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Abstract

Through six chapters, the concept of decomposing the complete design is demonstrated.

Group divisible designs, symmetric designs, strongly regular graphs, and association schemes

are examples of the combinatorial objects that complete designs are decomposed into.

Reconstructing McFarland designs leads to the existence of sets of designs with disjoint

incidence matrices whose sum is the complete design. The existence of infinite classes of

symmetric association schemes follows from the decomposition.

Applying a similar technique on the Spence designs provides sets of designs all sharing

the same complete tripartite graphs. By appropriately splitting the designs a decomposition

of the complete design is obtained leading to an infinite class of non-commutative associa-

tion schemes.

A final attempt is made to combine the constructed decomposition with specific classes

of balanced generalized weighing matrices.
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Chapter 1

Introduction

1.1 Motivation and Plans

The purpose of this study is to introduce a complete design decomposition and its appli-

cations. The concepts of complete design decomposition, complete graph decompositions,

and association schemes have a lot in common. A complete graph is always decomposed to

combinatorial objects with symmetric adjacency matrices while symmetry is not necessary

when one talks about a complete design decomposition.

A complete graph decomposition consisting of three strongly regular graphs is an amor-

phic association scheme [22]. Association schemes were originally introduced by Bose and

Shimamoto [4], and symmetric association scheme have drawn much attention in the last

few decades [1, 5, 19, 20].

Some constructions of symmetric designs lead to a complete graph decomposition. Bal-

anced generalized weighing matrices have been used in the construction of symmetric de-

signs since the 70’s [8, 9]. In [15], Kharaghani and Torabi used particular product on

balanced generalized weighing matrices to find symmetric designs with new parameters.

Using their symmetric designs, Klin, Reichard, and Woldar generated a complete graph

decomposition into distance regular graphs, see [18].

In [16], the authors present a decomposition of the complete graph on 22m(2m +2) ver-

tices. Then, they show how to use this decomposition to make an infinite class of symmetric

association schemes.

My main motivation originates from [10], where Ionin and Kharaghani generated in-
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1.1. MOTIVATION AND PLANS

finite classes of symmetric designs and strongly regular graphs with new parameters. Re-

constructing their designs and graphs leads to the existence of sets of designs with disjoint

incidence matrices whose sum is the complete design.

In Section 1.2, all primary and crucial definitions needed is described. In this thesis,

Balanced Incomplete Block Designs, abbreviated to BIBDs, are the key combinatorial ob-

jects into which complete designs are decomposed. To achieve a greater understanding of

balanced incomplete block designs, the second chapter takes a dive into this area. In Section

2.1, BIBDs are defined, and their properties are investigated. Among all kinds of BIBDs,

we mostly focus on symmetric designs or symmetric BIBDs. In Section 2.2, symmetric

BIBDs are studied, and Section 2.3 utilizes projective planes and more generally vector

spaces on finite fields to construct symmetric designs.

In Chapter 3, we introduce a new method to reconstruct McFarland and Spence designs.

McFarland and Spence designs are reviewed in Section 3.1. In Section 3.2, a new method

to reconstruct McFarland and Spence designs is introduced. Section 3.2 has three subsec-

tions. First subsection is about the materials needed in the construction method. Section

3.2.2 explains how to use the new method to construct symmetric designs with the same

parameters of McFarland designs while Section 3.2.3 reconstructs Spence designs.

Chapter 4 introduces and enhances the concept of decomposition of complete designs.

In Section 4.1, we introduce complete design decompositions. Sections 4.2 and 4.3 are

generalizations of Sections 3.2.2 and 3.2.3, respectively. In Sections 4.2 and 4.3, we in-

troduces a new infinite class of decompositions of complete designs into McFarland and

Spence Designs.

In Section 5.1 and 5.2, we show how to combine McFarland and Spence designs gen-

erated in Sections 3.2.2 and 3.2.3 with specific classes of balanced generalized weighing

matrices to make symmetric designs and also strongly regular graphs. In Section 5.3, we

introduce new series of infinite classes of decompositions using designs and graphs made

in Sections 5.1 and 5.2.
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1.2. PRELIMINARIES

In Chapter 6, the complete designs are decomposed into different kinds of association

schemes. In Section 6.1, we introduce a new infinite class of non-commutative associa-

tion schemes. For q = 2m, McFarland designs always have symmetric incidence matrices.

In Section 6.2, we use these designs to decompose complete designs and also complete

graphs. Moreover, this decomposition leads to a new infinite class of symmetric associa-

tion schemes which are studied in Section 6.3.

1.2 Preliminaries

A set with two distinct elements is called a two-set. A graph is a pair G = (V,E) such

that E is a set of two-sets of V . Elements of V are called vertices and elements of E are

called edges. The notation xy shows the edge {x,y} which joins x and y. Two vertices x and

y are incident with xy, and x and y are adjacent to or neighbours of each other. The number

of neighbours a vertex has is called the degree of the vertex.

Definition 1.1 ([3, Definition 1.2, p. 7]). The adjacency matrix of a graph on m vertices is

a (0,1)-matrix A = [mi j], where

mi j =

{
1 if the vertices νi and ν j are adjacent,
0 otherwise.

A graph G = (V,E) is called complete if for any two distinct vertices x and y in V ,

xy ∈ E. The notation Kn is shown the complete graph on n vertices. Two (0,1)-matrices

A and B are called disjoint if the matrix A+B is a (0,1)-matrix. Two graphs are called

disjoint if their adjacency matrices are disjoint. If Jn (or simply J) is the n×n matrix of all

ones, In (or simply I) is the identity matrix of order n, and A is the adjacency matrix of Kn,

then A = Jn− In.

3



1.2. PRELIMINARIES

1
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Figure 1.1: The complete graph K4
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Figure 1.2: A regular graph

Example 1.2. The adjacency matrix A of the complete graph K4 shown in Figure 1.1 is

A = J4− I4 =

 0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0

.
A graph G is a regular graph of order k, if degrees of all of vertices are equal to k.

Figure 1.2 shows a regular graph of order 3. If A is the adjacency matrix of a regular graph

of order k, then AJ = JA = kJ.

Example 1.3. The adjacency matrix A of the regular graph shown in Figure 1.2 is

A =



0 1 1 0 1 0 0 0
1 0 0 1 0 1 0 0
1 0 0 1 0 0 1 0
0 1 1 0 0 0 0 1
1 0 0 0 0 1 1 0
0 1 0 0 1 0 0 1
0 0 1 0 1 0 0 1
0 0 0 1 0 1 1 0


and we have AJ = JA = 3J.

A strongly regular graph is a regular graph G = (V,E) of order k with |V |= ν such that

every two adjacent vertices have λ common neighbors, and every two non-adjacent vertices

4



1.2. PRELIMINARIES

1 2

3

4

5 6

Figure 1.3: A SRG(6,4,2,4)

have µ common neighbors. Such graph is said to be a SRG(ν,k,λ,µ).

Figure 1.3 shows a strongly regular graph with parameter SRG(6,4,2,4). The regu-

lar graph shown in Figure 1.2 is not a strongly regular graph as two pairs of non-adjacent

vertices (2,3) and (2,7) have different numbers of common neighbors; i.e. 2 and 0 respec-

tively. For an adjacency matrix A of a SRG(ν,k,λ,µ), we have A2 =(k−µ)I+(λ−µ)A+µJ,

or equivalently

A2 = kI +λA+µ(J− I−A). (1.1)

Example 1.4. The adjacency matrix A of the strongly regular graph shown in Figure 1.3 is:

A =


0 1 1 1 1 0
1 0 1 1 0 1
1 1 0 0 1 1
1 1 0 0 1 1
1 0 1 1 0 1
0 1 1 1 1 0


For this matrix, we have

A2 =


4 2 2 2 2 4
2 4 2 2 4 2
2 2 4 4 2 2
2 2 4 4 2 2
2 4 2 2 4 2
4 2 2 2 2 4

=


4 0 0 0 0 0
0 4 0 0 0 0
0 0 4 0 0 0
0 0 0 4 0 0
0 0 0 0 4 0
0 0 0 0 0 4

+


0 2 2 2 2 0
2 0 2 2 0 2
2 2 0 0 2 2
2 2 0 0 2 2
2 0 2 2 0 2
0 2 2 2 2 0

+


0 0 0 0 0 4
0 0 0 0 4 0
0 0 0 4 0 0
0 0 4 0 0 0
0 4 0 0 0 0
4 0 0 0 0 0


So A2 = 4I +2A+4(J− I−A). Hence, the matrix A satisfies (1.1).

If A = [ai j] is a m×n matrix and B = [bi j] is a p×q matrix, then the Kronecker product

or Hadamard product A⊗B is the mp×nq block matrix A⊗B = [ai jB].

Example 1.5. For A =
[

1 2
3 4
]

and B =

[
a b c
e f g
i j k

]
, we have

5



1.2. PRELIMINARIES
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Figure 1.4: DDG(10,5,4,2,5,2), adopted from [7, p. 2]

A⊗B =

[
1 2
3 4

]
⊗

a b c
e f g
i j k

=



a b c 2a 2b 2c
e f g 2e 2 f 2g
i j k 2i 2 j 2k

3a 3b 3c 4a 4b 4c
3e 3 f 3g 4e 4 f 4g
3i 3 j 3k 4i 4 j 4k


.

Definition 1.6 ([7, Definition 1.1, p. 2]). A regular graph on ν vertices and k edges at each

vertex is a divisible design graph (DDG for short) with parameters (ν,k,λ,µ,m,n) if the

vertex set can be partitioned into m classes each of size n, such that two distinct vertices

from the same class have exactly λ common neighbors, and two vertices from different

classes have exactly µ common neighbors. A divisible design graph DDG(ν,k,λ,µ,m,n) is

called improper if m = 1, n = 1, or λ = µ. Otherwise, it is called proper.

The adjacency matrix A of a divisible design graph satisfies:

A2 = kIν +λ((Im⊗ Jn)− Iν)+µ(Jν− (Im⊗ Jn)). (1.2)

Example 1.7 ([7, p. 2]). The graph, presented in Figure 1.4, is a DDG(10,5,4,2,5,2). The

adjacency matrix of this graph is:

6



1.2. PRELIMINARIES

A =



0 1 1 1 0 0 0 0 1 1
1 0 1 1 0 0 0 0 1 1
1 1 0 1 1 1 0 0 0 0
1 1 1 0 1 1 0 0 0 0
0 0 1 1 0 1 1 1 0 0
0 0 1 1 1 0 1 1 0 0
0 0 0 0 1 1 0 1 1 1
0 0 0 0 1 1 1 0 1 1
1 1 0 0 0 0 1 1 0 1
1 1 0 0 0 0 1 1 1 0


.

One can check to see A satisfies (1.2):

A2 =



5 4 2 2 2 2 2 2 2 2
4 5 2 2 2 2 2 2 2 2
2 2 5 4 2 2 2 2 2 2
2 2 4 5 2 2 2 2 2 2
2 2 2 2 5 4 2 2 2 2
2 2 2 2 4 5 2 2 2 2
2 2 2 2 2 2 5 4 2 2
2 2 2 2 2 2 4 5 2 2
2 2 2 2 2 2 2 2 5 4
2 2 2 2 2 2 2 2 4 5


= 5I10 +4((I5⊗ J2)− I10)+2(J10− (I5⊗ J2)).

Definition 1.8 ([7, Definition 1.2, p. 2]). An incidence structure with constant block size

k is a group divisible design, denoted by GDD(m,n,k;λ,µ), whenever the point set can be

partitioned into m classes each of size n, such that two points from one class occur together

in exactly λ blocks, and two points from different classes occur together in exactly µ blocks.

Definition 1.9 ([6, p. 17]). Let r≥ 2 be an integer. A graph G = (V,E) is called r-partite or

multipartite if V admits a partition into r classes such that every edge has its ends in different

classes; vertices in the same partition class must not be adjacent. Instead of ‘2-partite’ one

usually says bipartite, and instead of ‘3-partite’ one may say tripartite. An r-partite graph

in which every two vertices from different partition classes are adjacent is called complete.

The complete r-partite graphs for all r together are the complete multipartite graphs. A

complete r-partite graph is denoted by Kn1,...,nr , where ni are the cardinality of the i-th

class. If n1 = . . .= nr = s, we abbreviate to Kr
s .

The adjacency matrix of a complete r-partite Kn1,...,nr is Jν− diag(Jn1, . . . ,Jnr), where

ν = n1 + . . .+ nν and diag(Jn1, . . . ,Jnr) is a block matrix with the Jni on its diagonal and

zero off diagonal.

7



1.2. PRELIMINARIES

1 2

3 4
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3 4 5

Figure 1.5: Two Complete Bipartite Graph
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Figure 1.6: A Complete Tripartite Graphs

Example 1.10. The graphs shown in Figure 1.5 are complete bipartite graphs K2
2 and K2,3

with the adjacency matrices A1 =

[0 0 1 1
0 0 1 1
1 1 0 0
1 1 0 0

]
and A2 =

[0 0 1 1 1
0 0 1 1 1
1 1 0 0 0
1 1 0 0 0
1 1 0 0 0

]
, respectively. The graph

shown in Figure 1.6 is a complete tripartite graph K3
3 with the adjacency matrix

A3 =



0 0 0 1 1 1 1 1 1
0 0 0 1 1 1 1 1 1
0 0 0 1 1 1 1 1 1
1 1 1 0 0 0 1 1 1
1 1 1 0 0 0 1 1 1
1 1 1 0 0 0 1 1 1
1 1 1 1 1 1 0 0 0
1 1 1 1 1 1 0 0 0
1 1 1 1 1 1 0 0 0


.

A Latin square is an n by n array filled with n different symbols, each occurring exactly

once in each row and exactly once in each column. The matrix
[

1 2 3
3 1 2
2 3 1

]
is a Latin square of

size 3 defined on three symbols 1, 2, and 3. A Latin square L is symmetric if L = LT . A

Latin square L is constant (back) diagonal if all of (back) diagonal entries of L are equal.

Definition 1.11 ([12, Definition 1.3, p. 227]). Let G be a multiplicatively written finite

group. A matrix W = [wi j] of order ν with entries from the set G∪{0} is called a balanced

generalized weighing matrix with parameters (ν,k,λ) over G if each row of W contains k

8



1.2. PRELIMINARIES

non-zero entries and, for all distinct i, j ∈ {1,2, . . . ,ν} the multiset

{w−1
ik w jk : 1≤ k ≤ ν,wik 6= 0,w jk 6= 0}

consists of exactly λ/|G| copies of each element of G. This matrix is denoted by BGW (ν,k,λ).

If all entries of W are nonzero, it is called generalized Hadamard matrix of order m over G

and is denoted by GH(n,λ), where n = |G| and λ = m/n. Finally, any BGW (n+1,n,n−1)

is called a generalized conference matrix.

Example 1.12 ([12, p. 227]). Let G = {1,ω,ω2}. Then,

[ 0 1 ω ω 1
1 0 1 ω ω
ω 1 0 1 ω
ω ω 1 0 1
1 ω ω 1 0

]

is a balanced generalized conference matrix BGW (5,4,3) over G and


1 1 1 1 1 1
ω ω2 1 ω2 1 ω

ω 1 ω2 ω2 ω 1
1 ω2 ω2 1 ω ω

ω2 ω2 1 ω ω 1
ω2 1 ω2 ω 1 ω


is a generalized Hadamard matrix GH(3,2) over G.

9



Chapter 2

Balanced Incomplete Block Designs

Balanced Incomplete Block Designs are combinatorial objects into which complete designs

are decomposed. In this Chapter, BIBDs are defined, and their properties are studied.

2.1 Introduction to Balanced Incomplete Block Design

Definition 2.1 ([21, Definition 1.1, p. 2]). A design is a pair (X ,A), where X is a set of

elements called points and A is a multiset of nonempty subsets of X called blocks.

As is mentioned in [21, p. 2], two identical blocks in a design are said to be repeated

blocks. A design with no repeated block is said to be a simple design. In [21, p. 2], the

notation [ ] is used to show a multiset. Based on this notation, we have

[1,3,4,3] 6= {1,3,4,3}= {1,3,4}.

Definition 2.2 ([21, Definition 1.2, p. 2]). Let ν, k, and λ be positive integers such that ν> k.

A (ν,k,λ)-balanced incomplete block design (which we abbreviate to (ν,k,λ)-BIBD) is a

design (X ,A) such that the following properties are satisfied:

1. |X |= ν.

2. Each block contains exactly k points.

3. Every pair of distinct points is contained in exactly λ blocks.

10



2.1. INTRODUCTION TO BALANCED INCOMPLETE BLOCK DESIGN

In [21, p. 2], it is noted that the “balance” property is due to Part 3 in Definition 2.2.

Since k < ν, a BIBD is called an incomplete block design, and so all blocks are incomplete

blocks. In [23, p. 167], when k = ν the design is called complete. We rephrase this definition

in the way that the size of incidence matrix (Definition 2.11) of a complete design is flexible.

Definition 2.3. A design (X ,A) is called complete if

A = [X ,X , . . . ,X ]

with |A|= n, where n≥ 1.

Following [21, p. 2], blocks are written in the form of abc instead of {a,b,c}.

Example 2.4 ([21, Example 1.3, p. 2]). The design (X ,A) is a (7,3,1)-BIBD, where X =

{1,2,3,4,5,6,7} and A = {123,145,167,246,257,347,356}.

Example 2.5 ([21, Example 1.7, p. 3]). The design (X ,A) is a (7,3,2)-BIBD with repeated

blocks, where X = {1,2,3,4,5,6,7} and

A = [123,145,167,246,257,347,356,123,147,156,245,267,346,357].

Example 2.6. The design (X ,A) is complete, where X = {1, . . . ,5} and A= [X ,X ,X ,X ,X ].

Two basic properties of BIBD are mentioned by the following theorems.

Theorem 2.7 ([21, Theorem 1.8, p. 4]). In a (ν,k,λ)-BIBD, every point occurs in exactly

r =
λ(ν−1)

k−1

blocks.

Theorem 2.8 ([21, Theorem 1.9, p. 5]). A (ν,k,λ)-BIBD has exactly

b =
rν

k
=

λ(ν2−ν)

k2− k

11



2.1. INTRODUCTION TO BALANCED INCOMPLETE BLOCK DESIGN

blocks.

The notation (ν,b,r,k,λ)-BIBD features all five parameters. The following corollary is

concluded from Theorem 2.7, Theorem 2.8, and the fact that b and r must be integers.

