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Abstract

In this paper, we are interested in the asymptotic enumeration of Cayley graphs. It has
previously been shown that almost every Cayley digraph has the smallest possible auto-
morphism group: that is, it is a digraphical regular representation (DRR). In this paper, we
approach the corresponding question for undirected Cayley graphs. The situation is com-
plicated by the fact that there are two infinite families of groups that do not admit any
graphical regular representation (GRR). The strategy for digraphs involved analysing sepa-
rately the cases where the regular group R has a nontrivial proper normal subgroup N with
the property that the automorphism group of the digraph fixes each N-coset setwise, and
the cases where it does not. In this paper, we deal with undirected graphs in the case where
the regular group has such a nontrivial proper normal subgroup.
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1418 J. Morris et al.

1 Introduction

We consider only finite groups and finite (di)graphs in this paper. A digraph I' is an ordered
pair (V, E) with V a finite non-empty set of vertices and with E a subset of the Cartesian
product V x V. In particular, I' is a binary relation on V. We say thatI" = (V, E) is a graph if
E={(w,v)| (v,w) € E}, that is, if " is a symmetric binary relation. An automorphism of a
digraph or of a graph is a permutation on V that preserves the set E.

Definition 1.1 Let R be a group and let S be a subset of R. The Cayley digraph T(R, S) is
the graph with V = R and with (r,f) € E if and only if tr~' € S.

When the set S is inverse-closed (that is, § = S™! := {57! | s € §}), the digraph T'(R, 5)
is actually a graph, which we refer to as the Cayley graph on R with connection set S.

The problem of finding digraphical and graphical regular representations (DRRs and
GRRs) for groups has a long history. Mathematicians have studied graphs with speci-
fied automorphism groups at least as far back as the 1930s, and in the 1970s, there were
many papers devoted to the topic of finding GRRs (see for example [2, 10-13, 19-21, 24]),
although the “DRR” and “GRR” terminology was coined somewhat later.

Definition 1.2 A digraphical regular representation (DRR) for a group R is a digraph
whose automorphism group is the group R acting regularly on the vertices of the graph.

A graphical regular representation (GRR) for a group R is a digraphical regular repre-
sentation which is a graph.

It is an easy observation that when ['(R, S) is a Cayley (di)graph, the group R acts reg-
ularly on the vertices as a group of graph automorphisms. A DRR (respectively, GRR)
for R is therefore a Cayley digraph (respectively, Cayley graph) on R that admits no other
automorphisms.

The main thrust of much of the work through the 1970s was to determine which groups
admit GRRs. This question was ultimately answered by Godsil in [8].

Theorem 1.3 (Godsil, [8]) A group has a graphical regular representation if and only if it
is not one of:

e a generalised dicyclic group (see Definition 1.9);
e an abelian group of exponent greater than 2; or
e one of 13 small groups (of order at most 32).

A corresponding result for DRRs by Babai [2] was much simpler, requiring no excluded
families and finding only 5 exceptional small groups.

Babai and Godsil made the following conjecture.

Conjecture 1.4 ( [3]; Conjecture 3.13, [9]) If R is not generalised dicyclic or abelian of
exponent greater than 2, then for almost all inverse-closed subsets S of R, T'(R, S) is a GRR.

The details of this conjecture are somewhat imprecise; we are interested in the following
more specific formulation:

@ Springer



On the asymptotic enumeration of Cayley graphs 1419

lim min

r—oo

{ HSCR: AWTR.$) =R} . p o 4mits a GRR and |R| = r} = 1.

2¢(R)
Given a finite group R, we let 2°® denote the number of inverse-closed subsets of R, see
also Definition 1.8. From Godsil’s theorem, as r — oo, the condition “R admits a GRR” is
equivalent to “R is neither a generalised dicyclic group, nor abelian of exponent greater
than 2.”

The corresponding result for Cayley digraphs (which does not require any families of
groups to be excluded) was proved by the first and third authors in [17].

The strategy used in [17] (which was based on previous work in [3] by Babai and
Godsil) to prove that almost every Cayley digraph is a DRR, involved three major
pieces. One piece was to show that there are not many Cayley digraphs admitting
digraph automorphisms that are also group automorphisms. A second piece of the proof
involved considering the possibility that the group R has a proper nontrivial normal sub-
group N, and there is a digraph automorphism that fixes every orbit of N setwise. This
piece itself naturally divides into two parts. If IV is relatively small in comparison with
IRI, then showing that roughly 2!%l/IVl digraphs do not admit a particular type of auto-
morphism is significant, while if INI is relatively large (for example if |N| = |R|/c for
some constant ¢) this sort of bound is not useful for our purposes. Conversely, if IVl is
relatively large then showing that roughly 2!V digraphs do not admit a particular type of
automorphism is significant, but such a bound is not useful if IV is relatively small. So,
we need to combine bounds of each type to come up with an overall bound. The third
and final piece of the proof involved considering the possible existence of digraph auto-
morphisms that do not fix all orbits of any normal subgroup N of R.

While the second piece may not seem entirely natural, it is important to consider
because it covers a possibility that does not readily succumb to induction. If a graph
only admits automorphisms that fix every orbit of N setwise, then the quotient graph on
the orbits of N may be in fact a GRR. The induced subgraph on a single orbit may very
well also be a GRR, so an inductive argument will reduce a non-GRR to two smaller
GRRs, making induction virtually impossible to use effectively.

Similarly to the results about existence of GRRs and DRRs, the requirement that a
connection set for a graph must be inverse-closed creates complications that make the
proof of the Babai-Godsil conjecture more difficult for graphs than for digraphs. Rather
than trying to accomplish the full result in a single paper, it makes sense to divide the
work into the main pieces that were used to prove the DRR result and attempt to show
each of these pieces for GRRs.

The first piece, showing that there are not many Cayley graphs admitting graph auto-
morphisms that are also group automorphisms (unless the group is generalised dicy-
clic or abelian of exponent greater than 2) was accomplished by the third author in
[22]. Some of the main results from that work are also used in this paper, and we have
included them as Theorem 1.13 and Proposition 1.14.

The goal of this paper is to complete the second piece of the proof: that is, to show
that the number of Cayley graphs on R that admit nontrivial graph automorphisms that
fix the vertex 1 and normalise some proper nontrivial normal subgroup N of R, is van-
ishingly small as a proportion of all Cayley graphs on R.

As in the work on DRRs, this problem naturally divides into the cases where the nor-
mal subgroup N is “large” or “small” relative to IRl. Our main results are Theorem 1.5
and Theorem 1.6, which we prove in Sects. 3 and 4, respectively. In the case of graphs,
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1420 J. Morris et al.

it emerges that we also need to consider separately graph automorphisms that fix or
invert every element of the group. We deal with these in Sect. 2, and this piece of our
work applies whether or not R admits any proper nontrivial normal subgroup.

Given a finite group R, we let 2°® denote the number of inverse-closed subsets of R.
(The value ¢(R) is defined explicitly in Definition 1.8.)

Theorem 1.5 Let R be a finite group and let N be a non-identity proper normal subgroup of
R. Then, the set

{SCRIS=S" R=Nuurs®): I € Nayrs)®) withf # Land I/ = 1},
has cardinality at most 2°®=5+2108 R+ IR+3  Moreover, if R is neither abe-
lian of exponent greater than 2 nor generalised dicyclic, we may drop the condition
“R = Nayrr.s)R)” in the definition of the set.

Theorem 1.6 Let R be a finite group and let N be a non-identity proper normal subgroup of
R. Then, the set
{[SCRIS=S"',R= Nawrs)®), I € Nayrg.sy@) with f # 1
and V' = 1,f fixes each N-orbit setwise}
has cardinality at most 2°(R)‘%‘M+(l°g3 IR*+3 Moreover, if R is neither abelian of exponent

greater than 2 nor generalised dicyclic, we may drop the condition “R = Ny s)(R)” in
the definition of the set.

By distinguishing the cases that |[N| > 4/|R| and |R : N| > 4/|R|, we obtain the follow-
ing corollary.

Corollary 1.7 Let R be a finite group and let N be a non-identity proper normal subgroup of
R. Then, the set
(SCRIS=S5!,R= Naurs)(R)> I € Nayrr.sy @) with f # 1
and 1 = 1, fixes each N-orbit setwise}
has cardinality at most 2C<R)—@+21ng IRI+(og, [R*+3, Moreover, if R is neither abe-
lian of exponent greater than 2 nor generalised dicyclic, we may drop the condition
“R = Npurr.s)(R)” in the definition of the set.

Prior to launching into the pieces of the proof mentioned above, we provide some addi-
tional background and introductory material.

1.1 General notation

Definition 1.8 Given a finite group R and x € R, we let o(x) denote the order of the ele-
ment x and we let

IR) :={x € R | olx) <2}

@ Springer



On the asymptotic enumeration of Cayley graphs 1421

be the set of elements of R having order at most 2. Given a subset X of R, we write
I(X) := X N I(R). Given an inverse-closed subset X of R, we let

IX]+ 1001

cX) := 5

Definition 1.9 Let A be an abelian group of even order and of exponent greater than 2,
and let y be an involution of A. The generalised dicyclic group Dic(A, y,x) is the group
(A,x | x> =y,a* =a"',Ya € A). A group is called generalised dicyclic if it is isomorphic
to some Dic(A, y, x). When A is cyclic, Dic(A, y,x) is called a dicyclic or generalised qua-
ternion group.

We let 7, : Dic(A,y,x) = Dic(A,y,x) be the mapping defined by (ax) = ax~! and
as = a, for every a € A. In particular, 7, is an automorphism of Dic(4, y,x). The role of
the label “A” in 7, seems unnecessary; however, we use this label to stress one important
fact. An abstract group R might be isomorphic to Dic(4, y,x), for various choices of A.
Therefore, since the automorphism 7, depends on A and since we might have more than one
choice of A, we prefer a notation that emphasizes this fact.

It follows from [18, Section 2.1 and 4] that if D = Dic(A, x,y) is generalized dicyclic
over A, then either A is characteristic in D, or D = Qg X Cg for some # € N. In particular,
when D is not isomorphic to Qg X Cf , the automorphism 7, is uniquely determined by D.

When D = Qg X Cf , the group D is generalized dicyclic over three distinct abelian sub-
groups, namely if Qg = (i,j), then D is generalized dicyclic over (i) X C%, (j) x Cf and
(ij) X Cg . In particular, we have three distinct options for the automorphism 7,: one for
each of these abelian subgroups. For simplicity, we denote by 7, 7; and 7, the corresponding
automorphisms. It is not hard to check that 7, = 7,7; and hence (7;,7;) is elementary abelian
of order 4.

1

Definition 1.10 Let A be an abelian group. We leti, : A — A denote the automorphism of
A defined by x4 = x~! Vx € A. Very often, we drop the label A from 1, because this should
cause no confusion.

In what follows we use the following facts repeatedly.

Remark 1.11 Let X be a finite group. Since a chain of subgroups of X has length at most
log,(]X|), X has a generating set of cardinality at most |log,(|X|)] < log,(|X]).

Any automorphism of X is uniquely determined by its action on the elements of a gener-
ating set for X. Therefore, | Aut(X)| < |X|loe(XD] < 2dom (XD,

Lemma 1.12 Ler R be a finite group and let X be an inverse-closed subset of X. The number
of inverse-closed subsets S of X is 2°®. In particular, R has 2°® inverse-closed subsets.

Proof Given an arbitrary inverse-closed subset S of X, SNI(X) is an arbitrary subset of
I(X) whereas in S N (X \ I(X)) the elements come in pairs, where each element is paired up
to its inverse. Thus, the number of inverse-closed subsets of X is

IXNIC)|
2

P — e,

The last statement follows using X = R. O
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1422 J. Morris et al.

The following important results by the third author deal with the case where there is
a graph automorphism that is also a group automorphism of R.

Theorem 1.13 ([22], Lemma 2.7) Let R be a finite group and let ¢ be a non-identity auto-
morphism of R. Then, one of the following holds

(1) the number of p-invariant inverse-closed subsets of R is at most 2"““‘%,

(2) Cg(@) is abelian of exponent greater than 2 and has index 2 in R, R is a generalized
dicyclic group over Cx(@) and ¢ = IC,(oy

(3) Ris abelian of exponent greater than 2 and @ is the automorphism of R mapping each
element to its inverse.

Proposition 1.14 ([22], Proposition 2.8) Let R be a finite group and suppose that R is not
an abelian group of exponent greater than 2 and that R is not a generalized dicyclic group.
Then, the set

{SCRIS=5"R<Npyrus®}

has cardinality at most 2¢€®=IRI/96+(log, [R)?,

Notation 1.15 With R a finite group that is neither abelian of exponent greater than 2 nor
generalised dicyclic, we define

Sy=1{SCR|S=5",3f € Nyyqers)N) withf # 1 and I/ = 1},

so that |Sy| is a value we aim to bound to prove Theorem 1.5. We divide S, into three
subsets:

Sy 1= {S € Sy | R < Npyyqrrs) ®}
Ty := (S € Sy\ Sy | 3x € Rand 3f € Npyqrsy(V) with IV = Tand ¥ ¢ {x,x7'}},
Uy =SN\S}V\7;V

SO
Sy =S\ UTy Uly,.
Observe that
Uy = {5 €Sy \Sy | ¥ € Nyyrersy @) with I/ = 1 we have ¥/ € {x,x'}Vx € R}.

Proposition 1.14 already provides us with a bound for |Sllv|. In the next section, we will
show that [Uy| = 0.
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2 Graph automorphisms that fix or invert every group element

The bulk of this section consists of a long lemma in which we show that if a nontrivial
permutation that fixes or inverts every element of a group exists, then the normaliser of
R in the appropriate group is in fact larger than R. This means that any connection sets
that could arise in I/, have actually already arisen in Sk, and therefore do not appear in
Uy,

Lemma 2.1 Let G be a subgroup of Sym(R) with R < G and with the property that
r& € {r,r7 1}, for every r € R and for every g € G,. Then,N;(R) > R.

Proof We argue by contradiction and, among all groups satisfying the hypothesis of this
lemma, we choose G with IRIIGI as small as possible and with

R =N (R).

In this proof, we denote by 8 the image of the point » € R via the permutation g and we
denote by '« := g~!rg the conjugation of r via g.

