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Is entanglement entropy proportional to
area?

Morteza Ahmadi, Saurya Das, and S. Shankaranarayanan

Abstract: It is known that the entanglement entropy of a scalar fiedntl by tracing over
its degrees of freedom inside a sphere of radyds proportional to the area of the sphere
(and not its volume). This suggests that the origin of blacle lentropy, also proportional

to its horizon area, may lie in the entanglement between ¢dgeeds of freedom inside and
outside the horizon. We examine this proposal carefullyrimjuiding excited states, to check
probable deviations from the area law.

PACS Nos.:04.60.-m,04.62.,04.70.-s,03.65.Ud

Résune: Nous savons que I'entropie d’entrelacement d’un chamfaseatrouvée en suivant
ses degrés de liberté a I'intérieur d’'une sphére dendy, est proportionelle a la surface

de la sphere (et non a son volume). Ceci suggére queiberide I'entropie d’'un trou noir,
également proportionelle a la surface de son horizont pedrouver dans I'entrelacement
entre les degrés de liberté a I'intérior et a I'extérde I’horizon. Nous examinons avec soin
cette hypothese, en incluant les états excités, afiredtifier les déviations possibles de la loi
de surface.

[Traduit par la redaction]

1. Introduction

There are strong indications that a black hole (BH) of méSsind horizon areal; possesses
entropy and temperature, given respectively by [1]:

- AH - fLC3
T4z T 8rGM

The above entropy and temperature satisfy the lavBH-bThermodynamics

SeH (£p; = Planck length) . ()

Ty = Constant on horizon d (Mcz) = TydSpn +workterms, A(Spg + Smatter) > 0 (2)

where ‘work terms’ are relevant for BHs with charge(s) andwdar momenta, and,,, ;.. refers to
the entropy of matter outside the BH. Usually the latter oagilsen a microscopic interpretation by the
relationS,, ..t = In Q, where) is the number of accessible micro-states, compatible Wélvarious
macroscopic parameters such as temperature, pressurelantevAlthough such an interpretation for
Spm isincomplete, important progress has been made in vargu®aches to quantum gravity [2-5].
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This, coupled with the area proportionality of BH entropg @posed to volume proportionality), has
raised a fundamental question in quantum gravity, nanwehat is the origin of BH entropyPotential
candidates include string#)-branes, spin-network states and conformal degrees afidreeat the
horizon. Another popular (and also incomplete) approadchédH entropy is entanglement entropy,
which is a measure of the information loss due to the spaf@ation between the degrees of freedom
inside and outside the horizon. The so-called brick wall eldrhs been a concrete realization of this
idea, in which entanglement entropy of the scalar (and pfledds have been computed by tracing over
their degrees of freedom outside the horizort [Ghe brick-wall entropy turns out to be proportional
to the BH horizon area. The problem, however, is that due ¢airifinite growth of the density of
states close to the horizon, one has to impose ultraviotetffmear the horizon and hence the entropy
depends on the cut-off scale. This clearly is an undesirfablere.

A simpler physical system was considered in refs. [7, 8], malv the entropy of a scalar field on
a suitably discretizeflat space was computed numerically, by tracing over the degeffsedom
of a hypothetical sphere of radit®. This gave the remarkable result that the entanglemeny@ntr
was indeed proportional to the area of the spherical suifase see [9] for analytical proofs of the
result). This further supported the idea that entanglemers responsible for BH entropy. One of
the key assumptions in refs. [7, 8] was that the harmonidlatmis (HOs) resulting from the scalar
field, on discretization of space, wea# in their ground states. In this article, we would like to sela
this assumption, and investigate the robustness of themnrtirea relation in these physical systems.
As a step towards understanding of the entanglement entrfopycoupled harmonic oscillators (by
tracing ovem < N degrees of freedom), in this work we consider two HO5 £ 2,n = 1) in two
physically interesting limits: coherent states and sugsitjipn of excited and ground states. We show,
numerically, that the presence of excited states resulis increase of entropy. The generalization to
arbitrary N will be left to a future publication [10].

In the next section, we will briefly review the entanglemaenttepy for ground state HO. In section
(3), we will generalize the results for the two HO wave-fuotwhich is a superposition of ground
state and the first excited state, and show that the entrapgdges. In the concluding section, we will
remark on the possible implications of our results to thesptally interesting case of a large number
of oscillators, whose couplings are determined by the Lragjem of a free scalar field.

We will follow the notations of ref. [8] to provide easy comijsmn, and henceforth uge= 1.

