( k(xBOL = EAX)

When the free index v = 0 in the above equation, then we have

1
Ago — 2ikoBo + EAX =0,

i 1
*Bp=——- 1A —AV|. 27
. By 2k0[ oo-l-2 V] (3.27)

When the free index v is spatial, then we have

Agj —ikjBy —ikoB; =0,
. kj Ly .
A()J—z—ko AOO+§AV —lk()BjZO,
Aoy ik
ko 2(/{0)2

1
S.Bj= {A()() + —AX] . (3.28)

2

Using the relations (3.27) and (3.28), we can transform to a coordinate system in which

Afy = 0and AY = 0. After the transformation A*, we can relabel the A, as Ay.
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Before the transformation, A,y had 6 independent components. Three additional constraints
are introduced by the requirement Agpy = 0 and one more constraint is introduced by the
required Ay = 0. Hence, A,y has 2 independent components.

(Note that Agy = 0 are four different equations, only three constraints are there due tov =0
translating to one of the previous constraint A,yk" = 0.)

The above used gauge satisfies the following conditions:
« Iy =0 Ak’ =0)
* hoy = 0 (Agy = 0), meaning all temporal components of A,y is zero.
* hy =0 (Ay = 0), meaning the trace of /,y is zero.

Such a gauge is known as the transverse-traceless (TT) gauge. This name makes sense as
the metric perturbation is traceless and is perpendicular to the wave-vector. The notation
for the metric perturbation in the TT-gauge is given by hf,f . Since in the TT-gauge the trace
of EZVT is zero, there is no difference between the trace-reversed metric perturbation E/JV and
the metric perturbation /.

—TT

h

v =hly . (3.29)

Consider a gravitational wave which is propagating in the x> direction. The wave-vector

components for such a wave is given by
k% = (@4,0,0, ). (3.30)

This is due to the fact that k,k* = 0. Due to the form of the wave-vector components k%,

Ak’ =0and Agy = 0, it is easy to conclude that
Azy =0. (3.31)

This means the only nonzero components are A11,A12,A21 and Ay;. Because Ay is traceless
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and symmetric, we can write

0 0 0 O
0 A, Ayx O

A = . (3.32)
0 0 0 O

The reason for the notation ‘+’ and ‘x’ will become clear when the interaction of gravita-
tional wave with matter particles is explained.
Since we know the form of metric perturbation to be hZVT = Ayveik“xa, in the component

form it can be written as

0 0 0 0
0 hy he O
hyy = ) (3.33)
0 0 0 0
where /. and h, are simply given by
hy = A4 cos (02— 0t), (3.34)
hy = Ay cos (Wez — Wt +0), (3.35)

where 0, is the angular frequency of the gravitational wave and 8 is the phase difference.

The metric components g,y = My + A,y can be given by

g = . (3.36)
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+ polarization

Figure 3.1: The effects of the plus (1) and cross (k) polarizations of the gravitational
wave on matter particles lying on the plane perpendicular to the wave propagation.

Note that Det (g,y) = —1+h3 +h3, = —1.
The inverse metric was found to be gV =n*¥ — h*V. Hence, it can be written in the compo-

nent form gV as

—1 0 0 0

0 1—hy —hy O
_ (3.37)

0 —hy 1+h. O

0 0 0 1

To understand the effects of gravitational waves described by above metric, we need to see
how they affect the motion of a collection of particles. We can not use the geodesic equation
for a single particle as, to the first order in Ay, we can always find the coordinates in the
TT-gauge such that they are stationary [1]. Due to this, we consider a ring of particles lying
on a plane perpendicular to the direction of the wave propagation. We consider the relative
motion (as described by the geodesic deviation equation) of the particles forming a ring.
When the equations of motion are solved, first when A, = 0 and then when A, = 0, we
find that the particles oscillate back and forth in the shape of a ‘+’ in the former case and in

the shape of a ‘x’ in the later case. A depiction of such a motion is described in figure 3.1.
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3.3 Conclusion

The weak metric perturbations A,y were defined in the background of Minkowski space-
time (1,yv). Quantities like Christoffel symbols, Riemann curvature tensor, Ricci tensor and
Ricci scalar were found to the linear order in /,y. Einstein’s field equations were solved
for the metric with perturbations in the absence of any matter (7,,y = 0). Trace reversed
metric perturbations E#V were defined to simplify the form of the second order partial dif-
ferential equation. Simplifying the expression further and choosing the Lorenz gauge yields
the homogeneous wave equation in trace-reversed metric perturbations, which is given by
DI;H = (0 in vacuum. The remaining gauge freedom was used by choosing the transverse-
traceless (TT) gauge. By solving the homogeneous wave equation using the standard solu-
tion and taking the direction of wave propagation to be in the positive Z-direction, it was
shown that there are only two independent components of hZVT. Further calculation showed
that the hZVT can be divided in two polarizations, the ‘plus’ (/4.) polarization and the ‘cross’
(hx) polarization, as they cause specific oscillations in the matter particles lying in the plane
perpendicular to the direction of wave propagation. It was shown that the metric g,y in Eq.

(3.37) describes linearized gravitational waves propagating in the positive Z-direction.

50



Chapter 4

Interaction of Electromagnetic waves
and Gravitational waves

4.1 Introduction

In recent years the gravitational wave detection with LIGO [4] has opened a new win-
dow for the study of the Universe. Gravitational waves from distant events are arriving
on earth and are being studied and analyzed using the LIGO detector. The Space Laser
Interferometer will also be functional in the near future [31]. In this circumstance, it is
important to study the interaction of gravitational waves with matter, and predict new ob-
servations. The detectors can search for the predictions. Further primordial gravitational
waves [7, 27] have not been detected yet and new interactions might shed some light on
the stochastic relics from early universe cosmology. Here we analyze and obtain a new
perturbation mode (which was previously found for scalar field particles and neutrinos) for
electromagnetic waves. This work is very important as electromagnetic wave interactions

with gravitational waves are being investigated in the interferometers.

4.2 When /1 polarization is absent

Now we will study the interaction of gravitational waves with electromagnetic waves
by solving for the electromagnetic gauge field in the background metric of the gravitational
wave. We have already introduced the equation of motion of the electromagnetic field in
chapter 2 equation and Eq. (2.33). As we know the gravitational wave has two differ-

ent polarizations and for the simplicity of the calculation, we will first consider the case
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4.2. WHEN H, POLARIZATION IS ABSENT

when the cross polarization is absent from the gravitational wave propagating in the posi-

tive Z-direction. The metric tensor describing such a gravitational wave will be obtained by

substituting 2 = 0 in Eq.(3.37). Hence, the metric tensor g*¥ can be given by

where hy = A cos(®yz — 01).

4.1)

To describe the nature of the electromagnetic field in this nearly flat spacetime with

perturbations 4y, we will find the correct form of the electromagnetic field strength tensor.

We know that the contravariant electromagnetic field strength tensor components can be

written as F% = go‘“gB"Fyv, where the metric gV =n*¥ — h*V. Using this, we can simplify

the contravariant electromagnetic field strength tensor as follows:

FOP = guebVE,
S F = % ) (P — ) F,,

S F% = n“”nBVFM\, — n““hBVFpV — nB"ho‘“Fyv.

(4.2)

In the last step of the above calculation, the higher order terms of A,y is neglected. The

above equation describes the correct nature of electromagnetic field for the given spacetime.