Corollary 2.9 ([21, Corollary 1.10, p. 5]). If a (ν,k,λ)-BIBD exists, then λ(ν− 1) ≡

0 (mod k−1) and λν(ν−1)≡ 0 (mod k(k−1)).

For example, there is no (9,4,1)-BIBD considering λ(ν−1) = 8 6≡ 0 (mod 3), and there

is no (11,7,1)-BIBD considering λν(ν−1) = 110 6≡ 0 (mod 42).

In [21, p. 5], it is explained that one of the principal focus of combinatorial design theory

is to establish necessary and sufficient conditions for the existence of a (ν,k,λ)-BIBD. One

of the general applications of Corollary 2.9 is to decide necessary conditions for families of

BIBDs having fixed values of k and λ.

Example 2.10 ([21, p. 5]). For the existence of a (ν,3,1)-BIBD, Corollary 2.9 proves that

the following conditions are required:

λ(ν−1) = ν−1≡ 0 (mod 2)

and

λν(ν−1) = ν(ν−1)≡ 0 (mod 6).

By these two conditions, the cases ν ≡ 0,2,4 (mod 6) are impossible as we know

ν− 1 ≡ 0 (mod 2). The case ν ≡ 1 (mod 6) is possible beacuse ν ≡ 1 (mod 6) implies

ν(ν−1)≡ 0 (mod 6). The case ν≡ 3 (mod 6) is possible because ν≡ 3 (mod 6) implies

ν(ν− 1) ≡ 0 (mod 6). The case ν ≡ 5 (mod 6) is impossible as ν ≡ 5 (mod 6) results in

ν(ν−1) 6≡ 0 (mod 6). Therefore, there is a (ν,3,1)-BIBD only if ν≡ 1,3 (mod 6).

12



2.1. INTRODUCTION TO BALANCED INCOMPLETE BLOCK DESIGN

Definition 2.11 ([21, Definition 1.11, p. 6]). Let (X ,A) be a design where X = {x1, . . . ,xν}

and A = [A1, . . . ,Ab]. The incidence matrix of (X ,A) is the ν× b, (0,1)-matrix M = [mi j]

defined by the rule

mi j =

{
1 if xi ∈ A j

0 if xi /∈ A j.

In [21, p. 2], three features of the incidence matrix M of a (ν,b,r,k,λ)-BIBD are listed

as follow:

1. In each column, M has exactly k ones.

2. In each row, M has exactly r ones.

3. The inner product of any two distinct rows of M is equal to λ.

Note that un stands for a row vector of length n that all of its coordinates are equal to one.

Theorem 2.12 ([21, Theorem 1.13, p. 6]). Let M be a ν×b (0,1)-matrix and let 2≤ k < ν.

Then, M is the incidence matrix of a (ν,b,r,k,λ)-BIBD if and only if MMT = λJν+(r−λ)Iν

and uνM = kub.

Example 2.13. In this example, we study the incidence matrices of all designs mentioned

in Examples 2.4, 2.5, and 2.6. The incidence matrix N1 of the (7,3,1)-BIBD of Example

2.4 is

N1 =


1 1 1 0 0 0 0
1 0 0 1 1 0 0
1 0 0 0 0 1 1
0 1 0 1 0 1 0
0 1 0 0 1 0 1
0 0 1 1 0 0 1
0 0 1 0 1 1 0

.
We have

N1NT
1 =


3 1 1 1 1 1 1
1 3 1 1 1 1 1
1 1 3 1 1 1 1
1 1 1 3 1 1 1
1 1 1 1 3 1 1
1 1 1 1 1 3 1
1 1 1 1 1 1 3

= J7 +2I7
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2.2. SYMMETRIC DESIGNS

and u7N1 = 3u7. The incidence matrix N2 of the (7,3,2)-BIBD of Example 2.5 is a 7×14

(0,1)-matrix

N2 =


1 1 1 0 0 0 0 1 1 1 0 0 0 0
1 0 0 1 1 0 0 1 0 0 1 1 0 0
1 0 0 0 0 1 1 1 0 0 0 0 1 1
0 1 0 1 0 1 0 0 1 0 1 0 1 0
0 1 0 0 1 0 1 0 0 1 1 0 0 1
0 0 1 1 0 0 1 0 0 1 0 1 1 0
0 0 1 0 1 1 0 0 1 0 0 1 0 1

 .
We have

N2NT
2 =


6 2 2 2 2 2 2
2 6 2 2 2 2 2
2 2 6 2 2 2 2
2 2 2 6 2 2 2
2 2 2 2 6 2 2
2 2 2 2 2 6 2
2 2 2 2 2 2 6

= 4I7 +2J7

and u7N2 = 3u14. The incidence matrix N3 of the complete design (X ,A) of Example 2.6

is N3 =

[1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1

]
.

In [21, p. 15], the design (X ,{X \A : A ∈ A}) is called the block complement or simply

the complement of (X ,A).

Theorem 2.14 ([21, Theorem 1.32, p. 15]). Suppose (X ,A) is a (ν,b,r,k,λ)-BIBD, where

k ≤ ν−2. Then, the complement of (X ,A) is a (ν,b,b− r,ν− k,b−2r+λ)-BIBD.

Example 2.15 ([21, p. 16]). Let (X ,A) be the (7,3,1)-BIBD or (7,7,3,3,1)-BIBD men-

tioned in Example 2.4. The complement of (X ,A) is (X ,A′), where

A′ = {X \A : A ∈ A}= {4567,2367,2345,1357,1346,1256,1247}.

The design (X ,A′) is a (7,4,2)-BIBD or (7,7,4,4,2)-BIBD.

As is mentioned in [21, p. 16], one of the remarkable necessary condition for the exis-

tence of a (ν,k,λ)-BIBD is known as Fisher’s Inequality.

Theorem 2.16 ([21, Theorem 1.33, p. 16]). In any (ν,b,r,k,λ)-BIBD, b≥ ν.
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2.2. SYMMETRIC DESIGNS

2.2 Symmetric Designs

In this thesis, the focus is mainly on symmetric BIBDs. Therefore, we inspect different

features of these designs.

Definition 2.17 ([21, Definition 2.1, p. 23]). A BIBD in which b= ν (or, equivalently, r = k

or λ(v−1) = k2− k) is called a symmetric BIBD.

Note that the incidence matrix of a symmetric BIBD is not necessarily symmetric. We

use symmetric design and symmetric BIBD interchangeably.

Example 2.18 ([21, p. 23]). For a point set X with |X |= ν, let A consists of all k-subsets of

X . Then, (X ,A) is (ν,k,λ)-BIBD. If k = ν−1, (X ,A) is a symmetric (ν,ν−1,ν−2)-BIBD

or symmetric (ν,ν−1,ν−2)-design.

The following theorem expresses one of the important properties of a symmetric design.

Theorem 2.19 ([21, Theorem 2.2, p. 23]). Suppose that (X ,A) is a symmetric (ν,k,λ)-

BIBD and denote A = {A1, . . . ,Aν}. Suppose that 1≤ i, j ≤ ν, i 6= j. Then, |Ai∩A j|= λ.

By Theorems 2.19, the following corollaries are achieved.

Corollary 2.20 ([21, Corollary 2.4, p. 25]). Suppose M is the incidence matrix of a sym-

metric (ν,k,λ)-BIBD. Then, MT is also the incidence matrix of a symmetric (ν,k,λ)-BIBD.

Corollary 2.21 ([21, Corollary 2.5, p. 25]). Suppose that µ is a positive integer and (X ,A)

is a (ν,b,r,k,λ)-BIBD such that |A∩A′|= µ for all A,A′ ∈ A. Then, (X ,A) is a symmetric

BIBD and µ = λ.

We proceed analyzing symmetric designs by studying a method of generating BIBDs

from symmetric designs.

Definition 2.22 ([21, Definition 2.6, p. 26]). Suppose (X ,A) is a symmetric (ν,k,λ)-BIBD

and let A0 ∈ A. Define

Der(X ,A,A0) = (A0, {A∩A0: A ∈ A, A 6= A0})

15
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and

Res(X ,A,A0) = (X \A0 , {A\A0: A ∈ A, A 6= A0}).

The design Der(X ,A,A0) is called a derived BIBD, and the design Res(X ,A,A0) is called

a residual BIBD.

In the following theorem, the parameters of Der(X ,A,A0) and Res(X ,A,A0) are pro-

vided.

Theorem 2.23 ([21, Theorem 2.7, p. 26]). Suppose (X ,A) is a symmetric (ν,k,λ)-BIBD

and let A0 ∈A. Then, Der(X ,A,A0) is a (k,ν−1,k−1,λ,λ−1)-BIBD provided that λ≥ 2.

Moreover, Res(X ,A,A0) is a (ν− k,ν−1,k,k−λ,λ)-BIBD provided that k ≥ λ+2.

Example 2.24 ([21, Example 2.8, p. 26]). The eqaulity 2(11−1) = 5(5−1) implies that an

(11,5,2)-BIBD is symmetric. For an (11,5,2)-BIBD, we have λ≥ 2 and k≥ λ+2. There-

fore, we can use Theorem 2.23. Let X = {0,1, . . . ,10} and A0 = {1,3,4,5,9}. Suppose

(X ,A) be the symmetric (11,5,2)-design whose incidence matrix is



0 0 1 0 0 0 1 1 1 0 1
1 0 0 1 0 0 0 1 1 1 0
0 1 0 0 1 0 0 0 1 1 1
1 0 1 0 0 1 0 0 0 1 1
1 1 0 1 0 0 1 0 0 0 1
1 1 1 0 1 0 0 1 0 0 0
0 1 1 1 0 1 0 0 1 0 0
0 0 1 1 1 0 1 0 0 1 0
0 0 0 1 1 1 0 1 0 0 1
1 0 0 0 1 1 1 0 1 0 0
0 1 0 0 0 1 1 1 0 1 0


.

Then, the design Der(X ,A,A0) is a (5,2,1)-BIBD and its incedence matrix is


0 0 1 0 0 0 1 1 1 0
0 1 0 0 1 0 0 0 1 1
1 0 1 0 0 1 0 0 0 1
1 1 0 1 0 0 1 0 0 0
0 0 0 1 1 1 0 1 0 0

.
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Similarly, the design Res(X ,A,A0) is a (6,3,2)-BIBD and its incedence matrix is


0 1 0 0 0 1 1 1 0 1
1 0 0 1 0 0 0 1 1 1
1 1 1 0 1 0 0 1 0 0
0 1 1 1 0 1 0 0 1 0
0 0 1 1 1 0 1 0 0 1
1 0 0 0 1 1 1 0 1 0

.

2.3 Symmetric Designs and Projective Planes

There are various ways to define a projective plane. Following [21, p. 27], we use a

BIBD with particular parameters to define a projective plane.

Definition 2.25 ([21, Definition 2.9, p. 27]). An (n2 + n+ 1,n+ 1,1)-BIBD with n ≥ 2 is

said a projective plane of order n.

Since n2 + n = (n+ 1)n, projective planes are symmetric BIBDs. An example of a

projective plane of order n = 2 is the (7,3,1)-BIBD given in Example 2.4. In the following

example, a projective plane of order n = 3 is exhibited.

Example 2.26 ([21, Example 2.11, p. 28]). Let X = {0,2, . . . ,12} and (X ,A) be the sym-

metric (13,4,1)-design whose incidence matrix is



1 1 0 1 0 0 0 0 0 1 0 0 0
0 1 1 0 1 0 0 0 0 0 1 0 0
0 0 1 1 0 1 0 0 0 0 0 1 0
0 0 0 1 1 0 1 0 0 0 0 0 1
1 0 0 0 1 1 0 1 0 0 0 0 0
0 1 0 0 0 1 1 0 1 0 0 0 0
0 0 1 0 0 0 1 1 0 1 0 0 0
0 0 0 1 0 0 0 1 1 0 1 0 0
0 0 0 0 1 0 0 0 1 1 0 1 0
0 0 0 0 0 1 0 0 0 1 1 0 1
1 0 0 0 0 0 1 0 0 0 1 1 0
0 1 0 0 0 0 0 1 0 0 0 1 1
1 0 1 0 0 0 0 0 1 0 0 0 1


.

Then, the design (X ,A) is a projective plane of order 3.

The following theorem guarantees the existence of a projective plane of order q, for

each prime power q.
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Theorem 2.27 ([21, Theorem 2.10, p. 28]). There exists a symmetric (q2 +q+1,q+1,1)-

design, for every prime power q.

As is mentioned in [21], one of the greatly admired open problems in design theory

is the question regarding the existence of a projective plane of non-prime power order.

Currently, no projective plane of non-prime power order is known.

Definition 2.28 ([21, Definition 2.12, p. 29]). Let n ≥ 2. An (n2,n2 +n,n+1,n,1)-BIBD

is called an affine plane of order n.

Theorem 2.23 confirms that the residual BIBD of a projective plane of order n or a

(n2 + n+ 1,n+ 1,1)-BIBD is an (n2,n2 + n,n+ 1,n,1)-BIBD which is an affine plane of

order n. Hence, Theorem 2.27 results in the following Theorem.

Theorem 2.29 ([21, Theorem 2.13, p. 29]). For every prime power q ≥ 2, there is a

(q2,q,1)-BIBD (i.e., an affine plane of order q).

Theorem 2.27 is the specific case (d = 2) of the following theorem.

Theorem 2.30 ([21, Theorem 2.14, p. 30]). Suppose q ≥ 2 is a prime power and d ≥ 2 is

an integer. Then there is a symmetric

(qd+1−1
q−1

,
qd−1
q−1

,
qd−1−1

q−1
)
-BIBD.

As a consequence of Theorem 2.23, the following corollary provides the parameters of

derived and residual BIBDs of the BIBDs made in Theorem 2.31.

Corollary 2.31 ([21, Corollary 2.15, p. 30]). Let q≥ 2 be a prime power and d ≥ 2 be an

integer. Then, there exists a

(
qd,qd−1,

qd−1−1
q−1

)
-BIBD.
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Moreover, if d > 2, there is a

(qd−1
q−1

,
qd−1−1

q−1
,
q(qd−2−1)

q−1
)
-BIBD.

In [21, p. 30], the following two theorems explain a couple of necessary existence con-

ditions for symmetric designs.

Theorem 2.32 ([21, Theorem 2.16, p. 30]). Suppose there is a symmetric (ν,k,λ)-BIBD

with ν even. Then k−λ is a perfect square.

Theorem 2.33 ([21, Theorem 2.19, p. 32]). Suppose there exists a symmetric (ν,k,λ)-BIBD

with ν odd. Then there exist integers x,y, and z (not all 0) such that

x2 = (k−λ)y2 +(−1)(v−1)/2
λz2.
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Chapter 3

A New Construction for McFarland and
Spence Designs

In this Section, we explain how to reconstruct the structure of McFarland and Spence De-

signs introduced in [10]. In [10], Ionin and Kharaghani utilized hyperplanes of vector

spaces to generate McFarland and Spence Designs. When the parameters of the designs are

growing, the method becomes more complicated. Therefore, it was practically infeasible to

use computer programming for doing further research on these designs.

My supervisor suggested a new method in which we use generalized Hadamard matri-

ces. The new method is computer-friendly and it directly generates the incidence matrix of

a design. Applying the new method provides us with new results on McFarland and Spence

designs. We first review the original construction in Section 3.1 and then introduce the new

construction in Section 3.2.

3.1 McFarland and Spence Designs

In this section, we review [10] to explain the original method. Let V be a (d + 1)-

dimensional vector space over the field GF(q), where q is a prime power and d is a positive

integer. A d-dimensional subspace of V is called a hyperplane. A coset of a hyperplane is

called a d- flat. If H is a hyperplane and x 6= y ∈ V , then H + x and H + y are considered

parallel. The space V has r = (q(d+1)−1)/(q−1) hyperplanes, H1,H2, . . . ,Hr. For each i,

all d-flats parallel to Hi make a parallel class Πi with |Πi|= q, see [10, p. 213].
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Example 3.1. We set q = 3 and d = 1. Let V be the 2-dimensional vector space over

GF(3) = {−1,0,1}. The point set of this vector space is {1 = (−1,−1),2 = (−1,0),

3 = (−1,1),4 = (0,−1),5 = (0,0),6 = (0,1),7 = (1,−1),8 = (1,0),9 = (1,1)}. This

vector space has r = (qd+1−1)/(q−1) = (32−1)/(3−1) = 4 hyperplanes H1 = {4,5,6},

H2 = {2,5,8}, H3 = {7,5,3}, and H4 = {1,5,9}. Then, the parallel classes containing

parallel 1-flats are:

Π1 = {{1,2,3},{4,5,6},{7,8,9}},

Π2 = {{1,4,7},{2,5,8},{3,6,9}},

Π3 = {{4,2,9},{7,5,3},{6,8,1}},

and

Π4 = {{2,6,7},{1,5,9},{8,4,3}}.

Let F be the set consisting of the entire space V , the empty set, all d-flats, and their

complements. Let m be a positive integer and let F m be the set of all ordered m-tuples of

elements of F .

Definition 3.2 ([10, Definition 4.1, p. 214]). A McFarland (r + 1)-tuple is an (r + 1)-

tuple A = (A1,A2, . . . ,Ar+1) ∈ F r+1 such that one of the sets A1,A2, . . . ,Ar+1 is empty

and the other r sets are pairwise non-parallel d-flats. A Spence r-tuple is an r-tuple A =

(A1,A2, . . . ,Ar) ∈ F r such that one of the sets A1,A2, . . . ,Ar is the complement of a d-flat

parallel to H1 and the other r−1 sets are pairwise non-parallel d-flats, which are not parallel

to H1.

Example 3.3. Consider the vector space mentioned in Example 3.1. The 5-tuple

A = (A1,A2, . . . ,A5)∈F 5, where A1 is empty, A2 = {1,2,3}, A3 = {1,4,7}, A4 = {4,2,9},

and A5 = {2,6,7}, is a McFarland 5-tuple. The 4-tuple A = (A1,A2,A3,A4) ∈ F 4, where

A1 = {4,5,6,7,8,9} , A2 = {1,4,7}, A3 = {4,2,9}, and A4 = {2,6,7}, is a Spence 4-tuple.

We note that A1 = {4,5,6,7,8,9} is the complement of the d-flat {1,2,3} which is parallel
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to H1 = {4,5,6}. We also note that A2 = {1,4,7}, A3 = {4,2,9}, and A4 = {2,6,7} are

pairwise non-parallel d-flats, which are not parallel to H1.