2. Ground State Entanglement Entropy

The Hamiltonian for two coupled HOs of unit masses:

1
H =3 |pt+ 95 + ko (2} +23) + ki (21 — 22)°] @3)
has the ground state solution in terms of normal modes= ”“jg?, wy = Vko,w_ = Vko + 2k1):
(w+w_)1/4 2 2
o (21, m2) = o(z4)ho(x_) = — 3 OXP [— (wpa?t +w_2?) /2] . (4)

When traced over the oscillator characterized:bythe resultant density matrix is:

o (aat) = [ dovi o) i o1,05) = [ 22 exp [y (04 08) /24 Bast] . (6)

— 00

1 Note that tracing over the outside does not pose any coraleptablem, since for a pure system, tracing over a given
subsystem and its complementary subsystem yield idergitabpies [11].
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whose eigenfunctions and eigenvalues, respectively are

fn(x) =H, (\/Ex) exp (—041'2/2) ) Pn = (1 - 5) . (6)
The above density matrix gives rise to the following entrpf8]:
S(€) = ~Tr (pon po) = anlnpnz—lnu—g)— e, ™
where

2 2 Wt _ _w (=R L46RP AR (1R
=<l aswl O=—rm—m= 7= —nrry 0 T \izr) - @

Note thatR = 0, 1 correspond to the strongly coupled and uncoupled limiseesvely.
The Hamiltonian for a free, massless scalar figlid flat space-time is given by:

H— %/d% [2(7) + [Veo(7)?] - ©)

Discretizing the space:(being the lattice spacindya signifying the infrared cutoff, anél m are the
parameters in the spherical harmoni¢s, (0, ¢)):

N 2 2
1 . 1 Pim,j Plm,j+1 l(l+1) 2
H=) Hp== - = S ) 1 10
O 2az[mm,]+(y+2)( L L 10)

=1 J

The above expression féf;,,, is a special case of the geneidicoupled oscillator Hamiltonian:

Zpl + = Z v Ky . (11)

1,7=1
The correspondingy-HO ground state wave function is given by:

1/4 T
- Q-x
wo(xl7"'axnaxn-ﬁ-l?"'?x]v): {%] €xXp |:_T:| ) (12)

whereQ? = K. It can be shown that for the ground state wave function, éesidy matrix (when one
traces oven < N oscillators) can be factorized into a product&f —n) 2-HO density matrices. Thus
the total entropy is simply the sum of the entropies. For ttaas field,n is taken to be proportional
to the radius of the sphere which is traced over, iR+ (n + 1/2)a. For the Hamiltonian (10) the
interaction matrixi;; can be read-off, resulting in the entanglement entropy

S =03(n+1/2)* xR?, (13)
signifying area proportionality. It is worth noting, agathat all the oscillators are assumed to be in
their ground states.

3. Entanglement entropy of excited states:

Let us now consider the excited states of #i¢1Os discussed in the previous section. The corre-
sponding wave-function is:

N
Q14 27 Q @ 1 1
V(X1ye o Ty Ty 1y e -, TN) = {—N exp |— | | —— H,, (Kp;x;), (14)
s 1 V2Viy;) ( )

1=
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whereKp = UKUT is a diagonal matrixi{(?U = Iy), x = Uz andy; (i = 1... N) are indices of
the Hermite polynomials. The density matrix, tracing ovestfi of V oscillators, is

/2 n
Q7" Q-
P0 (Trsts - TNG Ty gy, Ty) = |:7T_N delexp — | %

al ! X
[t (k) [ 222 (i) oo

The evaluation of the integral of the product¥ Hermite polynomials, although may not be im-
possible, is in general, non-trivial. In order to keep thieglations simple, we consider two specific
physical cases: (i) coherent states and (ii) superposifignound and first excited states.

The coherent states, which are eigenstates of the harmsgiltator annihilation operator with real
eigenvalues, are described by the following wave function:

Yos(x,a) = Yoz —a) = e P () . (16)

The expectation of the position operator, w.r.t the cohiestate wave function, oscillates in time with
an amplitude: and the state has the minimum allowable uncertainty

Ap Az = % , a7
same as that of the ground state. For two coupled oscillgdtesorresponding coherent state is:
Yes(T1,x2) = Yos(a4, a)pes(z—,b) = Yo(zs —a)po(z— —b). (18)

Definingz, = z2 — (a — b) /v/2, it is easy to show that the corresponding density matrixmsttne
same form as (5), albeit in terms of these new variables:

pes (2, x5) = pout (T2, T5) - (19)

Thus, from Egs. (6), it follows that the eigenfunctions dréz) and eigenvalues remain unchanged
(p»), and we get the interesting result that the entropy is theesas that for the ground state! Presum-
ably, this is because of the fact that coherent states aanalotby translating the ground state in phase
space. The result can be easily generalized to an arbittempar of harmonic oscillators [10].

Next, we consider the superposition of the ground and firsited state of the 2-HO system:

P(x1,m9) = ar Yr (w4 )Po(w) + B Yoz )Pr(z—) + 1 to(zy)vo(z-) [of + 67 +7 = 1],(20)

where 1, (x) = N () e/ 2H, (Va3 1), Nafw) = () e (21)

is the n'" excited state of an oscillator. Although from the identifyparticles one would expect
a1 = (1, we do not impose such a condition at this point. From (1% dinsity matrix follows:

p(x2,25) = po(w2, 25)[A (23 4 25) + Bagah + C (x2 + ) + D], (22)

wherepg (z2, 24 ) is the ground state density matrix given by Eq. (5), and thestamts are given as:

