THE DISTRIBUTION OF THE CLASSICAL
ERROR TERMS OF PRIME NUMBER THEORY

MAJID SHAHABI
B. Sc., Shahid Beheshti University, 2005

A Thesis
Submitted to the School of Graduate Studies
of the University of Lethbridge
in Partial Fulfilment of the

Requirements for the Degree

MASTER OF SCIENCE

Department of Mathematics and Computer Science
University of Lethbridge
LETHBRIDGE, ALBERTA, CANADA

(©Majid Shahabi, 2012



ABSTRACT

The Distribution of the Classical Error Terms of Prime Number Theory
Majid Shahabi
Department of Mathematics and Computer Science
University of Lethbridge
M. Sc. Thesis, 2012

A function g : R — R is said to have a limiting distribution p on R, if 14 is a measure

on R satisfying

In this thesis the following results are studied.

(i) Let C be a real constant, {\,} an increasing sequence of positive numbers which
tends to infinity. Let {r,} be a sequence of complex numbers. Let ¢(y) : R — R be a
function which is defined for any X > 0 by

oly) = C + Re( > rnew*n) + E(y, X),

An<X

where E(y, X) is a real valued function satisfying

Y
[ 1B P <.
1



Let 01,0, 05,04, 05 be real constants such that 6, > —1 and 260, < 0, and set

(20, —1)/4 if -1<6,<1

3/4 if 0, >3.
Suppose that
1.
m > 95
2.
> Il < T (log 7)™
An<T
3. (log T’
og 3
§£:|TWP < 7W4 ;
An>T
4.

Z 1 < (logT)%.
T<An<T+1
Under the assumptions 1 to 4, we prove that ¢(y) has a limiting distribution. As a
corollary, we prove the following. Let 05,0, 6; be real constants such that 65 < 5/4.

Assume

Z 1 < (logT)%

T<An<T+1

and
> Xra> < T%(log T)™.

A <T

Then ¢(y) has a limiting distribution.

(ii) As a consequence of our general limiting distribution theorems, we deduce the

following results.

e For x > 1, let
7(x) := card({p < x | p is a prime}),

il



and
Todt

Li(z) := —.
i() 5 logt

Under the assumption of the Riemann hypothesis, ye %/2(r(e¥) — Li(e¥)) has a

limiting disribution .

This result recovers a theorem of Wintner [30].

For n € N, let

1 if n=1,
pn) =4 (=1 if n=p...pg pi’s are distinct primes,
0 if otherwise,

be the Mobius function. For fixed a € [0, 1], let

M (z) = Z M(Z)’

n

n<x

and define

baly) = ey(_1/2+a)(Ma(ey) —1/¢(a)) if 12<a<l.

{ eV(=1/2+0) M () if 0<a<1/2ora=1,
Let § < 5/4 be fixed. We prove that under the assumptions of the Riemann
hypothesis and Y o_. - 1C(2p)/¢'(p)]* < T?, ¢a(y) has a limiting distribution

Vg

For n € N, let
A(n) = (=1)% (1)

be the Liouville function, where Q(n) is the total number of divisors of n counted
with multiplicity. For fixed « € [0, 1], let

il



and define

e(*l/”a)L (eY) if 0<a<l/2ora=1,
Yo (y) = (=1/24e) (L, (e¥) — y/2¢(1/2)) if a=1/2,
VO (Lo(e) = ((20)/¢(@) i 1/2<a <.

Let # < 5/4 be fixed. We prove that under the assumptions of the Riemann
hypothesis and >~ [¢'(p)| 7> < TY, 1, (y) has a limiting distribution .

e Let ¢ >1and a>1, and ged(gq,a) = 1. Define

Mr.q,a)= > uln),

n<x
n=a mod q

where p is the Mobius function. Let § < 5/4 be fixed. We prove that under the
assumptions of the Riemann hypothesis for Dirichlet L-functions L(s, x) and

ST Lo )/ L (e )P < T,

0<yx <T

for charachters y mod ¢, e™¥/2M (e¥, ¢, a) has a limiting distribution f,.q.

(iii) Let {A,} be an increasing sequence of positive real numbers that tends to

infinity. Let {r,} be a decreasing sequence of nonnegative real numbers, and set

>

1/rn<z

For (91,92, - ) € TOO, let

X(01,0s,...) Zrnsm2779

2

By Kolmogorov’s three series theorem, if » 2 72 < oo, the above sum converges

almost everywhere. Let ¢y, ¢y, dq, ds, ¢, d € R be fixed where d; > —1, and d>—1. We

v



prove that if

j£:7ﬁ/<100,
k=1
Z Aty = T (log T)" + o (T(log T)™) ,
An&T
Z (Aurn)® = 2T (log T)*™ + 0 (T(logT)d2) ,
An&T

and
N(z) = éz(log x)cz +o <m(log m)d~> ,

then for any € > 0 and for large V' > 0

P(X(01,05,...) > V) < exp ( _evrat exp ((d1 i 1v> i (1+ 0(1))>),

C1

and

P(X(0,05,...)>V) > %exp ( — C'Vexp ((‘” 1v) (1 —|—0(1)))>,

where P is the canonical probability measure on T,

d
3¢l —€) [a(l+¢)? “mi
Cdey(146)2 \ dy +1

)

and

(d+ )(l—i-e)

N
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Chapter 1

Introduction and Statements of the
Results

1.1 Introduction

Determining the size of arithmetic functions is a central problem in number theory. A
function f : N — C is called an arithmetic function. Here we consider three frequently

used arithmetic functions.

i) The Mdébius function is defined by

1 if n=1,
pn) =9 (=1 if n=p;...px pi’s are distinct primes,
0 if otherwise.

The first few values of the Mobius function are listed in Table 1.1.

n 1121314156789 (10]1112]13]| 14|15
pun) |1{-1{-1y0 -1y 1(-1/00 |1 |-1]0-1|1]1
Mm)|(1|0|-1|-1|-2|-1|-2]-2]-2]-1|-2|-2]-3]-2]-1

Table 1.1: Some values of the Mébius function and its summatory function



n 112131456789 ]1011 12|13 |14 |15
Aln) | 1]-11]-1 -1{1}{-1{-1}j1}1-1}-1}-11]1
Lo(n) |10 |-1|0|-1|0|-1]-2|-1|0|-1]-2]-3]-2]-1

—_

Table 1.2: Some values of the Liouville function and its summatory function

ii) The Liouville function is defined by

where Q(n) is the total number of divisors of n counted with multiplicity. The

first few values of the Liouville function are shown in Table 1.2.

iii) The von Mangoldt function is defined by

logp if n=p* k> 1, p prime,
An) = :
0  otherwise

where log is the natural logarithm.

The summatory function of an arithmetic function f(n) is defined by

F(z) =) f(n).

n<x

The summatory functions of p(n), A(n), A(n)/n, and A(n) are denoted, respectively,
by M(zx), Lo(z), Li(z), and ¢(x). Some small values for M (z) and Ly(z) are recorded
in Tables 1.1 and 1.2.

Over the years, several problems have been proposed about the size of these sum-
matory functions. Among these functions, ¥ (z) derives its particular importance due
to its connection with the prime numbers. Figure 1.1 illustrates the coincidence of the
prime powers with the jump discontinuities of ¥ (z). Moreover, the importance of the
primes in number theory arises from the “fundamental theorem of arithmetic.” This
theorem asserts that any natural number other than one, is a unique product of prime
powers. In other words, the prime numbers are the building blocks of the natural

numbers.



20}

15

ol Y(x)

Figure 1.1: Values of ¢(x) for 0 <z <20

Figure 1.1 demonstrates that y = x approximates y = 1 (x) for small values of .
The prime number theorem (PNT) asserts the truth of this observation in general. In
other words, the PNT states that

lim M

r—oo I

=1.

This theorem was proven by Hadamard and de la Vallée-Poussin in 1896.
A stronger version of the PNT provides more precise information about the size of

Y(zx). For convenience, we first introduce the following notation.

Definition 1.1. Let f(z) and g(x) be defined for real x > xy > 0, and let g(z) > 0
for all x > xy. The notation f(x) = O(g(z)) (or f(z) < g(x)) means that there exists
a constant C' > 0 such that

|f(2)] < Cy(a),

for all x > z. f(x) = o(g(x)), as x — oo, means that

lim M =0.



Moreover, f(x) =< g(z), means
flz) <g(x) and g(z) < f(z).
Using the above notation we can restate the PNT as
(x) =z + (),

where

E(x) = o(x), as r — 00.

E(x) is called the remainder term of the PNT. Table 1.3 demonstrates the truth of
(1.1) for small values of x.

The proof of the PNT is based on the analytic properties of the Riemann zeta
function. For a complex number s = ¢ + it in the half-plane o > 1, the Riemann zeta

function is defined by

1 1 1
((s) = T + b + 35 +
Riemann showed that ((s) has a meromorphic continuation, with a simple pole at
s =1, to the whole complex plane. Moreover ((s) =0 at s = —2,—4,—6,... . Let
% ={p=0+iv|((p) =0, p# —2n for alln € N}. (1.1)

The elements of % are called the nontrivial zeros of ((s). It is known that

if 0411y € Z, then 0 < [ < 1;

e % is countably infinite;

for any T' > 0, there are finitely many 5 + iy € 2 with |y| < T

for all 5+ iy € &,

((B+iv)=0 <= ((B—iy)=0

and
(B+iy)=0 <= ((1-p+1iy)=0.



n | A(n) | ¢¥(n) (approx.) | £(n) (approx.) | £(n)/n (approx.)
1 10 0 -1 -1

2 |log2 |0.6932 -1.3068 -0.6534
3 |log3 | 1.7918 -1.2082 -0.4027
4 |log2 |2.4849 -1.5151 -0.3788
5 |logb | 4.0943 -0.9057 -0.1811
6 |0 4.0943 -1.9057 -0.3176
7 | log7 | 6.0403 -0.9597 -0.1371
8 |log2 |6.7334 -1.2666 -0.1583
9 |log3 | 7.8399 -1.1601 -0.1289
100 7.8399 -2.1601 -0.2160
11 | log11 | 10.2378 -0.7622 -0.0693
1210 10.2378 -1.7622 -0.0058
13 | log13 | 12.8028 -0.1972 -0.0152
1410 12.8028 -1.1972 -0.0855
1510 12.8028 -2.1972 -0.1465
16 | log2 | 13.4959 -2.5041 -0.1565
17 | log 17 | 16.3291 -0.6709 -0.0395
1810 16.3291 -1.6709 -0.0928
19 | log19 | 19.2735 0.2735 0.0143
2010 19.2736 -0.7264 -0.0363

Table 1.3: Some values of A(n), ¥(n), E(n), and E(n)/n




Riemann conjectured that if § + iy € 2, then § = 1/2. This conjecture is the
celebrated “Riemann hypothesis.”

The following theorem establishes a close connection between £(z) and the non-
trivial zeros of ((s). This assertion was first stated by Riemann and later proved by

von Mangoldt.

Theorem 1.2. Suppose that Vo (z) is defined as follows

Yol) = P(x) if x is not a prime power,
o= W(x) — A(x)/2 if x is a prime power.

Then for x > 2 we have

Yo(r) =2 — Z “ log (27r(1 — x_z)l/z) , (1.2)
pEZ

where & is defined in (1.1).

Note that in (1.2), the infinite sum ) _, 2*/p is interpreted as

xP xP
E — = lim —.
T—o0

pez P =t P
From (1.2) we deduce that
:Cp
= pey — — log (2m(1 — 2=2)1/?) if z is not a prime power,
5(33') = o

Ax)/2 =2 cn % —log (2m(1 — 272)Y/2) if z is a prime power.

In 1897, by establishing a zero-free region for ((s), de la Vallée Poussin [4] proved that

there exists a constant a > 0 such that



(A zero-free region for a complex function f(z) is a subset of C in which f(z) # 0.)
Moreover, von Koch [29] showed that if the Riemann hypothesis holds, then

&(z) = O(Va(logz)*).

Despite these investigations, the question of the true order of £(z) still remains an
open problem.
Several problems similar to determining the true order of £(x) have been proposed

during the years. In 1897, Mertens conjectured that
Ve >1, |M(z)| <.

It is known that, the truth of the Mertens conjecture implies the Riemann hypothesis.

Similarly, Pélya [22] and Turdn [28] conjectured that
Vo >2, Lo(xr) <0

and
Ve >1, Li(x)>1,

and proved that their conjectures imply the Riemann hypothesis.

Kotnik and Van de Lune [14] verified that M (n) < y/n holds for all n < 10'. In
1958, Haselgrove [6] disproved both Pélya and Turan conjectures, and in 1985, Odlyzko
and te Riele [21] disproved the Mertens conjecture. Tanaka [26] showed that the first
value of n for which Lo(n) > 0 is 906105257. Borwein, Fergusen, and Mossinghoff [2]
proved that the smallest value of n for which Ly (n) < 0 is 72185376951205. Neverthe-
less, the questions on the true size of M(x), Lo(z), and L;(z) remain unsolved.

The above problems can be investigated from a different point of view. Let
M={z>1|M(@)>Vz}, P={z>1]L(z) >0}, T={x>1]Li(z)<0}.

We may ask what one can say about the densities (natural and logarithmic) of these
subsets of [1,00)7



A strategy to approach this question is to use the probability theory. Probability
theory was introduced to number theory by Erdos, Kac, and Wintner in the 1930’s.
The main reason for employing probability theory is that many number theoretical
functions behave similarly to random variables. One way to study number theoretical
functions via probability theory is by limiting distributions. We say that a real function

f(z) has a limiting distribution p, if there is a measure g on R which satisfies

p® =0, pR)=1, (1.3)

and
lim % meas{z € [0, X] | f(z) > V} = p([V,00)), (1.4)

X—00
where “meas” is the Lebesgue measure on R. The condition (1.3) shows that p is a
“probability measure.” Note that the left-hand side of (1.4) is the natural density of
fo| f@) = V}.

The existence of a limiting distribution for certain arithmetical functions dates back
to 1935. Wintner [13] proved that under the assumption of the Riemann hypothesis,
e Y/2E(e¥) has a limiting distribution.

More recently, limiting distribution was employed to study the so-called “Cheby-
shev’s bias” in prime number races. Given a number ¢ > 1 and a set of pairwise

relatively prime numbers ay, ..., a, modulo ¢, let
m(x,q,a;) == card({p < x | p is prime and p = a; (mod q)}).

Rubinstein and Sarnak [24] showed that under the assumption of the Riemann hypoth-
esis for all Dirichlet L-functions L(s,y) mod ¢,

ye 2 x (pla)m(el, g an) = (), p(@)n(et q.a) —w(e)  (15)

has a limiting distribution.
In [20] Ng showed that if the Rieman hypothesis holds and

> K<, (1.6)

0<~y<T



then e=%/2M (e¥) has a limiting distribution v. Ng [20] pointed out that by a method
similar to his article on e™%/2M(e¥), we can prove that e ¥/2Ly(e¥) has a limiting
distribution. Humphries in [10] studied

n<lz

for a fixed @ (0 < o < 1/2). By following the method of Ng [20], Humphries [10]
proved that under the assumptions of the Riemann hypothesis and (1.6), e %/2L,(e¥)
has a limiting distribution for 0 < o < 1/2.

In all of the above results, the limiting distribution measures are not explicitly
determined. However, under the “linear independence conjecture,” or the “grand linear
independence conjecture,” the Fourier transform of these limiting distributions can be
explicitly calculated. For example, let i be the limiting distribution of e=%/2£(e¥). It
is shown that under the extra assumption of the linear independence conjecture (see
Definition 1.3,) the Fourier transform i(¢) = [

(&
—00

~®tdu(t) of p is equal to

f1(€) :,ﬁ%(%)’ (1.7)

where Jy(z) is the Bessel function

Jo(z) =3 % (1.8)

m=0

Definition 1.3 (Linear Independence Conjecture). The set

{v=0[c(B+iv)=0, 8=>1/2}
is linearly independent over Q.

Definition 1.4 (Grand Linear Independence Conjecture). The set

[e.9]

U U {1 =0|LB+iv,x) =0, 8>1/2}

g=2 primitive x (mod gq)



is linearly independent over Q.

In [19], Montgomery studied the tail of the limiting distribution of e~%/2€(e¥) by a
probabilistic method. His main observation is that the limiting distribution measure

p of e79/2E(eY) is identical to the probability measure of the random variable

o0

X000, ) =Y l5—| sin(270),)
n=1 n

on the infinite torus T*. (Here p, = 1/2 + i, under the assumption of the Riemann
hypothesis, denotes the nontrivial zeros of ((s) in the upper half plane.) So he can use
the theorems on the large deviations of the sum of independent random variables to
study the tail of the limiting distributions.

A theorem of Montgomery [19, Section 3, Theorem 2| states that for any N > 1

(st 218 ) <o (S (S 5 )

P02 5> 2 22 e (—100( X 2 ) (X ) ).

n=1 n>N

By employing this theorem, one can achieve upper and lower bounds for u([V,00)). A
more precise lower bound for p can be obtained by applying Theorem 3 of Montgomery
[19, Section 3]. It asserts that if 6 > 0 and V' > 0 satisfy

S @/l —0) 2 V.

2/lpn|>6

then

P(X(01,6y,...)>V)> %exp(—% > 1Og<;r2rk>).

2/lpn|>6

10



Using these inequalities, Montgomery [19, Section 3] stated that there exists constants
c1,co > 0 such that for large V' > 0

exp(—a1VVexp(V21V)) < P(X(01,02,...) > V) < exp(—caVV exp(V2rV)).

Similar methods have been employed by Ng [20] and Humphries [10] in studying
the tails of the limiting distributions of e=¥/2M (e¥) and e™¥/2L,(e¥) (for 0 < a < 1/2.)

We end this section by reviewing the works of Monach and Lamzouri in finding ex-
plicit formulas for the tails of the limiting distributions of e#/2€(e¥) and (1.5). Monach
[17] in his Ph.D. thesis showed that, under the assumptions of the Riemann hypothesis
and the linear independence conjecture, there is an explicitly defined constant C' > 0
such that for large V' > 0

P(X(61,0q,...) > V) =exp < — e “V2rVexp (V2rV) (1 + 0(1))).

Unfortunately, the work for his Ph.D. thesis was never published.

