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Dedication

To my family, whose unwavering support sustained me through the cosmic ebbs and

flows of this intellectual journey.
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Abstract

We aim to provide the effect of accelerated frames in cosmology and identify the
origins of thermalization in the evolution of the universe. We begin our discussion
by discussing general relativity and cosmology, as well as their successes and fail-
ures, which leads to the need for quantum cosmology. We then discuss the canonical
formulation of general relativity, which is the basis of quantum cosmology, and its
issues. We constructed a wavefunction for the universe whose dynamics are governed
by the Wheeler-Dewitt equation. Semiclassical approximations simplify assumptions
and approximations that bring the equation closer to a form that can be more easily
analyzed. The WKB method is used to approximate the wave function.

We constructed a transformation that is similar to the Rindler transformation mo-
tivated by the Klein-Gordon equation in Minkowski spacetime. We performed the
Bogoliubov transformation and obtained a result which suggested thermalization.
However, we were not using creation and annihilation operators. To interpret this re-
sult, we calculated the density matrix and the square of the density matrix to see if the
WKB state is a pure or mixed state. The result from the density matrix calculation
suggested that the WKB state is a mixed state, which suggested that the result we

obtained from the Bogoliubov transformation can be interpreted as thermalization.
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Chapter 1

Introduction

1.1 The Success of General Relativity and Cosmology

Modern cosmology strives to understand the evolution of the universe, which is a
noble goal. If we consider that, unlike many other fields of the natural sciences, we
do not have complete control over our inquiry, the discipline’s recent success is all the
more remarkable. First, our experiments have a particular goal; we can only study
one universe and not control the system’s starting conditions. Second, since we are
limited to a small area within the target range, we can only observe the parts of the
universe with matter or radiation visible to astronomical observations. Despite these
significant limitations, cosmology has evolved over the past 100 years from a purely
mathematical and philosophical field to a quantitative science that makes predictions
and compares those predictions with observations.

Its exponential growth has a theoretical and observable basis. After formulating
General Relativity in 1915, Einstein, Friedmann, Lemaitre, Robertson, and Walker
applied the theory to the whole universe in the 1920s and 1930s [32]. It provided
the first scientific framework for modelling cosmic evolution. In contrast, information
from observations was essential in sorting through the vast array of models the theory
had anticipated. Galaxies are moving away from us, and Hubble discovered in 1929
that their velocities are related to their distance. The outcome of this research, the
so-called Hubble diagram, gave rise to the first conclusive proof of the expansion of

the universe (Hubble 1929) [16].
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Figure 1.1: The Hubble diagram and the expansion of the Universe [29] [20].

At this time, two schools of thought in the scientific community—the defenders of the
steady-state theory, led by Bondi, Gold, and Hoyle, and the proponents of the Big
Bang theory, including Gamow and his pupil Alpher—offered different explanations
for Hubble’s observations. To compensate for the expansion of the universe, steady-
state cosmology claims that the universe has always been the same, with galaxies
and other cosmic structures constantly forming. In this case, the total mass is not
conserved because the average density of the expanding Universe is assumed to be
constant. On the other hand, the Big Bang hypothesis supports the principle of con-
servation of mass by assuming that the expanding Universe must first go through an
extremely hot state, which is characteristic of the early stages of its evolution before

cooling.

A. Alpher & C. Herman predicted in 1950 that radiation dominated the early
universe, a remnant of this radiation which would be visible as a blackbody spectrum

around a temperature of 5 Kelvin [1]. In the 1960s, Penzias and Wilson discovered the
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Figure 1.2: The Cosmic Microwave Background Radiation [18].

Cosmic Microwave Background (CMB), which they inadvertently detected as leftover
cold radiation from the Universe’s early stages; this was crucial and definitive confir-
mation of the prediction [36]. The discovery of the CMB ended the debate between
the steady-state theory and the Big Bang theory in favour of the Big Bang theory.
The above description is consistent with a universe containing matter and radiation
defined by the Friedmann-Lemaitre-Robertson-Walker (FLRW) framework. However,
the two missing components in this story are the two main areas of current research.
The first item is directly related to the problem presented by Zwicky in the 1930s when
he discovered a discrepancy between the mass of the Coma cluster inferred from the
virial theorem and the total mass determined from observable galaxies [54]. Zwicky
determined that an invisible matter dominates the cluster’s virial mass, and Rubin’s
investigation of the rotating characteristics of galaxies in the 1970s corroborated this
in-congruence on galactic scales [42]. The invisible stuff is now referred to as dark
matter. Only 20 years ago was the second missing piece discovered. In 1998, two
groups reported their observations of Type la supernovae, showing that the expan-
sion of the universe is accelerating under the FLRW paradigm [36]. These findings are

surprising; if the universe consists only of regular matter (whose density decreases as
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the universe expands), the rate of expansion should decrease. Dark energy is the ex-
otic energy component fueling the Universe’s accelerating expansion. More evidence
now points to the presence of dark matter and dark energy components. The CMB
deserves mention because it laid the groundwork for precise cosmology over the past
20 years. It turns out that practically all of the information we can glean from the
CMB is derived from its microscopic anisotropies, which must exist to explain how the
astrophysical sources we observe today could develop. CMB anisotropy was observed
by the Cosmic Background Observer (COBE) in 1992, followed by more precise mea-
surements by the Wilkinson Microwave Anisotropy Probe (WMAP) and later by the
Planck satellite. Based on the CMB anisotropies, we emerge with the impression of a
Universe which is flat (or nearly flat), filled with radiation, which currently accounts
for a tiny fraction of the energy budget (total), baryonic matter or ordinary luminous
matter, can be explained by the standard model of particle physics, 95% of the en-
ergy budget is composed of dark matter and dark energy. Although the nature of
these dark components remains a mystery, a standard cosmological model has been
deduced from current observations. In this model, dark matter is cold or pressureless,
while the cosmological constant provides dark energy. The ACDM model is another
name for the mainstream cosmological model. This minimal model can reproduce
all cosmological observations, including the CMB. The ACDM model has made many
predictions in recent decades, such as the baryon acoustic oscillations characteristic in
2005 and the CMB polarization in 2002. It was recently discovered that there is some
discordance between different data sets. Currently, the most substantial tension is
regarding the Hubble rate: Planck collaboration measurements, which support galaxy
clustering calculations, show a 3-G tension with supernova measurements, providing
support for higher expansion rates. This disparity has been widely explored in the
literature (for example, (Bernal et al. 2016)). Tweaks to the Standard Model, such

as dynamic dark energy or changes to the physics of the early universe, have been
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urged to account for this. Moreover, a minor internal anomaly has been observed in
the Planck data sets: the lensing amplitude’s contribution to the temperature power
spectrum shows a 2-6 tension with the ACDM expectation, whereas the 4-point func-
tion does not provide a direct estimate of the lensing potential. Although modern
cosmology has some anomalies that will eventually be thoroughly investigated, the
current cosmology model has passed all experimental tests (including the testing of
general relativity near supermassive black holes). Future research in this field has the

following objectives in mind:

o Uncovering the nature of its dark components, for which there is currently no

convincing physical evidence.

« Extending the existing theory of gravity tests to scales previously unavailable

for observation.

1.2 Reasons for Quantum Cosmology
Classical General Relativity and Cosmology are remarkable theories; ‘but’ they
do not answer many physical queries. For example, let’s quickly review the questions

that the standard “hot big bang” scenario doesn’t explain:

« Baryon asymmetry of the Universe, N = N 1;7 M ~ 6.01 x 10710 (where Np, Ng

and Ny are the number of baryons, antibaryons and photons respectively): The
hot Big Bang doesn’t explain this exact value, but it is crucial for calculating the
abundance of light elements via primordial nucleosynthesis. The photon density
decreases as the universe expands and has a value ny ~ 20.373K3cm™3, where

T is the temperature.

e The horizon problem: The fact that the cosmic microwave background radiation

is the same everywhere suggests that all parts of the sky must have been in
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thermal contact at some point in the past. But in the standard Friedmann-
Robertson-Walker (FRW) model, regions separated by more than a few degrees
have particle horizons that do not intersect. This means there is no possibility

of causal (and therefore thermal) contact in these areas.

o The relic problem: Models of the early universe that include phase shifts often
produce many topological defects, such as GUT-scale monopoles. If you do the
math, you'll find that the density of these relics is so high that, in the normal
FRW models, they would be so close to the critical density that the universe

should have ended long ago.

e The mystery of the arrow of time: The laws of physics are CPT-invariant. On
the other hand, the Second Law of Thermodynamics says there is an arrow of
time, which seems to fit the arrow of time that the expansion of the Universe

gives us.
o What is the structure of space-time around the Big Bang singularity?
o The origin of density perturbation is a mystery.

The inflationary universe scenario and the Grand Unified Theory (GUT) could answer
some of the problems without relying on quantum cosmology. Still, problems like the
origin of density perturbation, the arrow of time, and many more require quantum
cosmology. The quantum theory of cosmology is not meant to give a full, basic de-
scription of the universe. Instead, it is meant to help other theories predict what will
happen. It is a structure built on quantized Einstein gravity, also called quantum ge-
ometrodynamics, which says the universe is like a closed quantum system. Quantized
Einstein gravity is a good approximation to a complete theory of quantum gravity at
energies below the Planck scale. This is why this method works. However, quantizing

the entire universe is a challenging task because, in General Relativity, matter and
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space-time are physical quantities. They obey dynamical laws and produce excitations
(gravitational waves) that have been recently detected. One must solve mathematical
puzzles beyond the simplest models to unify quantum mechanics and General Rela-
tivity. Even now, the setting still needs to be fully understood. There are several,
sometimes competing, approaches to quantizing gravity: string theory, gauge quan-
tum gravity, and loop quantum gravity, to name a few of the most famous. Quantum
theory and general relativity are the primary approaches to investigating the universe.
To comprehend quantum cosmology, one must understand quantum mechanics and
general relativity. Quantum mechanics describes how matter and energy behave on
a small scale. Particles such as electrons and photons can manifest wave-like and
particle-like characteristics. Therefore, wave functions can describe their behaviour,
which are mathematical functions that assign probabilities to various measurement
outcomes. Important to quantum mechanics is the concept of superposition, which
asserts that particles can exist simultaneously in multiple states. For instance, an
electron can spin clockwise and anticlockwise until it is measured; at this point, it
collapses into a definitive state. Werner Heisenberg proposed that specific pairs of
physical properties (position and momentum) cannot be known simultaneously with
unlimited precision, which implies inherent measurement uncertainties for these prop-
erties. The mathematical formalism of quantum mechanics relies on linear operators,
represented by matrices or wavefunctions, and the Schrodinger equation. This equa-
tion explains the relationship between energy and the wave function of a quantum
mechanical system, as well as the evolution of the system over time. Mathematically,
it is written as

fry = in%Y.(1.1)

The H is the Hamiltonian operator, representing the total energy of the system, £ is

the reduced Planck’s constant (%) and aal[l is the time derivative of the wavefunction.

The solutions to the Schrodinger equation provide information about the probabilities
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of different outcomes when measured.

The theory of General Relativity has proven to be one of the successful physical
theories since its publication in “The Field Equations of Gravitation paper” in 1915
[10]. Albert Einstein’s theory relies on the Equivalence Principle, which states that
gravity affects all bodies equally, making it impossible to separate the effects of a
gravitational field from those of a uniformly accelerating frame locally and on the
independence of physical laws from the reference frame. In light of these assumptions,
along with the hypothesis that spacetime is a curved manifold described by a metric
tensor gy, it has been concluded that the geometry of the space-time itself determines
the distribution of matter. The Einstein field equations, in particular, specify this

relationship as follows:

1 8nG
Ry — Eg,uvR‘FAgyv = C_4T/JV7 (1.2)

where Ry is the Ricci tensor, R is the Ricci scalar, A is the cosmological constant, G
is Newton’s gravitational constant (Newton’s gravitational constant, as it appears in
the Einstein field equation, informs us of the force of gravity), ¢ is the speed of light
and T,y is the stress-energy tensor of matter.

The idea that the universe has a quantum wave function may seem strange. We
usually think of cosmology in terms of how the universe works on a big scale.

We usually think of quantum phenomena in terms of how things work on a very small
scale. Still, if the hot Big Bang is the right way to describe the universe, which
we can safely assume based on the overwhelming evidence presented in the previous
discussion, the universe did start small. There must have been a time when quantum
mechanics applied to the whole universe. Quantum systems, like the atom, are often
thought of as “small” systems. But if the forces that control the universe are based on
quantum mechanics, then the universe itself must be a quantum mechanical system,

even if it is on a large scale. Suppose the evolution of the universe was traced back to
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a point close to the Planck scale. In that case, it seems very likely that the classical
explanation of the universe would break down; before the Big Bang, the size of the

universe was 10733cm (Planck length).
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Figure 1.3: The stages of the evolution of the Universe [41].