Let M be a subgroup of G with R < M. For every r € R and for every x € M; =M N G,
r* € {r,r~'}, and, from the modular law,

R=MnR=MnNzR) = Ny, (R).

Therefore, by the minimality of our counterexample, we get M = G. As M was an arbitrary
subgroup of G with R < M, we deduce

R is a maximal subgroup of G. 2.1

Let K be the core of R in G, thatis, K := ﬂgGG Re.
We claim that

the core of Rin G is 1. 2.2)

To prove this claim, we argue by contradiction and we suppose that K # 1. Let G be the
permutation group induced by G on the action on K-orbits. Moreover, we let ~: G — G
denote the natural projection.

Let H be the kernel of . Thus, H is the largest subgroup of G fixing each K-orbit set-
wise and H < G,K. Since R is a maximal subgroup of G and R < RH < G, we have that
either R = RH or G = RH.

In the first case, H <R and, since H < G;K, from the modular law we obtain
H<RNGK=RnNG)K =K, that is, H= K. Moreover, as H=K <R, we have
R = Ng(R). Now, R is a regular subgroup of G < Sym(R) and, for every 7 € R and for every
2 € Gy, we have 7# € {7,7'}. Using our assumption that K # 1, we get that |R| < |R|, and
by the minimality of our couterexample we have that G = G/K = R/K = R. Thatis,G =R
contradicting the fact that R is a proper subgroup of G.

So the second case holds, and G = RH, so G acts trivially on K-orbits. In other words,
G, fixes each K-orbit setwise. Thus, H = KG,, and consequently

KG, <4 G. 2.3)
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1424 J. Morris et al.

Suppose there exist x € G, and r € R such that »*=r"! and o(rK)>3. Then
P =r"'er'K=(@K)" #rK, contradicting the fact that G, fixes each K-orbit. This
shows that

for every x € G, and for every r € R either r* = r or o(rK) < 2. 2.4)

Let L be the subgroup of R fixed pointwise by Gy, thatis, L := {r € R | G, = G, }. (The set
L is indeed a subgroup of R, because it is a block of imprimitivity for the action of G on R
containing the point 1.) Clearly, L < R, because G, # 1. Now, from (2.4), we deduce that
for every r € R\ L, o(rK) < 2. Hence,

every element in % \ % is an involution. (2.5)

Now, by (2.5), we must have (xKe€R/K|x*¢K)<L/K. Since either
IR/K : (xK € R/K | x* ¢ K)| =2 or R/K is a 2-group, we deduce that one of the follow-
ing holds

(1) R/Kis an elementary abelian 2-group,
(2) R=KL,
(3) |R: KL| =2 and every element in R/K \ KL/K is an involution.

In what follows, we analyze these three alternatives.

Case (1)

Since R/K and G, are elementary abelian 2-groups, we deduce that G/K is a 2-group.
From R/K < G/K, it follows that Ng x(R/K) > R/K. So Ng(R) > R, but this contradicts
our choice of G and R.

Case (2)

Let f € G, with f # 1. Now, as G, normalizes K, the action of f on the points in K coin-
cides with the action of f by conjugation on K. Thus, k¥ = k' € {k,k™'}, for every k € K.
In particular, 1, is a non-trivial automorphism of K with the property that it maps each ele-
ment to itself or to its inverse (so every inverse-closed subset of K is invariant under ).
Therefore using Theorem 1.13 only one of the following holds true:

® K is abelian of exponent greater than 2 and 1, =1 is the automorphism inverting each
element of K,

e K is generalised dicyclic over an abelian subgroup A of exponent greater than 2 and
i =l

o K=(Q¢X sz, for some Z > 0, and I € {Ti,ijjk}.

Since R = KL and since G, fixes L pointwise, the action of g € G, on R is uniquely deter-
mined once the action of g on K is determined. Since we have at most four choices for the
action of g € G, on K, we deduce that |G| divides 4. If |G,| =2, then |G : R| =2 and
hence R < G, which contradicts R = N5(R). Thus 4 = |G| = |G : R| and K = Qg X Cg,
for some £ > 0.

Since |G : R| = 4, the transitive action of G on the right cosets of R gives rise to a
permutation group of degree 4 and hence G/K is isomorphic to a transitive subgroup of
Sym(4). As R/K = NG/K(R/K), we deduce that G/K is isomorphic to either Sym(4) or
Alt(4).
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If R/K were a 2-group, we reach a contradiction using the same argument as in Case (1).
So R/K is a maximal subgroup of G/K which is not a 2-group, hence R/K isomorphic to
either Sym(3) or Alt(3).

Let C be a Sylow 3-subgroup of R. Thus C = {c) is a cyclic group of order 3. Since K is
a 2-group and R = KL, replacing C by a suitable R-conjugate, from Sylow’s theorem, we
can assume that C < L. Letk € K with k & L. As k is not fixed by each element of G,, there
exists x € G, such that k* = k=! £ k. Now, as &= ¢, we obtain

(C‘k)’x = Ckx = Cx‘lkx = ck'K = Ck_l = Ck_l_ (26)

On the other hand, (ck)* € {ck,(ck)™"}. If (ck)* = ck, then we deduce k = k!, con-
tradicting the fact that k¥ # k. If (ck)* = (ck)™!, we deduce k~'c™! = ck~! and hence
k™' = ck~'c = (k™). Again we obtain a contradiction because k and k* belong to K but
K.

Case (3)

Before proceeding with this case, we collect some information on G/K. Observe that in
this case, R/K is a generalized dihedral group over the abelian group KL/K. Consider the
set € of the right cosets of R/K in G/K. By (2.1) R/K is a maximal subgroup of G/K. So
G/K is a primitive permutation with generalised dihedral point stabilisers.

These groups were classified in [7, Lemma 2.2]. Using this and the fact that G, is
2-elementary abelian group, the only possibility that can occur is that G/K is a primitive
group of affine type of degree |R : K| = |G,|. Since G = G;Rand RN G, = 1, G,K/K acts
regularly on Q. Moreover, as KG, 4 G by (2.3), G,K/K is the socle of G/K. Since every
element of G, is an involution (it fixes or inverts each element of R), then G,K/K is an
elementary abelian 2-group.

Now, R/K acts by conjugation irreducibly as a linear group over the elemen-
tary abelian 2-group G,K/K. Let /K € LK/K \ {K}. Since LK/K is abelian, then
Co,k/k(CK) = {aK € G,K/K | ¢~'arK =aK} is stable under the conjugation by
uk, for every uk € LK /K. Further, since R/K = (rK,LK/K) , where rK = r~'K, and
r~1¢rK = ¢7'K, for every /K € LK /K, then Cq,k/x(€K) is stable under the conjugation
by xK. In other words, we proved that Cg, x/x(£K) is a proper R-submodule of the irruduc-
ible R-module G,K /K, and consequently Cg, g /x(£K) is trivial. Summing up, KL/K is abe-
lian and CGIK/K(z,”K) is trivial for every £K € LK/K \ {K}. Thus, KL/K is a cyclic group
of odd order. Moreover, as the socle G;K/K has even order, IKL/K| must be odd. We let
t :=|KL/K|. At this point, the reader might find it useful to consider Fig. 1. Since KL/K is
cyclic, there exists ¢ € L with (¢)K = KL and with o(cK) = t.

Fig.1 Local structure of G

I\

KLG, R
KGq KL

N
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1426 J. Morris et al.

Suppose now that K £ L and let k € K\ L. As k is not fixed by each element of G,
there exists x € G, with k¥ = k=1 = k. Now, since x fixes ¢, we are in position to use the
same argument as in Case (2). That is (2.6) holds, and consequently either k = k!or
c? € K. Since k # k™" and o(cK) = t is odd, in both cases we get a contradiction.

We conclude that K < L. (For the proof here, it might be useful again considering
Fig. 1.) In particular, KL = L. Fix r€ R\ L. As |R : L| =2, we have R = LU rL. Now,
LG, fixes L and rL setwise. The action induced by LG, on L is the regular action of L
because G, fixes L pointwise. As LG; < G, we must also have that the action of LG, on rL
is simply the regular action of L. In particular, for every x € G, there exists £, € L with
the property that

(€)Y =rtt,, V¢ € L.

The set {¢, | x € G,} forms a subgroup of L, which we denote by 7. As G, is elementary
abelian, so is 7.
Summing up, we have

c=¢, )y =rtt,, Vxe G,V e L.

Using this and the fact that T is a group we see that if x € G, fixes some point in rL, then
¢, = 1 and consequently x fixes all points in rL. Further, x fixes all points in L, hence x = 1.
Therefore, each element in G, \ {1} acts fixed-point-freely on rL. Now, let x € G, \ {1}.
Since (r£)* € {rt,(r¢)~"} for each # € L we deduce that (+£)* = (r£)~! for every Z € L.
Hence, G, \ {1} = {x}. Therefore, |G,| =2 and |G : R| = 2 contradicting the fact that
Ng(R) =R.

We have shown that none of the three alternatives is possible. Therefore, we obtain a
contradiction, and the contradiction has arisen from assuming K # 1. Hence, K = 1, which
is our original claim (2.2).

Now, as R is maximal in G and as R is core-free in G, we may view G as a primitive per-
mutation group on the set Q = G\R of right cosets of R in G. Observe that in this action G,
acts as a regular subgroup and it is an elementary abelian 2-group which itself is core-free
in G.

The primitive permutation groups containing an abelian regular subgroup have been
classified by Cai Heng Li in [14]. Applying this classification [14, Theorem 1.1] to our
group G in its action on Q and to its elementary abelian regular subgroup G;, we deduce
that one of the following holds:

(1) G s an affine primitive permutation group,

(2) the set Q admits a Cartesian decomposition Q = A” (for some # > 1) and the primitive
group G preserves this cartesian decomposition; moreover, 7/ < G < Twr Sym(¢),
where the action of 7 wr Sym(#) on A? is the natural primitive product action. The
group T is either Alt(A) or Sym(A), G, = G XG 3 X XG,withG; < T and
with G, ; acting regularly on A, for each i.

Now, we shall see that neither of these two alternatives is possible.

Case (1)

Let V be socle of G. Thus V4G and V is an elementary abelian 2-group. Observe
that

G=VR=GR,

@ Springer



On the asymptotic enumeration of Cayley graphs 1427

where the first equality follows from the fact that V acts transitively on  with point sta-
biliser R and the second equality follows because G acts also transitively on R with point
stabilizer G,. Moreover,

VAR=1=G,nR

where the first equality follows because V acts regularly on Q with point stabilizer R and
the second equality follows because R acts regularly on itself with point stabilizer G,.

Since G, is a regular subgroup of the affine group G, from [5, Corollary 5 (1)], we
deduce

VNG, #1. 2.7
Let
N :=Ng(VNnG)) andlet Q :=Npy(VNnG)).
Since G, is abelian, we have G; < N and hence
N=NnG=NnNRG, =(NNR)G, = QG,.
Similarly, since V is abelian, we have V < N and hence
N=NNnG=NnNnRV=NnNR)V =0V.

Thus,

N=0G, =0V. (2.8)

Letr € Rand letv € V N G,. We recall that ¥ € {r,r™'}.

If ¥ =r,then1” = r = ¥ = 1" and hence rvr~! € G,.

If ' = ¢!, then I’ = /! = = 1" and hence rvr = r2(r"'vr) € G,. As V<G, we
have r~'vr € V and hence rV € G,V/V. Since all the elements of G,V/V have order at
most 2, it follows that #*V = V, that is #* € VN R = 1. This shows that if o(r) # 4, then
r~lvr € VN G,. Therefore, all elements of R of order different from 4 normalise V N G,
and hence they all lie in Q.

This shows that R \ Q is either empty, or contains only elements of order 4.

In the first case (2.8) yields N;(VNG)=N=0QV =RV =G, that is VNG, JG.
Since V is the unique minimal normal subgroup of G and since VN G, # 1 by (2.7), we
deduce that V =V n Gy, that is, V < G,. However, this contradicts the fact that G, is core-
free in G. Thus

QO < R and every element in R \ Q has order 4.

For every r € R \ Q, 1 does not have order 4, so r> € Q. This shows that Q contains the
square of each element of R, hence

O4R 2.9

and R/Q is an elementary abelian 2-group.

Let x€G, and let r€R. If ¥ =r, then r ' € G, < G,Q=N. If r* =r7!, then
rxr € G, and hence rxr =1?(r"'xr) € G, < G;Q = N. Since > € Q, we deduce that
r=2 . r2(r~'xr) = r~'xr € N. We have shown that

forevery r € R, ¥ 'G,r <N. (2.10)
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From (2.9) and (2.10), we deduce that R normalises G;Q = N. Since G, also normalizes N,
we have that RG; = G normalises N, that is,

QV=0G, =Nd4G. (2.11)

Since Q <R and since R is a maximal subgroup of G by (2.1), we deduce that either
N;(Q) = G or N;(Q) = R. If N;(Q) = G, then Q is a normal subgroup of G contained in
the core-free subgroup R. Therefore, Q = 1.

From (2.8), we have G, = QG| = N = QV =V, contradicting the fact that G, is core-
free in G. Thus,

Ns(Q) =R. (2.12)

When G is viewed as a permutation group on R, QG is the setwise stabilizer in G of Q C R;
hence, we can consider the permutation group induced by N = QG; in its action on Q.

From (2.12), we have Ny(Q) = NNR=0G, NnR=0(G, NR) = Q. Let H be the ker-
nel of the permutational representation of N on Q. Note that H < G .

Now, QH/H is a regular subgroup of N/H < Sym(Q) and, for every rH € QH/H and
for every ¢gH € G,/H, we have r¢H € {rH,r'H}. If Ny ,(QH/H) = QH/H, from the
minimality of our counterexample, we deduce that either N = G or G, acts trivially on Q.
In the first case, G = N = N;(V N G)), that is G, NV is a normal subgroup of G. Since
V is the unique minimal subgroup of G, and since V N G, # 1 by (2.7), we deduce that
V =V n G, and consequently, V = G,. However, this contradicts the fact that G, is core-
free in G. Therefore, G, fixes O pointwise, that is, G, is the kernel of the action of N = QG,
on Q and hence

G, <N = QG, = VG,. (2.13)
Let
U:=(G¥|g€G).