In [10, p. 213], it is mentioned that a finite abelian group G= {x1,x2, . . . ,xn} is equipped

with a symmetric order if xi + xn+1−i is the same for i = 1,2, . . . ,n. Now, consider a finite

abelian group G = {x1,x2, . . . ,xn} with a symmetric order. For any subset A of G, the (0,1)

matrix M(A) = [mi j(A)] of order n is defined by

mi j(A) =

{
1 if xn+1−i− x j ∈ A,
0 if xn+1−i− x j /∈ A.

The matrix M(A) is symmetric because the group G is equipped with a symmetric order.

Example 3.4. The vector space V mentioned in Example 3.1 is a finite abelian group under

addition which is equipped with a symmetric order. The sets A1,A2, . . . ,A5 of the McFar-

land 5-tuple in Example 3.3 are subsets of V . Now, we want to find M(Ai) which is a 9×9

(0,1)-matrix, for each i = 1,2, . . . ,5. Since A1 is empty, all entries of the matrix M(A1) are

zero. We have

M(A1)=



0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0


M(A2)=



1 1 1 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1
0 0 0 0 0 0 1 1 1
0 0 0 0 0 0 1 1 1
0 0 0 1 1 1 0 0 0
0 0 0 1 1 1 0 0 0
0 0 0 1 1 1 0 0 0


M(A3)=



1 0 0 1 0 0 1 0 0
0 0 1 0 0 1 0 0 1
0 1 0 0 1 0 0 1 0
1 0 0 1 0 0 1 0 0
0 0 1 0 0 1 0 0 1
0 1 0 0 1 0 0 1 0
1 0 0 1 0 0 1 0 0
0 0 1 0 0 1 0 0 1
0 1 0 0 1 0 0 1 0



M(A4)=



0 0 1 0 1 0 1 0 0
0 1 0 1 0 0 0 0 1
1 0 0 0 0 1 0 1 0
0 1 0 1 0 0 0 0 1
1 0 0 0 0 1 0 1 0
0 0 1 0 1 0 1 0 0
1 0 0 0 0 1 0 1 0
0 0 1 0 1 0 1 0 0
0 1 0 1 0 0 0 0 1


M(A5)=



0 0 1 1 0 0 0 1 0
0 1 0 0 0 1 1 0 0
1 0 0 0 1 0 0 0 1
1 0 0 0 1 0 0 0 1
0 0 1 1 0 0 0 1 0
0 1 0 0 0 1 1 0 0
0 1 0 0 0 1 1 0 0
1 0 0 0 1 0 0 0 1
0 0 1 1 0 0 0 1 0


The following theorem explains how McFarland tuples form symmetric designs.
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Theorem 3.5 ([10, Theorem 4.1, p. 214]). Let q be a prime power, d a positive integer,

and V a (d + 1)-dimensional vector space over the field GF(q). Suppose [Ai j], i, j =

1, . . . ,r+1, be an array of subsets of V , all rows and all columns of which are McFarland

(r+1)-tuples. Then the block matrix N = [M(Ai j)] is the incidence matrix of a symmetric

((r+1)qd+1,rqd,(r−1)qd−1)-design.

Example 3.6 ([21, Example 5.25, p. 114]). We use the matrices M(A1), M(A2), . . . , M(A5)

found in Example 3.4 to generate a matrix N satisfying the condition of Theorem 3.5. In the

Latin square

[1 2 3 4 5
2 3 4 5 1
3 4 5 1 2
4 5 1 2 3
5 1 2 3 4

]
, we replace i = 1,2, . . . ,5 with Mi = M(Ai). The resulted matrix is

N =


M1 M2 M3 M4 M5
M2 M3 M4 M5 M1
M3 M4 M5 M1 M2
M4 M5 M1 M2 M3
M5 M1 M2 M3 M4

.

By Theorem 3.5, N is the incidence matrix of a symmetric (45,12,3)-design which is given

in Appendix 1.

We have a similar structure using Spence tuples. Spence tuples generate a symmetric

design only when q = 3.

Theorem 3.7 ([10, Theorem 4.2, p. 215]). Let V be the (d + 1)-dimensional vector space

over GF(3) and r = (3d+1− 1)/2. Let [Ai j], i, j = 1,2, . . . ,r, be an array of subsets of V ,

all rows and all columns of which are Spence r-tuples. Then the block matrix N = [M(Ai j)]

is the incidence matrix of a symmetric (3d+1(3d+1− 1)/2,3d(3d+1 + 1)/2,3d(3d + 1)/2)-

design.

3.2 A Construction for Symmetric Designs

Let q be a prime power, d a positive integer, and r =
qd+1−1

q−1
. In Section 3.1, Mc-

Farland and Spence tuples generate symmetric ((r+1)qd+1,rqd,(r−1)qd−1)-designs and

symmetric
(

3d+1(3d+1−1)
2

,
3d(3d+1 +1)

2
,
3d(3d +1)

2

)
-designs, respectively.
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In this Section, we use generalized Hadamard matrices to construct symmetric

((r+1)qd+1,rqd,(r−1)qd−1)-designs and
(

3d+1(3d+1−1)
2

,
3d(3d+1 +1)

2
,
3d(3d +1)

2

)
-

designs.

In Section 3.2.1, we discuss the main materials of our structure. In Section 3.2.2, we

reconstruct designs made by McFarland tuples while using generalized Hadamard matrices.

In Section 3.2.3, we see how to reconstruct designs made by Spence tuples.

3.2.1 Introduction

We start this chapter by defining specific classes of Latin squares needed for the con-

struction methods. A Latin square L of size n is constant back diagonal if there exists a

number x such that for all 1 ≤ k ≤ n, Lk,n+1−k = x. For any given n, any circulant Latin

square of size n is a constant diagonal Latin square which is not necessarily symmetric. For

example, L =

[0 1 2 3
3 0 1 2
2 3 0 1
1 2 3 0

]
is a circulant Latin square of size 4. Moreover, any back circulant

Latin square of size n is a symmetric Latin square which is not necessarily constant diag-

onal but is constant back diagonal. For example, L =

[0 1 2 3
1 2 3 0
2 3 0 1
3 0 1 2

]
is a constant back diagonal

Latin square of size 4.

For any even n, there is a symmetric constant diagonal Latin square of size n. In Chapter

6, we use Latin squares of even size which are symmetric, constant diagonal, and constant

back diagonal. In the following lemma, we explain how to construct such Latin squares.

Lemma 3.8 ([13, Lemma 2, p. 70]). For any even n, there is a symmetric Latin square L of

order n with constant diagonal and constant back diagonal.

Proof. Take addition table mod n−1. Move the diagonal entries to form the first row and

the first column. Then, fill-in the diagonal with the remaining number.

Example 3.9. To construct a symmetric constant diagonal Latin square of size 6, we

form the addition table on {1, . . . ,5} to get a symmetric Latin square of size 5. We have

A =

[0 1 2 3 4
1 2 3 4 0
2 3 4 0 1
3 4 0 1 2
4 0 1 2 3

]
. All the numbers appear on the diagonal. Now, we define the symmetric
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constant diagonal Latin square L =

5 0 2 4 1 3
0 5 1 2 3 4
2 1 5 3 4 0
4 2 3 5 0 1
1 3 4 0 5 2
3 4 0 1 2 5

 which also has constant back diagonal.

Now, we describe a group Ω(p,m) which will be used in our method. The elements of

this group are (0,1)-matrices and the operation of this group is the matrix multiplication.

Definition 3.10. Let pm be a prime power and Gp the cyclic group generated by Cp, where

Cp = circ(0,1,0, . . . ,0) is a circulant matrix of order p. Then, Ω(p,m) stands for the group

{A1⊗ . . .⊗Am|A1, . . . ,Am ∈ Gp} of (0,1)-matrices whose operation is the matrix multipli-

cation.

In Definition 3.10, let ω= A1⊗ . . .⊗Am be an arbitrary element of Ω(p,m). The inverse

of ω is A−1
1 ⊗ . . .⊗A−1

m , where A−1
i is the inverse of Ai in Gp, i = 1, . . . ,m. The identity

element of Ω(p,m) is Ipm , the identity matrix of order pm.

Lemma 3.11. Let pm be a prime power. We have

(i) ∑
A∈Ω(p,m)

A = Jpm;

(ii) For each matrix A ∈Ω(p,m), we have A−1 = AT , where AT is the transpose of A.

(iii) For any two elements ω1 =Cα1
p ⊗ . . .⊗Cαm

p and ω2 =Cβ1
p ⊗ . . .⊗Cβm

p of Ω(p,m),

the equality ω1 = ω2 implies Cαi
p =Cβi

p , for all i = 1, . . . ,m.

Proof. We prove (i) by induction on m.

Base case: We need to prove ∑
A∈G

A = Jp. By Definition 3.10, we know Gp =<Cp >,

where Cp = circ(0,1,0, . . . ,0) is a circulant matrix of size p. We have

∑
A∈G

A =C0
p +C1

p +C2
p + . . .+Cp−1

p

= circ(1,0,0, . . . ,0)+ circ(0,1,0, . . . ,0)+ · · ·+ circ(0,0,0, . . . ,1)

= circ(1,1, . . . ,1) = Jp.
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Inductive step: Suppose ∑
A∈Ω(p,m−1)

A = Jpm−1 . We have

∑
A∈Ω(p,m)

A = ∑
A∈Ω(p,m−1)

∑
B∈Gp

A⊗B = ∑
B∈Gp

[
∑

A∈Ω(p,m−1)
A
]
⊗B

= ∑
B∈Gp

Jpm−1⊗B

= Jpm−1⊗ [ ∑
B∈Gp

B]

= Jpm−1⊗ Jp

= Jpm.

To prove (ii), we note that the rows of Cp = circ(0,1,0, . . . ,0) are pairwise orthogonal and

so we have CpCT
p = Ip. From this, we conclude that BBT = Ip for any element B ∈ Gp.

Hence, AAT = Ipm .

We prove (iii) by induction on m.

Base case: We set m = 2. We need to prove Cα1
p ⊗Cα2

p =Cβ1
p ⊗Cβ2

p implies Cαi
p =Cβi

p ,

for i = 1,2. Let Cα1
i j and Cβ1

i j be the (i, j)-entry of Cα1
p and Cβ1

p , respectively. We have

Cα1
p ⊗Cα2

p = [Cα1
i j Cα2

p ] and Cβ1
p ⊗Cβ2

p = [Cβ1
i j Cβ2

p ]. Hence, the equality Cα1
p ⊗Cα2

p =

Cβ1
p ⊗Cβ2

p implies Cα1
i j Cα2

p = Cβ1
i j Cβ2

p , for all i, j = 1, . . . , p. Since all elements of

Gp are non-zero (0,1)- matrices, we have Cα1
kl = 1, for some k and l. The equality

Cα1
kl Cα2

p =Cβ1
kl Cβ2

p proves Cβ1
kl = 1. Hence, we have Cα2

p =Cβ2
p and

0 =Cα1
i j Cα2

p −Cβ1
i j Cβ2

p

=Cα1
i j Cα2

p −Cβ1
i j Cα2

p

=(Cα1
i j −Cβ1

i j )C
α2
p .

Since Cα2
p is a non-zero matrix, we have Cα1

i j −Cβ1
i j = 0 or Cα1

i j = Cβ1
i j , for all i, j =

1, . . . , p. Therefore, we conclude Cα1
p =Cβ1

p .
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Inductive step: Suppose Cα1
p ⊗ . . .⊗Cαm−1

p =Cβ1
p ⊗ . . .⊗Cβm−1

p implies Cαi
p =Cβi

p , for

all i = 1, . . . ,m−1. The matrices Cα1
p ⊗ . . .⊗Cαm−1

p and Cβ1
p ⊗ . . .⊗Cβm−1

p are nonzero

(0,1)-matrix. Using the same logic of the base case, the equality Cα1
p ⊗ . . .⊗Cαm

p =

Cβ1
p ⊗ . . .⊗Cβm

p implies Cα1
p ⊗ . . .⊗Cαm−1

p = Cβ1
p ⊗ . . .⊗Cβm−1

p and Cαm
p = Cβm

p . By

induction hypothesis, Cα1
p ⊗ . . .⊗Cαm−1

p =Cβ1
p ⊗ . . .⊗Cβm−1

p implies Cαi
p =Cβi

p , for all

i = 1, . . . ,m− 1. Therefore, the equality Cα1
p ⊗ . . .⊗Cαm

p = Cβ1
p ⊗ . . .⊗Cβm

p implies

implies Cαi
p =Cβi

p , for all i = 1, . . . ,m.

Let p be a prime number, m a positive integer, and Zm
p the group whose elements are

m-tuples of vectors with entries in Zp and whose operation is vector addition.

Theorem 3.12. Any generalized Hadamard matrix over the additive group Zm
p is also a

generalized Hadamard matrix over the group Ω(p,m) and visa versa.

Proof. It is enough to prove that two groups Ω(p,m) and Zm
p are isomorphic. The group

Gp =<Cp >, defined in Definition 3.10, is a cyclic group of order p. Naturally, we define

an isomorphism ϕ : Zm
p −→Ω(p,m) by ϕ(α1, . . . ,αm) =Cα1

p ⊗ . . .⊗Cαm
p . We consider two

arbitrary elements ω1 =Cα1
p ⊗ . . .⊗Cαm

p and ω2 =Cβ1
p ⊗ . . .⊗Cβm

p of Ω(p,m). By Lemma

3.11, the equality ω1 = ω2 implies Cαi
p =Cβi

p and so αi = βi, for all i = 1, . . . ,m. Therefore,

ϕ is a bijection. To prove that ϕ preserves the given group operations, let (α1, . . . ,αm) and

(β1, . . . ,βm) be two arbitrary elements of Zm
p . Then, we have

ϕ((α1, . . . ,αm)+(β1, . . . ,βm)) = ϕ(α1 +β1, . . . ,αm +βm)

=Cα1+β1
p ⊗ . . .⊗Cαm+βm

p

= (Cα1
p ⊗ . . .⊗Cαm

p )(Cβ1
p ⊗ . . .⊗Cβm

p )

= ϕ(α1, . . . ,αm)ϕ(β1, . . . ,βm).
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Example 3.13. For q = 22, we have G2 =< circ(0,1)>=<
[

0 1
1 0

]
>= {

[
1 0
0 1

]
,
[

0 1
1 0

]
}, and

Ω(2,2) = {
[

1 0
0 1

]
⊗
[

1 0
0 1

]
,
[

1 0
0 1

]
⊗
[

0 1
1 0

]
,
[

0 1
1 0

]
⊗
[

1 0
0 1

]
,
[

0 1
1 0

]
⊗
[

0 1
1 0

]
}=

{[1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

]
,

[0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

]
,

[0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

]
,

[0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

]}
.

By proof of Theorem 3.12, we have an isomorphism ϕ : Z2
2 −→Ω(2,2) such that ϕ(0,0) =[1 0 0 0

0 1 0 0
0 0 1 0
0 0 0 1

]
, ϕ(0,1) =

[0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

]
, ϕ(1,0) =

[0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

]
, and ϕ(1,1) =

[0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

]
. The follow-

ing matrix is a generalized Hadamard matrix over Z2
2, and so over Ω(2,2) via the above

isomorphism:

GH(4,1) =


0 0 0 0
0 1 2 3
0 2 3 1
0 3 1 2

,
where 0 = (0,0), 1 = (0,1), 2 = (1,0), and 3 = (1,1).

Lemma 3.14 ([12, Proposition 1.4, p. 234]). For each prime power q, there exists a GH(q,1)

over the additive group of the finite field GF(q).

Proof. The multiplication table of GF(q) is a GH(q,1) over the group (GF(q),+).

By Theorem 3.12, the following holds.

Corollary 3.15. For each prime power q= pm, there exists a generalized Hadamard matrix

GH(q,1) over the group Ω(p,m).

The following lemma shows the Kronecker product of two generalized Hadamard ma-

trices over a group G is a generalized Hadamard matrix over G.

Theorem 3.16 ([11, Theorem 10.4.9, p. 343]). For a prime power q = pm, let GH(q,qr)

and GH(q,qt) be generalized Hadamard matrices over the group G = Ω(p,m). Then,

T = GH(q,qr)⊗GH(q,qt) is a generalized Hadamard matrix GH(q,qr+t+1) over G.

Theorem 3.17 ([12, Theorem 4.3, p. 235]). For each prime power q = pm and an integer

θ≥ 0, there exists a generalized Hadamard matrix GH(q,qθ) over the group Ω(p,m).
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3.2.2 Symmetric ((r+1)qd+1,rqd,(r−1)qd−1)-Design

We use generalized Hadamard matrices to generate symmetric designs and strongly

regular graphs. Let rα denote the α-th row of GH(q,qθ). Then, r∗α stands for the column

whose j-th coordinate is the inverse of the j-th coordinate of rα. Since the operation we

use to define r∗αrα is the same as the operation of the group Ω(p,m), each of the entries of

the matrix r∗αrα is an element of Ω(p,m). Using these matrices, the following definition is

made.

Definition 3.18. Let q = pm be a prime power, d a positive integer, and GH(q,qθ) a gen-

eralized Hadamard matrix over Ω(p,m) = {ω0, . . . ,ωpm−1}, where 0 ≤ θ ≤ d − 1. The

notation ∆(GH(q,qθ),d) is used to show the set

{(r∗αrα)⊗ Jqd−θ−1|1≤ α≤ qθ+1, rα is the α-th row of GH(q,qθ)}

of (0,1)-matrices of size qd+1. If d = 1, we may use the notation ∆(GH(q,qθ)) instead of

∆(GH(q,qθ),1).

