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Abstract

Quantum mechanics can be done using classical phase space functions and a star product.
The state of the system is described by a quasi-probability distribution.

A classical system can be quantized in phase space in different ways with different
quasi-probability distributions and star products. A transition differential operator relates
different phase space quantizations.

The objective of this thesis is to introduce additional physical effects into the process
of quantization by using the transition operator. As prototypical examples, we first look at
the coarse-graining of the Wigner function and the damped simple harmonic oscillator. By
generalizing the transition operator and star product to also be functions of the position and
momentum, we show that additional physical features beyond damping and coarse-graining
can be introduced into a quantum system, including the generalized uncertainty principle

of quantum gravity phenomenology, driving forces, and decoherence.
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Chapter 1

Introduction

Quantum mechanics can be done with several different formulations. For instance, it can be
studied using operators and state vectors with wavefunctions in the position or momentum
representation [1,2], path integrals [3], or quasi-probability distributions in phase space [4—
7]. Studying the same system in different formulations allows for a variety of perspectives
and can yield insights on a problem (for example, see [8] or [9]).

One advantage of using phase space quantum mechanics is that phase space functions
are used, rather than operators. In this formulation, the probability densities for both the
momentum and position are encoded in the quasi-probability distributions. Further, this
formulation of quantum mechanics provides a straightforward method to study the relation
between different quantizations, which describes the association between the variables of a
classical system with those of a quantum system.

In this thesis, we attempt to generalize certain tools of phase space quantization to in-
corporate additional classical effects that were not present in the original system. We review
coarse-graining and the damped quantum harmonic oscillator as prototypical examples. We
then take a closer look at the damped harmonic oscillator and explore a method to introduce
damping into quantization. Afterwards, we attempt to incorporate further physical effects

into quantization.

Review of Quantum Mechanics in Phase Space
With the discovery of quantum mechanics, questions naturally arose over how to convert

a classical system into a quantum system that would reduce to the original classical one in



1. INTRODUCTION

the classical limit. One way to to quantize a classical system is to apply a quantization map
that turns classical positions and momenta into operators. This map also specifies the order
of operators.

Many operator orderings have been studied, including Born-Jordan ordering [10], Weyl
ordering [5,7], and symmetric ordering [11]. Refs. [12] and [13] demonstrated that different
operator orderings and quantizations can give rise to physically distinct predictions.

One method to study quantization and operator ordering is to use phase space quan-
tum mechanics (see for example, [14-16]). This formulation has emerged as a means to
understand quantum systems from a different viewpoint than the position and momentum
representation of operator quantum mechanics [17].

Phase space quantum mechanics was originally based on Weyl quantization. In this
quantization, the Wigner transform on phase space maps a density operator to a quasi-
probability distribution, known as the Wigner function. Quasi-probability distributions are
similar to probability distributions, but are able to have negative values. The negative values
of the Wigner function can be used to describe how nonclassical a system is. Further, a point
(¢, p) in phase space quantum mechanics does not have the same meaning as in classical
phase space. In classical mechanics, it is possible to measure both the position and momen-
tum simultaneously with infinite precision while Heisenberg’s precludes this possibility.
Therefore, it is necessary to integrate the Wigner function over the position and momentum
to yield physical results; integration over the position yields a non-negative probability den-
sity for the momentum while integration over the momentum gives the probability density
for the position [6, 18].

The Wigner transform also converts any operator to its Weyl-quantized phase space
counterpart. It should be noted that the structure of the operator algebra is preserved in
the algebra of phase space functions (formally known as a homomorphism). However,
the trade-off for removing operators from this formulation of quantum mechanics is the

introduction of a non-commutative binary operation known as the Moyal product, which is



1. INTRODUCTION

the exponentiation of the Poisson bracket multiplied by ’7’7 [6]. As aresult of the presence
of the Poisson bracket within the Moyal product, the intrinsic connection between classical
mechanics and phase space quantum mechanics is demonstrated.

Application of the Wigner transform to the Liouville-von Neumann equation, which
governs the dynamics of the density operator, yields the equation of motion of the Wigner
function in phase space quantum mechanics. The time-derivative of the Wigner function is
proportional to the Moyal bracket of the Hamiltonian and Wigner function. It consists of,
in general, an infinite sum of derivatives of the Hamiltonian and the Wigner function with
respect to the position and momentum [6, 19].

For stationary states, the Moyal bracket of the Hamiltonian and Wigner function is
replaced with a similar equation, the stargenvalue equation. The stargenvalue equation is
the Wigner transformation of the time-independent Schrodinger equation, Hp = Ep, where
H is the Hamiltonian, p is the density operator, and E is the energy [6, 19].

To determine the time-independent quasi-probability distributions, the stargenvalue equa-
tions can be used. Time-dependency can then be introduced by propagators, which are the
Wigner transforms of the propagators in operator quantum mechanics. The time-dependent
Wigner function is the Wigner transform of the time-dependent density operator [6].

Just as in operator quantum mechanics, the simple harmonic oscillator has been thor-
oughly analyzed in phase space quantum mechanics. This Wigner function can be derived
both with the stargenvalue equation and with the Wigner transforms of creation and an-
nihilation operators [6]. Other systems that have been studied in phase space quantum
mechanics include the linear potential [19, 20], hydrogen atom [21-23], and the Morse
potential [9, 24, 25].

It is possible to describe other quantizations with phase space quantum mechanics. Each
quantization corresponds to a distinct quasi-probability distribution and binary operation
(more generally known as a star product). Quasi-probability distributions of different quan-

tizations can be related to the Wigner function by applying a transition operator (a differen-
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tial operator), which was investigated by Bayen et al. in [26,27]. In their seminal work, the
mathematical study of deformation theory was applied to phase space quantum mechan-
ics. Hence, sometimes phase space quantum mechanics is called deformation quantization.
This technique has been used to examine known problems, such as the hydrogen atom, from
a different perspective [28].

Further, [27] demonstrated that the transition operator can be used to transform a star
product from one quantization to another. For example, the transition operator of Ty =
¢"%4%/2 converts the Moyal product of Weyl quantization into the standard star product
*g = eihsqsp corresponding to standard ordering. Hence, it is straightforward to analyze
quantization in phase space quantum mechanics; all that is necessary is to apply a transition
operator.

As mentioned, the transition operator applied to the Wigner function will yield the
quasi-probability distribution of a different quantization. However, these quasi-probability
distributions can be obtained with another method. The Wigner transform can be modified
such that it also includes a weight function that is determined by the quantization under
consideration. The resultant quasi-probability distributions can then be found [29]. Weight
functions have been used to study the resultant physical implications of different orderings
and quantizations [18,29]. It should be mentioned that this method of using the weight

function is equivalent to applying a transition operator to the Wigner function [5].

Applications of Phase Space Quantum Mechanics

Phase space quantum mechanics has been used to introduce physical features into a quan-
tum system that were not part of the original system. For example, the Husimi distribution
studied by [30] and [31] is a Gaussian smoothed (coarse-grained) Wigner function. The
Husimi distribution can be found by applying a transition operator to the Wigner function.
This indicates that the transition operators can go beyond quantization and bring about ad-
ditional classical effects.

Usually, the star product and transition operator depend only on the derivatives of the
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position and the momentum. However, they have been generalized to also be functions of
the position and momentum coordinates themselves. Using weight functions, [13] showed
that there is then greater freedom in quantizing monomials. Ref. [32] tried to develop a
gauge theory with a position and momentum-dependent star product.

Ref. [33] suggested a method of quantizating dissipative systems by using the transition
operator to incorporate damping into an initially undamped system in phase space quantum
mechanics. Similar to the Husimi distribution, additional physics were brought into the sys-
tem by the transition operator. With [30] and [31], this was coarse-graining, but with [33],
it was damping because these features were not part of the original system. To differentiate
between mapping a classical system to a quantum system (quantization) and introducing
extra physics during the mapping that was not present in the original system, we refer to
the latter case as augmented quantization.

Using this terminology, [33] desired to augment the quantization of a classical harmonic
oscillator in such a way that it could be mapped to a linearly damped quantum harmonic
oscillator. The result was the introduction of the damping parameter within the transition
operator itself, which also gave a damped star product.

Phase space quantum mechanics and its methods have also been applied to many dif-
ferent subjects, such as condensed matter physics [34-36], quantum chaos [37, 38], the
classical and semiclassical limit of quantum mechanics [39—41], spin [42—44], quantum
dynamics [45,46] field theory [32,47,48], and M-theory [49-51]. In particular, in quantum
optics, quantum mechanics in phase space has been used to study quantum interference
as well as coherent and squeezed states [4,52,53]. In fact, there are techniques to exper-
imentally determine the Wigner function [54-57]. Further, the theory of environmental
decoherence (the emergence of classical mechanics from quantum mechanics) has been

investigated with phase space quantum mechanics and the Wigner function [58-61].
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Outline of the Thesis

In Chapter 2, we present the fundamentals of phase space quantization, first focusing on
generalities, then specifically considering Weyl quantization, the Wigner function, and the
Moyal product. Next, the existence of other star products and distribution functions are
demonstrated using the transition operator.

Then, in Chapter 3, we concentrate on the Husimi distribution and coarse graining. We
review this phase space distribution and its relationship to the minimum uncertainty wave
packet. We then briefly consider a generalization of the Husimi distribution. Smoothing in
the n — oo limit of the Wigner function is also investigated, where n is the energy level.

In Chapter 4, we first review the results of [33], then consider an alternate method
of augmented quantization to introduce damping into a quantum system. Modifying the
technique in [33], we show that this requires the generalization of the transition operator
and star product so that they also depend upon the position and momentum. It is this
position and momentum dependence which forms the basis for many of our results.

We then demonstrate that augmented quantization is not limited to dissipation and
coarse-graining, but can also be used to incorporate other physical features into a system.
To illustrate this point, we suggest a transition operator and star product that incorporates
the generalized uncertainty principle of quantum gravity phenomenology.

In Chapter 5, time-dependent transition operators are considered. We propose an aug-
mented quantization mapping the simple harmonic oscillator to a quantum mechanical
driven harmonic oscillator. This requires a time-dependent version of the local transition
operator. It is then shown that decoherence can also be introduced into quantum systems
with a time-dependent transition operator.

A summary of our results and possible future directions of our work are provided in
Chapter 6, our Conclusion. We also comment upon the significance of our research in the

overall understanding of quantum mechanics.



Chapter 2

Phase Space Quantization

2.1 Motivation

Consider a classical system that uses the function gp, where ¢ is the position and p is
the momentum. Mapping this function to a quantum mechanical system with operators is a
non-trivial problem. For example, gp can be mapped to, §p, pg, or % (gp + pg). Throughout
this thesis, carets will refer to operators while phase space functions will not have a caret.!
For instance, the Hamiltonian operator is H(§, p) and its phase space counterpart is H(q, p).

As another example, ¢° p can become §° p, pg>, or }1 (c}3 P+ pa+apg> + ﬁcf’) , among
many other possibilities. The procedure of associating a classical system to a quantum
mechanical one is known as quantization. In the case of operator quantum mechanics, this
association also specifies an operator ordering.

One reason quantization is difficult is that imposing seemingly realistic properties can
lead to contradictory results. Let O be a map taking a function f to its operator counterpart,

f . As discussed in [62—-64], the conditions
1. Q(1) =1, where I is the identity operator

2. Q({f.g}) = £[Q(f). Q(g)], where {-,-} is the Poisson bracket and

[-,] is a commutator

2.1)

3. Q(f(x)) = f(Q(x)), where x is g or p

'The terms symbol, classical function, and c-function can also refer to a phase space function [7].




2.2. PROPERTIES OF THE OPERATOR QUANTIZATION MAP

give rise to contractions. For instance, {¢*, p°} + 5{{p*.¢*},{¢*,p’}} = 0. However,
quantizing this expression using equation (2.1) gives a left-hand side that evaluates to a
non-zero result, which is incorrect because Q(0) = 0 [65].

Several methods of quantizing a classical system exist (see, for instance, [7, 10]). In
Sections 2.2-2.4, we consider operator quantization. The remainder of the thesis will be

devoted to phase space quantization.

2.2 Properties of the Operator Quantization Map

There are several variations of operator ordering, including:

e Weyl ordering [66]

qrps N l S (T @r—ép/\sciﬁ _ l i § pAs—EqrﬁZ (2.2)
2 =0 ¢ 2 =0 ¢ ' .

Weyl ordering is found by permuting §"p° in all possible ways and averaging over

the (r+s)! permutations.

e Born-Jordan ordering [10]

1S 1 &
r_.s N AS—k Ar Ak — Ar—k As Ak ) 23
q'p _S+1k§6p q'p —ergbq 7°q (2.3)

We show the ordering rules? of Weyl and Born-Jordan in Appendix A.

It is possible to unify these orderings within a single scheme, such that [10, 67]

1 K
q'p — /0 dif(c) ) (,i) (1= pap" (24)

k=0

For f(t) = 8(t — %), Weyl ordering is recovered. In the case of Born-Jordan ordering,

2Sometimes, the terminology of correspondence rule is also used in place of ordering rule. Application of
a quantization map to a monomial gives the correspondence rule, which then defines the operator ordering [7].



2.3. WEYL QUANTIZATION

f(t) =1, so that

1 s K
/ 'y (S> )k ks kgr pk = Z Pk 2.5)
0 (Do \k k=0
by using the fact that [10, 68]

—k)k!
/dt ’”"_%. (2.6)

Operator quantization, as discussed in [10] and [69], is defined as having several prop-
erties. Let z(g, p) be an arbitrary classical phase space function and Q be a quantization

map taking classical functions to operators, such that Q : z(g,p) — 2(g, p). Then,

1. Q(1) =1, where I is the identity operator

2.7
4. Q(z(q,p)) = 2%(q, p), where 7 denotes the complex conjugate of z

e

ihQ({q,2(¢,p)}) = [4,2(4, p)]

6. ihQ({p,z(q,p)}) = [P,2(4,P)]

A proof that the quantization map obeys these six axioms is given in [69]. As an example,

in Section 2.3 we will show that Weyl quantization satisfies the above six properties.

2.3 Weyl Quantization

It is possible to show that Weyl quantization satisfies the six properties by using equa-
tion (2.2). However, it is easier to use the exponential form of Weyl quantization, which we

illustrate below. To convert a phase space function f to an operator f under Weyl quantiza-
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tion, it is necessary to use the Weyl map, Qw [6,70]:

A

1(4,p) =Qwf(q,p),

: ib(p—p)-+ia(G—q) (2.8)
:W/dbdadqdpf(q’p)ez p-p)riali-q)

where a,b € R and we use the notation throughout the thesis that integrals without limits

implies integration between —eco and +oco. With 6,7 € R, we see

Oyl ®aen) — ﬁ / dbdadqdp e ®a+) gib(h—p)+iali—g)

- / dbdad(8 —a)d(t—b) ePP+iad (2.9)

_ i0347p)

We also made use of the property [71],

d(x—y)= % /dweiw(x_y) ) (2.10)

Hence, the Weyl quantization map is Qy : €091 — ¢4+ (j e it is only necessary to let
q — ¢ and p — p within the exponential). By expanding ¢!%4+70) and ¢ (04+7P) ip powers
of the position and momentum, then relating like powers of 0 and 7, it is possible to recover
equation (2.2), which we show in Appendix A.

Let z(gq,p) = e!(Oa+p) Using the exponential form of Weyl quantization, the first four
properties of equation (2.7) are thus automatically satisfied. To demonstrate that the fifth

and sixth properties are also valid, we note that the Weyl map gives

ihQw({g,2(¢,p)}) = ihQu (v’ @+ ™)),

_ep e i(0G+TH

(2.11)

10



2.4. PHYSICAL IMPLICATIONS OF DIFFERENT QUANTIZATIONS

and

[4,2(4,p)] = e~ "0%/2[g, ¢
= ¢ 0%/28ipe fi LY 2.12
= P (2.12)

n=0"""

_ i(0g+p
—lhfe( q p)7

where we have applied the Zassenhaus formula, A5 = ¢AeBe=2/4:8l g5 A A BI+3BAB] . .
and [§, p"] = inp" ! [7]. Equations (2.11) and (2.12) are equal, hence verifying Property 5
of equation (2.7). A similar procedure could be done to demonstrate Property 6.

In general, quantization maps can be represented using exponentials, in a similar form
to the Weyl quantization map. This form is often easier to manipulate, which we will use

in Section 2.10.

2.4 Physical Implications of Different Quantizations

The order of operators does not necessarily imply that the physical system is different.
Consider gp — ¢p. Using the fact that [§, p] = ih, we can rewrite §p as pg + ih. However,
if we let gp — pq instead, that change in quantization may yield different physics.

In this thesis, we will regard two quantizations to be physically distinct if they yield two
different values of measurable quantities. As an example, consider the classical Hamilto-

nian(m=w=1),

2 2
3
H:%+%+Mﬁ+¥), (2.13)

where A is a constant. As the first two terms each have only a single phase space coordinate,

quantization yields p> — p? and ¢> — §>. It was shown in [13] that the most general

11
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quantization of (p? +¢?)? is

3 3
(0?07 = 0°+4°+ 3 (0*4° +°5°) + 3% + 5 (74" +4'p%) +30°B4°, (2.14)
where o and 3 are parameters of the quantization scheme. If we impose that ¢ — —p and
p — q yield the same quantized Hamiltonian, we find that oo = 3. Ref. [13] demonstrated

that the general quantization of the classical Hamiltonian in equation (2.13) is

N 1 1
A= P+ @+ 05+ 2) 1 (- 4) (7 + ) 2.15)

To solve the time-independent Schrodinger equation, let H = ”72 + 4—22, which is the Hamil-

tonian for the simple harmonic oscillator. Then,
H=H'+8\H" + 2\ (3h*a—4)H'. (2.16)

We see that the state vector for the simple harmonic oscillator satisfies the Schrodinger

equation for this Hamiltonian with the energy levels [13],
1
En=3h(2n+1)+Mi(2n+ 1)? + A5 (3R%0—4) (2n+1). (2.17)

To summarize, the quantization rule used can affect observable results (in the example
above, it was the energy of a system). Hence, quantizations with different values of o may
be physically distinct. This result was based upon the fact that p?> — p? and ¢*> — §°. In

Chapter 4, we generalize quantization such that p*> 4 p? and ¢* 4 §°.

2.5 Wigner Transform

Rather than doing quantum mechanics with operators, one alternative is to do quantum

mechanics in phase space. In this description of quantum mechanics, classical phase space

12



2.5. WIGNER TRANSFORM

functions are used. To convert an operator back to a phase space function, we apply the
inverse of the Weyl map of Section 2.3. This operation is called the Wigner transform (or
sometimes the Weyl transform as in [72]).

The Wigner transform is [72,73]

flg.p)=WI(f) = h/dye"’y<q+7y f

hy
q—7>, (2.18)

where f = f (g, p) is an arbitrary operator. We label the corresponding phase space function
of f as f(g,p). We can show W = Qﬁ,l by using Fourier transform of f(q, p), f(a,b), such

that
f(g,p) = / dadbf(a,b)e'@op) (2.19)
With equation (2.9), we have
Qw f(qp) = [ dadbf(a,b) e+, (2.20)

We now need to apply WV. Note that

W <ei(aé+bﬁ)> _ h/dye_ipy <q+g e

; ; )
— hethab/Z/dye—zpy <C]+?y

oA A h
l(aq+bp)’ __y>
q )
2

A R
iaq lbp‘ . y
el q 2>.