Observe that U < G. From (2.11), for every g € G, we have G’f < N& =N, thatisU < N.
Moreover, for every g € G, from (2.13), we have G® < N¢ = N. Since G, is an elemen-
tary abelian 2-group, then each Gf is a normal 2-subgroup of N, for every g € G. Conse-
quently U is a normal 2-subgroup of G. In particular, U N R is a normal 2-subgroup of R.
Since V is an irreducible F,R-module and U N R < R, we deduce that V is completely
reducible [, (U N R)-module by Clifford’s theorem. Since V has characteristic 2 and since
U N R is a 2-group, this can happen only when

UnR=1.

Since V is the unique minimal normal subgroup of G and since U < G, we have V < U.
Further, U =UNG=UNGR=(UNR)G, =G, and hence V = G,. This is a contradic-
tion because V is normal in G but G, is core-free in G.

Therefore, we can assume that Ny ,,(QH/H) > QH /H. That is, there exists a non-iden-
tity element g¢ € G, normalizing QH/H. Hence, for every r € Q, g~'rg = uh, for someu € Q
and for some h € H. Since g € G, and r¢ € {r,r '}, we get u = u" = 1"h = 18778 = %,
This means that g~lrgH € {rH,(rH)~'} for every r € Q, and consequently 1, is a non-
identity automorphism of QH/H with the property that (rH)"s € {rH,(rH)™'}, for every
rH € QH/H. Thus from Theorem 1.13, Q = QH/H is either an abelian group of exponent
greater than 2 or a generalized dicyclic group.
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Since V is an irreducibly F,R-module and O,(Q) < R, we deduce that V is completely
reducible [, (Q)-module by Clifford’s theorem. Since V has characteristic 2 and since O,(Q)
is a 2-group, this can happen only when

0,0 =1 (2.14)

If O is a generalised dicyclic group, that is, Q = Dic(A,y,x), with A an abelian group of
even order and of exponent greater than 2, and y an involution in A, then (y) is a character-
istic subgroup of order 2, which contradicts (2.14). Thus, Q is an abelian group, and Q has
odd order by (2.14). Since N = QV = QG by (2.11), and since V < N, then V is the unique
Sylow 2-subgroup of N. As |G,| = |V|and G; < N, we get G, = V. This contradicts the
fact that G, is core-free in G.

Case (2)

We identify Q with A?, and we recall that Alt(A)’ < G < Sym(A)wr Sym(#). Let
6, € Aandletw = (6,,...,6,) € Q. Since R is a maximal subgroup of G, replacing R by a
suitable conjugate we may suppose that R = G,,. Now, Alt(A \ {§,})¢ < R. Further, recall
that G; = G, X G, X -+ X G, ,, where G ; < Sym(A) is an elementary abelian 2-sub-
group of acting regularly on A, for each i. Let 6, € A\ {6,}. As G| ; < Sym(A) is transi-
tive on A, there exists g € G, ; such that 5‘f = 6, and, since G ; is a 2-group, rearranging
the points from 6; onwards if necessary, we can assume

8 = (6] 6,)(85 64)(65 6)(67 g) *+- .

(Observe that |A| > 8 because |A| is a power of 2 larger than 5.) Let consider the 3-cycle
r = (8, 63 6,) and observe that it lies in R because it fixes the point §, and R = G,

In this new setting, to look at the original action of G on R, we have to identify the set R
with the set of right cosets of G, in G. In particular,

Glr = G1(62 53 64)
is such a point. We have
G 18 = G(8, 05 04)(6 0,)(03 64)(0506) (07 Og) *++ = G(8 65 04)(85 66)(67 Fg) =+ .

Since neither rgr~! € G, nor rgr € G,, then G,rg & {G,r,G,r~'}. This contradicts our

hypotheses.
We have shown that neither of the alternatives is possible. Therefore, we have contra-
dicted the existence of such G and R. O

During the refereeing process of this paper, we found out that a short and elementary
proof of Lemma 2.1 can be easily deduced from a classical result of Bergman and Len-
stra [4, Theorem 1]. We have decided to keep our more elaborate proof hoping that it
can play some role in possible generalizations.

Lemma 2.1 is sufficient to show that U4y is empty.

Corollary 2.2 When R is neither abelian of exponent greater than 2 nor generalised dicy-
clic, Uy = 0.

Proof Recall from Notation 1.15 that when R is neither abelian of exponent greater than 2
nor generalised dicyclic
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Sy={SCR|S=5",3f € Nyyrers) ™) withf # land 1/ = 1},
while
Sy ={S €Sy | R < Npyrersy ®1,
and
Uy = {5 € Sy \ Sy | ¥ € Nyurrsy ) with IV = 1 we have ¥ € {x,x'}Vx € R}.

Notice that the set of all elements of Aut(I"(R, S)) that fix the vertex 1 and fix or invert
every other element of R is a subgroup of Aut(I'(R, S)). By Lemma 2.1 with G being gener-
ated by R and the set of all such elements, we have U/, = @. This is because every set that
could lie in ¢, must appear in SIIV. O

3 Groups with a“large” normal subgroup

We begin this section with a lovely little general result showing that in a non-abelian group,
there cannot be a group automorphism « such that the result of computing nn® is constant
for more than 3/4 of the group elements (and in fact in an abelian group, this can only hap-
pen if a is the automorphism that inverts every group element). For the special case where
a is trivial and the constant is 1, our proof relies on (so does not replace) classical work by
Liebeck and MacHale [15].

Lemma 3.1 Let N be a group, let a be an automorphism of N and lett € N. Then one of the
following holds:

(1) [{ne N |nn* =1t} <3|N|/4,
(2) Nisabelian,t = 1andn® = n~'Vn € N.

Proof We let S :={n & N |nn* =t}. Suppose |S| > 3|N|/4. Observe that for every
n €S, we have n® = n~'1.

As |S| > 3|N|/4, we have S* NS#@. Let n€S* NS, so that mn® € S.
Then nn* =t because ne€S, and n*(n*)* =1t because n* €S. Therefore,
t =n*(n*)* = (nn™)* = 1, that is, r = 1*.

As|S| > 3|N|/4, we have|S-tn S| =[S 1| +|S| = |S- tUS| > 3IN|/4 + 3IN| /4 — IN| = [N|/2.
Letn € S-tNS. Then n = mt, for some m € S. Therefore

~1 1

m == = ) = m = m 1

From this we obtain mt =t 'm, that is, " =t'. As n=mt, we also have " =11
We have shown that for every n € S-tNnS, we have " ="', For every two ele-
ments n;,n, € N with " =¢! =72, we have nln;1 € Cy(?). Therefore, we deduce
that [N|/2 < |S-tn S| < |Cy(?)]. Thus, N = Cy(¢) and ¢t € Z(N). Moreover, for every
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n€ StnS, we have 7' = +~'and, as t € Z(N), we have ¢ = ¢. Thus, 2 = 1. Summing up, ¢
is a central element of N of order at most 2.

Suppose that t = 1. Then S= {n € N | n* = n~'}. In particular, « is an automorphism
inverting more than 3INI/4 of the elements of N. From a classical result of Liebeck and
MacHale [15], we deduce that N is abelian and « is the automorphism inverting each ele-
ment of N, that is, n* = n~'Vn € N.

Suppose that 7 # 1. Since ¢t € Z(N) and since * =¢, we may consider the group
N := N/{(t) and the induced automorphism @ : N — N. In particular, in N, the set S pro-
jects to the set S= {7z € N | ”% = 7~'}. Since this set has cardinality larger than 3|N|/4,
applying again the theorem of Liebeck and MacHale, we deduce that N is abelian and
ii* = i~ Vi € N. It follows that for every n € N, n® € (t)n~' = {n~!,m1}.

Set §':={neN|n*=n"'}. In particular, {S,S'} is a partition of N and
IS’ = IN\ S| < IN|/4.

Suppose that N is not abelian. As |N\Z(H)| > |N|/2 and [S]| > 3|N|/4,
there exists n€ W\ZN)NS. Since N is abelian, we have [N,N]=(s),
from which it follows that |N : Cy(n)| =2. For every me Cy(n)nS, we have
mm)?* =n*m* =n~t - mt=n"'m™'? =m~'n~' = (nm)~' and hence mm € S'. This
shows that n(Cy(n) N S) C S'. Now,

IS'] = [n(Cy(n) N S)| = |Cy(m) N S| = [Cy(m)] + |S] — [Cy(n) US| = |Cy(n)]

[N] [N]
+|S| = IN| = |S| - — > —,
|SI = IN| = 15| ) )

contradicting the fact that |S'| < |[N|/4. This contradiction has arisen assuming that N is
not abelian and hence N is abelian.

Now, for every n,m € S, we have (nm)® = n~'t - m~'t = n~'m~'#> = (nm)~" and hence
nm € S'. Therefore, S- S C &, but this is impossible because |S'| < |S|. This contradiction
has arisen from assuming ¢ # 1 and hence ¢ = 1 and the proof is now complete. O

We will also require a similar result that considers when inversion is applied after the
automorphism.

Lemma 3.2 Let N be a group, let a be an automorphism of N and lett € N. Then one of the
Jollowing holds:

(1) {neN | nmn*)™" =1}| <3IN|/4,
2) t=1landn*=nVn e N.

Proof The proof of this is very similar to the proof of Lemma 3.1, so we omit some of the
repeated details.

We let S:={n€N|nn*)"' =t}. Suppose |S| > 3|N|/4. Observe that for every
n €S, wehave n® =t n.

As before, by taking some n € 87" N S, we can conclude that t = £,

As |S| > 3|N|/4, we can argue as before that |[S™'rnS| > [N|/2. Let n€ S 'tnS.
Then 1 = mt, for some m € S7'; that is, m~! € S. Notice that this means (m~1)* = r~'m~!,
so m* = mt. Therefore
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mt) = 'n = n® = (m)* = m® = (mo)r.

From this we obtain mt = t~1m, that is, #" = 1. As n = mt, we also have " = r1. We
have shown that for every n € S~ 4N S, we have " = r~!. As before, this implies that
IN|/2 < |87t S| < |Cy(0)]. Thus, N = Cy(r) and t € Z(N). As before, this implies that
> = 1. Summing up, 7 is a central element of N of order at most 2.

Suppose thatt = 1. Then S = {n € N | n* = n}. In particular, « is an automorphism fix-
ing more than half of the elements of N. Since the set of fixed points of an automorphism is
a subgroup of N, we deduce that @« = 1; thatis,n* =nVn € N.

Suppose that t # 1. Since ¢ € Z(N) and since * =¢, we may consider the group
N := N/(t) and the induced automorphism @ : N — N. In particular, in N, the set S pro-
jects to the set S = {7z € N | i% = 71}. Since this set has cardinality larger than |N|/2, again
we see that 7% = 71 Vi € N. It follows that for every n € N, n® € {(t)n = {n, tn}.

Set & :={neN|n*=n}). In particular, {S,S'} is a partition of N and
IS =IN\S| < |N|/4.

Now, for every n,m € S, we have (nm)® = (tn)(tm) = (nm)t> = nm since ¢ is central of
order 2, and hence nm € S'. Therefore, S- S C &, but this is impossible because |S'| < |S].
Again this contradiction completes our proof. O

Our next few results show that except in some very special cases, if we have a group T
with an index-2 subgroup N and a permutation of 7 that has a very specific sort of action
on every element of the nontrivial coset of N in T, then the number of subsets of T that are
closed under both inversion and this permutation is vanishingly small relative to the num-
ber of Cayley graphs on T.

Lemma 3.3 Ler T be a finite group, let N be a subgroup of T having index?2,lety € T\ N,
lett € Nandleta, : T — T be any permutation defined by

n“eN and (yn)™ =ym,Vn€N.

Then one of the following holds:

() HXCT|X=X" X=X} <22V,

2) T=C,X Cgfor some ¢ € N, t is the only non-identity square in T and N is an elemen-
tary abelian 2-group,

(3) o(t)=2,t=y?andT = Dic(N, y%,7),

@ t=1

In parts (2), (3) and (4), if n% € {n,n"'} for every n € N, then we have x% € {x,x7!}
VxeT.

Proof 1f t = 1, then we obtain part (4). Thus, for the rest of the argument, we assume # # 1.
Observe that a, fixes N setwise and induces on T\ N a permutation which is
the product of disjoint cycles each of whose lengths is o(f). For simplicity, we let
S:={XCT|X=Xx1Xx%=X).
If o(#) > 3, then
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Jl}

1T\ IN| |N|+|1(N>I+M |N|+|1(T)I+M
=272 3 <272 3 6

|SI < ZC(N)+T — ZC(N)+T < 2c(T)—
and hence part (1) follows.

The only remaining possibility is o(f) = 2. Consider H := (a,,1), where 1 : T — T is
the mapping defined by x' = x~! Vx € T. Clearly, S € S if and only if S is H-invariant. The
orbits of H on T\ N have even cardinality because o(a,) = o(f) = 2 and «, has no fixed
points on 7'\ N. There are only two possibilities for H having an orbit of cardinality 2 on
T\N:

o this orbit is {yn, ytn} where both yn and yn are involutions (in this case 1 fixes both
yn and yn),
e this orbit is {yn, ytn} and (yn)~! = ym (in this case (yn)% = (yn)").

Let n, be an element in N with o(yny) = o(ymn,) =2. As o(yny) =2, we have
noy = y~'ng! and hence

2 -1,-1
L= (yiny)” =yingying = yty™ ny tn.

Therefore t(y~'n ")t = y~'n>". Since o(f) = 2, we deduce (nyy)' = nyy, thatis, nyy € C,(f).

Asyny = (ngy)’” € Cp(t) = CT(ﬂ_l), the elements of the first type are in the set
A:=I(T\NIN Cr(t" ) = [Cpp(t ).

Let n, be an element in N with (yn;)~! = ytn,. Let n € N and suppose that yn,n € T\ N
. . . —=1

also satisfies (yn;n)~! = ytnn. This means n~'ytn, = ytnn, that is, """ = n~!. There-

fore, the elements of the second type are in the set

B:=yn{neN|n™ =n"}.

Observe that A or B might be the empty set: A =@ when there is no involution in
CT\N(ﬂ_l), B = @ when there is no element n; € N with (yn;)~' = ymn,. Observe also that
AN B=0: indeed, if yn € AN B, then (yn)> = 1 and (yn)~! = y1n, that is r = 1, which is
a contradiction.