In [16], Lamzouri found explicit formulas for the tail of the limiting distribution
Uaay....ar Of (1.5). Lamzouri proved [16, Theorem 4] that under the assumptions of the
Riemann hypothesis for Dirichlet L-functions L(s, x) and the grand linear independence
conjecture, if V/(p(q)log?q) — 0o as ¢ — oo, then there is an explicitly determined

function L(q) such that for large ¢ > 0

Hgaz,..., ar(“ (‘rh‘ .- 73:6) ||oo> V) =

o (- P (o 4 85 (1e0( (7)),

where (q) is Euler’s totient function, and || - || is the “sup” norm.

1.2 Statements of the Results

In this thesis the following problems are studied.
Let {\,} be an increasing sequence of positive numbers which tends to infinity, and

{r,} be a complex sequence. Consider the function ¢(y) : R — R such that for any

11



X > 0 we may write

o(y) =C+ Re( Z rneiyk"> + E(y, X), (1.9)

An <X

where C' is a real constant and F(y, X) is a function satisfying

Y
/ By, ¥ )Pdy < 1.
1

In Chapter 2, we prove the following result.

Theorem 1.5. Let 01,05, 05,04,05 be real constants such that 8, > —1 and 20; < O,

and set

m=< 0,/4 if  1<6,<3
3/4 if 04> 3.

Suppose that m > 01, and that r, and \, satisfy the following conditions

Z rn| < T (log T)?

An<T
(log T)
2
Z ’Tn‘ < e TOs 7’
A>T

and

Z 1 < (logT)%

T<An<T+1

Moreover, assume
Y
/ |E (y, ey)|2dy < 1.
1

Then there is a probability measure p on R such that for all bounded Lipschitz functions
fonR

lim — f dy—/ f(z)du(z

12



The Fourier transform £ of a measure p on R is given for £ € R by

€)= [ et

Assuming the linear independence for {\,} over Q we will give the following explicit
formula for the Fourier transform of the measure pu.

Theorem 1.6. Assume that the conditions in Theorem 1.5 hold. Moreover, assume

that the numbers A, are linearly independent over Q (i.e. for any finite set

{Aas s A b

the relation Zle Cidn;, = 0 for ¢; € Q implies all ¢; =0.) Then the Fourier transform

it of u exists and equals

(&) = e T Jo (Irul€)

where Jo(z) is defined in (1.8).

We also prove generalization of the above theorems to a vector-valued function
o(y) : R — RE For fixed k (1 < k < ) let {Aen o2, be an increasing sequence of
positive numbers which tends to infinity and {ry,}3>, C C. For each k (1 < k < {),
define

or(y) = Cr + Re( Z Tneiy’\kv”> + Ex(y, X),

)‘k,nSX

where Ej(y, X) satisfies
Y
/ |Ex(y,e”)Pdy < 1
1

and let

—

o(y) = (1(y), - -, Pe(y)).

For ¢(y) we prove the following theorem.

Theorem 1.7. For k= 1,...,¢ assume that

Z |Tk’,n| < Tel’k (log T)92,k’

n>1
Ak,nST

13



S Il < L

T94 k
n>1
Ak,n>T
0
> 1 < (logT)™*,
n>1
T<Agn<T+1

and .
/ |Ex (y,e)] dy < 1.
1

Moreover, let

@1 = max 91 ks @2 = max ‘92 ks @3 = max 63 ks @4 = HllIl 64 ko
1<k<e 7’ 1<k<e 7 1<k<e ™’

<k<t
5 = ggxeew’
and
M= 0,4/4 if 1<06,<3
3/4 if 0, > 3.

Assume that ©4 > —1/2, 201 < O4, and M > O1. Then there is a probability measure
p on R such that

Y

lim — f(gg(y))dy = y flxy, .. xe)dp(xy, . .. xp)

for all bounded Lipschitz functions f on RE.

Next, by making the linear independence assumption for {\g,}r, we prove the

following result.

Theorem 1.8. Assume that the conditions in Theorem 1.7 hold. Moreover, assume

that {\e.n}en is linearly independent over Q. Then the Fourier transform

¢
(&, ... &) = exp(—i ft)d,u(t,...,t)
1 ¢ /RZ kz:;kk 1 ¢

14



of u exists and equals

[i(€) = exp ( — igck€k> X ﬁﬁ Jo (|rk.nl8k)

k=1n=1
where Jo(z) is defined in (1.8).

In Chapter 3, we will discuss applications of our general limiting distribution the-
orem. We do this by proving explicit formulas of the form (1.9) for some arithmetical
functions and employing Theorems 1.5 and 1.6. Our examples include the normalized
error term of the prime number theorem, the weighted sums of the Mobius and the
Liouville functions, and the summatory function of the Mobius function in arithmetic
progressions. Here we review some of these results.

In 1935, Wintner [30] showed that under the Riemann hypothesis, e™¥/2€(e¥) has
a limiting distribution. We recover Wintner’s result as a straightforward consequence
of Theorem 1.5. More precisely, for z > 1, let

7(x) := card({p < x | p is a prime}),
and .
Li(z) := loi'
o logt

Theorem 1.9 (Error Term of the PNT). Under the assumption of the Riemann hypoth-
esis, ye V2 (m(e¥) — Li(e)) has a limiting distribution . Under the extra assumption

of the linear independence conjecture, the Fourier transform fi of p is equal to

K

fi(€) = eig}:[ojo (\/m> :

Our next application establishes a limiting distribution for the weighted sums of
the Mobius function M, (z), 0 < a < 1. Ng [20] studied this problem for v = 0. For
0<a<l,let

My () = Y1

n<x

15



where p(n) is the Mobius function. Let

buly) = V(24 £ (eY) if 0<a<l/2o0ra=1,
)= V24 (M (e¥) — 1/¢(a)) if  12<a< 1.

Theorem 1.10 (Weighted Sums of the Mobius Function). Let 0 < 5/4 be fized. Un-
der the assumptions of the Riemann hypothesis and Y o 1 |C'(p)| 7> < T%, ¢u(y)
has a limiting distribution v,. Under the extra assumption of the linear independence

conjecture, the Fourier transform U, of v, exists and is equal to

E)JU( [(p— aC’( )I)

Observe that this theorem improves the assumption » o [¢'(p)| 7> < T in Ng's
article [20, Theorem 2] to Y7 - [¢'(p)|7? < T for any 6 < 5/4.

The next application is related to the weighted sums of the Liouville function L, (),
0 < a < 1. This problem has been studied by Humphries [10] for 0 < o < 1/2. We

recover Humphries’ result and moreover extend it to 0 < a < 1. For 0 < a < 1, let

n<x ne
where A\(n) is the Liouville function. Let
eV(Z1/2H) L, (e¥) if 0<a<l1l/2ora=1,
Yaly) = ¢ eV (La(e¥) —y/20(1/2))  if  a=1/2,

e
V2 (L (e¥) — ((20)/¢(a)) if  1/2<a< 1.

Theorem 1.11 (Weighted Sums of the Liouville Function). Let 8 < 5/4 be fived. Under
the assumptions of the Riemann hypothesis and 3.1 1¢(2p)/¢ (p)]? < T, Y (y)

has a limiting distribution . Under the extra assumption of the linear independence

conjecture, the Fourier transform fi, of p. exists and is equal to

i = (Gt

v>0
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where

o U@ =20)(1/2)  f 0<a<l/2orlj2<ac<l,
o v/cay2) if  a=1/2,

v being Euler’s constant.

Our last application is for the summatory function of the Mébius function in arith-

metic progressions. Let ¢ > 1 and a > 1 be such that (¢,a) = 1 and define

M(z,q,a) =) p(n)

n<x
n=a mod ¢

where p is the Mobius function.

Theorem 1.12 (Mobius Function in Arithmetic Progressions). Let 6 < 5/4 be fized.
For each x mod q, assume that for the Dirichlet L-function L(s,x) the Riemann hy-
pothesis holds and

D Lo X)L (s )PP < T,

O<’7X <T

Then e ¥2M(e¥, q,a) has a limiting distribution lq:a- Moreover, if we further assume

the grand linear independence conjecture, then the Fourier transform [ig.q of jtg.q €xists

N 2 a
o= 1 T (220 )

XmOdq'Yx>0 |pXL/(pX7X)|

and is equal to

We note that the existence of a limiting distribution associated to the Shanks-Rényi
prime number race, which was studied by Rubinstein and Sarnak [24] also follows from
our general limiting distribution theorem.

The last section of Chapter 3 is devoted to the connections of x7'/2M,(z) and
2L, (z) with the Riemann hypothesis. It is well-known that the truth of any of
Mertens, Pdlya, or Turan conjectures would imply the Riemann hypothesis. In fact
one can prove more generally that for a fixed positive constant K, the truth of either

of the four inequalities
VM (z) < K, z7VPM(z) > —K, 27 Y?Lo(x) <K, 2 Y?Ly(z)>-K

17



for large values of z, implies the Riemann hypothesis. Moreover, Ingham [12, Theorem
2] proved that any of the above inequalities imply the simplicity of the zeros of ((s) and
more surprisingly that the zeros are linearly dependent. In the last section of Chapter

3 we prove a generalization of Ingham’s theorem as follows.

Theorem 1.13. Let a € [0,1]. Set

0 if  0<a<1/2,
me =14 1/¢(a) if 1/2<a<],
0 if  a=1,
and
0 if 0<a<i

logz/2(1/2)  if a=1,
((2a)/¢(@) if  3<a<l,
0 if  a=1.

lo(z) =

If there is a constant K > 0 such that either of the following is true
My(z) —mg > —KzY*7% M(z) — my < Kz/?7¢,

La(l') - la(x) > —Kx1/2_a, La(x) _ la(x) < le/z_a’

for sufficiently large x, then the Riemann hypothesis holds and all the zeros of ((s) are
simple. Moreover, either of the above inequalities will disprove the linear independence

conjecture.

In the final chapter, we investigate the tails of limiting distributions associated
to certain infinite sums of random variables. We show that the limiting distribution
measures obtained in Theorem 2.16 and Corollary 2.17 are identical to the probability

measure of the random variable X defined on the infinite torus T by

X(61,6,,...) =) rnsin(276,,).
n=1

18



Here r, € R are nonnegative numbers. Set

N(z):= > 1

1/rn<z

Let {\,} be an increasing sequence of positive real numbers which tends to infinity. In

this setting, we will prove the following results.

Theorem 1.14. Let {r,} C R be decreasing. Assume
(o.¢]
D k< oo,
k=1

> At = aT(log T)™ + 0 (T(log T)™),
An<T
Z (Anrn)z = CQT(log T)d2 +o (T(lOg T)dz) ,
An&T
and

N(z) = éz(log :Jc)cz +o <$(log .ZE)J) ,

where ¢;,d; € R, dj > —1, and d > —1. Then for any € > 0 and for large V

P(X(61,60,..) > V) < exp ( _ OV R exp ((dl i 1v)dll“(l + 0(1)))),

C1
and
1 d+1_\75
P(X(61,62,...)>V)> 5 €XP ( — 'V exp ((%V) - >(1 + 0(1))),

where .

3¢ (1—€) [a(l+e?\ @

Cdey(T €2\ di+1 ‘
and .

o (d+1)(1+e)

(1-e¢
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Our final result is an explicit estimate for the tail of the limiting distribution which
is derived by the saddle point method. A key point in this estimation is a precise

asymptotic assumption for N (x) =>, Jrn<z L We finish this section by asserting our
last result.

Theorem 1.15. Let ¢,d, k, cs, c4,ds be constants such that 0 < d < 2. Assume

o0

Y 1k < oo,

k=1

N(x) = ¢x(log :13)d~ + kz(log x)d_l +0 (:E(log x)‘z_2> ;

and
exp (— exp (03Vd3)) <K P(X(01,05,...) > V) < exp (— exp (C4Vd3)) )

and that {\,} is linearly independent over Q. Then there exists a constant A > 0 and
functions €,(V'), e2(V') such that €;(V) — 0, as V — oo, fori=1,2, and

P(X(61,60,...) > V) >
exp <—5<J: 1V>d~flexp (— Ate, (df 11/)"fl+1(1 +61(V)))),

P(X(01,605,...) > V) <
exp <—a<dglv)“exp (— Ave, (df1v>‘”1(1+e2(\/)))).
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Chapter 2

A General Limiting Distribution

Theorem

2.1 Introduction

In this chapter we establish the existence of limiting distributions of certain functions
#(y) : R — R and more generally qg(y) : R — R’ where ¢/ € N. Roughly speaking,
a limiting distribution G(x) of ¢ tells us how often ¢ takes on certain values. For
instance, how often does ¢(y) lie in the interval [A, B] C R or more precisely, what is

the value of .
lim ?meas{y €[0,Y] | A<¢(y) < B}.

Y —o0
One interpretation of a limiting distribution of ¢(y) is that there exists a Riemann-

Stieltjes integrable function G(x) such that the above limit exists and

Jim %meas{y €0,Y]| A< ély) < BY = /A dG(z). (2.1)

In order to further investigate limiting distributions, we require a number of no-
tions from probability. We review these facts here. For complete details the standard
probability text books Billingsley [1] and Shiryaev [25] are good references.

Let €2 be a nonempty set. A class .# of subsets of Q) is a field if

(i) Q € F;
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(i) A € .7 implies A° € .F;
(iii) A, B € % implies AUB € %.

F is a o-field if it is a field and if Ay, Ay,... € F implies |J -, A, € F. For a
collection & of subsets of €2, the o-field generated by % is the smallest o-field that
contains %. In the case of Q = R’, the Borel o-field denoted by Z* is the o-field
generated by the collection of all sets of the form (—oo,a] X -+ X (—00,a], a; € R.
An ordered pair (2, %) is a measurable space if €2 is a nonempty set and .# is a o-field
of subsets of . If (€2,.%#) is a measurable space, then a function p is a measure on
(Q,.7) if it satisfies the following conditions:

(i) u(A) €0,00] for any A € .7;
(ii) p(0) = 0;

(iii) if {A,} is a disjoint sequence of sets in .# then
n=1 n=1

A probability measure P on a measurable space (€2,.%) is a measure on (£2,.%#) that

satisfies the extra properties
(i) 0< P(A) <1for Ae .7,
(i) P(Q) =1.

An ordered triple (2,.#, P) is a probability space if (2,.%) is a measurable space and
P is a probability measure on (€,.7). Let (©2,.%#) and (©,.#') be measurable spaces
and consider a function X : Q — Q'. Then X is a (%,.%’)-measurable function if for

any A’ € #' we have
X1A)={weQ|Xw) eA}eZ.

Definition 2.1. A generalized distribution function on R’ is a function F : R® — R

which is non-decreasing and right-continuous in each of its variables.
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Definition 2.2. Let £ € N be fixed. A distribution function on R is a function
F:RU{x0})' =R

that satisfies the following properties:
e [ is non-decreasing in each of its variables;
e [ is right-continuous in each of its variables;
o F(+00,...,+00) =1;
o F(x1,...,20) =0, if at least one z; is —oc.

It is known (see [25, pp. 159-160]) that if P is a probability measure on (R¢, %*),
then
Fp(xy,...,20) := P((—o00,21] X -+ X (—00, x¢])

is a distribution function on Rf. Conversely, given a distribution function F' on R, there
exists a unique probability measure on R such that F' = Fp. Therefore, probability
measures and distribution functions are two closely interrelated concepts. In this thesis,
we will use distribution functions and distribution measures alternately.

For a sequence of distribution functions {F},} and a distribution function F' defined

on R? we say that F,, converges to F weakly if

lim F,(xy,...,20) = F(x1,...,2)

n—oo

at any continuity point (xy,...,x) of F.
It turns out that it will be technically more convenient to give a slightly different

definition for limiting distribution.

Definition 2.3. A function ¢(y) : R — R has a limiting distribution function G/(z) on

R if G(x) is a distribution function on R and

Y )
fim & [ f6)dy = [ f@)dG) (22)
for all bounded continuous real functions f on R.
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Observe that (2.1) follows by setting f(t) = 1ja,p(t), the indicator function of
[A, B], in (2.2).

Our definition of limiting distribution can be generalized to a vector function qg(y) :
R — Rf.

Definition 2.4. A function gg(y) : R — R’ is said to have a limiting distribution
G :RY - R if G is a distribution function on R and

1 /Y-
Jim / PGy = [ Flaree)dGan.....a).

for all bounded continuous real functions f on R.

In this chapter, we shall study limiting distributions of functions ¢(y) with a partic-
ular shape. These functions will depend on two sequences {\,,} and {r,}. Throughout

this chapter we shall assume
e )\, is a positive, non-decreasing sequence that increases to infinity,
e 1, is a complex sequence.

Our functions ¢(y) may be expressed as

o(y) =c+ Re( Z rnei’\"y> + E(y, X), (2.3)

An <X

where E(y, X) satisfies the condition

Y
| 1B e Py <. (2.4)
1
For further investigation we write

d(y) = c+ Re( > me’“’”’) +eD(y)

A <T

where

eD(y) = Re( Z rne“‘"y> + BE(y,e").

T<Mp<eY
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It should be noted that many of the classical functions in prime number theory have
an expression in the form given in (2.3). For instance, under the Riemann hypothesis

the explicit formula for e7¥/2(¢(e¥) — e¥) is

e - ) = e 35 o) 4 R

0<y<T P

for a suitable error term R(y,T). See [3, pp. 104-110] for more explanation.

Finally, we define the Fourier transform of a probability measure.

Definition 2.5. The Fourier transform of a probability measure p on R’ is defined
fOI'g: (517‘-'7§€) S R@ by

l
€)= /RZ exp ( - i;&ctk)dﬂ-

2.2 Limiting Distributions of Real Functions With

“Explicit Formula”

In this section we prove the existence of a limiting distribution for the function ¢(y)
with explicit formula of the form (2.3).
A key point in proving that ¢(y) possesses a limiting distribution is to demonstrate

that
(logT)~

T (2.5)

Y
| 1€ Pay <y
1

where €7)(y) is given in (2.1), and «, 3 are positive constants.

In order to prove the existence of a limiting distribution for ¢(y) we will need
to assume certain bounds on average for the sequence |r,| and their powers. More
precisely, our conditions are the following:

Let 61,05, 05,04, 05 be real constants such that 6, > —1/2 and 26, < 6,. We shall

assume
S Jral < T% (log T)",

A <T
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Z| ‘2 P IOgT)

A>T

and

Z 1 < (logT)%

T<A<T+1

We begin with some standard results from probability theory.