Now to understand the behaviour of electromagnetic wave, we will find the expression

8BF oB — 0 for each free index. We have,

IpF® = n4mPYapFy — M0 (hPY Fuy) —MPYag (K% F) = 0|,
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4.2. WHEN H, POLARIZATION IS ABSENT

Using the definition of F,y from above, we can simplify each term of the above equation
separately.

For the first term of 4.3:

ﬂ““ﬂBVaBFyv = naynﬁvaﬁ(auAv_avAy)y
S NHMPgEy = M%9Y(3,Ay —vAy),
~n¥nPopF, = N%9,(9YAy) —n*9y0"Ay,

na'unBVaBFyV = _nOwDA,u (.-dvAy =0).(4.4)

For the second term of 4.3:

N*op(hPYEy) = M*hPYogFy + M Enoght,

SN (hVEy) = M hPagFy (.- 9phPY = 0).(4.5)

For the third term of 4.3:

MPVog (K™ F) = MPYR*9gFy +mPYFudph™,
PR Ey) = h™9,0YAy — h* 90" A, + 1P Fndph™,

PO (K Fy) = —h™DOA, +nPYE,,dph™ (. 0VAy = 0).(4.6)
Substituting the results (4.4), (4.5) and (4.6) in Eq. (4.3), we obtain

IpF™P = —m™9,0"A, — VIR F,y + h*0y0" A, — PV Fdgh™ = 0,
N9y (A +Ay) — MRV By + h0y0Y (A +Ay) —MPYFudgh™ = 0,
. —N%0y0"A, — NPV Fyyy + h™0y0Y Ay — PV Fygh®™ =0,

S NMOA, +MEPV O Fy + PV EN0ph™ = 0. (4.7)
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4.2. WHEN H, POLARIZATION IS ABSENT

Here, A represents the unperturbed electromagnetic four-potential components and A rep-
resents the perturbed electromagnetic four-potential components (note that |Z,,] > \gy\). In
the second last step, the term |A* DXH| is neglected due to both terms being very small.

In the expression above, o is the only free index which can take values from O to 3. Let us
find the set of four inhomogeneous wave equations for each value of a. We will neglect the
higher order terms of the small quantities during the simplification.

When the free index oo =0 :

T]OODAVO +n°°h“alF01 +n00h2282F02 =0,
DAVO + /’lllal (80A1 — 81Ao) -+ h2282(aoA2 - aZAO) =0,
- OAg+ 19001 (A1 + A1) +h*3002(As + As) — (W11 + h?293) (Ap + Ag) = 0,

- OAg+h'1900141 + 2009242 — (h'193 + h*293)A = 0.  (4.8)

When the free index oo =1 :

n"OA; +0 A Fy 1 20, F 1 + P Fiodoh!! + M3 Fi3dsk! =0,

Dgl +h22818222 — hzzaﬁzl +80h“(8021 — alzo) +a3h“(8123 — 8321) =0. 4.9

When the free index oo =2 :

nzzﬂgz+n22h1181F21 +n22h2282F22+n00F2080h22+n33F2383h22:0,

DXZ + h“azalzl —h! 18%22 + aohzz(a()zz — BQZ()) + a3h22(8223 — 8322) =0. 4.10)

When the free index oo = 3 :

n33Dg3 +1’]33h”31F31 +T]33h2282F32 =0,

IZ\K3 +h“838121 +h22838222 — (h“a% —{-hzza%)Zj; =0. “4.11)
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To solve the above inhomogeneous wave equations and find the perturbations in the
electromagnetic four-potential components, let’s consider an electromagnetic wave prop-
agating in the X-direction with angular frequency ®,. Note that the gravitational wave is
propagating in the positive Z-direction.

Consider the electromagnetic wave described by

B = By cos(®ex — 0t ) J,
~.By = Boyycos(0.x — ),
S 03A1 —01A3 = Bgycos(®ex — ot), ¢V szﬁ)
- 01A3 = —Boycos(®.x — 1) (. 03A1 =0),(4.12)

where By, is the amplitude of the magnetic field. Substituting the electromagnetic four-
potential components for a plane polarized electromagnetic wave propagating in the posi-

tive X-direction in Eq. (4.8), we obtain

. OAg=0]|. (4.13)

Substituting the electromagnetic four-potential components in Eq. (4.9), we obtain

Dgl = —a3h118123,
Dgl = —83 [A+ COS((DgZ—(Dgl‘)]a]Zg.
L OA = —A 1 By, Sin(042 — 041 ) COS(WeX — Ot ) |. (4.14)

Substituting the electromagnetic four-potential components in Eq. (4.10), we obtain

. 0A, =0|. (4.15)
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Substituting the electromagnetic four-potential components in Eq. (4.11), we obtain

Ody = 9,

- 0A; = [A, cos(w,z — W,t)]07A;.

L OA; = A By, cos(Mgz — Mgt ) SIN(MeX — W) |.

(4.16)

We find when only the & is present, the perturbations are produced in the X and Z direc-

tions. The solutions for the above inhomogeneous wave equations are given at the end of

section 4.4 in Eq. (4.52).

4.3 When /i, polarization is absent

Now we will consider the case when the plus polarization is absent from the gravita-

tional wave propagating in the positive Z-direction. The metric tensor describing such a

gravitational wave will be obtained by substituting 2, = 0 in Eq. (3.37). Hence, the metric

perturbation /,,y and metric tensor g/ can be given by

0O 0 0 O
0 0 he O
h,uv = ’
0 hy O O
0O 0 0 O
-1 0 0 O
o 0 1 —hy O
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4.3. WHEN H, POLARIZATION IS ABSENT

where /1, = A, cos(Wgz — Wgt +9).
Now to find of perturbation in the electromagnetic-four potentials of the electromagnetic
wave, we will substitute the given form of the metric in the Maxwell equations describing

wave as shown in Eq. (4.7).

When the free index o« = 0 in Eq. (4.7) :

S NMOA, + AP g By +mPYFudgh™ = 0,

- n%040 +n%r129; Fp +1"h*19,Fy1 =0,

. OAg+h'291(9pA2 — 9240) + 1?1 92(dpA | — 91A¢) = 0,
. OAg+h'209001 (A2 +Az) —h'2010,(Ag +Ap),

+h?1900, (A1 +A1) — h?19105(Ag +Ag) =0,

DAV() +h128081Z2 — hlzalaQZ() + hmaoazzl — hzlalazzo =0. 4.19)

The higher order terms in the small quantities are neglected in the last step.

When the free index ow = 1 in Eq. (4.7) :

L T](X'UDKIJ + nOC[JhBVaBFIUV + nBvaVthay = O7

- MDA 020, Fiy R0, F )+ Fydoh' 2 + P Fp3dah ' =0,

- DA 4+h'201 (9142 —0241) — (9240 — DpA2)dph'? + (0,43 — 93A2)d3h'2 = 0,

Dgl - hlzalazzl + hlza%zz - azz()a()hlz + aozzaohlz + 82K383h12 — 832283]112 =0.
(4.20)
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When the free index ow =2 in Eq. (4.7) :

S NMOA, + AP g By +mPYFydgh™ = 0,
S M7 04y +1P20'20, Fyy + 72 h* 0, Fy1 + 0% Fiodoh® + 1P Fi3030%! =0,
o OAy +h219,(32A1 — 91A2) — (9140 — DA 1 )dph?! + (9143 — 93A1)d3h* =0,

DXQ +h218321 — h21818222 — 812080/121 +802180h21 —{—812383}12] — 832183]121 =0.