Since X € S if and only X is a union of orbits of H, we get

JAUB| | IT\N|-|AUB| lAUB| | IT\N] INIHIN| |, JAUB | IN|
ISI < 26(N)+ >+ n — 2C(N)+_4 = = 2 > T+
[T+ | [AUB| _ N [T | LA, 18I IV ITI+EUA] _ JA |, 1Bl _ N AL 18I V]
= >ty = > tatT T =2 2 T3 4$2C(T) raliT T,

If|B] < 3|N|/4, then

18] < He+ =Bl Hen)-{

and part (1) follows. Suppose now that |B|>3|N|/4, that is,
[{n € N | "™ =n~'}| > 3|N|/4. This means that the action of yn; by conjugation on N
inverts more than 3/4 of the elements of N. From [15], N is abelian and the action of ytn,
by conjugation on N inverts each element of N. Therefore 3 O yN and hence y € 5. There-
fore y~! = yt, that is, ¢ = y? (since o(f) = 2). When N is an elementary abelian 2-group,
we deduce T = C, X Cf for some ¢ € N and hence part (2) holds. When N has exponent
greater than 2, we deduce T = Dic(V, y2, y) and hence part (3) holds. O
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The hypotheses of the next lemma look much like the previous one, with the addi-
tional assumption that N is abelian (of exponent greater than 2), and a different action
on the nontrivial coset of N. The exceptional cases and the proof are quite different,
though.

Lemma 3.4 Let T be a finite group, let N be an abelian subgroup of T having index 2
and exponent greater than 2, lett € N, lety € T\ N, let a, : T — T be any permutation
defined by

n“eN and (yn)* =ym™', VneN.

Further suppose that either o(y) = 2, or (yn)* = yn whenever o(yn) = 2. Then one of the

Jollowing holds:

() HXCT|X=X"X%=X}| <25,

(2) Tis abelian andt = y%

(3) T=Q4xClandN = C, x C} for some £ € N,

@) 1=y T=(xy|x* =y = ()" x? =y*) X C} and N = C, x C5*! for some £ € N.
(The group with presentation {x,y | x* = y* = (xy)*, x> = y*) has order 16.)

In parts (2), (3) and (4), if n* € {n,n"'} for every n € N, then we have x* € {x,x7'}
VxeT.

Proof Welet: : T — T the permutation defined by x* = x~! Vx € T. Since N is abelian, for
every n € N, we have

() = ()% = (rin™)* = yin™)™" =y = yn.
Thus, «, is a permutation having order 2. Clearly, 1 has also order 2. For simplicity, we let
S:={XCT|X=X"1X%=X]). In particular, X € S if and only if X is (,, 1)-invariant,
that is, X is a union of (a,, 1)-orbits.
Observe that n~'y~'=y- (" 'n~'y™)) and y~'n~'y~' €N because |T : N|=2.
Therefore

™y =y ey TS = yayny. (€N))

We divide the proof in two cases.
CASE (yn)% = yn WHENEVER o(yn) = 2.
Note that
7] UMD _ 7] [ UV | HT\N) IN| | I(T\N)I
N=—+—=— =cN)+ — + ——.
=7+ > T T W+ F T
Soc¢(N) =c(T)— [N|/2 = |I(T\ N)|/2.

Given n € N, the (1)-orbit containing yn is {yn,n~'y~'}. Now, there are only two
possibilities for a, not fusing this (1)-orbit with another (1)-orbit. The first possibility is
when «, fixes both yn and n~'y~1; the second possibility is when (yn)% = (yn)', that is,
ytn~! =n~ly~1l Let
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A:={neN|gn*=yn,ny H =nty™}),

B:={neN|ym'=nly").

Given n € A, we have ytn~! = (yn)* = yn and, from (3.1), ytyny = (n"ly )% = n~ly~L.
The first equality yields n> = ¢. The second equality yields

t=y Iy 2y =y ey =y,
where in the second equality we have used that y> € N and that N is abelian. Therefore,
if ne A, then n> =t and t=y~!'r"'y3. Observe that the second condition does not
depend on n any longer. This means that we have two possibilities for A; either A = @, or
A = nyQ,(N) where Q,(N) :={n € N | o(n) <2} and where n, € N satisfies n(z) =t. Sum-
ming up

A= 7] if there is non € N with n? = t,orif t # y =171y 3,
nyQ,(N) where ny € N satisfies n7 = rand t = y~'r'y 3.

1 1 —1,—1

Given n€ B, we have t=y 'nly " ln=y"lnlyny2 =[y,nly? (using y2 €N in
the second equality). This means that we have two possibilities for B; either B =@, or
B = n,Cy(y) where n; € N satisfies t = [y, n,]y 2. Summing up

B 1] if there isnon € N with t = [y, n]y 2,
| n,Cx(y) where n; € N satisfies t = [y,ny]y 2.

We claim that ANB={n €N : o(yn) =2}. Certainly if o(yn) =2 then by the case
we are in, (yn)* = yn = (yn)~! and therefore n € AN B. Conversely, if n € AN B then
(ym)% = yn and (yn)% = (yn)~', so o(yn) = 2. Therefore | A n B| = [I(T \ N)|.

Using the sets .4 and B we are ready to estimate |S|. Indeed, we have

IrN\(y:tUrB)I+\rA\y;AnBH+|y3\r<2Amb)I+|y(AnB)|

|8| < 2C(N)+

[N JAL 18] IV N AL 1BE I ] ey e L
— WA IEHIHT _ oe(D- T+ IR 7 = D=+

3.2)

If A=B=4@, then part (1) follows immediately. Suppose then .4 and B are not both
empty. If A = fJ, then part (1) follows as long as N # Cy(y). If N = Cy(y), then[y,n,] = 1
and hence ¢ = y~2. Thus, we obtain part (2). If B =, then part (1) follows as long as
N # Q,(N). However, since we are assuming that NV has exponent greater than 2, we can-
not have N = Q,(N). Thus, we have finished discussing the case A = §J or B = J. We now
assume A # (§ # B. In particular, [N : Cy(y)| = 2and|N : Q,(N)| = 2.If|N : Cy(y)| =3
orif [N : Q,(N)| > 3, then from (3.2) we have

18] < o)=L+ 1 < peM=El+ H+ Bl Hen)-1]
and part (1) follows.

It remains to deal with the case that [N : Q,(N)| =2 =|N : Cy(¥)|, so A and B
are both cosets of an index 2 subgroup of N. If AN B # @ then since both are cosets of
index-2 subgroups of N, it is straightforward to see that their intersection has cardinality
at least INI/4, and part (1) follows. If AN B =@, we obtain that A and B are both cosets
of the same index 2 subgroup of N. Therefore, Cy(y) = Q,(N) and N = C, X Cg for some
¢ € N. Let us call this index-2 subgroup of N, M. Therefore, we have either A = M and
B=N\M,or A=N\M and B = M. In the first possibility, we have n(z) =1, A=Q,(N),
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1 2

y*=1and y? =[y,n] =y 'n;'yn,. From this it follows y~' =n;'yn,. Since n? =y
is the unique involution that is a square in N, we get part (3). In the second possibil-
ity, y= = 1= nZ. If we also have (yn,)* =1, then T = Dic(N,7?,y) and we obtain again
part (3). Tf (yn,)? # t, then (¥, n,) has order 16 and is isomorphic to the group with presen-
tation (x,y | x* = y* = (xy)* = 1,x? = y?) and we obtain part (4).

Case o(y) = 2. For every n € N, from (3.1) (and using o(y) = 2), we have

(yn)™ %t = (yn™' Y™ = (™) () TH = (}/t}/(m_l)y)’ =yt (1Y)
=@ Yy =) Wy =) lyn=y@0) 'n = y(tt") n.
Moreover, n%'% € NVn € N. Define z := (/') 'and 6 : T > T by

n® = n%"% and (yn)® = yzn, Vn € N.
In particular, 6 = a,10,1.

Recall that X € S if and only if X is (a,, 1)-invariant. Since § € (q,, 1), we deduce that X
is also (1, §)-invariant.

SUBCASE 0(z) > 3.

Since the orbits of § on 7'\ N have all length o(z) > 3, we have

il INIHIG)L | IV Y \TI+I1(1\)I INI

|| < 205 = PR R S g FEER ¢ gD

and part (1) follows.

Subcase o(z) =

For every n € N, we have

() = (') = (Y = (rzn' V)P = (' zy)® = () = (yZ'n)’ = yzdn.
Define ' : T — T by

n” =n® and (yn)” = yzz'n, Vn € N.

If X € S, then X is (8, 1)-invariant and hence X is also (8, §')-invariant. Suppose 7/ # z.
Since the orbits of (8, 5’) on T\ N have all length|(z,z"")| > 4, we have

wl INIHIOL | IN]_ V] [T+

l IV
|S] < 26— RIS B G _ H BB e

and part (1) follows.
Suppose 0o(z) = 2 and 77 = z. For every n € N, we have

) = ')’ = ™YY = yzn”'Y =2y =y = (yan)' = (yn)”

This shows that 16 = é11n its action on 7'\ N and hence 17y, 8|7\ is an elementary abe-
lian 2-group of order 1, 2 or 4. (Here, we are denoting by 7y and by 6,7 the restrictions
of 7 and of 5 to T\ N.) This group cannot have order 1 because o(z) = 2 and hence 6,7y is
not the identity permutation.

If this group has order 2, then 17, y must be either 5|T\N or the identity permutatlon Sup-
pose that ;7\ y = 6;7\y- Then, for every n € N, we have n~ 'y = yzn, son” = zn~' and hence
nn” = z. But since z # 1, Lemma 3.1 implies that we cannot have z = nn” for every n € N.

So we must have Y being the identity permutation, that is, n='y = (yn)' = yn, so
n' =n~!' Vn € N. In particular, ¢(yN) = |[N| and ¢(T) = ¢(V) + |N|. Since the orbits of
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(8) on T\ N have all length o(z) = 2, we have |S| < 2¢VHINI/2 = 2e(D=INI/2 and part (1)
follows.

It remains to consider the case that {17y, 8;r\y) has order 4. By the orbit counting
lemma, the number of orbits of (tyon T \ N is

AT ANI+ Fixpy @D = 2AT\N + [T \MD =eT\N).  (33)

Also, by the orbit counting lemma, the number of orbits of (17 y, 6;\y) On T \ N is

1 . . . N|  [FixpyOl
Z(lNI + |Fixp y (D] + [Fixp y(8)] + [Fixp y(8)]) = (T \ N) — v _ Wit

4 4
N |Fix;\ v (3)] N [Fixp\n(10)]
4 4
[N| |FiXT\N(1)|
=e(T\N)— < -7
o(T\N) 1 7
|Fixz v (18)]
+ —_—
4
<eT\N)— IN| N [Fixp\n (16)]

4 4

where in the first equality we have used (3.3) and in the second equality we have used
the fact that 6 has no fixed points on T\ N. Now, yn € Fix;\y(16) if and only if
yn = (yn)® = yz(n='Y, that is, z = nn’. From Lemma 3.1, we deduce |Fixpy(10)| < 3|N|/4
because z # 1. Thus

1S| < HeMWHe(T\N)= 1 +38 _ He()={
and part (1) follows.

SuBcase o(z) = 1.
In this case, # = z = land # = ¢~!. In this case, for every n € N, we have

) = @) =ym’ =1y’ =1 'ny = (ym™'Y = (yn)™.

This shows that 1o, = a,1 on T\ N, and hence (in particular) {7y (@)7\y) is an ele-
mentary abelian 2-group of order 1, 2 or 4. If (a);\y is the identity mapping, then
yn = (yn)* = ym~", for every n € N. In particular, y¢ = y#~' which implies ¢ = 1. This
means that for every n € N, yn = (yn)% = yn~!, so that N is an elementary abelian 2-group,
contradicting our hypothesis that N has exponent greater than 2.

If 17 is the identity mapping, then ¢(yN) = |N|and hence ¢(T) = ¢(N) + |N|. Observe
that

Fixpy(a) :={yn|t= n*}.

Let n(z) = ¢, an easy computation shows that

FixT\N(a,) = ynyQ,(N),
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hence  |Fixp\y(a)| = [Q,(N)| < [N|/2. This shows that (()5y) has at most
IN|1/2+ (IN|/2)/2 = 3|N|/4 orbits on T \ N. Therefore

IS] < e peM=INl+ 2 er)- 1

and part (1) follows. So we can assume that 17  is not the identity.

Since y? = 1, when 4w = (@) then 1y = (y)' = (y)* =y, so ¢ = 1. Further,
n~ly = (yn)'nv = (yn)* = yn~!, for every n € N, that is T is abelian, and part (2) holds.

It only remains to consider the case that (1 v, (@,);7\y) has order 4.

By the orbit counting lemma, the number of orbits of (1,a,) on T \ N is

1 . . .
Z(lNl + [Fixp v (0] + [Fixp y(a,)] + |F1XT\N(za,)|)

. NI [Fixp ) . |Fixpyy(@,)] . |Fixpyy (i) G4
B 4 4 4 4 ’

where the equality between the two members follows by (3.3). If [Fix\ y(a,)| < [N|/3 and
[Fixp\ ()| < IN1/2, or |[Fixp y(a,)| < |IN|/2 and |Fixp 5 ()| < [N|/3, then we immedi-
ately obtain part (1). Therefore, we suppose that this does not hold. An easy computation
reveals that

Fixp\y(e,) = {yn | ' = [n,y]}.

As (a)r\y and (1), y are not the identity mappings, we deduce

o Fixpy(a) = yngQy(N), nj =tand N : Q,(N)| =2,
o Fixpy(a) =yn Cy(y), ™" =[n;,yland|N : Cy(y)| =2,
o [Fixp\y(a,)| = [N|/2 = |Fixp\y(a,)|.