Example 3.19. In this example, we assume q= 2 and d = 2. The purpose of this example is

to figure out all two elements of ∆(GH(2,1),2), where GH(2,1) =
[

ω0 ω0
ω0 ω1

]
is a generalized

Hadamard matrix over the group Ω(2,1) = {ω0 =
[

1 0
0 1

]
,ω1 =

[
0 1
1 0

]
}. We note that the

inverse of each element of Ω(2,1) is itself. Then, we have r∗1r1 =
[

ω0
ω0

]
[ω0 ω0 ] =

[
ω0 ω0
ω0 ω0

]
and r∗2r2 =

[
ω0
ω1

]
[ω0 ω1 ] =

[
ω0 ω1
ω1 ω0

]
. Hence, we have

(r∗1r1)⊗ J2 =
[

ω0 ω0
ω0 ω0

]
⊗ J2 =

[1 0 1 0
0 1 0 1
1 0 1 0
0 1 0 1

]
⊗ J2 =


1 1 0 0 1 1 0 0
1 1 0 0 1 1 0 0
0 0 1 1 0 0 1 1
0 0 1 1 0 0 1 1
1 1 0 0 1 1 0 0
1 1 0 0 1 1 0 0
0 0 1 1 0 0 1 1
0 0 1 1 0 0 1 1

 ∈ ∆(GH(2,1),2)
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and

(r∗2r2)⊗ J2 =
[

ω0 ω1
ω1 ω0

]
⊗ J2 =

[1 0 0 1
0 1 1 0
0 1 1 0
1 0 0 1

]
⊗ J2 =


1 1 0 0 0 0 1 1
1 1 0 0 0 0 1 1
0 0 1 1 1 1 0 0
0 0 1 1 1 1 0 0
0 0 1 1 1 1 0 0
0 0 1 1 1 1 0 0
1 1 0 0 0 0 1 1
1 1 0 0 0 0 1 1

 ∈ ∆(GH(2,1),2).

Lemma 3.20. Let q = pm be a prime power, d a positive integer, and GH(q,qθ) a general-

ized Hadamard matrix over the group Ω(p,m), where 0≤ θ≤ d−1. Then, the matrices in

the set ∆(GH(q,qθ),d) are all symmetric.

Proof. We have

∆(GH(q,qθ),d) = {(r∗αrα)⊗ Jqd−θ−1|1≤ α≤ qθ+1, rα is the α-th row of GH(q,qθ)}.

For each α, we only need to prove that r∗αrα is symmetric because Jqd−θ−1 is symmetric and

the Kronecker product of two symmetric matrices is a symmetric matrix. Since we have

(r∗αrα)
∗ = r∗αrα, we conclude that the matrix r∗αrα is symmetric.

Definition 3.21. Let q = pm be a prime power, d a positive integer. Suppose GH(q,1),

GH(q,q1), . . ., GH(q,qd−1) are generalized Hadamard matrices over Ω(p,m). We use the

notation Ξ(q,d) to denote the set

∆(GH(q,1),d)∪ . . .∪∆(GH(q,qd−1),d)∪{O}∪{Iq⊗ Jqd}.

Lemma 3.22. Let q = pm be a prime power, d a positive integer, and GH(q,qθ) a general-

ized Hadamard matrix over the group Ω(p,m), where 0 ≤ θ ≤ d− 1. The elements of the

set Ξ(q,d) satisfy the following conditions:

1. For any two distinct elements A 6= O and B 6= O in the set Ξ(q,d), we have ABT =

qd−1Jqd+1 .

2. For any nonzero element A ∈ Ξ(q,d), we have AAT = qdA.
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3. ∑
A∈∆(GH(q,qθ),d)

A = qθ+1(Iqθ+2⊗ Jqd−θ−1)+qθ((Jqθ+1− Iqθ+1)⊗ Jqd−θ).

Proof. 1. By Definition 3.21, we have

Ξ(q,d) = ∆(GH(q,1),d)∪ . . .∪∆(GH(q,qd−1),d)∪{O}∪{Iq⊗ Jqd}.

We first assume A,B ∈ ∆(GH(q,qθ),d), where 0 ≤ θ ≤ d− 1. By Definition 3.18, A =

(r∗αrα)⊗ Jqd−θ−1 and B = (r∗
β
rβ)⊗ Jqd−θ−1 for some α and β. By Lemma 3.20, the matrices

A and B are symmetric. Hence, we have

ABT = AB = [(r∗αrα)⊗ Jqd−θ−1][(r∗βrβ)⊗ Jqd−θ−1]

= [(r∗αrα)(r∗βrβ)]⊗ [Jqd−θ−1Jqd−θ−1]

= qd−θ−1[(r∗αrα)(r∗βrβ)]⊗ [Jqd−θ−1].

The (i, j)-block of size q of the matrix (r∗αrα)(r∗βrβ) is equal to
qθ+1

∑
k=1

(r−1
αi rαk)(r−1

βk rβ j). We

have

qθ+1

∑
k=1

(r−1
αi rαk)(r−1

βk rβ j) = r−1
αi rβ j

qθ+1

∑
k=1

rαkr−1
βk . (3.1)

By the definition of a generalized Hadamard matrix, we have

r−1
αi rβ j

qθ+1

∑
k=1

rαkr−1
βk = qθ

q−1

∑
i=0

ωi (3.2)

and by Lemma 3.11, we have

q−1

∑
i=0

ωi = Jq. (3.3)
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From (3.1), (3.2), and (3.3), we conclude

qθ+1

∑
k=1

(r−1
αi rαk)(r−1

βk rβ j) = qθJq. (3.4)

Thus, (i, j)-block of size q of the matrix (r∗αrα)(r∗βrβ) is equal to qθJq, for all i and j. Hence,

we have (r∗αrα)(r∗βrβ) = qθJqθ+1 . This implies that

ABT = qd−θ−1[(r∗αrα)(r∗βrβ)]⊗ [Jqd−θ−1]

= qd−θ−1[qθJqθ+1]⊗ [Jqd−θ−1]

= qd−1Jqd+1.

Now, assume A ∈ ∆(GH(q,qs),d) and B ∈ ∆(GH(q,qθ),d), where s < θ. From Definition

3.18, A = (r∗αrα)⊗ Jqd−s−1 and B = (r∗
β
rβ)⊗ Jqd−θ−1 for some α and β. We have

ABT = AB = [(r∗αrα)⊗ Jqd−s−1][(r∗βrβ)⊗ Jqd−θ−1 ]

= [((r∗αrα)⊗ Jθ−s)(r∗βrβ)]⊗ [Jqd−θ−1Jqd−θ−1]

= qd−θ−1[((r∗αrα)⊗ Jqθ−s)(r∗βrβ)]⊗ [Jqd−θ−1].

We also have

[((r∗αrα)⊗ Jqθ−s)(r∗βrβ)] = qθJqθ+2. (3.5)

Therefore, we have

ABT = AB = qd−θ−1[((r∗αrα)⊗ Jqθ−s)(r∗βrβ)]⊗ [Jqd−θ−1]

= qd−θ−1[qθJqθ+2]⊗ [Jqd−θ−1 ]

= qd−1Jqd+1 .
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Now, suppose A = Iq⊗ Jqd and B ∈ ∆(GH(q,qθ),d), where 0 ≤ θ ≤ d− 1. By Definition

3.18, B = (r∗αrα)⊗ Jqd−θ−1 for some α. We have

(Iq⊗ Jqθ+1)(r∗αrα) = qθJqθ+2 . (3.6)

Therefore, we have

ABT = BAT = (Iq⊗ Jqθ+1)(r∗αrα⊗ Jqd−θ−1)

= (Iq⊗ Jqθ+1⊗ Jqd−θ−1)(r∗αrα⊗ Jqd−θ−1)

= [(Iq⊗ Jqθ+1)r∗αrα]⊗ [Jqd−θ−1Jqd−θ−1]

= [qθJqθ+2]⊗ [qd−θ−1Jqd−θ−1]

= qd−1Jqd+1.

2. By Definition 3.18, A = (r∗αrα)⊗ Jqd−θ−1 for some α. We have

AAT = AA = [(r∗αrα)(r∗αrα)]⊗ [Jqd−θ−1]

= [r∗α(rαr∗α)rα]⊗ [Jqd−θ−1]

= [qq(r∗αrα)]⊗ [Jqd−θ−1]

= qd((r∗αrα)⊗ Jqd−θ−1)

= qdA.

Now, suppose A = Iq⊗ Jqd . We have

AAT = AA = (Iq⊗ Jd
q )(Iq⊗ Jd

q )

= (IqIq)⊗ (Jd
q Jd

q )

= (Iq)⊗ (qdJqd)
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= qdIq⊗ Jd
q

= qdA.

3. By Definition 3.18, we have

∑
A∈∆(GH(q,qθ),d)

A =
qθ+1

∑
α=1

(r∗αrα)⊗ Jqd−θ−1 = (
qθ+1

∑
α=1

r∗αrα)⊗ Jqd−θ−1. (3.7)

If (
qθ+1

∑
α=1

r∗αrα)i j is the (i, j)-block of the matrix
qθ+1

∑
α=1

r∗αrα, we have

(
qθ+1

∑
α=1

r∗αrα)ii =
qθ+1

∑
α=1

r−1
αi rαi =

qθ+1

∑
α=1

ω0 = qθ+1
ω0 = qθ+1Iq, (3.8)

for all i = 0, . . . ,qd . For i 6= j, we have

(
qθ+1

∑
α=1

r∗αrα)i j =
qθ+1

∑
α=1

r−1
αi rα j = qθJq. (3.9)

From (3.8) and (3.9), we conclude

qθ+1

∑
α=1

r∗αrα = qθ+1(Iqθ+2)+qθ((Jqθ+1− Iqθ+1)⊗ Jq). (3.10)

From (3.7) and (3.10), we have

∑
A∈∆(GH(q,qθ),d)

A = qθ+1(Iqθ+2⊗ Jqd−θ−1)+qθ((Jqθ+1− Iqθ+1)⊗ Jqd−θ).

We know Ξ(q,d) = ∆(GH(q,1),d)∪ . . .∪ ∆(GH(q,qd−1),d)∪ {O} ∪ {Iq ⊗ Jqd}. To

generate a symmetric ((r + 1)qd+1,rqd,(r− 1)qd−1)-design, we need to convert the set

Ξ(q,d) into an indexed family using the index set {1, . . . ,r+1}. The number of elements
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are the same in the two sets Ξ(q,d) and {1, . . . ,r + 1}. We define a bijective function

M : {1, . . . ,r + 1} → Ξ(q,d) such that M(r) = Iq⊗ Jqd and M(r + 1) is equal to the zero

matrix. Now we let M(1) to be an element in Ξ(q,d)\{M(r),M(r+1)}. Then inductively

we assign M(i+1) to an element in Ξ(q,d)\{M(r),M(r+1),M(k)|k = 1, . . . , i}.

Remark 3.23. Note that there are many possibilities in defining different values for M and

this indicate that different selection may lead to unequivalent designs, but this is out of the

scope of this thesis.

We now present the new method. In the following theorem, we use the set Ξ(q,d) and a

Latin square L of size r+1 to construct a symmetric ((r+1)qd+1,rqd,(r−1)qd−1)-design.

Theorem 3.24. Let q= pm be a prime power, d be a positive integer, r =(qd+1−1)/(q−1),

and L a Latin square over {1, . . . ,r + 1}. Substitute i with M(i) in the Latin square L to

make a (0,1)-matrix N of size (r+1)qd+1. Then, N is the incidence matrix of a symmetric

((r+1)qd+1,rqd,(r−1)qd−1)-design.

Proof. We need to prove NNT = rqdIqd+1 +(r− 1)qd−1(Jqd+1 − Iqd+1). For any 1 ≤ i, j ≤

r + 1, let Ni j be the (i, j)-block of size qd+1 of the matrix N = [Ni j]. Let NNT = [Mi j],

where Mi j is the (i, j)-block of size qd+1 of NNT . Let B(θ) = qθ(Iqθ+1⊗ Jqd−θ). For i = j,

Lemma 3.22 proves

Mii = ∑
A∈Ξ(q,d)

AAT

= ((Iq⊗ Jqd)(Iq⊗ Jqd))+(
d−1

∑
θ=0

∑
{A∈∆(GH(q,qθ),d)}

AAT )

= qd(Iq⊗ Jqd)+(
d−1

∑
θ=0

qd
∑

{A∈∆(GH(q,qθ),d)}
A)

= qd(Iq⊗ Jqd)+qd
d−1

∑
θ=0

[qθ+1(Iqθ+2⊗ Jqd−θ−1)+qθ((Jqθ+1− Iqθ+1)⊗ Jqd−θ)]

= qd(Iq⊗ Jqd)+qd
d−1

∑
θ=0

[qθ+1(Iqθ+2⊗ Jqd−θ−1)+qθ(Jqd+1)−qθ(Iqθ+1⊗ Jqd−θ)]
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= qd(Iq⊗ Jqd)+qd
d−1

∑
θ=0

[B(θ+1)+qθJqd+1−B(θ)]

= qd(Iq⊗ Jqd)+qd
d−1

∑
θ=0

[B(θ+1)−B(θ)]+qdJqd+1

d−1

∑
θ=0

qθ

= qd(Iq⊗ Jqd)+qd[B(d−1)−B(0)]+(qd[
qd−1
q−1

])Jqd+1

= q2dIqd+1 +(r−1)qd−1Jqd+1

= (q2d +(r−1)qd−1)Iqd+1 +(r−1)qd−1(Jqd+1− Iqd+1)

= rqdIqd+1 +(r−1)qd−1(Jqd+1− Iqd+1).

Now, suppose i 6= j. By Lemma 3.22, we have

Mi j =
r+1

∑
k=1

NikN jk = (r−1)qd−1Jqd+1.

Hence, we have NNT = rqdIqd+1 + (r− 1)qd−1(Jqd+1 − Iqd+1) and so N is the incidence

matrix of a symmetric ((r+1)qd+1,rqd,(r−1)qd−1)-design.

If we use a symmetric Latin square in Theorem 3.24, the incidence matrix that is con-

structed in Theorem 3.24 is symmetric. Since for any even integer n, there is a symmetric

constant diagonal Latin square of order n, we conclude the following corollary.

Corollary 3.25. Let q = pm be a prime power, d be a positive integer. If r =
qd+1−1

q−1
is

odd, let L be a symmetric constant diagonal Latin square over {1, . . . ,r+1} with r+1 on

the diagonal. To make a (0,1)-matrix N of size (r+ 1)qd+1, substitute i with M(i) in the

Latin square L. Then, N is the adjacency matrix of a

SRG((r+1)qd+1,rqd,(r−1)qd−1,(r−1)qd−1).

Example 3.26 ([21, Example 5.25, p. 114]). In this example, we show how to construct a
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symmetric (45,12,3)-design. Let q = 3 and d = 1. Then,

Ω(3,1) = G3 =< circ(0,1,0)>=
{

ω0=
[

1 0 0
0 1 0
0 0 1

]
, ω1=

[
0 1 0
0 0 1
1 0 0

]
, ω2=

[
0 0 1
1 0 0
0 1 0

]}
.

Since d = 1, we only need GH(3,1) =
[

ω0 ω0 ω0
ω0 ω1 ω2
ω0 ω2 ω1

]
over Ω(3,1). We have:

r∗1r1 =

[
ω0
ω0
ω0

]
[ω0 ω0 ω0] =

[
ω0 ω0 ω0
ω0 ω0 ω0
ω0 ω0 ω0

]
=



1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1


.

r∗2r2 =

[
ω0
ω2
ω1

]
[ω0 ω1 ω2] =

[
ω0 ω1 ω2
ω2 ω0 ω1
ω1 ω2 ω0

]
=



1 0 0 0 1 0 0 0 1
0 1 0 0 0 1 1 0 0
0 0 1 1 0 0 0 1 0
0 0 1 1 0 0 0 1 0
1 0 0 0 1 0 0 0 1
0 1 0 0 0 1 1 0 0
0 1 0 0 0 1 1 0 0
0 0 1 1 0 0 0 1 0
1 0 0 0 1 0 0 0 1


.

r∗3r3 =

[
ω0
ω1
ω2

]
[ω0 ω2 ω1] =

[
ω0 ω2 ω1
ω1 ω0 ω2
ω2 ω1 ω0

]
=



1 0 0 0 0 1 0 1 0
0 1 0 1 0 0 0 0 1
0 0 1 0 1 0 1 0 0
0 1 0 1 0 0 0 0 1
0 0 1 0 1 0 1 0 0
1 0 0 0 0 1 0 1 0
0 0 1 0 1 0 1 0 0
1 0 0 0 0 1 0 1 0
0 1 0 1 0 0 0 0 1


.

Therefore, we have

∆(GH(3,1)) =




1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1

 ,


1 0 0 0 1 0 0 0 1
0 1 0 0 0 1 1 0 0
0 0 1 1 0 0 0 1 0
0 0 1 1 0 0 0 1 0
1 0 0 0 1 0 0 0 1
0 1 0 0 0 1 1 0 0
0 1 0 0 0 1 1 0 0
0 0 1 1 0 0 0 1 0
1 0 0 0 1 0 0 0 1

 ,


1 0 0 0 0 1 0 1 0
0 1 0 1 0 0 0 0 1
0 0 1 0 1 0 1 0 0
0 1 0 1 0 0 0 0 1
0 0 1 0 1 0 1 0 0
1 0 0 0 0 1 0 1 0
0 0 1 0 1 0 1 0 0
1 0 0 0 0 1 0 1 0
0 1 0 1 0 0 0 0 1


 .

We first index the elements of Ξ(3,1) = ∆(GH(3,1))∪{O}∪{I3⊗ J3} using the bijection
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function M : {1, . . . ,r+1}→ Ξ(3,1) defined by:

M(1) =


1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1

, M(2) =


1 0 0 0 1 0 0 0 1
0 1 0 0 0 1 1 0 0
0 0 1 1 0 0 0 1 0
0 0 1 1 0 0 0 1 0
1 0 0 0 1 0 0 0 1
0 1 0 0 0 1 1 0 0
0 1 0 0 0 1 1 0 0
0 0 1 1 0 0 0 1 0
1 0 0 0 1 0 0 0 1

, M(3) =


1 0 0 0 0 1 0 1 0
0 1 0 1 0 0 0 0 1
0 0 1 0 1 0 1 0 0
0 1 0 1 0 0 0 0 1
0 0 1 0 1 0 1 0 0
1 0 0 0 0 1 0 1 0
0 0 1 0 1 0 1 0 0
1 0 0 0 0 1 0 1 0
0 1 0 1 0 0 0 0 1

 ,

M(4) =


1 1 1 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0
0 0 0 1 1 1 0 0 0
0 0 0 1 1 1 0 0 0
0 0 0 0 0 0 1 1 1
0 0 0 0 0 0 1 1 1
0 0 0 0 0 0 1 1 1

, M(5) =


0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

 .

In the Latin square L =

[5 4 1 2 3
3 5 4 1 2
2 3 5 4 1
1 2 3 5 4
4 1 2 3 5

]
, replace each i with M(i). The resulted matrix, called

N, is the incidence matrix of a symmetric (45,12,3)-design which appears in Appendix 2.