Classically, we expect the Big Bang in general relativity, which may not be true. We
know that atomic solutions in electrodynamics have no singularities; we have a stable
atomic configuration. We expect this to happen in cosmology, known as singular-
ity resolution. In this thesis, we study quantum cosmology using the semiclassical
approximation. We inverted a transformation motivated by the Klein-Gordon equa-
tion in Minkowski spacetime. We performed Bogoliubov transformation on the WKB

wavefunction, and the result suggested a thermalization in the system. Here is a
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summary of what each chapter will discuss in the thesis:

Chapter 1: This chapter will provide a comprehensive overview of the successes
and limitations of General Relativity. It will highlight the shortcomings of the theory,
which will set the stage for the necessity of Quantum General Relativity, laying the
groundwork for the rest of the thesis.

Chapter 2: In this chapter, we will delve into the foundations of theoretical cosmol-
ogy. It will introduce the Friedmann equations, fundamental equations that describe
the evolution of the universe. We will explore various solutions to these equations,
each representing different cosmic eras, establishing them as the backbone of our
understanding of the evolving universe.

Chapter 3: In this chapter, we will take you into the world of the Hamiltonian
formulation of general relativity, a critical step in connecting classical and quantum
physics. We will unveil the Wheeler-DeWitt equation, a key component in the en-
deavour to unify gravity with quantum mechanics.

Chapter 4: In this chapter, we will explore the heart of Quantum Cosmology. We
will discuss the transformation of the cosmological metric into the language of scale
factors and matter terms, a vital step towards providing a quantum description of
the cosmos. The derivation of the total Hamiltonian and the application of the WKB
solution by Vilenkin will be key milestones within this chapter.

Chapter 5: This chapter will discuss the intriguing world of thermalization in
curved spacetime. You will examine the Unruh effect, Bogoliubov transformations,
Hawking radiation, and the distinctions between pure and mixed states. These con-
cepts will enrich the understanding of how quantum fields behave in gravitational
backgrounds.

Chapter 6: Finally, in this chapter, we will uncover a profound connection be-
tween a Rindler-like transformation in cosmology and coordinate transformations in

the DeWitt superspace. This revelation will lead to a Bogoliubov transformation of

10
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the semi-classical wave function of the Universe, unveiling the presence of entropy
production and thermal flows in the universe’s evolution. This chapter holds the po-
tential to shed light on the thermodynamic aspects of cosmology and the origins of
dark energy and dark matter.

These chapters collectively form a journey through the fundamental aspects of
cosmology, quantum gravity, and the intriguing relationship between thermodynamics
and the evolution of the universe.

The cosmic microwave background is a thermalized radiation, a relic of the cos-
mology of the early universe and one of the observational evidence for thermalization.
Primordial gravitational waves are also expected to be observed in a stochastic form
in the background space-time, and these are relics of gravitational interactions from
the Big Bang. We want to solve quantum cosmology and identify a thermal evolu-
tion from the earliest time of 10~*s immediately after the Big Bang. We would add
matter to the gravitational system and show thermalization in the matter evolution.
We expect our results to predict new physics and eventually explain other unknown

quantities like dark matter and dark energy.

We used the geometrized unit system, with A = G = ¢ =1 unless otherwise stated.

11



Chapter 2

Theoretical Cosmology

The Lagrangian formulation of a field theory enables one to derive the field equations
from a region v of the space-time manifold and a scalar function, L (y,dqy). This
is known as Lagrangian density, which is a local function of the field variables
and their first derivatives. The fields ¢ can be of any type; for simplicity, we will
only consider tensors of type (k,[) where k is the cotangent space index, and [ is the
tangent space index. Similar to the Lagrangian formulation of Newtonian mechanics,

the action functional S[y] is defined as the Lagrangian integral

Sl = [ L(y.2aw) =g d'x (21)

where g is the determinant of the metric tensor g,v, L(Y,0dqVy) is the Lagrangian
density, and /—g d*x is the proper volume element. The field equations are then
retrieved by requiring S[y] to remain stationary under arbitrary changes in the field
(¥,). When given a smooth one-parameter family of field configurations, the deriva-

tive provides a concise definition of variation

d
SyA] = % 51, (2.2)

which we require to vanish since our boundary is an asymptotic flat boundary oV

8\|I|av =0. (2.3)

12
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Let us assume that there exists a smooth tensor field y of type (k,I) (hence the dual

vy ) with an action function equal to

S = /d4x XV, (2.4)

where the contraction between y and y is implied. Differentiating § with respect to

the parameter A results in

_4as o 4
55 = Msx_/vxswdx. (2.5)

The functional derivative is hence the variation of S with respect to y about y,.which,

because the action is stationary, must vanish:

X|\Vo = O' (26)

Using these relationships, we can verify that y, is a solution of the field equations
enclosed within the identity (Eq.(2.6)).
In 1915, the variational approach to relativity was explored for the first time by Hilbert

and Einstein, which led to the formulation of the gravitational action:

1 4.
SE_H == 16_7[/R vV —8 d X, (27)

Se_g is the Hilbert term. The only non-trivial scalar function that can be derived
from the metric and its second derivative is the scalar curvature R, making it the most
direct gravitational action imaginable. The square root of the determinant g is from

the measure in the action integral. The Einstein Lagrangian density is:

L =R.-g (2.8)

13
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The coefficient of the action has 1/16m, which we have set to 1 in the following

derivation. We will include the matter field in the action denoted as 0.

Su = [ L0.2u0:gm) V77 d'. (29)

The Sy defined above is called the matter action. To simplify things, Sy, depends
only on the metric coeflicients gy, the field (¢), and its first derivatives. The sum of

the Einstein-Hilbert and the matter terms yields the total action functional:
S =Se-n + Sum- (2.10)

Using the above, we can demonstrate how the stationarity of S under arbitrary vari-

ations of g,y is the source of the Einstein field equation (Eq.(2.1)).

2.1 Arbitrary variation of the action

Let us begin with the Einstein-Hilbert term. A variation of the inverse metric
dg"¥ will be more convenient by focusing on the integrand, i.e. the Einstein-Hilbert
Lagrangian density (L), we can execute variation to the Einstein-Hilbert action (Sg_g)

(by definition (2.5)) since changes can be made under the integral sign:

0
8L = 3(s"Rwv/=8) = ; \/g__ggf”R,,v + (g"8Rw)V—g. (2.11)

Jacobi’s formula yields the variation of the metric determinant dg:

0 = g &" dguw = —g guv B¢ (2.12)

We can substitute dg in Eq.(2.11) by using the second form of this identity and

14
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remembering that g <0 :

1
oL = KR”" T b R> g + g SRy |- (2.13)

Now it is clear that if 8R,y disappears, we will recover the gravitational component of
the Einstein field equation. The initial derivative of dg*¥ goes into the variation 0R,y,
creating additional boundary terms. Therefore, this assumption does not necessarily

hold in general cases. If we turn to the Palatini identity, we find that
SRy = Vp (8T%,) — V,(3Thy). (2.14)

Introducing the contravariant term VP = gHv § FEV and utilizing the Levi-Civita

connection property Vp gu = 0, Eq.(2.13) can be written as:

V=88V Ry = V—58"[Vp d Fﬁv -V, SFEV}
— VRV [T — g 5 Th] = 9 (VTR V).

The variation dSg_pg separates into volume and boundary components by substi-
tuting the results into the action integral and using Stokes’ theorem,

1
dSg_g = /V (Ruv — 58 R) V=g & g™d*x + ?{V“dcy d’x, (2.15)

where do, denotes the hypersurface dV oriented volume element, we proceed as though
the surface terms can be safely ignored while ignoring the second integral. Now let
us look at the variation of the matter action Eq.(2.9), which is completely generic in

its dependence on the matter fields and the metric g,y:
SLy, 1

4
5% 2 Ly guv| V—g 08¢" d*x.
(2.16)

3L
5Sy — / {5 Ly N LMS\/—_g} d'x = /{
v | OF \Y

15



2.2. FRIEDMANN-LEMAITRE-ROBERTSON-WALKER METRIC

Defining the stress-energy tensor T,y as:

OLy

) Sg

it turns out that the variation of the total action is

1 oLy 1
o5 :/v {(R“V - EguvR> +5guv — lv g V=8 8gid"x. (2.18)

We re-introduce the factor 87 as a relative factor between the gravitational and matter

actions. S = ﬁfv Ry — %gyv R — 8nTy ]| v—g 8" d*x.
The stationarity of S requires the integrand to be zero due to the arbitrary nature

of 8gMV, ultimately resulting in the Einstein field equations

1
RIUV - E g/JVR - 875 Tlu\). (219)

By using the Einstein tensor Gy, we can rewrite this equation as follows:
G/JV - 87[ T/JV' (220)

Using the four-divergence, we can express the desired conservation of the stress-energy
tensor T,y as follows:

v, T™ = 0. (2.21)

This is possible since the Bianchi identities V, G® = 0 result from the Riemann
curvature tensor ng symmetries. The action’s invariance under an infinitesimal

translation of coordinates can also be used to demonstrate this result [45].
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2.2. FRIEDMANN-LEMAITRE-ROBERTSON-WALKER METRIC

2.2  Friedmann—Lemaltre—Robertson—Walker metric

The curvature of spacetime through which light travels on its way to Earth affects
the appearance of objects at cosmological distances. Einstein’s general theory of
relativity provides the most comprehensive description of the geometrical properties
of the universe. In general relativity, the metric tensor is the fundamental quantity
which describes spacetime geometry.

A metric is defined as follows: We calculate the separation between two points along

a curved path P in three Euclidean space using the line element:
(d)? = (dx)* + (dy)* + (dz2)*. (2.22)
For a curved path P, we calculate the separation between two points as follows:

Al = /1 S = /1 : V0do? + (dy)? + (d2)?. (2.23)

The metric for flat Lorentzian spacetime is used to measure the interval along a

curved worldline, W, connecting two events in spacetime without mass:
(ds)?> = — (cdt)® + (dx)*+ (dy)* + (d2)*. (2.24)
The total interval along the worldline W is obtained as follows:

As = /A * Jasy = /A b V0ed? — (dx? — (dy)? —(dz.  (2.25)

The proper distance is the distance between two events, A and B, that occur simul-

taneously (t4 = fp ) in a reference frame.

AL = y/—(As)2. (2.26)
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2.2. FRIEDMANN-LEMAITRE-ROBERTSON-WALKER METRIC

The cosmological principle simplifies finding a metric to describe a universe with mat-
ter. Space curvature is subject to change over time depending on the amount and
distribution of matter and energy in the universe in an isotropic and homogeneous
universe; however, on a large scale, the average curvature of space has remained rel-

atively constant since the Big Bang.

L

7z 2-D curvature can, however,

The curvature of a sphere is obtained from K =
also be described as

3
K =72 lim ==~ (2.27)
T

(@) (b) (©

(d)

Figure 2.1: These diagrams show shapes in 2-D space with different curvatures. (a)
C =2nB, (b) C < 2nB, (c) C > 2nB, (d) K=0 [5].

Where C is the circumference, and B is the radius. We can see from the dia-
grams above that each shape has a different circumference and, therefore, is curved

differently.
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2.2. FRIEDMANN-LEMAITRE-ROBERTSON-WALKER METRIC

RO=B T ™~ Rdo=d B
P
P2
R/ 7
3]
Ny
—— 7
r
¢

(a) (b)

Figure 2.2: Diagrams showing the distance between two points on the surface of a
sphere in (a) polar and (b) spherical coordinates [4] [5].

The distance between two points on a sphere is given by:

(dl)* = (dB)*> + (rd9)* = (Rd®)* + (rd9)?, (2.28)
where
RAO — dr _ Rdr _ dr
cos(0) R2 — 2 2
-2

Substituting the results into Eq.(2.28), we obtain

(dl)? = _ar ) (rdd)>. (2.29)

2
R

We could express the two-dimensional surface curvature (K) of the plane using polar
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2.2. FRIEDMANN-LEMAITRE-ROBERTSON-WALKER METRIC

coordinates as

2
(dl)? = (%) + (rdo)?, (2.30)

Extending this equation to 3 — D, we have

2
(dl)? = (%) + (rd®)* + (rsin(0)do)>. (2.31)

We obtained this result by changing polar coordinates to spherical coordinates; r

in the spherical coordinate is the radial coordinate. In Eq.(2.31), we can see how the

curvature of our —D universe influences spatial distances.