A =daja+ Biaz + a1fias, = a3b+ Bibs + a1 Biba, C =i(aras + frar),
2. /w_ R 2. /wo_ R?
D =ajc+ fies + onfies +77, a6 = TR == R
201 _ p2 2 2 2 4 2
L BO-RE R e, RGRRYe. R 23
(1 + R2)2 201 + R2)? 1+ 12
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. (=R +3R*)w- b (1+2R*+5R ) w_ .
5 4(1+ R2)? ’ ST T2+ R ST 1+ R
_(1L=R\'w R RO+G6Rf RYw 2R

T \1+RrR2) 2 T (1+ R2)? ’ T

It can be verified thatl'r(p) = [*_ dws p(x2, 22) = of + 57 ++7 = 1. Tofind the eigenvalues of the
density matrix (22), we follow the general procedure owdtiin ref. [12]. First, we expangzz, 25) in
terms of general HO eigenstates (although, in principlecamgplete set of functions should suffice):

2
p(za, 1) Z hn(22)gn(xh) , him(z2) = Ny () exp (—%) H,,(Va zs) . (24)
Inverting, we get:
gm(xh) = / dx2 p(z2, T3) hin (22) (25)

vzl (Bh)?

= pmNme 2 2040 [(Bizh + E1) Hnp(Vaah) + (Crah’ + Dy + Fiah) Hn(Vaah)]

2a b 2a T
B1:—ﬁ[2a72+ ‘|’ Cy = @ +b 7+a7 Dy = Du + Das,
7P -a 72 —a? 7o rTa

a _ 2aa dy/a - [v+a
D= Di=——5—— F=——— Fi=d]|1 o 26
11 ’y+a+c’ 12 o 72_052, 1 [ + fy—oz] (26)

a=aia+ Bias +aifras, b= aib+ Bibs + ai1fibs, ¢ = aic+ Bies + arfica +4°, d = aras + frar,

anda;, b; have been defined in Eq. (23). The next step is to define thexmeafuivalent ofp, i. e.,

Qpm = /°° dz gm(x)hp(z) (27)

Bilp+1) Ci(2p+1 C
= DPm |:(D11 +p-Dl2 + 1(\/a ) + 1(206 )) 5pm + i (p+1)(p+2)5p,mf2

B C [p+1
+ p(p—1) <\/—1_+2—1> Op,m+2 + F1 2+ p+1m+(E1\/2p+F1\/ —dp— lm) p— 1m] .

Although formally diagonalizable, the eigenvalugsof the above penta-diagonal matrix are most
easily found numerically. With MAPLE, using upt® x 40 matrices, we verified that it has unit trace.

r(tpm) Z Qmm =1, Qmm = KDl + \B;Fl + §—> <D12 + % + ﬁ)} (28)

The corresponding entropy as functionaaf, 31, R defined as:

S(ar, B, R) ==Y AIn), (29)
=0

was also computed numerically, and forall, 5, # 0 it was found thatS (a1, 51, R) > S(0,0, R),
whereS(0, 0, R) is the ground state entropy. The equality haddsyin the uncoupled limif2 = 1 and
a1 = (31. These features are visible in Fig.(1), where we have mattdropies for the excited state

NRC Canada



6 Can. J. Phys. Vol. ,

%]
B N
h 0 N o ®

o
9]

o

T T T T T T T T T T T T T T T T T
0.2 0.4 0.6 0.8
R

Fig. 1. Plots of the entanglement entropy of the excited s&te/v/2, 1/v/2, R) (black curve) and that of the
ground states(0, 0, R) (grey curve) vsR. Note thatS(1/+/2,1/v/2, R) > S(0,0, R) forall R < 1.

[an = 81 = 1/4/2,v1 = 0] as well as the ground state. In brief, any amount of excitatésn the su-
perposition increases the entropy. This is intuitivelyeoted, since it can be shown that the expectation
of energy in the state (20) is give by: H (a1, 81, 71) >= 5 [a}(1 + 3R?) + 57 (3 + R?) +~i(1 + R?)],
from which it follows that< H(ay,B1,71) > — < H(0,0,1) >= %= (a1 R? + 3}) > 0. That s,

the expectation of energy is least for the ground state; @jitehenergies are normally associated with

higher entropies.

4. Summary and Outlook

In this paper, we have shown that the entanglement entrofsyoofoupled HOs, with coordinates
of one traced over, is more for excited states compared tohey are both in their ground states.
We would like to extend our results & oscillators, withn < N of them being traced over. This
would enable one to compute the entanglement entropy ofessfralar field in flat space-time when
its degrees of freedom inside a given region are traced amdrcheck whether it is proportional to the
area of the bounding surface [10]. It would also be intengstd extend the results to BH space-times
with the surface mentioned above coinciding with its evarrizon. We hope to report on these and
related issues in the near future.

Note added:After the submission of this paper to t&nadian Journal of Physicsve extended
the work (reported here) to the free scalar field in flat sgane-in Ref. [10]. We have shown that the
entanglement entropy is proportional to area when the istiald degrees of freedom are in generic
coherent states, and first excited state, although in ther lzdse, the entropy increases manyfold.
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