3.2.3 Symmetric (3d+1r,3d(r+1),3d(r−3d +1))-Design

Let d be a positive integer. Now, we apply the new method to make a symmetric

(3d+1(3d+1−1)/2,3d(3d+1 +1)/2,3d(3d +1)/2)-design which has the parameters as the

parameters of Spence designs, [10].

Definition 3.27. Let d be a positive integer and GH(3,1), GH(3,3), . . . , GH(3,3d−1) gen-

eralized Hadamard matrices over Ω(3,1). Then, we define

Ξ
′(3,d) = ∆(GH(3,1),d)∪ . . .∪∆(GH(3,3d−1),d)∪{J3d+1− (I3⊗ J3d)}.

The number of elements are the same in the two sets Ξ′(3,d) and {1, . . . ,r}. We define

a bijective function M′ : {1, . . . ,r}→ Ξ′(3,d) such that M′(r) = J3d+1− (I3⊗J3d). Now we

let M′(1) to be an element in Ξ′(3,d) \ {M′(r)}. Then inductively we assign M′(i+ 1) to

an element in Ξ′(3,d)\{M′(r),M′(k)|k = 1, . . . , i}.

Theorem 3.28. Let d be a positive integer, r = (3d+1−1)/2, and L be a Latin square over

{1, . . . ,r}. Substitute i with M′(i) in the Latin square L to make a (0,1)-matrix N of size
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r(3d+1). Then, N is the incidence matrix of a symmetric

(3d+1(3d+1−1)/2,3d(3d+1 +1)/2,3d(3d +1)/2)-design.

Proof. We need to prove

NNT = 3d[
3d+1 +1

2
]I3d+1 +3d[

3d +1
2

](J3d+1− I3d+1). (3.11)

For any 1≤ i, j≤ r, let Ni j be the (i, j)-block of size 3d+1 of the matrix N = [Ni j]. Now, we

want to calculate the matrix NNT = [Mi j]. For i = j, we have

Mii = ∑
A∈Ξ′(3,d)

AAT = (J3d+1− I3⊗ J3d)(J3d+1− I3⊗ J3d)
d−1

∑
θ=0

∑
{A∈∆(GH(3,3θ),d)}

AAT

= 3d(J3d+1 + I3⊗ J3d)+
d−1

∑
θ=0

∑
{A∈∆(GH(3,3θ),d)}

AAT

= 3d(J3d+1 + I3⊗ J3d)+3d[3dI3d+1− I3⊗ J3d ]+3d[
3d−1
3−1

]J3d+1

= 32dI3d+1 +(3d[
3d +1

2
])J3d+1

= (3d[
3d+1 +1

2
])I3d+1 +(3d[

3d +1
2

])(J3d+1− I3d+1).

Therefore, diagonal blocks of NNT satisfy (3.11). For any A∈Ξ′(3,d)\{J3d+1−(I3⊗J3d)},

we have A(J3d+1− I3⊗ J3d)T = (J3d+1− I3⊗ J3d)AT = 2×3d−1J3d+1 . For i 6= j, we have

Mi j =
r

∑
k=1

NikN jk =

= 2(2×3d−1J3d+1)+
r−2

∑
i=0

3d−1J3d+1

= (4×3d−1J3d+1)+(r−2)3d−1J3d+1

= 3d−1(r+2)J3d+1

= 3d−1(
3d+1−1

2
+2)J3d+1
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= 3d−1(
3d+1 +3

2
)J3d+1

= 3d(
3d +1

2
)J3d+1.

Hence, we have NNT = 3d[3d+1+1
2 ]Iqd+1 +3d[3d+1

2 ](Jqd+1− Iqd+1) and so N is the incidence

matrix of a symmetric (3d+1(3d+1−1)/2,3d(3d+1 +1)/2,3d(3d +1)/2)-design.

Since for any even integer n, there is a symmetric constant diagonal Latin square of

order n, we conclude the following corollary.

Corollary 3.29. Let d be a positive integer. If r =
qd+1−1

q−1
is even, let L be a symmetric

constant diagonal Latin square over {1, . . . ,r} with r on the diagonal. To makes a (0,1)-

matrix N of size r(3d+1), Substitute i with M′(i) in the Latin square L. Then, N is the

adjacency matrix of a SRG(3d+1(3d+1−1)/2,3d(3d+1+1)/2,3d(3d+1)/2,3d(3d+1)/2).

Example 3.30. In this example, we construct a symmetric (36,15,6)-design. Since d = 1,

we use the same set ∆(GH(3,1)) made in Example 3.26, i.e.,

∆(GH(3,1)) =




1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1

 ,


1 0 0 0 1 0 0 0 1
0 1 0 0 0 1 1 0 0
0 0 1 1 0 0 0 1 0
0 0 1 1 0 0 0 1 0
1 0 0 0 1 0 0 0 1
0 1 0 0 0 1 1 0 0
0 1 0 0 0 1 1 0 0
0 0 1 1 0 0 0 1 0
1 0 0 0 1 0 0 0 1

 ,


1 0 0 0 0 1 0 1 0
0 1 0 1 0 0 0 0 1
0 0 1 0 1 0 1 0 0
0 1 0 1 0 0 0 0 1
0 0 1 0 1 0 1 0 0
1 0 0 0 0 1 0 1 0
0 0 1 0 1 0 1 0 0
1 0 0 0 0 1 0 1 0
0 1 0 1 0 0 0 0 1


 .

We first index the elements of the set Ξ′(3,1):

M′(1) =


1 0 0 0 0 1 0 1 0
0 1 0 1 0 0 0 0 1
0 0 1 0 1 0 1 0 0
0 1 0 1 0 0 0 0 1
0 0 1 0 1 0 1 0 0
1 0 0 0 0 1 0 1 0
0 0 1 0 1 0 1 0 0
1 0 0 0 0 1 0 1 0
0 1 0 1 0 0 0 0 1

, M′(2) =


1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1

,

M′(3) =


1 0 0 0 1 0 0 0 1
0 1 0 0 0 1 1 0 0
0 0 1 1 0 0 0 1 0
0 0 1 1 0 0 0 1 0
1 0 0 0 1 0 0 0 1
0 1 0 0 0 1 1 0 0
0 1 0 0 0 1 1 0 0
0 0 1 1 0 0 0 1 0
1 0 0 0 1 0 0 0 1

, M′(4) =


0 0 0 1 1 1 1 1 1
0 0 0 1 1 1 1 1 1
0 0 0 1 1 1 1 1 1
1 1 1 0 0 0 1 1 1
1 1 1 0 0 0 1 1 1
1 1 1 0 0 0 1 1 1
1 1 1 1 1 1 0 0 0
1 1 1 1 1 1 0 0 0
1 1 1 1 1 1 0 0 0

 .
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In the Latin square L =

[4 3 2 1
3 4 1 2
2 1 4 3
1 2 3 4

]
, replace i with M′(i). The resulted matrix, called N, is

the incidence matrix of a symmetric (36,15,6)-design. Since N is symmetric zero diagonal,

it is also the adjacency matrix of a SRG(36,15,6,6).
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Chapter 4

Decompositions and Symmetric Designs

The main purpose of this chapter is to introduce the concept of complete design decompo-

sition. The two concepts complete design decompositions and complete graph decomposi-

tions have a lot in common. The concept of strongly regular decompositions of complete

graphs was introduced in many papers including [15]. We start this chapter by reviewing

decompositions of complete graphs.

Suppose that A is the incidence matrix of the complete design with ν points, and B is the

adjacency matrix of the complete graph on ν vertices. Then, we have A = B+ Iν. Suppose

that the incidence matrix N of a symmetric (ν,k,λ)-design is symmetric with constant diag-

onal. If N has “0” on the diagonal, N is the adjacency matrix of an SRG(ν,k,λ,λ). Suppose

that N has “1” on the diagonal. Since the graphs are without loops, N− I is the adjacency

matrix of a SRG(ν,k− 1,λ− 2,λ). Therefore, the concept of graphs and the concept of

symmetric designs are closely related. The set {G1, . . . ,Gd} of graphs is a decomposition

of a graph G if for any pair of adjacent vertices in G, the two vertices are adjacent in exactly

one graph Gi, the vertices set of Gi and G are the same, for all i, and there is at least one

edge in each Gi, [22, p. 182]. We can restate the definition of a decomposition of a graph

using the adjacency matrix of a graph.

Definition 4.1. Let G be a graph whose adjacency matrix AG is a ν×ν (0,1)-matrix. The set

G of symmetric non-zero ν×ν (0,1)-matrices form a decomposition of G if ∑
N∈G

N = AG.

If all graphs in a complete graph decomposition are strongly regular graphs, the de-

composition is said to be strongly regular. A graph and its complement form a trivial
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decomposition of a complete graph. Since the complement of a strongly regular graph is

a strongly regular graph, any strongly regular graph and its complement form a strongly

regular decomposition of a complete graph. If the adjacency matrices of all graphs in a

complete graph decomposition commute, the decomposition is called commutative, [22,

p. 183].

4.1 Introducing Complete Design Decomposition

The incidence matrix of a complete design with |X | = ν is Jν. The design (X ,A) is a

complete design with 5 points, where

X = {1,2,3,4,5}, and

A = [X ,X ,X ,X ,X ].

The incidence matrix of this design is

J5 =


1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1

.

Definition 4.2. A set D of ν× ν pairwise disjoint (0,1)-matrices is called a symmetric

design decomposition of the complete design with ν points if

1. ∑
N∈D

N = Jν.

2. Each matrix N ∈D is the incidence matrix of a symmetric design.
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Example 4.3. Consider the following set of three 7×7 (0,1)-matrices:

D =

N1 =


0 1 1 0 1 0 0
0 0 1 1 0 1 0
0 0 0 1 1 0 1
1 0 0 0 1 1 0
0 1 0 0 0 1 1
1 0 1 0 0 0 1
1 1 0 1 0 0 0

, N2 =


0 0 0 1 0 1 1
1 0 0 0 1 0 1
1 1 0 0 0 1 0
0 1 1 0 0 0 1
1 0 1 1 0 0 0
0 1 0 1 1 0 0
0 0 1 0 1 1 0

, N3 =


1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1


 .

The set D is a symmetric design decomposition of the complete design with 7 points. i.e.,


0 1 1 0 1 0 0
0 0 1 1 0 1 0
0 0 0 1 1 0 1
1 0 0 0 1 1 0
0 1 0 0 0 1 1
1 0 1 0 0 0 1
1 1 0 1 0 0 0

+


0 0 0 1 0 1 1
1 0 0 0 1 0 1
1 1 0 0 0 1 0
0 1 1 0 0 0 1
1 0 1 1 0 0 0
0 1 0 1 1 0 0
0 0 1 0 1 1 0

+


1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

=


1 1 1 1 1 1 1
1 1 1 1 1 1 1
1 1 1 1 1 1 1
1 1 1 1 1 1 1
1 1 1 1 1 1 1
1 1 1 1 1 1 1
1 1 1 1 1 1 1

= J7.

The matrices N1 and N2 are the incidence matrices of symmetric (7,3,1)-designs and N3 is

the incidence matrix of a symmetric (7,1,0)-design.

The more general definition of decomposition of a complete design can be achieved by

removing the second condition from Definition 4.2. In this way, the combinatorial objects,

into which the complete designs are decomposed, can be different from symmetric designs.

For example, a set D of ν×ν (0,1)-matrices decomposes the complete design with ν points

into symmetric designs and DDGs if

1. ∑
N∈D

N = Jν.

2. Each matrix N ∈D is the incidence matrix of a symmetric design or is the adjacency

matrix of a DDG.

For decomposing the complete design with ν points, we need to know if there is any

(non-complete and nontrivial) symmetric design with ν points. For example, the only (non-

complete) symmetric designs of order 12 are symmetric (12,11,10)-design and its comple-

ment symmetric (12,1,0)-design both of which are trivial. Therefore, the complete design

on 12 points can be decomposed to (12,11,10)-design and its complement only.
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Definition 4.4. For any positive integer ν, we define a set

Kν = {k| There is a symmetric (ν,k,
k(k−1)

ν−1
)-design.}

and we call it the symmetric design capacity set of ν.

Obviously, k∈Kν only if k(k−1)
ν−1 is an integer. Moreover, k∈Kν if and only if ν−k∈Kν.

Theorem 4.5. For a positive integer n = mk, let D = (Jk − Ik)⊗ Jm which is the adja-

cency matrix of a DDG(n,n−m,n−m,n− 2m,k,m). If there is a decomposition of D

into h symmetric (n, l,λ)-designs, then (n−m)(n−m−h)
λ(n−1) is a perfect square. If n is even, then

(n−m)((h−1)n+m)
λ(n−1) is also a perfect square.

Proof. The h symmetric (n, l,λ)-designs decompose D. So, we have m+ hl = n or l =
n−m

h
. Since there is a symmetric (n, l,λ)-design, we have λ =

l(l−1)
n−1

and

λ =

n−m
h

(
n−m

h
−1)

n−1
=

(n−m)(n−m−h)
h2(n−1)

.

Hence,

h2 =
(n−m)(n−m−h)

λ(n−1)
.

Therefore,
(n−m)(n−m−h)

λ(n−1)
is a perfect square.

Now, suppose n is even. Since there is a symmetric (n, l,λ)-design, Theorem 2.32

proves l−λ is perfect square. Since l is equal to n−m
h , we have l−λ =

(n−m)
(
(h−1)n+m

)
h2(n−1) .

Therefore, (n−m)((h−1)n+m)
h2(n−1) is a perfect square. Since h2 is a perfect square, we conclude

(n−m)((h−1)n+m)
(n−1) is a perfect square.

In the next section, we first generate symmetric designs with disjoint incidence matrices

and then we use them to decompose the complete designs.
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4.2 Constructing Pairwise Disjoint Symmetric Designs

Let q be a prime power, d a positive integer, r =
qd+1−1

q−1
, and D = (Jr+1− Ir+1)⊗

Jqd+1 which is a DDG((r + 1)qd+1,rqd+1,rqd+1,(r− 1)qd+1,r + 1,qd+1). By Theorem

4.5, we have the necessary condition for a decomposition of D into q symmetric ((r +

1)qd+1,rqd,(r− 1)qd−1)-designs. We note n = (r+ 1)qd+1, m = qd+1, k = r+ 1, h = q,

λ = (r−1)qd−1, and

(n−m)(n−m−h)
λ(n−1)

=
((r+1)qd+1−qd+1)((r+1)qd+1−qd+1−q)

(r−1)qd−1((r+1)qd+1−1)
= q2.

We first generate q disjoint symmetric ((r+1)qd+1,rqd,(r−1)qd−1)-designs which decom-

pose D. We then use more combinatorial objects to achieve a decomposition of a complete

design on (r+1)qd+1 points. We need to generalize the method introduced in Section 3.2

starting with modifying Definition 3.18.

Definition 4.6. Let q = pm be a prime power, d a positive integer, ε ∈ {0, . . . ,q− 1},

and GH(q,qθ) a generalized Hadamard matrix over the group Ω(p,m) = {ω0, . . . ,ωpm−1},

where 0≤ θ≤ d−1. We use the notation ∆ε(GH(q,qθ),d) to show the set

{[(Iqθ+1⊗ωε)(r∗αrα)]⊗ Jqd−θ−1 |1≤ α≤ qθ+1, rα is the α-th row of GH(q,qθ)}

of (0,1)-matrices of size qd+1. If d = 1, we may use the notation ∆ε(GH(q,qθ)) instead of

∆ε(GH(q,qθ),1). We have ∆0(GH(q,qθ),d) = ∆(GH(q,qθ),d).

Definition 4.7. Let q = pm be a prime power, ε ∈ {0, . . . ,q− 1}, and d a positive integer.

Suppose GH(q,1), . . . , GH(q,qd−1) are generalized Hadamard matrices over Ω(p,m). We

use the notation Ξ(q,d,ε) to show the set

∆ε(GH(q,1),d)∪ . . .∪∆ε(GH(q,qd−1),d)∪{O}∪{ωε⊗ Jqd}.
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Example 4.8. In this example, we assume q = 2 and d = 2. The purpose of this example

is to demonstrate ∆0(GH(2,1),2) and ∆1(GH(2,1),2), where GH(2,1) =
[

ω0 ω0
ω0 ω1

]
is a gen-

eralized Hadamard matrix over the group Ω(2,1) = {ω0 =
[

1 0
0 1

]
,ω1 =

[
0 1
1 0

]
}. Since we

know ∆0(GH(2,1),2) = ∆(GH(2,1),2), we have ∆0(GH(2,1),2) from Example 3.19. i.e.,

∆0(GH(2,1),2) =




1 1 0 0 1 1 0 0
1 1 0 0 1 1 0 0
0 0 1 1 0 0 1 1
0 0 1 1 0 0 1 1
1 1 0 0 1 1 0 0
1 1 0 0 1 1 0 0
0 0 1 1 0 0 1 1
0 0 1 1 0 0 1 1

 ,


1 1 0 0 0 0 1 1
1 1 0 0 0 0 1 1
0 0 1 1 1 1 0 0
0 0 1 1 1 1 0 0
0 0 1 1 1 1 0 0
0 0 1 1 1 1 0 0
1 1 0 0 0 0 1 1
1 1 0 0 0 0 1 1


 .

To examine the set ∆1(GH(2,1),2), we note

[(I2⊗ω1)(r∗1r1)]⊗ J2 = (
[

ω1 0
0 ω1

][
ω0 ω0
ω0 ω0

]
)⊗ J2 =

[
ω1 ω1
ω1 ω1

]
⊗ J2 =


0 0 1 1 0 0 1 1
0 0 1 1 0 0 1 1
1 1 0 0 1 1 0 0
1 1 0 0 1 1 0 0
0 0 1 1 0 0 1 1
0 0 1 1 0 0 1 1
1 1 0 0 1 1 0 0
1 1 0 0 1 1 0 0


and

[(I2⊗ω1)(r∗2r2)]⊗ J2 = (
[

ω1 0
0 ω1

][
ω0 ω1
ω1 ω0

]
)⊗ J2 =

[
ω1 ω0
ω0 ω1

]
⊗ J2 =


0 0 1 1 1 1 0 0
0 0 1 1 1 1 0 0
1 1 0 0 0 0 1 1
1 1 0 0 0 0 1 1
1 1 0 0 0 0 1 1
1 1 0 0 0 0 1 1
0 0 1 1 1 1 0 0
0 0 1 1 1 1 0 0

 .