Lemma 2.6. (i) (Helly’s theorem) Let {F,} be a sequence of distribution functions on
R®. There exist a subsequence {Fy,} and a generalized distribution function F on R*
such that F,, converges to F' weakly.

(i) Let {F,} be a sequence of distribution functions and F be a generalized distri-

bution function on RY. Then F, converges to F weakly if and only if

) flx, ... x)dF,(xq, ..., 20) — flzy, .. ,x0)dF(xq,. .., xp)
R

R¢

for all bounded continuous real-valued functions f on %*.
(iii) (Levy’s theorem) Let {F,} and F be distribution functions on R® with Fourier

transforms {ﬁn} and ﬁ, respectively. Then F,, converges to F weakly if and only if ﬁn
converges to F pointwise.

Proof. (i) See [25, p. 321, Problem 1].
(ii) See [1, pp. 344-346].

(ifi) See [1, pp. 359-360].

Our next lemma is the change of variable formula for measurable spaces.

Lemma 2.7 (Change of Variable Formula). Let (2,.%) and (Q,.Z7') be measurable
spaces, and j be a measure on (§2, .F). Suppose that X : Q — Q' is (F, . F')-measurable
and define a measure uX =" on (U, F') by

pXTUA) = p(XTN(A),  Ae
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Then a function g : Q' — R is integrable with respect to pnX =1 if and only if go X :

Q — R s integrable with respect to u, and in this case we have
/ (goX) duz/ gd(uX™), (2.6)
X*l(A/) A/

for any A" € F'. Moreover, if g is nonnegative, then (2.6) is always true.
Proof. See [1, Theorem 16.13]. O
The next lemma is the standard partial summation formula.

Lemma 2.8. Let {a,} be an increasing sequence of positive numbers which increases

to infinity. Let {c,} be a complex sequence, and set

C(t) = Z Cn-

an<t

If T > oy and ¢(t) is a real function with continuous derivative, then

> cadlan) = / C(t)¢' (t)dt + C(T)p(T).

Proof. See [11, Theorem A]. O
The next lemma establishes upper bounds for certain averages of r,.

Lemma 2.9. Let {\,} be a positive, non-decreasing sequence that increases to infinity.
Let u,v,a,b € R and assume b > w. If 37\ _p|ro| <T"(logT)?, then

Eijl | IOgA Gog15a+”
Tn .

wau
A>T

Proof. In Lemma 2.8 put o, = A\, ¢, = |ry|, and ¢(t) = (logt)?/t’. Then ¢ is
continuously differentiable on R \ {0} and

o(t) = a(logt)®~ tb+—1 b(log t)
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Hence

5 bl 5L ot (S inl)] = [T 03 I e

A>T n An<t T An <t
We have 1 ) N
Ogt a+v
n — 0,
o Z ) « He
as t — oo, since b — u > 0. Hence
= (logT)et
> Wﬂ L
{ ()\n<t T
Also - ( o+ (log Ty
, g a-T+v Og aT+v
/T ng(t)(Z |rn|)dt <</ e U< —
An<t
Hence (log A,)* (log T)+
08 An 0g
Z |Tn| \b < Th—u
An>T n
which completes the proof. Il

The next lemma is crucial in proving the existence of a limiting distribution for
®(y). In fact, this lemma provides reasonable conditions on moments of r,, in order to
establish (2.5).

Lemma 2.10. Let 01, 05,05,04,05 be real constants such that 0, > —1 and 20, < 60,.

Assume that

D fral < T"(log T, (2.7)
An<T
(1 T
3l < e Og ) , (2.8)
A>T
and
Y 1< (logT)”. (2.9)
T<An<T+1
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Then
(log T)02+(93+95)/2

2
dy < Tm791 ’

rnely’\"

/V—l—l
v

forVeR and 1 <T < X, where

T<A<X

3/4 if 0,>3

Proof. Before proceeding note that by (2.9)

|T]+1 |T]+1
Y1y Y ok Z (log k)% < T(log T)%. (2.10)
A <T k=1 k—1<\p,<k

Furthermore, by (2.7) and Lemma 2.9 we have

log A\,)¢ log T)+02
Z’rn‘(og ) <<<Og )

5 o (2.11)

provided that 8 > 6.

From the identity |2|> = 2Z we obtain

Vil Rk
/ P eyAn dy
v T<An<X
V41 A
= / ( Z Tne”“”) ( Z rneiy/\")dy
v T< <X T<An<X
V41
== Z Z rnrm/ n_)\m)dy
T <X T<Am <X

1
< Z Z \anm]m1n< W |>—21+22,

T<A <X T<Am<X

where >J; is the sum of those terms for which |\, — A\,,| < 1, and X5 is the sum over
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the complementary set. For ¥, by the Cauchy-Schwarz inequality we have

Yy < Z |70l Z |7

T< <X An—1< A <An+1

sz s

An—1<Am <An+1 An—1<Am <An+1

Hence by (2.8), (2.9), and (2.11) we have

)\ —1))%/2
Y < Z | n| ) (log(A\n — 1))%/2

)9 1/2
T<An<X
(log \) (03+05)/2
< Z | ”| 04/2
T<An<X
(03+05)/2 02+(03+05) /2
< 3 fraf L8N (o) ,
)\94/2 T94/2—91
An>T n

since 64/2 > 0. To study %o, we define for any 7' > 1

T'm|
Sr(U) = Z |U’——)\|’
A>T m
[U=Am|>1

where U > T'. Then we can write

Sa= > dml D W%%TS > IralSr(A).

T<An<X T<Am<X T<An<X
[An—Am|>1

(2.12)

Let T > 1 be fixed. For any number U > T consider the set of numbers VU, U — VU,

and U — 1. Either of the following cases occurs
T<VU, VU<T<U-VU, U-VU<T<U-1,

or

U-1<T<U.
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Suppose that the first case happens, that is, 7 < v/U. Then

(X« ¥ + ¥

T<DAn<VU — NUI<U—-VU  U=U<An<U—1

P IIED VED S IV e

U120 <U+VU  U+VULA,<2U  Am22U

Denote these sums by o1,...,06. Then by repeated application of Cauchy-Schwarz
inequality, (2.8), and (2.10) we deduce

< 1f S Il

T<Am<VU
1 1/2 1/2
2
<g( X mr) (X )
T<Am<VU T<Am <VU
1 ((logT)" 1/2 12 (logU)#st0s)/2
and
1
o9 < ﬁ Z |7
VU<Am <U—VT
1/2 1/2
s s )
VU<An<U VT VU< A <U =T
/2 05+05)/2
1 [((logU)% ! sr1/2 (logU)(s+85)/
< \/_( {02 (U(logU)™) '~ = o (2.15)
For o3 by using (2.9) instead of (2.10) we have
1/2 1/2
o3 < ( Z |7~m|2) ( Z 1)
U—VU< A <U—1 U—VUL A <U—-1
/2 03+05)/2
(log U)*™* )2 _ (log U)o/
<<< iz (\/ﬁ(logU) 5) - U@oa—1)/4 (2.16)
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By similar tricks we can bound o4 and o5 as

(L x )Y

U1 <U+VU U410 <U+VTU
/2 03+05)/2
(logU)*\"* ¢ =ty \1/2 (log U)atés
< <T ( U(log U) 5) = [/@0:-1)/4 (217)

and

5§% S

U+VU< A <2U

H(Z ) ()

U+VU <A <2U U+VU <A <2U

1 ((logU)®\ " 12 (logU)W¥s+65)/2
<<¢U(< U94) ) (U(logU)%) ! U)94/2 : (2.18)

Finally, for os we will divide the interval of summation into subintervals [2¥U, 2571U),
k=1,2,..., and use the elementary fact that for A > 1 and B > 1 we have A+ B <
AB. We see that it becomes

wsd Y o
6= U — A\
k=1 2kU< A\, <2F+1U

sl 5 s )

1 2kU <\ <2K+1U 2kU <A <2kt1U

<

o]
k=

- o) k 05\ 1/2 »
< ; (2k _1 U ((1 (gQ(EU(Q) ) (2"'U (log (251 U))%) /

2 k(0sH05)/2 (Jog ) (0s+05)/2 (log U7)0s+05)/2
< Z ok(1+04)/2 ~ [7(1+04)/2 Ua+oa)/2

(2.19)

which is true as long as 6, > —1.

If we denote the minimum value of the powers of the denominators in relations
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(2.14) to (2.19) by m then

(20, —1)/4 if —1/2<6,<1
m={ 0,/4 if 1<6,<3
3/4 if 6, >3,

and therefore

Sr(U) < (log U)Wst8:)/2 jym

as long as T < v/U. The same argument applies in the other three cases. Hence by

(2.11) we have
(10g T)92+(93+95)/2

So < Y ralSr(h) < o

A>T

Note that always m < 6,/2 whenever 63 > 0. Hence

(log T)92+(93+95)/2

z:l + 22 < Tmf(h )

and the proof follows. O

In the next lemma we will reduce the number of conditions in the previous lemma

by considering a new average bound assumption for r,,.

Lemma 2.11. Let 05,065,607 be real constants such that 0 < 3/2. Assume

> 1< (logT)™ (2.20)
T< A <T+1
and
> Xra* < T%(log 7)™ (2.21)
An<T
Then forVeR and 1 <T < X
(g T) =190

/V+l
14

rpe dy <

T<An<X

Tm/ )
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where
5/4—96 Zf 1§96<3/2
m = 1 —36s/4 if —-1<6s<1 (2.22)
5/4 — 6g/2 if O < —1.

Proof. By the Cauchy-Schwarz inequality

1/2 1/2
S bl = () (21)
An<T A <T A <T
< (T%(log T)%) " (T(log T)%)"/* = TO+06)/2(10g T)@5H07)/2 (2.23)

In Lemma 2.8 we take a,, = A\, ¢, = \y|rn| and ¢(t) = t=1. Then ¢/(t) = —t~2 and by
(2.23) we have

T dt 1

E rn| = E An |7 t_g"‘f E An Tl
A

A <T 1 An <t

An<T

T [ )
<</ t%(]ogt)(05+07)/2dt_i_T%(lOgT)(eg,-H%)/z
A1

< T(eﬁ’l)/Q(log T)(95+97)/2. (2.24)

By another application of Lemma 2.8 with a,, = A, ¢, = A2|r,,|> and ¢(¢) = t72, and
using (2.21) we find that

S =2 (S )+

An>T An <t
Jm X (8 ) 12X i)
An <X M <T

< / % 3(logt)”dt + T%2(log )" < (log T)% /T* %,  (2.25)
T

which is true as long as 65 < 2. Now we use the bounds (2.24) and (2.25) in Lemma

2.10 to obtain
/V+1 (log T)(95+397)/2
14

Tm/ )

PYAn,

2
rpe dy <

T<An<X
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subject to 0 < 3/2, where m’ is given by (2.22). This completes the proof. [

As we mentioned earlier, a key point in proving the existence of a limiting distri-
bution for ¢(y) is to demonstrate the relation (2.5) for €™ (y). We will do this in the

next lemma.

Lemma 2.12. (i) Assume the conditions of Lemma 2.10 and (2.4). Then

(log T) O2+(03+05)/2
Tm—Gl

Y
/ 1€ () 2dy < Y .y
1

(ii) Assume the conditions of Lemma 2.11 and (2.4). Then

(log T)(05+397)/2

o +1.

Y
| 1€ Pay <y
1
Proof. (i) For complex numbers A, B we have
|A+ B|* <2 (|A? +|BJ).

Hence by Lemma 2.10 and (2.4) we have

2

Y] ?
S e
j=1%J T<A\,<eY
(log T) 02+(03+05)/2

<Y o

+1. (2.26)

(ii)) The proof is similar to (i), except that here we need to apply Lemma 2.11
instead of Lemma 2.10. O]

For further investigation, it is necessary to state Kronecker-Weyl theorem here.
Let TV denote the N-torus, namely,

TV = {(6,...,0xn) | 6; €]0,1)}.
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Then we have the following result.

Lemma 2.13. Consider a sequence {aq,...,an} of real numbers and let w be the
normalized Haar measure on TV. Then {ay,...,ayn} is linearly independent over Q
if and only if for all continuous functions g : RY — R of period 1 in each variable we

have

1Y
lim —/ glyaq,...,yayn)dy = / g(a)dw,
0 T~

Y—oo Y

where w 1s the normalized Haar measure on A. In this case the set

{({yar/2m}, ... {yan/27}) [y € R}

is dense in TV, where {z} is the fractional part of v € R.
Proof. See [8, pp. 1-16.]. O

The next lemma is a consequence of the Kronecker-Weyl theorem. This lemma is

important in proving the existence of a limiting distribution function for ¢(y).

Lemma 2.14. Let tq,...,ty be arbitrary real numbers. Suppose that A is the topolog-

1cal closure of

{{yt1/27}, .. {ytn/27}) |y € R}

in TV, where {z} is the fractional part of x € R. Let g : RY — R be a continuous

function of period 1 in each of its variables. Then we have

1
0 A

Y —oco Y
where w 1s the normalized Haar measure on A.

Proof. Let j be the maximum number of linearly independent elements in {t¢1,...,ty}
and suppose that those elements are ¢y, .. .,t;, say. Then A is the topological closure of
{({yt1/27}, ..., {yt;/27}) | y € R} in TV. Now apply Lemma 2.13 to {t,...,t;}. O

To prove the existence of the limiting distribution of ¢(y), we will construct a
sequence of distribution functions ur and select a weakly convergent subsequence of
it. To do this, we first prove the following lemma.
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Lemma 2.15. LetT > 0 and

(;S(T)(y) =c+ Re( Z rneiy’\")

A <T

where ¢ 1s a constant real number. For each T" > i there is a probability measure g
on R such that

prf) = [ fa@dunta) = Jim - [ 7 (60) dy

for all bounded continuous functions f on R.
Proof. Let N = N(T) denote the number of numbers A\, < T. Then we have

N
»D(y) = ¢+ Re ( Z rnew‘") )

n=1

Let Xp: TV — R and g : TV — R be defined as

N
Xr(01,...,08) =c+ Re(z rne2m9”)

n=1

and
9(817 Ce ,QN) = f(XT(Ql, e ,QN)).

By applying Lemma 2.14 to the numbers A\ /27, ..., Ax /27, we have

1 YA YAN
li A a4 =
im /0 g ( , ) dy / g(a)dw,

where A is the closure of {({y\1/27}, ..., {yAn/27}) | y € R} in TV, and the measure
w is the normalized Haar measure on A. Define a probability measure p7 on R by

pr(B) = w (Xr|(B))
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where B is any Borel set in R. By change of variable formula (Lemma 2.7) we have

/A gla)ds = / £ (&) dper ()

whence v
1 >
Jim 5 [ F W) dy= [ f@)dur(o)
> 0 —00
and the proof is complete. ]

We now have all the required material to prove the existence of the limiting distri-
bution for ¢(y).

Theorem 2.16. Let ¢(y) and E(y, X) be defined as in (2.3). Suppose that r, and
An satisfy the conditions (2.7), (2.8), and (2.9) in Lemma 2.10, and that m > 6.
Moreover, assume

/1Y B (y.e")| dy < 1.

Then there is a probability measure p on R such that for all bounded Lipschitz functions
fonR

1 Y [e%s)
Jim 5 [ sy = [ @),
Proof. First observe that X
Of@@%@<1
Hence
1 Y Y
Jm 3 o Fel)dy = lim 57 | F(@(y))dy
For fixed T let
ng(T)(y) =c+ Re( Z rnew‘").

A <T

Assume that f is a bounded Lipschitz function which satisfies

fx) = f)| <crle—yl, ¢ >0.
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By the Cauchy-Schwartz inequality and Lemma 2.12(i) we have

%/lyf(fb(y) - / dy+0( /IYIE‘T)@)ICZ?J)

=v/ f(¢(T)(y))dy+

N Y
o[ o)
— o [ 6w

1/2
(log T)02+(03+95)/2 1
_'_O (Cf ( Tm—61 + ? :

By Lemma 2.15, there is a probability measure ur for each 7' > A; such that

/ f(@)dpr(x Hio%/yf (¢ (y)) dy.

Letting Y — oo we see that

c(log T)P2/2+(03+05)/4 1Y
pa($) -0 (LELE ) <t £ [ 7ot dy

1
Y

< lim sup% f(6(y))dy

Y —oco 1

cf(log T)92/2+(93+95)/4
< pr(f)+0 ( T(mt0)/2

(2.27)

By Lemma 2.6(i) we can choose a subsequence {ur, } of these probability measures pr

and a measure p on R such that pp, — p weakly. By Lemma 2.6(ii)

iz, (f) = / f (@) dpir, () — / F(@)du(x) = ulf).
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Replacing T" by T} and letting & — oo in (2.27) we deduce that
im 3 [ oty = [ steyinta) = uts)
im — —
Y—oo Y 1 y M

Hence (2.27) becomes

ct(log Ty, )02/ 2+ (0 +05)/4 cs(log Ty,)P2/2+(0s+05)/4
KT, (f)_O < ’ (m—01)/2 < :u(f) < NTk(f)_'_O : (m—01)/2 )
Ty, T,
or equivalently

f(log T, )02/ 2+ (Bs+65)/4
Tkgmfel)/z

f )dp(x / f(z)dpr, (x (2.28)

By applying equation (2.28) with f(xz) = 1 we obtain

(10g Tk)92/2+(93+95)/4
/Rd,LL(I) B 1‘ < Tk(m791)/2 :

By letting k& — oo, this proves that p is a probability measure. Hence the proof is
complete. n

Corollary 2.17. Suppose that r,, and X\, satisfy the conditions (2.20) and (2.21) in
Lemma 2.11, and that 0g < 5/4. Moreover, assume

/1Y |E(y, eY)|2dy < 1.

Then there is a probability measure p on R such that for all bounded Lipschitz functions
f onR

lim — f dy—/ f(z)du(z

Proof. The proof is similar to Theorem 2.16, except that here we use Lemma 2.11
instead of Lemma 2.10. O

In Theorem 2.16 and Corollary 2.17, it is possible to extend the range of f from
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Lipschitz functions to all bounded continuous functions. (See Lemmas 2.24 and 2.25
bellow.)
In the next theorem, we find and explicit formula for the Fourier transform of the

limiting distribution measures given in Theorem 2.16 and Corollary 2.17.