To get the metric of spacetime, we have to include time. In an expanding universe,
two points should be recorded simultaneously if their separation is to be meaningful.
Since an isotropic, homogeneous universe cannot have different time-passing rates for

different locations, cdt should be used as the temporal term. Therefore, we have:

dr

2
m) + (rde)* + (rsin(6)d¢). (2.32)

(ds)? = —(cdt)2+(

Differential proper distance is equal to

r(t) = a(t) x. (2.33)

The expansion of the 3-space impacts the geometrical and curvilinear aspects of the

universe. The time-independent curvature of the universe can be expressed using the
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2.3. FRIEDMANN EQUATIONS

scale factor and the constant (k):

K@) = (2.34)

Substituting this for r and k we get the Robertson-Walker metric [40] [53]:

2
(ds)? = —(cdt)? + a(r)? [(\/%) + (xd®)% + (x sin® d0)*|. (2.35)

In the usual notation we again write x = r in the above. In the 1930s, Robertson and
Walker proved that this metric is the most general way to describe an expanding,

homogeneous, and isotropic universe.

2.3 Friedmann Equations

Einstein’s field equations provide a way to determine how the metric evolves from

a particular distribution of mass and energy:

Where ¢=1.

T,y stands for the stress-energy tensor, which explains how energy and mass
influence spacetime curvature.

Using the tensor notation, the line element can be written as follows:
ds* = gy dx' dx", (2.37)

where g,y is the metric tensor, and the Einstein convention was utilized. To under-
stand the intrinsic geometry of spacetime, we only need to consider the diagonal metric

tensors of orthogonal coordinate systems. Using a non-vanishing diagonal matrix, the
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2.3. FRIEDMANN EQUATIONS

Robertson-Walker metric components are as follows:

a?

— —1’ = —
800 g1 TR——

g&2» = a* r? , 833 = a*r?sin0

For Eq.(2.37), the time component Ty for the stress-energy tensor and the space

component Tj; for a comoving observer could be expressed as:

2
pa
Too = T, = —— 2.38
00 P In | 2’ (2.38)
where p is the mass-density and p is the pressure.
From Eq.(2.37), we equate Goo and Gj to Ty and T11. The results are:
Goo = 3 (a)? (a + x), (2.39)
G = —(ai+d +x) (1 —x?)"L. (2.40)
Substituting Eq. (2.38), Eq. (2.39) and Eq. (2.40) into Eq. (2.36), we get:
N 2
a K 81
— —- = —G 2.41
() + 5% = Fon (2.41)

2(§> + (C—i)z + 5 = - 8nGp. (2.42)

These two equations are known as the Friedmann equations.
Alexandr Friedmann, a Russian physicist and mathematician, calculated these equa-

tions in 1922, seven years before Hubble found that the universe is expanding when
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2.3. FRIEDMANN EQUATIONS

Einstein refused to accept his equations since they did not allow the cosmos to re-
main static. After Friedmann died in 1927, Belgian clergyman Georges Lemaitre
re-confirmed the formulas by an independent derivation [25].

Eq.(2.42) shows that the rate of the expansion of the Universe (d) depends on the

mass density of the universe.

Subtracting Eq.(2.42) from Eq.(2.41) we obtained the acceleration equation:

a 4m
- = —— ) 2.4
- 3 6P + 3 p) (2.43)

This equation tells us that the acceleration of the universe decreases as pressure and

energy density increase, even in the case of matter or radiation energy.

Let us define Qo = % (po = 3H3/8nG , Hy being Hubble’s constant) and make

use of 79, Eq.(2.41) takes the form:

8
2 = ?’t Gadp — x = H2Q) — x. (2.44)

We can further progress to get
K = Hial (Qy — 1). (2.45)

This equation is the Newtonian relation.

Eq.(2.45) shows that the curvature parameter K is directly proportional to the density
parameter Q. K takes values of +1, 0, -1, which corresponds to overcritical density
Qy > 1, critical density Q9 = 1 and the under-critical density 0 < Q¢ < 1,

respectively.
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2.4. COSMOLOGICAL CONSTANT

Whether one derives it from Newtonian mechanics or General Relativity, the Fried-
mann equation maintains the same form. The only difference is the interpretation of
the curvature constant K. K represents the mechanical energy of an expanding mass
shell in a Newtonian universe, whereas in Einstein’s universe, K is the present value

of the curvature of the universe.

2.4 Cosmological Constant

It was believed the universe was static until Hubble discovered cosmic expansion
in 1929. In this case, the scale factor should not be time-dependent; instead, ag should
be constant, resulting in ¢ = d = 0 (leading to the universe having an infinite age).

In this case, the Friedmann equations become:

K 81
—- = 3 Gpo = —8nGpy, (2.46)

where, pg and K are positive but the pressure term pg is negative. In 1917, Einstein
introduced a constant Lorentz-invariant term (Aguy) to the Einstein field equation to
correct this resulting in:

G’u\; —Ag’uv = 8nG T’u\/. (247)

The Lorentz-invariant term does not vanish even if we set the limit to flat space.

Including the Lorentz-invariant term into the Friedmann equations, we get:

N\ 2
a K 81 A
a x_3° a 2.4
() b K=o 2 (2.43)
i a\?
2(—) + (—) + — = —81Gp + A (2.49)
a a a
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2.5. SOLUTIONS TO THE FRIEDMANN EQUATIONS

Therefore, the vacuum energy density can be written as:

A=p8nG. (2.50)

2.5 Solutions to the Friedmann Equations

The solutions to the Friedmann equations for a universe dominated by different
components, such as matter, radiation, and dark energy, depend on the equation of
state for each component. Here, we will provide the solutions for these three dominant
components separately [21].

Matter-Dominated Universe:
In a matter-dominated universe, the equation of state for matter is p = 0 (pressure

is negligible compared to energy density) [28]. The First Friedmann Equation is

8nG
H? = nTpm. (2.51)
The Second Friedmann Equation is
d 4nG
-—=—— 2.52

where p,, is the energy density of matter; for a matter-dominated universe, the
scale factor evolves as a(r) o t2/3, where ¢ is the cosmic time [27].
Radiation-Dominated Universe:
In a radiation-dominated universe, the equation of state for radiation is p = %p, where

p is pressure, and p, is energy density. The First Friedmann Equation is:

a 4G
Z=—_"h5. 2.
a 3 Pr ( 53)

. : : 1
For a radiation-dominated universe, the scale factor evolves as a(t) o< 12.
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2.6. CONCLUSION

Dark Energy-Dominated Universe (Cosmological Constant):

In a dark energy-dominated universe with a cosmological constant (A), the equation

of state is p = —pa (negative pressure due to dark energy). The Friedmann equations
are:
4G
H> = 5 (Pat3pa); (2.54)
and
d 4nG
P _T(pA+3pA)- (2.55)

For this case, the scale factor evolves exponentially: a(t) o< efA” where Hy is the
Hubble parameter associated with dark energy and it is related to the cosmological
constant through the first Friedmann equation. These solutions describe the evolution
of the scale factor for different dominant components in the universe. In reality, the
universe’s composition changes over time, and these components can coexist, leading
to more complex cosmological models that require numerical simulations for accurate

predictions.

2.6  Conclusion

In this Chapter, we discussed the essentials of the Lagrangian formulation of field
theory. We introduced the gravitational field action as well as the matter field action.
It was shown that the Einstein field equation can be found by performing an arbitrary
variation over the Lagrangian term in the action and using Jacobi’s identity. After we
discussed the Lagrangian formulation of field theory and its application to Einstein’s
field equation, we discussed how to derive the FLRW metric. The discussion continued
with the Friedmann equations, and the cosmological constant and the Friedmann

equation solutions were introduced.

26



Chapter 3

Canonical Gravity

3.1 The ADM Formalism

In our previous Chapter, we discussed obtaining the field equations of general
relativity using the Einstein-Hilbert action. In this Chapter, we introduce the ADM
(Arnowitt, Deser, Misner) formulation of canonical gravity and study Einstein’s grav-
ity as split into a D=3 space and 1D time system. This facilitates a Hamiltonian
formulation of the theory. Let us consider the Einstein-Hilbert action for the met-
ric tensor field g,y with Lorentzian signature propagating on a (D + 1)-dimensional
manifold M,

1

S — —/ 4P+ 1x/Jdet(g)] RO+, (3.1)
K JMm

where kK = 16nG, with G being the Newton’s gravitational constant, R+ 1) ig the
Ricci curvature scalar and |det(g)| is the determinant of the metric tensor and D = 3.
ADM is a Hamiltonian formulation of General Relativity. We want to obtain the
Hamiltonian from the action, but the Hamiltonian is not directly contained in the

action. Generally, an action is defined as the integral over the Lagrangian:
S = /L d*v, (3.2)

where d*V is the volume form and corresponds to \/|det(g)| d°*'x in the Einstein-

Hilbert action and L is the Lagrangian function and corresponds to the Ricci curvature

scalar (R(PH1)),

27



3.1. THE ADM FORMALISM

Our goal is to construct a quantum theory of General Relativity. We encounter the
problem that time and space are merged in General Relativity, while in Quantum
Mechanics, space and time are distinct. Our mathematical solution involved foliating
the Einstein-Hilbert action from a 4-D manifold to a 3 + 1 manifold (separate space
and time).

In terms of one-forms, the Riemann curvature tensor is defined as follows:
(Vi V] up = P+ VR © g, (3.3)

where V is the covariant derivative associated with the metric tensor guy.

The action principle (Eq.(3.1)) must have boundary terms to make it well-defined.
The boundary term assumed for the manifold (M) is an asymptotically flat boundary.
To put Eq (3.1) into canonical form, we assumed that the 4-D manifold (M) has a
topology (M = R x o), with 6 being a 3-D manifold with an asymptotic flat boundary.
The Geroch theorem asserts that this type of topology is necessary for spacetime to
be globally hyperbolic (with Cauchy surfaces consistent with classical physics). In
the Lorentzian signature, the topology we have assumed for M has no restriction for
classical physics. Unlike classical gravity, quantum gravity allows various topologies,
especially topological changes. In our approach, we will use classical assumption (M =
R x 6) to develop the quantum theory of gravitational field and lift the restriction in
quantum theory.

Considering the assumption we made for the topology of M, it is evident that it foliates

into hypersurfaces (Y, = X; (0)). For each fixed t € R, an embedding exists:
Xt 00—~ M.

This is given by the definition X;(x) = X(x,t), where the local coordinates of the

3-D compact manifold(c) is given by x“(a,b,c,..... = 1,2,3,....). We also have a
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3.1. THE ADM FORMALISM

diffeomorphism

X :Rx o= M;(t,x) — X(t,x) = X;(x).

These special diffeomorphisms enable the decomposition of action (Eq.(3.1)) into

4D | T/JJL

manifold

spatial
slice

Figure 3.1: The diagrams for the 4-D manifold, the spatial slice and the decomposition
of a vector field on the spatial slice.

D + 1 (space and time). Taking into account the fact that the action is invariant
under all diffeomorphisms, we allow the embeddings to be arbitrary, and it is expressed

using the vector field:

TH(X) = (%) N NX)nH(X) + NH(X), (3.4)

where T* is the time evolution vector field, n* is the unit normal vector to }; which
means g,y n'n’ = s, N (N:Y, — R) is the lapse function, which measures clock

speed according to the local observer. N* is the shift vector field, which specifies the
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3.1. THE ADM FORMALISM

local velocities of observers along the hypersurface. Consider a hypersurface ¢ that is
embedded into the 4 — D manifold M through X. We can take n as its unit normal
vector field and Y = X(0) as its image. When developing the tensor calculus of
spatial tensor fields, we now have the option of working with either ¥ or ¢; working
on Y gives the advantage of comparing spatial tensor fields with arbitrary tensor
fields restricted to Y} since both are tensor fields on a subset of M. In addition, after
developing tensor calculus on the hypersurface ( }), we pull back the tensor fields
through the embedding to obtain the tensor calculus on 6. u,v,p,.... are spacetime

indices (0,1,2,3) and a,b,c... are spatial indices (1,2,3).

3.1.1 The Gauss-Codazzi Equations

The Gauss-Codazzi equations relate the 4 — D Riemann tensor (Eq. (3.3)) to the 3-
D Riemann tensor and the extrinsic curvature tensor when there is a 3-D hypersurface
Y embedded in the 4-D manifold M.
Our next step is to derive the Gauss-Codazzi equation using the induced coordinates
on 6 (a,b,c = 1,23.). Let the induced metric on the hypersurface . be (First
fundamental form): g, = guw — s ny ny and the derivative operator on 6 be D,

Hence, D, could be mathematically expressed as follows:

Dy = g, 'Vy 0. (3.5)

Note that the induced metric (guv = guw — § nuny) is the projector onto the
hypersurface (}).
The second fundamental form of the hypersurface Y is the extrinsic curvature

tensor, given by:

W = qE q5 (2V(pnc))- (3.6)
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3.1. THE ADM FORMALISM

In addition, one important property of the second fundamental form is its sym-

metry:

K,uv = Kvu;

this implies that

KIUV + KV,U - 2K,UV'

In terms of covariant derivative, Eq.(3.8) can be expressed as

2Ky = qf 4y (2V(png))-

In differential geometry, a useful identity exists: the relation between the Lie and

covariant derivatives. mathematically, we can express that as [22]:

(Ln g),LlV = 2V(,u ny).