Therefore, we have

∆1(GH(2,1),2) =




0 0 1 1 0 0 1 1
0 0 1 1 0 0 1 1
1 1 0 0 1 1 0 0
1 1 0 0 1 1 0 0
0 0 1 1 0 0 1 1
0 0 1 1 0 0 1 1
1 1 0 0 1 1 0 0
1 1 0 0 1 1 0 0

 ,


0 0 1 1 1 1 0 0
0 0 1 1 1 1 0 0
1 1 0 0 0 0 1 1
1 1 0 0 0 0 1 1
1 1 0 0 0 0 1 1
1 1 0 0 0 0 1 1
0 0 1 1 1 1 0 0
0 0 1 1 1 1 0 0


 .

For ε 6=ϑ, there is a natural isomorphism between ∆ε(GH(q,qθ),d) and ∆ϑ(GH(q,qθ),d)

which corresponds each element of ∆ε(GH(q,qθ),d) to an element of ∆ϑ(GH(q,qθ),d).

Let A(ε) = [(Iqθ+1⊗ωε)(r∗αrα)]⊗Jqd−θ−1 be an arbitrary element of the set ∆ε(GH(q,qθ),d),

where α ∈ {1, . . . ,qθ+1}. Then the image of A(ε) under the isomorphism is equal to

A(ϑ) = [(Iqθ+1⊗ωϑ)(r∗αrα)]⊗ Jqd−θ−1 .
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The same isomorphism is defined when A(ε) ∈ Ξ(q,d,ε). We may correspond A(ε)

to an element in A(ϑ) ∈ Ξ(q,d,ϑ). In this case, if A(ε) ∈ ∆ε(GH(q,qθ),d) and A(ϑ) ∈

∆ϑ(GH(q,qη),d), then we have θ = η. In the following lemma, we prove A(ε) and A(ϑ)

are disjoint whenever ε 6= ϑ.

Lemma 4.9. Let q= pm be a prime power, d a positive integer, and GH(q,qθ) a generalized

Hadamard matrix over the group Ω(p,m) = {ω0, . . . ,ωpm−1}, where 0 ≤ θ ≤ d− 1. For

ε 6= ϑ, suppose A(ε) ∈ ∆ε(GH(q,qθ),d) and A(ϑ) ∈ ∆ϑ(GH(q,qθ),d). Then, A(ε) and

A(ϑ) are disjoint.

Proof. We have A(ε) = [(Iqθ+1 ⊗ωε)(r∗αrα)]⊗ Jqd−θ−1 and A(ϑ) = [(Iqθ+1 ⊗ωϑ)(r∗αrα)]⊗

Jqd−θ−1 , for some α∈{0, . . . ,qθ+1}. Lemma 3.11 proves that the elements of the set Ω(p,m)

are pairwise disjoint. Therefore, two matrices (Iqθ+1⊗ωε)(r∗αrα) and (Iqθ+1⊗ωϑ)(r∗αrα) are

disjoint. Hence, A(ε) and A(ϑ) are disjoint.

We have the following lemma.

Lemma 4.10. Let q = pm be a prime power, d a positive integer, ε ∈ {0, . . . ,q− 1}, and

GH(q,qθ) a generalized Hadamard matrix over the group Ω(p,m) = {ω0,ω1, . . . ,ωpm−1},

where 0≤ θ≤ d−1. The elements of the set Ξ(q,d,ε) satisfy the following conditions:

1. For any two distinct elements A 6= O and B 6= O of the set Ξ(q,d,ε), we have

ABT = qd−1Jqd+1;

2. For any nonzero element A(ε) ∈ Ξ(q,d,ε), we have A(ε)A(ε)T = qdA(0);

3. ∑
A(ε)∈∆ε(GH(q,qθ),d)

A(ε) = qθ+1(Iqθ+1⊗ωε⊗ Jqd−θ−1)+qθ((Jqθ+1− Iqθ+1)⊗ Jqd−θ).

We know

Ξ(q,d,ε) = ∆ε(GH(q,1),d)∪ . . .∪∆ε(GH(q,qd−1),d)∪{O}∪{ωε⊗ Jqd}.
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To generate a symmetric ((r+1)qd+1,rqd,(r−1)qd−1)-design, we need to convert the set

Ξ(q,d,ε) into an indexed family using the index set {1, . . . ,r+1}. The number of elements

are the same in the two sets Ξ(q,d,ε) and {1, . . . ,r + 1}. We define a bijective function

Mε : {1, . . . ,r + 1} → Ξ(q,d,ε) such that Mε(r) = ωε⊗ Jqd and Mε(r + 1) is equal to the

zero matrix. Now we let Mε(1) to be an element in Ξ(q,d) \ {Mε(r),Mε(r + 1)}. Then

inductively we assign Mε(i+ 1) to an element in Ξ(q,d,ε) \ {Mε(r),Mε(r+ 1),Mε(k)|k =

1, . . . , i}.

Theorem 4.11. Let p be prime, q = pm, ε ∈ {0, . . . ,q−1}, d a positive integer, r = qd+1−1
q−1 ,

and L a Latin square over {1, . . . ,r+ 1}. Substitute i with Mε(i) in the Latin square L to

construct a (0,1)-matrix N(ε) of size (r+1)qd+1. Then, N(ε) is the incidence matrix of a

symmetric ((r+1)qd+1,rqd,(r−1)qd−1)-design.

Proof. We need to prove

N(ε)N(ε)T = rqdIqd+1 +(r−1)qd−1(Jqd+1− Iqd+1). (4.1)

Let Mi j be the (i, j)-block of size qd+1 of the matrix N(ε)N(ε)T . For i = j, Lemma 4.10

and Theorem 3.24 implies

Mii = ∑
A(ε)∈Ξ(q,d,ε)

A(ε)A(ε)T

= ((ωε⊗ Jqd)(ωT
ε ⊗ Jqd))+(

d−1

∑
θ=0

∑
{A(ε)∈∆ε(GH(q,qθ),d)}

A(ε)A(ε)T )

= qd(ω0⊗ Jqd)+(
d−1

∑
θ=0

qd
∑

{A(0)∈∆(GH(q,qθ),d)}
A(0))

= qd(Iq⊗ Jqd)+qd
d−1

∑
θ=0

[qθ+1(Iqθ+2⊗ Jqd−θ−1)+qθ((Jqθ+1− Iqθ+1)⊗ Jqd−θ)]

= rqdIqd+1 +(r−1)qd−1(Jqd+1− Iqd+1).

Therefore, diagonal blocks of N(ε)N(ε)T are as in (4.1). For any 1≤ i, j ≤ r+1, let N(ε)i j
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be the (i, j)-block of size qd+1 of the matrix N(ε) = [N(ε)i j]. Now, suppose i 6= j. By

Lemma 4.10, we have

Mi j =
r+1

∑
k=1

N(ε)ikN(ε) jk = (r−1)qd−1Jqd+1.

Hence, we have N(ε)N(ε)T = rqdIqd+1 +(r−1)qd−1(Jqd+1− Iqd+1) and so N(ε) is the inci-

dence matrix of a symmetric ((r+1)qd+1,rqd,(r−1)qd−1)-design.

In the following theorem, we prove N(ε) and N(ϑ) have disjoint incidence matrices

whenever ε 6= ϑ.

Theorem 4.12. Suppose q= pm is prime power, d is a positive integer, ε,ϑ∈ {0, . . . ,q−1},

and ε 6= ϑ. Define r = (qd+1− 1)/(q− 1). Let L be any Latin square over {1, . . . ,r+ 1}.

Substitute i with Mε(i) and Mϑ(i) in the Latin square L to construct (0,1)-matrices N(ε)

and N(ϑ), respectively. Then, two matrices N(ε) and N(ϑ) are disjoint.

Proof. Since we use the same Latin square for N(ε) and N(ϑ), the theorem follows from

Lemma 4.9.

Example 4.13. In this example, we give three disjoint matrices. These matrices are the

incidence matrices of symmetric (45,12,3)-designs. For this purpose, we set q = 3 and

d = 1. Then, Ω(3,1)=G3 =< circ(0,1,0)>= {ω0 =
[

1 0 0
0 1 0
0 0 1

]
,ω1 =

[
0 1 0
0 0 1
1 0 0

]
,ω2 =

[
0 0 1
1 0 0
0 1 0

]
}.

Since d = 1, we only need the generalized Hadamard matrix GH(3,1) =
[

ω0 ω0 ω0
ω0 ω1 ω2
ω0 ω2 ω1

]
over

the group Ω(3,1). While using Definition 4.6, we first define three sets ∆0(GH(3,1)),

∆1(GH(3,1)), and ∆2(GH(3,1)). Since ∆0(GH(3,1)) = ∆(GH(3,1)), from Example 3.26,

we have:

∆0(GH(3,1)) =




1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1

 ,


1 0 0 0 1 0 0 0 1
0 1 0 0 0 1 1 0 0
0 0 1 1 0 0 0 1 0
0 0 1 1 0 0 0 1 0
1 0 0 0 1 0 0 0 1
0 1 0 0 0 1 1 0 0
0 1 0 0 0 1 1 0 0
0 0 1 1 0 0 0 1 0
1 0 0 0 1 0 0 0 1

 ,


1 0 0 0 0 1 0 1 0
0 1 0 1 0 0 0 0 1
0 0 1 0 1 0 1 0 0
0 1 0 1 0 0 0 0 1
0 0 1 0 1 0 1 0 0
1 0 0 0 0 1 0 1 0
0 0 1 0 1 0 1 0 0
1 0 0 0 0 1 0 1 0
0 1 0 1 0 0 0 0 1


 .
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Now, we demonstrate ∆1(GH(3,1)):

(I3⊗ω1)(r∗1r1) =

[
ω1 0 0
0 ω1 0
0 0 ω1

][
ω0 ω0 ω0
ω0 ω0 ω0
ω0 ω0 ω0

]
=
[
ω1 ω1 ω1
ω1 ω1 ω1
ω1 ω1 ω1

]
=



0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0


.

(I3⊗ω1)(r∗2r2) =

[
ω1 0 0
0 ω1 0
0 0 ω1

][
ω0 ω1 ω2
ω2 ω0 ω1
ω1 ω2 ω0

]
=
[
ω1 ω2 ω0
ω0 ω1 ω2
ω2 ω0 ω1

]
=



0 1 0 0 0 1 1 0 0
0 0 1 1 0 0 0 1 0
1 0 0 0 1 0 0 0 1
1 0 0 0 1 0 0 0 1
0 1 0 0 0 1 1 0 0
0 0 1 1 0 0 0 1 0
0 0 1 1 0 0 0 1 0
1 0 0 0 1 0 0 0 1
0 1 0 0 0 1 1 0 0


.

(I3⊗ω1)(r∗3r3) =

[
ω1 0 0
0 ω1 0
0 0 ω1

][
ω0 ω2 ω1
ω1 ω0 ω2
ω2 ω1 ω0

]
=
[
ω1 ω0 ω2
ω2 ω1 ω0
ω0 ω2 ω1

]
=



0 1 0 1 0 0 0 0 1
0 0 1 0 1 0 1 0 0
1 0 0 0 0 1 0 1 0
0 0 1 0 1 0 1 0 0
1 0 0 0 0 1 0 1 0
0 1 0 1 0 0 0 0 1
1 0 0 0 0 1 0 1 0
0 1 0 1 0 0 0 0 1
0 0 1 0 1 0 1 0 0


.

Therefore, we have

∆1(GH(3,1)) =




0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0

 ,


0 1 0 0 0 1 1 0 0
0 0 1 1 0 0 0 1 0
1 0 0 0 1 0 0 0 1
1 0 0 0 1 0 0 0 1
0 1 0 0 0 1 1 0 0
0 0 1 1 0 0 0 1 0
0 0 1 1 0 0 0 1 0
1 0 0 0 1 0 0 0 1
0 1 0 0 0 1 1 0 0

 ,


0 1 0 1 0 0 0 0 1
0 0 1 0 1 0 1 0 0
1 0 0 0 0 1 0 1 0
0 0 1 0 1 0 1 0 0
1 0 0 0 0 1 0 1 0
0 1 0 1 0 0 0 0 1
1 0 0 0 0 1 0 1 0
0 1 0 1 0 0 0 0 1
0 0 1 0 1 0 1 0 0


 .

In a similar way, we have

∆2(GH(3,1)) =




0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0

 ,


0 0 1 1 0 0 0 1 0
1 0 0 0 1 0 0 0 1
0 1 0 0 0 1 1 0 0
0 1 0 0 0 1 1 0 0
0 0 1 1 0 0 0 1 0
1 0 0 0 1 0 0 0 1
1 0 0 0 1 0 0 0 1
0 1 0 0 0 1 1 0 0
0 0 1 1 0 0 0 1 0

 ,


0 0 1 0 1 0 1 0 0
1 0 0 0 0 1 0 1 0
0 1 0 1 0 0 0 0 1
1 0 0 0 0 1 0 1 0
0 1 0 1 0 0 0 0 1
0 0 1 0 1 0 1 0 0
0 1 0 1 0 0 0 0 1
0 0 1 0 1 0 1 0 0
1 0 0 0 0 1 0 1 0


 .

Then, we have Ξ(3,1,ε) = ∆ε(GH(3,1))∪{0}∪ {ωε⊗ J3}. For each ε = 0,1,2, replace
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j with Mε( j) in the Latin square L =

[5 4 1 2 3
3 5 4 1 2
2 3 5 4 1
1 2 3 5 4
4 1 2 3 5

]
. The resulted matrix, called N(ε), is the

incidence matrix of a symmetric (45,12,3)-design by Theorem 4.11. Theorem 4.12 guar-

antees that the elements of the set {N(0),N(1),N(2)} are pairwise disjoint. The elements

of the set {N(0),N(1),N(2)} appears in Appendix 4.

In Lemma 3.20, we see that all matrices in the set ∆(GH(q,qθ),d) or ∆0(GH(q,qθ),d)

are symmetric. However, the matrices in the set ∆ε(GH(q,qθ),d) are not necessarily sym-

metric when ε 6= 0. One may be curious if there is a way to make all matrices of the set

∆ε(GH(q,qθ),d) symmetric for all ε. Fortunately, our method can be modified to achieve

this. We first make the matrices of the set Ω(p,m) to be all symmetric.

Lemma 4.14. Let q = pm be a prime power and Rq be the back diagonal identity matrix of

size q. For any element ω ∈Ω(p,m), we have

1. ωRq is symmetric,

2. ωRq = RqωT , and

3. (ωRq)(ωRq) = Iq.

Proof. 1. Let ω ∈ Ω(p,m). From Definition 3.10, we have ω = A1⊗ . . .⊗Am for some

A1, . . . ,Am ∈ Gp, where Gp is a cyclic group of order p generated by the circulant matrix

Cp = circ(0,1,0, . . . ,0). Any matrix A in Gp is circulant. Therefore, we have ARp = RpAT .

On the other hand, we have (ARp)
T = RT

p AT = RpAT . Hence, ARp = (ARp)
T and we

conclude ARp is symmetric. Moreover, we have

ωRq =( A1⊗ . . .⊗Am)Rq

= (A1⊗ . . .⊗Am)(Rp⊗ . . .⊗Rp)

= A1Rp⊗ . . .⊗AmRp.

52



4.2. CONSTRUCTING PAIRWISE DISJOINT SYMMETRIC DESIGNS

Since A1Rp, . . . ,AmRp are symmetric, ωRq is equal to Kronecker product of symmetric

matrices. Thus, ωRq is symmetric.

2. Since ωRq and Rq are symmetric, we have

ωRq = (ωRq)
T = RT

q ω
T = Rqω

T .

3. By Lemma 3.11, we have

(ωRq)(ωRq) = ωRqRpω
T

= ωω
T

= ωω
−1

= Ip.

Thus, (ωRq)(ωRq) = Iq.

Definition 4.15. Let q = pm be a prime power and Rq be the back diagonal identity matrix

of size q. We define a set ΩR(p,m) of (0,1)-matrices by ΩR(p,m) = {ωRq|ω ∈Ω(p,m)}.

Lemma 4.14 and Lemma 3.11 prove the following lemma:

Lemma 4.16. Let q = pm be a prime power. For any element A ∈ΩR(p,m), we have

1. A is symmetric,

2. A = A−1, and

3. ∑
A∈ΩR(p,m)

A = Jpm .

Remark 4.17. Let H = GH(q,qd−1) be a generalized Hadamard matrix over Ω(p,m). Let

Hi j be the (i, j)-entry of the matrix H. Based on Definition 1.11, for all distinct i, j ∈

{1,2, . . . ,qd} the multiset {H−1
ik H jk : 1 ≤ k ≤ qd} contains exactly qd−1 copies of each
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element of Ω(p,m). In GH(q,qd−1), if we replace each ω∈Ω(p,m) with ωRp ∈ΩR(p,m),

the multiset {H−1
ik H jk : 1 ≤ k ≤ qd} will still contain exactly qd−1 copies of each element

of Ω(p,m). This is true because for any ωi,ω j ∈Ω(p,m), Lemma 4.14 shows

ωiRq(ω jRq)
−1 = (ωiRq)(ω jRq)

= ωiRqRqω
T
j

= ωiω
T
j

= ωiω
−1
j .

While using ωRq instead of ω, r∗αrα is equal to rT
αrα because (ωRq)

−1 = ωRq. By these

changes, matrices generated in Definition 4.6 are converted to symmetric matrices.

Definition 4.18. Let q = pm be prime power, d a positive integer, ε ∈ {0, . . . ,q− 1},

and GH(q,qθ) a generalized Hadamard matrix over the group Ω(p,m) = {ω0, . . . ,ωpm−1},

where 0≤ θ≤ d−1. We use the notation ∆′ε(GH(q,qθ),d) to show the set

{A(Iqθ+1⊗Rq⊗ Iqd−θ−1)|A ∈ ∆ε(GH(q,qθ),d)}

of (0,1)-matrices of size qd+1. If d = 1, we may use the notation ∆′ε(GH(q,qθ)) instead of

∆′ε(GH(q,qθ),1).

Lemma 4.9 implies the following lemma in which we prove AR(ε) and AR(ϑ) are dis-

joint whenever ε 6= ϑ.