With

dla) =qlq) ,

¢??\q) = |q — bh) ,

13



2.6. MOYAL PRODUCT

we find

)4% <ei(“é+bﬁ)) = heih”b/z/dyeipyem@%vbh) <(]+ %‘q - % - bh> )

— eilag+bp)

Therefore,

W(Qus(a.p) = [ dadbf(ab)e" s = rig,p). (221)

Hence, W = Q;Vl.

2.6 Moyal Product

The tradeoff for using classical phase space functions rather than operators is that it is
necessary to introduce a noncommutative binary operation known as the Moyal star prod-
uct, which is denoted by xy;. The transform of WV preserves the structure of the algebra of
operators, such that the Moyal product algebra is homomorphic® to the operator algebra.

Specifically, with fand g operators [72],

W(f8) =W (F)uW (@) =frug. (2.22)

It is possible to transform any observable from Weyl-quantized operator quantum mechan-
ics to Weyl quantization in phase space by applying the Wigner transform.

To derive the Moyal product, consider f and g in terms of their Fourier components,

3Let ¢ be a map between two sets A, B and let a;,a> € A. We say that ¢ is homomorphic if and only if
O(ay -az) = ¢(ar) *¢(az), where - is the operation in A and * is the operation in B [74,75].

14
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ei(elq+Tlﬁ) and ei(GZQA‘i'TZﬁ)' Then’

w (ei(914+71ﬁ)ei(924+12ﬁ)) —W (ei(91+62)4?+i(‘51+12)15) o 2011261y : (2.23)

Y (ei(elq+r1ﬁ)> oy W (ei<92é+fzﬁ>) . (2.24)

by using equation (2.22) and the Zassenhaus formula. Using the fact that VW (e"(ef/*Tﬁ)) =

¢!%4+7) equation (2.23) becomes

W (ei(eléﬂlﬁ)ei(ezéﬂzﬁ)) = (ei(91+92)q4ri(f1+fz)p> e—%(elfz—ezfl)’ (2.25)
and equation (2.24) is
W (ei(911?+flﬁ)ei(92@+fzﬁ)> — (ei(elqmp)) .y <ei<ezq+r2p)> _ (2.26)
Note that

(1, 2)6% (9419p, =0, aqz)ei(el q1+7T1p1) pi(0292+72p2)

(2.27)

— ei(91+92)f1+i(11+12)17€—%(9112—92‘51) 7

where Z(1,2) means to set ¢g; = ¢g» = g and p; = p» = p at the end of the calculation.
Let F = ¢/®1917111) and G = ¢/(®2927%202)  We can rewrite the top line of equation

(2.27) as

ih < (il\"1 & [n J"F "G
ei(amapz_amaqz)FG = (—) — ( ) (—1)"—— —.  (2.28)
n;) 2 ) n! Z m dqy "op' dg5ops "

m=0

Applying Z(1,2) to both sides, this equation can be written in a more concise form by
— —
introducing the differential operators, 9 (left derivative) and 9 (right derivative), which are

defined as

— ._a_f
faqg_ aqg7

15



2.6. MOYAL PRODUCT

and similarly for the right derivative. As an example, the Leibniz rule can be written as

9, . of  dg e o
58 =58t 75 =1 (94+ 9y) s (2.29)

By using left and right derivatives, equation (2.28) becomes

(1, 2)6% (99199, =0 9g, ) i(B141+T1P1) ,i(8242+T22)

; = (ih\" 1 & [n e L e (2.30)
:el(elq-l-‘tlp) Z ) = Z (—l)m (aqap> (apaq> el(qu-i-‘Czp).
n=0 2 = \'"
Therefore, with equations (2.25)-(2.27), we see that the Moyal product is
n(S 2 52

*M:e2<a"a” a”aq>7 (2.31)

> (ih\"1 & (n e A e
B LG G e

We see that the Moyal product is the exponentiation of the Poisson bracket. Therefore,
X . X ih? <— “— — — — X
the Moyal product is sometimes written as xyy = e2 © , where P :=9,0), — dpdg. Itis

also possible to write f (g, p) *m g(g, p) as

in ih
f(a,p)*mg(q,p) =f (q+ %ap,p - %%) g(q.p),

ih < ih <
= f(g,p)g (q—g ap,p+5 aq) ,

2.33
ih ih < (2.33)
=flat5omr|e{a—5 appr),
ih ih <
=f (q,p— an) g (q,p+ 5 aq) ,
where we have used the translation operator,
e f(q) = f(g+a). (2.34)

In general, a star product x is defined as a bilinear map acting on smooth functions f

16



2.6. MOYAL PRODUCT

and g, with [26]

fxg=Y VC(f.g), (2.35)
r=0

where V is a complex parameter and C, is a bidifferential operator. The quantities C, and x

have the properties [12,26],

(S

. Co(f,8)=1Tfg

[\S}

. Ci(f.8)=1f.8}
3. Ci(g,f) = (=1)C(f,8) (2.36)

4. Fora e R, C,(f,a) =0.

)

. (frg)xh=fx(gxh)

We will now demonstrate the associativity of the Moyal product. Let f, g, and & be

functions of the position and momentum. We have

(fHm &) xmh = (Z(l,2>e’?<%%—3maqz>f<q1,m>g<qz,pz>) wah.

To condense this notation, define

xm(1,2)] := e%(aqlapz_amaqz) ’

bear(142,3)] := e%[(aqﬁaqz)a,,f(apl+a,,2)aq3]
so that
(fxar 8) *mh =T(1,2,3) e (1+2,3)] B (1,2)] £ (1)g(2)R(3)
where f(1) = f(q1,p1) and similarly for g(2) and i(3). The symbol of Z(1,2,3) indicates

17



2.7. WIGNER FUNCTIONS

that we set g1 = g2 = g3 = g and p; = p» = p3 = p at the end of the calculation.

By the same process,
Srm (gxmh) =T(1,2,3) [ (1,24 3)] B (2,3)] £(1)8(2)(3)
Therefore, to demonstrate associativity, it suffices to show that
Deae (14+2,3)] brear (1,2)] = B (1,24 3)] b (2,3)] -

The left-hand side is equal to
ear(1+2,3)] [xar(1,2)] = exp {%i 1943 By ps) = s 31+ 345+ 3Dy, — 3 | } ,
and the right-hand side is
bear (1,24 3)] [ (2,3)] = exp {%i =041 st 0 )+ 3y, (Dgs + )+ 0y — 3Dy | } .

Rearranging, we find that [xps (1 +2,3)] [*p(1,2)] = [*xm (1,2 4+ 3)] [*m(2,3)] is indeed true,

thus verifying that the Moyal product is associative.

2.7 Wigner Functions

As quantum mechanics can be done in phase space, that means that there must be a
phase space counterpart to the Liouville-von Neumann equation for the density operator, p.

The Liouville-von Neumann equation is [76]

ih=-=[H,p], (2.37)

18



2.7. WIGNER FUNCTIONS

where we take A as a time-independent Hamiltonian throughout Chapters 2-4. If we want

to work in phase space, then the Wigner transform of equation (2.37) gives

ihW (3—‘?) =W (Hp—pH) , (2.38)
W (P - .
= ih V\;t(p) =W (H)xuWP)=WEP)~uW (H) = [HW({P)lay (2.39)

where we have applied equation (2.22).

A2
With a Hamiltonian operator of the form, A = 2’; +V (§), the phase space version is
m
2
H = ZPL +V(q). Using equation (2.18), the analogue to the density operator is known as
m

the Wigner function [72],

q— @> , (2.40)

21h T 2

W (P 1 » Byl .
W(q,p) = (p) Z—/dye by <q+—y p 5

where the 21t/ ensures that the Wigner function is normalized. If p = |y) (y/| is a pure state,

then the Wigner function reduces to

1 e h h
W(g,p) = ﬁ/dye PYy (q—jy)\lf(cﬁ?y) , (2.41)

where Y(g) = (g|y) is the position space wavefunction.

It should be noted that the Wigner function is dependent on the position and the mo-
mentum, but the individual point (¢, p) has no meaning in the sense of being able to assign
an exact position and momentum to a quantum system, as a result of Heisenberg’s uncer-
tainty principle. It is only when integrating over the position or momentum that physical
predictions are made.

The Wigner function has several properties [4,6,7]:

1. The marginal probabilities of the position and momentum are determined with

P(q) = / dpW(q,p) = (qlPlq) (2.42)
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2.7. WIGNER FUNCTIONS

and

P(p) = [ daW(.p) = (pIplp) 243

If p is a pure state, these marginal probabilities reduce to

P(q) =|w(q)|*, (2.44)

P(p) =10(p)I?, (2.45)

with ¢(p) = (p|w) being the wavefunction in momentum space.

2. The Wigner function is normalized:
[ dadpwia.p) =1 (2.46)

3. The Wigner function is real.

4. The Wigner function is an example of a quasi-probability distribution. This means
that the Wigner function can take negative values. Physically, these negative values
can arise as a result of interference and can be interpreted as a measure of the non-

classicality present in a quantum system [18,77,78].

It is also possible to write the pure state Wigner function in terms of momentum space

wavefunctions, ¢(p) [4]:

1 . hi I
W(q,p) = ﬁfdye’%* (p+ Ey) o (p— ?y) , (2.47)
where
1 .
- —ipq/h
op) = e / dqy(q)e (2.48)

is the Fourier transform of the position space wavefunction.
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To determine the expectation value of A using phase space quantum mechanics, we first
note that WW(AB) = A xy B from equation (2.22). Therefore, AB = W~ (A xy B). Taking

the trace, we have (A =1)

Tr (AB) = @Tr[ / dqdpdadb(A *MB)ei“(q_Q)+ib(ﬁ_P)] ,

where we have used the fact that WW~! = Qy,. Summing over position eigenstates, we find

/
7).

1 » | |
= _(ZJ'C)Z /dqdpdadbdq’(A *y B) <q/|q’ —b) olald' =b) yiab/2 ,~i(aq+bp) 7

1 i
Tr (AB) = an? / dgdpdadbdq (Axy B) <q/ (=) +ib(p—p)

1
= — [ dqdpA*yB.
27t/ qapAa*xy
If B = p, then we need to replace B with W(p). As W(p) = 21W,
Tr (Ap) = / dqdpAxy W . (2.49)

Similarly, by using the cyclic property of the trace,

Tr (pA) = [ dgdpW oA (2.50)

Note that equations (2.49) and (2.50) describe the expectation value of Aas (A) =Tr (Af)) =
Tr (f)A) Also note that we can integrate out the Moyal product as the boundary terms of

successive partial integrations vanish. Therefore, [6]

(A(g.p)) == (4) Z/dqdpA(q,p)*MW(q,p)Z/dqde(q,p)*MA(q,p) s

_ / dqdpA(q,p)W(q,p),

Using the Wigner function, we can write the Wigner transform of the Liouville-von
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Neumann equation of (2.37) as

oW
zhg = [H7W]*M , (2.52)
where
1f,8l,,, = mg—g*uf (2.53)

and zih [f:8l,,, s known as the Moyal bracket of f(g,p) and g(g, p). In the case of a sta-
tionary state, H xyy W =W x)s H.
Consider a pure state described by Schrodinger’s equation, A |y) = E |y). Multiplying

by (y| on the right and taking the Wigner transform, we get the stargenvalue equation [6],
HxyW =EW, (2.54)

Using the Hermitian-conjugate of the Schrédinger equation and assuming A is Hermitian,

we similarly have the stargenvalue equation,

WxyH=EW. (2.55)

2.8 Example: Simple Harmonic Oscillator

As an example of an application of the Wigner function and the stargenvalue equations,
N 1 1
consider the simple harmonic oscillator Hamiltonian, H = - ﬁz + Emwzéz, as discussed
m
in, for example, [4], [6], and [72]. Throughout this thesis, when considering the simple

harmonic oscillator, we set m = ® = 1 for the purposes of calculation.

In phase space, the stargenvalue equation is

1 1
(5 PP+ 56]2) *syW=EW. (2.56)
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Using equation (2.32), we have

2 2 : 2 2

P q ih (oW oW oW oW
—+ = | WH+—=|g=——p=— =EW 2.57
(2+2) +2(q8p paq 9p? +aq2 @.57)

As the Wigner function is real, this implies that
oW W
— 2.58
Top Pag =¥ (2.58)
P ¢

sothat W =W (7 + ?> . We note that we have used equation (2.54) to derive the differ-

ential equation for the simple harmonic oscillator. Equivalently, equation (2.55) could have
been used to obtain the same result.

Let u = 2¢” +2p?. Note that, for a function f(u(y)),

2f 9 [dfou\ Q*udf [du\>df
Tﬁ‘@(%@) _a_y2$+<$> ou?’ (259)
we have
FPW oW , O*W
o~ You I G (260
82W oW 2 W

Upon substitution of equations (2.60) and (2.61) into equation (2.57), we obtain

uW oW *wW
R uRr - —EW. 2.62
4 ou u? ( )

As we want the solution to be normalizable, then we require W — 0 as u — o. From

equation (2.62), the limit as u — oo gives the partial differential equation,

1 02
W ~ h? W

4 ou?

(2.63)
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which has a solution W ~ ¢~%/2" This indicates that we can solve equation (2.62) with an

ansatz of the form, W (u) = e~"/?" g(u). Then,
a8 nh—0® 4+ (B g =0 (2.64)
e " du 2)87 '

Note that this is in the form of Kummer’s differential equation, which has a solution of

gw)=cM (L —E 1,14) 4 U (L — £1,4) where [79],

v (a)ni
M(a,b,z) = ;0 (D)l (2.65)
. n M(a,b,z)  _,M(1+a—b2-b,2)
Ula,b,z) = Sin(7D) {F(H—a—b)l‘(b) z NaT 2 D) , (2.66)
and
_ fala+1)---(a+n—1) n>0
(@)n = {1 =0 (2.67)

is the Pochhammer symbol. For u — oo, U (3 — %, ,#) — oo as well. Therefore, ¢, = 0.

From the Schrodinger equation, we know that £ = (n + %) h. We can then write g(u) =

ciM (—n,1,%) = c1L, (%), where L, is the n-th Laguerre polynomial [71,79],

1 d\", _ (=)™ (n
Ly(x) = —e" <a) e x"] = Z : (m>xm (2.68)
Therefore, the Wigner function for the simple harmonic oscillator in the n™ energy level is

Wa(q,p) = (;2)’1 exp {_ZFH} b <47H> ’

2.69
(—=1)" %Z—Fm(x)zc]z]L <2miz—|—2m(02q2> ( )
T | T

~ T P ho ho

is the normalization constant.

(="
th

where ¢c; =

Figure 2.1 illustrates the simple harmonic oscillator Wigner function for the first four
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2.9. TIME-DEPENDENCE OF THE WIGNER FUNCTION

n=1

Figure 2.1: The simple harmonic oscillator Wigner function for the first four energy levels.
Note that, for n > 0, the Wigner function has negative values.

energy levels. This simple system exemplifies the quasi-probabilistic nature of the Wigner

function.

2.9 Time-Dependence of the Wigner Function

We have demonstrated that the time-independent Wigner function can be found with
the stargenvalue equations of (2.54) and (2.55). However, as shown with equation (2.52),

the Wigner function is generally dependent on time. To determine its time-dependence, we
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2.9. TIME-DEPENDENCE OF THE WIGNER FUNCTION

first note that the solution to the Liouville von-Neumann equation of (2.37) is [76]
p(1) = e 1/ p(0) H1/N (2.70)
where U (t) = H1/ s the propagator. By applying the Wigner transform to p(z), we find
W(g,p,t) =W <e_iﬂt/ ﬁ) st W (g, p,0) xpy W (eiﬂ’/ "l) , @2.71)

and W(q,p,0) := W(q, p) satisfies equations (2.54) and (2.55). The application of the

Wigner transform to U yields [6]

. itH
W(0) =: U,, = Exp,,, (—’?) , (2.72)
where [26,27]
) Cl*nM
Exp,, (a) =) — (2.73)
n=0 ""*

is the star-exponential and a‘m = axy - --*p a. Therefore, the solution to equation (2.52)
————

n times

is [6]
W(g,p,t) = Usy xm W (q,p,0) xns Uy, - (2.74)
AsUUT =1, the Wigner transform yields U,,, xy U, *_Ml =1land U ,541 = U*M. Hence,

W(q7p7t) = U*M *MW(Q7P7O) *MU*M . (275)
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Substitution of equation (2.75) into Wigner transform of equation (2.37) gives

0
ih g:M =HxyU,,, (2.76)
oU _
—ih at*M =U,, *uH, (2.77)

where equation (2.77) was found by taking the complex conjugate of equation (2.76), as-
suming that the Hamiltonian H is real.

From [26,27], we can write the star-exponential of the Hamiltonian as the series,

Uy = Y Wilg, p)e Ent/h. (2.78)

Therefore, in conjunction with equation (2.76),

Y Wiulq. p)Ene E'/" = Y H sy Wy (g, p)e ™t/ (2.79)

n

Hence, we recover equation (2.54). Similarly, we find equation (2.55) by using equation

2.77).

2.10 Transition Operators and Weight Functions

As demonstrated at the beginning of this Chapter, there are different ways of quan-
tizing a system. Associated with those methods are different operator orderings, such as
standard ordering (all positions are to the left of the momentum) and normal ordering (all
creation operators are to the left of the annihilation operators). It is possible to determine
star products for these other quantizations.

In Weyl quantization, application of the Wigner transform on operators f and g gives
W(F8) = W(f)*u W(8) because of the homomorphism between the algebra of operator
multiplication and the Moyal product. The quantities of YW(f) and WW(g) are then classical

phase space functions as the Wigner transform is the inverse of the Weyl quantization map.
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2.10. TRANSITION OPERATORS AND WEIGHT FUNCTIONS

It should be noted that this homomorphism is true for other phase space quantiza-
tions, though the transform and star product will be different. We can convert from Weyl-
ordered operator quantization to a different phase space quantization with 7)VV, where

T =T(dy,9,) such that [26,27]

(o)

T=1+)Y VT, (2.80)

r=1

and T, is a differential operator with v being a parameter. Operation of 7W on f3 yields
TW(f8) = (TW])xr (TW3) (2.81)
where 7 is the star product corresponding to the quantization of 7'VV. Therefore,

T(fxmg) = (Tf)*r(Tg). (2.82)

If equation (2.82) is true, we would then say that x,; and x7 are cohomologically equivalent
(c-equivalent). This refers to two quantizations (each with their own star product) as being
mathematically equivalent, but not necessarily physically equivalent [26,27,80].*

It is also possible to consider a transition operator, 7, such that T (f x; g) = (T f) x2 (T'g),
where x is not the Moyal product. We would then call x; and %, c-equivalent [82]. In this
thesis, when referring to c-equivalence, we will always be referring to an operator 7" taking
us from the Moyal product to xr.

The operator T is sometimes termed the transition operator. The purpose of the transi-
tion operator is to convert between different quantizations. As shown later in this Section,
different quantizations also possess a different distribution function, which can be found by
using a transition operator.

Figure 2.2 illustrates the process of converting from one quantization to another with the

4There are many terms meaning c-equivalence, including gauge equivalence, g-equivalence, and occa-
sionally just equivalence [80, 81].
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2.10. TRANSITION OPERATORS AND WEIGHT FUNCTIONS

transition operator. Let Aw be the operator algebra of observables in Weyl-ordered operator
quantization and Ay be the star algebra of observables in phase space Weyl quantization.
The observables of phase space Weyl quantization are transformed to a different star algebra

(A) and operator algebra (fl) with the quantization map Q7 and transition operator 7.

Aw A
W\ | Qw WT‘ ]QT
71
Aw A

Figure 2.2: There are many quantization maps. This figure illustrates one map relating
Weyl operator quantization (Ayw) to a different operator quantization (.4) by way of two
phase space quantizations (Ay and A).