Using Eq.(3.5) and Eq.(3.10) we can express Eq.(3.9) as

2K,uv = qﬁqﬁ(Lng)pc = Clﬁqg(an + SLnn®n)pc-

The unit normal can be expressed as:

™ — NH
N

T

Using Eq.(3.12) we get

1
2K:u - N(LT qlu\) - D,UNV —|— DVN,U)'

(3.10)

(3.11)

(3.12)

(3.13)

The first form and second fundamental form of tensors are spatial, so they vanish

31



3.1. THE ADM FORMALISM

when contracted with the timelike unit normal n*:
nfqw = 0. (3.14)

Our definition of the 4 —D Riemannian tensor in Eq.(3.3) was expressed using
the 4—D covariant derivative, but if we want to obtain the 3 — D Riemannian tensor,
we must define it using the 3 — D covariant derivative. The 3 — D covariant derivative

can also be obtained as a projection of the 4 — D covariant derivative [52]:

where 7, (u) is the induced vector in Y, and n*u, = 0.

Using Eq.(3.3), we define the 3 — D Riemann curvature as:
Using Eq.(3.15) and cyclic chain rule:

[Du, Dy up = (DuDy —DyDy) up

= QZ qX qg V,u’( qx, qg, Vvuup//) — qﬁqx qg Vyr( qZ, qg, Vu””p”)- (3.17)

Let us focus on the first part of Eq.(3.17):

DHDVup = qz qx qg qg, (Vlu/qx/ )anup// + qﬁ qx qx/ qg (V,u’qg/ )Vv//up//
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3.1. THE ADM FORMALISM

+ L]Z qx qz/ qp qp VF/VV//upu -+ q‘u qy qg V (I’Z nv/)Vvuup// —+ ql-l qv qp V,u( G/l’l )VV”MG”

_|_

oV o 7

oyl !
qﬁ qz qg V /VV//MG// —+ qIJ qV qp I’l VH/nV/VV//uGu — qZ qz qg V/J’”G’(Vv”nc )up//

,u’ V! p//
+ 9u9v 9p V,U’VV”up"

"o n 1" 1" 1oy o
v op
= ,uvqg I’lv VV//up// — K,Uvqg Vvunc Ug + qﬁ qv qp V,u’vv””p” (318)

/

as q‘u,,npx = 0.

Going through the steps for the antisymmetrization part in Eq.(3.17) we get:

DDty = ¢4 45 4% (Vo)) Vuitr + ¢4 qs 4548 (Vwdl WV + oy ¢ a4 65 4B VrV oy
(3.19)

5o Al " "o ” "oy A
+dy 4y qp Vo (B ne) Vg + 6 4yq8 Vi (ngn® )V ,ugr + ¢y gy qp Vo Vi

N N "y
_|_ql{/l qx qg n/‘l Vv’ny’v,u”up" — qli,l q:/l qg VV’nG’(V/J"n )up// —|— qV q,U qp Vvlvlu//up//
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3.1. THE ADM FORMALISM

= Kqug”n“”Vyuupu — Kqug”Vpunp”upu—k qx/qﬁﬂqgﬂvv/vﬂuupu
using the fact that
gv “n°Vyus = q‘l\fV“(ncuG) —gqv *usVyn® = —Ky ®ug, (3.20)
Thus we get:

(DuDy — DyDy)ug 5o
— KVIUKG (¢} uG//_ KVGKIU 9 uG//+ qﬁ qx qg (V,U/VV// _VV//V,U/)MG//‘

Combining Eq(3.18), Eq.(3.20) and Eq.(??), we get the Gauss-Codazzi equation:

/

3R,uVG P = KV(‘SK,U P— chv p+ C[ﬁ QX C]g Clp R uv' (5’ . (3-22)

Next, we take the contracted version of the above indices and work in three di-
mensions with indices labelled by a,b,c.d, ...

Contracting the 3-D Riemann curvature with ¢* qy leads to:

SR = K> —K; %K, ¢ + “R, (3.23)
making the Riemann curvature on the 4-D manifold the subject we get:

‘R = 3R + K; k, ¢ — K. (3.24)

Eq.(3.22), Eq.(3.23) and Eq.(3.24) are known as the Gauss-Codazzi equation, the
components of the metric g,y are now in terms of the 3-D metric and the lapse and

the shift given as:

34



3.1. THE ADM FORMALISM

A B, 1 [—-1 NP
_ o
g/JV - , & - ]W 9
Ba qab N¢ Cab

(3.25)

where A, B, and C* are unknowns. Utilizing the identity g% gp. = o} allows us to

solve for the unknown elements.

1
sapg™ = 8= 5(~Ba + quN") = 0— Ba = quN". (3.26)
1
8008% = 8= ~5(-A + BN = 1— A = quN'N" — N, (3.27)
1
gacg™ = = ]WQad(NaNd + My = 88— ¢ = NP — NONP. (3.28)

Replacing A, B, and C?? into the metric we get:

N,N* — N> N, 1 [ -1 NP

g = 8 = : (3.29)
Na Gab N¢ qab — N¢ Nb

We can define the determinant g,y and g, as follows:

det(gyv) = &, det(Qab> = dq. (330)

The indices (uv) run from 0 to 3, so this is a 4x4 matrix.

Using Cramer’s rule to express the inverse of the metric results in:

D
g0 = 0 (3.31)

det(guv)
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Dy is the (0,0) element of the cofactor matrix of g,. This is obtained from
Do = (—1)°Eyy = Eg is the determinant of the 3 x 3 matrix obtained from

suppressing the first line and the first column of g,y. From Eq.(3.30):

00 q
g = - 3.32
p (3.32)
From Eq.(3.31), g% = N2’ Eq.(3.32) can be expressed as:
1 q
VT Vg = Nvq. (3.33)

Finally, we can cast the action into D+ 1 form using the Gauss-Codazzi equations

and the ADM split of the determinant as

s = % /R dr /G dPx\/det(q)|N| (R — s[Ka PKy, @ — K7), (3.34)

where, K, °Kp, ¢ = K K.

The action can be written as:

_ % /R dt /6 P\ /det()IN| (R — s[KpK® — K2)). (3.35)

In this case, (1/det(q)|N|(R — s[K;»K® — K?]) is the Lagrangian defined on a 3 — D

manifold:

= /det(q)|N|(R— s[K;,K? — K?]). (3.36)

Now that the action has been cast into D+ 1 (foliation of the space-time) form, we
want to cast it into canonical form, which means we want to execute the Legendre
transform on the Lagrangian density in Eq.(3.36).

To cast the action into canonical form, we must specify the configuration variable and
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the corresponding conjugate momenta; the configuration variable is the metric on the
3 — D manifold (gup). We need the velocities of g, to get the conjugate momenta. Note
that the action is dependent on the velocities (§,p) of the configuration variable ggp,
but not on the time derivatives of the shift function (N*) and the lapse function (N).

From Eq.(3.13) it is easy to deduce the velocities (¢,p) in terms of the configuration

variable (gup):
Gab — Danp —Dpng

K, = 3.37
ab N ( )
The conjugate momenta can be solved by using:
ab OLG ab ab
PY = S, = Vdet(q)[K” — ¢“K]. (3.38)
qab
K = qabKab7
OLg
In=—=0, 3.39
OLg
I, = SNa 0. (3.40)

Eq.(3.39) and Eq.(3.40) are the primary constraints, and to do the Legendre trans-
form, we used the Dirac method for the Hamiltonian treatment of systems with con-
straints, which required us to introduce Lagrange multipliers (A, A,). Solving for the

other velocities in the system, we get the following:

dayP?? = 2N+/det(q)[K.p,K® — K2, (3.41)

P = qacqpaP™ = /det(q)[9acqpaK — qacqpaq™K)

= +/det(q)[Kasp — 3 qapK],

(3.42)
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PP, = /det(q)[KaK®” —9K?> — K* + 9K?] = \/det(q)[KapK®” — K?], (3.43)

P = qabPab = \/detq[qabK“b—qabq“bK] = —,/detq[2K], (3.44)

(P)?> = 4 det(q) K. (3.45)

When we incorporate these formulas into the action, we obtain a canonical form
and perform integration by parts on the spatial components. Considering that we are

dealing with an asymptotic flat boundary, the boundary term is zero.

1 . :
S = 1—(//613x (daP™ + NII + NI, — (AB + A%B, +N° H,+N H)), (3.46)
RJo

where H, is the spatial constraint, H is the Hamiltonian constraint and B and B“

are the primary constraints (B=1I =0 and B* =11 =0),

H® = —2D,P™, (3.47)
1 1

H = ( [Gacqba — =qapdcalP"P + +/detq R). (3.48)
Vdetg 2

Our interest lies in Hamiltonian constraints, so other constraints are set to zero,

leaving only Hamiltonian constraints. Consequently, the action becomes:

s =1 / di / &x [GasP™ — (NHy + |N|H)]. (3.49)
K JR c

The Hamiltonian is entirely a constraint. We can still define a quantum Hilbert space

using the canonical algebra of g, and P%. The Hamiltonian constraint acts on the

38



3.1. THE ADM FORMALISM

wave function of the universe to give zero,
HY=0. (3.50)

This equation is known as the Wheeler-DeWitt equation and it plays the role of the
Schrddinger equation in canonical quantum gravity theory. The next chapter will

discuss the Wheeler-Dewitt equation in more detail [13].

3.1.2 Importance of the constraints
o The constraints are automatically maintained in time, making them consistent

with the equations of motion,

M {11.(0y). NN (3.51)

The closure of the algebra causes the right-hand side of Eq.(3.51) to disappear

in the phase space of the constraint.

o Specifying N and N¢, the unknown quantities, results in a well-posed Cauchy

problem for the dynamical equations [11].

 The constraint equations (3.39)-(3.40) are satisfied on all spacelike hypersurfaces
of the manifold (M) if the Lorentzian metric g, on the spacetime manifold M
fulfills the vacuum Einstein equations G,y = 0. ( P is calculated from the
given spacetime geometry using the definition of the second fundamental form

just as we did and resulted in the relationship between P and K, Eqn. 3.37.)

 Assume that (M, g,y) is a Lorentzian spacetime in which the constraint equations
(3.39 - 3.40) have properties satisfied on any spacelike hypersurface. All ten

Einstein field equations Gug(X,g) = 0 must be satisfied.
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The last result is significant because it indicates that the dynamic aspects of Einstein’s

equations are already included in the constraints.

3.2 Conclusion

In conclusion, the Arnowitt-Deser-Misner (ADM) formalism stands as a pivotal
achievement in the realm of general relativity, offering a profound insight into the ge-
ometric intricacies of spacetime through the elegant concept of splitting 4D spacetime
into 341 space and time. This formulation has reshaped our understanding of the
dynamics of gravity and provided a robust foundation for various applications across
classical and quantum physics.

At the heart of the ADM formalism lies the concept of the first and second fundamen-
tal forms, which allow us to dissect spacetime into spatial and temporal dimensions,
respectively. This spatial-temporal decomposition provides a clear and intuitive de-
scription of the evolving gravitational field. The first fundamental form, encapsulating
the spatial geometry, captures how distances and angles change on spatial slices, while
the second fundamental form captures the extrinsic curvature of these slices within
the larger spacetime.

By splitting the Einstein-Hilbert action into its 3+1 form, the ADM formalism allows
us to reframe the gravitational dynamics in terms of the spatial metric, the lapse func-
tion, and the shift vector. This separation is instrumental in analyzing the evolution
of the gravitational field, enabling us to derive the Hamiltonian formulation of gen-
eral relativity. Utilizing the Lagrangian derived from the 3+1 action, one can obtain
the canonical momentum variables conjugate to the spatial metric. The Hamiltonian
can then be expressed in terms of these momentum variables and their derivatives,
providing a powerful tool for understanding the underlying dynamics of gravity.

The ADM formalism’s significance extends to both theoretical and practical domains.

It has paved the way for numerical simulations of gravitational phenomena, includ-

40



3.2. CONCLUSION

ing black hole mergers and neutron star collisions. Furthermore, this formalism has
played a crucial role in canonical approaches to quantizing gravity, offering insights
into the quantum nature of spacetime.