Lemma 4.19. Let q = pm be a prime power, d a positive integer, ε ∈ {0, . . . ,q− 1}, Rq

the back diagonal identity matrix of size q, and GH(q,qθ) a generalized Hadamard matrix

over the group Ω(p,m), where 0≤ θ≤ d−1. For ε 6= ϑ, let AR(ε) ∈ ∆′ε(GH(q,qθ),d) and

AR(ϑ) ∈ ∆′
ϑ
(GH(q,qθ),d). Then, AR(ε) and AR(ϑ) are disjoint.

From Lemma 4.14, we have the following.
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Lemma 4.20. Let q = pm be a prime power, d a positive integer, ε ∈ {0, . . . ,q− 1}, and

GH(q,qθ) a generalized Hadamard matrix over the group Ω(p,m), where 0 ≤ θ ≤ d− 1.

All matrices in the set ∆′ε(GH(q,qθ),d) are symmetric.

Definition 4.21. Let q = pm be a prime power, d a positive integer, and ε ∈ {0, . . . ,q−1}.

Suppose GH(q,1), . . . , GH(q,qd−1) are generalized Hadamard matrices over Ω(p,m). We

use the notation ΞR(q,d,ε) to show the set

∆
′
ε(GH(q,1),d)∪ . . .∪∆

′
ε(GH(q,qd−1),d)∪{O}∪{ωεRq⊗ Jqd}.

From Lemma 4.20, we know that all matrices in the set ΞR(q,d,ε) are symmetric.

Lemma 4.22. Let q = pm be a prime power, d a positive integer, ε ∈ {0, . . . ,q− 1}, and

GH(q,qθ) a generalized Hadamard matrix over the group Ω(p,m) = {ω0,ω1, . . . ,ωpm−1},

where 0≤ θ≤ d−1. The elements of the set ΞR(q,d,ε) satisfy the following conditions:

1. For any two distinct elements A 6= O and B 6= O of the set ΞR(q,d,ε), we have

ABT = qd−1Jqd+1;

2. For any nonzero element AR(ε) ∈ ΞR(q,d,ε), we have AR(ε)AR(ε)
T = qdA(0);

3. ∑
AR(ε)∈∆′ε(GH(q,qθ),d)

AR(ε) = qθ+1(Iqθ+1 ⊗ (ωεRq)⊗ Jqd−θ−1) + qθ((Jqθ+1 − Iqθ+1)⊗

Jqd−θ).

We have now a main theorem.

Theorem 4.23. Let q = pm be prime power, ε ∈ {0, . . . ,q− 1}, d a positive integer, r =

(qd+1−1)/(q−1), and L a symmetric Latin square over {1, . . . ,r+1}. Insert the elements

of ΞR(q,d,ε) in L to make a (0,1)-matrix NR(ε) of size (r+ 1)qd+1. Then, NR(ε) is sym-

metric and is the incidence matrix of a symmetric ((r+1)qd+1,rqd,(r−1)qd−1)-design.

Proof. By the proof of Theorem 4.11, NR(ε) is the incidence matrix of a symmetric

((r + 1)qd+1,rqd,(r− 1)qd−1)-design. Since the Latin square L and all matrices in the

sets ΞR(q,d,ε) are symmetric, NR(ε) is also symmetric.
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In the following theorem, we prove NR(ε) and NR(ϑ) have disjoint incidence matrices

whenever ε 6= ϑ.

Theorem 4.24. Let q = pm be prime power, d a positive integer, ε,ϑ ∈ {0, . . . ,q− 1},

ε 6= ϑ, r = (qd+1−1)/(q−1), and L a Latin square over {1, . . . ,r+1}. Insert the elements

of ΞR(q,d,ε) and ΞR(q,d,ϑ) in the Latin square L to construct two (0,1)-matrices NR(ε)

and NR(ϑ), respectively. Then, the matrices N(ε) and N(ϑ) are disjoint.

Proof. Since we use the same Latin square for N(ε) and N(ϑ), Lemma 4.19 implies the

result.

We summarize the main conclusions of this section in the following two theorems.

Theorem 4.25. Let q = pm be a prime power, d a positive integer, and r =
qd+1−1

q−1
.

There is a decomposition of the complete design with (r+ 1)qd+1 points into q symmetric

((r + 1)qd+1,rqd,(r − 1)qd−1)-designs, a symmetric ((r + 1)qd+1,1,0)-design, and a

DDG((r+1)qd+1,qd+1−1,qd+1−2,0,r+1,qd+1).

Proof. For each ε∈{0, . . . ,q−1}, Theorem 4.11 (or Theorem 4.23) generates the incidence

matrix Nε of a symmetric ((r+1)qd+1,rqd,(r−1)qd−1)-design. Therefore, we have a set

{N0, . . . ,Nq−1} of incidence matrices of symmetric ((r+1)qd+1,rqd,(r−1)qd−1)-designs.

Suppose L is a constant diagonal Latin square. If we use the same Latin square L for all

elements of the set {N0, . . . ,Nq−1}, Theorem 4.12 (or Theorem 4.24) proves {N0, . . . ,Nq−1}

is a set of disjoint matrices.

Since diagonal blocks of all elements in {N0, . . . ,Nq−1} are the zero block, then so are

the diagonal blocks of ∑
q−1
i=0 Ni. Since each matrix Ni has rqd ones in each row and since

{N0, . . . ,Nq−1} is a set of disjoint matrices, all off diagonal blocks of ∑
q−1
i=0 Ni are equal to

Jqd+1 . Therefore, ∑
q−1
i=0 Ni = (Jr+1− Ir+1)⊗ Jqd+1 .

Let Nq = I(r+1)qd+1 and Nq+1 = Ir+1⊗(Jqd+1−Iqd+1). Then, we have ∑
q+1
i=0 Ni = J(r+1)qd+1 .

Moreover, the matrix Nq is a symmetric ((r + 1)qd+1,1,0)-design and the matrix Nq+1
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is a DDG((r + 1)qd+1,qd+1− 1,qd+1− 2,0,r + 1,qd+1). Hence, {N0, . . . ,Nq+1} decom-

poses the complete design with (r + 1)qd+1 points into q + 1 symmetric designs and a

DDG((r+1)qd+1,qd+1−1,qd+1−2,0,r+1,qd+1).

Theorem 4.26. Let q = pm be a prime power, d a positive integer, and r =
qd+1−1

q−1
. If

r + 1 is an even number, there is a decomposition of the complete graph on (r + 1)qd+1

vertices into q strongly regular graphs SRG((r+1)qd+1,rqd,(r−1)qd−1,(r−1)qd−1) and

a DDG((r+1)qd+1,qd+1−1,qd+1−2,0,r+1,qd+1).

Proof. Since r + 1 is even, Lemma 3.8 confirms there is a symmetric constant diagonal

Latin square L of size r + 1. For each ε ∈ {0, . . . ,q− 1}, Theorem 4.23 generates the

incidence matrix Nε of a symmetric ((r + 1)qd+1,rqd,(r− 1)qd−1)-design. The matrix

generated in Theorem 4.23 is symmetric with zero diagonal. Hence, it is the adjacency

matrix of a SRG((r+ 1)qd+1,rqd,(r− 1)qd−1,(r− 1)qd−1). Thus, the set {N0, . . . ,Nq−1}

is a set of adjacency matrices of SRG((r+1)qd+1,rqd,(r−1)qd−1,(r−1)qd−1).

Theorem 4.24 proves {N0, . . . ,Nq−1} is a set of disjoint matrices. Similar to the proof

of Theorem 4.25, we have ∑
q−1
i=0 Ni = (Jr+1− Ir+1)⊗ Jqd+1 . Let Nq = Ir+1⊗ (Jqd+1− Iqd+1).

Then, the matrix Nq is a DDG((r + 1)qd+1,qd+1− 1,qd+1− 2,0,r + 1,qd+1). Moreover,

we have ∑
q
i=0 Ni = J(r+1)qd+1 − I(r+1)qd+1 . Hence, {N0, . . . ,Nq} decomposes the complete

graph on (r + 1)qd+1 vertices into q strongly regular graphs SRG((r + 1)qd+1,rqd,(r−

1)qd−1,(r−1)qd−1) and a DDG((r+1)qd+1,qd+1−1,qd+1−2,0,r+1,qd+1).

4.3 Constructing Symmetric Designs Sharing Complete Tripartite Graphs

In this section, we apply a similar process of Section 4.2 to generate three symmetric

(3d+1(3d+1−1)/2,3d(3d+1+1)/2,3d(3d +1)/2)-designs whose incidence matrices share

complete tripartite graphs. We start by modifying Definition 3.27.

Definition 4.27. Let d be a positive integer and ε ∈ {0,1,2}.

Suppose GH(3,1), GH(3,3), . . . , GH(3,3d−1) are generalized Hadamard matrices over
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Ω(3,1). We define

Ξ
′(3,d,ε) = ∆ε(GH(3,1),d)∪ . . .∪∆ε(GH(3,3d−1),d)∪{J3d+1− (I3⊗ J3d)}.

The number of elements are the same in the two sets Ξ′(3,d,ε) and {1, . . . ,r}. We

define a bijective function M′ε : {1, . . . ,r}→ Ξ′(3,d,ε) such that M′ε(r) = J3d+1− (I3⊗J3d).

Now we let M′ε(1) to be an element in Ξ′(3,d,ε) \ {M′ε(r)}. Then inductively we assign

M′ε(i+1) to an element in Ξ′(3,d,ε)\{M′ε(r),M′ε(k)|k = 1, . . . , i}.

For each ε ∈ {0,1,2}, a symmetric (3d+1(3d+1−1)/2,3d(3d+1 +1)/2,3d(3d +1)/2)-

design is constructed in the following theorem.

Theorem 4.28. Let d be a positive integer, r = (3d+1− 1)/2, and L a constant diagonal

Latin square over {1, . . . ,r} with r on the diagonal. For each ε ∈ {0,1,2}, substitute i with

M′ε(i) in the Latin square L to make a (0,1)-matrix N(ε) of size r(3d+1). Then, N(ε) is the

incidence matrix of a symmetric

(3d+1(3d+1−1)/2,3d(3d+1 +1)/2,3d(3d +1)/2)-design.

Then, all matrices in {N(0),N(1),N(2)} share r disjoint complete tripartite graphs K3
3d .

Proof. Since we use the same Latin square for all designs, Lemma 4.9 proves that all ma-

trices in {N(0),N(1),N(2)} share the adjacency matrix Ir⊗(J3d+1−(I3⊗J3d)), which con-

sists of r disjoint complete tripartite graphs K3
3d .

Toward generating symmetric designs with symmetric zero diagonal incidence matrices,

we make the following definition.

Definition 4.29. Let d be a positive integer and ε ∈ {0,1,2}. Suppose GH(3,1), GH(3,3),

. . . , GH(3,3d−1) are generalized Hadamard matrices over Ω(3,1). We define

Ξ
′
R(3,d,ε) = ∆

′
ε(GH(3,1),d)∪ . . .∪∆

′
ε(GH(3,3d−1),d)∪{J3d+1− (I3⊗ J3d)}.
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Let r = (3d+1− 1)/2 be even and L be a symmetric constant diagonal Latin square of

size r. By using L and the sets Ξ′R(3,d,0),Ξ
′
R(3,d,1), and Ξ′R(3,d,2) in Theorem 4.28, we

construct three SRG(3d+1(3d+1−1)/2,3d(3d+1+1)/2,3d(3d +1)/2,3d(3d +1)/2) whose

adjacency matrices share r disjoint complete tripartite graphs.

Theorem 4.30. Let d be a positive integer, and r = (3d+1−1)/2 be an even number. There

are three SRG(3d+1(3d+1−1)/2,3d(3d+1+1)/2,3d(3d +1)/2,3d(3d +1)/2) whose adja-

cency matrices share r disjoint complete tripartite graphs K3
3d .

Example 4.31. In this example, we induce three SRG(36,15,6,6) whose adjacency matri-

ces share four complete tripartite graphs K3
3 . For this purpose, we set q= 3 and d = 1. Since

d = 1, we only need the generalized Hadamard matrix GH(3,1) =
[

ω0 ω0 ω0
ω0 ω1 ω2
ω0 ω2 ω1

]
. We also note

that R3 =
[

0 0 1
0 1 0
1 0 0

]
. Using Definition 4.29, we first define the sets Ξ′R(3,1,0), Ξ′R(3,1,1), and

Ξ′R(3,1,2). We know ΩR(3,1)= {ω0R3 =
[

0 0 1
0 1 0
1 0 0

]
,ω1R3 =

[
0 1 0
1 0 0
0 0 1

]
,ω2R3 =

[
1 0 0
0 0 1
0 1 0

]
}. Three

9×9 matrices of the set ∆′0(GH(3,1)) are generated below:

rT
1 r1 =

[
ω0ω0ω0
ω0ω0ω0
ω0ω0ω0

]
=


001001001
010010010
100100100
001001001
010010010
100100100
001001001
010010010
100100100

,rT
2 r2 =

[
ω0ω1ω2
ω1ω2ω0
ω2ω0ω1

]
=


001010100
010100001
100001010
010100001
100001010
001010100
100001010
001010100
010100001

,rT
3 r3 =

[
ω0ω2ω1
ω2ω1ω0
ω1ω0ω2

]
=


001100010
010001100
100010001
100010001
001100010
010001100
010001100
100010001
001100010

.

Therefore, we have

Ξ
′
R(3,1,0) =





001001001
010010010
100100100
001001001
010010010
100100100
001001001
010010010
100100100

,


001010100
010100001
100001010
010100001
100001010
001010100
100001010
001010100
010100001

,


001100010
010001100
100010001
100010001
001100010
010001100
010001100
100010001
001100010

,


000111111
000111111
000111111
111000111
111000111
111000111
111111000
111111000
111111000




.

Similarly, we have

Ξ
′
R(3,1,1) =





010010010
100100100
001001001
010010010
100100100
001001001
010010010
100100100
001001001

,


010100001
100001010
001010100
100001010
001010100
010100001
001010100
010100001
100001010

,


010001100
100010001
001100010
001100010
010001100
100010001
100010001
001100010
010001100

,


000111111
000111111
000111111
111000111
111000111
111000111
111111000
111111000
111111000




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and

Ξ
′
R(3,1,2) =





100100100
001001001
010010010
100100100
001001001
010010010
100100100
001001001
010010010

,


100001010
001010100
010100001
001010100
010100001
100001010
010100001
100001010
001010100

,


100010001
001100010
010001100
010001100
100010001
001100010
001100010
010001100
100010001

,


000111111
000111111
000111111
111000111
111000111
111000111
111111000
111111000
111111000




.

For each ε = 0,1,2, substitute i with M′ε(i) in L =

[4 1 2 3
1 4 3 2
2 3 4 1
3 2 1 4

]
to make a (0,1)-matrix Ni(ε)

of size 36 which is the adjacency matrix of a SRG(36,15,6,6). All matrices N0, N1, and

N2 share four disjoint complete tripartite graphs K3
3 . These three matrices are presented in

Appendix 5.
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Chapter 5

A New Series of Complete Design
Decompositions

In [10], Ionin and Kharaghani used balanced generalized weighing matrices and symmetric

designs to generate new families of strongly regular graphs. In this Chapter, we use their

method to generate an infinite class of decompositions.

5.1 McFarland Designs and a Generalization

Let M be a non-empty set of matrices and let G be a cyclic group of bijections M →M .

Suppose W = [wi j] is a balanced generalized weighing matrix over G, then, for D ∈M ,

W ⊗D represents the block matrix [wi jD], where, for wi j ∈G, wi jD is the image of D under

the bijection wi j, [10]. By the abuse of language we call the operation mentioned above the

Kronecker product of W and D.

Theorem 5.1 ([10, Theorem 3.1, p. 312]). Suppose that a nonempty set M of incidence

matrices of symmetric (ν,k,λ)-designs and a finite group S of bijections M →M satisfy

conditions:

1. (σM)(σN)T = MNT for all M,N ∈M and all σ ∈ S.

2. For each M ∈M , the matrix ∑σ∈S σM is a multiple of Jν.

If W is a BGW (w, l,µ) over S with k2µ = νλl, then, for N ∈M , W ⊗N, as defined above, is

an incidence matrix of a symmetric (νw,kl,λl)-design.
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Proof. Let W = [αi j]. The (i, j)-block of size ν of W ⊗N is αi jN. We need to prove

(W ⊗N)(W ⊗N)T = (kl−λl)Iνw +(λl)Jνw. (5.1)

We first calculate the matrix (W ⊗N)(W ⊗N)T = [Mi j], where Mi j is the (i, j)-block of size

ν of the matrix (W ⊗N)(W ⊗N)T . For each i ∈ {1,2, . . . ,w}, there exist σ1,σ2, . . . ,σl ∈ S

such that

Mii =
w

∑
j=1

(αi jN)(αi jN)T =
l

∑
j=1

(σ jN)(σ jN)T =
l

∑
j=1

NNT = l(NNT )

= l((k−λ)Iν +(λ)Jν) = (kl−λl)Iν +λlJν.

Therefore, diagonal blocks of (W ⊗N)(W ⊗N)T satisfy (5.1). Since each row of any ele-

ment in M has k ones, and since the matrix ∑σ∈S σM is a multiple of J, we conclude that

all entries of the matrix ∑σ∈S σM are equal to (k|S|)/ν. For i, j ∈ {1,2, . . . ,w} with i 6= j,

we have

Mi j =
w

∑
k=1

(αikN)(α jkN)T =
w

∑
k=1

(αikα
−1
jk N)NT

=
µ
|S|

(∑
σ∈S

σN)NT =
µ
|S|

(
k|S|

ν
Jν)MT

=
k2µ
ν

Jν

=
νλl
ν

Jν

= (λl)Jν.

Hence, we proved (W⊗N)(W⊗N)T = (kl−λl)Iνw+(λl)Jνw and so W⊗N is the incidence

matrix of a symmetric (νw,kl,λl)-design.

Lemma 5.2. Let q = pm be a prime power, d a positive integer, and r = (qd+1−1)/(q−1).

Then, gcd(r,q) = 1. Moreover, gcd(r+1,q) = 1 when q is odd.
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Proof. We have

r =
qd+1−1

q−1
= qd + · · ·+q+1.

Hence, we conclude gcd(r,q) = 1. Moreover, gcd(r+1,q) = 1 when q is odd.

Let q= pm be a prime power, d a positive integer, r =
qd+1−1

q−1
, Cr+1 = circ(0,1,0, . . . ,0)

a circulant matrix of size r + 1, and L a Latin square on {0,1, . . . ,r}. For each ε, let

Ξ(q,d,ε) = {A(0)(ε), . . . ,A(r)(ε)}.