If Q,(N) # Cy(y) or if Fixpy(a,) = Fixp\y(a,), we have |Fixp\y ()| 2 [N|/4, because
FixT\N(z) contains both y(Q,(N) n Cy(y)) and FixT\N(al) N FixT\N(za,). Hence, from (3.4),
the number of orbits of (1, &) on T\ N is at most
[N INl _IN] | IN] [N
¢(T\N) 2 16+8+8—c(yN) T
and part (1) follows again. Assume, at last, Q,(N) = Cy(y) and Fixp\y(a) # FiXT\N(za,).
Set M :=Q,(N)=Cy(y). Then FixT\N(at) =yM and FiXT\N(za[) =y(N\ M), or
FixT\N(a,) =y(N\ M) and FixT\N(lat) =yM. If FixT\N(at) =yM, then t=1 and
l=r'=[y,n;]. Thus n, € Cy(y)=M and hence Fix;\y(ia¢,) = yM, contradict-
ing Fixpy0a) =y \ M). Thus Fixp\y(a) = y(N \ M) and Fixp\y(a,) =yM. As
Fixp\y (o) =yM = yCy(y), we have n; € Cy(y) and hence ¢! =[y,n;]=1. Then
ng =t = land hence FixT\N(a,) = yQ,(N) = yM, contradicting FixT\N(a,) =y(N\ M).
O

The next lemma again has a similar flavour. This time we are assuming that the index-2

subgroup N of T is generalised dicyclic, and we need to assume that our permutation fixes
each of the cosets of the abelian subgroup A of N setwise.
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Lemma 3.5 Let T be a finite group, let N = Dic(A, y, x) be a generalised dicyclic subgroup
of T having index 2, lett € N,lety € T\ N, leta, : T — T be any permutation defined by

a® € A, (xa)" € xA,Ya €A, and (yn)* =ym™, Vn € N.

Recall that 1, is given in Definition 1.9. Then one of the following holds:

() USCT|X=X" X=X} <2V 5
) Y’ =y=tanda’ =a'Va € A,
3) t=1,(y,A)is abelian, and T = Dic({y,A), y, x).

In parts (2) and (3), if n% € {n,n~'} for every n € N, then we have z% € {z,z7'}Vx € T.
Proof We let: : T — T the permutation defined by 7' = z~! Vz € T. For simplicity, we let
S:={XCT|X=X"X%=X}. Observe that for every a € A, we have a* € A and

(ya)™ = ytd» = y1a. (3.5)

Suppose o(f) > 3. Then, the orbits of (a,) on yA all have length o(f) > 3 and hence

1S < HeT\(rAUy A+ 5 < o)=L+ B pe-Bl _ Hen-1Y
and part (1) follows in this case. In particular, for the rest of the proof we may suppose that
o(t) < 2. Since N is generalised dicyclic and r € N, we obtain r € A. Now, for every a € A,
we have (ya)* = yta € yA and hence yA is a,-invariant. Therefore, @, has |Al/o(¢) cycles on
yA. This also means that yxA is a-invariant.
Suppose that y> ¢ A, that is, yA # y~'A. Then, T/A is a cyclic group and N = (y%,A). If
o(t) # 1, then

18] < FeT\GAU A+ BL _ pe@)=lal+EL _ pen)-1 _ Hen-B

and part (1) follows in this case. Suppose then ¢ = 1. In this case, a, fixes yA pointwise. For
every a € A, we have

Glo* = G Pa) =y o) =yrta=yla (3.6)

As (y%,A) = N = Dic(4,y,x) and as all elements in N\ A have order 4, we deduce
o(y*) = 4 and o(y) = 8. In particular, y*> # y~! and from (3.6) we deduce that a, has no
fixed points on y~'A. Hence, a, has at most IAl/2 cycles on y~'A. Therefore

18] < 2eT\AU AN+ BL _ se-Al+EL _ he-B51 _ Hen)-1

and part (1) follows in this case.

Henceforth, we may assume that y2 € A. Then, {y,A) is a group having a subgroup A of
index 2. Furthermore, since both N = (x, A) and (y, A) are index-2 subgroups of 7, we must
have (yx)> € Nn{y,A) = A. Also, since y and x both normalise A, so does yx. So (yx,A)
is a group having a subgroup of index 2 and «, restricts to a permutation of (yx,A). Since
t € Aand o(f) < 2 we see that x and t commute, so for every a € A we have

1

(yxa)® = yt(xa)s = yix 'a = yx~"ta = yx(:*pa. 3.7
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So, we can apply Lemma 3.3 to the group (yx, A) and the permutation (a,), 4, With yx tak-
ing the role of the “y” in that lemma, and x’ taking the role of “¢.”
If part (1) in Lemma 3.3 holds, then

16 =

S| < M\ (rxA)+erxA)=5l _ en)-L]

and conclusion (1) holds.

If part (2) in Lemma 3.3 holds, then A is an elementary abelian 2-group, but this con-
tradicts our definition of a generalised dicyclic group together with our hypothesis that N is
such a group.

So either part (3) in Lemma 3.3 holds, so that o(x’t) =2, x*t = (yx)%, and
(yx,A) = Dic(A, (yx)?, yx); or part (4) holds, so that x*# = 1, meaning x*> = t. We postpone
further consideration of these cases briefly.

We can also apply Lemma 3.3 to the group (y,A) and the permutation a,. In this case y
takes the role of “y” in the lemma, and 7 takes the role of “¢”.

If part (1) in Lemma 3.3 holds, then

1Al V|

|| < 2T\ AN+ AN-bE _ petn-1

and conclusion (1) holds.

If part (2) in Lemma 3.3 holds, then A is an elementary abelian 2-group, again a
contradiction.

So either part (3) in Lemma 3.3 holds, so that o(t) = 2, t = y?, and (y,A) = Dic(A, ¢, y);
or part (4) of Lemma 3.3 holds, so that ¢ = 1.

We have now applied Lemma 3.3 to two different subgroups of T and have completed
the proof except in the cases where parts (3) or (4) arise from both applications. We now
consider these final four possible outcomes individually.

It is not possible that part (4) holds in both applications, since this would imply that
t = 1and x> = ¢, contradicting o(x) = 4 from the definition of a generalised dicyclic group.

If part (3) holds in both applications, then (yx,A) = Dic(A, (yx)?,yx) implies that
a”* =a*=a"', soa’ = aforeverya € A. But(y,A) = Dic(A, t, y) implies that a” = a~' for
every a € A. Taken together, these imply that A is an elementary abelian 2-group, again a
contradiction.

If part (3) holds in the first application and part (4) holds in the second, then
we have r=1, (o(x*)=2), x*=(yx)% and (yx,A)=Dic(4,(yx)% yx). Since
(yx,A) = Dic(A, (yx)%, yx), we see that a”* = a* =a”!, so a’ = a for every a € A, and
(y,A) is abelian. Since x’¢t = x> = (yx)?, we have y* = y~!, so T = Dic({y, A), y, x). This is
conclusion (3).

Finally, if part (4) holds in the first application and part (3) holds in the second, then we
have y = x> =t,0(t) = 2,t = y%, and (y,A) = Dic(A, t,y). This is conclusion (2). O

With these preliminary results in hand, we are ready to prove bounds on the number of
connection sets that admit various types of graph automorphisms. Recall Notation 1.15.
We already have bounds on |811v| and on |y |. Our goal in this section is to bound | 7, | when
INl is relatively large. In order to do this, we need to further subdivide 7.
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Notation 3.6 For what follows, R is a group that is neither generalised dicyclic, nor abe-
lian of exponent greater than 2. We let N be normal subgroup of R and we let

T, ={S€S\Syl;  Ir € Rand If € Ny rrsy@) with I/ = 1 and GN) & {xN,x"'N}},

3f € Naurwsy M\Cauars)y@®) with I/ = 1 and

N is neither abelian of exponent greater than 2 nor generalised dicyclic, or
7;2\, ={Se SN\SIIV\TM; N is abelian of exponent greater than 2 and 7/ # n~for some n € N, or

N = Dic(A, y,x) & Qg X Cg and ' # n' for some n € N, or

N = Qgx C and rf ¢ {n",n’,n'} for some n € N},

2 dx € Rand 3f € N N) with I = 1, &N xN and
7. :={SGSN\S;,\ U 71{\”; : ! if Au.t(l"(R,S))( ) : ( .)f# 1
/=1 either N is non - abelian or there exists n € N with (xn)f # (xn)™'},

3
T ={SeSN\S\ U Tl;  3xeRand 3f € Nyyrrsy®) with I/ = Land ¥ & {x,x7'}}
=1

It should be clear from this definition that

4

v=U7%.

=1

We will bound the cardinality of each of these sets. Most of the bounds we find will
only be vanishingly small relative to 2°® if |NI is relatively large compared to IRl. Spe-
cifically, they will all work if |[N| > 9log, |R|. In order to create the best possible bound,
however, we will want to balance NI against IR/NI, so we will use these bounds only when
INI > V/IRI.

The first bound is only useful if INI/2 dominates 2 log, |R|. In particular, it will be useful
if [N| > 5log, |R|.

Proposition 3.7 We have |7\ | < e(R)~ 5l +21og, |RI-log, [N|+(log, [N|?+2

Proof Let S € T}V and set Gg 1= Nyyrr.s)V)- Say, (xNY = yN, for some xN,yN € R/N
with yN & {xN,x !N} and for some f € Gg with I/ = 1. Now, ¥ = yt, for some t € N.
Observe that

(xn)f — xnf — xf()"*‘nf) = ytn'f, (3.8)

where we are denoting by 1 : N — N the automorphism induced by the conjugation
via f on N. Observe that we have at most | Aut(N)| < 2002 IV I” choices for the automor-
phism L. Therefore, as t € N, given xN and yN, we deduce from (3.8) that we have at most
|N|20022 IND* choices for the permutation f;,y : XN — yN restricted to xN.

We consider various possibilities:

(i) o(xN)=o0(yN)=2,or

(i) o(xN) > 2 and o(yN) > 2, or
(iii) o(xN) =2 and o(yN) > 2, or
@iv) o(xN) > 2and o(yN) = 2.

We consider these cases in turn: we let B;, B;;, B;;, B;, be the subsets of SIZV satisfying,
respectively, (i), (ii), (iii) or (iv). In the first case, the number of inverse-closed subsets of
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R\ (XN UyN) is 260—ctM)=cGM) apnd the number of inverse-closed f~invariant subsets T of
XN U yN is at most 2°*M, because once T N xN has been chosen the set T N yN must equal
(T nxNY . Therefore

IBl <|N|2(10gz IN|)? |R/N|22c(R)—c(xN)—c(vN) . zc(xN)
i =

=2c(R)—c(yN)+2]0g2 |R|-log, |N|+(log, IN|)? < 2C(R)—¥+2 log, |R|-log, |[N|+(log, IND)? )

In the second case, the number of inverse-closed subsets of R\ (xN U yN Ux~'N Uy IN)is
2¢®-2INl and the number of inverse-closed f-invariant subsets 7 of xN UyN Ux~ !N Uy~ 'N
is at most 2!V, because once T N xN has been chosen we must have T N x~'N = (T nxN)~!,
TNnyN=(TnxNY andT ny~! = (T nxN))~!. Therefore

|B| <|1\7|2(log2 |N[)? |R/N|22C(R)—2|N| ) 2|N| — 2c(R)—|N|+210g2 |R|-log, |N|+(log, |N|)?
unl — *

In the third case, the number of inverse-closed subsets of R\ (xNUyYN Uy~ 'N) is
2¢R—c(N)=INl and the number of inverse-closed f-invariant subsets of xN U yN Uy~'N is at
most 2!V, because once we choose a subset of xN all the others are uniquely determined.
Therefore
|Biii| < |N|2(]0g2 IN)? |R/N|22c(R)—c(xN)—|N| . 2|N| < 2C(R)—J%l+2 log, |R|-log, |N|+(log, |N|)* )

)~ 5L +2log, |RI~log, IN|+(log, IN1)?
B;; and B;,,.

O

The fourth case is similar to the third case and we have |8, | < 2°®
The proof now follows by adding the contribution of the four sets B;, B

i’

Our second bound is useful whenever INI grows with IRI.
v
Proposition 3.8 We have | Ty | < 2RI~ 5 +(ogs INI)?
Proof Given S € ’Z}z\, we let Gg := Nyyrrsy@). Given f € (Gy),, we let 1, : N > N

denote the automorphism induced by the action of conjugation of f on N. Let
f €(Gy), \C(GS)] (N) witnessing that S € 7}2\,, that is,

e N is neither an abelian group of exponent greater than 2 nor a generalised dicyclic
group, or

e Nis an abelian group of exponent greater than 2 and 1, # 1 (where: : N — N is defined
by x' = x~!, for every x € N), or
N =Dic(A, x,y) # Og X Cg and i, # 1, (where 7, is given in Definition 1.9), or
N = Qg X Cf and I & {ii,ij,ik} (where 1;,1;, T are given in Definition 1.9).

In each of these cases, by Theorem 1.13 applied to N, we deduce that the number of
f-invariant inverse-closed subsets of N is at most 2¢™)~IN1/% Tn particular,

|173] < 260\ . 2= 55 | Aut(N)| < 29R-INI/96+og IND?

where the first factor accounts for the number of inverse-closed subsets of R\ N, the sec-
ond factor accounts for the number of inverse-closed f-invariant subsets of N and the third
factor accounts for the number of choices of Iy O
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For our third bound to be useful, we need INI/8 to dominate log, |R|. In particular, it
will be useful if [N| > 9log, |R|.

INI o .
Proposition 3.9 We have |T3,| < 2¢®~ 75 +lo [Ri+(oe IV b,

Proof Given S € ’Z?, we let Gg := Ny rrs)@). Given any element x € Gg, we let
1. . N = N denote the automorphism induced by the action of conjugation of ¥ on N. Let
x € Rand let f € (Gy), \ C(Gs)l(N) with o(xN) > 2 and assume either

e N is non-abelian, or

e Nis abelian and there exists n € N with (xn) # (xn)~".
As S ¢ 7., we have (xNY € {xN,x"'N} and hence (xN) =x~'N. Thus ¥ =x"'t, for
some t € N. Observe that

(Y =2 = O = gy, (3.9)

From (3.9), we deduce that we have at most | Aut(N)||N| < 20o: IND*+og INl choices
for the restriction f;y : xN = x"'N of f to xN. Let f : xN — xN be the permuta-
tion obtained by composing first f|,, and then i : x"IN = xN, where 1 is defined by
& 'n)' = (x"'n)™! = n~x V¥n € N. Thus, from (3.9), we have

n) = (Y)Y = ) = Y e = x( s

Since S is inverse-closed and f~invariant, we deduce that S N xN is f-invariant.