In essence, the ADM formalism’s success lies in its ability to unravel the intricate
nature of spacetime geometry and gravitational dynamics. By embracing the 341
split, the formalism offers a new perspective on the interplay between space and time,
providing a powerful toolkit for investigating the fundamental behaviour of gravity

and its consequences on the universe at a grand stage.
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Chapter 4

Quantum Cosmology

4.1 Introduction

The idea of quantum cosmology is that quantum physics should apply to the uni-
verse as a whole. According to the standard particle physics model, there are four
forces in nature. They are the gravitational force, electromagnetic force, weak nuclear
force, and strong nuclear force. Three forces have been unified, except gravity, which
must be unified with quantum mechanics. Unifying General Relativity and Quantum
Mechanics is not an easy task because, in General Relativity, both space and time
are physical objects, and they obey dynamical laws and exhibit gravitational waves
that interact with one another and with matter, so it is necessary to quantize space
and time. Quantum Cosmology aims to quantize the universe as a whole, and it
has direct connections with quantum gravity (quantum theory of gravitation). Since
quantum gravity remains unfinished, the theoretical basis of quantum cosmology re-
mains unclear. Making things worse, there are several difficult conceptual problems
to be overcome.

The theory of quantum cosmology has a relatively long history, even though it re-
mains highly speculative and controversial. Lemaitre’s idea of the primordial atom
combines insights from General Relativity with quantum mechanics concepts (in later
years to be referred to as the Big Bang singularity)[24] [26]. Tolman’s efforts to solve
the singularity problem of General Relativity using quantum physics were in many

ways prescient, and the entropy problem of an eternal universe is still relevant today
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[47] [48]. Despite this, further progress was hampered not only by the incomplete
nature of quantum mechanics at the time and the lack of interest from mainstream
theorists. ( atomic physics, after all, presented much more urgent and practical prob-

lems).

In this chapter, we will use the results we obtained in Chapter 3 to compute the
Hamiltonian for matter fields and scalar fields using the definition of the Lagrangian
as it pertains to quantum field theory, as well as the method and results we obtained

for canonical gravity in Chapter 3.

4.2 Cosmological metric

The FLRW metric was derived in Chapter 2; in this section, it will be expressed

in conformal time and transformed using Rindler-like coordinates.

The flat FLRW metric is expressed as:

ds* = —dt* + a(t)2 (dx2 + dy? —|—dZ2)- (4.1)

Alternatively, Eq.(4.1) can be expressed as:

ds? = —di* + a(t)? (dx“dx,). (4.2)

Consider a light beam that travels in the x direction. With ds = 0, it travels on

a null geodesic obeying the relation:

dt

+a(t)dx. (4.3)
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Using the relation of proper velocity:

dx
= —. 4.4
n= (4.4)
Assuming the proper velocity is 1, then Eq.(4.3) becomes:
dt = i (4.5)
a(t)
This implies that
dt = a(7) dt. (4.6)

Substituting Eq.(4.6) into Eq.(4.2), we can express the cosmological metric in

terms of conformal time:

ds*> = a(t)?(—dt* + dx“dx,). (4.7)

Transforming using Rindler-like coordinates (X,T), which represents accelerated

observer in X-direction, an example of which (o is a constant):

T = 1(X,T) and x = x(X,T)

which implies that [39]:

T = Xsinh(aT), x = Xcosh(aT). (4.8)

Differentiating T and x with respect to T and X, respectively, and substituting that

into Eq.(4.7) results in:

ds?> =a(T,X)*(—o?X%dT? + dX* + dy* + dZ%). (4.9)
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This implies that the metric is no longer of the conformally maximally symmetric

form.

4.3 Solving the total Hamiltonian

We want to examine the solutions of the Wheeler-Dewitt equation in the accel-
erated frames’ observer. First, we must obtain the Hamiltonian for the scalar field
and the matter. We need the Lagrangian for the scalar and matter fields to construct
the Hamiltonian through the Legendre transformation. The Lagrangian for the scalar

field can be expressed as:

ﬁ

L = T_g (Va0 ¢ Vy 0 + V(0)]. (4.10)

In terms of the Lapse and scale factor, we can express Eq.(4.10) as:

V=8 1 2 1 i j
L=-">"|——(9, ——0; 0 87 9;0|. 4.11
2 N2 ( q)) + Cl(’C)z q) ]q) ( )
The Lagrangian is a function of the reduced metric g, and the velocity Gqp.

Based on the results from Eq.(4.7) , we can express the reduced metric in terms of

the scale factor as:

1
qar = a(t)* 84 and ¢ = a(t? 5, (4.12)

dap = 2 a(t)a(t)dap, (4.13)

the second fundamental form can be expressed as a function of the velocity factor

as:
1

Kab(T) = ﬁ(q.ab)(ﬁc)? (4'14)
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N =a(1), (4.15)

Kap(t) = a(7)dap. (4.16)

The generalized momentum can be expressed as follows:

oS
P, = S (4.17)
qacqbdKab(,c) _ ch _ d(T> SCd. (418)

This implies that:

Putting the result we obtained for the second fundamental form K, into we get:

25a(t)8%

P(1) = T

(4.19)

We can now insert these results into the Hamiltonian relation we obtained in

Chapter 3 to obtain:

(4.20)

With Eq.(4.17) and Eq.(4.20), we can express Hamiltonian terms in terms of

generalized momentum:

Hy = —2¢ (4.21)
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The Lagrangian for the scalar field ¢ could be expressed as:

L= Y E0,0¢%0 - V(o) (122)

Going through the steps we used to obtain P,, the momentum term corresponding to

the scalar field came out to be:
P
) 4.23
2a(t)3 (4.23)

When one works in an accelerated frame (which we discuss in detail in Chapter 5),
the momenta remain the same; therefore, the cosmological metric in the accelerated

frame is expressed as:
ds* = a(X,T)* (—a? X2dT?* + dX* + dy* +d2%). (4.24)
We added matter to this system in the form of a scalar field ¢ to describe matter-

driven cosmology. The Hamiltonian takes the form:

2

2
Pa pq) 3
20 L By (e). 4.25
24 T2 TV ) (4.25)

Hrw = —

4.3.1 Solutions to the Wheeler-DeWitt Equation

In Eq.(4.25), py and p, are the momentum corresponding to the scalar field and
the scale factor. We calculated them by considering a Universe filled with a scalar

field ¢.

The classical observables are promoted to operators and Eq.(4.25) becomes:

: 20
HRWW(aaq)) = (_;;aa + 2_;;,) W(a7¢) =0. (426)

To solve the WDW, we need to deal with the configuration space of the entire
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universe. The configuration space is a mathematical space representing the possible
states or wave functions of the entire universe as a whole. This gives all possible ways
that the geometry of the universe can evolve. However, solving the full equations of
general relativity for the entire configuration space can be extremely challenging, if
not impossible, due to its high dimensionality and complexity.

To make the problem more manageable, we often consider minisuperspace models,
which restrict the range of possible geometries or fields to a smaller, finite-dimensional
subset of the full configuration space. These restrictions typically involve simplifica-
tions such as assuming spatial homogeneity and isotropy, reducing the number of
dimensions of the configuration space, and often imposing certain symmetries. By
doing so, physicists can simplify the equations of motion and analyze the behaviour
of the system.

In the minisuperspace model, the cosmological wavefunctions have been calcu-
lated using two degrees of freedom (a, ¢). We have the tunnelling solution and the
Hartle-Hawking boundary conditions, and both wavefunctions predict the Universe
is nucleated by quantum fields in de Sitter invariant vacuum fields [23]. We will not
go into the detailed derivation of the wavefunction; we will give a piece of highlight
information about the two wavefunctions. Detailed derivation could be in Vilenken’s
paper [50]. From a mathematical standpoint, the tunneling solution is analogous to
quantum tunneling through a potential barrier, sometimes called

quantum tunneling from nothing or the “creation of the universe from nothing”
[50]. The nucleation of the Universe is a non-singular event according to the quan-
tum tunneling approach. In the semiclassical model, the underbarrier propagation is
described by an imaginary time evolution; the tunneling process is also described by
ordinary Fuclidean field equations, which are mapped to the Lorentzian solution at
the point of nucleation. Although the Universe started in a non-singular way, it will

eventually evolve into a singularity known as the Big Crunch. The general solution
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for the wavefunction is:

v =Y cne (4.27)

Where s, is the Euclidean action associated with the metric. In the Hartle-Hawking
proposal, the universe is considered a closed, compact, and smooth manifold without
any boundaries in spacetime. The no-boundary condition implies that the universe
has no initial singularity; instead, it has a quantum state described by a wave function
that depends on certain geometric properties of the three-dimensional spatial slices.

The wave function proposed by Hartle and Hawking is a function of the three-
metric (spatial geometry) of the universe. It is given by a path integral over all possible
compact, smooth Euclidean 4-geometries (spacetimes with imaginary time). The
integral includes contributions from different topologies and geometries, effectively
summing over all possible ways the universe could be.

The tunnelling solution predicts the initial state of the universe and leads to
inflation, but the Hartle-Hawking solution does not.

A detailed derivation of each solution can be found here [9], [14], [15], [49].

Using the WKB approximation of Vilenkin [50], a semi-classical solution is of the

form

y(E¢) = FE=0, (4.28)

Where &' is V12 Ina, we have derived Eq. (4.28) in detail in Chapter 6

4.4  Conclusion

Conformal and accelerated frames have produced intriguing and consistent re-
sults for cosmological metrics. First, we considered the Lagrangian formulation of
the system, which encompassed both matter and scalar fields. We discovered that
the Hamiltonian obtained in both frames were identical, suggesting a fundamental

equivalence between these two perspectives.
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The Hamiltonian of the system was derived using the Lagrange transform. Our cal-
culations revealed that the Hamiltonian is fundamentally a function of both the mo-
mentum associated with the scalar field and the matter field. The implications of this
observation for understanding the dynamics of the universe are profound.

We found that it is important to consider multiple frames and perspectives when in-
vestigating complex cosmological systems. The equivalence of solutions across frames
underlines the robustness and symmetry of our approach. Furthermore, the depen-
dence of the Hamiltonian on both scalar field momentum and matter field parameters
offers valuable insights into the interplay between these components in shaping the
evolution of the cosmos. It implies that the scalar field dynamics and the behaviour

of matter fields are intimately connected.

We discussed the two solutions for the cosmological wavefunction in the minisu-
perspace model, which are the tunnelling solution and the Hartle-Hawking boundary
condition; the tunnelling solution has an advantage over the Hartle-Hawking bound-
ary solution by giving a prediction of the initial state of the universe and also lead
to inflation, as the universe tunnels into existence, it can enter a phase of rapid ex-
ponential expansion known as inflation. We will use the tunnelling solution in our
calculations for determining the thermalization in the universe filled with a scalar
field. Overall, this provides a deeper understanding of the dynamics of cosmological
metrics and their connection between different frames. The consistency of our so-
lutions between the conformal and accelerated frames underscores the robustness of
our mathematical approach and the fundamental principles underlying cosmological

models.
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Chapter 5

Thermalization in curved space-time

5.1 Introduction

Thermalization in quantum field theory has been subject to intense research and
discussion for decades. Thermalization in curved space-time has been explored re-
cently by advances in theoretical physics. Many of these studies have concerned flat
space-time, but advances have also led to exploring thermalization in curved space-
time [3]. Both cosmologists and physicists are fascinated by the mysterious realm of
curved space-time described by general relativity. This warped spacetime produces
profound phenomena that fundamentally challenge our understanding of the universe.
One of these phenomena is thermalization, a process at the intersection of quantum
field theory and gravitational physics. This chapter examines the intriguing interplay
between thermalization, the Bogoliubov transformation, the Unruh effect, and Hawk-
ing radiation.

Thermalization, or the tendency for a physical system to reach thermal equilibrium,
has fascinated researchers across many disciplines. Thermalization takes on a unique
and profound meaning in curved space-time. The geometric structure of the universe,
influenced by massive celestial bodies and intense gravitational fields, affects the dy-
namics of quantum fields in such a way that thermal behaviour arises. The emergence
of these thermalization processes is governed by the principles of quantum field theory
in curved spacetime, set amid some of the most mysterious and awe-inspiring aspects

of our universe. We study thermalization in curved space-time through the Bogoli-
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ubov transformation, a mathematical tool that helps bridge the gap between early-
and late-time quantum fields. Spacetime curvature transforms the quantum vacuum
to mimic the temperature-like aspects of thermal equilibrium, revealing the subtle yet
transformative effects of spacetime curvature. In investigating the Bogoliubov trans-
formation, we gain insight into how the fabric of space-time itself can induce thermal
behaviour in quantum fields.

In curved space-time, there is a tangible manifestation of thermalization called the
Unruh effect, named after physicist William G. Unruh. According to this theory, an
observer in uniform acceleration perceives the vacuum state of a quantum field as
a thermal bath, complete with particles that appear to emerge from it. This effect
provides a striking link between gravitational acceleration and thermal phenomena,
highlighting the profound connection between the geometry of space-time and the
behaviour of quantum fields.