4.21)
When the free index oo = 3 in Eq. (4.7) :
S NMOA, + AP g Fy +mPYFy05h™ = 0,
- P04 07020, Fyy + P h*1 0,5 = 0,
DAV3 +h1281 (0343 — 0rA3) + h2182 (0341 —d1A3) =0,
523 —|—h128183gz — hlzalazz3 + hmazayxl — h21828123 =0. 4.22)

To solve the above inhomogeneous wave equations and find the perturbations in the elec-
tromagnetic four-potential components, let’s consider an electromagnetic wave propagating
in the positive X-direction with angular frequency ®,. Note that the gravitational wave is
propagating in the positive Z-direction.

Substituting the electromagnetic four-potential components for a plane polarized electro-

magnetic wave propagating in the positive X-direction in Eq. (4.19), we obtain

DKO + hlzaoalgz + /’ZZIBOaZZI =0,

S OAg=0]|. (4.23)

Substituting the electromagnetic four-potential components in Eq. (4.20), we obtain

Dgl +h128%22 +802280h12 =0,
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- 0A; =0] (4.24)

Substituting the electromagnetic four-potential components in Eq. (4.21), we obtain

Dgz = +812080h21 — aozlaohm — 8123a3h21,
DAVZ = —812383h21 ( 01Ap = 0),

DAVZ = —812383 (AX COS((DgZ — Ot + 6)),

- O0Ay = —A, 0, Boy Sin (0gz — gt + 8) COS (Wex — Wt ) | (4.25)

Substituting the electromagnetic four-potential components in Eq. (4.22), we obtain

DX3 + hlzalasz — hlzalazz3 + /’121828321 — ]’l21828123 =0,

- OA3=0]|. (4.26)

The solutions for the above inhomogeneous wave equations are calculated in the section
4.4 in Eq. (4.52). We find that the &4 interacts with only the y-component of the gauge
field.

4.4 When both polarization /2, and 5, are present

Now we will consider the case when both, the plus and the cross, polarizations are

present in the gravitational wave propagating in the positive Z-direction. Hence, the metric
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4.4. WHEN BOTH POLARIZATION H,; AND H, ARE PRESENT

perturbation /,,y and metric tensor g*¥ can be given by

00 0 0
0 hy he 0
R — L. . 4.27)
0 he —hy 0
(000 0 o]

In the above equations /1, = A cos(0gz — Wef) and sy = A, cos(Wgz — gt +9).
As shown in the previous sections, the electromagnetic wave equation in curved geometry

is given by Eq. (4.7)

S NMOA, +M*hP g Fy +mPYFy0ph™ =0 |,

When the free index oo = 0 in Eq. (4.7):

S NMOA, +n"EP gy +mPYFy0gh™ = 0,
nOODgo—FT]OOhHalFol +n°°h1281F02 —I—nOOhZIazFOl _,’_1,100}12282[702 — 07

. OAg+ "9 (90A — 0140) + 1291 (9pA2 — 9240) + h*'92(dpA| — 91 A)
+h%20,(dpA2 — 024¢) = 0,

- OAg+h'"9001 (A +A,) — h'197(Ag+Ag) + 1?0001 (A2 +Az) — k2010, (Ap +Ag)
+h21990, (A1 + A1) — k19105 (Ag +Ag) + h*2002 (As + Az) — h*?93(Ag +Ag) = 0,

- OAg+ 11900141 — h' 1 9?Ag + 12000142 — h'%0102A0 + h*1 99024, — h*19102A0
+h*2000,4, — h*293A¢ = 0.
(4.28)
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4.4. WHEN BOTH POLARIZATION H,; AND H, ARE PRESENT

(because \haﬁayaviy(h)| ~ 0 due to both terms being function of /).

When the free index oo = 1 in Eq. (4.7) :

S NMOA, +n*hPY g Fy +mPYFu0ph™ = 0,
nllmgl +n11hllalFll _|_n11h1281F12 +n“h2182F11 +n“h2282F12
+1®Fi0d0h' +M P Fi3d3h' +nF0h'* +1P Fa3034'* =0,
- OA] — 112010041 + 12745 — W2 3A,| + h?20102A2 — 91A0dph' ' +9pA 0ph!!
1014303h11 — 03410311 — 02A4000h'? + 99A200h!% 4 0243031 — 934,934 = 0.
(4.29)

When the free index oo = 2 in Eq. (4.7) :

S NMOA, M hPY g Fy +mPYFu0gh®™ = 0,
n22 Dgz + nZZhIIaIle + n22h1281F22 + T]ZZhZZazez + 1’]22h2182F21
NP F1000h* + 1P F13038%1 + P Fagdoh?? 4+ B Frz03h2% =0,
- OAs+h'1010,A1 — h'193A, + K2 34, — h*1910,45 — 91A0d0h>! 4 dpA 1 doh>!
+01A43031%" — 934,03h%! — 0,A000h*? + 9pA200h*? + 0,A303h*? — 934,03k = 0.
(4.30)

When the free index oo = 3 in Eq. (4.7) :

S MMOA, —H]O‘“hBVE)BF,,V +nBVFMVBBh°‘“ =0,
1133Dg3 +n33h“81F31 —|—1’]33h1281F32 —I—T]33h2182F31 +n33h2282F32 — 0,

< OA3 + 1191 (9341 — 01A43) + 1201 (9342 — 0»A3) + 1*192(03A1 — 91A3)
+h%20,(93A2 — 0243) = 0,

- OA34+h'19,034| — K11 0743 4+ h'%0,03A4; — h'2010,A3 + h*1 0,034,

—h21828123 + hzzazaggz — h228%Z3 =0. @31
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4.4. WHEN BOTH POLARIZATION H,; AND H, ARE PRESENT

Let’s consider an electromagnetic wave propagating in the X-direction with angular fre-
quency .. Note that the gravitational wave is propagating in the Z direction.

Consider the electromagnetic wave described by

0

B = By COS(WeX — W) .

(4.32)

Then we can use Eq. (4.12) to find the explicit form of the inhomogeneous wave equations.

For such an electromagnetic wave, we obtain DAV,, for each value of the free index u:

OAg =0 (4.33)

OA| = —A ., Boy0, sin(02 — Ot ) cos(0ex — Oet), (4.34)
DA; = Ay 04 By sin (Wgz — Mgt + 8) COS (WX — W1 ), (4.35)
DA; = A Boy®, cos(0gz — 0t ) SIN(0eX — Wt ). (4.36)

Since we have

Ay = W17,

where A'! and 8%23 are given by

' = A cos(g(z 1)),

8%23 = B()y(De Sin((,l)e (x — l‘))

we find

DAz = A Boy®, cos(Wg(z—1)) sin(we(x — 1)) = h(X,1).
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4.4. WHEN BOTH POLARIZATION H,; AND H, ARE PRESENT

Using standard results on Cauchy problem and Duhamel’s principle [21], one has :-