To determine the form of x7, let us assume that 7 is invertible, so that

frmg=T"(F*rg), (2.83)

where f =T f and § = Tg. Assume that the inverse of the transition operator can be written

as

T7'=Y a0, (2.84)
m.n

where a,,;, is constant, and note that

A(Frrd) =Y (") (36 7) #r (94742) =7 (34 + 34) *r&, (@89

k=0 k

by using the Leibniz product rule in equation (2.29). Then, combining equations (2.84) and
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(2.85) with equation (2.83) gives

[ m8=Y amf <5p + 3,,>m (Sq + Sq)n*Tg (2.86)
=fT [3] 7! [S+§} T [3] *T 8 (2.87)

— — —
where we define T [a] as replacing a,, with 9, and aq with 9, in the transition operator.

- - -
Similar definitions follow for T [a n a} and T [a] We then have [83]
IR m T [S + 3] 7! [3] . (2.88)

Application of the transition operator to the stargenvalue equations of (2.54) and (2.55)

yields

THxr TW =ETW , (2.89)

TWxrTH=ETW. (2.90)
and the transition operator, which we assume to be independent of time, can be applied to

the Moyal bracket to give

_JdTW
ih 5

=[TH,TW]|,,, (2.91)
where, similar to equation (2.53),
[TH,TW],, := THxy TW —TW x7 TH (2.92)

and TW is the distribution function in the new ordering scheme. In the rest of this thesis
we will call % [-, ]+, the xr-bracket.

Given ¢/(59117) we can can define a weight function (sometimes called a kernel) ®(&,m),
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such that [5, 7]

(e N) = C(9,5). 2.93)

"B>

where C(g,p) = Q (ei(§q+”p)> is the quantization of the exponential ¢/(5t"?)_ found by
applying a quantization map, Q. For example, ®(&,1) = e~ "SV/2 yields C(§, p) = ¢'51e™MP,
while ®(&,m) = "S/2 gives C(§, p) = eMPei™d.

We can derive a general distribution function that incorporates weight functions. To do

this, we write the Wigner function as
1 . e
W(g.p) = 3 [ dEdndg'y' (¢ ~ni/2w(g +nh/2e0 e 2o
and the transition operator in the form,

T (94,9) Zamnaman (2.95)

q-p’

where a,,, is a constant. Applying the transition operator to W (g, p), we note that

1 " exm( oon i&(q —q)—i
GOW = 1 [ dEdndg'y (¢ —nh/2)wlg +0h/2) (~E)" (~in)e a0 2.96)

Therefore,

1 / x/ /
_ m/dadndq <\|f (¢’ —nh/2)w(d +nh/2)
(2.97)

XZamn (—i&)"(—in)"e i&(q'~q) ,—Mp >
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2.10. TRANSITION OPERATORS AND WEIGHT FUNCTIONS

Hence,

1 " i
TW =15 / d&dndq'v* (¢ —mh/2)w(d +nh/2) T (—i&, —in) >4 2 e=MP

=:F®(q,p)

(2.98)

is the distribution function written in terms of the weight function. Further, the weight

function can be related to the transition operator with [5, 7]
D(E,M) =T(—i& —in) = P(3,,9;) =T (—idp, —idy) - (2.99)

Using the weight function, we can then write a general distribution function for a given

quantization. For an arbitrary density operator [5,7,29],

F®(q,p) = /dédndq< +n/20plg +Mh/2) D(E M) ST DM (2.100)

As an example of the relationship between the transition operator and the weight func-
tion, consider the ground state of the simple harmonic oscillator with Wigner function
Wi(g,p) = nihe = and wavefunction y(q) = (=) 174 e_%. We will determine the distribu-
tion function for standard ordering with both the weight function and the transition operator.
In Table 2.1, we present the weight function for standard ordering as ®(&,1) = e~ &1/2,
which is derived in Appendix A.

Using equation (2.98) with i =1,

FS(q,p) = 2; / dE dnydgf 0~/ 2= +0/22/2 p=iEn 2,8 ~a) y=inp |

dne /2 (a+n)?*/2p=inp _
= \/_ / ne 2.101)

_ 1 e 2qf§p+ipq_

V2n
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2.10. TRANSITION OPERATORS AND WEIGHT FUNCTIONS

For standard ordering, 7 = ¢'9r94/2 by equation (2.99), hence

2 9 > "
Te 47P —E a"a"e*‘l -
2"}1' Y2}

n—=

Noting that
_2 _
dpe V" =H,(—p)e ",

we get

o) -n

l

) _2
Te 7P = ZﬁHn(_Q)Hn(_p)e .
n=0 )

We have the identity [84],

,;) n! a V1—4n?
for |w| < 1. Hence,
TW = Le 38 —5p +ipq7
V21

which is the same as equation (2.101)

(2.102)

(2.103)

(2.104)

(2.105)

(2.106)

Let us now determine the marginal probability distributions of the distribution function

F q’(q, p), in the same manner as we did for the Wigner function. Integrating over the

momentum, we have

/dqu> - /didq v(q) P(E,0) 54 ~9)
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2.10. TRANSITION OPERATORS AND WEIGHT FUNCTIONS

We see that if ®(&,0) = 1, then

Pg) = o [ dedg v (w(@)d(d —a) = vla)P =Plg),  (2108)

thus we recover the same probability distribution for the position as the Wigner function in
equation (2.44).

Integrating over the position,

1 .
P(p) = 5 [ dnda(a-nh/2)wlg+h/2) DO e 7. (2.109)

If &(0,m) = 1 and writing y(g) in terms of the Fourier transform of the momentum space

wave function, ¢(p), then

1

PP(p) = —~
(p) 4m2h

/ dndgdzd? ¢* (Z)o(z) e TR T e, 2.110)
Letting ¢ — hgq, we have

1 ; / i / .
Pd)(l’) = 4—n2/dﬂ dqdzd7 ¢ (z’)q)(z)elQ(Z—Z ) ¢ 2 (@H2) p=imp
1 .
= % /dnd2|¢(2)|26m(21’) . (2.111)

= [w(p)|>=P(p),
indicating that we have the same probability distribution for the momentum as described
by the Wigner function in equation (2.45).

Several quantizations have been extensively studied, some of which are listed in Table

2.1. The weight functions used to convert Weyl quantization to other quantizations are also
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2.10. TRANSITION OPERATORS AND WEIGHT FUNCTIONS

Table 2.1: Different quantizations and their corresponding weight functions [5].

Quantization Quantization Map Weigc}llt(g’ugction
Weyl ei@q-i—i’cp N ei@c}-ﬁ-i’cﬁ 1
Standard e04+itp _y o104 ,itp e—ihet/2
Antistandard @0+t _y oith 4i0q ih07/2
Normal pi04+itp _ p0-z0 _y i’ ,—7a ol16% /4me-+hmot? /4
Antinormal o0+t _ pZ0To . 7 p7d" o~ 1167 /4mo—hmert? /4
Born-Jordan q'p" — Fll Yio Gk prgk sinc (%61:71)
Symmetric e/ titp —y 1 (£1046I%h 1 7P 104) cos (30th)

indicated. We use the notation,

|
8
e
BN
n
)

We will denote @, Z as complex conjugates of o,z and @' as the Hermitian conjugate of 4.
In Table 2.2, we show the transition operator necessary to convert from Weyl quantization
to another quantization.

To briefly summarize, in this Chapter we introduced phase space quantum mechanics
and used the transition operator to convert one phase space quantization to another. This
technique of using the transition operator to transform between quantizations will form the

basis for introducing extra physical features into a quantum system.
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2.10. TRANSITION OPERATORS AND WEIGHT FUNCTIONS

Table 2.2: Mapping from Weyl quantization to another quantization in phase space. This
map takes the form ¢/(®9%) — Te!(®9+7P) wwhere T is the transition operator [5].

Quantization Transition Operator Te!(®a+p)
Weyl 1 ¢i(0a+1p)
Standard T = ¢iM9p%/2 oi(8q+7p)—ih6T/2
Antistandard Tig = e~ M9p9/2 £(8q+Tp)+ilBT/2
Normal Ty = o~ 1105 /4mo—hm®d} /4 | ,i(Bg+Tp)+h6* /4me+hmet? /4
Antinormal | Ty = ¢/"%4/4mo+hmwdy /4 | ,i(8q-+Tp)—ho* /4mo—hmart? /4
Born-Jordan Tpy = sinc (%ha ,,aq) !(84+7P)ginc (%he’t)
Symmetric Tyym = COS (%ha paq) /(8 +p) cog (%he‘c)

Table 2.3: Properties of star products. Each of these quantizations obey [g, p]., = ifi, which
is the phase space analogue of Heisenberg’s commutation relation. The bar over f *r g sig-

— =

nifies the complex conjugate. The transpose refers to 9 <+ 9, while the Hermitian conjugate
is the complex conjugate of the transpose.

Quantizati N T I Hermitian
uantization ranspose ,
T P re Conjugate
ih g — - 7
Weyl xy=e2 "t *M g xuf M
- = —
Standard x5 = eihdqdp *AS 8 *asf *AS
— — —
Antistandard xas = e M9pdq xS g *sf *s
— .« - — _
Normal *y=e 20 <3q+’m‘ﬂap> (3(1*’”“”3 ,,) *N gxN f *N
— - = _
Antinormal |, — o2 (95-imw, ) (a,+imead, ) *AN g*an f *AN
i) i)] | .
Born-Jordan | xpj = *y—r—e o= *BJ g *B1 f *BJ
s1nc<7 apaq>s1nc<§ apaq>
. cos [% (SP+3P) (Sq"'gq)] — =
Symmetric | sym = *M 7= = Xsym 8 *sym [ Ksym
cos Zapaq> COS(E apaq)
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Chapter 3

Coarse-Graining

3.1 Motivation

In Chapter 2, we introduced the concept of quantization and demonstrated that many
different quantizations and operator orderings exist. We then showed that quantum me-
chanics can be done in phase space, in which distribution functions and star products are
used, rather than density operators and operator multiplication.

One advantage of phase space quantum mechanics is that it is straightforward to study
quantization. For the same physical system, each possible distribution function and as-
sociated star product corresponds to a distinct quantization. To convert between different
quantizations, a transition operator is used.

One of the properties of the Wigner function is that it can take on negative values,
hence the Wigner function cannot be interpreted as a probability distribution. The question
regarding when the Wigner function is non-negative has been previously studied in, for
example, [85] and [86]. Ref. [85] showed that only wavefunctions exponentiating quadratic
polynomials correspond to a non-negative Wigner function. In [86], it was demonstrated
that only the Wigner distributions of Gaussian wavefunctions remain non-negative under
time-evolution.

In this Chapter, we will review the Husimi distribution, which is always non-negative.
It will be shown that this non-negativity is the result of Gaussian smoothing the Wigner
function. As an example of an application of Gaussian smoothing, we look at the n — oo

limit of the Wigner function.
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3.2. THE HUSIMI DISTRIBUTION

3.2 The Husimi Distribution

hag/Amw-+hmkd /4 (o1 weight function & (€,1) =

Consider the transition operator of Ty = e
—RE? J4mx—hmn? /4 . . . .
e ), where m is the mass and k is the smoothing parameter. By applying

the transition operator to the Wigner function or using equation (2.100), we find [5],
FH(q,p,l) - nih /dq/dp/e_mK(q/_q)z/h_(p/_p)z/hm](W(q/,p/,t) 7 3.1)

which is known as the Husimi distribution. This result is derived in Appendix B by way of
the transition operator.

We should note two important features of the Husimi distribution. First, F/ includes
an integral over the product of the Wigner function and a Gaussian; thus, the Husimi dis-
tribution describes a Gaussian-smoothed (coarse-grained) Wigner function, in which the
smoothing parameter is h. By writing W(q', p’,) in the form of equation (2.41), integrating
equation (3.1) over p/, then writing the result as a series in x = g — %yh and z=¢g+ %yh, it
is possible to show that F(q, p,t) must be non-negative [87].

Second, the antinormal distribution function, obtained from the Wigner function with

.. 2 2
transition operator Tyy = e/'%/4m@+hmed, /4

(Table 2.2), is a special case of the Husimi
distribution with kK = . Here, ® is a frequency that is used to define the creation and
annihilation operators using the same procedure that one does for the simple harmonic
oscillator. Physically, ® may be the frequency of an external field.

One way to see why ® is required in the transition operator, rather than just A (in the
case of Tg, for example) comes from a dimensional argument. If only /" is present within
the transition operator, the argument of the transition operators needs to be BZBZ as the
dimensions of A are equal to the dimensions of the product of momentum and position.
If we want a transition operator that separates d, from d,, it is necessary to introduce an

additional parameter such that the argument in the transition operator is still dimensionless.

Hence, both m and ® are required to be part of the transition operator. A similar argument
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3.2. THE HUSIMI DISTRIBUTION

follows for why ¥ is required in Ty.
To understand the relationship between Ty and T4y, note that equation (2.100) can be

written as [88]
F® = #/Cl&dﬂ Tr [ﬁ ei(éémﬁ)cp(g’n)] o—i(&a+np) 3.2)
With &7 (E,n) = ¢~ hE?/Ami—hmn® /4 e can then rewrite FH as [88]
H_ L / 5 o—2b ,3b" | ,—i(Eg+np)
F" = P dEdn'Tr [pe e } e : (3.3)

where

h h
z:ié\/me—n\/ o G

(mKg+ip) . (3.5)

It is possible to write b in terms of the annihilation operator d and creation operator a', such

that [88]
b=upa+va', (3.6)

where

1 K o
MZE(VO—)‘M/E), (3.7)
1 /K /@

Using the property that [@,a"] = 1, we also have [b,b'] = 1. Therefore, as discussed in [89],
equation (3.6) corresponds to the annihlation operator of a squeezed state while b' is the

creation operator of a squeezed state. When o = &, we see that u= 1 and v =0, so b = d and

39



3.2. THE HUSIMI DISTRIBUTION

bt =a'. In this case, the distribution function is related to a coherent state wave packet [90],
A s
o) = e 7% |0) (3.9

where o is the eigenvalue for the equation d|o) = a|o). It is possible to consider the
coherent state as an example of a squeezed state without squeezing. Therefore, physically
the antinormal distribution function is the smoothing of the Wigner function by a coherent
state wave packet, while the Husimi distribution is the smoothing by a squeezed state wave
packet [88].

Even though the Husimi distribution is related to the antinormal distribution function, it
would be improper to say that the Husimi distribution is a quantization or ordering as an ad-
ditional physical effect (coarse-graining) is introduced with the transition operator. Rather,
we shall adopt the terminology of augmented quantization to describe the introduction of
extra physical features into the distribution function by means of the transition operator. In
other words, Ty converts Weyl quantization to an augmented quantization.

Let us rewrite F as [1,5]

Fi(q,p,t) = Ttih /dq’dp’eé(qlfﬁz/(&l)z5(1"1’)2/(517)2 Wi, p 1), (3.10)

h h1 h
where 0g = \/;s, op = \/;; and s = miK As dqdp = 5 we might guess that the Husimi

distribution is related to the minimum uncertainty wave packet in the position representation

(1],

1

—(x—q)%/4s% ipx/h
We( q)/ €p/, (311)

(xlg,p) =

where the wave packet is centred at position ¢ and momentum p.
To demonstrate how the minimum uncertainty wave packet is related to the Husimi dis-

tribution, define a phase space distribution, p(g, p), for a system described with the density
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3.2. THE HUSIMI DISTRIBUTION

operator, P [1]:

1 N \
p(g,p) = Ik (g.p|Plg,p) = ﬁmm,m (g.p[P) (3.12)

where we have used the cyclic property of the trace to write p(q,p) as the trace over
the product of p and the pure state density operator, |g, p) (¢, p|. We will now show that

p(q,p) = F"(q,p).

From equation (2.51),

Tr(pA) = / dq'dp'W(q'.p)A(d,p"). (3.13)

Thus, the trace of two density operators, Py, P2, can be written as the integral over their

Wigner functions [1],

Tr(p1p2) = 278 / dq'dp Wi(d',pWa(d, 1), (3.14)

where the 27 appears because W = ﬁlh)/\/(ﬁ) Applying the Wigner transform of equation
(2.18) to the density operator of minimum uncertainty wave packet, the resultant Wigner
function is [1]

W1(6],,p/) _ nihe—slz(q'—q)z/ﬁ—sz(P'—P)/h_ (3.15)

If P, corresponds to the Wigner function Wa(q', p') = W(¢, p’) for an arbitrary system,
we then have p(q, p) = F(q, p), illustrating the intrinsic relationship between the Husimi
distribution and the minimum uncertainty wave packet.

For a Wigner function describing a pure state |y), it is straightforward to use equation
(3.12) to demonstrate the non-negativity of the Husimi distribution [1]. With p = |y) (y|

and with the fact that p(q, p) = F"(q, p), equation (3.12) gives

H 1 1 2
- = >0. )
F"(q,p) 2nh<q,plllf> (Wlq,p) 27th|<q,p|w>| >0 (3.16)
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From the weight function ® (€, 1) = ¢~ N2 [4mx—hmen? /4 of the Husimi distribution, we
see that ®(&,0) # 1 and ®(0,m) # 1. This implies that the Husimi distribution does not

yield the same marginal probability distributions as the Wigner function. Rather [1],

Pi(q)= [ dpF™(g.p).

1 A
= ﬁ/dpdxdx/ (g, p|x) x|p]x') (X'|q,p) ,

ARV VESAVISIINPNI S
dpdxdx’ ——e "~ x|plx’)
/ paxdy —— (xipl)
= [ dx e /257 (315 |x )
/ — (wlpl)
where we have applied the resolution of the identity,
lz/dx %) (x| (3.18)

By a similar procedure in which the momentum representation of the minimum uncertainty

wave packet is used, we find [91],

P(p) = [ daF™(g.p).

(3.19)
_ 2
= [y 2220 oy
where we have used the momentum representation of the wave packet,
2 2\ 1/4 v )
(k|g,p) = (n_;bz) o5 (k=p)* /I ,~i(k—p)q/h (3.20)
and the resolution of the identity,

lz/dk ) (K] . (3.21)
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Therefore, from equations (3.17) and (3.19), we find

o (—a)? /25 P(x), (3.22)

PH(q):/dx\/%

/ a’k\/ e 25" k=P)* /W p() (3.23)

where P(x) and P(k) are the position and momentum marginal probability distributions
calculated from the Wigner function in equations (2.44) and (2.45). Equations (3.22) and
(3.23) represent the joint (simultaneous) measurements of the position and momentum of a
system [92,93] (and references therein).

Using equation (2.88), the Husimi star product is

RN — — —
wp = wppe" T Or9rt 9094 — exp [ZmK (aq —imx 3 ,) (9 +imk a,,)] . (329

The antinormal star product in Table 2.3 can then be recovered by letting K — .

Leta= 4— and b= 4mKh As an example of time-evolution of the Husimi distribution,

we will apply Ty = ¢®4 09 (o the Moyal bracket for the simple harmonic oscillator. This
yields

., 0TygW

ih 3 =TyH xg TgW — TgW *gy THH,

— = — =
= (H+a—|—b) *M€2bapal’+2aaqaqTHW
— = — =
— TyW %1 2090907209499 (H a4+ b)
232 <—2—>2

— = — = ’
=Hxuy (142 0,0, +2a 9404 +26% 9,0, +2a* 3,0, ) TuW

252 252
— TyW Hu (1+2b P} a,, 1249 aq +2b° 9,9, +2a° aqaq)H.
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Simplifying, we find

ihaTab;W — [H, Tiglay + 2b p 31 3y TaW + 2a.q 531 3 TeW — 2b3, T W a1 p
—2a0,THW *m q,
= [H,Tylsy, — 2ih(b—a) 0,0, TgW .
Therefore,

mx

., OTgW ih (

i 1, Ty W], 5 (i i) 9,9, Ty W . (3.25)

This demonstrates that the equation of motion of the simple harmonic oscillator Husimi
distribution function is similar to the equation of motion of the simple harmonic oscillator
Wigner function. A difference is that an extra mixed partial derivative is also present. The
original equation of motion described is modified by (O(%?) with the Husimi transition
operator.