Near black hole event horizons, we encounter the renowned Hawking radiation, a phe-
nomenon that emerges from gravitational physics. Stephen Hawking predicted this
radiation due to the quantum mechanical interaction between black holes and vac-
uum fluctuations within quantum fields. Hawking radiation introduces the concept
that even black holes, known for their insatiable appetite for matter and energy, emit
particles and eventually evaporate.

Thermalization in curved space-time, the Bogoliubov transformation, the Unruh ef-
fect, and Hawking radiation are explored in this chapter. We aim to unravel the
intricate web that binds these concepts together to deepen our understanding of how
curved space-time affects quantum fields and our understanding of the universe. In
this Chapter we review some concepts of quantum field theory (QFT) and thermal-

ization in curved space-time.
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5.2 Thermalization in Quantum Field theory

5.2.1 Quantum Fields and Thermalization

Quantum Field Theory (QFT) unifies two of the most successful theories of physics:

quantum mechanics and special relativity. We understand the fundamental forces and

particles of the universe through particle physics, which is the foundation of modern

physics. QFT consists of the following components:

Quantum Fields: Quantum Field Theory describes physical observables in terms
of a field that exists throughout spacetime. The fields are associated with elec-
trons, photons, and quarks, among other fundamental particles. Quantum fields

are the building blocks of the theory.

Quantization: QFT applies the principles of quantum mechanics to these fields.
By quantizing the fields, the theory treats them as operators capable of creating

and annihilating particles. Excitations of fields are interpreted as particles.

Interactions: The theory allows for the description of particle interactions through
interaction terms in the field equations. These interactions are mediated by par-
ticles known as gauge bosons, such as photons for electromagnetism or gluons

for the strong nuclear force.

Lagrangian Formulation: QFT is typically formulated using a Lagrangian den-
sity, which encapsulates the dynamics of the fields and their interactions. The
equations of motion for the fields are derived from this Lagrangian through the

principle of least action.

Renormalization: In practical applications of QFT, infinities can arise in per-
turbation theory. Renormalization techniques are employed to remove these

divergences and obtain physically meaningful results.
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5.2.2 The Concept of Thermalization

Thermalization is a concept that arises in the context of statistical mechanics and
quantum systems, including those described by QFT. It refers to the process by which
a system reaches a state of thermal equilibrium characterized by energy distribution

among its constituents. Here are the key aspects of thermalization:

o Equilibration: Thermalization refers to the process by which a quantum system,
initially in a non-equilibrium state, evolves to reach a state of thermal equilib-
rium. During equilibration, energy is redistributed among the system’s degrees

of freedom until a balance is achieved.

« Relaxation Time: The time it takes for a quantum system to reach thermal equi-
librium is characterized by a relaxation time. This time can vary significantly

depending on the system’s properties, interactions, and initial conditions.

e Quantum vs. Classical Thermalization:

Quantum systems may differ from classical thermalization due to quantum in-
terference and entanglement effects. Understanding quantum aspects of ther-
malization is crucial in various contexts, such as in condensed matter systems

and high-energy particle collisions.

5.2.3 Equilibrium and Non-Equilibrium state in Quantum Field Theory:

The concept of equilibrium and nonequilibrium states plays an important role in
quantum field theory (QFT), just as it does in statistical mechanics and thermo-
dynamics [19]. Nevertheless, in QFT, these concepts are often applied differently
due to the quantum nature of fields. Our next step is to explore equilibrium and

nonequilibrium states in quantum field theory:
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Equilibrium State

In quantum field theory, an equilibrium state is when the properties of a system
do not change on average with time. It is a state of equilibrium where macroscopic
observables like particle density, energy, and momentum remain constant or fluctuate

within a narrow range.

Thermal Equilibrium

In quantum field theory, equilibrium states are commonly associated with ther-
mal equilibrium states. During thermal equilibrium, the properties of a system are
described by its density matrix in a fixed temperature state.
Thermal equilibrium in quantum field theory is crucial in cosmology and studying the
early universe, particularly during the epochs of cosmic inflation and the Big Bang.
To model the evolution of the universe, it is crucial to understand how quantum fields
behave under extreme thermal conditions. There are quite a few papers describing

the origin of thermalization in QFT using the above techniques.

5.2.4 Non-Equilibrium State

In QFT, non-equilibrium states are situations where the system is not in a time-
independent, stable configuration. The presence of external forces, rapid changes, or
deviations from equilibrium are often the characteristics of these states. The study
of non-equilibrium QFT is more challenging mathematically and requires specialized
techniques.

Some examples of non-equilibrium situations in QFT include:

« Particle collisions: High-energy particle collisions create non-equilibrium states

with many particles and energy density.

e Quenches: Non-equilibrium dynamics can result from sudden changes in the

system parameters, like changes in coupling constants.
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o Farly Universe: The evolution of the universe during its early stages involves

non-equilibrium QFT, including phase transitions and particle production.

Non-equilibrium QFT usually requires solving time-dependent equations of motion,
such as in the Schwinger-Dyson equations or the Kadanoff-Baym equations. These
equations describe the time evolution of field operators and require specialized nu-
merical or analytical methods.

For a comprehensive understanding of the physical universe, from particle behaviour
in particle accelerators to the evolution of the cosmos, it is essential to comprehend

the behaviour of quantum fields in equilibrium and non-equilibrium states.

5.2.5  Pure and Mixed state

Thermalization in QFT requires the concept of pure and mixed states [44]. The
fundamental entities in QFT are fields (y) that obey quantum principles. Normally,
when we define a quantized field theory, we use free field quantization, which is the
Fock space quantization, and introduce interactions using perturbative methods. The
Fock space states are number operator states for the quantum field; they are pure
states. In this context, a pure state is a quantum field configuration precisely defined
without any statistical uncertainty. In other words, a specific quantum field operator
exists at each point in space-time. Pure states are essential to understand the initial
conditions of a quantum field system.

QFT, however, often deals with interacting fields in complex environments, so
maintaining pure states is challenging. The presence of an external environment
and interactions with other fields and particles can introduce uncertainties and cause
mixed states to emerge. Mixed states occur when the quantum field system loses its
coherence because of interactions or the environment, becoming a statistical ensemble
of pure states. In the process of a system evolving toward thermal equilibrium, mixed

states are crucial for understanding the dynamics of the system.
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Thermalization occurs when a system reaches a maximum entropy state, with its
particles and fields distributed thermally. Mixed states describe this distribution,
which is inherently probabilistic. Quantum field systems lose information about their
initial conditions and settle into states defined by temperature and chemical poten-

tials as they thermalize.

The density matrix, or density operator, bridges pure and mixed states in quantum
field theory. This operator encapsulates the statistical information of a quantum field

system. For a given pure state |y >, the density operator is defined as:
A = ly><yl. (5.1)

This is a pure state when A% = A
In the case of a mixed state, the density matrix is expressed as a weighted sum of

pure-state density matrices:

A=Y ailyi ><wvil. (5.2)

We normalize the trace of the density matrix to ensure unity probabilities for all
possible states.

When thermalization takes place in QFT, the density matrix is used to track the
evolution of the system as it loses coherence and transitions from pure states to a
statistical ensemble. This is a powerful tool for understanding classical behaviour and

calculating thermal averages.

Rindler Spacetime
Rindler spacetime is a simplified solution to Einstein’s field equations in general

relativity. It describes the spacetime experienced by an observer who is undergoing
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constant acceleration in a flat (Minkowski) spacetime. In other words, if you were in
a spaceship accelerating constantly at a certain rate, the spacetime you experience

would be described by Rindler coordinates [34].

The Rindler metric in Minkowski space-time is given by:
ds* = —dr* +dx* 4 dy* +dz°. (5.3)

A vector field is a Killing field if the Lie derivative of the metric along the vector

vanishes. In Minkowski spacetime, a boost-killing field is given by:

t——i—xi. (5.4)

These Killing fields have time-like integral curves in the right and left Rindler wedges.

X =an1

Left Rindler Wedge Right Rindler
Wedge X
t=x

Figure 5.1: Worldlines of observers moving with uniformly constant acceleration o
in Minkowski spacetime, the observers cannot receive signals from events A, B and
cannot transmit signals to C [31].
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When a body is moving hyperbolically at a constant proper acceleration in the
x-direction, which depends on the proper time and the rapidity, the coordinates are
given by [35]:

x=X sinhaT , t =X coshaTl, (5.5)

o represents the acceleration of the system. The metric in the T and X is given by:

ds® = —o2X%dT? +dX* +dy* +dz*. (5.6)

Rindler coordinates are often used to study the physics of accelerating observers and
provide a useful framework for understanding certain aspects of relativistic physics.
In the discussion of the Unruh effect, we will see that Rindler coordinates provide a
natural framework for understanding and calculating the Unruh effect.

In Rindler coordinates, the space-time metric simplifies, making calculations in-
volving accelerating observers more tractable.

Rindler space-time is the spacetime experienced by an accelerating observer, and
the Unruh effect is the phenomenon of particles being detected by that observer due

to their acceleration.

5.2.6  Bogoliubov Transformation

The Bogoliubov transformation is a powerful mathematical tool in quantum field
theory that is used to study particle creation and annihilation in systems described by
second quantization, particularly in the context of many-body physics and quantum
field theory. It was first introduced by the Russian physicist Nikolay Bogoliubov in
the mid-20th century and has found applications in various areas of physics, including

condensed matter physics and particle physics [43].

Quantum fields and particle creation: Quantum field theory treats particles as

quanta of excitations in a quantum field. Fields are continuous entities that perme-
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ate space-time, and particles correspond to a specific mode or state of these fields.
Particle creation and annihilation processes involve changing the number of particles

in a particular mode or state of the field.

Annihilation and Creation Operators: To mathematically describe these processes,
physicists use annihilation and creation operators. Annihilation operators, denoted
as “a,” are responsible for removing a particle from a given mode of the field, while
creation operators, denoted as “a’” (a-dagger), add a particle to that mode. These
operators allow us to build and manipulate quantum states representing different par-
ticle configurations.

The Bogoliubov transformation is a unitary transformation that relates the annihi-
lation and creation operators in one set of modes to those in another set of modes.
It is typically used when there is a change of basis in the field’s Hilbert space due
to, for example, a change in the field’s ground state or the introduction of external

perturbations.

Mathematical Derivation

In a quantum system involving interacting particles, the Bogoliubov transforma-
tion diagonalizes the Hamiltonian. Here, we will present a simplified formulation of
the Bogoliubov transformation for bosonic particles.
Consider the following Hamiltonian for a system of non-interacting Bosonic particles:

k2
H = zk:% a}:ak, (5.7)

where az and aj represent the creation and annihilation operators for particles

with momentum k and m is the mass of the particle.
Our next step is introducing a Bogoliubov transformation that will diagonalize this

Hamiltonian. Typically, the transformation is written as follows:
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ar = up O + vi OCT_k, (5.8)

where a; is the original annihilation operator, oy and oc,t are the new annihilation
and creation operators after the transformation, u; and v, are the Bogoliubov coeffi-

cients.

The new operators satisfy the commutation relation
o, 0] = Sy (5.9)

We progress by finding the values of u; and vg, to do this we substitute the trans-

formation into the Hamiltonian:
k> .
H = Y o (o + vl ) (o +veal ). (5.10)
k

Expanding the equation, we get:

k2 s _
H= Z . (u,ﬁukoc,LOLk + u,”;vkockocik + viur o0y + vivkoc_kocik). (5.11)
k

The vacuum state is defined as
o0 > = 0. (5.12)

From Eq.(5.12) the only term that will remain as non-zero in the transformed

vacuum is:

<O0|H|0> = < Opvjwo_gal |0 > (5.13)

Using the identity:
[OCk,OCZ] =1, (514)
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<O/H|0> = vivx <Olo_gal [0 >, (5.15)

<OH|0>| = |[w|><0ja_tal,|0>. (5.16)

Based on the modulus, the vacuum state of one observer contains particles in the
vacuum state of the other observer. This is the Bogoliubov transformation [33].

It is important to note that each Bogoliubov coefficient has a specific form de-
pending on the specifics of the system and Hamiltonian. For our system in which the
Hamiltonian is a constraint, together with our WKB solution, I will use this procedure
in the next chapter to solve Bogoliubov coefficients in quantum cosmology.

This section briefly explains how the Bogoliubov transformation and its coefficients
are derived and calculated mathematically.

We must note that the Bogoliubov transformation lets us express the new cre-
ation and annihilation operators in terms of their old ones. Observing the evolution
of coefficients u; and v in time or space can provide insights into particle creation
and annihilation. For example, non-zero coefficients v; indicate particle creation for
certain modes, while u; coefficients indicate particle annihilation.

Bogoliubov transformations are useful tools in quantum field theory for studying parti-
cle creation and annihilation processes by relating creation and annihilation operators
in different modes. It plays a crucial role in understanding quantum phenomena in

different physical systems.