~ 1 a7 5,
A= —— [ X274 4.37
3(%) 47:/ r o ( )
AL By, W, (7 —1")) sin(w,(x' —¢'
_ +40y E/COS( g (' —1')) sin(e, (x ))de/7 (4.38)
i r
where
r=|X'-X|,f'=t—r and X' =7+X. (4.39)
Thus,
A (X) = A+BOy(De/ @& —1') 4 gmi0g(Z 1) pioe(¥ 1) _ pmiwe( ")\ 3
W= 2 2i r
_ _A+B(0y(;)e / (eiwg(z’—t’)eicoe(x'—t’) . ei(og(z’—t’)e—ime(x’—t’) +e—iwg(z’—t’)eime(x’—t’)
47(4i
_ e—i%(z’—r’)e—icw(x’—t')) &r
r
A Bp,®
= _W (Il(oog,we) — 11 (g, — ) + 11 (— g, 0,) — I} (— 0, —(oe)), (4.40)
where
i0g (7 —t") Liwe (x'—1)
Il(mg,(oe):/e e 'd 4.41)
r
We simplify
II(O)g,(De)=/eiwg(errcose_t+r)eiwe(x+rsmecos¢_H_r)rdrSin9d9d¢ (442)

— ei(l)g (Z—l)ei(l)g(x—l) /ei(l)g(rCOS 6+r)ei0)e(rsinecos¢+r) rdr Sin ededq) (443)

_ eimg(zfz)eime(xft)l07 (4.44)
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4.4. WHEN BOTH POLARIZATION H,; AND H, ARE PRESENT

where

2
Iy — / 7 ei(wg+me)rei0)grcosGei(x)ersinGCOSQ),,d’,Sineded¢ (4.45)
0=0

= / ¢!(Qs @) 1067080 (2 y 1o (@3, rsin B) rdr sin B, (4.46)

which is obtained using Gradshteyn and Rhyzik [32]. Making a variable change of x = cos 0

and using Gradshteyn and Rhyzik [32] gives us,

1 . .
Iy = 271:/ e’(wﬁwe)re’wgm]o(wer\/ 1 —x2)dx rdr (4.47)
x=—1

r sin( /®2 + 02r
—4n / ¢l (@) byt o )dr. (4.48)
r=0 \/ 0%+ 02

Making a notation change of @ = 0, 4@, and ||®|| = |/ ®Z + ®Z and integrating 4.47 using

el — it

sint = < yields

o 1[m ( Gl il ) | | ]
||@]] 2 i(@+|of]) i(o—|lo|)/ i(@+]o]]) i(o-—|aol)

which simplifies further to

e A8 L[ (2@sin([B]) 2@ cos(B)) | 2B, 40

||o]| 2 20,0, 2050, 2050,
4n 1 [ (. - . o

=— —{ (OJSIH(H(DHI)+ZHO)HCOS(HO)||Z‘))—}—,H—H] (4.50)
||®]] 2i | 00, 0,0,

1 it . ® .
:2n[— - (cos(||0)|\t)—iTsin(||(o||t))}. 4.51)
W0, Mg, Jred

Substituting this back into Eq. (4.42), we get

A1 Boyo, A4 By, €'®st e

A—I—BOy eiwg(zft)ei(oe(xft)

I (0g,0,) = —

(costl@lin i 3-sinall) ) 242

4m(4i) 8i O o]
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4.4. WHEN BOTH POLARIZATION H,; AND H, ARE PRESENT

We can find the value of /1 (®g, ®,) — I1 (®g, —®,) + 11 (—Wg, ®,) — [ (— 0, —®,) using the
result above. Similarly, we can find the value of the other components of A, in a similar

way. The obtained perturbation solution for the x-component is given by

~ Bg,A
Aj=—— 200+ [(me+c)g)cos((oex+cogz) sin(4/ @2 + z2)

40,y /@2 + @2
— /0% + 02 sin(w,x + 0gz) cos(ty /@2 + ®F)

+ (0, — 0,) cOS(W,x — WgZ) sin(t\/c)g + ) - \/0)§ + @2 sin(W.x — 0gz) cos(r4/ 02 + ®F)

+ [, [ @2 + @2 sin(0ex + gz —1{0g + 0 )) + 1/ 0F + 02 sin(mex—wgz+t((oe—wg))] :

(4.52)

The solution for A, would be the same as this, except for AL — Ay and gz — Wz + 0
. The solution for KZ will also be similar; which we can obtain by using phase shifts of
WX — WX+ /2 and 0gz — Wz +7/2 and in the coefficient BoyA 1 /(40 /@Z +@2) —
BoyA /(40 /002 + 0)(%). It is easy to see that from the pertubed gauge potentials found
above, we can find the perturbed E and B fields. Note that the perturbed wave is not a
plane-wave and has propagation in X and Z directions. This can be interpreted as scattering
of electromagentic radiation due to gravitational wave. And the perturbed electromagentic
wave is no longer plane polarized.

We have found the expected mode in the gauge potential perturbation as it was found
for the scalar field interaction in the paper [21]. We have an explicit form of the gauge
potential with the frequency of the new modes 0)§ + ®2. We have made a schematic plot
of the functional form of the perturbations to show how the mode fluctuates in time and
space. We have taken 0, = 3 and ®, = 4 for the schematic plot 4.1, these frequencies are
not realistic. For a realistic frequency, the peak frequency of the CMB is 160 GHz. The
gravitational waves that can be detected by the LIGO has approximate frequency of 100

Hz.
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4.4. WHEN BOTH POLARIZATION H,; AND H, ARE PRESENT

1=0. 1=4.1667 1=8.3333

Figure 4.1: The perturbations in the x-component of the electromagnetic four-potential over
time. For the purposes of the plot in 4.1 wg = 3 and ®, = 4. The plots are snapshots at 9
different time instants and are not to scale as in a real situation.
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4.4. WHEN BOTH POLARIZATION H,; AND H, ARE PRESENT

Now let’s consider an electromagnetic wave propagating in the Z-direction with angular
frequency ®,. Note that the gravitational wave is propagating in the Z direction.

Consider the electromagnetic wave described by

B = Boy cos(0ez — 0t) ],
".By = Bgycos(ez— 0t),
0341 —01A3 = B()yCOS((DeZ—COet), (% XEZE)
8321 = B()y COS((DeZ — 0)et), (4.53)
a()Zl = —B()y COS((DeZ — (x)et) . (4.54)
Using the above results we obtain,
DAg = 0. (4.55)

For the free-index oo = 1, we have

Dgl = a3zla3h“ — aozla()h] : ,
- 0A| = —034,03(A4 cos(Mgz — Wgt)) + oA 1o (A4 COS(Wg7 — Wyt)),
- OA) = BoyA 1 g COS(Mez — Wt ) SIN(042 — Wgt ) ) — BoyA 1 g COS(Mez — Wt ) SIN(0,2 — W4t)),

For the free-indices 2 and 3, we have

04, =0, (4.57)

OAs = 0. (4.58)
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4.4. WHEN BOTH POLARIZATION H,; AND H, ARE PRESENT

Therefore there is zero interaction when the waves are propagating parallel to each other.
Now let’s consider an electromagnetic wave propagating in the negative Z-direction with
angular frequency ®,. Note that the gravitational wave is propagating in the positive Z-

direction.