The time-independent Husimi function for the simple harmonic oscillator can be calcu-
lated with either the transition operator or the weight function, such that, with s =1 [31],

1 P+p\" —g—
H _ - -

which is plotted in Figure 3.1. The energy levels for the simple harmonic oscillator Husimi
distribution are £ = (n + %) h because the transition operator acting on the stargenvalue
equation, H xyy W = EW, does not affect the energy.

An advantage with using the Husimi distribution is that it is easier than the Wigner func-
tion to associate with coarse-grained classical mechanics. Consider the time-evolution of
the Husimi distribution and a corresponding classical coarse-grained distribution. Initially,
they evolve in a similar manner, but as time development continues, differences between

the evolutions arise. The classical-course grained solutions tends to approach a smooth dis-
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Figure 3.1: The simple harmonic oscillator Husimi distribution for the first four energy
levels. Notice that the distribution is nonnegative, in contrast to Figure 2.1

tribution whereas the Husimi distribution breaks up into localized sections in phase space,
which is the result of an interference process. Ref. [31] numerically quantified these effects
by comparing the entropies of the Husimi and classical coarse-grained distributions during
their time-evolution. This indicated that using the Husimi distribution to analyze the cor-
respondence between quantum mechanics and classical mechanics became invalid after a
certain period of time.

To conclude, the Husimi distribution is an example of augmented quantization as it
incorporates additional physics (coarse-graining) into a distribution function, for coarse-

graining was not present in the original system. In the next Section, we will consider a
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generalization of the Husimi distribution in which the Wigner function is smoothed by a

different quantity, which is another example of augmented quantization.

3.3 A Generalization of the Husimi Distribution

The Husimi distribution smooths the features of the Wigner function by O(h). If we

wish to smooth by a different quantity, 1, then the distribution function is,
F'(g.p.t) = % [ ddapte SO Gy g ), (3.27)

where now

dg = \/gs, (3.28)
op = \/ﬁl (3.29)
2s

It is seen that dgdp = %, which no longer describes a minimum uncertainty wavepacket.
For n < A, FM can still have negative values. Non-negativity only holds for n > £ [87].

We see that F1 — F in the limit of  — A. When smoothing by 1) rather than 7, the
Wigner function can be converted to F" with the transition operator of

Ty = N(505+3597) (3.30)

b

giving the star product of

n 1]« — — =
*1 = %) EXp S\ 0pdp+59dgdq ||, (3.31)

which we calculated with equation (2.88). In Appendix B, we show that F/ and F" are
Weierstrass transforms of the Wigner function.

To compare with the time-evolution in equation (3.25) for the simple harmonic oscilla-
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tor Husimi distribution, the equation of motion for the generalized Husimi distribution of
the simple harmonic oscillator is
oMW 1

—[H, T, W] —1(
L )

n

s

M) 90y TaW - (3.32)

We see that the right-hand side of equation (3.32) is the Moyal bracket between H and T, W
plus an additional term of O(hn), rather than O(h?). The time-independent generalized

Husimi distribution for the simple harmonic oscillator are plotted in Figure 3.2 and 3.3.

0.00}

—0.05[

004]

0.02

0.00

Figure 3.2: The generalized Husimi distribution for the first four energy levels of the simple
harmonic oscillator. We have set i = 1 and n = 0.5. Notice the distribution still has negative
values even though smoothing was done.

3.4 Smoothing in the n — o Limit of the Wigner Function

As an example of coarse-graining, let us smooth the Wigner function for large n. We
will focus on the simple harmonic oscillator and demonstrate that the result of this smooth-
ing is a delta function-like distribution that describes a classical system. As argued in [58],
coarse-graining may be required to recover classical mechanics from quantum mechanics.

To investigate the emergence of classical mechanics from quantum mechanics, fix the

classical energy level, E. = r2 /2. For the purposes of this calculation, we set m = @ = 1 and
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Figure 3.3: The generalized Husimi distribution for the first four energy levels of the simple
harmonic oscillator. We have set 4 = 1 and n = 2. Unlike Figure 3.2, the distribution is
non-negative because 1 > h.

¢*+ p? =r>. With E, = (n+ %) hand E. = E,, we find that r ~ 2nh for large n. Hence, as
1. is constant, so must nh. From Figure 3.4, we see that the Wigner function features rapid
oscillations at large n. Therefore, coarse-graining is needed to convert the Wigner function
into a distribution for a classical system.

We want to focus on the height and radial width of the resultant distribution in phase
space. However, if n increases, so does E,,. As a result, r. also increases. We will therefore
focus on the constant energy of E;,, = E. = 1. The effect of this is to scale r,. during Gaussian
smoothing, because otherwise r, — co. From equation (2.69), the Wigner function of the

simple harmonic oscillator at large n then behaves as
Wa(r) ~ (—1)”ne_"r2Ln(2nr2). (3.33)

In Figure 3.4, we plot, as an illustrative example, equation (3.33) for n = 50 and n = 200.
At r = 0, the Wigner function is maximized, then rapidly decreases after the first oscilla-
tion. The inter-node distances of the oscillations slowly increase as the radial distance, r,

increases. Furthermore, the amplitude of the oscillations first decreases before increasing
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Figure 3.4: The Wigner function for n = 50 (left) and n = 200 (right). The inset plot depicts
n =200 for0<r<0.1

again.

We will smooth equation (3.33) with the Gaussian,

r2
f(r) =exp {_E} : (3.34)

where G is related to the inter-node separation of the oscillations and describes the coarse-
graining width of the Gaussian. For simplicity, we will consider ¢ equal to the distance
between the first two nodes of the Wigner function and the distance between the final two
nodes of the Wigner function.

Combining equations (3.33) and (3.34),

- [ " dy W) £ (r —y)y? (3.35)
0

is then numerically evaluated, where N is the normalization constant. We note that inte-
gration is done over the interval [0,00) as r > 0 by definition and the y* appears because
we are using spherical coordinates. In addition, we are not claiming that the two chosen
values of ¢ are the physically correct ones that should be used to Gaussian-smooth the
Wigner function. Rather, the 6’s that we use are merely a demonstration of applying Gaus-
sian smoothing to recover the classical phase space distribution of the simple harmonic

oscillator with a constant energy.
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Figure 3.5: Normalized convolutions of Wigner functions smoothed with the maximum
(red) and minimum (green) inter-nodal distances. We see that larger n corresponds to a
decrease in width and increase in height. This seems to indicates that n — o implies that a
delta function-like distribution will be found.

In Figure 3.5, we consider four Wigner functions convolved with equation (3.34), For
n = 50, 100, 200, 1000, we look at the cases in which & is the minimum and maximum
inter-nodal distances. As n increases, ¢ becomes smaller because the inter-nodal distances
decrease. Furthermore, with an increase in n, the resultant Gaussian becomes narrower and
shifts towards r. = /2. Therefore, as n — oo, we would expect the width of the Gaussian to
go to zero, thereby becoming a delta function-like distribution. Physically, this corresponds
to a distribution in a classical phase space that describes a simple harmonic oscillator of
energy E. = 1.

In this Chapter, we have introduced the Husimi function and demonstrated that it de-
scribes the Gaussian smoothing of the Wigner function. As this Gaussian smoothing is in-
troduced using the transition operator, the Husimi distribution is an example of augmented

quantization. A generalization of the Husimi distribution was also briefly examined so that
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3.4. SMOOTHING IN THE n — oo LIMIT OF THE WIGNER FUNCTION

the Wigner function is smoothed by a different parameter. We then used the technique of

coarse-graining to Gaussian smooth the n — oo limit of the Wigner function.
Coarse-graining is only one possible physical effect that can be introduced to a quantum

system with the transition operator. In the next Chapter, we shall consider further physical

effects in our exploration of augmented quantization.
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Chapter 4

Local Transition Operators

4.1 Motivation

Dissipative forces appear in many situations, such as when investigating the interaction
between multiple systems or a system and its environment [94]. One of the simplest exam-
ples of a dissipative system is the damped harmonic oscillator. Classically, the damped har-
monic oscillator is well-understood. However, quantization of the damped harmonic oscil-
lator is much more difficult than the quantization of the simple harmonic oscillator [95-97].

Our goal in this Chapter is to explore augmented quantization. Using the damped har-
monic oscillator as motivation, we show that a transition operator with position and momen-
tum dependence gives the correct equations of motion in the 2 — 0 limit of the x7-bracket.
Hence, such a generalized transition operator can convert a Weyl quantized system to a
system with augmented quantization. We then derive and discuss the resultant star prod-
uct. We believe these results are original and of interest to the larger field of phase space
quantum mechanics.

To conclude this Chapter, we apply our results to the generalized uncertainty princi-
ple of quantum gravity phenomenology and show that augmented quantization can yield
the correct modification of Heisenberg’s commutation relation. This will demonstrate that

augmented quantization is applicable beyond damping.
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4.2. THE DAMPED HARMONIC OSCILLATOR

4.2 The Damped Harmonic Oscillator
4.2.1 Quantization of Dissipative Systems

Consider a classical system that includes a dissipative force. This dissipative force can
be introduced to a quantum system using canonical quantization, Heisenberg’s equations of
motion, or path integrals. However, problems arise in each of these methods, such as the
lack of existence of a stable ground state [95].

To illustrate this difficulty, we will look at the Schrédinger equation for damping, sum-

marizing the calculations of [95,98]. Consider the classical equation of motion

dv
mq+%+2w:0, 4.1)

where Y is the damping constant. Multiplying this equation by ¢, we have

dv
g (mq V@ 274“) —0, 4.2)
dq
The dissipative force is equal to F; = —2v4". Hence, the amount of energy dissipation is

dt
AE = ZY/quq" = 2y/dtq'v+1.
From equation (4.2), we then have

d
- <§q2+AE+V(q)> =0, (4.3)

dAE
because VTR 276']"“. Equation (4.3) shows that the sum of the kinetic energy, potential
energy, and energy dissipated from the system is conserved.
We can take the canonical momentum of p = mgq, so the Hamiltonian is
»?

_ 2y v
H = 2m+V(q)+mv/dqp . (4.4)
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4.2. THE DAMPED HARMONIC OSCILLATOR

This Hamiltonian can be quantized by using ¢ — ¢ and p — p. In the position representa-

tion, the time-independent Schroddinger equation is

oy(gr) [ B AN

With v = 1, the frictional force is proportional to velocity and describes linear damping.

The equations for the wavefunction and its complex conjugate are

_ 9y(q,1) o —ih

== :{—%@erqwrw(?)]w(q,t), (4.6)
oW(q,t h 0? | o

-t |-tV e -

Thus, the continuity-like equation is

w(gnl> o ., . 4 >
T—F%](QJ)_ ElW(QJH ) (48)
where
P

is the current density. With the assumption that the current density goes to zero at the

boundaries,

J I ¢ 2

5 [ datvia.nP ==Y [dglyia.nP. .10)
Therefore,

[ daluta.nP =" [ aqryiq. 0. @1

Some systems dissipate until they reach a ground state, but as no stable ground state is
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4.2. THE DAMPED HARMONIC OSCILLATOR

present, the above method of quantizing a damped classical system is not general and should

be modified.

4.2.2 Augmented quantization of the Simple Harmonic Oscillator

By focussing on the linearly damped harmonic oscillator, let us now look at the quanti-
zation of dissipative systems from a different perspective. This will be done by using phase
space quantum mechanics, the classical equations of motion for the damped harmonic os-
cillator, and the simple harmonic oscillator Hamiltonian.

The Poisson bracket is intimately connected to Hamilton’s equations of motion [99]:

oH

C'IZ{CLH}:%, (4.12)
_ __9H
p—{p,H}——aq, (4.13)

where H = H(q,p) is the Hamiltonian and {f,g} = f <Sq§p - 5p3q> g is the Poisson
bracket. By exponentiating the Poisson bracket (multiplied by i%/2), the Moyal product is
then formed, as was discussed in Section 2.6.

Consider the linearly damped simple harmonic oscillator, described by § = —2y4 — g,

where v > 0 is a damping constant. Its equations of motion are [33]

qg=r, (4.14)

p=—q—2yp. (4.15)

We will now summarize the proposal of [33], in which augmented quantization is ap-
plied to the classical simple harmonic oscillator to describe the damped quantum harmonic

oscillator. Using the equations of motion of the classical damped harmonic oscillator,” and

>Note that that the equations of motion,

g=p—2vq,
p:_Q7
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4.2. THE DAMPED HARMONIC OSCILLATOR

the Hamiltonian of the undamped simple harmonic oscillator, we will derive a modified
Poisson bracket, M(f,g), that will include damping. From this new bracket, we will then
find the star product and the transition operator.

Consider the new bracket M, such that

q=M(q,Ho), (4.16)

p=M(p,Hy), (4.17)

2 2
where Hy = % + % is the undamped simple harmonic oscillator. Thus,

M(q,Ho) = p, (4.18)

M(p,Ho) = —q—2p. (4.19)
Take M(f,g) ={f,8} +A(f,g) for arbitrary functions f and g. Then

q=p+A(g,Ho), (4.20)

p=—q+A(p,Ho). (4.21)

Therefore, comparing with equations (4.14) and (4.15),

A(g,Ho) =0, (4.22)
A(p,Ho) = 2vp. (4.23)
) ) of dg . ... ) )
One possible form of Ais A(f,g) = —2\(5 a’ yielding the modified Poisson bracket, [33]
B df dg

also describe a damped harmonic oscillator. The analysis in the subsequent sections would be slightly modi-
fied if these equations were used, but the general conclusions are similar.

56



4.2. THE DAMPED HARMONIC OSCILLATOR

d
Consider f = f(q(t), p(t)). Differentiating with respect to time, we find d_]tt =M(f,H).

(Here we relabel Hy as H in order to avoid confusion with the Hermite polynomials which
we use later.) Therefore, H = —2’yp2, implying that M describes energy dissipation as y > 0.

To compute the new star product, we exponentiate M, such that [33]
; — = — = — =
ry =M —exp |2 (949, — 9pdg —21m 3,9, | (4.25)

Using equation (2.88), the transition operator is [33]

T, = exp (— ’h;’”yalz,> . (4.26)

We have summarized the results of [33] in which they mapped an undamped simple
harmonic oscillator to a damped quantum harmonic oscillator. The transition operator to
convert between Weyl quantization and this damped quantization was also shown. This is
an example of augmented quantization because the physical feature of damping was not
present in the original system.

Consider Ty applied to the ground state simple harmonic oscillator Wigner function.

. . .. I 1 (@+p?)
From Section 2.8, the ground state Wigner function is Wy(g, p) = e r\4TP7)  Note that

92%e 7" = Hy,(p) and [33]

a0 1 4 2
2 _H — e Tl 4.27
= n! 2n(p) 1+41 *27)

for small ¢. Therefore, the augmented quantization of the simple harmonic oscillator ground

state is [33]
)2
1 6 (mwzﬁm) (4.28)

1
= ¢ ,
Th /1 -2iy/®

which we plot in Figure 4.1. As a result of the non-Hermitian Hamiltonian, we see that

TyWo (g, p) is complex. Integration over the position will yield complex probabilities for the

momentum, which is difficult to interpret.
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4.3. EFFECTS OF THE COMPLEX TRANSITION OPERATOR, 7y

004}

0.02!
Im(7, W) 00!

~0.02}

Figure 4.1: The transition operator 7y operating upon the simple harmonic oscillator Wigner
function for the first energy level. We have set y = 0.2. Note that there is both a real and
imaginary part to the distribution function. Integration over the position would then give a
complex marginal probability distribution for the momentum, which is undesirable.

4.2.3 Eigenvalue Spectrum

Consider the stargenvalue equation of (2.89). We have

ihm

where E = (n+ %) hw and Wy = TyW. Thus, with TyH = H — Y, we can write

H xy Wy = EyWy, (4.30)

imh
where Ey:E—l—lm Y

. Therefore, Ey is the eigenvalue of the Hamiltonian H when using
the star product, %y.

Even though E was the eigenvalue of TyH, it is not clear if Ey can be interpreted as an
energy due to its complex nature. For this reason, we hesitate to call Ey an energy, though

complex energies have been examined in non-Hermitian quantum mechanics [100].

4.3 Effects of the Complex Transition Operator, 7}

The work of Ref. [33] was a step towards using transition operators and star products

to describe augmented quantization. In this Section, we will note the implications of their
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4.3. EFFECTS OF THE COMPLEX TRANSITION OPERATOR, 7y

formulation, summarized from [83].

As Ty is complex, this automatically implies that %y is non-Hermitian:

s

T T m(E T - =
<aqap—apaq—27mapap> 7<aqap 8p8q+2Ymapap>—

\I

Trag= 431)

*—77 #8xyf.

I
ol

BTYW

Therefore, *Y # *y. Further, if it is assumed that ih—~ = [TyH, TyW],, is the correct equa-

tion of motion for 7,W, then

Wy 1 9 W,

0=—" = T [H, Wy]*Y—I—thmapaq.

(4.32)

Hence, the evolution of TyW is complex, rather than real. This means that initially real
distribution functions become complex during time evolution. However, such evolution is
required to be real. Therefore, the star bracket method may be invalid for non-Hermitian
transition operators.

. If this were the correct

[f5 8lxy

Consider now the i — 0 limit of the *y-bracket, ;irr(l)
1— l

method of determining the equations of motion involving a complex transition operator, we
should recover the equations of motion for the classical linear damped harmonic oscillator,

with f = ¢, p and g = H. Instead,

1
1
g = lim h[ Hl.,={q,H} =p. (4.34)

This demonstrates that we recover the equations of motion of the simple harmonic os-
cillator, rather than the damped harmonic oscillator. Even though [33] used the classical
equations of motion for the damped harmonic oscillator as a starting point, the 7 — 0 limit
of the xy-bracket does not incorporate any dependence on the damping constant.

In Section 4.4, the i — 0 limit of the xr-bracket is determined for any x7 found using
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equation (2.88). We will show that the result is always equal to the Poisson bracket, just as

in equations (4.33) and (4.34).

4.4 Calculating the /7 — 0 Limit with Star Products

2

Let H = 5; +V(q). We will demonstrate that
m

H 0
P=g o[p7 'h]ﬁ _a_V’
— l
o H] 4 (4.35)
¢ = lim q,' T 5 p,
h—0 ih

holds for any star product x7 calculated with equation (2.88), regardless of the form of the

(global) transition operator, T = T'(d,,d),), assuming 7 is real. From equation (2.88),
/S € — - - RNl
wr = 4y T (aq,ap)T(aq+aq,ap+ap>T (aq,a,,>. (4.36)
Let
RN — - — N
O =17 (04:9,) T (94 + 3500, +3,) 77" (343 - (4.37)

For arbitrary functions f and g,

hm [f?g]*T — llm f*M ®Tg_g*M ®Tf
=0 iR h—0 ih ’
— lim J*m ®Tg_f*t Qtrg
h—0 ih ’

where we are using  to represent the transpose. As xj, = %y and O = O,

0 ih ) ih ’
2fsin (7-;?) O, 8
= lim .
h—0 h
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4.5. TRANSITION OPERATORS INVOLVING POSITION AND MOMENTUM

If T is also a function of 7, such that 7 =1+Y 7 | A'T, from equation (2.80), then

llm [f,,g]*T
h—0 iR

—{f.8}- (4.38)

With g = H and f as g or p, then we find equation (4.35).