Let p’ : N = N the permutation defined by n”" = (n=!)'=("") ¥n € N. An easy com-
putation reveals that n € Fix,(f') if and only if n~!(n~")" = ¢, In particular, we are in the
position to apply Lemma 3.1 (with & = 1, and with the element ¢ there replaced by 7'+ here).
From Lemma 3.1, we have two possibilities:

e [Fixy(f')| < 3|N|/4, or
e Nisabelian,7=landn’= =n~'Vn € N.

If the second possibility holds, then N is abelian, 1 =11 and from (3.9) we get
@ny =x""(n")™' =x"xn'x! = (xn)~! for every n € N; however, this contradicts the
fact that S € T;,. Therefore, [Fixy(8")| < 3|N|/4.

The definition of f" and the previous paragraph yield that § has at most

3|N
v INL= g

4 2 8

orbits. Since S N xN is f-invariant, the number of choices for S N xN is at most 27N/, By
taking in account the contributions of Iy, xN and 7, we obtain

7IN|

|7’3 | < 2(10gz IN|)? |N| |R/N|2C(R\(.XNUX‘1N))ZT — 2c(R)—%+10g2 [R|+(log, |N])?
vl = .

Our fifth bound is again useful whenever INI grows with [RI.
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Proposition 3.10 We have |7},| < e~ Hog, [RI+2,

Proof Given S € ’th, we let Gg := Nyyrrs)@). Given any element x € Gg, we let
1. : N = N denote the automorphism induced by the action of conjugation of x on N. Let
y €R and let f € (Gy), with ¥’ & {y.y~"'}. Furthermore, if possible we will choose y so
that o(y) = 2. Therefore, we may assume that if o(y) # 2, then (y') = y’ for every y’ € R
with o(y") = 2. (This will be important when we apply Lemma 3.4.)

We now consider various possibilities depending on the behaviour of yN, but first, we
state the fact that the set S does not lie in 7%, in a manner tailored to our current needs:

Case A (Gg), = C(G ) (N), or

Case B N is abelian of exponent greater than 2 and, for every f € (Gg); \ Cg, (N) we
have ' = n~!V¥n € N, s0|(Gy), : C(GV)](N)l =2, 0r

Case C N = Dic(A, y, x) # Qg X Cz, for every f € (Gg); \ C(Gs)l(N) A = Cy(f) and the
automorphism ¢ mduced by fon N is iy, or

Case DN = Qg X |(Gs)1 Ciy, (NI € (2,4}, for every [ € (Gg); \ Cg,), (N), the
automorphism i, induced by fon N is one of 7;, 7;, I;.

In particular, in cases B, C, and D, n¥ € {n,n™'}Vn € N.

Suppose that y € N. Since I/ = 1 and since f normalises N, we have y/ = y7 € {y,7~'}.
For the rest of the proof, we may suppose that y & N. Since S & 7;1\, we have
(yNY € {yN,y"'N}.

Suppose (yNY # yN. Since S ¢ ’J'f’v we have (yn)’ = (yn)~! Vn € N and hence, in par-
ticular, ¥ = y~L. Therefore, for the rest of the proof, we may suppose that (yN)' = yN.

Since ¥ € yN, there exists r € N with ¥ = yz. Now,

Gnf =y =y = 1y =ym¥, VneN. (.10)

Suppose now that yN # y~!N. Then (yn)~' € y"IN#yN for every n € N. Since
(yNY = yN, we cannot have (yn)~! = (yn)’. Thus the orbits of f fuse orbits of the inverse
map on yN U y~'N unless (using (yn)’ = yn in (3.10)) there exists some n € N with

t=nmnH". @3.1D

Note that (3.10) with n = 1 together with ¥ # y implies that ¢ # 1. So applying Lemma 3.2
to N with n* = n” implies that the number of fixed points of fin yN is at most 3INI/4.
Therefore the action of f on yN together with the action of the inverse map on yN U y~'N
results in at least INI/4 orbits of length at least 4 and all other orbits having length

at least 2. So when f| y is given, the number of choices for SN (yN U y~IN) is at most
2GINI/A/2+(NI/4/4 — 2TINI/16 Therefore

|7?v| < 3|N| |R/N|2c(R)—c(1/NUJ/"N)27|N|/16 < 22+log2 |R|2c(R)—|N|+7|N|/16 — 2c(R)—9|N|/lﬁ+log2 |R|+2

(where 3IN1 is the number of choices for the restriction f,y : yN — yN of f to yN, and
IR/N! is the number of choices for yN € R/N).

For the remainder of the proof, we may assume that yN = y~!'N, meaning that N is an
index-2 subgroup of (y, N).

Suppose that f € Cg_(N). Then, (3.10) becomes ' =nand (yn) =y, Vn € N. When
fiyn 1s given, from Lemma 3. 3, we deduce that the number of choices for SN (y,N) is at
most 2 M) (recall that the other cases cannot arise since 7 & {y,7~'}). Therefore
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VL IN

|77V| < |N||R/N|2°(R)_c<<7’N>)2c(<V’N>)_ o < R)—Tg +og, IRI

(where IN1 is the number of choices for the restriction f,y : yN — yN of fto yN, and IR/NI
is the number of choices for yN € R/N). Therefore, for the rest of the proof we may sup-
pose that f & Cg (V). In particular, only Case B, C or D may arlse

Suppose that Case B holds. Then, (3.10) becomes #/ = n~'and (yn) = ytn~!,Vn € N,
so n = n~! for every n € N. As already observed at the beginning, if y cannot be cho-
sen with o(y) = 2, then for every yn € yN with o(yn) = 2, we have (yn) = yn. So we may
apply Lemma 3.4 with f, v, taking the role of a,.

When fin is given, from Lemma 3.4, we deduce that the number of choices for
S (y,N) is at most 29-N=5{ (again, the other cases cannot arise since y* & {y,y~!}).
Therefore

IT4| < INIIR N[ 26®=((rN) el M= 5F < ge(R)=5i+log, IR]

(again, IV is the number of choices for the restriction f,y : yN — yN of fto yN, and IR/NI
is the number of choices for yN € R/N).

Cases C and D can be dealt with simultaneously. Here, (3.10) becomes n =n and
(ynY =y, Y¥n € N. When Siyn 1s given, from Lemma 3.5, we deduce that the number
of choices for S N (y,N) is at most 2¢(r¥)= o (again, the other cases cannot arise since
¥ & {y,y~')). Therefore

| 7| < 3IN||R/N|2eR—eramgettrA- 5 < pe®-1 +og, IRI+2

(where 3IN1 is the number of choices for the restriction f,y : yN — yN of fto yN, and
IR/N! is the number of choices for yN € R/N).
O

Combining these results, we are able to bound |7,

Proof of Theorem 1.5 Since the initial statement excludes S}v, its proof follows by adding
the bounds produced in Propositions 3.7, 3.8, 3.9 and 3.10 for |7} |, for each 1 <i < 4. If
we drop the condition R = N,y rr.s)(R), then we must also add the bound produced in
Proposition 1.14 for Sl (which has no effect on the bound we have given). Using Proposi-
tion 1.14 requires us to exclude groups that are either abelian of exponent greater than 2, or
generalised dicyclic. O

4 Groups with a“small” normal subgroup

We begin this section of our paper with a counting result that we will need. The flavour
of this result is quite distinct from most of the rest of the paper, and we have placed it in
advance of the introduction of the notation and situational information that we will be

using for the rest of this section.

Lemma 4.1 Let X be a set and let f and g be permutations of X. Then either
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D) HUSCX[ISnS|=]Sns¢|} <2 -2M, or
(2) there exists a subset 1 C X such that

e [isf and g-invariant (thatis, ¥ =7 and I¢ = I),
d f|1 =8 1
o fxu=E& iy

Proof We denote by F and by G the permutation matrices of f and g, respectively. There-
fore, F and G are |X| X |X|-matrices with {0, 1} entries, with rows and columns indexed by
the set X and such that

Fo= lifxf=y, G = 1 ifx8 =y,
¥ 71 0 otherwise, %y 7] 0 otherwise.

LetA :=F—G.Forany S C X, let 6 € ZX be the “indicator” vector of the set S, that is,

. Jlifxes,
(Bs), += { 0 otherwise.

Finally, let {-,-) : Q¥ x Q¥ — Q be the standard scalar product and let (e ) .y be the
canonical basis of Q.
With the notation above, for every subset S of X, we have

SN S| = (65, F6g) and |S N S¢| = (85, Gds).
Therefore,
(SCX[ISNS|=ISNSE|} = {S C X | (85, Fbs) = (55, Gs)} = {S € X | (85.Ad) = 0}.

For simplicity, we write A : {0, 1}* — Q for the mapping defined by § — A(8) = (3,As),
for every 6 € {0, 1}*.

Suppose first that, there exist i,j € X with i # j and A;; + A;; # 0. Fix 6, € {0, 1} arbi-
trarily for every x € X \ {i,j}, and let # := erx\{i j) Oxe,. By restricting A, we define the
function A’ : {0,1} x {0,1} — Q by setting

(6;,8) = A'(8,,68) 1= Aln + Se; + 8;¢)) = (n + 8¢, + 8;¢;, A + S;¢; + §;¢;))
= (n,An) + 5,(n, Ae;) + 5;(n, Ae;) + 6,{e;, An) + 5,(e;, An)

+ 6 (e; Ae;) + 5j2<ej,Aej> +8,6,(e;, Ae)) + 5,6,(¢;, Aey).
A computation yields
A'(0,0)+ A'(1,1) — A'(1,0) — A'(0, 1) = A;; + A, # 0.

In particular, at least one out of the four choices (5;, 6j) € {(0,0),(0,1),(1,0),(1,1)} gives
rise to a non-zero value for A(r + &;e; + ¢;). Therefore, for every choice of 4, € {0, 1}
with x € X \ {i,j}, we have at most three more choices for §,, 6j € {0, 1}, for constructing a

vector 8 € {0, 1}* with A(6) = 0. Therefore,
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(S C X | (bs,A8¢) =0} <2X1=2.3 = % il
and (1) holds.

Suppose that for every i,j € X with i # j, we have A;; + A;; = 0. In this case,

5:=) b A0 =) A5,

xeX xeX

If A;; # 0 for some i € X, then we may use the same argument as in the previous paragraph
by fixing 6, € {0, 1} arbitrarily for every x € X \ {i}, and by considering the restriction of
A as a function A’(6;) of §; € {0, 1} only. In this case, we see that one of the two choices for
8, gives rise to a vector § € {0, 1} with A(8) = 0. Therefore,

(ST X | (85,465 = 0)) < 2% .1 < %2“"
and (1) holds.

Suppose now that for every i,j € X with i # j, we have A;; +A;; = 0 and A;; = 0, that
is, A is antisymmetric. Let [ be the set of rows of A = F — G that are zero. From the fact
that A is antisymmetric and from the definition of A, we see that [ is f~ and g-invariant,
Ju =gy and fiy\, = gy, ;- In particular, (2) holds. O

Incidentally, we observe that if (2) holds in Lemma 4.1, then |Sn S| =|Sn S8,
for every subset S of X. We find this quite interesting on its own. For instance,
fi=(12345)(678)(9101112) and g :=(15432)(678)(9121110) have the prop-
erty that |S N S| = |Sn S|, for every subset S of {1,...,12}. This condition seems very
much related to the condition defining spreading groups. (For defining properly spread-
ing groups, one needs some technical notation concerning multisets. A multiset of Q is a
function from € to the non-negative integers. A multiset is said to be trivial if it is the zero
function. Given a multiset A : Q — {0, 1, ...}, the multiplicity of i € Q in the multiset A is
by definition A(7). The cardinality of A is then defined by

Al = ) A

ieQ

Clearly, every subset of Q can be regarded as a multiset, by considering its characteris-
tic function; conversely, a multiset A of Q is said to be a subset of Q if A(i) € {0, 1} for
every i € Q. The product of two multisets A and B of Q is the multiset A * B defined by
(A = B)(i) = A(i)B(i), for every i € Q. In particular, when A and B are subsets of Q, A * B
is the usual intersection of A with B. The image of a multiset A under a permutation g of
Q is defined by A8(i) := A(igfl), for every i € Q. Now, with all of these definitions, we
are ready to define spreading permutation groups. A transitive permutation group G on
is said to be non-spreading, if there exist two non-trivial multisets A and B of  and there
exists a positive integer A with

e |Ax B%| = A, forevery g € G,

® PBisaset,
o |Al divides |Q|.
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A transitive permutation group is said to be spreading if it is not non-spreading. Although
the definition of spreading permutation groups might seem a bit artificial and technical, it has
been introduced as a valuable tool for classifying synchronizing permutation groups, see for
instance [1] for more details.) We are not sure whether Lemma 4.1 can play any role in the
study of spreading permutation groups, or whether the analogy between Lemma 4.1 and the
defining condition of spreading permutation groups is only superficial.

4.1 Specific notation

Henceforth, let R be a finite group of order r acting regularly on itself via the right regular
representation: here, we identify the elements of R as permutation in Sym(R). Let N denote a
non-identity proper normal subgroup of R. We let b := |R : N|and we lety, ...y, be coset
representatives of NV in R. Moreover, we choose y, := 1 to be the identity in R. Observe that
R/N defines a group structure on {1, ..., b} by setting ij = k for every i,j,k € {1, ...,b} with
YiNY;N =7, N.

Write v, := 1 where v, has to be understood as a point in the set R. For eachi € {1, ...,b},
set O; :=vy"" = y;N = Ny,. Observe that the O;s are the orbits of N on R, the group N acts
regularly on O, and |O;| = |N|.

For an inverse-closed subset S of R, we let I'(R, S) be the Cayley graph of R with connec-
tion set S, and we denote by F the largest subgroup of Aut(I'(R, S)) under which each orbit of
N is invariant. In symbols we have

Fg :={g € Au(I'(R,S)) | Of = O,, foreachi € {1,...,b}}.