Theorem 2.18. Assume that the conditions in Theorem 2.16 or Corollary 2.17 hold
and let v be the limiting distribution of ¢(y). Moreover, assume that {\,} is linearly
independent over Q (i.e., for any finite subset {\,,,..., A\, } C {A\.}, any relation of
the form 3% ¢ihn, =0 (¢; € Q) implies all ¢; = 0.) Then the Fourier transform ju(€)

exists and equals

(&) = eI Jo (Iral6)

where Jo(z) is the Bessel function
- Z z/ 2 (2.29)
—0

Proof. Consider the distribution function pr in the proof of Lemma 2.15. For any
Borel subset B of R

pr(B) =w (Xr[4'(B)),

where w is the normalized Haar measure on the topological closure A of the set

{{yM\/27}, ..y v/27}) |y € R}

in TV. By Kronecker-Weyl theorem the linear independence assumption on the num-
bers i, ..., Ay implies that A = T¥. So the normalized Haar measure dw(fy, ..., 0y)

on A is equal to the Lebesgue measure df; ...dfx on TV. Hence by the change of
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variable formula and Fubini’s theorem
jir(€) = [ e Sdun(t) = [ enentne g
R T~
N
= / exp ( —ic€ — i€ Z Re (rn62”9”) >d91 ...dON
™ n=1
N 1
= 7% H/ exp (—ifRe (Tn62m0)) de.
n=1 0

By Lemma 2.6(iii) for any £ € R

lim fip(§) = A(8).

T—o00

Hence
~ —ic T30
alg) = Ylggo ar(§) = hm e it H / exp (—i&Re (r,e*™)) db
= i H / exp (—i{fRe (Tne%w)) do
n=1 0
since N(T') — oo as T' — oo. The last integral above equals

1 1
/ exp (—i€Re (|rn’ez(27r0+arg ™)) ))do = / exp (—i&|ry| cos (2m0 + arg(ry))) db.
0 0

By the change of variable ¢ = § + arg(r,,)/2m we obtain the integral

1+arg(rn)/2m 1
/ exp (—i&|ry| cos (2mt)) dt = / exp (—i&|ry| cos (2xt)) dt,
a 0

rg(rn)/2m

since the integrand is periodic of period 1. Hence

0o 1
:g /0 exp (—i€|ry| cos (2mt)) dt
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It is known that the Bessel function Jy(z) equals

1
JO(Z):/ 6—izcos(27rt)dt‘
0

From this we conclude that
(&) = eI Jo (Iral6)
n=1

which completes the proof. n

2.3 Limiting Distributions of Vector-valued Func-
tions With “Explicit Formula”

The results of the previous section can be stated in a general case where we have a finite
sequence of random variables. More precisely, let for each £k = 1,... ¢ the sequence
{ Ak }52, be an increasing sequence of positive numbers that tends to infinity. Consider

a complex sequence {ry,}> for each k =1,... (. Define for each k =1,...,¢

or(y) = cx + Re( Z rkmeiyAk,n> + By, X),

n>1
Ao <X
Cbz(gT) (y) ==cr + Re( Z Tk,&””’“’")
n>1
Ao <T
and
EI(CT) <y> = Re( Z 7ak,neiy/\k’") + Ek (y> €Y)7
T<):€,2n1§ey
and let
o(y) = (61(y), - - -, De(y)), (2.30)
() = (6" ), ..o ), (2.31)
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and

Then we have the following result.

Lemma 2.19. Let gg(T) (y) be given by (2.31). For each T > \; there is a probability

measure i on RY such that

wr(f) = [ fan. . adpr(e, .. x0) = lim = / F(ED
RE

Y—oo Y
for all bounded continuous functions f on RF.

Proof. Proof is similar to Lemma 2.15 by taking

c=(c1y...,c0)

and

—

'n = (Tl,na cee aré,n)

for n > 1 and considering R’ instead of R in that proof.

]

The next theorem proves the existence of a limiting distribution for $(y) under

certain conditions.

Theorem 2.20. Let 5(1/) be given by (2.30). Suppose that for each k = 1,...,

following conditions hold

Z ‘Tk,n| < Telvk (log T)GQ,k7

n>1
)‘k,nST

log T')?.5
3 fral? < u’

T4,k
n>1
Aen>T
0
> 1< (logT)%*,
n>1
TS)\k,n<T+1
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and .
/ |E,c (y,ey)‘zdy<< 1.
1

Moreover, let

©; = max 01, ©y = max 0Oy, ©O3= max6bz,, ©O,= min O,
1<k<t 1<k<t © 1<k<t 1<k<e

O5 = max 05,
5T 1<k P

(20— 1)/4  if —1<O,<1
M=1{ 0,/4 if 1<0,<3

and assume that ©4 > —1/2, 20; < O4, and M > O,. Then there is a probability

measure (& on RY such that

y flz, .. x)dp(zy, ..., x) = lim — f(gg(y))dy

for all bounded Lipschitz functions f on RE.
Proof. The proof follows an /-dimensional adaptation of the proof of Theorem 2.16. []
In the next corollary we will reduce the conditions of the previous theorem.

Corollary 2.21. Let O3, 04, 0O7 be real numbers such that Og < 5/4. Suppose that in
Theorem 2.20 the assumptions (2.32), (2.33), and (2.34) are replaced by the following

conditions

Z 1 < (logT)®s

n>1
T<Ap,n<T+1

D Aalreal® < T (logT)°"
n>1
Ak,nST
Then there is a probability measure p on RY such that

ef(xl,...,xg)du(xl,..., = lim —/ f y))dy,
R

Y—oo Y
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for all bounded Lipschitz functions f on RE.

Proof. Let
5/4 — B¢ if  1<0<3/2
M={ 1-30¢/4 if -1<604<1
5/4 — Bg/2 if O < —

Then the proof follows an /-dimensional adaptation of the proof of Theorem 2.16. [J

Theorem 2.22. Assume that the conditions in Theorem 2.20 or Corollary 2.21 hold
and let p be the limiting distribution ofg(y). Moreover, assume that {\k, }kn is linearly

independent over Q. Then the Fourier transform

L
ﬂ(fl,...,@:/Wexp(—@m)dn(th...,tw

k=1

exists and equals

() —eXp(—ZZCkfk) XHHJO 7k €k)

k=1n=1

where Jo(z) is the Bessel function
-
=0
Proof. By Fubini’s theorem we have

L 00
11 / e i (1)
k=1Y7°

where, for k =1,...,¢, [ix is the probability measure defined on R by
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for any Borel set B C R. Each integral in this product is by Theorem 2.18 equal to

| e = e Tl
_ n=1

o0

Hence , ;
f(&) = exp ( — izck€k> X H H Jo (I7en k)
k=1 k=1n=1

which completes the proof. O

2.4 Appendix

Here we prove that in Theorem 2.16 and Corollary 2.17 we can extend the range of
f from Lipschitz functions to all bounded continuous functions. We first introduce a

concept from functional analysis.

Definition 2.23. A function f : R — R is said to vanish at infinity if for any € > 0
there exists a compact K C R such that for all z € R\ K, we have |f(z)| < e. The set
of all continuous functions f : R — R that vanish at infinity is denoted by Cy(R,R).

In the next lemma, we extend the results of Theorem 2.16 and Corollary 2.17 to
elements of Cy(R, R).

Lemma 2.24. Let p be a probability measure on R. Let ¢(y) be defined by (2.3).

Assume that

i / f (6y)) dy = / Zf(x)du(x) (2.35)

Y —oo

holds for all bounded Lipschitz functions f on R. Then (2.35) holds for all f €
Co(R,R).

Proof. The space of all Lipschitz functions in Co(R,R) is dense in Cy(R,R), with
respect to the “sup” norm. (This is a version of the Stone-Weierstrass theorem. See
[7, Exercise 7.37(b)]). Let f € Co(R,R). Let € > 0 be given. There exists a sequence
{fn} € Co(R,R) of Lipschitz functions such that f,, — f uniformly on R. Hence there
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is an N = N(e) such that

+ [ ) - swistia < o

Moreover, since [~ du(t) =1,

/ () — F(0)ldu(t) < /3

Also since (2.35) is true for fy, there exists Yy = Yy(¢) such that for all Y > Y

5 [ awtetnar— [ ot < s

These all together imply that for all Y > Y}

5 [ = [ srauto] <

Hence (2.35) is true for f and this completes the proof. O

In the next lemma we show that the result holds for all bounded continuous func-
tions f on R.

Lemma 2.25. Let p be a probability measure on R. Let ¢(y) be defined by (2.3).

Assume that

im ~ [ f (o) dy = / " f@)du(o) (2.36)

Y—oo Y 0

holds for all bounded Lipschitz functions f on R and for all f € Co(R,R). Then (2.36)

holds for all bounded continuous functions f on R.

Proof. Let f(x) be bounded and continuous on R. Note that
f@) = fT(z) + f(2),
where
if otherwise,

) = { fle) it J@)20
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and

@) = { fa) i f@) <0

0 if otherwise.

The functions f*(x) and f~(x) are continuous on R and we have

VeeR, 0< fH(x) <|f(z)] and —|f(z)] < f(2) <0

If we can prove that (2.36) holds for f*(z), then applying it to —f~(x) proves that
(2.36) holds for f~(x). Hence

Thus we assume f(z) > 0, for all z € R.
Let M > 0 be a fixed number such that 0 < f(x) < M. Consider a sequence of

continuous functions f, : R — R that satisfies the following properties:
1. Vz € [-n,n], f.(x) = f(x);
2. Vx € (—oo,—n — 1] U [n+ 1,00), fu(z) = 0;
3. Vee[-n—1,—n|U[n,n+1], 0 < fu(z) < f(x).

Then for any n € N, f,(z) € Co(R,R). Let € > 0 be given. From [~ _du = 1, it
follows that there is an N = N(e) such that

—N [e's)
/ dp +/ dp < €/M.
—0o0 N
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Thus

N

/ﬁmm—mmmmwwMM+/<WWﬁmmwm

-N

=€+/_J:[Odu(:v):

| h@uta) [ fduto

For any n € N, we have 0 < f,, < f. Thus for fixed Y > 0

j/n @<—/f

Letting Y — oo and applying (2.36), we obtain

| h@iuta —g&—/’n c@<mmﬁ—/‘f

Letting n — oo and applying (2.37), we deduce that

This proves that

Y

/ flz)du(z) < hm mf = f(qb( ))dy.
Next we prove that
1 Y o0
fimsup - [ o)y < [ f@)duo)

Y —oo 0

Consider

5 [ swnir=g [ nowar s [ 166) - e
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For A C R, let I4(x) be the indicator function of A defined by

1 if xeA,
0 if x¢ A
Let h,(z) be a Lipschitz function that satisfies
Ve € R, I () < hy(x) < I[n_lm)(x).

For all z € R, 0 < f(z) — fu(z) < M. For fixed Y > 0 and n € N we have

7 [ U0 = 1wy < 5 [ (o)
M Y

<5 [ o)y

Letting Y — oo and applying (2.36), we obtain
1 [y 1 [y
fimsup 3> [ [£(600) = Fulolo)ldy < M Jim 3 [ hu(ot)iy
Y /_ () dpa(z)
<M [ s @)dta)
=M /_1 du(z).

Now let € > 0 be given. From ffooo du =1, it follows that there is an N = N(e) such
that, n > N implies

/n () < /M.

-1

Hence for alln > N

limsup / [F(6()) — Falé(w))]dy < Me/M = €.

Y —oo

o1



Applying this in (2.39) implies that for all n > N

li}erolip—/ flo(y))dy < hm —/ falo(y))dy + €
—/_ fo(x)dp(z) + €

Letting n — oo and applying (2.37) we get

Y

imsup 7 [ S0y < [ fe)dutz) + e

Y —oo 0

Since this is true for any € > 0, we deduce that

imsup - [ Foldy < [~ fa)auta).

This together with (2.38) imply

The proof is complete. O

Corollary 2.26. Under the assumptions of Theorem 2.20 or Corollary 2.21 there is a

probability measure p on R® such that for all continuous functions f on R
ef(l'l,...,$g)d,u(ﬂf1,...,l‘g) = lim — f(o(y))dy.
R

In other words, g(y) has a limiting distribution.

Proof. The proof follows an /-dimensional adaptation of the proofs of Lemmas 2.24
and 2.25. [
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Chapter 3

Applications of the General

Limiting Distribution Theorem

3.1 Preliminaries

In this chapter, we will present applications for the general limiting distribution theo-
rem proved in Chapter 2. Some of the examples in this chapter are well-known.

We start by reviewing some basic theorems and definitions in analytic number

theory.

Lemma 3.1. (Perron’s formula) Let

o0

[ =32 (o>1),

where a, = O((n)), ¥(n) being positive and non-decreasing and

>h-o ()
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asoc — 17, Ifw=u+iv,c>0,u+c>1and T > 0, then for all x > 1 we have

1 c+iT l,s

a
n _ T d
; nv 2w J._r flw+s) S °
x° P (2x)x " log(2x) _
2 “.
+O(T(u+c—1)’“+ - +Y(2z)x
Proof. See [23, pp. 376-379] for a proof. [

We recall some facts regarding the Riemann-zeta function.

Definition 3.2. Let s = o + it € C and o > 1. Then the Riemann-zeta function ((s)
is defined by

C(s) =) n". (3.1)

Note that o > 1 guarantees the absolute convergence of (3.1).
We highlight some properties of ((s). (See [3, Chapter 8].)
Properties of ((s):

e ((s) has a meromorphic continuation to the whole complex plane with only a

simple pole of residue 1 at s = 1.

e ((s) satisfies the functional equation

7 2D(s/2)¢(s) = 7~ IPD((L - 8)/2)¢(1 - ). (3.2)

e The set of zeros of ((s) consists of two disjoint sets, one of which being the set
of negative even integers; the other one being a countable infinite set of elements
p = [+iv that satisfy 0 < # < 1. Any element of the former set is called a trivial
zero and any element of the latter set is called a non-trivial zero. For non-trivial

zeros we have

(B+iv)=0 <= (B—iv)=0,

(B+iv)=0 <= ((1-pF+iy)=0.
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Moreover, if N(T') denotes the number of the nontrivial zeros p = 3 + i7y of ((s)
with 0 < v < T, then

N(T) = (T/2r)log(T /2e) + O(log T). (3.3)

o Huler’s Identity:

In the region o > 1 we have

(s)=[[a—-»)"

p

This identity gives a close relationship between the Riemann zeta function and

prime numbers.

e The Riemann Hypothesis:

The nontrivial zeros of ((s) lie on the line o = 1/2.
Next we recall some facts regarding the Gamma function.

Definition 3.3. Let s = 0 + it € C and o > 0. Then the Gamma function I'(s) is
defined by

['(s) = /OOO e 't571dt. (3.4)

By the comparison test for improper integrals, the infinite integral in (3.4) converges
it o > 0.
The following are some properties of I'(s). (See [3, Chapter 10].)

Properties of the I'(s):

e I'(s) has a meromorphic continuation to the whole complex plane with simple

poles at s =0,—1,—2,....

o I'(s) satisfies

I'(s+1)=sI(s), T'(s)['(1—s)=m/sin(ws),
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and
T'(s)['(s +1/2) = 217271/21(25).

o Stirling’s asymptotic formula:
logT'(s) = (s —1/2)log s — s + 1/2log(27) + O(|s| ™),

uniformly in —7 + § < args < m — ¢, for any fixed § > 0, as |s| — co.
The next lemma is a consequence of (3.2).

Lemma 3.4. Let A > 0 be fized. Then

S = 2716 (1~ 9)

uniformly in |o| < A, |t| > 1.
Proof. See [18, Corollary 10.5]. O

The next lemma gives an estimate for the orders of ((s) and 1/{(s) when o is close
to the line o = 1/2.

Lemma 3.5. Assume that the Riemann hypothesis holds. Then for any § > 0 there
exist constants C,C" > 0 such that

1C(s)] < exp ( Clog(|t| +4) )

loglog(|t] + 4)

’L‘ < oxp (C’ log(|t| +4) )
¢(s) log log([t] + 4)

uniformly in o > 1/24 6, |t| > 1.

and

Proof. See [18, Theorems 13.18 and 13.23]. ]
The following is an immediate consequence of the previous lemma.

Corollary 3.6. Assume that the Riemann hypothesis holds. Then for any €,d > 0
((s) < Jt°
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and
L < ‘t|€
¢(s)
uniformly for o > 1/2+9, |t| > 1.

In the next lemma we establish an order of magnitude for 1/((s) that is uniform in
the region —1 <o < 2.

Lemma 3.7. Assume the Riemann hypothesis. For any € > 0 there exists a sequence
T =A{T,}2, which satisfiesn —1<T, <n and

1
— = O(T%
((o +iT,) (T2)
as n — oo, uniformly in the region —1 < o < 2.

Proof. This is a consequence of [18, Theorem 13.22]. O

In the last section of this chapter, we will study the Mobius function in arithmetic

progressions. In order to do that, we need to introduce Dirichlet L-functions.

Definition 3.8. Let ¢ > 1 be an integer. A Dirichlet character x mod ¢ is a function
from N to C that satisfies the following properties:

i) x(n) = x(n+q), for all n € N;
ii) x(n) # 0 if and only if ged(n, q) = 1;
iii) x(mn) = x(m)x(n), for all m,n € N.

The principal character xo mod q is the character that takes the value 1 for any n with

ged(n, q) = 1.

Let x be a character modulo ¢ and suppose that d > 1. We say that d is a
quasiperiod of x if x(m) = x(n) whenever m = n (mod d) and ged(mn, q) = 1.