If T does not depend on A, however,

lim % S fPo,q. (4.39)
Let f = g and g = H. Therefore,
. lg.Hl. o 2
g = lim =~ —>q( 040p Op— apaq@T)H (4.40)
=O,p, (4.41)

as the derivatives in the Poisson bracket commute with ©,. When expanding the transition

operator, all terms will be of the form 81”}82, for positive integers m and n. However, the

—m —sm —n —n
expansion of ©, as a series will not contain the terms of 9 'y 0 o 0 . 0 7 Hence,

. . [CbH]*T
=0 i p={aH} (142
Similarly, with f = p,
. [P H]y Vv
= lim —— = H. 4.43
P= i dq {p.H} 4

4.5 Transition Operators Involving Position and Momentum

4.5.1 Motivation for Generalizing the Transition Operator

H H
We desire a x7 such that lim M and lim [P, H]

h—0 l h—0 1
motion for the damped harmonic oscillator. Hence, we want a transition operator and star

gives the classical equations of
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4.5. TRANSITION OPERATORS INVOLVING POSITION AND MOMENTUM

product such that the 2 — 0 limit of the x7-bracket yields something of the form,

fim L8l 7 (? n physics) 2, (4.44)
h—0 IR

or
fim L8l (? x physics) 2, (4.45)
h—0 ih

where physics represents any extra physical term that should be present in the classical
equations of motion for a given system.

In Section 4.4, we showed that the usual transition operator, T = T (d4,0,), and star
product of equation (2.88) always give the classical equations of motion for the classical
system mé+V (¢) =0 in the i — 0 limit. Thus, with T =T (d,9),), extra physical features
such as damping cannot be described. This motivates generalizing the transition operator
in order to recover the classical equations of motion for a damped system in the 2 — 0 limit

of the xr-bracket.

4.5.2 Transition Operator for Damping

Ref. [33] attempted to augment the quantization of the simple harmonic oscillator such
that damping was incorporated into the quantum system. They did this by deriving a modi-
fied Poisson bracket from the classical equations of motion of the damped harmonic oscil-
lator. By exponentiating this modified Poisson bracket, the star product was found, which
immediately implied the transition operator. However, as [83] demonstrated, the star prod-
uct and transition operator suggested by [33] does not yield the classical damped harmonic
oscillator equations of motion in the & — 0 limit of 7-[¢, H ], and +[p.H Ty
Our objective is to find a star bracket that gives the damped harmonic oscillator equa-

tions of motion in the 7 — O limit. To do this, we will generalize the transition operator to

include position and momentum dependence, T = T (¢, p,9,4,9,,). We will show that such
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4.5. TRANSITION OPERATORS INVOLVING POSITION AND MOMENTUM

a transition operator can convert Weyl quantization into an augmented quantization that
includes damping.

When considering transition operators of the form, T = T'(¢,p,9,,9,), the resultant
distribution function will incorporate a quantization that is related to the values of g and
p. Hence, by incorporating explicit dependence on ¢ and p, it is possible to interpret the
transition operator as describing a form of “local” operator ordering.

When using local transition operators, we still enforce the defining relation of *r:
T(f*mg)=Tf*rTg, implying that T (T ' f*y T~ 'g) = fxr g. However, it is important
to note that the star product can no longer be written in the same manner as equation (2.88).

As a simple example, consider T, = el giving rise the star product, x,. Expanding 7,

we get
| 1
Tp=1+pdp+5 (P +p0p) + ¢ (PO, 43P0 +pdy) +:--, (446)

so that

— —

Ty(fHmg) = e (fxmg) = frmg+p(fom (9, + 3,)g)

+

—

I P
5 [P (0 + 3,)%) +p(F o (3 + ,p)8)] ++++

# frpeP0rtorlg — Tfx,Tg.
Hence, we find

—

Kp 7 xpge POrePlrtop)e=Pop — (4.47)
in conflict with equation (2.88).

Using T =T(q,p,04,0p) and T (T~ fxpy T~ 'g) = f*7 g, the goal is to recover Hamil-

ton’s equations of motion for the damped harmonic oscillator with the undamped simple
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4.5. TRANSITION OPERATORS INVOLVING POSITION AND MOMENTUM

2 2
harmonic oscillator Hamiltonian, H = P + g so that

2 2

pP=—q9—2Vp,
(4.48)

qg=r,

where Y > 0 1s a damping constant.

As shown in Section 4.4, the 2 — 0 limit of the x7-bracket of two phase space functions,

fandg,is
TIT'f,77!
tim Lo 8lr gy T ST 8l (4.49)
h—0 ih h—0 ih
so that
H TIT 'p,T7'H
tim P ber gy TP T Hly (4.50)
h—0  ih h—0 ih
Motivated by the simple form H = ”72 + q—zz, consider the transition operator
Ty =exp ['y(aaq +bd, + cag + daiﬂ , 4.51)

where a, b, ¢, d are functions of g and p.
Ifa=c=d=0andb=p,then Ty = €% As shown in equation (4.46), the exponen-
tiation of pd,, results in a non-terminating series when acting on the Hamiltonian. To avoid

this, we will focus upon small damping, such that
Ty~ 1+y(ad, + b3, + 3 +dd2 ), (4.52)
and

1,7 1 —y(ad + b3, + 23 + 33 ). (4.53)
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4.5. TRANSITION OPERATORS INVOLVING POSITION AND MOMENTUM

Calculations yield

TY(TY_lp*M TY_IH) =prxyH—Yb*xp H—Yp*y [aq—i—bp—i—c—kd}

+Y(aaq+b8p —l—caczl —i—da,23> (P*MH> +0O(7y).

[p,H|

p = lim P20 z{p,H}-l—'Y(aq[aq-l—bp-l—c-l—dD —y{b,H} —va.

=0 ih

Similarly, we find

... lg,H]
— im L2k
1 h,l—r>r(1) ih

We therefore need to solve

3y |ag+bp+c+d| —{b,H} —a=-2p,

—d, [aq+bp—}—c+d] —{a,H}+b=0,

to determine the functions a, b, ¢, and d; the solutions are shown in Appendix C.

LN {q,H}—y<8p [aq+bp+c+dD —v{a,H}+7b.

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

Therefore, the transition operator in equation (4.52) gives the damped harmonic oscil-

lator equations of motion in the i — 0 limit of the x7-brackets. Hence, with this transition

operator, we have mapped the Weyl-quantized simple harmonic oscillator to a system that

also includes damping.

This method of incorporating additional physical effects into a quantum system with a

transition operator of the form 7' = T (¢, p,d,4,0,) can be extended to other potentials and

systems. For instance, with an arbitrary potential of V(g), Hamilton’s equations are
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4.5. TRANSITION OPERATORS INVOLVING POSITION AND MOMENTUM

The differential equations that result (for small damping) are:

av a*v a’v v
av d*v

This indicates that the general form of 7y in equation (4.52) is valid beyond harmonic os-
cillators, but the coefficients of a, b, ¢, and d are dependent on the potential.

With a non-linearly damped equation of motion of the form,

G+2vf(4)+4q=0, (4.62)
the Hamiltonian equations of motion are

(4.63)

q=p-
By the same process used for linear damping, the functions of a, b, ¢, and d in equation

(4.52) can be found. The coupled partial differential equations are

dqlag+bp+c+d] —{b,H} —a=—-2f(p), (4.64)

—0plag+bp+c+d] —{a,H}+b=0. (4.65)

In Appendix C, we show the solutions to equations (4.64) and (4.65) for quadratic damping.

To summarize, we have generalized the transition operator so that it is now also a func-
tion of the position and momentum coordinates. To illustrate its usefulness, we showed
that such a transition operator can yield the the damped harmonic oscillator equations of
motion in the 7 — 0 limit of the x7-bracket for weak damping. We say that this transition

operator was able to convert a Weyl-quantized simple harmonic oscillator to an augmented
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quantized simple harmonic oscillator.

It was also shown that this method of using 7 = T'(q, p,d,,9,) to convert to an aug-
mented quantized system has applications beyond the harmonic oscillators. We illustrated
this by briefly considering linear damping for a classical system described by an arbitrary
potential and by also examining the non-linearly damped harmonic oscillator.

We note that we have only considered small damping, hence we were able to expand
the transition operator as a series. It would be difficult to treat equation (4.51) otherwise, as
no closed form may exist for arbitrary a, b, ¢, d. By considering forms besides exponential
for the transition operator, it may be possible to describe the augmented quantization of an
even larger class of systems.

In Section 4.8, we will use a local transition operator to realize the commutation rela-
tion of the generalized uncertainty principle of quantum gravity phenomenology. Then, in

Chapter 5, we will consider a time-dependent local transition operator.

4.5.3 Eigenvalue Spectrum

In this Section, we will illustrate the difficulty of determining the eigenvalue of H when
using the star product, x7. The following argument holds for both global and local transition
operators.

In equation (2.89), we presented the stargenvalue equation, TH xr TW = ETW. Thus,
the eigenvalue of TH in the xr formulation is E. If H = % +V(g) and T = %, where

ee C,then TH = H +¢. Thus,
Hxp TW = (E—€)TW, (4.66)

so the eigenvalue of H in the x7 formulation is E — €. This is similar to what was shown in
2 2

Section 4.2.3, in which the eigenvalue of H = % + % was found for the damped augmented

quantization in [33].

Consider the application of an arbitrary transition operator to the stargenvalue equation,
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4.5. TRANSITION OPERATORS INVOLVING POSITION AND MOMENTUM

then rearranging so that we have an equation of the form H xy TW = Ep(q,p)TW. If
we want to convert phase space quantum mechanics to operator quantum mechanics, then

operation of a quantization map QT yields
Or (H)Qr (TW) = Qr (Er(q.p)TW). (4.67)

We can write QT(H *r TW) = Qr (H) @T(TW) because the operator algebra and xr alge-
bra are homomorphic. However, as E7(g, p) is not necessarily constant, we are unable to
determine QT(ET(q, p)TW). Hence, it is not possible to treat equation (4.67) as an eigen-
value equation. It might only make sense to find the eigenvalues of H in the x7 formulation

in some situations.

4.5.4 Relation of the Local Transition Operator to the Weight Function

In Section (2.10), it was demonstrated that a transition operator, 7(d,,d,), yielded the
weight function ®(d,,0,) = T (—idp, —id,). Let us now determine the weight function cor-
responding to a transition operator of the form, T =T (¢, p,d,4,0,). As arevealing example,

consider T = % If we apply this to a Wigner function, W, we have
1 iy .
TW = > [ d&andqv' (¢ —nh/2)wlg +nh/2) S0 Derre e a.68)

However, unlike in the previous case in which the transition operator was only dependent
on differential operators, it is not possible to let d,, — —in because 9, also acts upon the p

in the exponential, such that

1 1
ePor =14 pd, + 5 (P70 +p3p) + ¢ (P70, +3p%0;, + pdy) +-+- (4.69)
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Instead, to determine the relationship between T'(gq, p,dy,0,) and the weight function, the

transition operator should be written in a similar form as equation (2.95),

by using the commutation relations of [dy,q] = 1 and [d,, p] = 1. This will separate the

differential operators from any functions of g and p also present in the transition operator.

Thus,
T(q,p,0q,9p)W /didndq ( (4’ —mh/2)w(d +nh/2)
4.71)
% Y tun(q,p) Oy Oy €l D= ) :
giving
1 %
T(q,p,04,9p)W = m/didﬂdq' (\lf (¢' —mh/2)w(d +nh/2)
(4.72)
< Lt (g, ) (~i8)"(in)" 0 ”P) .
Therefore, the weight function can be related to the transition operator with
M) =Y tun(q, p)(—i8)" (—m)". (4.73)

To illustrate this method of finding the weight function, consider T = % and note that

it can be written as

¥ n m \m
n!n;(){m}p ', (4.74)
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where { " } is a Stirling number of the second kind, defined as [79]
m

n _i . _1\ym—k n\ . n
{m}_m!k:o( 1) <k)k. (4.75)

Therefore, the weight function for 7T = el is
i N 7
PEM) =Y <) 1 P (=m)" (4.76)
n=0"" m=o UM

4.6 Star Product with Position and Momentum Dependence
4.6.1 Derivation of the Star Product

When deriving the star product for the transition operator, 7 = T'(gq, pdy,0d,), one starts
with T (fxprg) = T f*r Tg, thenletting F = Tf and G =Tg, we get T (T 'Fxy T7'G) =

F 7 G. Note that

[T_l (%Pyamap) F(q,p)] *M [T_l (%Paawap) G(q,p)}

=7(1,2) [xm(1,2)] 7! (91,P1,94,,9p,) T (42,12,94,,0p,) F(1)G(2)

(4.77)

where [xp(1,2)] := e%@qlan*apla%), F(1):=F(q1,p1), G(2) := G(q2,p2), and Z(1,2)
sets g1 = g2 = q and p; = p, = p at the end of the calculation.

We then have

T ([T (4,,94,9)) F(qyp)} M [Tﬁl (4:P,94,0p) G(q’p)D 4.78)

-1
Z(1,2)T(1,2) [*m(1,2)] T~ (‘Ilaplvaqwam) (. (qz,pz,aqz,apz)F(l)G(Z),

where 7' (1,2) represents the transition operator written in terms of ¢y, p1, g2, p2, such that

it satisfies equation (4.78). Therefore,
w7 =ZT(1,2)T(1,2) e (1,2)] T (1, 21,04,:0p, ) T~ (92, 92,94,:0), ) - (4.79)

70



4.6. STAR PRODUCT WITH POSITION AND MOMENTUM DEPENDENCE

The goal is now to determine 7'(1,2). We conjecture that

1+q2 p1+p2
T(1,2):T(q 2‘1 2 2" ,aql+aq2,apl+a,,2>, (4.80)

so equation (4.78) becomes

FxrG=I(1,2)T (‘“ T PP S 4300 +8p2) e (1,2)]

2 2 4.81)
X T_l (q17p17aCI1’aP1) T_l (qzap27aq2aaP2)F(1)G(2)u
hence the star product is
+ +
s =21, (L2 B2 9, 19,,,9,,+9), ) b (1,2)]
2 2 (4.82)

xT~! (m?pl?afhvam) T (QZaP27aqzaaP2) :

When T = T(d,,9,), equation (4.82) reduces to

*T = I(I,Z)T (aql +aCI2vap1 +apz> [*M<1»2)] T_] (a%?am) T_] (861278172) )
= 1(172) [*M(laz)] T_l (aql’apl> T (a% +a¢]27apl +ap2) T_l (a‘h?apz) )

=7 [a] [0+ 3] T [3],

which is precisely equation (2.88), as desired.
As a first step towards confirmation of the conjecture, note that equation (4.82) can be
expanded in a series so that each term in 7 (£5% 215P2 9, 4+9,,.9),, +0,,) will have the

form,

q1+q p1+p n m'
XA( 12 27 12 2) (Op, +9p,)" (9g, +9g,)
(4.83)

qg1+492 pr+p n m
xB( R 2)(apl+ap2) (O, +3g,)" X+,

where n, m, n’, m" are non-negative integers and are not necessarily equal. We need only

consider equation (4.83) acting on the term, p{ plz7 qf/ blz’, where a+b >nand @’ +b' > mbe-
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cause it is possible to expand [x4(1,2)] T~ (g1, p1,94,,0p,) T (92, P2,94,,9p,) F(1)G(2)
as a series in terms of the position and momentum coordinates.

To verify the conjecture, it is only necessary to show

q1 +(]2 P1 +P2 Y
Z(1,2)B ( R ) (0p, +9p,)" (9g, +94,)" P P 4 o5
(4.84)

_ ( )anan a+b a+b’

from the second line of equation (4.83). We can then expand the right-hand side of equation
(4.84) as a series so that it will be in the form of p{ plz’ q‘{/ bgl. Therefore, the argument that
we will use to validate equation (4.84) can then be applied to the next term in equation
(4.83), containing A (4492 2E22) 3, +9,,)" (3, + aqz)’"'. We will use Mathematica to
evaluate the resultant series.

Assume a, b, d’, and b’ are non-negative integers. We have,

n b m

(Op1 +9p,)" (39, +94)" P P34 & = Z Z {( )( > <n—£) (n—e)!(g,)
=0/'=
/ 6/ b/ (m_gl) pa pr+€ nqa E’qb’JrE’
Y m—/0 1 1 2 )
/
= <b)n!(b)m!2F1 l—a,—n,l—i—b—n;]z} »F [—al,—m,l%—b’—m; @}
n m P1 q1

x pipi gl gh T,

where we have expanded (9, +9,,)" (94, +94,)" with the binomial theorem and then

applied the Leibniz identity

d" o\ dfy(x) dV Rz (x)
ﬁ[y )zt =] (k) PRORIE
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for any functions y(x) and z(x). We also used

- (7)(¢ ’ b P2
0! gaZbJrén_abn L F Cpp P2
EE)Q)(E) (n—£>(n )! pipy | |k —n,1+ s

By expanding the Gauss hypergeometric functions as a series and letting p;

and g1 = ¢q2 = q,

Z(1,2) (3p, +3p,)" (3, + aqz)mpi’P’z’qi"qlz"

/

b b/ a ( a m)a/ _ I
— ' ' a+b—n _a+b'—m
(n)n(m)mz (l—l—b n)a Z 1+b’ m) o P 1

oc’O

as [79]

2Fi(w,x,y;2) =

if x 1s a negative integer. Using

i (—a)a(—n)oa  (a+b)!(b—n)!

d=0 (! (1+b—n)q b'(a+b—n)! "’

we find,

/ /
N e o [ G L

n m

From the right-hand side of equation (4.84)

Y, a+b a/—l—b’ _ I
azarqnpa—i-bqa-ﬁ-b :( i )( N n!m!pa+b nqa+b m

(4.85)

(4.86)

(4.87)

(4.88)

(4.89)

Hence, the conjecture is verified if a, b, d’, and b’ are non-negative integers. We have

therefore shown that equation (4.82) is the generalization of the star product resulting from

a local transition operator for the conditions on a, b, a’, and b'.
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If a, b, d’, and b’ are not non-negative integers, we expect a similar procedure as outlined
above to hold, but the factorials will be replaced by the I function. It is important to note,
though, that the sums in equation (4.85) should then range from O to m and O to n, rather

than to @’ and a.

4.6.2 Properties of the Generalized Star Product

The properties of equation (4.82) will now be analyzed. Note that the transpose (using
the definition in Table 2.3) of %7 is itself because, instead of letting SHS we now let
1 <> 2. Therefore, if T(q,p,0d4,0,) is also real, then x7 is Hermitian because *ys is also
Hermitian.

Let us now consider [g, p].,. We can write this as

+ + _
[%P]*T :I(l,Z){T (ql 2 qz,Pl 2p2’am +8q2,8p1 +8p2> [*M(1,2)]T ! (q17p17891’apl)

xT7! (QZ7p2;aqzvaP2) }Cllpz

+ + -
_2(172){T <q1 2 qzapl D) p27aq1 +a€2vapl +al’2) [*M(172)]T ! (Qvaha%?aPl)

X T_l (q2,p2;aq27al72) }QZPI .

Expanding 7! (q, p,04,0 p) in a similar manner as equation (4.83), the only relevant deriva-
tive with respect to p is the first derivative (all other derivatives will give zero when acting
on p). Similarly, only the first derivative of the position will give a non-zero result in the

expansion of 7~! (q, P9, a,,). Therefore, the transition operator can be expanded as

As will be shown in Section 4.6.3, the first term must be 1 rather than a function of ¢ and

p because the transition operator acting on the identity must always give back the identity.
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This holds for both global and local transition operators.