(The subscript S in F¢ will make some of the later notation cumbersome to use, but it con-
stantly emphasizes that the definition of “F”” depends on S.) Similarly, we define

B := Fg N Nyyrsy@)-

As above, let S be an inverse-closed subset of R. For a vertex u of I'(R, S) in O,,
let o(S, u, j) denote the neighbours of v, and u lying in O;.
See Fig. 2. It is clear that

Fig.2 The definition of 6(S, u, )

o(S,u,j)
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o(S,u,j)=8Sn S n Oj =Sn Oj) N S8« = S; N S8,

where g, € R with v{* = u. Since u € O,, we have u = vg’ «. for some k, € N. In particu-

lar, g, = y;k,. Let s €S with s €S,. Then s% € O; =V = vgy’ and 5% € vy =0,
Since gulmaps the elemept vy of (’)] to the element u of O, we see that g, € y,N and
s € O/ "= vom’ = v(y) = O;-1. This shows
. S vik,
o(S,u,j) = S nS =S nS]l " 4.1

For two distinct verticesu,v € O;and j € {1,...,b}, let

Y({u,v},j) :={SCR|S=S5"and |6(S,uj)| = |6(S,v,))|}.

In the results that follow, we use the notation that we have established here. Our aim
with the next few results is to show that |¥({u,v},/)| is at most % - 2¢®This will sub-
sequently be used to bound the number of graphs admitting automorphisms that fix the
vertex 1 and also fix each O, setwise while mapping u to v. We generally end up with some
other possibilities that we gradually eliminate by introducing additional assumptions.

Proposition 42 Let i€ {2,...,b}, let u and v be two distinct vertices in O; and let
JE AL, ...,b}\ {1,i}. Then, one of the following holds:

(1 I‘I’({M vl < =20,

Q2 fP=iy= v yfor somey €N, k, = j}‘lyjflyk‘,yj, k, = y—lyj‘lykuyj and y;k,, vk, cen-
tralize N,

3) oGi™") > 2, 0(j) =2, o(i) is even, oy) =4, y = k,lku = k;lkv, N is abelian and
yi =y~ for everyy € N,

@) oGi™") =2, 0(j) > 2, o(i) is even, oyj-1) =4, 7/5_1 = k;lku = k;lkv, N is abelian and

yirt =y~ for everyy €N,
() oGi™h) = o(j) =2

Proof We divide the proof in various cases.

CasE j2 =i.

Observe that if S C R is inverse-closed, then S;., = Sj‘l. As ji~l =j71, from (4.1), we
obtain

~1y-1 —1,-1
|O'(S, u,])l = |Sji’l nSJ].(u % | = |Sj’l nSfu Vi |’
. S “.2)
IO'(S7 V,j)l = ISji" N Sjkv 7 I = |Sj_' n Sjkv Vi I

Let: : Ny - Ny] be the mapping defined by x — x' = x~! for every x € Ny and set

f: k 'y7hi: Ny, > Nyjand g 1=k 'y ' 0 Ny; > Ny,
as permutatlons of Ny;. Now, (4.2) ylelds
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S —1 711

oS, upl = IS0 S =180 8 = 15,0 S]],
43)

oS vl = 18087 =18, 8 =15, S,

From (4.3), we see that we are in the position to apply Lemma 4.1 with X := (’) It
Lemma 4.1 (1) holds, then the number of subsets S; C (’) satisfying (4.3) is at moct 2|N '
Therefore

(v}, )] < 2200,

observe that 2¢®~I" counts the number of inverse-closed subsets of R\ (y;N U yj‘lN).
Thus (1) is proved in this case.

Therefore, we may suppose that Lemma 4.1 (2) holds. Therefore, there exists an f- and
g-invariant subset I of Ny; such that f;, = g, and ley v = (g‘l)lNyJ\,. If I # @, then there
exists x € I and hence

T = = 8 = T
Simplifying 1 and y!, we obtain xk;' = xk;'. This yields k, = k,, contradicting the fact
that u # v. Therefore I = ¢ and hence f = g~!

This means that for every x € N, Y We have

x = xfg _ Xk“_ yl_lzk_1 - ( k l)y Ik_ y'lz (Xk_l .—l)zkslyi'lt — (yikux—l)k;lyi_ll
“4.4)
=(yi lk )y l‘(]’,k x—lk ly_l)‘—y,kxk_l —1
As j% = i, there exists y € N with
— .25
vi=vy 4.5)
When x = y;, (4.4) gives
-1 _ -1
v = kk,
. . _l — __1 —
Using (4.5), we obtain y'y;7; = ¥ ;. Therefore
k, = )‘;_]yj_])_/kvyj. (4.6)

From (4.4), (4.5) and (4.6), we obtain
x=yikxr KL Yxe Ny,
By writing x = Y with y € N, we deduce
y =k yk)",  VyeN.

Since y is an arbitrary element of N, we get that y;k, centralizes N. From this and from (4.5)
and (4.6) we see that (2) holds. O

For the rest of the proof, we suppose j> # i. From (4.1), we obtain

i 1yl i le ‘_-1
(S, upl = 18- 0S| and oS, v, )l = IS 08 . 4.7)
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From (4.1), we see that the condition “|6(S, u,)| = |o(S, v, )[” imposes no constraint on S,
for x & {j,ji"',j~L, (ji")~!}. Observe that

Uy # UL G
because we are assuming j* # i. As usual, there is one implicit condition on the set S: it is

inverse-closed. ~ This  suggests a natural decomposition of S.  Write

R :=yNUy 'NUy.NU yjlﬂlN and R, := R\ R;;. We have

2IN]| if 0(j) > 2 and 0Gii™!) > 2,
_JINl+eN)  ifo() = 2 and o) > 2,
CRid =Y NI+ e(ruN)  ifo() > 2 and o(i™!) =2, 4.8)

;N + ey N) if o) = 0(i™") =2

Observe that R;; and R, are inverse-closed; moreover, we may write § 1= S;; U S7,, where
S;; € R;; and SC CR.

i =

Us1ng this decomposmon of the inverse-closed subsets, we get
[P({u, v} )] =A-25,

where 28 is the number of inverse-closed subsets SC C R‘ and A is the number of inverse-

closed subsets §;; C R;; such that |S;-. nS“ i | = |81 nS” i |w1th §:=38;; USC We
deduce

B=c(R) - ¢(R;,). 4.9)

Case o(ji™!) > 2. -
When o(j) > 2, let ; be the number of subsets S; of (’) Wlth S “ S,- " . When o(j) =

let 7, be the number of inverse-closed subsets S; of O; with Sj "= S].‘ . In both cases, let

-1
1, = 20NN

. k! k! .
Observe that for every subset S C R with Sj“ = Sj" , we have S € Y({u,v},j) because
Kyt Kyt klyot Kyt
Sj“ L= Sf’ " and hence [S;- nS = IS-_l N Sj” “|. (In other words, when
k-1 k! k=1, .
Sj“ = S *, we have no constraint on S i) If S 2 Sj ’, then Sj = Sj * " and hence Sj isa

union of (kv‘lku )-orbits. As N acts regularly on O;, we have

INV]

t < 2 ol k) (4.10)

~1 -1
Next let S € ¥({u,v},)) and suppose S; is a subset of O- with S]k # Sk" Here to estimate

=1
the number of inverse-closed subsets S of R with [S;- N S T = [S;-1 N SJ‘ | we esti-
mate the number of subsets satisfying the weaker (but eas1er to handle) condltlon

flyt iyt
1S 0 S =18 ns; | mod 2.

k1 -1 k1 -1 L. .
Now S].“ " and S]. » 7" are two distinct subsets of Q-1 of the same size a, say. Let b be the

. klyt Kyt k! k!
size of S/.“ A S].‘ i’ Observe that @ — b > 0 because S}.“ * S]." . A subset Sji1 of Oﬁ—l
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—1.,—1 1
with [ S, NS = IS 1 n S ' | mod 2 can be written as XU Y, where X is an arbi-

trary subset of i\ (S Y \S “ ) and Y is a subset of S}‘ \S i of size having
parity uniquely determlned by the parity of IXI. Therefore we have 21V~ @=b)p(a=b)-1 — INI-1
choices for S;;-1. Altogether we have

-1 1A _
A St] . 2|N| +1,- 2|N|—l — Z‘12|N| + (ZC(y/NU}/J N t1)2|N|—l — 2|N|+C(}/JNUVJ. N)-1 + t12|N|—l

As o(ji™") > 2, from (4.8), we have |N| + ¢(y;,N U y‘lN) = ¢(R;;) and hence, from (4.10)
(noting that if o(j) > 2 then ¢(y;,N U y“N) [N, and otherwise yjN uy; TIN = y;N), we get

IN|
A <261y g g1 ¢ petR-1 oINS !

4.11
—0elR;) 1 + . \_ 9e®,) 1 + 1 _ (@.11)
2 21+c(RjJ-)—|N|—”<k“TNIIkM) 2 21+c(nyu;3-'N)—M“T'”l'k“)

When c(y;N U yj_lN) > |N|/0(k;1ku), (4.11) yields

1 1 3
A R (24 ) =2 .9R)
<27 <2+22>_4 2%

and hence (1) holds in this case. Assume ¢(y;N U yj‘lN) < |N]| /o(kv“ku), that is,

vl PR hen o) = 2
ok71k,) — | IN| when o(j) > 2.

As k7'k, # 1, we have o(kv‘lku) > 2 and hence o(j) = 2. Thus

INL INy;| + INy; n I(R)]
olkz'k,) = 2 '

Since the left-hand side is at most INI/2 and since the right-hand side is at least INI/2, this
implies o(k;'k,) = 2 and
INy; N I(R)]
> —
2

Therefore Ny; N I(R) = d, Ny, contains no involutions and ¢(y;N) = |N| /2. Under these
strong conditions, we refine the upper bound in (4.11) by first improving our upper bound
in (4.10).

As o(j) = 2, Ny; is inverse-closed. Recall that 7, is the number of inverse-closed subsets

. K, . . . .

S; C Ny; with Sj = §;. Consider the permutation: : ;N — y;N defined by mapping

—1,-1
7/.

vy = (ij)_l = f

for each y € N, and consider the permutation 6 : y;N — y;N defined by mapping
vy = vk ky,

for each y € N. Observe that 1 and 6 are involutions with no fixed points: 1 has no fixed
points because y;V contains no involutions and é is an involution because o(k;lku) =2.In
this new setting,
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t =2

where o is the number of orbits of (1, §) < Sym(y;N). Each orbit of (1,5) has even length,
because 1 has order 2 and has no fixed points. Suppose (1, §) has at least one orbit of length
greater then 2. Then o < |N|/2 — 1 (the upper bound is achieved when {z, §) has |[N|/2 — 2
orbits of length 2 and one of length 4). Thus, in this case,

Using this slight improvement on x and ¢(y;N) = |N|/2, we obtain

3N

A< 2N g gy 2N = g N 05 g oMt = 27T g oIV

oy W 3w

Asc(R;;) = IN| + c(y;N) = 3|N|/2 (see (4.8)), we obtain
A 5% - 2R, 4.12)

In particular, from (4.9) and (4.12), we see that (1) holds.
It remains to suppose that each orbit of (1, 6) has length 2; this means 1 = 6, that is,

o) =), VYyeN.

In other words, y~ y = y]yk 'k,, for every y E€N.Setz:=k 'k,. Applying this equal-
1ty w1th y=1, We get v,= y,z and hence y} = z because z has order 2. Thus we have
v~ y =1y 2 and hence vy, =y 1. This shows that the element ¥; acts by conjugation
on N inverting each of its elements. Therefore, N is abelian.

To complete this case, we need to show that o(i) i 1s even. Observe that since o(j) = 2 we
have j = (")) = ((~HE) ™ = @)~ i. Therefore, i%j = ()(ij) = (i)~'i~! = ji~? has order
2. Since o(jj) = o(ji"!) > 2, we cannot have i € (i*), so o(i) must be even. In particular, (3)

holds. O
Casg o(ji™!) = 2 and o(j) > 2. .
This case can be reduced to the case above. Setu’ := vi“ and observe that g =k 'y~

and hence v’ € O,,. From (4.1), we have
—1
lo (S, u. )l =1S; nsgm = |Sé NSl =18 ns?“ | = |6(S,u,ji ")
Similarly, |6(S, v, /)| = |6(S,V',ji")|, where v/ := v In particular, |6 (S, u, )| = |6 (S, v,j)|
if and only if |o(S,«,ji™1)| = |6(S,V',ji™V)|. Thus [P({u, v}, )| = [PU V' ), jiTY)]. As
o(j) > 2 and o(ji™!) = 2, this case follows by applying the previous case to ¥({u/,V'},ji"1).

We obtain that either (1) or (4) holds.
Cask o(ji™!) = o(j) = 2. This is the only remaining option.

For three distinct vertices u, v,w € O, and j € {1,...,b}, let

¥({u,v,wh,j) 1= (SCR|S=S5"and |o(S, u, )| = |o(S,v. )| = o (S, w, )}
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Proposition 4.3 Leti € {2,...,b}, let u, v, and possibly w be distinct vertices in O; and let
jEe{1,...,b}\ {1,i}. Then unless o(j) = o(ji‘l) =2, we can conclude that:

e if (i) is odd, then [¥({u, v}, /)| <

e if w exists, then |¥({u, v, w},j)| <

Proof Assume that we do not have o(j) = o(ji~') = 2.

We apply Proposition 4.2 to {u,v}. If o(i) is odd, we see immediately that Proposi-
tion 4.2 parts (3), (4), and (5) cannot arise. Parts (1) and (2) are the conclusions we desire.

We also apply Proposition 4.2 for the pairs {v, w} and {w, u}. If Proposition 4.2 part (1)
holds for one (or more) of the three pairs, then the result immediately follows. Therefore,
we suppose that none of the pairs {v, w}, {v, u} and {w, u} satisfies Proposition 4.2 part (1).

Assume that there exists a pair satisfying Proposition 4.2 part (2). Then j> = i. It fol-
lows that o(j) > 2 and o(ji~!) > 2. In particular, each pair satisfies Proposition 4.2 part (2).
However, by applying Proposition 4.2 part (2) to the pairs {u, v} and {w, v}, we get

ku = y_lyj_lykvyj = kw’

contradicting the fact that u # w. Therefore, none of the pairs {v, w}, {v, u} and {w, u} satis-
fies Proposition 4.2 part (2).