5.2.7 Unruh Effect

The Unruh effect is a fascinating and somewhat counterintuitive phenomenon
in the field of theoretical physics, particularly in the context of Special Relativity
and quantum field theory. It suggests that an accelerating observer in empty space

would perceive a thermal bath of particles, even though an inertial observer at rest
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or moving at a constant velocity would perceive empty space. This effect is named
after Canadian physicist William Unruh, who first proposed it in 1976 [6].
To understand the Unruh effect, let’s break down the key concepts.

Special Relativity: Special Relativity, developed by Albert Einstein in 1905, is
a fundamental theory of physics that deals with the behaviour of objects moving at
constant velocities, particularly in the absence of gravitational forces. It introduces the
concept of space-time, where space and time are intertwined into a four-dimensional
continuum.

Accelerating Observers: In special relativity, there is a crucial distinction between
inertial observers (those in constant, straight-line motion) and accelerating observers
(those undergoing non-uniform motion). This distinction is fundamental to under-

standing the Unruh effect.

Now, let’s delve into how the Unruh effect emerges as a consequence of special
relativity:

In the framework of quantum field theory, empty space is not truly empty [51]. It
is filled with quantum fields, which can fluctuate, briefly producing pairs of particles
and antiparticles (a phenomenon known as vacuum fluctuations). These particle-
antiparticle pairs annihilate each other almost immediately, so inertial observers can-
not directly detect them.

However, when an observer accelerates through space, the boundary conditions
change for what qualifies as “empty space” from their perspective. This change in
boundary conditions effectively modifies the vacuum state as perceived by the accel-

erating observer.

The Unruh effect arises when these accelerated observers detect particles that ap-

pear to be emanating from the seemingly empty space. From their point of view,
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these particles behave as if they are part of a thermal distribution, meaning they have
a temperature associated with them. This temperature is directly proportional to the

observer’s acceleration.

Mathematical Derivation

Let us start with the Minkowski metric in natural units (¢ = 1).

In this task, we want to calculate the quantum field seen by an observer moving
uniformly with constant acceleration.
To illustrate the transformation from an inertial observer to an accelerated observer,
we use the simplest field, the scalar field. We use a Lorentz-invariant action to define

a scalar quantum field:

1
ez e e 5.17)

To quantize the field, we introduce creation and annihilation operators, a; and
az, corresponding to plane wave modes with wavevector k. The operators satisfy the

following commutation relations:
lag,al)] = 8(k—K'). (5.18)

The quantum field operator ¢(x) can be expanded in terms of these creation and

annihilation operators:

1 4’k

ae™ + ale , 5.19
Vo] Vet ae 19

0(x) =

where @ = |k| is the Energy mode.

The next step is to find the mode functions for our accelerating observer. In a uni-
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formly accelerating frame, these are obtained by solving the Klein-Gordon equation

1

— 9,(v=g8" By 0) =0 (5.20)

ﬁ

where ¢ is taken as massless, but the derivation is similar for a massive field. In

the Rindler coordinates the Klein-Gordon equation of motion is given as

—1 2.(OT & (X el

I O(X) +eTxd(X) = 0, (5.21)
where we have taken ¢(7,X) = exp(i®oT)d(X) and from the solution of Eq. 5.21

0(X) =C;sin (gln(X)> +C;cos (gln(X)> ) (5.22)
If we set C; =i;C, = 1, one can write the solution as

O(T,X) = Aexp (im (T + éln(X)) > = Aexp(ioT)X™®/*, (5.23)

We can calculate the Bogoliubov transformations

Oy = / O(T, X) exp(—io1)dt, (5.24)

Bow = / O(T,X) exp(+iw't)dt. (5.25)

We are not calculating the Bogoliubov coefficients explicitly, but one can see that

o
| Ol |= eXp(F)’me’L (5.26)

Now, let us calculate the expectation value of the number of particles observed

by our accelerating observer. If akR,aZR are the Rindler creation and annihilation
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operators, the number operator is given by:
Nigp = aZRakR. (5.27)
The expectation value of Nig in the accelerating frame is
< Neg > = < O|Ngg|0 >, (5.28)

where |0 > is the vacuum state in the static frame.

Using the mode expansion, we can calculate NyR by Wick’s theorem:
<Npg > = /d—m[ez"“’/“|o¢m/|2]. (5.29)
(2m)

This is the expression for the Unruh effect, describing how quantum particles are
perceived by uniformly accelerating observers. It shows that the observer sees a
thermal distribution of particles with a temperature proportional to their acceleration.

The exponential can be interpreted as Boltzmann’s weight of blackbody radiation

with temperature T = o/27.

Discussions on Unruh Temperature
The Gibbons-Hawking effect for curved space-time is related to the Unruh effect,
which relates the temperature the accelerating observer perceives to their proper ac-

celeration.

The thermal nature of vacuum states for accelerating observers is a concept in
quantum field theory and relativistic physics closely related to the Unruh effect and
Hawking radiation. It arises from the interplay between quantum mechanics and the
effects of acceleration in the context of special relativity [2]. Let us break down the

key points:
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Vacuum State: In quantum field theory, the vacuum state is often referred to as
the lowest energy state of a quantum field, such as the electromagnetic field. It is not
necessarily “empty” in the classical sense, but it has no real particles, and its energy
is considered zero-point energy.

Accelerating Observers: According to the equivalence principle of general relativ-
ity, there is no experiment an observer inside an accelerating reference frame (like an
accelerating rocket) can perform to distinguish between the effects of acceleration and
the presence of a gravitational field. This principle is crucial for understanding the
behaviour of quantum fields in such situations.

Unruh Radiation: When an observer is constantly accelerating, they will perceive
the vacuum state of a quantum field as a state with particles. This apparent exis-
tence of particles, which are not present for an inertial observer, is known as Unruh
radiation. Unruh radiation is similar in concept to Hawking radiation near black
holes.

Thermal Nature: The Unruh effect leads to the conclusion that the vacuum state
for an accelerating observer appears to be in a thermal state, meaning it behaves as if
it has a temperature. This temperature is proportional to the observer’s acceleration,
known as the Unruh temperature (Ty). Mathematically, the Unruh temperature (7y)
is given by as derived earlier in appropriate units:

ah

Ty = . 5.30
v 27'CCkB ( )

Where: h is the reduced Planck’s constant, and a is the proper acceleration of
the observer, ¢ is the speed of light, and kg is Boltzmann’s constant. Here, we have
restored the constants we initially set to 1. It is important to note that this concept
is still theoretical and has not been experimentally confirmed, primarily due to the
immense difficulty in achieving the necessary accelerations to observe the Unruh effect

directly. However, it remains an intriguing and fundamental aspect of the interface
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between quantum mechanics and gravity.

The Unruh effect results from the interplay between special relativity and quan-
tum field theory. It tells us that an accelerating observer will perceive a thermal
bath of particles, whereas an inertial observer sees empty space. This intriguing phe-
nomenon highlights the deep connections between our understanding of space, time,

and quantum physics in the relativistic framework.

5.2.8 Quantum Field Theory in Accelerated Frame

When observers uniformly accelerate in Minkowski space, they perceive the vac-
uum state differently than an inertial observer. In particular, they detect particles,
or more precisely, they perceive the vacuum fluctuations as particles.

The Bogoliubov transformation connects the creation and annihilation operators
that describe particles in the accelerated observer’s frame to those in the inertial
frame. This transformation essentially relates the particle content of the vacuum
state in the two frames.

This transformation results in the accelerated observer seeing the vacuum fluctu-
ations as a thermal distribution of particles, which implies a temperature associated
with these fluctuations. This temperature is known as the Unruh temperature.

The Unruh effect can be understood using Bogoliubov transformations by mathe-
matically connecting the quantum field description of the vacuum state as seen by an
inertial observer to that seen by an accelerated observer. This transformation reveals
that an accelerated observer perceives the vacuum fluctuations as thermal radiation,

leading to the prediction of the Unruh effect.

5.2.9 Application of the Unruh Effect

We will discuss some of the applications of the Unruh effect in this section.
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Hawking Radiation

In 1974, Stephen Hawking came up with the theory that black holes emit parti-
cles and eventually lose mass. Basically, this phenomenon results from the interplay
between quantum mechanics and general relativity. Despite providing a simplified
derivation, it is important to note that the full derivation requires complex calcula-
tions based on quantum field theory in curved space-time. The Schwarzschild metric
is commonly used to describe black holes without rotation. This metric specifies the

space-time geometry around a black hole as follows:

2GM dr’
2 _ 2 2 2 02 2
ds® = — (1— 2, )dt + (1_2G2M)—l—r (d6” +sin”0d¢”), (5.31)

cr

where M is the mass of the black hole, r is the radial coordinate, 8 and ¢ are the
angular coordinates.

Spacetime tends to curve near the event horizon of a black hole; due to this curvature,
particle-antiparticle pairs are created from vacuum fluctuations. Close to the event
horizon, one particle of the pair falls into the black hole (inside the event horizon) while
the other escapes to infinity. Due to the uncertainty principle, short-lived particle-
antiparticle pairs can spontaneously form if their total energy is conserved. The
particle that escapes must have positive energy (since it escapes to infinity), while
the particle falling into the black hole must have negative energy. Positive energy
particles become Hawking radiation, while negative energy particles reduce the black
hole’s mass.

The Hawking temperature Ty is derived from the energy conservation equation, and

it is given by:
hic3

kpTy = .
BIH = SnGM

(5.32)

The Hawking radiation spectrum follows a blackbody distribution, resembling the

Planck spectrum with a temperature Ty. This means that black holes can emit radi-
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ation in the form of particles (typically photons) with a thermal spectrum. Hawking
radiation can be derived using the same techniques as the Unruh effect as mathemat-

ically the near-horizon metric is that of a Rindler space-time.

5.3 Conclusion

In conclusion, our exploration of thermalization in curved spacetime and its con-
nection to quantum field theory has shed light on some profound phenomena in the
realm of theoretical physics. Thermalization, in this context, refers to the process
by which a quantum field adapts to the unique characteristics of curved spacetime,
ultimately leading to the emergence of thermal effects, such as Hawking radiation.

We delved into the intricate world of quantum field theory, which provides us
with a powerful framework to understand the behaviour of quantum fields in curved
spacetime. Within this framework, we discussed the concept of Bogoliubov transfor-
mations, a mathematical tool that allows us to bridge the gap between the quantum
field modes in different regions of spacetime. This transformation helps us uncover
the fascinating phenomenon of Hawking radiation [30].

As Stephen Hawking proposed, Hawking radiation is a remarkable consequence of
the interplay between quantum field theory and the gravitational effects of a black
hole. It reveals that contrary to classical expectations, black holes are not entirely
black but can emit thermal radiation due to quantum fluctuations near their event
horizons. This groundbreaking idea has had profound implications for our under-
standing of the fundamental laws of physics, challenging the boundaries of classical
general relativity and quantum mechanics.

In summary, our discussion of thermalization, quantum field theory, Bogoliubov
transformations, and Hawking radiation has illustrated the intricate and fascinat-
ing connections between the quantum world and the curvature of spacetime. These

concepts have expanded our theoretical understanding of the universe and inspired on-
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going research and exploration at the forefront of modern physics. As we continue to
unravel the mysteries of the cosmos, these ideas remain pivotal in our quest to unify
the fundamental forces of nature and deepen our comprehension of the underlying

principles that govern the universe.
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Chapter 6

Thermalization in Quantum Cosmology

6.1 Introduction

Toward the end of Chapter 4, we discussed some existing solutions to the cosmo-
logical wavefunction and their conclusions about the quantum wavefunction of the
universe. The Hartle-Hawking state suggests that the universe has no boundary. In
this model, there is no initial singularity, and time is treated as an imaginary concept
in its early stages. Quantum descriptions of the early universe were derived from
path integrals of all possible compact, smooth Euclidean 4-geometries. In addition,
we discussed the tunnelling solution, which implies that the Universe was created
from nothing.

In this Chapter, we are not interested in the singularity of the system but rather
in the thermalization of the wavefunction. We want to study the universe using ther-
malization because it allows the quantum state to exchange energy with the matter
quanta, thereby making it an open system. This prevents cosmological singularities
from forming, which enables us to connect them to the exchange of particles of the

gravitational wave function with the matter fields [38].

6.1.1 Operator ordering Problem

The operator ordering problem in quantum cosmology refers to the issue of how
to properly order the operators representing physical observables in the equations

of quantum cosmology [15]. In quantum mechanics, the order in which operators
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are written in an equation can affect the physical predictions of the theory. Different
orderings of operators can result in different mathematical representations of quantum
states and different predictions for physical measurements. In quantum cosmology,
which seeks to describe the universe as a quantum system, there is no clear and
unique prescription for how to order the operators. This ambiguity is often called
the “operator ordering problem” in the context of quantum cosmology. It’s an issue
that needs to be addressed in formulating quantum theories of the universe. Various
proposals and approaches have been made to deal with the operator ordering problem
in quantum cosmology. Some of these approaches are:

1. DeWitt’s Superspace Formulation: This represents the quantum version of
Einstein’s equations. In this formulation, the ordering of operators is often chosen
to be symmetric, where the momenta and coordinates are treated on equal footing.
However, this is just one of many possible choices.