B = Bgycos(®.z+ )],
o By = Bgycos(®.z+ 0t),
o 03A1 —01A3 = Boycos(®ez+ 0t ), ('.'ﬁxi:}})
8321 = B()y COS((DeZ + (,l)el‘), (4.59)
2 00A1 = Boycos(mez+ ). (4.60)
Using above results we obtain the value of DAV,, for each value of y,
DAg = 0. (4.61)
For the free-index o0 = 1, we have
Dgl = a3zla3hu —aozlaohll,
. OA| = 934103 (A 4 cos(@gz — 0g1)) — ApA190(A 4 cOS(@gz — 0y1)),
- 0A| = —BoyA L g cOS(We2 + 1) SIN(Wgz — Wgt) — BoyA 4 04 COS (02 + Wt ) SIN(0g2 — Ot ),
. OA| = —2BgyA+ 0, c08(®,2 + ©,1) sin(@gz — 0,1)). (4.62)
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4.5. CONCLUSION

~ A+B()y0)g 1 1. _ | S ~
LA = — > 5o 631n(0)gt+a)gz)-|—asm(mgt-l—(ngz)
1 r . 1 . L~
—— | = sin(—or + ®z) — — sin(—0x + ®z)
0—-0\0© ®
1 1. |
- —sin(®z — O ) + — sin(®Oz — OF)
0] ®

(0+ ®)

0O—®

e

1 1 1
+ = (7 sin(@z — of ) — O:)sin(?oz—(bt))] , (4.63)
where ® = 0, + ®, ,® = 0, — ®, When ©, = ®, the exact solution gives us

A= —A+Boy8%)g [4(@gt — sin(20,¢)) + sin(20, (z+1)) +sin(20,(z — t)) — 25in(20,2)] -

(4.64)
Note that in the above equation, the first term in the bracket is linear in time, so the lin-
earized approximation (|A,| > ]g#]) breaks down as the time grows. However, the per-
turbed E and B fields are independent from this run-away term. For the free-index o = 2,

we have

DAVZ = 832183//121 — BOZIBOhZI, (4.65)

DA = —2B0yA « g 0S(0Z + @et) Sin(gz — Wgt). (4.66)

The answer of the above inhomogeneous wave equation can be obtained by changing A
to A in the result (4.63).

For the free-index oo = 3, we have
OA; = 0. (4.67)

Hence, we see that when the waves are travelling anti-parallel, there is a nonzero interac-

tion; while when they are parallel, there is zero interaction.
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4.5 Conclusion

In this chapter we have derived the interaction of the electromagnetic waves with gravi-
tational waves in the background of Minkowski spacetime. Initially we have a plane electro-
magnetic wave propagating and a perturbation is produced when a weak gravitational wave
interacts with it. These perturbations are propagating in time and we find the new mode to
have frequency ,/ 0)62, + ®2. This mode has been found previously in [20, 33], but we find
an explicit form of the perturbations. Since A* = ((j),ﬁ), one can calculate the components
of perturbed electric and magnetic fields using Eq. (2.23) and Eq. (2.24). The perturbed E
and B fields will also have the new mode and new components are generated. It is intresting
to note that scattering phenomenon and change from plane wave polarization occur when
electromagentic radiation interacts with a gravitational wave. In the anti-parallel case, we
find a runaway term in the perturbed gauge potentials, but it does not affect the perturbed
electromagnetic field components. We anticipate that this result can be used in the detec-
tion of gravitational wave. From our solution we test for resonance. As shown, when both
waves are propagating in the same direction, there is zero interaction and hence there is
no resonance. When the waves are anti-parallel, we do find nonzero perturbation. Our in-
terpretation of the results are: when there is a gravitational wave, it introduces a new type
of fluctuation which exhibits a behavior similar to displacement current if compared with
the flat-space Maxwell’s equations. By this we mean that the source terms in the inho-
mogeneous differential equations are generated by the fluctuations in the electromagnetic
four-potentials due to the gravitational wave and not by any source charges. If we look at
Eq. (4.7), then we see that when the waves are in the same direction, the shape of the initial
electromagnetic wave is preserved and there is no perturbation generated. When the waves
are in different directions, the shape of the initial wave changes due to the gravitational

wave and generates source terms in the Maxwell’s equation.
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Chapter 5

Interaction in Cosmological background

5.1 Introduction

In the previous chapter we studied the interaction of gravitational waves and electro-
magnetic waves in the Minkowski background and we anticipate that this will be relevant
in the detection of gravitational waves on earth. We are aware that there is an ongoing
search for the primordial gravitational waves by Nano-Grav [7]. The primordial gravita-
tional waves were produced during the initial moments after the Big-Bang and also due
to the fluctuations in the inflationary era. Today they are remnants in the stochastic back-
ground and we try to find them in the B-mode of the cosmic microwave backgroud (CMB).
In this chapter, we study the interaction of gravitational waves with the electromagnetic
waves in the de-Sitter background with the hope of shedding some new light on the primor-
dial gravitational waves and their imprints on the CMB. We find the inhomogeneous wave
equations for the gauge potentials. As in the previous chapter, the electromagnetic wave
equations in the presence of the gravitational waves give us source terms for the inhomo-
geneous wave equations. The explicit form of perturbation in electromagnetic potential is

found and the work is in progress towards the effects of these perturbations on the CMB.

5.2 Cosmological metric

The Friedmann—Lemaitre—Robertson—Walker (FLRW) metric is an exact solution of
Einstein’s field equations with the condition that the universe be spatially homogeneous

and isotropic over time.
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5.2. COSMOLOGICAL METRIC

The FLRW metric is given by

d 2
ds* = —dr* +d*(1) {1_—3”2 + r2d92] (Here dQ? = d6® +sin’0 do?).  (5.1)

In above equation a(t) is known as the scale factor and k is the curvature constant, it can
have three possible values +1, 0 or -1.

k = +1 corresponds to a closed universe. (elliptical geometry).

k = 0 corresponds a flat universe. (Euclidean Geometry).

k = —1 corresponds to an open universe. (hyperbolic Geometry).

The Einstein field equations in the absence of matter, with the cosmological constant, are

given by

1
R,uv - zg,uvR = _Ag,uv~ (5.2)

where A is called the cosmological constant [34]. For our discussion, we will be considering

a a spatially flat universe (k = 0). In comoving Cartesian coordinates the flat FLRW metric

is given by
ds* = —dt* +a*(t)8;;dx'dx’. (5.3)
For a metric with the cosmological constant A, the scale factor a(t) = e/’ where H = %

and A > 0 Now if we take the change of variables as

dt = a(t)dt
where a(t) = — - and 7 is called the conformal time. Note that a(t) — 0 when T — —oo
and a(t) = 1 when t = —%. In the regime we are studying, the conformal time increases

and we can redefine the range of T to be positive in that interval.
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5.3. ELECTROMAGNETIC WAVES IN THE COSMOLOGICAL BACKGROUND

We obtain the conformal form of the flat FLRW metric given by
ds* = a*(1)[—dt® + 8;;dx'dx’].

Hence, the metric components are given by

Note that

List of nonzero Christoffel symbols for the given metric

0 = (1), Ty = H(1),

Note that u can take values from O to 3, while i can take value from 1 to 3.