Definition 3.9. A character y modulo ¢ is primitive if ¢ is the smallest quasiperiod

of x.
Next we associate Dirichlet series to Dirichlet characters.
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Definition 3.10. Let ¢ > 1 be an integer, and x be a Dirichlet character mod ¢q. Then
the Dirichlet L-function L(s,x) associated to x is defined for ¢ > 1 by

L(s,) = Y x(mn "

L(s, x) satisfies properties analogous to ((s).
Properties of the Dirichlet L-Functions:

e For any nonprincipal character y mod ¢, the function L(s,y) has an analytic
continuation to the whole complex plane. Also, L(s,x) has a meromorphic

continuation to the whole plane with a simple pole at s = 1, with residue ¢(q).

e L(s,x) satisfies the functional equation

1 » 2 q1/2
7= (=9)/240=92D((1 = §)/2)L(1 — s, %) =

7522 (s s )
ISP (s/2) L) (55)

where the function y is given by x(n) = x(n), the complex conjugate of x(n),

and 7(y) is
q

T(x) = Y x(m)emmie.

m=1

e The set of zeros of L(s, x) consists of two disjoint sets, one of which being the set
of negative odd integers; the other one being a countable infinite set of elements
py = By + 17, that satisfy 0 < 3, < 1. Any element of the former set is called a
trivial zero and any element of the latter set is called a non-trivial zero of L(s, x).

For non-trivial zeros we have
LBy +iv,x) =0 <<= L(By —ir,x) =0,

LBy +ivy,x) =0 <= L(1—-p5,+iv,x) =0.

Moreover, if N(T', x) denotes the number of nontrivial zeros p, = (3, + i, with
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0 <~ <T, then

N(T, x) = (T/27)log(qT /2me) 4+ O(log ¢qT). (3.6)

The next lemma is a consequence of (3.5).

Lemma 3.11. Let x be a primitive character modulo q. For each A > 0 we have
|L(s, )| = (q(|t] +4))"*77|L(1 = 5, %)

uniformly for |o| < A.
Proof. See [18, Corollary 10.10]. O

The next lemma gives information on the order of magnitude of L(s, x) and 1/L(s, x)
on the half-plane o > 1/2. This lemma is analogous to Lemma 3.5 and is stated in [18,
p. 445, Exercises 8 and 10].

Lemma 3.12. Let x be a primitive character modulo q, ¢ > 1, and suppose that
L(s,x) # 0 for o > 1/2. Then for any § > 0 there exist constants C,C" > 0 such that

C'log(q([t] +4)) )
loglog(q([t] +4))

L(s, )] < exp (

and

| < o sttt 0
L(s,x) loglog(q([t] + 4))
uniformly in o > 1/2+ 9.

As a corollary we have the following.
Corollary 3.13. Let x be a character modulo q, ¢ > 1, and suppose that L(s,x) # 0
for o > 1/2. Then for any e, > 0

L(s,x) < [t]

and
< |t

1
L(s, x)
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uniformly for o > 1/2 + 0.

Proof. If x is primitive, then the result follows from Lemma 3.11.
Suppose that y is not primitive. Then there is a primitive character y* modulo d,
for some d | ¢, such that

L0 =) IT (1-27) (3.7)
Yo

(see [18, p. 282]). Since the above product is bounded for o > 1/2 4 §, the corollary
holds for L(s, x). O

The next lemma establishes lower bounds for L(s, x) on certain horizontal lines.

Lemma 3.14. Let x be a primitive character modulo q and suppose that L(s,x) # 0
for o > 1/2. Then there is an absolute constant C > 0 such that each interval [T, T+ 1]

contains a value of t such that

(3.8)

IL(s,x)| > exp ( Clogg(T + 4) )

“loglog q(T + 4)
uniformly for —1 < o < 2.

Proof. We will follow the proof of [27, Theorem 14.16] and employ [18, pp. 444-445,
Exercises 6 and 10]. By Lemma 3.11, for —1 < ¢ < 1/2, we have

L(s,x)| > ¢"*7|L(1 - 5,%)|.
Thus we only have to prove the result for 1/2 < o < 2. Put
0 =1/loglogq(T + 4)

and s; = 1/2 + 0 + dt. It is known that (3.8) holds for 1/2 4§ < o < 2 (see [18, pp.
444-445, Exercise 6]). Let s = o +it. For 1/2 <o <1/2+ § we have
L/

f(’S?X) = Z —

S
[vx—t|<o Px

+ O(log ¢T), (3.9)
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where p, = 1/2+iv, denotes a zero of L(s, x) (see [18, p. 445, Exercise 10]). Integrating
(3.9) with respect to o from o to 1/2 + § gives

I _
log—(S’X) = Z log 5 Px —|—O(—1quT )

L(s1,x) ye—t|<6 81— Py log log qT'

Also, we have

(log q(|t] +4))** )

1
[L(s, x)| < 10g P O((l — o) loglog(q(|t| +4))

uniformly for 1/241/loglog(q(|t|+4)) <o <1—1/loglog(q(|t|+4)) (see [18, p. 445,
Exercise 6(c)]). This implies that

log qT
log L = — .
0g (817X> O (logloqu)

Since |s — py| > [t — 7| and |s1 — py| < 20, by taking real parts, we deduce
log qT
log | L( 1 +0 | ———
gLl = 3 log| - <logloqu)
[vx—t| <6

|t — % log ¢T
> E log—2% 4+ 0| ———
- SCENDY + loglogqT )’

l_px

[yx—t|<d
Note that
T+1 It — | T+1 it — |
[ el [y oy
T 20 . 5 6
[yx—t[<d t— <y <t+5
min{yy+9, T+1} ‘ .
/ Yyl
- log ——Xdt
T- 5<%<<T+1+5 ax{ =4, T} 20
'Yx+6 .
5<7x<T+1+6

- > (—26—25log2)

T—6<y<T+1+6
> —dlogqT,
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where the last step is derived from (3.6). Hence there is a T' < ¢ < T + 1 such that

t_
Z logﬂ > —dlogqT.

20
Irx—t[<é
It follows that for this ¢
C'logq(T + 4)
log |L > —
og|L(sx)| 2 loglog ¢(T + 4)
for any 1/2 < 0 < 1/2+ § which completes the proof. ]

The following is an immediate consequence of Lemma 3.14.

Corollary 3.15. Let x be a character modulo q, ¢ > 1, and suppose that L(s,x) # 0
for o > 1/2. Then for any € > 0 there exists a sequence T,, = {T,, }>>, which satisfies

n—1<T,,<n and
1

L(oc+1iT, ., x)

=O(T;,,)
as n — 00, uniformly in the region —1 < o < 2.

Proof. If x is primitive, then the result follows from Lemma 3.14. If y is not primitive,

then we apply the corollary to L(s, x*) in (3.7). O

3.2 The Error Term of the Prime Number Theorem

The first application for our general limiting distribution theorem given in Chapter 1
is for the error term of the prime number theorem. Recall that for x > 0 the function
7(x) is defined by

7(x) := card({p < x | p prime}).

For a number x > 1 the logarithmic integral Li(x) is defined by

Todt

Li(x) := —.
i(z) 5 logt
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The prime number theorem (PNT) can be written in the form
7(z) = Li(z) + &(x), (3.10)

where £(z) = o(Li(x)) as  — oo. The term £(z) in relation (3.10) is called the error
term of the prime number theorem.

For T' > 2 and x > 2, the error term can be written in the form

(3.11)

lv|I<T

Elz) = —— Zx_"_ﬁ+0(:clog2(m+ \/§>

_loga: p logz Tlogx log? x

where p = [ + iy denote a nontrivial zero of ((s) (see [24, (2.12)]). Assume that the
Riemann hypothesis is true. Then (3.11) implies

(m(z) — Li(a:))l(z/g; =-1- qul/;—lw +0 (\/ﬂo? (1) lo;x) . (3.12)

Let ¢1(y) := (m(e¥) — Li(e¥))ye™¥/2. Suppose that we index the zeros 1/2 4 iy (y > 0)

of {(s), as {1/2 4 i7,}5°, so that 73 <75 < ---. Then from (3.12) we have

elmy e~ my
o(y) =—-1-— Z T2 +in Z —————— + Ey(e¥,e")

—9 4

= —1+Re (Z +6zvny> + Ey(e¥,eY),
= 1/2 + iy,
where .
yYeY 1
Ei(e,e") =0 - .
(e el) ( v y)
We have

Y Y 2
Yev/2 1
/ |E1(ey,ey)|2dy<</ (y i —|——> dy
1 1

€ Y

Y 2y2ey 1
<</ (y e +—2)dy<<1.
1 € Y
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If we take in Corollary 2.17, A, = v, and r,, = —2/(1/2 + i7,), then we will have
A2 || 1= TlogT.
AZ@ ol Z1/4+ 2<<Z )< Tos

Hence under the assumption of the Riemann hypothesis, by Corollary 2.17, the function
¢1(y) = (m(e¥) — Li(e¥))ye /2 has a limiting distribution x on R.

This result was originally proved by Wintner [30], in 1935.

If further we assume the linear independence hypothesis (i.e., {7,}°2, is linearly

independent over Q), then by Theorem 2.18 the Fourier transform of y is of the form

0=cTla ()

where Jy(2) is the Bessel function of order 0.

3.3 Weighted Sums of the Mobius Function

The second application of our general limiting distribution theorem is for weighted
sums of the Mobius function. Recall that the Médbius function is defined for n € N by

1 ifn=1,
p(n) =< (=D)kif n = py...pg, where p;’s are different,

0 otherwise.

Ng, in [20], proves that under a certain condition for average of 1/|(’(s)], the summatory

=> u(n)

n<x

function

has a limiting distribution v. Moreover, under the linear independence assumption, he
gives explicit formulas for the Fourier transform of v. In this section, we will consider
the weighted sums of the Mobius function and investigate conditions under which these

functions have limiting distributions.
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Definition 3.16. For o € [0, 1] and = > 0, let

M,(z) = %

Let 6 < 2 be a fixed real number. For now, we assume the Riemann hypothesis and

Yo K<

0<y<T
In the next lemma we establish an explicit formula for M, (x).

Lemma 3.17. Assume the Riemann hypothesis. Let b < 1/2 be a real number, which
is less than « if a < 1/2 and let € be a number in (0,1/2—0b). Then for any v > 1 and
T, € T (the sequence in Lemma 3.7), we have

Ma(z) = 1/¢(a) + )

IY|<Tn

xP~e r'~logx xlme
o O b—a )
(r—a)C(p) ( T,  Ticlogz " )

Proof. In Lemma 3.1 we take w = a, c=1—a+ 1/logz, a, = p(n), ¥v(n) =1, and
F(s) =1/((s) to obtain

M(n) 1 /c-i—iTn 1 s i 10g T B
Mo () = S L o (e e
(z) ne 210 Jo_ip, C(s+a) s i T, T

n<zx
On changing s by s — « in the above integral we have
1 cta+iTy 1 s—a
L / AN
2mi cta—iTy, C(S) s—

Let b < 1/2 be a real number, which is less than « if o < 1/2. Consider a rectangle
with vertices c+a+1iT),,b+iT,,b—1iT,,,c+a—1iT,. Then by applying Cauchy’s residue
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theorem we obtain

P~

Mo(@) =1/¢(e) + 3 7=

[YI<Tn

1 (/ —iTy /b—i—zTn /c—i-oz—l-zTn) 5 d
- — S
2mi +a—iT, 1Ty, T (S S—

1=
PO (TE v an) L sy

Note that the term 1/{(«) appears since the integrand has a simple pole inside the
rectangle at s = « with residue 1/{(«). Also, the sum over the zeros of ((s) shows up
because of the residues of the integrand at those zeros inside the rectangle. Corollary

3.6 together with Lemma 3.4 imply that for any € > 0 we have

[
C(b+it) i

for all |t| > 1. Hence if € < 1/2 — b the contribution of the middle integral in (3.13) is

b+iT,, s—« 1 Th
L/ Lx—ds < xb—a / dt + t—l/2+b+e@
210 Jy_ir, C(s)s —a 1 V(b —a)? + 2 t
< xbfa + xbfa (1 + T;1/2+b+6)
< 2. (3.14)

¢+ it)

Moreover, by Lemma 3.7, we have for any ¢ > 0

— < T
(o +1iT},)

for all b < o < ¢+ a. Hence the contribution of the last integral in (3.13) is

1 ct+a+iTy 1 5@ T cta € xl—a
— — ds < “do K < (3.15
210 Jyrir,  C(s)s — § Tl / v Tl=<logz —~ Tl —<logx (3.15)

The first integral can be handled in a way similar to (3.15). Hence from (3.13), (3.14),
and (3.15) the lemma follows. O
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The next lemma establishes upper bound estimates for certain sums involving
()]~

Lemma 3.18. Let 0 < 2 be fized. Assume for T > 0 that

Y K< (3.16)
Then
(0 1
0—2.
2 —acerE <7
(i)

1
< T2 (log T2,
2 o=l (log T)

Proof. (i) In Lemma 2.8, take ¢, = |('(pn)| 72, ¢(t) = 1/t?, and a,, = |p, — |, where
Pn=1/2+ iy, (11 <72 < ---) is the sequence of nontrivial zeros of {(s) in the upper
half plane. Note that if |p, —a| < T then v, < |p,| <T + «a, so

YOI Y )< (T ) < T,

|on—a|<T 0<y<T+a

Thus we have

1 >~ 1 19 1 ) io
> a2 w5 T Ko 3 )

T

lon—al>T lon—al<t lpn—a|<T
> ¢ Ta 0—2
< —dt + — <717,
/T 13 T2

where we use the condition # < 2 to bound the last improper integral. Now observe
that if v, > T then |p, — o| > |pn| — @ > 7, — @ > T — a. Therefore,

1 _ )02 92
2 T aeE ST«

1
2 o a0 <

V2T ‘pn—a|ZT_a
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This proves (i).
(ii) By the Cauchy-Schwarz inequality we have

Z (Zm>/(21)/

From (3.3) we have
> 1< TlogT.

0<~<T

Hence by the assumption (3.16) we obtain

1

Z |<—,( ), <<T9/2<T10gT)1/2:T(9+1)/2<10gT)1/2 (317)
P

0<~y<T

In Lemma 2.8, take ¢, = |('(pn)|™}, ¢(t) = 1/t, and «,, = |p,, — a|. From (3.17) we
have

YooK Y )l < (T + @)Y (log(T + )2

lpn—al<T 0<n<T+a
< T(€+1)/2<10gT>1/2.
Thus
1 &/m 1 —1 1 ! -1
> » It + > 1)
. /
t(9+1)/2 log £)1/2 TO+1)/2 (100 T')1/2
< (20g )" N (logT)
1=l t T
< TOV2(1og T)3/2.
Thus
Yoo Y D (T) OV og ATy
_ / — _ /

< TUD2(log T)*2.
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In the next lemma we generalize the result of Lemma 3.17 to all 7" > 0.

Lemma 3.19. Let 0 < 2. Assume the Riemann hypothesis, all the zeros of ((s) are
simple, and 7, [¢'(p)|7* < T9. Let 0 <b<1/2 and 0 < e < 1/2—b. Then for
x>1andT >0,

P~
My() = 1/¢(@) + Y
G (=) (p)
r'"%logx e L 1/2
/2—« T@—Ql T b—o .
—I—O( 7 —l—Tl_elng—irx ( ogT) " +ux >

Proof. Let T > 0, and n € N be such that n — 1 < T < n. Then we have either
n—1<T,<T<norn—1<T<T, <n, where T,, € 7. Without loss of generality,
suppose that the first case occurs. Then by Lemma 3.17

—Q

M) =1/¢)+ [ = % e

_ /
pt=e x*logx
O —Q
" (ﬂ?ﬁgw+ T, ' ° )

—Q

SROCR DL Erer e

N|<T — Tou<|y|<T

pt=e x'=logx
@) R
* (Tl—6 log x * T i )

By the Cauchy-Schwarz inequality we have

] 1/2 1/2
< gl 1] .
=7 (Z = a></<p>r2) (Z )

E:(p—MC@)

Tn<~n<T
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By Lemma 3.18(i), the first sum on the right is < 7%72. Now (3.3) implies that

d 1< Y 1=NT)-N(T-1)

Tn<y<T T—-1<y<T
T 1 T
— log— 4~ log——— + O(log T
o 108 7 + g log 4=+ O(logT)
< logT. (3.18)

From these estimates we conclude that

P

2 (p—a)(p)

Th<H<T

< L1/2a (T9‘2)1/2(10g T)1/2 _ pl/2-a (T9—2 log T)l/Q,

This proves the result whenn —1 <7, <T <n.
The proof is similar if n — 1 < T < T, < n. O]

As a direct consequence of the previous lemma we have the following result that

generalizes a Theorem of Ng (|20, Theorem 1(i).])

Proposition 3.20. Let 0 < 6 < 2. Assume the Riemann hypothesis and Y, 1 1¢'(p)| 7> <
T?. Then we have
My (z) — 1/¢ (@) < 2% (log z)%/%.

Proof. By Lemma 3.19

1 N i N r'"%logx
(p—a)(p)] ~ T'<logx T

Mafa) = 1/¢(0) < a0 3
IyI<T
4pl/2ma (T9—2 loo T 1/2 b—a
gT) " +a
where 0 < b < 1/2 and 0 < € < 1/2 —b. The sum term is by Lemma 3.18(ii)

9] (xl/z_o‘T(G_l)ﬂ(log T>3/2) ]
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Therefore choosing "= z and € < b < /2 implies

€E—Q

T

log

b—«

My (2) — 1/¢(a) < 2%~ *(log 2)*/* + +z %logx +

< 2?2 %(log x)/2.

]

We will now apply the general limiting distribution theorem of Chapter 2 to the

following function. Let

baly) = V(T2 N (eY) if 0<a<1/2ora=1,
W 2 (M () — 1/¢()) i 1/2<a< L.

Let § < 5/4. Assume the Riemann hypothesis and Y, [¢'(p)|™> < T°. For
1/2 < a < 1, Lemma 3.19 asserts that for any X > 0 and for any y > 0 we have

e¥(p—a)

-t "

bo(y) = eV(-1/2He) Z
[v]<X
wy

2w T

<X

:Re( > #) + E,(y, X), (3.19)

o2y (p=a)(p)

where forany 0 <b<1/2and 0 <e<1/2—-10

ey/2 ey/2

X + yXl—e

1
+ (X log X) 2 + —) . (320)

oy(1/2-b)

Eu(y,X) =0 (y

Observe that for 0 < a < 1/2 or a = 1, (3.19) holds and in E,(y, X), e ¥(/279 g

changed to e ¥(1/27%) For o = 1/2 we set

¢1/2<y>=1/<<1/2>+Re( yo e )+E1/2<y,x>,

2= (0= 1/2)C)
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where E5(y, X) satisfies (3.20).
In order to apply Corollary 2.17 we need to check its conditions first. Take A\, = 7,
and r, = 2/|(pn — @)(’'(pn)|. Then we can rewrite (3.19) as

ont) =Re( 30 (2T )+ B )

Also we get

2 eiy"}’n

bualy) = 1/C(1/2) + Re( >

X P @)C’(pn)> + Ba(y, X).