2. Minisuperspace Models: These are simplified models of the universe that re-
duce the degrees of freedom to a finite number, making the operator ordering problem
more tractable. These models can help analyze the quantum behaviour of cosmologi-
cal systems while avoiding some of the complexities of full quantum cosmology. The
operator ordering problem in quantum cosmology is a fundamental challenge when
applying quantum mechanics to the entire universe. Different approaches and formu-
lations have been proposed to address this problem, but it remains an open question
in the field of theoretical physics..

In our situation, we order the WDW equation introduced in Chapter 4 in the following

form:

| A
(—Eapaapa +p$> y(a,0) =0. (6.1)
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6.1.2 Thermalization

Using the operator representation p, = i% (k=1) and py = i%, one gets

a § [ dy\ &y
Z g2 )= ) =0. 6.2
(128a (“sa) 52 (6.2)
Using the redefinition of the coordinate in superspace (space of a,9) as & = Ina, one

gets the WDW as

1 &%y &y

One can absorb the constant 12 into a redefinition of & and eventually obtain the

WDW on superspace as
821|I Szw
oV _2¥_ . 4
5&/2 &I)Z (6 )
Using the WKB approximation of Vilenkin [46] [50] , a semi-classical solution is of

the form

y(&, ) = *EF0), (6.5)

One can draw this wave function in the —eo < &' < o0 and —e < ¢ < oo ‘causal diamond’
with null lines extending from null past to null infinity.
We can make Rindler transformations in this super-space and obtain new wave

functions in ‘accelerating coordinates’:
&' = Xsinh(aT); ¢ = Xcosh(aT), (6.6)

where we have used the same notation as coordinate transformation in real space
(Eq.(6.10)), as it is our idea that one can identify these transformations in super-
space with real coordinate transformations in the classical solutions for a,¢. However,
the transformations will keep the WDE invariant, but only wedges of the super-space

causal diamonds will be accessible in the X, T frame. Note these transformations are
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" & Nas

Figure 6.1: A diagram of Dewitt superspace showing —eo < & < eo and —eo < ) < o0
with null lines extending from null past to null infinity.

similar to the Rindler transformation defined in the Unruh effect. As we are not
analyzing the metric is De-Witt superspace, which is six-dimensional, this is a trans-
formation of the scalar-gravity cosmological system. If we implement the coordinate

transformation of the super-space on the wavefunction,
Y(X,T) = kX ) (6.7)

and if we see the scale factor for the scalar energy-momentum tensor as a function

of co-moving coordinates, then
a(t) o< (t _l())l/?’a (68)

with the scalar field as

o(t) = %ln(t 1), (6.9)

We can use the real space coordinate identifications with T,¢ to see how the super-

space coordinate transformation is identified in real space. The coordinate transfor-
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mations are very complicated.

If we identify the modes of the wave function in the T' coordinate as (the Hamil-

tonian does not depend on T except for an overall factor)

yr = exp(ik'T),

(6.10)

Then, a Bogoliubov transformation relates the two wave functions. We then formulate

a thermalized evolution of the Universe. Questions of how a background-independent

observer can exist to measure this thermal process is a work in progress.

However,

the result we try to show is that the wave function in Quantum Cosmology is defined

in a frame, which is ‘accelerating’ in superspace.

The Bogoliubov coefficients can be calculated as

(ka/—/ e exp lk/ )d

and

Bk :/eik(xeiaT)exp(—ik'T)dT.

We get the following results by solving the integrals

k! in 1\ o ik
r= +— — — I'+
wwen(5) e (3) (&) r(+e

Tk’ in I\
B = exp (?ﬁ) exp <5) (E) I
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From the above , By can be expressed in terms of oy :

ik’
Ol k' r (ia>
= exp j:F (6.15)

- — 2/
B r <$£>
o

It is noted that the exponential term in Eq.(6.15), which gives us a result that
corresponds precisely to the Boltzmann distribution of blackbody radiation when we

calculate the modulus of oy :

2nk’
oy |* = exp (i o ) B | (6.16)

The exponential term in Eq.(6.15) corresponds to the Boltzmann distribution for
blackbody radiation, interpreted as thermalization.

As both coefficients(0y, Bir) are non-zero (Eq.(6.15), Eq.(6.16)), it shows a mix-
ing of negative and positive frequencies. As these are semi-classical modes of the
universe, we cannot interpret this as the ‘creation and annihilation’ of universes. In
other words, the thermalization cannot be obtained as a temperature-dependent dis-

tribution of a number operator or energy, as in Hawking radiation [17].

6.2 Thermalization Interpretation

However, if we analyze the same system as the accelerated system, is the time
evolution Unitary?

To answer the question, we must first find the reduced Hamiltonian in the Rindler
coordinates using the super-Hamiltonian Equation (Eq.(4.26); it follows then that the
intrinsic time for ¥ = 0 (flat universe) is a(t) o (r —#o)'/3. Based on our discussion

above, the reduced Hamiltonian for this system can be found by solving the constraint.
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In the § and ¢ frame the super-Hamiltonian takes the form:
P P
Hrw = —e§+—¢+e3ﬁv(¢). (6.17)

Our natural choice for the intrinsic time in this coordinate is & = Ina. Solving for

the reduced Hamiltonian in this coordinate gives:
he = £V12[pg + 25V (9)]"/%. (6.18)

In the X and T frame, the super-Hamiltonian takes the form:

1 —P% 2
Hrw = 2 X sinh(oT) (ochz +Px)- (6.19)
The reduced Hamiltonian in the T frame is:
hT = pXoCX. (6.20)

Following the formulations of 7], [8] and [37] we try to find if a thermalization process

is involved. To study, we use the density matrix formalism.

A=|y><vyl; (6.21)

one then evolves the density matrix forward in time, using the Hamiltonian of the
Rindler time, or Ar.Showing that this time evolution is non-unitary in thermal evolu-
tion is work in progress. However next we observe whether in the Rindler frame, we

have a mixed density matrix.

6.2.1 Mixed State
To check for thermalization, we also need to see if we have a mixed state in the

new basis. We know that the state y is a linear combination of the basis states of
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|k >,|—k >. Is the state mixed in the new basis? To find that, we compute p? and

see if that equals p. By definition, the static state density matrix is

p=|y><y|= / dk' K" (g O [K' > < K" |+t By [K >< —K"|

Bk g | =k >< K |+Brw Brgn | =K' >< —K"]) . (6.22)

If we take the inner product of this with the states |m >, which are such that the

< m|n >=8(m—n), one gets the elements of the density matrix to be

Pimn = OOty + OBy, + Br—m Oy, + BB, - (6.23)

We can set Tr(p) = 1 as discussed earlier in Chapter 5. To compute p?, we use the

integrals

p%nn:/pmlplndl (6.24)

This explicitly gives

P’ = Oy ( / (0t Ot + 0y Bt + B 0 + BZ-szz)dl> Oty + Ot ( / (0 O + BZ-z(Xkl)dl> Br—n
+ Br-m ( / (0, 0t +0°7§szl)dl> O+ Bt ( / (Br—10ta + BleZz)dl> Br—n
+Oln < / (0 Br—s + Bizﬁzz)dl) Br—n + Br—m( / e O dl) By,
+Br—m ( / aizﬁizé”) Bre—n + Br—m ( / (Br—r0t + Bk_sz_z)dl> Oty -
The first term has the Tr p in it, within the integral which can be set to 1. But
the above has terms which are definitely not in p as [ Br—m(0;B;_;)Br—ndl. As the

Bogoliubov coefficients are explicitly known, one can calculate the integrals exactly.

They are infinite, as expected, due to I C [0,e0]. However, the integrals can be regu-
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larized using zeta functions. The following integrals are relevant [12]. We find that
for terms of the type o0 and Bf;Bx the integral is

" exp(dx)dx _
/0 *(sinh(x)) 20 (6.25)

while integrals of the type

e dx > .
/1 TG —Zk;)El[—(ZlH— ).

The other integrals involving (I'(ik))? have to be computed but can be shown to be
non-zero. Thus, p> # p is based on the infinite regularizations. This shows that the

quantum state is a mixed state, and thermalization is predicted.

6.3 Conclusion

In conclusion, this chapter has unveiled a remarkable set of discoveries and in-
sights that contribute significantly to our understanding of the quantum fabric of the
universe. By implementing coordinate transformations on the wavefunction solution
to the Wheeler-DeWitt equation, we have embarked on a journey that bridges the
realms of theoretical physics and cosmology.

Our primary focus centred on the transformation in superspace, a mathemat-
ical construct reflecting the consequences of an observer’s acceleration within the
framework of real spacetime. This transformation revealed profound consequences,
specifically in the form of a Bogoliubov transformation applied to the semi-classical
wave function of the Universe defined within the DeWitt superspace. Note here, our
DeWitt superspace coordinates are related to ‘static’ coordinates T and X.

One of the most captivating outcomes of our research is the identification of en-
tropy production in the time evolution of the density matrix within this new accel-

erated time frame. This observation signifies the presence of a thermal flow within
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the quantum vacuum of the universe. This introduces a thermodynamic perspective
to the cosmos, challenging our traditional understanding and opening the door to a
deeper comprehension of its dynamic evolution.

Our work holds significant implications for the broader cosmology and theoreti-
cal physics field. It prompts us to question and explore the fundamental nature of
the universe, pushing the boundaries of established theories and mathematical frame-
works.

Identifying entropy production in the quantum vacuum invites further investiga-
tion and serves as a stepping stone for the pursuit of answers to profound questions
related to the origins of dark energy and dark matter and the very fabric of space-time.

As we progress in our exploration, we anticipate that these findings will serve
as a catalyst for future research, leading to a more comprehensive and integrated
understanding of the universe’s structure, evolution, and underlying physical prin-
ciples. This chapter represents a significant contribution to the ongoing quest to
unravel the mysteries of our cosmos, and it sets the stage for exciting discoveries and

breakthroughs in the realm of theoretical physics and cosmology.
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Chapter 7

Conclusion

In conclusion, this thesis has embarked on a multifaceted journey through the realms
of quantum cosmology, uncovering profound insights into the thermalization processes
within the universe. Our exploration began by setting the stage in Chapter 1, where
we elucidated the successes and limitations of General Relativity, paving the way for
the necessity of Quantum General Relativity.

Chapter 2 delved into the foundations of theoretical cosmology, introducing the
Friedmann equations and their various solutions, each representing different cosmic
eras. These equations serve as the backbone of our understanding of the evolving
universe.

In Chapter 3, we ventured into the Hamiltonian formulation of general relativity,
a crucial step in bridging classical and quantum physics. We unveiled the Wheeler-
DeWitt equation, a cornerstone in the quest to unite gravity with quantum mechanics.

Chapter 4 took us into the heart of Quantum Cosmology, where we transformed the
cosmological metric into the language of scale factors and matter terms, a critical step
towards a quantum description of the cosmos. The derivation of the total Hamiltonian
and the application of the WKB solution by Vilenkin were key milestones in this
chapter.

In Chapter 5, we delved into the intriguing world of thermalization in curved
spacetime. The Unruh effect, Bogoliubov transformations, Hawking radiation, and

the distinction between pure and mixed states enriched our understanding of quantum
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fields in gravitational backgrounds.

In Chapter 6 we unveiled a fascinating connection between the concept of an ac-
celerated observer in the cosmological context and the mathematical framework of
coordinate transformations within the DeWitt superspace. Through this transforma-
tion, we have derived a Bogoliubov transformation of the semi-classical wave function
of the Universe, which is a significant achievement in the study of quantum gravity.

One of the most striking findings of our work is the revelation that the density
matrix was a mixed state (p? # p), and also the time evolution of the density matrix
in this new accelerated time might exhibit entropy production indicating the presence
of a thermal flow within the universe. This discovery introduces a thermodynamic
aspect to the study of cosmology, opening up exciting avenues for further exploration.

By bridging the gap between accelerated observers, DeWitt superspace transfor-
mations, and thermal flows, we aim to unearth new physics that may contribute to
our understanding of these cosmic mysteries.

The implications of this research extend beyond the boundaries of established
theories, offering a fresh perspective on the fundamental workings of the universe. As
we continue to investigate the consequences of our findings, we are optimistic that
they will lead to breakthroughs in our comprehension of the evolution of the Universe
and the elusive dark energy and dark matter, potentially reshaping our understanding

of the cosmos.
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