5.3 Electromagnetic waves in the cosmological background

(5.4)

(5.5)

(5.6)

(5.7)

(5.8)

In this section we study in detail the propagation of electromagnetic waves in de-Sitter

space. These have been found before in [35]. In this thesis we derive the equations and

solutions ab-initio. This is to facilitate the perturbation calculations which is new and

which we formulate in this chapter.
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5.3. ELECTROMAGNETIC WAVES IN THE COSMOLOGICAL BACKGROUND

Maxwell’s equations in curved geometry
From the ‘Minimum Coupling Principle’ [1], the Maxwell’s equations (describing the elec-

tromagentic wave) in curved spacetime can be written as
VF™ =0. (5.9)
as discussed in section 2.3. But we know that

VPP = ﬁaﬁ(\ﬁgwaﬁ) =0. (5.10)

Hence we can further simplify it as

~.9p(V/]g[F*P) =0,
BB(\/Eg““gBVF,N) =0,
aB (a4T]a“a_2T]Bva_2Fyv) =0,

- N*MPYagE,y = 0. (5.11)

Lorenz Gauge in curved spacetime
We know that the electromagnetic field has a gauge symmetry and we can fix that using the
Lorenz gauge condition. In flat space electromagnetic theory this gauge condition is written

—

asV-

¥E

L
p)

=0

&

|
S VA+—=
+ 2

(here A is the 3-D magnetic vector potential and ¢ is the scalar electric potential)

For Minkowski spacetime the above in tensor notation can be written as

Al =0 (5.12)
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5.3. ELECTROMAGNETIC WAVES IN THE COSMOLOGICAL BACKGROUND

(here A* = (%75) is known as the electromagnetic four potential.)

Using the ‘minimum coupling principle’, in curved spacetime the Lorenz gauge can be

given as

VeA* =0, (5.13)
. V(xA(x = aaAa +A#F,2€(X — O,
_a(an :A“Fga,
. —00A% = AT, + AT, +A’TY, +A°TY,,
7. —0aA% = A%(Iy + T + T +Ts),
a(xA(x —_ — AOH,

- 06A% = da A0 H, (5.14)
where the values of the Christoffel symbols are taken from Eq. (5.7). Also note that

0 A% = aa(g““A,,),
cAaPAgH = Audagh™ + 80y,
46172A0.‘7‘[ = 2072A07‘[ — a*280A0 + cfzn"fa,-Aj,

S MY0Aj = 240 H + Ao, (5.15)

where in the second step we substitute the equation 5.14.
Now we will find the inhomogeneous wave equations for the components of the electro-

magnetic gauge potential A;,.
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5.3. ELECTROMAGNETIC WAVES IN THE COSMOLOGICAL BACKGROUND

when o = 1:

NP Fy =0,

.'.T]“T]BVBBFW =0,

- n™Fio+MY0;F; =0

. —00(9140 — doA1) +M;j0i(d1A; — 9;A1) =0,

. 03A1 — 000140 +01(MY:A ;) — 90,41 =0,
- —OA; + 91 (2407 +30A0) — 30140 = O (+5.15),

co—0A +2H01A0 =0 (Here 0= aﬂa“).

From the symmetry of Eq. (5.11) we can say that

For the free index o = 2 the inhomogeneous wave equation is

o —0Ar +2H0,A0 = 0.

For the free index o = 3 the inhomogeneous wave equation is

o —0A3+2H093A0 = 0.

(5.16)

(5.17)

(5.18)

Now we will solve the inhomogeneous wave equations to find the explicit form of the

electromagnetic vector potential components A,,.
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5.3. ELECTROMAGNETIC WAVES IN THE COSMOLOGICAL BACKGROUND

when the free index oo = 0 in Eq. (5.11):

- nPVagFyy =0,
.10 Fp0 +1Y9;Fy; =0 (" Foo =0),

©.M"0;(9pA; —9;A40) =0

+."0i00A; —n"3,3;40 = 0,

.90(NY9;A;) —1nY9,0;40 = 0,

. 90(2A0H +dpAg) —M"9i9 ;A0 = 0, (°5.15)

- 2HpAg + 2A0H + 33A0 — N394 = 0 (Here # = ‘Zi:),
. —0Ag +2HdpAg +2A0H =0 (Here O = 9,,0"),

-~ DA~ 2900+ A0 =0 (oo =),

To further simplify the equation let’s take the form of Ay(z,X) as

—

A() (’C,)?) = A() (‘C)ei 'E.

Hence the inhomogeneous wave equation (5.19) becomes

bt

e 2, 2 2, 2 2,
a%(A()(’C)elk'x) . a?(AO(T)elkhw . Ea()(A()(’C)elk’x) + ,C_QAO(T)el X _ 07
2

2 -
L [02A0(T) + K2 Ao — Z90Ao(T) + —Agle = 0,
T T Tz
dzA() 2 dAg 2 )
L e T Hk)A0 =0
dt> 1t drt (12+ JAo

The standard form of Bessel’s differential equation is given by

d*y dy
2 2 2\,
XE‘FXE‘F(X —oc)y—O

To get the form of above equation from Eq. (5.21) we will do as follows
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5.3. ELECTROMAGNETIC WAVES IN THE COSMOLOGICAL BACKGROUND

Let’s take

Ao(T) = T"Ay (1),
dAy,
dt’’

Ao =n(n—1)T"2Ap+ 200" Ay + A, (5.23)

cAg = n‘c”_lA:) + THAZ) (where Ag =

Substituting above in Eq. (5.21) we obtain
n—2 A' n—1 ' n! 2 n—1 a4’ 2 nil 2 INna!
n(n—l)’t A0+2l’lT A0+T AO_EnT AO—ET AO+(’C_2+k )T A():O,

cAg+ (2n=2)T Ag+ ("* —3n+2)t %Ay +K2A, = 0. (5.24)

Comparing with Eq. (5.22) we need

2n—2=1,
3
n=—.
2
Hence Eq. (5.24) becomes
Ay L (- Ay =0 (5.25)
CT0 T 0 472 0 '
Now to further simplify let’s take
T =51
. dT/ p—
dt
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5.3. ELECTROMAGNETIC WAVES IN THE COSMOLOGICAL BACKGROUND

where s is a proportionality constant. Hence, Eq. (5.25) becomes

1 K
Ay + (—41:—,2 + s_z)AO =0,

Ay +TAy+ (T2 = (1/2))Ag=0.  (-.-s = +k comparing with 5.22)  (5.26)

1

Equation (5.26) has the standard form of Bessel’s differential equation and the solution is

given by
Ay =Ty (1),
3
.'.AOZ‘E?J%(:H(T),
ao(t) = 2 ér'(kt) 5 =) s (5.27)
: == n o =/ —sin .
..A0 Tk S . %x TExSl X1,
2\ 2
s Ag(T,R) = <E) tsin(kt)e* . (-5.20) (5.28)

Substituting the result (5.28) in the inhomogeneous wave equation (5.16) we obtain

2
SL0A(T,X) = —Eale(r,)?),
|

- . 2\ . kX
L 0A(T,X) = —2ik -y sin(kt)e™,
1/2 -
LA (T,f) = [Pl Sin(k‘C) + 01 COS(k‘C) — 1k (@) TCOS(kﬂc)] kX (5.29)

Substituting this result (5.28) in inhomogeneous wave equation (5.17) we obtain

2
o DA (T,%) = —Eaon(T,f),
1

= . 2\ . ik.x
o OA (T,X) = —2iky -y sin(kt)e™ ™,

—

1/2 )
SA(T,X) = [PZ sin(kt) + Q2 cos(kt) — tky (%) 1700s(k1:)] oKX (5.30)
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Substituting this result (5.28) in inhomogeneous wave equation (5.18) we obtain

2
DA3(T,)?) = —;a3A0(’L’,)_C)),

- . 2 %- kX
o 0A3(T,X) = —2ik3 -y sin(kt)e™,

—

1/2 .
SA3(T,X) = [P3 sin(kt) + Q3 cos(kT) — 1k3 (%) ’Ccos(kc)] kX (5.31)

In the above equations, P; and Q; are integration constants. When these constants are