The relation (3.18) asserts that

Z 1 < logT.

T<yn<T+1

Also the assumption Y7 _[¢"(p)|~* < T implies that

4 2
> Nl = 3 e < 2 e < T

Yn<T Y <T " A <T

Moreover, we have

Y Y y/2 y/2 y 1/2 1 2
Y2 ye € -
/1 |Ealy, e )['dy < /1 < o ey T (em—e)) o | W

Yoy e¥ Y 1 J )
< L e + 22— + oY (2-0) + (i) ) W<

Hence by applying Corollary 2.17 it turns out that ¢,(y) has a limiting distribution
Vo. The further assumption of the linear independence for the zeros of ((s) implies

that the Fourier transform 7, of v, is given by

’9"<5):ﬁ‘f°(1< )

pn_a)
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(see Theorem 2.18 in Chapter 2).

3.4 Weighted Sums of the Liouville Function

This section is concerned with the Liouville function A(n) defined for n € N by A\(n) =

(—=1)%™) where Q(n) is the total number of prime divisors of n. For its summatory

=> An)

n<x

function

Fawaz [5, Theorem 2] proved the following explicit formula

LO(

1/2 ch, ? +1(z), (z>1, z¢N),

where I(z) is a certain function of z satisfying I(z) = 1 + O(2~'/2). In this section,

we will investigate the weighted sums of the Liouville function.

Definition 3.21. For a € [0, 1] and x > 0 the weighted sum of the Liouville function
of wight « is defined by

n<x
Similar to the case of M,(x), we first try to establish an explicit formula for L, (z).

We then apply our main theorems from Chapter 2.

Lemma 3.22. Assume the Riemann hypothesis and that all zeros of ((s) are simple.
Forx >1,T, €T (the sequence in Lemma 3.7), and for any 0 < € < 2/9 we have

p— -« l1—a
Lo(z) = Ro(z) + Z P~ ((2p) L0 (x log x L= _|_3;1/4€/8a) |

S —a ('(p) T, Tl=<logz
where
Ru(e) = {Ma/<<1—2a><<1/2>>+¢<2a>/§<a> Joatl2 o)
V/C(1L/2) = ¢(1/2)/20(1/2) +logw/20(1/2) i @ =1/2,

where v is Euler’s constant.

73



Proof. Before proceeding, note that

C(S):L—S {u}du

1
s—1 1 ust

for 0 > 0, where {x} is the fractional part of x € R. From this we have ((s) # 0 for
any real number 0 < s < 1. This ensures that (3.21) makes sense.
We take in Lemma 3.1, w =a, c=1—a+ 1/logz, a, = A(n), ¥(n) = 1, and

f(s) = ((25)/¢(s),

to obtain

B 1 c+iTh, C(2(8 —|—Oé>> xl—a IOgZL‘ Y
Lo(x) = %/C_ml —C(S o) ?d s+ 0O (—Tn +z ) : (3.22)

In the integral on the right of (3.22) we change s by s — « to obtain

1 cta+ily <(2S> s

2_71"i cta—iTy C(‘S) S—a

(3.23)

Next, we will shift the path of integration to the left of o = 1/2. Let 0 < b < 1/4 be a
real number which is less than a if 0 < o < 1/4. Consider the rectangle with vertices
c+a+1iT,,b+iT,,b—iT,,c+ a—1T,. By Cauchy’s residue theorem, the integral

(3.23) equals
) 1 (/ —iT, /b+iTn /vc+a+zTn) ZES_a d
S,
27” +a—iTy iTh b+iTy, S§—a

(3.24)
where R, (z) is defined in (3.21). Note that R,(x) is the residue of the integrand at
s = a, where the integrand has a simple pole when o # 1/2 and has a double pole if
a = 1/2. We will study the integrals in (3.24) as follows. By Corollary 3.6 and Lemma
3.4, for all e > 0

[Y|<Tn

C2(b+it)) < [t|/32+e/2
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and

||V
C(b+1it) g

for all |t| > 1. Hence
C(2(b + 1)) e
C(b+1it) g

for all || > 1. Hence if we choose € < b the middle integral in (3.24) is

B T b+iTh, C(QS) 5

21 Jyr, C(S) s—a

< xbfoz / b + Zt /Tn fb+e
-1 b + Zt A/ b — 2442
<L (141,77 < 2 “, (3.25)

where the last inequality holds since —b + ¢ < 0. For other two integrals in (3.24), we
need to apply Lemma 3.7. By Lemma 3.7 for any € > 0 we have

1

~ T2 .26
Coriny) < (3:26)

for all b < o < ¢+ a. Moreover, by Corollary 3.6 we have
C(2(0 +iT},)) < T/ (3.27)
for all o > 1/4. Hence by Lemma 3.4 for b < o < 1/4
C(2(0 +1iT,)) < TY/320+e/t,

If we choose b very close to 1/4 we can make the power of T}, in the above inequality
small. We choose b = 1/4 —¢/8. With this choise of b and the condition € < b, we have
€ < 2/9. For this choice of b we deduce that if b < o < 1/4 then

C(2(0 +14T,)) <« T3 20te/t < /2, (3.28)
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The inequalities (3.27) and (3.28) imply that for this choice of b we have
C(2(0 +iT,)) < T;/?
for b < o < ¢+ a. Combining this with (3.26) gives

(2o +iTh) _ e
oty <

for b < o < ¢+ a. Hence the first and the last integrals in (3.24) are

L cto y ¢ ml—a
T 7T . 3.29
< /b v 7 Tl=<logx < Tl=<logx (3:29)
Now the proof follows from (3.24), (3.25), and (3.29). O

In studying M, (z), we assumed an estimate of the form

S o)< T,

0<~<T

where 6 < 2. In the case of L,(x) we consider a similar upper bound for the sums of
the form ZO<7§T C(2p) /¢ (P)[2.

Let 6 < 2 be fixed. For now we assume the Riemann hypothesis and

2.

0<y<T

2

C2o)" o (3.30)

¢'(p)

The next lemma asserts estimates for certain sums involving |((2s)/¢’(s)|.

Lemma 3.23. Under the assumptions of the Riemann hypothesis and (3.30) we have
(i)
2

C(Qp) < TG_Q.

(p—a)((p)

2.

=T

(ii)
2.

0<y<T

((2p) ‘ ©-1/2(1, 3/2
o—axte| <7 les T

76



Proof. This lemma is analogous to Lemma 3.18 and can be proved in the same way. [
In the next lemma, we will establish a more general explicit formula for L, (z).

Lemma 3.24. Assume the Riemann hypothesis and (3.30). Then for allz > 1, T > 0,
and 0 < € < 2/9, we have

P~ ((2p)
Ly(x) = Ro(x) + E
(@) (@) [<T p—ad(p)
il r!"%logx 1/2
9] 1/2—a 9721 1/4—¢/8—a
+ <T1—€log + +x (Z ogl) +x ,

where R, (x) is given by (3.21).

Proof. This lemma is analogous to Lemma 3.19 and can be proved in the same way by
using Lemma 3.19(i) instead of Lemma 3.18(i). O

As a direct consequence of the previous lemma we have the following result which

is analogous to Proposition 3.20.

Proposition 3.25. Assume the Riemann hypothesis and (3.30). Then we have
Lo(z) — Ro(z) < 2927 (log x)*/2.

Proof. This proposition is analogous to Proposition 3.20 and can be proved in the same
fashion by applying Lemmas 3.24 and 3.23(ii) instead of Lemmas 3.19 and 3.18(ii). [

Now, we show the existence of a limiting distribution for the function

V(12400 (e¥) if 0<a<l1/2ora=1,

Yaly) == /O (Lo(e¥) —y/20(1/2))  if a=1/2,
V24 (L (eY) — ((2a)/¢()) if 1/2<a< 1.

Assume the Riemann hypothesis and (3.30) with 6 < 5/4. Let

a:{1/((1—2a)<(1/2) if 0<a<l1/2orl/2<a<l, (3.31)

7/¢(1/2) if  a=1/2,
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where v is Euler’s constant. By Lemma 3.24 for any y > 0 and X > 0 we can write

(p—)
fo - ch y(=1/24e) M Fa X
Valy) = Cate 2 G-

B ((2p)e™
= Co+ MZ:X o —aity T X

_ . 2((2p)e™”
—Ca—l—R< > o oa p))+Fa(y7X),

o2y (0= a)((
where, for any 0 < € < 2/9,

yev/? ey/2

92 1/2 1
Fa(y,X)<<( X X + (X7 log X) (1/4+e/s>)'

Let p, and 7, have the same meaning as in the case of ¢,(y). Take A\, = 7, and
rn = 20(2pn)/(pn — @)¢'(pn). Then 14 (y) can be written in the form of

2¢(2py) Y
> 7 e )+F( . X).

2 (o — )l

Yaly) = Co + Re<

Note that by (3.30) we have

Z )\2|Tn’2 Z | 47n|C 2pn |2 < Z

An <T A <T CI p”)| A <T

C(2p,) ?
¢'(pn)

< T°.

Furthermore, for F,(y, X) we have

% Y y/2 y/2 Y 1/2 1 ’
Y12 ye e
/1 [Foly, e’ )["dy < /1 ( o ety T <€Y<9—2>) + s | W

Yo yPey e¥ Y 1 J ]
< L e + 22— + oY (0-2) + ov(1/2+¢/0) | Y <L

So the conditions of Corollary 2.17 are satisfied. Hence 1), (y) has a limiting distribution

Lo- Moreover, if one assumes the linear independence of the zeros of ((s), then by
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Theorem 2.18 the Fourier transform of pu, can be calculated by the following formula
P 2[¢(2pn)[€ )
— zCaf J ( ]
H ’ —a)((pn)|

3.5 The Summatory Function of the Mobius Func-

tion in Arithmetic Progressions

In this section, we will investigate the summatory function of the Mébius function p(n)
when n belongs to an arithmetic progression. Our goal is to prove the existence of a

limiting distribution for this function.

Definition 3.26. Let ¢ > 1 and a > 1 be such that (¢,a) = 1. Define

M(r.q,a)= Y pln)

n<x
n=a mod ¢q

where p is the Mobius function.
In the following lemma we will establish an explicit formula for M (z, q, a).

Lemma 3.27. Let ¢ > 1 and a > 1 be relatively prime and 0 < b < 1/2 arbitrary.
Assume that for any character x modulo q we have L(s,x) # 0 for o > 1/2 and that all
zeros of L(s,x) are simple. Then for x > 2 and T, € T, (the sequence in Corollary
3.15), we have

1 xPx xlogx x b
M :— —+0
(:LHCL ) g Z ] X)+ (T +T1 Elog:[’—'_x),

L
\7x\<Tn,x oL (P n,X0 n,X0

where p, = 1/2+1iv, runs over the zeros of L(s, x), Xo 1 the principal character modulo

q, and ¢ s the Euler totient function.

Proof. For positive integers a and ¢, it is known that if (a,q) = 1, then

1 Z X(a)x(n):{l ifnzc'z(modq),

0 otherwise



(see [18, p. 122]). Thus

Mz, q0)= Y pn) = Z ) S e

n<z
n=a mod q

If for each character x modulo ¢ we put

then

M(x,q,a):(i S @Y (3.32)

©(q)

x mod g n<lzx

For each summand by applying Perron’s formula (Lemma 3.1) with w = 0, and ¢ =
1+ 1/logz we obtain

1 c+iThn,x s 1
S [ o a0 (257 ),
S

2mi c—iTp n,x

n<lz

where {7}, ,} is the sequence in Corollary 3.15. Consider a number 0 < b < 1/2 and

a rectangle with vertices ¢ + 71}, ,,b + i1}, ,,b — i1, , ¢ — iT,, . By Cauchy’s residue

n,X>
theorem we have

1 c+iThn,x . s TPx

- L(s,x) " s = e
2mi c—iTy S el <Ton PxL (an X)

1 b—iT b+iTh AiTn e
- — / +/ —i—/ L(s,x) *=—ds. (3.33)
2m c—iTp,x b—iTy b+iTh S

By Lemma 3.11 and Corollary 3.13 for any € > 0

L(b + it,X)il < ‘t’71/2+b+e.
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Hence if € < 1/2 — b then we have

1 b+iTn7X

xS Tn,X
— L(s,x)’l?ds < xb/o (

210 Sy,

dt
|t| + 1)3/2—b—€

< xb (1 + T;)l(/2+b+€) < SUb.

Next by Corollary 3.15, for any € > 0,
Lo+ T x) " < Ts

for all b < o < c¢. If we denote the principal character by xq, then the first and the last
integrals on the RHS of (3.33) are

¢ T T

&
r’do K < <
I /b Tl flogx — Toclogr T ¢

n,Xo0

< )
log

since T}y, Thxo € [7, 0+ 1]. This proves that

xPx xlogx x
E ey = E — 40 o).
nx * ( T xo * T~ logx L >

L/
n<e it PXE (P X) mxo

Substituting this back into (3.32) implies the result. O

As in the case of M,(z), in order to establish an explicit formula for M(z,q,a),
which is true for all 7" > 0, we need to make some extra assumption. Unfortunately,

no upper bounds for sums of the form

> L (X))

0<yx<T

are known. However, it seems likely that this sum is bounded by T?, where § = O(1).
By work of Hughes, Keating, and O’Connell [9], a random matrix model suggests that
0 = 1. If such bound exists with § < 5/4, then we can apply theorems of Chapter 2 to
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prove the existence of a limiting distribution for M(x, ¢, a). For now we assume that

> o)< T’ (3.34)

0<yy <T

for all characters x mod ¢, where § < 2 is a fixed number. We also assume the
generalized Riemann hypothesis for the zeros of each L(s,x) (i.e., L(s,x) # 0 for
o > 1/2), as well as the simplicity of the zeros of each L(s, x).

Lemma 3.28. In addition to assumptions of Lemma 3.27 suppose that for each char-

acter x modulo q we have

S L)< T,

0<yx<T

where 0 < 2. Then for all0 <b<1/2, x> 1, and T > 0, we have

Mrg0) = —= 3 Ta) 3

x mod ¢ lyxI<T
xlogx xlogT 1/2 x b

O e e a— .
* ( T +( 720 ) T Tidoga

Proof. By the partial summation formula, for each character y modulo ¢, we have

T b :4LT t%( 3 |L’(pX,X)|_2>dt+% > oy )2

/ 2
|pXL (anX)| 1,x [yx | <t [vx|<T

pr

Px L (P, X)

! 16 1 0 0—2
<</ —tldt + 10 < T%2,
it T

Now let T" > 2 satisfy n < T < n + 1. Without loss of generality we assume that
n <T,, <T <n+ 1. Then by the Cauchy-Schwarz inequality we have

- ‘ - ( 1 ) - ( 1) -
!/ / 2
P L (px: X) [ L (x> X)) T <y |<T

Tnx < I<T Tnx < I<T

1/2
< 22792 10g T)V? = (x;(;iT) .
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Hence

xPx xPx xlogT 1/2
T (( ) |
Z Px L' (P> X) Z Px L (P X) 120

[Yx| <Tn,x x| <T

Inserting this into the explanation for M(z,q,a) in Lemma 3.27 yields the desired
result. O]

Now assume that the generalized Riemann hypothesis is true for all Dirichlet L-

functions L(s, y) modulo ¢ and let

¢(y,q,a) = e ¥*M(e’, q, a).

By Lemma 3.28 we have

1 eWIx
¢(y7q7a):_ Z Y(CZ) Z ,—+E(y7X7Q7a)
pla) o= 7 S L (e )
where
yev/?  (log X)V2  ev/? 1
E(y, X,q,a) < b% Yi62 T yX1— BTk

For each character x modulo ¢, let S, be the set of positive ordinates v, of the zeros of
L(s,x) over the line 0 = 1/2. Let {\,}>2; be a sequence which consists of the union
of all S, such that 0 < A\ < Ay <---, and define a sequence {r,},>; by

2 X, (a)
P(q)(1/2 4+ X)L/ (1/2 + idn, X))

Ty =

where Y, is the corresponded character to A,,. Now we observe that for real xy we have
L(1/2 +iv,x) = 0 if and only if L(1/2 —iv, x) = 0, however, for complex y we have
L(1/2 +iv,x) = 0 if and only if L(1/2 —iv,X) = 0. Hence we can write ¢(y, ¢, a) in
the form

¢(y, q,a) = Re( > rne"yk”> + E(e¥, ", q,a).

An<eY
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From the inequality
|A+ BI* < 2(]A] + |BJ),

valid for any pair of complex numbers A, B, it follows that

Y Y y/2 y1/2 —1,y/2 2
Y 2 ye Yy e (b—1/2)
/1 By 0 0)fdy <</1 ( ot t o T dy

Y (yPed Y —20y
ye y € (2b—1)
< /1 ( v T ovee tavag e ) dy < 1.

By (3.34) we have

Z/\2’T"|2<<Z Z 4’YX|X <<Z Z 1L (prs X)) 2 T

An<T X 0<vyy <T |pX X 0<yy <T

Hence by Corollary 2.17, the assumptions of the Riemann hypothesis for each L(s, x)
and (3.34) with # < 5/4 imply that the function ¢(y, ¢, a) has a limiting distribution
fga o0 R. If further one assumes the grand linear independence conjecture (see Defi-

nition 1.3) then by Theorem 2.18 we can deduce the following formula for the Fourier

‘)

transform of fig.,:

R B > 2 X, (@)
figa(§) = H Jo (‘ e(@)(1/2 4+ X)L (1/2 4+ i)As, X0,)

n=1
2€|x(a)] >
an;[dq " (sO(Q)Ipr’(pX, Y)|
Yx=>0

3.6 Connections With the Riemann Hypothesis

In this section we will discuss the connections of the functions that we investigated in
the previous sections with the nontrivial zeros of ((s). The main ideas of this study
come from the well-known theorem of Ingham [12, Theorem A] and the well-known

fact that any of the assumptions

M(z) > —Kz'? M(z) < Ka'?, L(z) > —Kz'?, L(z) < Kz'/?,
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for a fixed K > 0 and for all sufficiently large x, would imply the Riemann hypothesis.