Now, it is readily seen that if one of the pairs satisfies Proposition 4.2 part (3) (respec-
tively, part (4)), then all pairs satisfy Proposition 4.2 part (3) (respectively, part (4)). In
particular, we deduce

ke, =77 =k,

contradicting the fact that u # w. (The argument when the pairs satisfy Proposition 4.2
part (4) is similar.) O

For two distinct vertices u,v € O,, let

Y(uvh = () P{wvh)).

Jell,...b)\{L,i}

Similarly, for three distinct vertices u,v,w € O;and j € {1,...,b} \ {1,i}, let
Y(uwvow) =[] Plwv,whi).
Our next result further refines these possibilities.

Proposition 4.4 Leti € {2,...,b}, and let u, v, and possibly w be distinct vertices in O,.

—0.02.- 18
e If o(i) is odd, then [¥({u, v})| < 2°F 7",

e If w exists and R/N is not an elementary abelian 2-group, then
IRl
[W({w, v, wh)| < 2°F-00 7,
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Proof If o(i) is odd, then R/N is not an elementary abelian 2-group, so we may assume this
throughout the proof.

We define an auxiliary graph X: the vertex-set of X is { {j,j~!} | j € R/N} and the vertex
{j,j~"}is declared to be adjacent to

Girt iy, gy, i) and (i i)

In particular, X is a graph with ¢(R/N) vertices and where each vertex has valency at most
4. Observe that some vertex {j,j~'} might have valency less than four, because the ele-
ments {ji~!, 71}, {i,j71i71Y, {74, 71} and {ji, i~!j~!} are not necessarily distinct. Moreo-
ver, some vertex {J, j‘1 } might have a loop: indeed, it is easy to check that {j, j‘1 } has a loop
if and only if j2 € {i,i"'}.

Let Y be the subgraph induced by X on R/N \ I(R/N). Since R/N is not an elementary
abelian 2-group, by a result of Miller [16], we get |R \ I(R/N)| > |R/N|/4. Now, a classi-
cal graph theoretic result of Caro-Turdn-Wei [6, 23, 25] yields that Y has an independent
set, Z say, of cardinality at least

1 L IR/NI/A _IR|
deg (i D+1° 5 20[N]

("
o(j)>2

Thus Z = {{j,,j;'}, ... {jz»J;'}}, for some £ > |R|/20|N|. The independence of Z yields
that for every two distinct vertices {j,,j-' } and {j,.;-'} in Z, the neighbourhood of {j,.j-"}
and {j,, jv‘l} are disjoint. Therefore, (4.1) yields that the events ¥({u, v},j) and ¥({u,v},;")
are independent, and likewise (if w exists) that the events ¥({u, v, w},j) and ¥({u, v, w},j")
are independent.

Furthermore, if o(i) is odd and one of these # vertices corresponds to the unique j with
j* =i then the same vertex corresponds to j~!, and (j~')> = i~! # i since o(i) is odd, so
we may choose the event W({u, v},j~!) instead of ¥({u, v},j), avoiding the possibility that
part (2) of Proposition 4.2 arises.

Thus, it follows from Proposition 4.3 for either ¥ = W({u,v}) or ¥ = Y({u, v, w}) as
appropriate, that

IR|

¢
¥ < ( % ) pelh) < ( % ) W ne(®) 2c(R)-1og2(4/3)(%l) < 2c(R)—0.02-“%'|'

O

We now use the bounds we have achieved, to show that the number of graphs admitting
automorphisms that fix every orbit O, setwise, but act nontrivially on some O; is a vanishingly
small fraction of the 2® Cayley graphs on R, as long as either o(i) is odd, or the orbit on O,
has length at least 3. Actually, these formulas only produce results that are vanishingly small if
IN1is small enough relative to IRl that IRI/INI grows with |RI, so this is the point at which it starts
to become clear that we need to be assuming that IVl is relatively small, in order to apply the
results in this section. The result involving an orbit of length 3 does not work in the case that
R/N is an elementary abelian 2-group; this case will need to be handled separately.
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Lemma4.5 Let

S:={SCR S=S5"", thereexists i € {2, ..., b}with o(i) odd such that
(F§),, has a nontrivial orbit on O;}.

Furthermore, if RIN is not elementary abelian 2-group, let

Sr:={S CR|S=S"!, there exists i € {2, ..., b} such that
(F§),, has an orbit of cardinality at least 3 on O,}.

— IR _ IR 2
Then |S| < 2C(R) 0.02 NI +log,(|R[IN|/2) andlS’l < 2c(R) 0.02 i +log, (|R[|N] /6)'

Proof Foreachi € {2,...,b} with o(i) odd, let S, be the subset of S defined by
S, :={SCR|S=S5",(Fy), hasanontrivial orbit on O,}.

If 0(i) is even then define S; = @. Clearly, S = Ufﬂ S.
Similarly, for eachi € {2,...,b}, let Sl’. be the subset of S’ defined by

S :={SCR|S= s, (F§),, has an orbit of cardinality at least 3 on O, }.

Clearly, S’ = |J", S.

Letie {2,...,b}, let S € S; with o(i) odd, or S € S: (as appropriate) and let u, v, and
possibly w be distinct vertices of O; in the same (Fy), -orbit. In particular, there exists
[ € (Fy),, with u= v, and if w exists then there exists f’ € (F §)y, With W’ =w. Since f
(and f if it exists) is an automorphism of I'(R, S) fixing each N-orbit setwise, we deduce

oS, v, jY =S,V ,j) = o(S,u,j), and if w exists then
oS, v, )" =S,V ) = 6(S,w, j),

for every je{l,....b}\ {1,i}. Hence, |o(S,u,j)|=|c(S,v,)|(=]c(S,w,j)]) and
S e Y({u,v},j) or ¥({u,v,w},j). Since this holds for each j € {1,...,b}\ {1,i}, we get
Se¥{u,v})orS e¥Y{u,v,w}).

The argument in the previous paragraph shows that

sc U wduvhorsc U P({u, v, w}).
{u,v} € O, {u,v,w} C O,
u#v [{u,v,w}| =3

From Proposition 4.4, we deduce that

IS| <=1 IN| He(k)-0.02- < IRl |N|22c(R)—0.02-%
2 N 2

and

|S’| S (b _ 1) |N| 20(R)—0.02-||7R‘| S ﬂ |N|3 2C(R)—0.02-%‘
3 N 6
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Our next result deals specifically with the case that R/N is an elementary abelian
2-group. (We refer to Sect. 4.1 for the definition of By.)

Lemma 4.6 (Recall the notation in Sect. 4.1.) Suppose R is not an abelian group of expo-
nent greater than 2 that R is not a generalized dicyclic group and that RIN is an elementary
abelian 2-group. Then

IR

I{S c R I S = S_]»(BS)VO # l}l < 2C(R)—E+(log2 |R|)3+2.

Proof Let S:={SCR|S=S", (Bg),, # 1}. Observe that the definition of By immedi-
ately yields B¢ < Aut(I'(R, S)). In particular, RBy is a group of automorphisms of I'(R, S)
acting transitively on the vertex set R and normalizing N. Since R is also transitive on the
vertex set, the Frattini argument gives RBg = R(By),, .

Let

S :={SESIR<Ng (R} and S§":=8\§"

Since R is not an abelian group of exponent greater than 2 and since R is not a generalized
dicyclic group, Proposition 1.14 yields

S CRIS =5 R < Ny R} < 2905 H0on IR,

IRl
In particular, || < 2%~ s +log: R

For each S € §”, choose G a subgroup of RB, with R < G and with R maximal in Gj.
Observe that Ngg v (R/N) = R/N, because Ngp (R) = R.
Let K be the core of R in Gg. Then

K=[]R >[N =N.

g€Gy gEGy

Since R is maximal in G, G¢/K acts primitively and faithfully on the set of right cosets of
R in Gg. The stabilizer of a point in this action is R/K. As N < K, we deduce that R/K is
an elementary abelian 2-group. From [18, Lemma 2.1], we deduce |G : R| = |(Gs)1v0| isa
prime odd number and [R : K| = 2.

We now partition the set S further. We define

C:={S € S"|(Gy),, does not act trivially by conjugation on K },
C':=8"\C={S €S| (Gy),, < Cs (K}

In what follows, we obtain an upper bound on the cardinality of C and C'.

For each SeC, let =g : (GS)VO — Aut(K) the natural homomorphism given
by the conjugation action of (GS)\,O on K. For each ¢ € Aut(K)\ {idg}, let
C’q, ={Sel|gp€ ”S((GS)vO)}' In other words, C,, consists of the connection sets S such
that (Gy),, contains an element acting by conjugation on K as the automorphism ¢. With
this new setting,

cec | ¢

-
oEAu(K)\{idy }

Since |(Gs)v0| is odd, then ¢ € ﬂ's((GS)VO) has odd order. Using this and applying Theo-
rem 1.13 to the group K, we deduce that
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HSNK|SeC,)|<2® 5%,

for every ¢ € Aut(K) \ {idy }. In particular, as |K| = |R|/2, we have

Kl Ny IKI+IGOL _ IRL , [RAKLHIR\K)] IR+ _ 1R IR
|C(p| < ZC(K) 06 . QUR\K) — 9T w0t 2 <27 192 = 2C(R) 192 ,

Since | Aut(K)| < 2002 1K’ we deduce

|C| < 2¢®= 155 +(oga IRD?

Let S € C' and let 54 be a generator of (Gy)y,: recall that (Gy), is a cyclic group of order
ps. Where pg is an odd prime number. Suppose that 74 fixes some vertex x € R \ K. Then
x's = x, that is, vé"s = v;. This yields xnsx‘l € (GS)VO and x € NGS((GS)VO). Since (Gs)vo
centralizes K, we get (K,x,(Gy), ) < Ng (Gy), ). As Gg=(K,x,(Gy), ), we deduce
(Gy)y, 2 Gy, which is a contradiction because (Gy), is core-free in G. Therefore, 7 fixes
no vertex in R\ K. Fix x € R\ K. Then xs = xk, for some k € K \ {1}. Observe that for
each k' € K, the image of xk” under 7 is uniquely determined because

(k)15 = x5 = x15K = (1)K = (k) = Xk

Applying this equality with k¥’ = k, we deduce o(k) = pg and hence k € N, because R/N
is an elementary abelian 2-group. This shows that the mapping 7 is uniquely determined
by the image of one fixed element x € R \ K, which has to be of the form xk for some
k € N. Thus, we have at most Nl choices for #¢. Once that g is fixed, we have at most
2IRI/2ps < 2IRI/6 choices for an yg-invariant subset of R \ K. We deduce

IR|

JLid) — IRl _ IR
|C/| < 2c(K) . INl 2% < 2(:(R) B +log, |N| < 2C(R) 192+(10g2 |R|)2+1'
O

We end this section by pulling together the above results. We are able to show that
for all but a small number of connection sets, every connection set S for every group R
containing a nontrivial proper normal subgroup N is covered in one of the previous two
results. However, we may have to substitute a larger normal subgroup K > N of R for N,
which may mean that the bound we achieve is not useful. These situations can be cov-
ered by the results from Sect. 3.

Proof of Theorem 1.6 We use the notation established in Sect. 4.1. Let
S:={SCR|S=S5"'3f€ Naurr.sy@) with f # 1 and I/ = 1,1 fixes each N-orbit setwise}.

Observe that for every S € S, we have (BS)V0 # 1. We divide the set S futher:
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S) 1 ={S € §| R < Npyqrrisy® 1
S, :={SeS\S |
di € {2,...,b} with o(1i) odd such that (F S)"o has a nontrivial orbit on O,},
S; 1 ={SeS\(5USy) |
R/N not an elementary abelian 2-group,
i € {2,..., b} such that (Fy), has an orbit of cardinality at least 3 on O;},
S, ={SeS\(SuS US|
R/N is an elementary abelian 2-group, (BS)],O #1},
Ss =S\ (S, US,US;USy).
From Proposition 1.14, Lemma 4.5 and Lemma 4.6, we have explicit bounds for S, S,, S5
and S,, and hence we may consider only the set S;.

Let S € Ss. Since S & S, R/N is not an elementary abelian 2-group. Since S & Sj, (Fy),,,
has orbits of cardinality at most 2, and so does (Bs)vo- Therefore, (F' S)vo and (BS)V0 are ele-
mentary abelian 2-groups.

Now let Lg = {y; : (F s) is trivial on O;}. Notice that Lg is in fact a group. Since (F, S)

is nontrivial, then Lg is a proper subgroup of R.Since S ¢ S,, y; € L, for every i with o(z)
odd. Therefore NL¢ contains all elements of R of odd order. Let

= [ WLy

ZERBg

be the core of NLg in RBj. Since all conjugates of NLg in R also contain all elements of
R of odd order, we deduce that K also contains all elements of R of odd order and hence
RIK is a 2-group. As (By), is also a 2-group, we obtain that RB¢/K is a 2-group. There-
fore N /x(R/K) > R/K. However, this implies that N, (R) > R, but this contradicts the
fact that S ¢ S,. This shows that S5 = fJ. Now, adding the bounds produced for S; for each
1 <i <4, we get the result. Indeed, using the first bound in Lemma 4.5 and the fact that
|R| > 2|N| > 4, we get

1S,] <2C(R)—$+log2 IRI+log, V-1 _ oe(R)- T +(log, |RI*—2

Further, if |R| < 8, then |R| # 7 (because N is a nontrivial proper subgroup), that is |R| < 6.
Consequently,

log,(IR[INI?/6) < 2log, |R| - 2 < (log, |RI)* - 2.
If|R| > 8, then
log,(IR[INI?/6) < log, |R| +21log, IN| < 3log, |R| -2 < (log, |RI)* - 2.
Using these, and the second bound in Lemma 4.5 we get
184] < 2B~ HoBURINE/E)  e(®)— 55 +(log, |RIF -2
This together with Proposition 1.14, and Lemma 4.6, yields

ISI S2C(R) 19|2|‘N\ +(log, |R|) (1 + 2—2 + 2—2 + 22) < ZC(R) 192|’v|+(10g2 |R|)2+3’
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as required.

As in the proof of Theorem 1.5, we do not need to include the bound from Proposition 1.14
if we include the condition R = N yrr.sy (R)- If we omit this condition, then we include this
extra piece (which does not affect the overall bound as we have stated it) but must not allow
groups that are either abelian of exponent greater than 2, or generalised dicyclic. O
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