Letting

T '=1+4g1(q,0)3; +£2(4,0)0, . (4.91)
we find
1(172) [*M<172)] T_] (q17p1 7aq17apl) T_l (q27p27aqzvap2) q2p1 (4 92)
= (p+gz(q,p)> *M <q+g1(q,p)> :
As a result,
[, P)sr = <1 + fi (q,p)8q> lg+2g1(q,p),p+8&2(q:P)l,,

(4.93)

+f2(¢,p)0plq+81(q,p),p +82(q,P)l,,, -
We see that in general, [q, p., # ih, in contrast to the global transition operators presented
in Table 2.3.

Let f, g, h be functions of g and p. We can show that x7 is associative because,

(fxrg)*rh=T(T ' fxp T 'g)xrh,
=TT ' fopuT ') xp T 'h),

=T(T ' fop (T 'gxs T '0)),

by using the associativity of the Moyal product demonstrated in Section 2.6. Then

(frrg)*xrh=T(T " fou T NT(T 'gxu T 'h))),
=T(T" ' fxuT ' (gxrh)),

= f*r (g*rh),

demonstrating the associativity of x7, We note that this derivation holds true regardless of
whether T =T(94,0,) or T =T (q,p,94,9,).

With T =T (g, p,94,9,), we have generalized the star product so it includes local tran-
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sition operators and is able to help describe augmented quantization. It is still possible to

write f %7 g in a similar form as equation (2.35), such that

f*Tg: ZVrCr(q,p,f,g>, (494)
r=0

where Vv is a complex parameter and C, now includes explicit dependence on ¢ and p,

regardless of f and g. We can write C, as

Cr = br(q,p)[Drf(q,p)] [lig(q,p)} ,

where b,(q, p) is a function determined by the form of fx7 g, D, and D, are functions of
dy4» 9, and the coordinates of g ,p.
Comparing with equation (2.36), similar properties of C, are:

1. Co(q,p.f.8)=fg
(4.95)

2. ForaeR, C(q,p,f,a) =C/q,p,a,f) =0

where, unlike in Section 2.6, C;(f,g) is not necessarily the Poisson bracket nor is C,(f, g)
antisymmetric in f and g. We note that equation (4.95) is a non-exhaustive list; additional

properties of C,(q, p, f,g) could be determined.

4.6.3 Converting to Quantizations with Global and Local Transition Operators

To convert from Weyl quantization to a different quantization in phase space, the tran-

sition operator is applied, such that

(ei(6q+‘tp)> —y TeH(0g+1p) , (4.96)
w

where the subscript W indicates that Weyl quantization is our reference quantization. In

Table 2.2, we showed how to convert between different operator quantizations and phase
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space quantizations.

With T = 1, equation (4.96) gives Weyl quantization, so ¢'%4+70) s unaffected. For T =
T(d,,0,), ¢+ will pick up additional terms dependent on 8 and T. As an example, Ts =
¢"9p%/2 of Table 2.2 gives standard ordering. In this case, Tse!(%41%) = (i(0a+tp—10t/2)
then relate the function of ¢/(®+™) in classical mechanics to Te'(®+™) in phase space
quantum mechanics, it is necessary to expand both quantities in terms of 6 and T and relate
like powers.

For T =T(q,p,94,9,), equation (4.96) also describes augmented quantization induced
by local transition operators, so a similar procedure to associate the classical function of
¢!%4+70) with Te!®9+7) could be done. Thus, the mapping from the classical position and

momentum to their augmented quantized counterparts would look like:

qg—q+c(q,p),
(4.97)

p—q+d(q,p),

where ¢(q, p) and d(q, p) are functions determined by the transition operator. In contrast,
with the transition operators of Table 2.2, we have ¢(q, p) = d(q,p) = 0.

In general, augmented quantization of a classical function z(g, p) obeys

I.1=1

2. q—Tq
(4.98)
3. p—Tp

4. 7*(q,p) = TZ"(q,p)

These rules are similar to the first four properties of quantization from Section 2.2.
To conclude this Section, we recall that with 7 = T'(d,, 9, ), the star products of %y and
*7 are c-equivalent, as discussed in Section 2.10. This form of mathematical equivalence

holds because T'(f*y g) =T f*r Tg. With T =T(q,p,0d4,9,), we still have T'(fxp &) =
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T f x7 T g, hence x); and the resultant x7 are also mathematically equivalent. However, as
the x7 will also depend on position and momentum, rather than just derivatives, xr may not

have the same form of mathematical equivalence as for global star products.

4.7 Star Product for the Damped Harmonic Oscillator

In Section 4.5, we generalized the transition operator to investigate its ability to aug-
ment the quantization of a system. We did this by using 7' = T'(¢, p,d,4,9,,) and showing
that the 7 — O limit of [, H],, and [p,H], recovered the classical equations of motion
for the damped harmonic oscillator. It was then demonstrated that the star product was
also generalized. As a result, additional physical features were incorporated into both
T =T(q,p,94,9)) and the associated star product, which is the hallmark of augmented
quantization.

For the damped harmonic oscillator transition operator of equation (4.51), using equa-

tion (4.82), the star product is

oy —cxp {Y[a <Q1+612 P1+P2> (aql+aq2)+b(m+42 P1+P2) (3, +3,,)

2 72 2 72

q1+q2 p1+p2 2 q1+4q2 p1+p2
+C( 2 ) 2 ) (a‘h +aQ2) +d ( 2 ) 2 ) (apl +ap2>2‘| }

x [*M(I,Z)]exp{ —y[a(l)aql +b(1)3p, +de(1)3, +d(1)a§1} }
X exp { —[a(2)3y, +b(2)3), +€(2)32, +d(2)3, }
where we have adopted the notation that a(1) := a(q1,p1), a(2) := a(q2, p2), and similarly

for b, ¢, and d. Letting ﬂ(q,p,aq,a,,) = ady + bo, —|—c8§ —|—dai, up to O(y), the damped

harmonic oscillator star product is

*7%1(172){[*1”(172)]—}_7 TY 2 ’ 2

B (P 5y 2y 0y r(1,2)

(4.99)
- [*M(lvz)]ﬁ((ql,plaaqnapl) - [*M(lvz)] E(QZap2vaqzﬂaP2)] } :
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In Section 4.5, we calculated the /2 — 0 limit of the %y—product between position/mo-
mentum and the Hamiltonian by using the transition operator and the Moyal product. We

can find the & — 0 limit of [p,H ]*Y directly using equation (4.99) by noting that

Z(1,2)T4(1,2) [*m(1,2)| p1H(q2, p2) = 1(172){ e (1,2)] prH (g2, p2)

(e (1, 2)] B (@2, 2) + a2) 12+ bR)prp2 +c(2)pr +d(2)pi] )

+Y{a (qﬁrqz p1+pz> (aql+aq2)+b(q1+qz p1+pz)(apl+ap2)

2 72 2 72

e (q1+q2 p1+p2) (aq1+aq2)2+d(611+6]2 P1+P2) (8p1+8p2)2}

2 7 2 2 7 2
x be(1,2)] (p1H (g2, p2)) } ,

= prmuH —Ybxy H—Yp*y [ag+bp+c+d| +y(a8q+bap+caé+dai) (p*MH) :
which is equation (4.54). Evaluating Z(1,2)7(1,2)y[*m(1,2)] p2H (g1, p1), we see that

7(1,2) %;mOZ% (Ty(LZ) xm(1,2)] p1H (g2, p2) — T(1,2) [xm(1,2)] p2 H(q1 ,pl)) =—2p

if
dy [aq—i—bp-l—c-l—d] —{b,H} —a=-2p

holds. This corresponds to equation (4.57). Similarly, by using equation (4.99), the i — 0

limit of [p, H],, gives

7(1,2) }llgg)% (TY(I,Z) x1(1,2)] q1H (g2, p2) — Ty(1,2) [*M(1a2)]612H(611,p1)> =0

if equation (4.58) is satisfied. We have therefore shown that we recover the same classical

equations of motion for the damped harmonic oscillator if we write the x7-bracket using the
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damped star product, xy, or using both the Moyal product and damped transition operator,
Ty, of Section 4.5.

In Section 4.5, we also considered linear damping for an arbitrary potential and the non-
linearly damped harmonic oscillator. Similar calculations as those shown in this Section

recover the differential equations in (4.60), (4.61) and (4.64), (4.65).

4.8 Generalized Uncertainty Principle

In Chapter 3, we showed that the Gaussian smoothing of the Wigner function was an
example of augmented quantization as additional physics were introduced by the transition
operator. Earlier in this Chapter, we also used augmented quantization to map the classical
simple harmonic oscillator to its quantum mechanical damped counterpart.

We will now show that augmented quantization and the transition operator have ap-
plications beyond incorporating coarse graining or damping into a quantum system. Our
objective is to apply augmented quantization to a classical system such that its quantum
mechanical counterpart includes perturbations resulting from quantum gravity effects. We
will derive a transition operator that will introduce these effects into a system. This tran-
sition operator will then be applied to the Wigner function of the simple harmonic oscil-
lator. Ref. [101] has studied the quantum gravity-modified simple harmonic oscillator by
determining its wavefunction in momentum space, then finding the resultant phase space
distribution function.

The largest particle accelerator in present use is the Large Hadron Collider with energies
of ~10 TeV. A new particle accelerator is currently under consideration with energies of ~
100 TeV [102]. However, this collider energy is many, many orders of magnitude below
the natural energy scale of quantum gravity, ~ 10'6 TeV (Planck energy). Consequently, to
study the effects of quantum gravity, it is necessary to consider low-energy corrections.

Several theories of quantum gravity, including loop quantum gravity and string theory,

predict the existence of a minimum length scale that is believed to be similar to a minimum
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uncertainty in the position (on the order of the Planck length). This leads to a modifica-
tion of Heisenberg’s uncertainty principle, in which the quantum gravity corrections are
truncated to be either quadratic (no linear term) or linear + quadratic in a small parameter
dependent upon the Planck length [103, 104].

This modification of Heisenberg’s uncertainty principle is known as the generalized
uncertainty principle (GUP), which is valid at very low energies. The commutation relation

of GUP is [104],

A

[Gi,pjl = iR | &;j — o | po;j+ pl{)j + o (P28 +3pip)) | (4.100)
P

3
where o ~ 0glp; /I is a small parameter, 0y is a constant, ﬁz = Z ﬁ? and /p; is the Planck
j=1
length. As shown in [104], one method to find equation (4.100) from [g;, p;] = ih9;; is
to make the transformation, p; — p; (1 —op+202 ﬁz). In one dimension, this mapping

modifies the Hamiltonian of H = % +V(§), such that the GUP-modified Hamiltonian is,

A2
o Sou
HoL2 wvg)-Sp+2—p (4.101)
2m 2m

As a proof of concept of using a transition operator to introduce quantum gravity effects,
we will consider only the quadratic form of GUP, such that [, p] = ih(1 +40a2p?). It
is possible to obtain this modified commutation relationship from [§, p] = ih with p —

p(1+ %azﬁz) [103], so that the Hamiltonian of H = % +V(§) becomes

p\Z
H— —+V(g
ot (q)+

402

4 4
5, P+ o@h). (4.102)

Therefore our goal is to find the transition operator and star product incorporating GUP,

such that

(G, Plsg = ih(1 + 402 p?). (4.103)
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As an ansatz, take Ty, = €?%+<% where b = b(q, p), ¢ = ¢(q, p) so that

T, 'q=q—b, (4.104)

T, 'p=p—c. (4.105)
Recalling that T(T_1 f*u T~ 'g) = fxr g for any transition operator, we have

Ty lqxmu Ty 'p=q up—qrmc—bxyp+bxyc, (4.106)

Ta_lp*MTa_lq:p*Mq—p*Mb—c*Mq—l—c*Mb, (4.107)

The generalized uncertainty principle is a perturbative concept, so we need only keep terms
up to O(a?). As Ty — 1 in the limit of o — 0, this implies that 5 and ¢ are both of O(a?).

Hence,

T(X[T(;I‘LT(;IP]*M = [Cbp]*M + (baq+cap)[CI>p]*M - [q7c]*M - [bap]*M

=ik (1 —0pc—dgb) ,

(4.108)

implying that
dpc+9,b = —4a’p?, (4.109)

from equation (4.103).

We want the transition operator to operate on the Hamiltonian so that the GUP-modified
Hamiltonian is To,H = H + g p*. Let us expand the potential as the series, V(q) = a; +
arq + azq® +V3(q), where V3(g) contains powers of ¢ greater than or equal to 3. Applying

2 .
To to H = £-+4V(q) gives

2 V- c
ToH = 21 V(q) +b|ar+2a3q + 836(;1) +-p. (4.110)

2m
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Therefore, b = 0 as the GUP-modified Hamiltonian does not contain extra position depen-
2

4o
dence beyond V (g). Hence, equation (4.109) indicates that ¢ = 3 p>. As aresult,

2 2
4 do° 4
ToH=—+V(g) —— 4111

2
but this is not equal to - +V(g) + %p“.

To circumvent this difficulty, note that the ansatz of Ty, = ehdq+ed

» only included deriva-
tives of d, and d,, because ¢ and p are both linear functions; it was not necessary to include

higher order derivatives in 7. As H is quadratic in p, consider the revised ansatz of

Ty = e~ 3% P p+dd; (4.112)
where d = d(q, p). We now have
2 2
4o d
TuH =2 1v(g - p*+ 2, (4.113)
2m 3m m

implying that d = %0(2 p*. Therefore, the transition operator introducing GUP into a system

18
4.2 3 8 2,472
Ty = e 3% P 030770, (4.114)

Using equation (4.82), the star product, %, is

102 (p1+r2\? so? (p1+p2 \* 2,
xa =Z(1,2) ei%( 2 ) (ap1+apz>+%<T> (91 +9p, ) 03 (94,95, 9, )
, , , , (4.115)
% e%p?amfg%p?a%] 64%1’%8172*8%1"2‘61272
We note that we have only considered quadratic effects in GUP to find the transition op-

erator and star product. However, a similar procedure could be done to determine the

transition operator and star product if the linear+quadratic form of GUP is used or if higher
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order quantum gravity corrections are desired.
One advantage in knowing the transition operator for GUP is that it is straightforward

to then determine the equation of motion for the distribution function T, W,

oTyW
10
! ot

= [TocHyTocW]*(x
4 2.3 8 2. 472
= [H,W]*M— 5(1 p ap—ga p ap [H,W]*M

. . . . . —1)?
As an example, consider the simple harmonic oscillator with W = (n_h) exp [— 24 ] L, (4H .

h h
We have )
_p 2, .2
_(=1)% i 2 4 2,2 2(‘1 ‘H’)
oW = T l6a”p™ |8p°Ly_» Ty
2 2 2
(8p2—h) L) (@)] (4.116)

2 2
(3712 — 802 p h+ 32a2p6) L, (@) }

ar
dx™

We illustrate the GUP transition operator applied to the simple harmonic oscillator Wigner

where L)' (x) = (—1)"——L,+,»(x) is an associated (generalized) Laguerre polynomial [71].
function in Figure 4.2. In Figure 4.3, we plot the difference between TuW and W, setting
o= 0.02.

We also consider in Figures 4.4 and 4.5 the effect of GUP by plotting the probability in
position, P,(q) = [ dpTyW, and the probability for the momentum, P,(p) = [dqTuW, for
the nM energy level with .= 0.05. We see that the greatest effects appear at the locations of
maximum probability for the simple harmonic oscillator (ot = 0). The perturbations become
more noticeable as n increases.

In this Chapter, we have investigated local transition operators as a means to understand
augmented quantization. Focussing on the damped harmonic oscillator and the general-
ized uncertainty principle of quantum gravity phenomenology, our results show that local

transition operators are able to incorporate more physical features than a global transition
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Figure 4.2: Comparing the contour plot of the simple harmonic oscillator Wigner function
(left) with the contour plot of Ty W (right) for the n = 1 and n = 3 energy levels. GUP does
not have a large effect on the n = 1 energy level, but the perturbations from GUP are more
prominent at n = 3.

operator. In the next Chapter, we will consider augmented quantization from the perspective

of time-dependent local and global transition operators.
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Figure 4.3: The difference ToW — W for the first four energy levels of the simple harmonic
oscillator. As n increases, so does the effect of the quantum gravity corrections.
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Figure 4.4: The marginal probability distribution of the position for the first four energy
levels of the GUP-modified simple harmonic oscillator. The marginal probability density
of the position for n = 0 is the same for both the simple harmonic oscillator and the GUP-
modified simple harmonic oscillator.
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Figure 4.5: The marginal probability distribution of the momentum for the first four energy
levels of the GUP-modified simple harmonic oscillator.
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Chapter 5

Time Dependent Transition Operators

5.1 Motivation

In the previous chapters, we have considered time-independent Hamiltonians. For a

time-dependent Hamiltonian, the density operator is [76]
p(r) =0 (1)p(0)0 (1), (5.1)

where (for ¢t > 1).

. > (—i)" [t ' t N .
0()= Y Uy Uy= / dv [ dv- [ dnT{A)A ) A},
o ) to

_ i (—i).” ’,../;T{g(rl)...g(rn)}dn...d% (5.2)

is the propagator and 7T is the time-ordering operator defined as [105]

i) -GG e
and
T{AE)AD) - A)} = AE)AE) - A). (5.4)
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5.2. TIME-DEPENDENT TRANSITION OPERATORS AND STAR PRODUCTS

Here, 7,75,...,T, is a permutation of 1, 12,...,T, with T; > T, > --- > 1,,. The purpose
of the time-ordering operator is to guarantee that the correct Hamiltonian is applied at the
correct time.

By differentiating equations (5.1) and (5.2) and making use of the Leibniz integral rule
(differentiation under the integral sign), the resultant equation is still the Liouville-von Neu-

mann equation,

ih=-=[H(t),p], (5.5)

so that the application of the Wigner transform from equation (2.18) yields

oW
ih= = [H (1), W (5.6)

In this Chapter, we will assume the Hamiltonian to be time-independent, but the transition
operator to be time-dependent. As a result, 7H will be a function of time.

The properties of time-dependent transition operators and star products will be briefly
analyzed. Such time-dependent products have recently been used to investigate dissipation
in quantum systems (for example, see [106] and [107]). We will then propose a transition
operator for a driven harmonic oscillator quantum system. To conclude this Chapter, we

investigate the potential of the transition operator to describe decoherence.

5.2 Time-dependent Transition Operators and Star Products

Let us first consider the transition operator as a function of time, position and momen-

tum, which we denote as T = T'(¢,q,p,94,9,). Applying the transition operator to the
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Moyal bracket,
0
ihT (a_VtV) =[TH,TW]|,,, 5.7
oT oT
= ih atW =[TH,TW]|,, — ihEW, (5.8)

by applying the product rule. We see that there is an additional term present in the equation
of motion, unlike the case of equation (2.91), in which the transition operator is time-
independent. This new term can be interpreted as being responsible for incorporating addi-
tional physical effects. For instance, if T = e/(:4:7:9%%) then aa—Y;W = f(t,q,p,04,9,)TW,
where f is the partial derivative of f with respect to time. In general, f(z,q, p, dy4,0p) seeks
to scale derivatives of TW both as a function of time and its location, similar to the case of
a coupling a harmonic oscillator to a thermal reservoir of non-interacting harmonic oscilla-
tors, as discussed in [108, 109].