We start by reviewing some basic results.

Theorem 3.29. (Landau’s lemma) (i) Let

[ =3

be a Dirichlet series that has a finite abscissa of convergence, say o.. If a, > 0 for all

n then f(s) has a singularity at the point s = o..

(ii) Let
f(s):/1 %dm

be a Dirichlet integral whose abscissa of convergence is 0. < oo. If a(x) > 0 for all

x > 1 then f(s) has a singularity at the point s = o..
Proof. The first part is Theorem 1.7 and the second part is Lemma 15.1 of [18]. [
Theorem 3.30. (Ingham) Let

F(s) = /0 ) igﬁf) du,

where A(u) is absolutely integrable over every finite interval [0, U] and the integral is
convergent in some half-plane o > o1 > 0. Let {\,}n>0 and {r,}n>0 be real and

complex sequences, respectively, and put A\_,, = —\,, r_, = . Let

foro >0, and

A (u) = Z (1 — %) et

[An|<T

Suppose that F(s) — F*(s) is analytic in the region o > 0, =T < t < T, for some
T > 0. Then for this T we have

liminf A(u) < liminf A% (u)

U—0o0 U—0o0
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and

lim sup A% (u) < limsup A(u).

U—00 U—00

Proof. See [12, Theorem 1].

]

Assume the Riemann hypothesis is true and all the zeros of ((s) are simple. Then

the next theorem asserts that the sequence of residues of the functions 1/{(s) and

((2s)/((s) at the nontrivial zeros of ((s) are divergent series.

Theorem 3.31. (Ingham) Assume the Riemann hypothesis and that all the zeros of

C(s) are simple. Let {p, = 1/2 + ivy,} denote the sequence of all nontrivial zeros of

C(s) with 0 <y, <72 <---. Then we have

[e.e]

PP

“— |pnC’(pn)]

and
oo

D

n=1

C(2p,)
PnC'(Pn)

Proof. See [12, Theorem 2.

O

The next lemma states analogous assertions to those of Theorem 3.31 for the func-

tions 1/((s + «) and ((2(s + «))/{(s + «).

Lemma 3.32. Assume the Riemann hypothesis is true and that all the zeros of ((s) are

simple. Let the nontrivial zeros of ((s) above the real line be denoted by p, = 1/2+ i,

(0<m <y <--+). Then

1
Z [(on — ) (pn)]

and
- <(2pn)
; (Pn — )¢ (pn)

Proof. For all n > 1 we have

|pn - al < |pn| +a< 2|pn|'
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Hence

(o) 1 (o)
Z - C/ § Z ’Pnf'
and
= 2 1 2
¢( pn? ‘ > _Z C(/pn) 7
- (pn — )¢ (pn) 2 y—t pn¢’ (pn)
so, by applying Lemma 3.31 on the above inequalities, the lemma follows. Il
Let
0 if 0<a<1/2,
ma =14 1/¢(a) if 1/2<a<]1,
0 if a=1.

In the next theorem we prove that the Riemann hypothesis is a consequence of any of
the assumptions
M, (x) —mgy > K7,

My (z) —mgy < —K:v%_o‘,
for a fixed K > 0 and for all sufficiently large x.

Theorem 3.33. For o € [0,1] and z > 0, let

(n)
M, =
(z) 2w
and M, (2)
all) — My
ga<x) = i,
T2

If there is a constant K > 0 such that either go(x) > —K or go(x) < K, for sufficiently
large x, then the Riemann hypothesis holds and all the zeros of ((s) are simple.

Proof. Suppose that the case g,(z) > —K holds for > x5 > 1. Thus we have

My (z) — mq + Kzi™® >0
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for x > xy. By the partial summation formula one has

* M, (x) B 1
xstl duv = sC(s+a)’

for o > 0. Let

mg:/ Ma(z) = ma + Ka27® |
1

$s+1

the integral being convergent inside the half-plane o > 0. For 1/2 < a < 1 the relation

Gs)= —— L & (3.35)

s¢(s+a) sCla) —a—s

holds for ¢ > 1/2 — o and G(s) is analytic on the real axis for s > 1/2 — « since
in the Laurent expansion of 1/s((s + «) — 1/s¢(a) around s = 0 the terms with
singularity cancel each other. Hence by Lemma 3.29(ii) both sides of (3.35) are analytic
in the half-plane ¢ > 1/2 — a.. It follows that the function ((s + «) has no zero in
the half-plane ¢ > 1/2 — .. This proves the Riemann hypothesis. Moreover, since
M, () — mg + K2'/27% > 0 for x > 27 we have

|G(s)| =

T

* My(x) — Mo + Kzz ™
s+1 d
1 x

[EU+1

% M, (x) — Krz—®
30(1)+/ al®) = ma + Ka37?
zo

1
<0O(1)+G(o) =0 ———7F—— 3.36
<00)+6(0) =0 (= 5—7) (3.36)
as 0 — (1/2—a)*. The last inequality holds since the function 1/0((0 4+ «a)—1/0((«)
is bounded for values of ¢ in some neighborhood (1/2 — «,1/2 — o + ¢€). Now if we
assume that ((s) (respectively, ((s+ «)) has a multiple zero say of order k£ > 2 at some
point pg = 1/2 + iy (respectively so = 1/2 — a + i7p), then
lim (s — s0)*G(s) = £ # 0.

S— 80
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This implies that
lim |(s — So)kG<S)| =l #£0

S—S0

so there is a neighborhood of sy such that
[s — sol"|G(s)] > 1/2|¢],

for any s in this neighborhood. Hence

. 1 ! !
Gls)l = 2|s — sol* > (0 —(1/2 —a))* > (0 —(1/2 —a))?

as 0 — (1/2 —a)™. This contradicts (3.36). Thus we conclude that all the zeros of
((s) are simple.

fo<ac< % or « = 1, we eliminate the middle terms on both sides of (3.35), then a
similar reasoning would work for these cases.

The proof will be similar if we assume the case g,(z) < K by considering

G(S) _/ Kz2™ _Ma(m)+mad$
1

[E8+1

instead of (3.35). O

The next theorem asserts that the assumptions of the previous theorem will imply

a linear dependence for the zeros of ((s).

Theorem 3.34. Let g.(x) be defined as in Theorem 3.33 and let v1,7s,... be the
imaginary parts of the distinct zeros of ((s) above the real line. If {~,} is linearly

independent over Q, that is, there is no relation of type

N
> =0 (3.37)
n=1

with ¢, € Q, ¢; # 0 for some j, or there are only a finite number of relations of type
(3.37), then
liminf g,(z) = —c0  and limsup g,(z) = +oo. (3.38)

T—00 T—00
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Proof. We will follow the proof of [12, Theorem A]. Without loss of generality, assume
in the contrary that there exists a constant K > 0 such that g,(x) > —K. Therefore
by Theorem 3.33, RH is true and all zeros of ((s) are simple. We may suppose then
that the result of Lemma 3.32 holds. Let

1
Tn = - ;
(1/2 = a4+ i)' (1/2 + i)
form >1,v% =0,179 =0, v, = =7, and r_, = 7,. Given any T" > 0, choose

N = N(T) such that T' < yy. Define

and

Ap(u) = > ( - %) reint,

"Yn|<T
Hence by Theorem 3.30 with A(u) = g,(e") we have

liminf g, (e*) < liminf A%.(u)

U—00 U—00

and

limsup A% (u) < limsup g,(e").

Suppose that 7, (0 < 7, < T) are linearly independent. Then by the Kronecker

theorem for any € > 0 we can find a value of u for which we have

h/nu - <_ arg(j:rn))] <€,

for all n such that 0 < v, <T. Thus

limsup A% (u) =19 + 2 Z <1——>’n|

U—0o0

liminf A% (u) =19 — 2 Z (1——)]n\
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However we have

23 (1= lz Y Inl

0<yn <T 0<vn <T/2
which, according to Lemma 3.32, gives

lim sup g, (e*) > 7lim lim sup A% (u)

U—00 —X0  y—oo

)
> Yl = o
n=1

and

liminf g,(e*) < lim liminf A% (u)

U—00 T—o0 u—00

oo
< —Z |rn| = —o0.
n=1

This contradiction proves the theorem when there is no relation of type Ziv:l CnYn = 0.
If there is a finite number of relations of this type, then we can consider the greatest
Yn, 8&Y Yar, Which involves such a relation, and apply the Kronecker theorem to those

Y, in the range vy < v, < T for some large enough 7. O]

The next theorem asserts analogous results to those of Theorem 3.33 for L,(z) —
lo(z).

Theorem 3.35. For a € [0,1] and x > 1, let

logz/2¢(1/2) if a=31,

W =9 ceayjcta) i t<a<t,

and



If there is a constant K > 0 such that either ho(x) > —K or hy(z) < K, for sufficiently
large x, then the Riemann hypothesis holds and all the zeros of ((s) are simple.

Proof. Let us assume that h,(z) > —K for x > z5. Then L, (x) — l,(x) + Kzz® >0

for x > z¢. By applying the partial summation formula we obtain

([l 50 _ (R0 +o)

s+l — nste ((s+ )

for 0 > 1/2. Suppose that 0 < o < 1/2. Then we have the relation

/00 Lo(t) — lo(x) + Kz2 ™ ((2(s+0a)) B (3.39)

xstl sC(s+a) —a-—s

valid for o > 1/2 — . Both sides of (3.39) are analytic on the real axis for s > 1/2 —a.
Thus by Lemma 3.29(ii) the integral in (3.39) and therefore the right-hand side is
analytic in the half-plane ¢ > 1/2 — . This proves that {(s + a) has no zeros in the
half-plane ¢ > 1/2 — a, that is the Riemann hypothesis. To prove the simplicity of

”(ﬁ)

as 0 — (1/2 — a@)*. From here we can deduce similar to Theorem 3.33 that ((s + «)

zeros note that

C(2(s+ ) K

sC(s+a) L-a-s

has no multiple zero. For @ = 1/2 and 1/2 < a < 1 we should consider

® Lo(z) = lo(z) +Kx%—ad (25 +1) 1 K
/1 Pl T NGT12) awkap) s
and
/°° La(z) = la(2) +K:c%‘“d _ C@s+1) ((2a) K
1 PTG+ 12) ) Toa-s

for o > 0, respectively, and follow similar argument as the previous case. If we have

ho(x) < K then we will consider the integral

/ Kt~ — Lo(2) +la(@)
1

ms—i—l
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and we can adapt the proof of the previous case to this new situation line by line. [

As the last result of this chapter, we state an analogous result to that of Theorem

3.34 for h,(z).

Theorem 3.36. Let h,(x) be defined as in Theorem 3.835 and let 0 < 7y < g < - -+
be the imaginary parts of the distinct zeros of ((s). If there is no relation of type

N
Z CnYn =0
n=1

or there are only a finite number of such relations, then

liminf A,(z) = —o0  and limsup h,(z) = +oo. (3.40)

T—00 T—00

Proof. Repeat the proof of Theorem 3.34 with A(u) = h,(e") and

C(1 + 2ir,)
(1/2 = o+ iv,)¢"(1/2 +iyp)

Ty =

by employing Lemma 3.32. [
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Chapter 4

Large Deviations of Infinite Sums

of Random Variables

4.1 Introduction

The limiting distribution p of

é(y) =c+ Re( Z rne"ykn> + E(y, X),

An <X

studied in Chapter 2, can be viewed from a probabilistic point of view. We start by
reviewing some facts from probability.
Let (E, &) be a measurable space and (2, F, P) be a probability space.

Definition 4.1. A function X : QQ — F is a random variable if for every subset B € £

we have

X' B)={weQ|Xw)eB}eF.

The ezpected value of X is defined by

E[X] := /Q X (w)dP(w).
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If X is a real random variable (i.e., F = R), then we denote the value
Plwe Q| X(w) <r})

by P(X <r).
Fourier transforms in analysis are analogous to characteristic functions in probabil-

ity theory which will be defined next.

Definition 4.2. The characteristic function of a probability measure p on R is defined,
for t € R, by

o) = [ eduta)

Note that p(t) = E[eX].
For each n € N, X, : T — R, defined by X,,(,) = sin 276, is a random variable
on the 1-dimensional torus T'. Let

T ::{(91,92,...)€R°°|VHEN, 0§6n<1}

denote the infinite torus. For § = (0y,6,,...) € T let

X(0) = raXp(6,) = rysin2rb,, (4.1)
n=1 n=1

where 7, > 0. From this point on, we assume that r, is real and non-negative. By
Kolmogorov’s three series theorem [1, Theorem 22.8] (see also [1, Example 22.3]), X
converges in probability almost everywhere on T, so (4.1) defines a random variable
on T*.

Recall that Bessel function Jy(z) is given for z € C by

1
J()(Z) :/ eizsin27r9d9.
0

In Theorem 2.18 we proved that if {\,,} is linearly independent over Q, then the Fourier

transform of y is equal to

€)= I Jo(ra),
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where Jy(z) is Bessel function of order 0. X () defines a probability measure py on R

which is given for any V € R by

where P is the canonical probability measure on T*.
The random variables {X,,} are independent. The independence of {X,,} and the
convergence of X in probability imply (see [1, p. 273, and pp. 345-346]) that the

characteristic function of X (0) is equal to

) 0 1 00
@X<t> _ HE[etin] _ H/(; ezrntsm2ﬂ'9nd9n _ H JO(rnt) _ la(t)
n=1 n=1 n=1

From the uniqueness of the Fourier transform of the distribution measures, we deduce
that p is equal to px. This correspondence allows us to treat our limiting distribution
measure ( like the probability measure px.

In this chapter we will study the large deviations P(X > V') of sums X of inde-
pendent random variables of the shape (4.1). Throughout this chapter, we assume
that

o0

Zri < 00.

n=1

4.2 Explicit Bounds for Sums of Independent Ran-

dom Variables

In this section, we find explicit upper and lower bounds for the probability P(X >
V) := ux([V,00)), where X is the random variable defined by (4.1).

Theorem 4.3. Let X(0) = 72 rpsin 26y, where Y oo ri < 0o. Let V > 0 be fized.

Then we have

(i) For fived € > 0 if K is such that

S < v
k >
=y 1+e
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then

-1
3e?

(i1) If 6 > 0 satisfies
Z(Tk - 5) Z V,

rE>0

1 1 7T27’k
>V) > = ——E .
P(X_V)_zexp< 5 10g(25 )>

>0

then

Proof. Part (ii) is [19, Section 3, Theorem 2]. We will prove part (i) by following the
proof of [19, Section 3, Theorem 1]. Chernoff’s inequality asserts that for any A > 0
and V > 0 we have

P(X >V) <eVE[M],

(see [19, p. 19]). Also, we have

)\2
E[e*] < exp (/\ Z Tk + R Z r,%) :

k<K k>K

(see the proof of [19, Section 3, Theorem 1]). Hence

_ A2
P(XZV) <e AVeXp ()\Zrk%—zzr%)

k<K k>K
<exp|—A V—Zrk +ZZTk .
k<K k>K

By the assumption we have

V= n>V-V/(1+e=eV/1+e).

k<K
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Thus we obtain

P(X>V)<exp <—)\€V/(1 )+ %2 > r§> .

k>K

Now we take A =€V ((1+€) > o ¢ T]%)_l to get

P(X>V) <exp —1+€ <Zm> +@v2<zr5>

k>K k>K
= eXp — 1 T 6 (Z Tk‘) 5
k>K
which is the desired inequality. O]

The goal of this chapter is to establish sharp upper and lower bounds for the tail of
the probability measure that X () determines on T*. Furthermore, we will establish
an asymptotic relation for the probability P (X (6) > V'), under specific assumptions.
For the former goal we will apply Theorem 4.3 below, while for the latter we will use
the saddle point method. In fact, the saddle point method suggests that the bounds
that are found from Theorem 4.3 are sharp. It is necessary to mention that we became
familiar with the methods out of ideas of Ng (the author’s supervisor) and a preprint
of Lamzouri [15].

Next we state a result which is a direct consequence of Lemma 2.8.

Lemma 4.4. Let {,} be a real sequence which increases and has the limit infinity.

Let {c,} be a complex sequence and

“Ye

an<t
We have
(i)

yoo- / Vit + g),

an<X Qn
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(i)

& oI oX) /°° o)
+ 2

Oé2 T—o0 T2 X2 t3

dt.
X

Proof. Apply Lemma 2.8 with ¢(x) = 1/x for (i) and with ¢(z) = 1/2? for (ii). O

Lemma 4.5. Suppose f(z) = o(g(z)), where f(x) and g(x) are integrable on compact
subsets of [a,00), and g(x) > 0 for all x € [a,00). Then we have

(i)
/ Oof(t)dtZO( / mg(t)dt),
(i) 1f m
lim [ g(t)dt = o0
then . .
[ s o [ atorir).

Proof. (i) By the hypothesis, given € > 0, we can find zy = x¢(¢) such that = > x
implies

[f(@)] < eg(x).

/:Of(t)dt‘ < /:o!f(t)]dt<e/:og(t)dt_

Thus for any z > z¢ we have

So we have

[, f#&)et]
f:o g(t)dt < €.

This proves (i).
(ii) By assumption, given e > 0, there is a ¢y = ty(¢) > a such that

FO] < 5 9
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for all t > t. This gives
/ f(t)dt‘ < [1rwlar<5 [ g
to to 2 to

ﬁf@ﬁ‘ .
Ji g(t)at <3

for all x > 3. On the other hand since f g(t)dt — oo there is xg > to such that

Consequently,

fmftﬁ‘
J g(t)d <3

for all x > zy. Hence for x > x7 we have

fff(wdt‘ R AR L O Tt
[Tedt| = [Tadt T gt
S f(t)dt] orwal oo
[Todr " [Tgwar ~2 27 °
since g(z) > 0 for x > a. This proves (ii). ]

If in Theorem 4.3 we consider certain estimates for averages of r,, then we can
find an upper bound for the probability P(X(6) > V). Therefore, we can state the
following theorem.