1 o
zero, F;j = 0 and Fy; = —i% (%) 2 cos(kt)ek ¥,

5.4 Perturbation in the conformal background

In this section we will study the perturbation in the magnetic potentials due to gravi-
tational wave in the cosmological background [35, 36, 37, 38]. For this we will solve the
Maxwell’s equations in the presence of gravitational wave. The weak gravitational wave

perturbation in the conformal background is given by

guv = a*(T) My + ), (5.32)
1
oMV uw v
8= (M — B), (5.33)
—1 0 0 0

g = . (5.34)
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5.4. PERTURBATION IN THE CONFORMAL BACKGROUND

Maxwell’s equation for electromagentic wave in de-Sitter spacetime with gravita-

tional waves

From the ‘Minimal Coupling Principle’, the above equation in curved spacetime can be
written as

VvF'uV - 0

But we know that

1
VeF = ——ap(\/]glF*P) =0,

Vgl
. 9p(VaBg™gPVE,y) = 0,
- NHMPYORFy —M*hPYORF,y — K MPYORF,y —MPY Fy0ph™ = 0. (5.35)

Lorenz gauge
Here we explicitly find the form of the Lorenz gauge condition in the presence of gravita-

tional waves.

0eA* = 4H Aga 2,

nijaiAj =2A0H +9dpAg — /’l+(82A2 — 81A1) +hy F1p. (5.36)

Now we will find the inhomogeneous wave equations for each value of a in Eq. (5.35).
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5.4. PERTURBATION IN THE CONFORMAL BACKGROUND

When the free index o = O:

- nnpvdpFov — PPV Foy = 0,
. M0090Foo +N"0;Fy; — (K191 For +h'?01 Fop + h*' 02 Fy1 4+ h*20,Fn) = 0,
.MY0;(00A; — 9,A0) — (h191Fo1 + hyx 01 Fop + hy02Fp1 — h92Fn) =0,
. 00(N"Y9A ) — 0;0'Ag + [y (32 Fo2 — 91 Fo1) — hx (91 Fop + 02Fp1)] = 0,
. 90(2A0H — h9sAs + hyd1A1 + hy Fia + dpAg)—
0i0'Ag -+ h.y (92F02 — 01Fo1) — hx (91 Fop + 02Fo1) = 0,
. —0Ag+2HAg + 2A0H +doh+ (91A1 — 32A2) + h1do(d1A1 — D2A2) + doh Fia
—hydoF12 + hy (02F02 — 91 Fp1) — hxd2(For + Foz) =0,
- TAg = —0oh (01A] — 0242) — h;:99(91A] — 02A2) — doh Fia
+hy0oF12 + hy (02F02 — 91 Fo1) — h92(For + Foz)-

(5.37)

Because we set all the integral constants of magnetic potentials (describing the electromag-
netic wave in this background) to zero, the only nonzero terms on the right hand side will

be due to Fp; being nonzero.

UAV() = —80h+(81A1 — 82A2) — h+ao(81A1 — 82A2)

+h(02F02 — 01Fo1) — hx92(Fo1 + Fon) (5.38)
when the ‘cross polarization’ () is absent from the gravitational wave, above simplifies to

A = doh (0141 — 0247 + hy (97 — 93)A¢ (5.39)

where we have used the formula for the h; = A @yTe " (1 — (DLgT) ¢'®s? [27, 39]. From

the above it is evident that if the electromagnetic wave is only in the Z-direction, there is no
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5.4. PERTURBATION IN THE CONFORMAL BACKGROUND

interaction from this term. Note that if the wave vector components k| = kp, then the right
hand side will vanish and we will have no perturbation in the O-th component of the gauge
potential.

We take the Green’s function from Tsamis and Woodard [40, 41] of the form

ety sy O(AT) & 9y(x,x) dy(x,x')
G/JV (X,X) - 47C (y) axl_, a.XN
6(AT). . ey 9y(x,x’) dy(x, ')
— Ly Limg_y0 (y2 —|—82)2 e R (540)

where

y(x,x') = Ha(t)a(t) (|f—;f|2 (7| i£)2>

and we can derive the perturbations using the above Green’s function. But when we formu-
lated the integral as in chapter-4, the answer was not obtained in a closed form. So we solve
the inhomogeneous differential equations using MAPLE. Now we will find the equations
for the other three components and solve them. Setting o = 7 in the wave equation (5.35),

we get:

N'mPYogFy =n"Mm®2:9040 — " (°°9F +1770%) A; + NN 79,9,
=1"M%9,0040 — " (DA;) +1"9; (240H + dpAg — h1-(02A2 — d1A1) +hy Fio) .

(5.41)

In the second equation we have used the Lorenz gauge condition d,A* = 0. This gives the

following

~NT0A; + M 2H9;A0 = N'9;(h4 (9242 — 31A1)) —N'0;(hx Fi2) + M HPYOR Fy.

+ HMPYORFyy +MPY iy dgh™ (5.42)

The above are the inhomogeneous wave equations for the remaining three components
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5.4. PERTURBATION IN THE CONFORMAL BACKGROUND

of the electromagnetic potential, which can be found using the propagator in Eq. (5.40).
However, we solve the inhomogeneous differential equations using MAPLE. In the source
term of the equation, we use the Fy; as follows. Using the example of the electromagnetic
field where the constants P;, Q; are zero, we get the non-zero components of the electric

field strength to be

ki 1/2 .
R S ik-%
Fo, lk (nk) cos(kt)e™™. (5.43)

For the 0-th component one has

TAg = dph(01A] — 0242) + hy (97 — 93)Ag
. . 2\ /2 =
= AL e O (@,1)e e (—iwy ) (kT — k3) (@> Tcoskte**
) . 2\ 1/2 -
— A e T (T — i) e (kT — k3) (E) tsin(kt)e®™ = jo(t,x,y,2,)  (5.44)
We assume motivated from the right hand side of the above equation the A, u(T,X) = e’%'fgy (1),

where k = %g +k. Plugging this we get an equation for Ao which is a pure function of T of

the form

d?Ay  2dAy  ~ ~
I (R4 S)Ag = — 5.45

where

. 1/2
F(1) = A e 0 t(—itg) (K — ) (%) zcos(kt)

y i 2\'"* .
—Aye lwgrmgc(pm) (k3 —k3) (E) Tsin(kt) (5.46)

8

84
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A D

mn | in

J|
i

Figure 5.1: The real part of the unperturbed 0-th component of the electromagnetic potential
Ag as a function of absolute conformal time T

10004

Afpert)_0

500 Apert)_0

-5004

- 1000+

Figure 5.2: The real part of perturbed 0-th component of the electromagnetic potential Ao
as a function of absolute conformal time T
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Using MAPLE we obtain the solution to the above equation as
~ ~ ~ ~ k ~  rsin(k
Ao = C1tcos(kt) + Catsin(kt) —% (sin(kfc) / M dt — cos (k) / M dr)

(5.47)

We find the re-appearance of the ‘new mode’ frequencies of k= 1/kg +k? and the
integrals can be obtained using MAPLE. Using MAPLE plot as a function of T (using
C1 = G, =0) we find that the gravitational wave produces modulation over the shape of the
unperturbed wave. Note this perturbation is proportional to A4 and therefore much weaker
than the original wave. We expect to study any way to make these modulations detectable,
and its effect on the CMB in the near future.

For the plot we use ky =4,k = 0,0, = 3 and the frequency of output mode as k=5.