Further, the star product itself will depend on time. It was demonstrated in [110] and
[111] that the Moyal product can be related to the area of a triangle in phase space by using

the representation of the star product,

Frpg= %hz/dpldp”dq/dq”f(q/,P/)g(q//,p//)e%i[p(qlq”)wl(q//f1)+P”(‘1(1")]_ (5.9)
1L

The exponent is proportional to the area of a triangle whose vertices have the coordinates

of (¢,p), (¢',p"), (¢",p"). In general a polygon of coordinates (g1, p1),---,(qn, pn) has an
area of [112]

_a @ |2 @
A_§< I P2‘+‘P2 P3‘+”'+

) .10

where we use vertical lines to represent the determinant. This equation is sometimes called
the shoelace formula.

Different star products correspond to different areas and geometries (right, isosceles,
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5.3. THE DRIVEN HARMONIC OSCILLATOR

etc). of triangles. Therefore, a time-dependent star product can be interpreted as giving rise
to a time-dependent area and geometry of a triangle.

As no derivatives of time are present in TH xr TW = E TW, all properties of the transi-
tion operator and star product will be the same as when 7' =T (9,9,) or T =T (¢, p,94,9)p).
It is only when applying the transition operator to the Moyal bracket that the presence of ¢
will introduce additional features, as illustrated in equation (5.8).

We will now briefly consider the time-dependent transition operator, 7 = T(d;), such
that the transition operator does not dependent on ¢, p, ¢, ap, or aq. Such a transition
operator will not have an effect upon stargenvalue equations of (2.54) and (2.55). Further,
we still have ihag—tw = [TH,TW|,,, without the additional term of (5.8). The star product,
however, will now include left and right derivatives of time, so that, by the same argument
of Section 2.10, 7 = xyT ! [3,] T [%, +5>t} 7! [5),] Mathematically, T = T'(9;)
acts to incorporate higher-order time derivatives into the equation of motion.

With T = T(9,), it is not possible to define a weight function as ®(&,n) is defined
for only derivatives of p and g. For T = T(t,9,4,0,,), however, the weight function of
equation (2.99) is then ®(§,m) = T(r,—iE, —in). Therefore, a time-dependent transition
operator automatically implies a time-dependent weight function. Such time-dependencies
physically mean the existence of a time-dependent augmented quantization. Theoretically,
it is possible to use a time-dependent transition operator to describe a system that is initially
normal ordered at an initial time, ¢ = ¢, but antinormal ordered at a later time, t = ¢’. This

[ (1) (h02 /4mo+hmwd? /4 )

can be demonstrated with T = ¢ , where f (1) = 1 —2t, for example.

5.3 The Driven Harmonic Oscillator

In Section 4.5, we used the simple harmonic oscillator Hamiltonian to find the transition
operator to convert to a damped system described by augmented gantization. We did this
by imposing that the & — 0 limit of the star brackets, % [p,H ]*Y and :77 (g, H ]*Y, must give the

classical equations of motion for the damped harmonic oscillator. The same procedure can
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5.3. THE DRIVEN HARMONIC OSCILLATOR

be used to determine a transition operator that maps the classical simple harmonic oscillator

to a quantum driven harmonic oscillator, which has the classical equations of motion,

p: _q+F(t)7
(5.11)

q=p-

Our objective is to demonstrate the proof of concept that we can recover equation (5.11)
in the 7 — O limit of the star brackets. Therefore, consider Tr = ea(q,;)a‘?,. We choose a
transition operator of this form because additional derivatives and functions of ¢ and p
result in non-commuting individual factors when expanding the transition operator as a
series, as demonstrated in equation (4.46). Such a transition operator containing additional
derivatives and functions of g or p can cause successive powers of F(t) to be present, and
hence cannot give equation (5.11) in the 7 — 0 limit of the xr-bracket.

Recalling that fx7 g =T (T~ fxy T~ 'g), we have

1 |
lim —-T; [TF_lp, TF—IH] = lim —Tr [p, H — a(q.1)]

h—01 sy h—01 M
_ . 9a(g;1)
oq
and
lim 47, [T—l T—lH] lim 7y [q,H — a(q,1)]
J— — J— —a
e TRt R A el I e SRt Db
da(q,t) . : - -
Therefore, e F(t), implying a(q,t) = F (t)q+C(t), where C(t) is an arbitrary func-
q

tion of time. We note that C(¢) may have physical consequences, but we are concerned with

a proof of concept demonstrating that a transition operator can be found for the driven
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5.3. THE DRIVEN HARMONIC OSCILLATOR

harmonic oscillator, so we take C(¢) = 0 for simplicity. Therefore,
Ty = ?F (1% (5.12)

: : . 2 : .
with the weight function of ®(&,m) = e~9F ()", We further note that this transition operator

holds for an arbitrary potential, V (g), such that

p=—=-+F(t), (5.13)

g=p. (5.14)

(1)

. 2. : : .
The transition operator of T = e9F' )% is equivalent to the Weierstrass transform (Appendix

B) [113] (for gF (¢) > 0), hence

(r—p')?

1 _ _
TrW(q,p,0) = ) / dp'W(q,p’,0)e ar (5.15)

\/4ngF (¢t

For illustrative purposes, let us consider a time-independent driving force, such that F () =

Fy[0(q) — 6(—q)], where 6(q) is the Heaviside step function defined as [71]

0(q) = {(1) 250 (5.16)

and Fp is a constant. We will apply 7r with this driving force to the first four energy
levels of the simple harmonic oscillator. We present this simple example to demonstrate the
effect that the driving force can have upon the probability densities for the momentum. By
varying Fy, it will be possible to determine how more complicated driving forces will affect
the probability density.

The probability densities, P,(p), for the momentum are shown in Figures 5.1 and 5.2.

The position probability density will not be affected because expansion of the transition
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5.4. ENVIRONMENTAL DECOHERENCE

operator and integration with respect to p yields terms of the form

d*"W(q,p)

for the simple harmonic oscillator Wigner function. This is the result of our assumption
that the transition operator only depends on a(g,7) and momentum derivatives.

Figure 5.1 illustrates small Fp, while Figure 5.2 shows the effects of larger forces. We
see that as time progresses, the marginal probabilities spread in width and damp out oscil-
lations. Hence, if time-dependence is periodic, we would expect the marginal probabilities
in the momentum to also be periodic.

Using equation (4.82), the star product is

+ 2 .
*p = I(l , 2)e<ql 242>F(I)(ap1+ap2) e%(a‘hapz _aﬁlaqz) e_qu(t)aiz e_qu(t)agl . (5.18)

With equation (5.18), the equation of motion for the simple harmonic oscillator is

oTFW 1 .
2 = S [H A gF (1), Te W), — g F (1) 5 TeW
] (5.19)
= l%[H, TrWa + F (1) 0,TsW — g F (£) 95 Tr W

The right hand side of this equation of motion consists of three terms: the first is analogous

o7,
to the Moyal bracket between H and TrW, the second term illustrates that gt

dent upon the change in momentum of the original system (noting that d,, and Tr commute),

is depen-

while the third shows that the derivative of the force also dictates the time-dependence of

TrW. Equation (5.19) is similar in structure to the Fokker-Planck equation [114].

5.4 Environmental Decoherence

When a quantum system is open, it may couple with its surroundings. As a result of this

interaction, it could lose its ability to form a coherent superposition; this process is known
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Figure 5.1: Small effects in the marginal probability density of momentum for an aug-
mented quantization of the simple harmonic oscillator. The augmented quantization maps
the simple harmonic oscillator to a quantum driven harmonic oscillator. The left column of
plots use Fy = 0.1 while the right column has Fy = 0.5, where F (1) = Fy [0(g) — 8(—q)].
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Figure 5.2: Large effects in the marginal probability density for an augmented quantization
of the simple harmonic oscillator. The augmented quantization maps the simple harmonic
oscillator to a quantum driven harmonic oscillator. The left column of plots use Fy = 1
while the right column has Fy = 10, where F (1) = Fy [0(q) —0(—¢q)].
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as environmental decoherence, which we will refer to as decoherence.

Initially, before the decohering process occurs, the system possesses a set of states
that can be measured. After decoherence, many of the states will be unobservable, leav-
ing a smaller subset of states that are able to be observed. This process is known as
environmentally-induced superselection. For systems of macroscopic size, it is believed
that decoherence brings about the emergence of classical mechanics from quantum me-
chanics [59, 108, 115].

Open systems must be described by a density operator, rather than a state vector because
interaction between the system and the environment often results in an initially pure state
becoming a mixed state during time evolution. In the position representation, decoherence
manifests itself by the decay of off-diagonal elements of the density operator [108,115]. As
an example to see this, consider the system, S, entangled with its environment, E, such that

the composite system-environment is initially in the state [115],

1

v) 7 ([S1) [Er) +182) |E2)) (5.20)

where |S;) and |E;) are states of the system and environment, respectively. Then, the density

operator is [115],

X Iy
p=1w)(wl=5 X I8:)(S)|@E)(E)l. (5.21)

ij=1

When analyzing decoherence, it is often desirable to remove the states of the environment
from the density operator P, such that the dynamics of the density operator corresponding
to the system can be directly studied. This is achieved using the mathematical technique
of the partial trace. It is valid because the partial trace accounts for Born’s rule and the
projection postulate [116, 117].

Let the density operator of two systems A, B be pA8. Also let |a;), |a) € A,

by),|b2) €

B be normalized but initially non-orthogonal. Denoting the partial trace over system B as
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Trp, the partial trace of |a;) (az| ® |b1) (2] is [116]
Trp(|ar) (az| @ [b1) (b2) = |ar) (a2| Tr([b1) (b2]) (5.22)
Therefore, with our example of S and E,
ps = %(|51> (S1]4152) (S2| 4 [S1) (S2| (E2|E1) +S2) (S1| (Eq |E2>> : (5.23)

Often, (E»|E;) ~ e~/%, where ¢ is the time and T, is the time required for decoherence to

occur. As Ps evolves, (Ez|E1) — 0, so that after a sufficient period of time,

. 1
ps~ 5 (180 (S1[+1s2) (521 (524)

This indicates that the measurement of the density operator will show the system to be in
1S1) (S1] or |S2) (S2|, rather than, for example, |S1) (S>].

Decoherence can also be analyzed in phase space by taking the Wigner transform of
the density operator. Within phase space, decoherence is exhibited through the decay of
interference terms of the Wigner function. Depending on the system modelled, decoherence
can also be represented by the diffusion in the position or the momentum [61,108,115,118—
121].

The length of time necessary for the off-diagonal elements to be suppressed is deter-
mined by the system, environment, and method of interaction. For instance, if the system is
a free electron being scattered by an environment of solar neutrinos, the decoherence time
could be approximately 32 million years, while a bowling ball being scattered by sunlight
could have a decoherence time around 10728 s. In these cases, it is believed that decoher-
ence will result in the electron being unable to form a superposition, while decoherence
will cause the bowling ball to not just lose the ability to form a superposition, but also to

behave in a classical manner [108].
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5.4.1 Scattering Decoherence

To demonstrate decoherence in terms of the vanishing of interference and the effect
in phase space, we will consider scattering, which has been extensively treated in, for ex-
ample, [108, 115, 122-124]. Here, we briefly summarize the results presented in [108]
and [115], in which density operator of the system was determined. We will then show that,
in this situation, decoherence can be applied to augmented quantization with the transition
operator to produce an effective description of decoherence.

For simplicity, the scattered particle will be taken to be more massive than the scattering
particles, thus the system will have negligible recoil. It is also assumed that the system and
environment are initially separable, so that the total density operator can initially be written
as Pseg = Ps ®Pg. If the scattering is isotropic, then, using the properties of the S-matrix and
scattering amplitudes, it is possible to find the equation of motion for the density operator.
Accounting for the number density u(p’) of incoming particles whose magnitude of the

momentum is p’ and the speed of those particles v(p’),

op(q,q',t
% =—F(q—4')p(q,4',0), (5.25)

where p(q,4’,t) = (q|p(t)|¢') and F(q — ¢’) describes the rate (sometimes called localiza-
tion rate or decoherence rate) at which the spatial coherence between ¢ and ¢’ vanishes,

which is related to the scattering amplitude.

5.4.2 Long Wavelengh Limit
If the wavelength of the incoming particles is much larger than g — ¢/, equation (5.25)

reduces to [125]

d
5,P(@:4:1) = —Alg— q)%p, (5.26)
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At=1

At=5 At=100

B f

Figure 5.3: Decoherence in the long wavelength limit applied to the simple harmonic os-
cillator wavefunction, y(g), so that p(q,q’) = w(q)w(q'). Here, we plot the n = 2 energy
level.

where A describes the decay of the coherence length g — ¢’ (decoherence rate). Therefore,

the density operator is [125]

0(q.q.t) =plg.q,0)e M4V (5.27)

which we plot in Figure 5.3 for the simple harmonic oscillator. We see that time-evolution

will cause the off-diagonal terms of ¢ # ¢’ to vanish.
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By applying the Wigner transform of equation (2.18) to equation (5.26), we find [108]

J ~ 2w
EW(Qapat)_Aa_pzv (528)

which is solved by the Wigner function (Ar > 0) [108],

~ 1 ~ (r—r')?
W(g,p,t) = /d 'W(q,p',0)e | 5.29
(g,p.1) ) 9P (¢,p",0) (5.29)
and
~ 1 ] hy hy
' 0) = — ip'y A4
W(q,p',0) 2n/dye p (q+ 54> ,O) - (5.30)

is the Wigner transform of p(g,4’,0) and is found by using the resolution of the identity
twice in equation (2.40).

Equation (5.29) describes time-dependent coarse-graining and is similar in form to the
Husimi distribution of equation (3.1). We can also understand equation (5.29) as converting
a Weyl-quantized system to an augmented quantization of the system as a result of the
introduction of decoherence through Gaussian-smoothing the Wigner function.

Given an arbitrary system initially described by W (g, p,0), we want to write a transition

operator, T5 such that TA\W(q, p,0) solves equation (5.28). If we let

T = Mo (5.31)

then,

d

showing that TA\W (g, p,0) = W(q, p,t). As in Section 5.3, T = M s equivalent to the

Weierstrass transform. Figures 5.4 and 5.5 illustrate the Wigner function for the simple har-
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monic oscillator undergoing decoherence and its resultant momentum probability density.

At=0 At=0.15

At=0.35 At=1

At=100

Figure 5.4: The transformed Wigner function of the n = 2 simple harmonic oscillator, such
that it incorporates decoherence. As shown, there is diffusion in the momentum.
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Figure 5.5: The probability of the momentum of the n = 2 augmented quantized simple
harmonic oscillator so that it includes decoherence. As the transition operator is only de-
pendent on derivatives of the momentum, the probability of position does not change, by

equation (5.17).

We note that the resultant star product for this simplification of decoherence is

103
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by using equation (2.88). Applying T to equation (2.54), we have
Hxp TA\W = (E—At) TAW , (5.34)

because TH = H + At (similar to Section 4.2.3). As t — oo, we see that (E — Ar) — —oo.
This could suggest that the above method of analyzing decoherence with the Wigner func-
tion may only be valid for At < E if we want to use the original Hamiltonian H, rather than
the transformed Hamiltonian, T H, in the x5 formulation.

To derive equation (5.32), we assumed that we initially had a time-independent Wigner
function W, so that time-dependence arose through application of the transition operator

At

2 . . L .
T = ¢™%. Let us now consider W time-dependent initially, such that it solves the Moyal

bracket. Application of Ty = A% on the Moyal bracket yields,

)4
lhTAa— = [TAH,TAW]*A
t (5.35)

= [H, TAW]*M + 2At[p, apTAW]*M .

Therefore

OTA\W
7 21A

ih—= = [H,TaW},, — 2iliA1040, TAW — iRADSTAW . (5.36)

The term of [H,TAW],,, is the original evolution, while the other two terms are due to the

decoherence process.

5.4.3 Short Wavelength Limit

To conclude this Chapter, we will briefly consider the case that the wavelength of the
incoming particles is much shorter than the coherence separation, ¢ —¢’. In this limit,

equation (5.25) simplifies to,

d
gp(q,q’,t) = —Tyup(q,q,1), (5.37)
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where I, is the total scattering rate dependent on the momentum of the scattering particles,

their speed, and their cross section. Therefore

p(q.q',t) = plq,q',0)e T, (5.38)

Using the Wigner transform, equations (5.37) and (5.38) become

0 ~ -
gW(qva): _Fl‘OfW((Lpat)a (539)
= W(g,p.t) =W(q,p,0)e "’ (5.40)

Similar to the long wavelength case, we seek a transition operator such that W(q, p,t) =

TW(q,p,0). If T = e T then

0
= (TW(,p,0)) = Ti TW(g.p,0) (5.41)

showing that W = TW. However, T = ¢ L’ is not a valid transition operator as it is not a
differential operator. This demonstrates the possibility that not all decoherence phenomena
may be described with the transition operator and star products.

In this Chapter, we have considered time-dependent augmented quantization by using
both global and local transition operators. We have shown that it is possible to recover
the classical equations of motion for the driven harmonic oscillator using a time-dependent
local transition operator. Further, we have demonstrated that the results in [108, 115] can

be written in terms of transition operators to describe a simplified version of decoherence.
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Conclusion

Quantum mechanics can be done in may ways, such as with operators or path integrals. In
this thesis, we have focussed on doing quantum mechanics in phase space so that classi-
cal phase space functions can be used. As a result, operators are no longer required; the
tradeoff is that it is necessary to introduce a binary non-commuting operation, known as
the star product. It is straightforward to use phase space quantum mechanics to understand
the physics of different quantizations and orderings; either the transition operator or the
weight function can be used to give the distribution function and star product for a given
quantization.

To conclude this thesis, we will first give a summary of the previous chapters and high-
light the main results. Next, some possible extensions and applications of our work will be

given. Then, we will consider the significance of our research in a broader context.

Summary

In Chapter 2, the operator quantization map was formally defined and it was shown that
the map for Weyl quantization (which is the basis of the original version of phase space
quantum mechanics) satisfies this definition. We then illustrated the main results of [13],
which showed that different quantizations can give different physical results.

Next, we reviewed the fundamentals of phase space quantization by discussing the
Wigner transform, Wigner functions, and the Moyal product. We showed that different
quantizations are described with different distribution functions and star products. To relate

the distribution functions and observables of different quantizations, the transition operator

106



6. CONCLUSION

or the weight function could be used. Similarly, the transition operator can relate different
star products.

In Chapter 3, the Husimi distribution was illustrated. It was shown that coarse-graining
by h can be introduced using the transition operator. Hence, the Husimi distribution is
a prototypical example of using the transition operator to incorporate additional physical
effects in a quantum system.

To differentiate between quantizing a classical system and the introduction of addi-
tional physical features (such as coarse-graining or damping) during quantization, we used
the term augmented quantization. Hence, when coarse-graining the Wigner function of
the simple harmonic oscillator, we would say that the resultant Husimi distribution is an
augmented quantization of the simple harmonic oscillator.

We then briefly considered a possible generalization of the Husimi function, such that
the Wigner function was coarse-grained by a different parameter, as shown in equation
(3.27). We determined its corresponding transition operator and star product in equations
(3.30) and (3.31). This was a natural extension of the Husimi distribution and coarse-
graining.

As an example of coarse-graining, smoothing in the classical limit of the Wigner func-
tion was analyzed. We illustrated that the coarse-grained Wigner function for n — oo can
yield a delta function-like phase space distribution.

In Chapter 4, the method of [33] to introduce damping within augmented quantization
was first summarized. They proposed a method to map an undamped classical harmonic
oscillator to a damped quantum harmonic oscillator. Using the classical equations of motion
for the damped harmonic oscillator, [33] found the star product and transition operator to
be equations (4.25) and (4.26), respectively.