Theorem 4.6. Let {\,} be an increasing sequence of positive real numbers that tends
to infinity, and let {r,} be a positive real sequence. Let c1,cy,dy,ds be real constants
such that dy # —1. Assume

> A =aT(logT)" + 0 (T(log T)™) | (4.2)

n
An<T
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and
> (Aara)® = 2T (log T)% + o (T(log T)*) , (4.3)
)\nngT

as T — oo. Then for any € > 0 and for large V > 0

P(X(0) >V) <exp (—C’V2dfil exp ((dl i 1V) o (1+ 0(1)))) :

C1

where

_3¢(1—¢) <01(1 + E)Q) ~ah |

Cdey(146)2 \ dy+1
Proof. In Lemma 4.4(i) take o, = A, and ¢, = A\,r,,. Then by (4.2) and Lemma 4.5(i)

we have

1 1
Zn: rn://\l ﬁ(zn:)\nrn)dt+f zn: AT

A <T An<t An<T

:/ % (crt(logt)™ + o (t(logt)™)) dt

A1

+% (T (log T)" + o (T(log T)™))

T 1 d1

:cl/ (ogtt) dt—i—o((logT)d1+1)

A1
C1 di+1 di+1

= log T)* log T')* .
g qlosT) + 0 ((log T)™*1)

Thus we have

€1 di+1
n log T)*
27 5 r1ieeT)

n
A <T

as T — oo. On the other hand, In Lemma 4.4(ii), take o, = A\, and ¢, = (\,7,)%.
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Then by (4.3) and Lemma 4.5(ii) we have

An>T An <t >\n<T
<1
= Z/T 5 (caot(logt)® + o (t(log t)™)) dt

— (2T (log T)* + 0 (T(log T)*))
* (logt)” . c(logT)™® (log T)*
=209 /T 7 dt — T ol —r—

w%—o(w).

Thus

log T')%
zn: 72~ CQ—( gT ) : (4.4)
An>T
as T'— oo.
Now for given V' > 0 and € > 0 choose T' = T'(V)

V/(1+€)?2. So

L (log T)+! =

log T)le(l +0(1))

>

n
A <T

IN
=

—l— (log T)d1+1(1 +€)
V
+e€

IN
—_

Then we have .
2

di+1 \ah
logT)® = | ——V
(Og ) (01(1+€)2 )

% — exp <— (%V) +> — exp (- (dli 1V) o (14 0(1))> .
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Thus (4.4) implies that

do 1
di+1 \@o di+1 )\ &
= - 1 1
g r2 =cy (61 T V) exp ( ( . V) (14 of ))) ,

>\7L>T

as V — oo. Hence we can apply Theorem 4.3(i) to get

P(X(0) > V) <exp (-c*v?—dfil exp ((dl i 1v)d1“ (14 0(1)))> :

C1

where .

31— (cl(l + €)2>_d1~2|—1 |

Cdey(146)2\ dy+1
This completes the proof. n

In the previous theorem in order to apply Theorem 4.3 we needed to consider
the estimates (4.2) and (4.3) for the averages Y, _ Anrn and 3o, _,(Aury)®. For

obtaining a lower bound for P(X(0) > V) we will need to make suitable assumptions

= > 1L

n
1/rn<z

on the counting function

More precisely, we have the following theorem.

Theorem 4.7. Let {r,} be a decreasing sequence of positive real numbers with the limit
0. Let & d be real constants such that d # —1. Define

= > 1L
1/TZSLL‘

Assume N )
N(z) = éz(logz)? + o <a:(log a:)d> : (4.5)

Then for any € > 0 and for large enough V > 0

P(X(0)>V)> %exp ( C'V exp ((CH 1v) ‘”1)(1 +o(1))),

C
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where _
o - (d+1)(1+e)
(-9
Proof. In Lemma 4.4(i) take o, = r;! and ¢, = 1. Then by (4.5) and Lemma 4.5(i)

we have

_ /1/ (5(1otgt)c? +0<(logtt)d>) 0

+¢(log x)“z +o <(1og x)J>

= CZ_T_ n (log x)‘i"'l +o0 ((log I)J'H) . (4.6)

Hence from (4.5) and (4.6) we see that

Y (ra—08)= > r,—dN(1/5)

n n
rn>0 An<1/8

& 1 d+1 1 d+1
= — log — +o0 log - .
el CH IR (CHE

G 1ci+1
)~ = (1og =
2 (r=9) d+1<og5>

n
rn >0

This is equivalent to

as 0 — 07. Hence given ¢ > 0 we can choose § small enough such that

g 1\
Zn: (rp —6) > ) (log 5) (1—e). (4.7)

TR >0

For V' > 0 we choose § = §(V, €) such that

B 1 d+1
_ log — 1—€) =V,
d+1<og5) -9
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or equivalently,

d+1 _Naa
5:eXp(_ (5(1—6)‘/) ’ )
For such § by (4.7) we have
> (r—0)=V.
oo
The condition r,, — 0 implies that there exists a constant c3 > 0 such that r,, < ¢3 for
all n. Thus by Theorem 4.3(ii) we have

P(X(0)=2V)
1 1 T2,
> _Z
SEACHNUCJ)
rn >0
1 1 m2cy
> = _Z L
(4 ()
1/rn<1/é
_1 _1 1 @ v (1
— 2P\ T2 (s 5
1 c T2y 1 Czl
=5 exXp ( b (log 2—5) (log 5) 5 (1+ 0(1)))
1 s d+1 NI/ d+1 N5 d+1 N7
> — 1 1
—2€Xp< C(é(l—e)v> (5(1—6)V> eXp((é(l—e)V> (1+0(1))
1 , d+1 _N\io
> _
—2eXp< CveXp(<é(1—e) ) >)
where

Therefore we have

1

P(X(0)>V)=> %exp (—c'vexp ((‘” ! )“)(1 —|—0(1))).

c
This completes the proof. n

Combining Theorem 4.6 with Theorem 4.7 gives the following result.
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Corollary 4.8. Suppose that the assumptions of Theorem 4.6 and Theorem 4.7 for ry,
and A, hold. Then for any e > 0 and for large V' > 0 we have

%exp ( —C'V exp ((?v) ‘”1) (1+ 0(1))) <
P(X(0)=2V) <
exp ( — oV exp ((dl i 1v) T (1+ 0(1)))),

(&1
where .
__92
3¢l —€) [er(l4e)?\ @i
S dey(1+€)2 \ di+1
and
o @rDte
(1—¢
Proof. This is a direct consequence of Theorems 4.6 and 4.7. [

4.3 An Asymptotic Formula

In this section under a finer asymptotic assumption for the counting function

:Zl’

n
1/rn<z

we will derive an asymptotic relation for P(X > V). This work is based on the Laplace

transform of the measure pux defined by
px([V,00)) i= P(X 2 V).

The Laplace transform of pux is given by

L(s) := /00 etdux(t). (4.8)

[e.9]
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The idea is to first establish an asymptotic estimate for L(s) for real s and then ap-
proximate px ([V, 00)). Throughout this section, we suppose the following assumptions

for r,,.

1. The sequence {r,} is decreasing and approaches 0 and

Zri < o0; (4.9)
k=1

N(z) = cz(log m)d + kz(log x)J’1 +0 (x(log x)&z) ; (4.10)
3. There exists positive constants cy, c5, d3 such that

exp (—exp (csV®)) < P(X(0) > V) < exp (—exp (¢;V)). (4.11)

We follow [16, Section 4].
For t € R, let

Define o
L(s) ::/ 5e"P(t)dt.

Note that by (4.11) this integral converges. Moreover, (4.11) implies that this definition
for L(s) matches up with (4.8), since ®'(t) = —du(t) and therefore we can write

/ edu(t) = — lim e ®(z) + lim e ®(x) +/ se* O (t)dt :/ se5'D(t)dt.

Let

M@:sz%nzlemmmw

n=0

be the “modified Bessel function” of order 0. For ¢t € R define h(t) = log [y(t) and

{Mﬂ it 0<t<l, 412

hit) —t it t>1.



For f(t) we have the following theorem.

Lemma 4.9. The function h is a Lipschitz smooth function with Lipschitz constant 1.

Moreover, we have

_jow) if 0<t<l,
fe) = {O(logt) if t>1.

Proof. Since Iy(z) is smooth and does not vanish, h(t) is also smooth and

fol cos(276) et 320 dp
fOl etcos(2m0) ]9

|R'(t)] = (4.13)

16(75)‘ _
Io(t)

To prove the second assertion, note that
o (t/2)
Iy(t) = :
o(t) nzg (n])?
Hence Iy(t) = 1+ O(t?) for 0 < ¢t < 1 and therefore f(t) = O(t?). When ¢ > 1 we write

1 el /1/2“6t(cosgwa_1>d9< / ' tteoszno—) gy _ Tol0)
ort = 2nt g o ¢

and

IO(t) — /1 et(cos27r971)d0 < 1.
0

et
Hence
—log 107t <log Iy(t) —t <0

which implies

f(t) =log Iy(t) —t = O(logt).
[

In Theorem 2.18, under the assumption of the linear independence of {\,} over Q,

we found an explicit formula for the Fourier transform of px. More precisely,

fix(§) = H Jo(rnf), (4.14)
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where Jy(z) is the Bessel function of order 0 given in (2.29). Our idea to estimate
the tail of p is based on the preceding fact that the Fourier transform fix(§) of px

coincides with L(i€). More precisely, we have the following result.

Proposition 4.10. For all s € C we have

L@:ﬁhmﬂ
Proof. By (4.8), the definition of jiy, and (4.14), for real & we have
L) = [ eautt) = pl-) - ﬁ Jo(—€r).
Hence since Jo(€) = Io(—i€) we get
L(i€) = iil]b(iﬁrn). (4.15)

Thus the infinite product [[°7, Io(sr,) equals to L(s) on the imaginary axis. Both
sides of (4.15) are holomorphic functions, so by the identity theorem for holomorphic

functions they are equal over the whole complex plane. This proves the lemma. O]

We will now find an asymptotic formula for L(s) when s is real. This is a crucial
step in the saddle point method.

Proposition 4.11. Assume that d < 2. Then for s € R with |s| > 2 we have

L(s) = exp ( = [s|(log )" + Als{log )7 + O <|s|>) SN R

Cofre [0 4
A= (1+/0 )+

Proof. Since I is an even function we may suppose that s > 2. By Proposition 4.10

where
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and (4.12) we have
log L(s) =Y _h(sry)
n=1

= Z srn—i-Zf(srn)

n
1/rn<s

- Sl + 52, (417)

where

Sy = Z STy, Sy= Zf(srn).
n=1

n
1/rn<s

For S; by Lemma 4.4(i) we have
N * ON(t
R O —§>dt
S 1/r1 t

dt

;s ; * (logt)?
= ¢s(log 5)? + ks(log s)4 + 63/ ( Ogt )
1/r1

B s 1 t d—1 -
—H{:s/ &dt + 0 (s(log s)d’Q)
1/r1 13

¢

= —s(log s)™! + (a+ g) s(log s)* + O (s) . (4.18)

d+1

Note that the error term is O (s) since d < 2. For Sy we have

o0

st (3) 50 [ (1)) S

— [ () s
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the limit being equal to 0 by Lemma 4.9. Hence

Sy =— /loo (f (;))I [5t(logt)d + kt(logt) 1+ O (t(log t)J_2>] dt

/r1
=— lim [éf (;) t(log t)ﬂ f/m + 5/1; f (;) (log t)%dt

+0 (s+/;j t% f (;)] (logt)g_ldt)

:6/100 f (;) (log t)%dt + O(s),

/T

where we have used the fact that |f'(¢)| < 2, which follows from (4.12) and (4.13). In

the last integral we make the change of variable u = s/t, so

P A (O
Sy =¢s i <10g a) du + O(s)
= ¢s(log s)‘i/ f(g) du+ O (s). (4.19)
0 u
By combining (4.17), (4.18), and (4.19), we deduce the result. O

We can now state the main theorem of this section which gives an asymptotic
formula for ®(V) = P(X > V).

Theorem 4.12. Assume that (4.9), (4.10), and (4.11), hold (0 < d < 2), and that
{A\n} is linearly independent over Q. Then there exist functions e1(V'), ea(V') such that
(V) —0,asV — o0, fori=1,2, and

O(V) > exp(—zé(Jg V)Jilexp(— A;E + (d: 1v)‘iil(1+el(V)))>,

o(V) < exp(—é(dzl‘/>&ilexp<— Agé + <ng 1v)fiil(1+62(V)))>.

Proof. Put x =logs, s > 2, and let s be such that

Vo= S gty (A+ E)x‘z, (4.20)
d+1
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or equivalently,

g, A+9E+D) 5 V(d+1)

By the binomial theorem we have

N A (d - A2(d i -
<$+A+c) :g;d+1_|_(A+c)(d+1)xd_|_(A+c)(d+1)dl~d*1+

¢ ¢ 21¢?
I+1) (A+@2(d+1Dd (27" (A+e)(d—1) ;
:V(d~+ )+( +c)~(d+ )d [« +( +c)(~d )xd_2+--- ‘
¢ 2 2! 3le
By using the binomial theorem we can show that
vl (A4 9d-1) 4, d—1
=0 ().

Hence

C

A+e\" vd+1 .
(:c+ +C) = LHJFO(xC“).
¢
It follows from (4.20) that z%! =< Vin (see Definition 1.1 for meaning of “<”). Hence

L\ d+1 5 o
(x+A+C) :MJrO(wH).

c

This gives

and therefore

1

- N\ h .
S =exp (M—FO(VZH)) —A:i_c
C

Cc

1

s (AEE (TE) T (0 () ). e

Let s be given by (4.21) and consider S; = s(1+¢€), S = s(1 —¢), V1 = V(1 +6), and

112



Vo = V(1 =), where €, > 0 will be chosen later. Define

0o Va
L ::/ se”®d(t)dt and I, ::/ se*td(t)dt.

Then
Il o 1 Ooe—est eslt
5 = T are J, s e
L(S)
sexp(=esV) - 5T

— _ _ L d+1 d+1
= exp< esV —esoV + T1 (Sl(log S1) s(log s) )
+A (Sl(log Sl)‘i — s(log s)d~> + O(s)).

By our choice of V' we can show, using the binomial theorem, that

¢ d+1 d+1
7 (5100857 — s(log5)"*")
+ A (Sl(log Sl)‘j — s(log s)d~> =
esV + ¢s(log s)‘i (1 +¢€)log(l+¢€) —€)+ O(s).
Since (1 + €)log(1 + €) — € < €, we conclude that

I ~ 2 d
o< - :
I(s) = exp ( esdV + ce“s(log s)* + O(s)>

We choose § = 2¢(d + 1)/logs and € = K(logs)~%2, for a sufficiently large constant

113



K >0, so that

I
s d+1
= exp ( — &e?s(log S)J —26%5(d +1)(A + &) (log s)dl1 + O(s))

L(s)

log s

— exp ( _axeg - MO VASD o<s)).

log s

Hence

1
=1 < exp(—Ms + Ns/logs),

L(s)
where M > 0 and N are constants. In a similar way we can show

1
TZ) <exp(—M's + N's/logs),
where M’ > 0 and N’ are constants. This implies that

L+1,
L(s)

= o(s),

as s — 0o. Now if we write

I + f‘zl s ®(t)dt + I B ‘Zl ses ®(t)dt

b= I(s) I

+ o(s),
then we conclude that

/ { se®d(t)dt = L(s)(1 + o(s)),

Va
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as s — 00. By combining (4.16) and (4.22) we obtain

/V2 se”®(t)dt = exp (d+ 1s(log s) 4 As(logs)? + O (s)) (14 o(s))
= exp (jj_ 15(log S)J+1 + As(log s)j + O (s) + log(1 + 0(5))>
= exp (cfj— 1s(log s)dJrl + As(log s)d + O (s) + o(s))
= exp (di 1s(log 3)‘“1 + As(log s)a*7 +0 (S)) : (4.23)

Since ®(t) is non-increasing, we deduce that the left-hand side of (4.23) is

Wi Wi
> <I>(V1)/ se”®d(t)dt  and < @(Vg)/ se* (t)dt. (4.24)
V2 V2

The integrals in (4.24) are

=exp(sV (1 +0)) —exp(sV (1 —19))
=exp(sV 4+ O(sdV))

= exp <3V +0 (sVﬂﬁH))) ,

since & = (logs)"279/2 =< y(2-d/2d+) " Hence by (4.23), (4.20), and (4.24), we
deduce that

O(V(1+6)) < exp (—68 ((logs)(z+ 0 (v<+>)>> <O(V(1-4).  (4.25)
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Observe that

and therefore

- q 7 _d_
(logs)* 4+ O (VW) = <d+1V) .

1+ OV +O(vmfl>)>

I
~
ISE
o+
—_
<
~—
e
7~ N /_\

1+ O(Vct+1 VD ))

Thus by (4.21)

s ((mgs)h 0 (V<+>>) _

i
_ d+1 d+1 (1+O Vd+1 _|_V2(d+1>)>
_|_
c

exp( +(d;1v>“1(1+o(vdﬁ>))<*>.

By substituting the estimate (%) in (4.25) we obtain

B(V(1+6)) < exp(x) < B(V(L - ). (4.26)

We now replace V(146)) by V in the lower inequality and V(1 —4)) by V in the upper
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inequality of (4.26) and note that

1—15 —V(1+0() =V (1+ O<V2<3+f>)>
and ~
1_‘:'5 =V(+00) =V (1+ o(vi?lﬁ)).

It follows that there exist functions €1(V), e2(V'), e3(V'), €4(V) such that ¢(V) — 0, as
V—-o0,fore=1,...,4, and

B(V) > exp ( (di ! )d“(1+63<v>)exp (— A;ﬁ (dt 1v)d”“<1+el(V)>)>,

B(V) < exp ( (di ! )d“(1+e4(v>)exp (— A;ﬁ (di ) dil(l-f—@(V)))).

Finally, observe that
1+ 0<1) — elog(lJro(l)) — 60(1),

as V' — oo. Thus we can ignore the factors (1 + €3(V)) and (1 4 €4(V)) to deduce the
result. ]

It is worth noting that Theorem 4.12 gives evidence that the lower bound that we
found in Corollary 4.8 is perhaps sharp. In fact, in both problems the coefficients and
the powers of V' in the double exponential factor came from the asymptotic relation
that we considered for N(z).
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