The integral

% (sin(%’c)/m dt — cos (k) / SHI(%:M d’c) (5.48)

takes the following form:

~ 16 ; ] 41
Ao ~ C1tcos(57) + Crtsin(5t) — \/—2_TEA+’Ce*3” ( (% + @) cos(41) (5.49)
+ (_213_; 31) Sin(4T))€ik1x+ing

We then plot the real part of the above as a function of time, settingx =0;z=0C; =C, =0
to examine the frequency behaviour in the figure 5.2. We have used the similarity sign as
there can be some normalization constants. We then find the mode for the propagation of

the A; component. The equation for the A| is found as
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5.4. PERTURBATION IN THE CONFORMAL BACKGROUND

Dgl = 25‘[81110 + h+8%A1 - h+80F01 — F0180h+. (5.50)

Using the same method as for the Ao we find that the time dependent part of the equation

can be obtained as:

_ . _ . 1/2
8%A1+k2A1:%(ik1)Ao+A+lk71 <n3k) [(k%(oag*c—i)Jrimé)rcos(kr) (5.51)

+ (0T — i)ksin(k’c)} e 10T

15000+
100004

Afpert) 1

5000+

-5000+

- 10000+

= 15000+

Figure 5.3: The real part perturbed 1st component of the electromagnetic potential Ajasa
function of absolute conformal time T

As previously we take the example of k; = 4,k = 0,0, = 3 and find the following
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5.4. PERTURBATION IN THE CONFORMAL BACKGROUND

solution for A, gives

19272 — 164it—24

A} ~ Cjcos(5T) + Cysin(57) + ( ) sin(41)e 3" (5.52)

96+/21

If we set kp = O then
1300+
1000+
Afpert) 3 1

5004

-5004

- 1000+

- 1500+

Figure 5.4: The real part of perturbed 3rd component of the electromagnetic potential Az as
a function of absolute conformal time T

DA, = 0, (5.53)
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if we keep k; then the equation is similar to that for A. Further:

DAz = 03h4 (0242 — 914A)). (5.54)

We can solve for A3 easily using MAPLE and we get:

~ 2A : ]
Az ~ Cjycos(5t) + Cysin(57) — \/_Zine_m [ (—g + %) cos(47) (5.55)

11 . .
EL

The plots for A ,23 are in the figures 5.3 and 5.4. We can see that the gravitational wave

produces modulations in the form of the waves.

5.5 Conclusion

In this chapter we study the interaction of the gravitational waves with electromagnetic
waves in the background of de-Sitter metric. We found the inhomogeneous wave equation
for the perturbation in the 0-th component of the gauge field. We find that if the EM wave
is in the Z-direction, then there is no perturbation. The form of perturbation in the O-th
component of the electromagnetic potential is found in Eq. (5.49). Similarly, the perturba-
tions A; and A, are found to be as given in Eq. (5.52) and (5.55) respectively. We find from
the graphs that the electromagnetic perturbations are modulated due to the interaction with
gravitational waves and we expect to find signatures of this in current observations. We
can find the electromagentic field components from the gauge potentials and the scattering
of electromagentic radiation (also found in the Minkowski background interaction) occurs
due to the interaction with a gravitational wave. We note that the unperturbed gauge po-
tentials increase linearly with conformal time while the perturbed gauge potentials increase
quadratically with conformal time t. This is understood as, the perturbed gauge potentials

being the result of interaction between the electromagentic and gravitational wave, both of
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which are linearly proportional to conformal time.

90



Chapter 6

Conclusion

Our aim was to analyze the interaction of gravitational waves with electromagnetic waves
in the background of Minkowski spacetime and de-Sitter spacetime, so that the perturba-
tions in the electromagnetic four-potential components can be found. The presence of such
nonzero perturbations might be detected and used to find the imprints of primordial gravi-
tational waves on the cosmic microwave background radiation observed today.

In chapter 2, the important mathematical and conceptual background was provided in order
to explain the fundamental ideas of the general theory of relativity. Relevant mathemat-
ical tools like metric tensor, Christoffel symbols, covariant derivative, parallel transport,
Riemann curvature tensor, stress-energy, efc were introduced. After briefly discussing the
equivalence principle, the Einstein field equations were introduced which describe the rela-
tion among energy, momentum and curvature of spacetime.

In chapter 3, the metric tensor (g,v) describing the propagation of a weak gravitational
wave in the background of Minkowski space was found in Eq. (3.37). Taking the form
of the metric tensor as g,y = Myv + Ay, the Einstein field equations were solved (to first
order in h,y) in the absence of matter; which produced a homogeneous wave equation in
the TT-gauge. The explicit form of the metric perturbation 4,y was found and it was shown
that it has two independent components, known as /. and A polarization.

In chapter 4, we analyzed the interaction of a linearized gravitational wave with a plane po-
larized monochrometic electromagnetic wave. We find that (to linear order in /) this inter-

action causes perturbations in the electromagnetic potential components A,. The perturbed

91



6. CONCLUSION

mode of frequency is found to be , /@2 4 2 as expected, where g and @, are the angular
frequencies of the gravitational wave and electromagnetic wave, respectively. We note that
the nature of wave interaction is dependent on the relative direction of wave propagation.
We do not find any resonant amplification when the waves are parallel to each other. The in-
teraction is understood as: The flat-space Maxwell’s equations are not valid to describe the
nature of electromagnetic field in the presence of a gravitational wave. When the Maxwell’s
equations are found in the curved background, we find that there are source terms in the in-
homogeneous wave equation. This is most clear when we find Maxwell’s equations in the
curved background (4.7) given by n* DAV,I = —no‘“hﬁ"aﬁFp\, — nBVF,NBBhO‘“. Note that the
right hand side of this expression, which acts as a source term, would be zero in the absence
of gravitational wave. The perturbation plot of the x-component of Xy at different times is
shown in figure 4.1.

In chapter 5, we analyze the interaction of gravitational waves and electromagnetic waves
in the background of de-Sitter spacetime. To simplify the expression, we consider the case
when the £ is absent. The same perturbed mode of frequency is found as in the Minkowski
spacetime background. We interpret this perturbation in the same way as previously done.
However, the de-Sitter metric does change the nature of perturbation significantly as seen
in Eq. (5.49), (5.52) and (5.55) compared to Minkowski spacetime results. The plot for the
perturbed O-th component of electromagnetic potential over the conformal time T is shown
in figure 5.2. Similarly, the plots for the A} and A3 are (respectively) shown in figures 5.3
and 5.4.

We note that in Minkowski and de-Sitter background, scattering of electromagentic ra-
diation occurs when it interacts with a gravitatonal wave. The perturbed radiation is no
longer transeversly plane-polarized due to the interaction. When both waves are propagat-
ing anti-parallelly (w.r.t each other) in Minkowski background, we find a runaway term in
the perturbed gauge potentials which do not affect the electromagnetic wave components.

Our results have phase shift (in the electromagentic waves) terms similar to those used by
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LIGO and the remaining terms contain the new frequency mode. These perturbations in
the electromagnetic wave are tiny in magnitude but might be detectable with technolog-
ical advancement. In future work, we will be working towards the explicit solution for
the perturbed electromagnetic potential when both polarizations of gravitational waves are
present in the background of de-Sitter spacetime. We will then try to find their effects on
the B-modes of the cosmic microwave background radiation. The search for other phys-
ical phenomena in cosmology where these perturbations can be detected is also work in

progress.
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