We then showed that all transition operators of the form 7 = T'(d,,d,), including the
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one proposed by [33], yield the 7 — 0O limits to the star brackets:

[%H]*T

li —p=1iq,H

lim == p=1{q,H},

. [p,H]sy v

lim 2 2 ap HY.
T dq {p.H}

This demonstrated that transition operators 7 = T'(d,, d,,) are not able to provide extra terms
that would be present in the 2 — 0 limit, assuming the x7-bracket described the equation of
motion. Hence, it was not possible to find a transition operator of the form 7' = T'(dy,9,),
such that the 7 — O limit of the star bracket would give the equations of motion for damping.

Our ultimate goal was to introduce additional physics, such as damping, during quanti-
zation. We also required that, if the extra physics includes classical features, they must be
present in the 2 — 0 limit. This motivated us to generalize the transition operator by giving
it position and momentum dependence. With T = T'(¢, p,d,,9,,), the star product was also

local:

+ +
- :I(l,Z){T (‘” B0, 490,95, +ap2> rar(1,2))

xT~! (q1,p1,8q1,8p1) T~ (Q2=P278q2=apz) }=

as displayed in equation (4.82).

Using this generalized transition operator, it was possible to introduce (small) damping
to the undamped harmonic oscillator with equation (4.52), if the equations of (4.57) and
(4.58) were satisfied. We then found the resultant star product for small damping, given
in equation (4.99). The effect of such a generalization of the transition operator and star
product was to introduce new physical effects that were not present in the original sys-
tem. Therefore, T = T (g, p,94,9,) and its associated quantities can describe augmented
quantization.

Augmented quantization is not limited to coarse-graining or damping. Using the tran-

sition operator of equation (4.114) and star product of equation (4.115), we demonstrated
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that we could incorporate quantum gravity corrections from the generalized uncertainty
principle into an augmented quantization. Considering the simple harmonic oscillator as
an example, we illustrated that GUP-modified transition operator applied to the Wigner
function resulted in perturbative corrections to both the overall structure of the distribution
function and the momentum probability distribution.

In Chapter 5, time-dependence was introduced into the transition operator. With a local
time-dependent transition operator, it was possible to describe the augmented quantization
of a simple harmonic oscillator so that it was mapped to a driven harmonic oscillator. We
used the transition operator of equation (5.12), which gave the distribution function in equa-
tion (5.15) and star product of equation (5.18).

Employing a simplified description of scattering decoherence, we showed that the re-
sultant distribution function could be found with a transition operator, with the same results
of [108, 115]. We presented the transition operator and star product in equations (5.31) and
(5.33).

Tables 6.1 and 6.2 include all the quantizations and augmented quantizations discussed
within this thesis. We also show how each maps the function ¢'04+0) 1o a phase space

(augmented) quantization.

Possible Extensions and Applications of Augmented Quantization
To determine the expectation value of an observable A(g, p) in phase space quantum

mechanics and Weyl-ordering, one uses [6]

(A) = /dqdpA(q,p) *muW(q,p) =/dqdpA(q,p)W(q,p)-

For other ordering possibilities, the method of determining the expectation value is less

clear. As an example, [31] presented the expectation value of an observable for a system
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Table 6.1: Quantizations discussed in this thesis. These have previously been studied in
great detail (see, for example, [5])

o .\ Operator Ordering:
Quantization Transition Operator 2i(8g+1p)
Weyl 1 ¢!(%a+p)
Standard eihal,aq/Z ei(eq—i-’cp)e—iﬁGT/Z
Antistandard ¢~ hdpdg/2 ¢!(04+7p) ih07/2
Normal o~ 1104 /4mo—hmwd;, /4 i(84+1Tp) 16 [Amar+-hmart? /4

Antinormal ehag /Amo+hmwd? /4 /(8q-+1p) ,—16? /Amod—hmart? /4
Born-Jordan sinc (3790,0,) e!®+ )sinc (1 101)

Symmetric cos (350,0,) ¢'®a+7) cos (1 10r)

Table 6.2: Augmented quantizations discussed in this thesis. The Husimi distribution is
designed to coarse-grain the Wigner function [31]. Ref. [33] first proposed the damping
augmented quantization discussed in Section 4.2.2. The remainder are original and are
designed to incorporate specific physical effects during quantization. Note that a, b, ¢, and
d are functions of the position and momentum.

Augn‘lent‘ed Transition Operator Opergtor Ordering:
Quantization PUCTERI NN
Husimi 1105 /4m-+humkdy, /4 o1(0+Tp) ,— 1% [Amic—himice? /4
Generalized Husimi N0/ 4mictnmd;, /4 i(84+1p) ;MO [4mx—nmKt? /4
Dagping up4tg g’))(y) LT Ji(6g+1p) 12
ection 4.2.
Damf;ngtflp tz g(‘xz) (@63 +cd2+dd2) oi(0q+1p) pY(iab+ibt—c?—d?)
ection 4.
GUP e A ¢(0a+p) y— 2L ipPt— 3L i
Driven (AF (03] 0i(84+1p) p—4F ()T
Decoherence MO (0g+1p) ,— AT

described by the Husimi distribution as
(A= /dqdp TyA*g TyW ,
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where Ty is the Husimi transition operator and xg is the Husimi star product. In contrast, [6]

suggested that the expectation value should instead be
<A>H = /dqdpA e—ha§/4ml<—hmlcag/4 TW .

It is not clear if, for an arbitrary transition operator, (A) = (A), when considering aug-

mented quantization. Further, it is uncertain if
(A = /dqdeA*T ™

is correct when the transition operator is also a function of the position and momentum. This
question should be studied as it will help determine if any of the augmented quantizations
in this thesis suggest non-physical conclusions.

Another extension of our work is to study the theoretical ramifications of local transition
operators beyond observables. Let us consider, for example, mapping the simple harmonic
oscillator to a damped harmonic oscillator. As shown in [95], there are several methods
to quantize a damped harmonic oscillator, but many of them yield undesirable physical
implications, such as the violation of Heisenberg’s uncertainty principle.

We focussed on studying the equations of motion for the damped augmented quanti-
zation of the simple harmonic oscillator. Further work is therefore required to determine
if the damped local transition operator also results in non-physical implications. Similarly,
the other augmented quantizations incorporating the generalized uncertainty principle, driv-
ing forces, and decoherence should be further investigated to determine if they should be
modified or eliminated on non-physical grounds.

Quantum mechanics usually involves Hermitian operators to calculate physical results.
However, quantum mechanics has been generalized so that Hermiticity is no longer the
fundamental indication of whether a result is physical [100, 126-131]. There has also been

interest in using the Moyal product and phase space quantum mechanics to describe non-
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Hermitian quantum systems [65, 132, 133].

A possible application of the work in this thesis is to use complex transition operators as
a possible means to transition between Hermitian quantum mechanics and non-Hermitian

o~ 2 ~
quantum mechanics. For instance, consider a non-Hermitian Hamiltonian H = - +V(q),
V(q) i V(a)-V(a)lo; Ttoni P

where V(q) is complex. If T = e » acts upon the real Hamiltonian H = 5- 4V (g),
then TH = H.

In this thesis, we have predominantly considered phase space in terms of the position

and momentum. Alternatively, phase space distributions can be written in terms of o and

o, where [5]

1 .
0= —=—=(mwq+ip),

vV 2hmo

where ® has the same meaning as in Section 3.2. In this case, the measure of dgdp is
replaced by d’a = d(Rea)d(Ima), which is equal to (1/2h)dgdp. Using o and ®, it
is possible to write the density operator in terms of coherent states (|, |a) and the P-

representation of quantum optics, such that [134—136]

b= / d2aP(o, 1) o) (o

where P(o, @, 1) is the P-representation. As shown in [5], the P-representation is equivalent
to the antinormal distribution in phase space quantum mechanics

In Section 5.2, we demonstrated a time-dependent transition operator that could make
a system normal ordered at one time and antinormal ordered at a later time. Hence, such a
time-dependent transition operator, or even a local transition operator, will introduce addi-
tional features into the P-representation. Therefore, when the P-representation is no longer
valid, it may be possible to utilize a time-dependent transition operator or a local transition
operator acting on the Wigner function to describe a larger range of quantum phenomena.

In Chapter 1, we identified that the techniques of phase space quantum mechanics have
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been used to investigated spin. To describe spin, it is necessary to analyze Wigner functions
and star products on the surface of a sphere [137]. The difficulty arises in part due to the
Poisson bracket in the Moyal product. In spherical coordinates, the Poisson bracket contains
a sin © term that does not commute with the derivatives [138, 139].

A possible application of local transition operators is to directly encode the curvature
of the space. As a result, a local transition operator may be able to transform a Wigner
function on flat space to a distribution function on curved space. The star product would
then also incorporate the curvature of space. If this is possible, such transition operators

could be applicable to other curved surfaces beyond the sphere.

Significance of Results

In this thesis, we have explored augmented quantization and developed a local transition
operator/star product. The work presented is one of a few proposals that we are aware of
which consider the applications of position and momentum-dependent quantization.

Our original results deal with introducing a physical single feature into a local transi-
tion operator, namely damping, the generalized uncertainty principle, a driving force, and
decoherence. Considering damping in particular, it is unknown if our proposed augmented
quantization of the simple harmonic oscillator is a bona-fide quantization of the damped
harmonic oscillator. To verify if it is, it would be necessary to compare our augmented
quantization of the simple harmonic oscillator to experimental measurements of a quan-
tized damped harmonic oscillator. Only experiments will be able to validate or reject this
idea of using a local transition operator to describe some augmented quantizations.

We have considered only a small class of physical systems, though it should be possi-
ble to apply augmented quantization (or a modification thereof) to more systems, such as
those discussed in [95]. Therefore, it is anticipated that augmented quantization as well
as local transition operators and star products can open additional avenues of research into

understanding quantization and fundamental questions in quantum mechanics.
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Appendix A
Derivation of Ordering Rules

In this Appendix, we will demonstrate the ordering rules of Weyl and of Born-Jordan quan-
tization, based on the procedure and properties outlined in [7] and [10]. It will also be
necessary to determine the weight function for standard ordering.

A.1 Weyl Ordering

Consider a classical function f(g,p). We can define a quantization map Qg, such that
the quantization of f(q,p) is

! ib(p—p)+ia(g—
Qq>f(q,p) = W/dbdadqdpf(q,p)®(a7b) e’b(I’ p)+ia(q 11),
(A1)
- Bab yia(d—q) ,ib(p-p)
_ (zn)z/dbdadqdpf(q,p)d)(a7b)ez (i) ibp)

where ®(a,b) is the weight function of Section 2.10 and we have used the simplified
Zassenhaus formula of eA 8 = eAeBe~ABl/2 if [A,[A, B]] = [B, [A, B]] = 0.

With ®(a,b) = 1, equation (A.1) reduces to the Weyl transform of equation (2.8). To
derive the order of operators in Weyl quantization, we will relate it to standard ordering.
This will simplify the resultant calculations.

In equation (A.1), we see that if ®(a,b) = e~ fab , then the quantization map for standard
ordering is found:

1 R .
Qsf(q,p) = e / dbdadqdp f(q,p) 4~ ebP=P), (A.2)

Therefore, the Weyl quantization map can be written in terms of the map for standard
ordering, such that

Ow f(gq,p) = Qs (e%“bf (q,p)) : (A.3)

Therefore,

Qwf(q,p) = Qs (e‘%a”aqf (q,p)> : (A4)
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A.2. BORN-JORDAN ORDERING

Hence, to determine the Weyl-ordered form of the operator counterpart of f(g,p) = ¢"p*,
we only need apply a differential operator and standard-order the result.
With f(q,p) = ¢"p’, we have

. min(r,s) ih k r s L .
2% g gt = —— | k! TEpTTEL AS
e TE (e s
Equation (A.4) can be used so that the Weyl-ordered analogue of ¢’ p* is
min(r,s) ih k ’ s
Qw(g'p)= Y (—5> k! (k) (k> q Pt (A.6)
k=0

Rearranging operators, we find equation (2.2),

r..s 1 N S AS—L AT A 1 - r AF—L A8 A~
Qw(qp)z;f,(g)p 6qp€=;2(£)q ‘p'q", (A7)

/=0 /=0

which describes Weyl-ordered operators.

A.2 Born-Jordan ordering

For Born-Jordan ordering, we need a weight function ®p;, such that the Born-Jordan
quantization map is

1 . .
Qpif(q.p) = e / dbdadqdp f(q,p)®ss(a,b) e P=PITald=0) (A.8)
This is related to the Weyl map by
Qpy (f (q,p)) = Qw (f (q,p)cbm(a,b)) : (A9)

Let us consider a Fourier component,S f(q, p) = ellaqtbp), Applying equation (A.9), we
have

q)BJ@’b)ei(aéerﬁ) — Z Z MQBJ(C]”P'") (A.10)

Im!
n—01m—=0 n.m.

We will now show that the weight function that corresponds to Born-Jordan ordering is
®py = sinc (Jab). As

1 A
Qps(q"p") = el gk pmdt, (A.11)
k=0
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A.2. BORN-JORDAN ORDERING

we have

n
Z e—l(aq-l—bp)qf\n—kpf\rnék ) (A12)

S(ap)i=Y Y VD thabiaipivpgnkivi g (A.13)

We will now simplify e 2" *¢bP gk Noting that
e P |q) = |q+ hb) (A.14)
we have
ge~"?|q) = (q+hb)|q+ hb) . (A.15)
We could write the left-hand side as
Ge " lg) = (g7 +¢7"q) |q) . (A.16)
Therefore,
g, e PP) = hbe P . (A.17)
Expanding the commutator, we see that
j— hbl = =P gePP (A.18)
Therefore,
(G—hbl)* = e~ Pghei®P (A.19)

As a result, equation (A.13) becomes

@) (a,b)f = M2 Z Z e—iaé(cy — hbl)" kgt . (A.20)
n=0k=

Applying an inverse quantization map, we find

Dpy(a,b) =2y Y ﬁe_iaq(q — hb)"kgk (A.21)
n=0k=0
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A.2. BORN-JORDAN ORDERING

By Mathematica,
Y (q—nby' e =2 (Zb iy (A22)
k=0
oo (id)n qn+1 _ (q _ hb)n+1 i <eia(q7hb) _ €iaq>
- A23
nzb nl(n+1) hb hab ) (A.23)

we find that ®p;(a,b) = sinc (%ab), as desired. The same result would have been found if
we had used

I & amkona
i(g"p") = g L 7" 4P (A.24)
k=0

instead.
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Appendix B

The Weierstrass transform

. .. 2
In Sections 3.2, 3.3, and 5.4, we used transition operators of the form, 7 = ebap, where

b € R. In this Appendix, it will be shown that this transition operator acting on the Wigner
function W = W(q, p,0) is related to the heat equation, where W(q, p,b) = TW. We will

2 . . . .
then show that the ¢”% Gaussian smooths the Wigner function, and is thus related to the
Weierstrass transform of mathematics and the Husimi distribution of physics.
Assuming b > 0, by differentiating 7W with respect to b, we have

aa—bTW = TW. (B.1)

This is the heat equation (sourceless diffusion equation). In equation (B.1), b acts as the
time coordinate and p behaves as the spatial coordinate. We will now solve this equation to
evaluate TW.

Taking the Fourier transform .% of equation (B.1) with respect to the momentum and
using the property [114],

0\ 2
Fawarn)}=- (1) #Warn}, ®2)
where k is the transform variable, then

of(g:kb) (K
oy <ﬁ) f(q,k,b). (B.3)

where we have let f(q, p,b) := % {W(q,p,b) }. The solution to equation (B.3) is

f(q,k,b) = C(k)e K/ (B.4)

and f(q,p,0) = F{W(q,p,0)} = C(k). Applying the inverse Fourier transform with re-
spect to k, we have [114]

1 .
Wia.p.b) = [ akC(Re /e,

| (B.5)
_ / / ik(p—p')/hi—k*b/R?
Znh/dkdp W(g,p',0)e :
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B. THE WEIERSTRASS TRANSFORM

Noting that [114],

2 /
[ awetompin-con L (B.6)

substitution into equation (B.5) yields

/)2

1 _ (=
W((],p,b) = m/dp/W(Q7pl7O)e p4[b7 . (B7)

This corresponds to the Gaussian smoothing of the momentum in the Wigner function.
Therefore,

(r—p)?

1
ebalz)W(Q7p70) = \/4—%/611?/"‘/(%#,0)8_ o (BS)

for b > 0.

Mathematically, equation (B.8) is known the Weierstrass transform of the Wigner func-
tion. The properties of this transform are discussed in, for example, [140].

It is possible to relate the Weierstrass transform to the Husimi distribution of Section
3.2 as the transition operator for the Husimi distribution is of the form Ty = %909 with
a,b > 0. Noting that 7y is can be separated into a product of momentum derivatives and
position derivatives (T = £l /4mx ghmicdy/ ), we can repeat the above steps for the position
to find that the Husimi distribution is the Weierstrass transform of the Wigner function
with respect to both the position and momentum. A similar argument can be made for the

generalization of the Husimi distribution of Section 3.3.
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Appendix C

Damping Transition Operator

C.1 Linear Damping

In Section 4.5, we presented coupled partial differential equations in (4.57) and (4.58)
that would determine the form of the transition operator to convert a Weyl-quantized simple
harmonic oscillator to one that included small damping. This system is underdetermined as
there are four unknowns but only two equations. It is thus possible to have two of a(q, p),
b(q,p), c(q,p), d(g, p) arbitrary and then solve equations (4.57) and (4.58) solely in terms
of the remaining two functions. Setting two of the functions equal to zero, we will present
the solution to equations (4.57) and (4.58) for each of the six cases.

With @ = b =0 and ¢ = d = 0, we find that the resultant pair of differential equations
are inconsistent and no solution exists. Now consider a = ¢ = 0. Then, the systems of
differential equations reduce to

od  db
% +q$ = —2p, (C.l)

ob dd
Papap 2

yielding the solution which we determine with Maple (where we are doing indefinite inte-
gration),

d
b=g(q) —|—2/dp (arctan (%) — Ef(”)|up2+q2> , (C.3)
d = —(p*+q*)arctan (g) —aqp+ f(P*+4%), (C4)

with f(p?+¢?) and g(g) being arbitrary functions. Fora=d =0,b=c=0,andb=d =0,
the non-zero functions in each of those remaining cases are equations (C.3), (C.4), and

d
a=slg)+2 [ dp (t (g) —d—uf<u>ru:pz+qz), (©5)
c=—(p*+¢*)arctan (%) —ap+f(P*+4%). (C.6)

In other words, the differential equations for the two non-zero parameters will have the
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C.2. NON-LINEAR DAMPING

same form as equations (C.1) and (C.2), whose solutions will be two of equations (C.3)-
(C.6). To determine the non-zero functions and form of f and g, it may be necessary to
consider additional constraints on the system.

C.2 Non-linear Damping

We will now present the solutions to equations (4.64) and (4.65) for quadratic damping.
For this case, f(p) = p°.

With a = b =0 and ¢ = d = 0, the system of differential equations is inconsistent, so
consider a = ¢ = 0. We have

od  db ’
—+q5- =2 7
% +4q 9 P, (&)

ob dd
—p5-—5-=0. C.8
P33 (C.8)
The solutions are (by Maple)
d
b=4pq+Fi(q)— Z/dpﬁFz(uﬂu_pz_._qz , (C.9)
4

d=—2q = 2p*q+ Fi()] i (C.10)

3

where F| and F, are arbitrary functions.

For the remaining cases, the differential equations for the non-zero parameters have the
same form as equations (C.7) and (C.8). Thus, when b or d are non-zero, they will still be
equal to equations (C.9) and (C.10). When a or ¢ are non-zero, we have

d
a=4pq+Fi(@) =2 [ dp s Pl €11
4
c= —§q3—2p2q+Fl () |y p2 g2 - (C.12)
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