For ε 6= ϑ, we correspond an element A(i)(ε) of Ξ(q,d,ε) to an element A(i)(ϑ) of

Ξ(q,d,ϑ) on Page 47 of this thesis. (For ε 6= ϑ, there is an isomorphism φ between

∆ε(GH(q,qθ),d) and ∆ϑ(GH(q,qθ),d) which corresponds each element of ∆ε(GH(q,qθ),d)

to an element of ∆ϑ(GH(q,qθ),d). Let A(ε) = [(Iqθ+1⊗ωε)(r∗αrα)]⊗Jqd−θ−1 be an arbitrary

element of the set ∆ε(GH(q,qθ),d), where α ∈ {1, . . . ,qθ+1}. Then the image of A(ε) un-

der the isomorphism is equal to A(ϑ) = [(Iqθ+1 ⊗ωϑ)(r∗αrα)]⊗ Jqd−θ−1 . The same row of

GH(q,qθ) is used in both A(ε) and A(ϑ).)

The set {A(i)(0), . . . ,A(i)(q−1)} is a set of disjoint (0,1)-matrices by Lemma 4.9. Sim-

ilarly, let ΞR(q,d,ε) = {A
(0)
R (ε), . . . ,A(r)

R (ε)}, then, the set {A(i)
R (0), . . . ,A(i)

R (q−1)} is a set

of disjoint (0,1)-matrices by Lemma 4.19.

Now, we use the notation ϒ(ϑ, l,L) to show the symmetric design made by replacing i

with A(i)(ϑ) in the Latin square Cl
r+1L. Moreover, let ϒR(ϑ, l,L) be the symmetric design

made by replacing i with A(i)
R (ϑ) in Cl

r+1L. Then, an action g on ϒ(ϑ, l,L) is defined by

g(ϒ(ϑ, l,L)) = ϒ(ϑ+1 (mod q), l +1 (mod r+1),L).

We use the notation G(q,d) to denote the cyclic group generated by g. We note that

g2(ϒ(ϑ, l,L)) = ϒ(ϑ+2 (mod q), l +2 (mod r+1),L),
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g3(ϒ(ϑ, l,L)) = ϒ(ϑ+3 (mod q), l +3 (mod r+1),L),

g4(ϒ(ϑ, l,L)) = ϒ(ϑ+4 (mod q), l +4 (mod r+1),L),

...

gt(ϒ(ϑ, l,L)) = ϒ(ϑ+ t (mod q), l + t (mod r+1),L).

One may note that

gq(r+1)(ϒ(ϑ, l,L)) = ϒ(ϑ+q(r+1) (mod q), l +q(r+1) (mod r+1),L) = ϒ(ϑ, l,L).

Since gcd(q,r+1) = 1, we conclude that |G(q,d)|= q(r+1) and

G(q,d) =< g >= {gt |1≤ t ≤ q(r+1)}.

Similarly, we define

g(ϒR(ϑ, l,L)) = ϒR(ϑ+1 (mod q), l +1 (mod r+1),L).

Example 5.3. From Example 4.13, we have

Ξ(3,1,0) =





000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000

 ,


111000000
111000000
111000000
000111000
000111000
000111000
000000111
000000111
000000111

 ,


100100100
010010010
001001001
100100100
010010010
001001001
100100100
010010010
001001001

 ,


100001010
010100001
001010100
010100001
001010100
100001010
001010100
100001010
010100001

 ,


100010001
010001100
001100010
001100010
100010001
010001100
010001100
001100010
100010001




and

Ξ(3,1,1) =
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



000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000

 ,


000111000
000111000
000111000
000000111
000000111
000000111
111000000
111000000
111000000

 ,


010010010
001001001
100100100
010010010
001001001
100100100
010010010
001001001
100100100

 ,


010100001
001010100
100001010
001010100
100001010
010100001
100001010
010100001
001010100

 ,


010001100
001100010
100010001
100010001
010001100
001100010
001100010
100010001
010001100




.

For elements of Ξ(3,1,0), we have

A(0)(0) =



000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000

, A(1)(0) =



111000000
111000000
111000000
000111000
000111000
000111000
000000111
000000111
000000111

, A(2)(0) =



100100100
010010010
001001001
100100100
010010010
001001001
100100100
010010010
001001001

,

A(3)(0) =



100001010
010100001
001010100
010100001
001010100
100001010
001010100
100001010
010100001

, A(4)(0) =



100010001
010001100
001100010
001100010
100010001
010001100
010001100
001100010
100010001

 .

For elements of Ξ(3,1,1), we have

A(0)(1) =



000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000

, A(1)(1) =



000111000
000111000
000111000
000000111
000000111
000000111
111000000
111000000
111000000

, A(2)(1) =



010010010
001001001
100100100
010010010
001001001
100100100
010010010
001001001
100100100

 ,

A(3)(1) =



010100001
001010100
100001010
001010100
100001010
010100001
100001010
010100001
001010100

, A(4)(1) =



010001100
001100010
100010001
100010001
010001100
001100010
001100010
100010001
010001100

 .

Let C5 = circ(0,1,0,0,0). If L =

[0 1 2 3 4
4 0 1 2 3
3 4 0 1 2
2 3 4 0 1
1 2 3 4 0

]
, we have C5L =

[4 0 1 2 3
3 4 0 1 2
2 3 4 0 1
1 2 3 4 0
0 1 2 3 4

]
. Then

g(ϒ(0,0,L)) = ϒ(1,1,L),
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where

ϒ(0,0,L) =


A(0)(0) A(1)(0) A(2)(0) A(3)(0) A(4)(0)
A(4)(0) A(0)(0) A(1)(0) A(2)(0) A(3)(0)
A(3)(0) A(4)(0) A(0)(0) A(1)(0) A(2)(0)
A(2)(0) A(3)(0) A(4)(0) A(0)(0) A(1)(0)
A(1)(0) A(2)(0) A(3)(0) A(4)(0) A(0)(0)


and

ϒ(1,1,L) =


A(4)(1) A(0)(1) A(1)(1) A(2)(1) A(3)(1)
A(3)(1) A(4)(1) A(0)(1) A(1)(1) A(2)(1)
A(2)(1) A(3)(1) A(4)(1) A(0)(1) A(1)(1)
A(1)(1) A(2)(1) A(3)(1) A(4)(1) A(0)(1)
A(0)(1) A(1)(1) A(2)(1) A(3)(1) A(4)(1)

 .

Definition 5.4. Let q = pm be a prime power, d a positive integer, r =
qd+1−1

q−1
, L a Latin

square over {0, . . . ,r}, and Cr+1 = circ(0,1,0, . . . ,0) a circulant matrix of size r+1. Then,

we use the notation M (q,d,L) to denote the set

{ϒ(ϑ, t,L)|ϑ ∈ {0, . . . ,q−1},0≤ t ≤ r}.

Also we use the notation MR(q,d,L) to denote the set

{ϒR(ϑ, t,L)|ϑ ∈ {0, . . . ,q−1},0≤ t ≤ r}.

Example 5.5. In this Example, we generate M (3,1,L), where L =

[0 1 2 3 4
4 0 1 2 3
3 4 0 1 2
2 3 4 0 1
1 2 3 4 0

]
. We have

C0
5L = L, C5L =

[4 0 1 2 3
3 4 0 1 2
2 3 4 0 1
1 2 3 4 0
0 1 2 3 4

]
, C2

5L =

[3 4 0 1 2
2 3 4 0 1
1 2 3 4 0
0 1 2 3 4
4 0 1 2 3

]
, C3

5L =

[2 3 4 0 1
1 2 3 4 0
0 1 2 3 4
4 0 1 2 3
3 4 0 1 2

]
, and C4

5L =

[1 2 3 4 0
0 1 2 3 4
4 0 1 2 3
3 4 0 1 2
2 3 4 0 1

]
,

where C5 = circ(0,1,0,0,0). We know ϒR(ϑ, t,L) is the symmetric (45,12,3)-design made

by replacing i with A(i)(ϑ) in the Latin square CtL, and we have

M (3,1,L) = {ϒR(ϑ, t,L)|ϑ ∈ {0,1,2},0≤ t ≤ 4}.

The set M (3,1,L) consists of fifteen symmetric (45,12,3)-designs whose incidence matri-

ces appear in Appendix 6.

The following theorem shows how G(q,d) acts on two sets M (q,d,L) and MR(q,d,L).
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Theorem 5.6. Let q = pm be a prime power, d a positive integer, r =
qd+1−1

q−1
, and L

a circulant Latin square over {0, . . . ,r}. Then, the group G(q,d) (Defined on Page 63)

is a cyclic group of bijections on M (q,d,L), and also is a cyclic group of bijections on

MR(q,d,L).

Proof. Let σ = gt be an arbitrary element in G(q,d), for some 0 ≤ t ≤ r. Then, the image

of ϒ(ϑ, l,L) under σ is ϒ(ϑ+ t (mod q), l + t (mod r+ 1),L). It follows that σ is a cyclic

bijection from M (q,d,L) to M (q,d,L). Hence, the group G(q,d) is a cyclic group of

bijections from M (q,d,L) to M (q,d,L). Similarly, it is possible to prove that the group

G(q,d) is also a cyclic group of bijections from MR(q,d,L) to MR(q,d,L).

We have the following lemma.

Lemma 5.7. Let q = pm be a prime power, d a positive integer, ε,ϑ ∈ {0, . . . ,q−1}, ϑ 6=

ε, and GH(q,qθ) a generalized Hadamard matrix over Ω(p,m) = {ω0,ω1, . . . ,ωpm−1},

where 0 ≤ θ ≤ d− 1. The matrices A ∈ Ξ(q,d,ε) and B ∈ Ξ(q,d,ϑ) satisfy the following

conditions:

1. If A(ϑ) = B, we have ABT = qdA(ε−ϑ);

2. If A(ϑ) 6= B, we have ABT = qd−1Jqd+1 .

Similarly, for the matrices AR ∈ ΞR(q,d,ε) and BR ∈ ΞR(q,d,ϑ) we have:

(i). If AR(ϑ) = BR, we have ARBT
R = qdA(ε−ϑ);

(ii). If AR(ϑ) 6= BR, we have ARBT
R = qd−1Jqd+1 .

The following theorem shows G(q,d) and M (q,d,L) satisfy the 1st and 2nd conditions

of Theorem 5.1 if L is circulant.

Theorem 5.8. Let q = pm be a prime power, d a positive integer, r =
qd+1−1

q−1
, and L a

circulant Latin square over {0, . . . ,r}. Then, we have

67



5.1. MCFARLAND DESIGNS AND A GENERALIZATION

1. (σM)(σN)T = MNT for all M,N ∈M (q,d,L) and all σ ∈ G(q,d).

2. For each M ∈M (q,d,L), the matrix ∑σ∈G(q,d)σM is a multiple of J(r+1)qd+1 .

Proof. 1. For arbitrary elements M,N ∈ M (q,d,L) and σ ∈ G(q,d), let M = ϒ(ε,s,L),

N = ϒ(ϑ, t,L), and σ = gu, for some ϑ,ε ∈ {0, . . . ,q − 1}, s, t ∈ {0, . . . ,r}, and

u ∈ {0, . . . ,q(r+1)−1}. Note that

ϒ(ε,s,L) = (Cs⊗ Iqd+1)ϒ(ε,0,L)

and

ϒ(ε,s,L) = ϒ(ε,0,L)(Cs⊗ Iqd+1).

We first calculate ϒ(ε,0,L)ϒ(ϑ,0,L)T = [Mi j], where Mi j is (i, j)-block of size qd+1 of the

matrix ϒ(ε,0,L)ϒ(ϑ,0,L)T . By Lemma 5.7, we have

Mii = ∑
A(ε)∈Ξ(q,d,ε)
A(ϑ)∈Ξ(q,d,ϑ)

A(ε)A(ϑ) = qd(ωε−ϑ⊗ Jqd)

+qd
∑

A(ε−ϑ)∈Ξ(q,d,ε−ϑ)

A(ε−ϑ)

= qd(ωε−ϑ⊗ Jqd)

+qd
d−1

∑
θ=0

[
qθ+1(Iqθ+1⊗ωε−ϑ⊗ Jqd−θ−1)+qθ((Jqθ+1− Iqθ+1)⊗ Jqd−θ)

]
.

For i 6= j, Lemma 5.7 shows that Mi j = (r−1)qd−1Jqd+1 . From this, we conclude

[
ϒ(ε1,0,L)ϒ(ϑ1,0,L)T = ϒ(ε2,0,L)ϒ(ϑ2,0,L)T ]⇔ [ε1−ϑ1 = ε2−ϑ2

]
.

Now, we have

(σM)(σN)T = σ(ϒ(ε,s,L))(σ(ϒ(ϑ, t,L)))T = ϒ(ε+u,s+u,L)ϒ(ϑ+u, t +u,L)T
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=
(
(Cs+u⊗ Iqd+1)ϒ(ε+u,0,L)

)(
(Ct+u⊗ Iqd+1)ϒ(ϑ+u,0,L)

)T

= ((Cs+u⊗ Iqd+1)ϒ(ε+u,0,L))ϒ(ϑ+u,0,L)T (C−t−u⊗ Iqd+1)

= (Cs+u⊗ Iqd+1)(C−t−u⊗ Iqd+1))ϒ(ε+u,0,L)ϒ(ϑ+u,0,L)T

= (Cs−t⊗ Iqd+1)ϒ(ε+u,0,L)ϒ(ϑ+u,0,L)T

= (Cs−t⊗ Iqd+1)ϒ(ε,0,L)ϒ(ϑ,0,L)T

= (Cs⊗ Iqd+1)ϒ(ε,0,L)((Ct⊗ Iqd+1)ϒ(ϑ,0,L))T

= ϒ(ε,s,L)ϒ(ϑ, t,L)T

= MNT .

2. Let M = ϒ(ε,s,L), for some ε ∈ {0, . . . ,q−1} and 0≤ s≤ r. We have

∑
σ∈G(q,d)

σM = ∑
σ∈G(q,d)

σϒ(ε,s,L)

= ∑
ρ∈{0,...,q−1}

r

∑
u=0

ϒ(ε+ρ,s+u,L)

= ∑
N∈M (q,d,L)

N.

Let Mi j be the (i, j)-block of size qd+1 of the matrix ∑N∈M (q,d,L)N. By Definition 5.4 and

Lemma 4.10, we have

Mi j = ∑
ε∈{0,...,q−1}

∑
A∈Ξ(q,d,ε)

A

= ∑
ε∈{0,...,q−1}

(
ωε⊗ Jqd +

d−1

∑
θ=0

[
qθ+1(Iqθ+1⊗ωε⊗ Jqd−θ−1)+qθ((Jqθ+1− Iqθ+1)⊗ Jqd−θ)

])

= ( ∑
ε∈{0,...,q−1}

ωε)⊗ Jqd +
d−1

∑
θ=0

[
qθ+1(Iqθ+1⊗ ( ∑

ε∈{0,...,q−1}
ωε)⊗ Jqd−θ−1)

+qθ+1((Jqθ+1− Iqθ+1)⊗ Jqd−θ)
]

= Jq⊗ Jqd +
d−1

∑
θ=0

[
qθ+1(Iqθ+1⊗ Jq⊗ Jqd−θ−1)+qθ+1((Jqθ+1− Iqθ+1)⊗ Jqd−θ)

]
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= Jqd+1 +(
d−1

∑
θ=0

qθ+1)Jqd+1

= (
d

∑
θ=0

qθ)Jqd+1

= rJqd+1 .

The following theorem shows G(q,d) and MR(q,d,L) satisfy the 1st and 2nd conditions

of Theorem 5.1 if L is back circulant. The proof of the following theorem is similar to the

proof of Theorem 5.8.

Theorem 5.9. Let q = pm be a prime power, d a positive integer, r =
qd+1−1

q−1
, and L be a

back circulant Latin square over {0, . . . ,r}. Then, we have

1. (σM)(σN)T = MNT for all M,N ∈MR(q,d,L) and all σ ∈ G(q,d).

2. For each M ∈MR(q,d,L), the matrix ∑σ∈G(q,d)σM is a multiple of J(r+1)qd+1 .

To be able to apply Theorem 5.1 for the set M (q,d,L), we review balanced generalized

weighing matrices. As it is mentioned in [10], most of the known balanced generalized

weighing matrices belong to the family BGW (
qd+1−1

q−1
,qd,qd − qd−1) over G, where q

is a prime power, d is positive, and G is a cyclic group whose order divides q− 1. In the

following three theorems, we study balanced generalized weighing matrices.

Theorem 5.10 ([11, Proposition 10.1.17, p. 326]). Let q be a prime power. Then, there is a

zero diagonal BGW (q+1,q,q−1) over a cyclic group G whose order |G| divides q−1.

Theorem 5.11 ([14, Lemma 1, p. 141]). Let q be a prime power. There exists a symmetric

zero diagonal BGW (q+1,q,q−1) over a cyclic group G if
q−1
|G|

is an even integer.

Theorem 5.12 ([10, Theorem 2.3, p. 211]). Let q be a prime power, n a divisor of q− 1,

and G a cyclic group of order n. If
q−1

n
is even, then, for any positive integer d, there
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exists a symmetric balanced generalized weighing matrix

BGW
(

q2d−1
q−1

,q2d−1,q2d−1−q2d−2
)

over G with all diagonal entries equal to 0.

In the following theorem, we show how any balanced generalized weighing matrices

and the set M (q,d,L) form a symmetric design. Although the following theorem is not

mentioned in [10], it is directly follows from [10, Theorem 5.1, p. 216].

Theorem 5.13. Let q be an odd prime power and d a positive integer. If r =
qd+1−1

q−1
is a prime power, then, for any positive integer m, there exists a symmetric design with

parameters (
qd+1(r4m−1)

r−1
,qdr4m−1,qd−1r4m−2(r−1)

)
.

Proof. Let L be a circulant Latin square over {0, . . . ,r}. Consider the set M (q,d,L) con-

sisting of q(r+ 1) symmetric ((r+ 1)qd+1,rqd,(r− 1)qd−1)-designs. Theorem 5.6 shows

that the group G(q,d) is a cyclic group of bijections M (q,d,L)→M (q,d,L). By The-

orem 5.8, the group G(q,d) and the set M (q,d,L) satisfy the first and second conditions

of Theorem 5.1. For any positive integer m, Theorem 5.12 guarantees the existence of a

symmetric zero diagonal BGW over the group G(q,d) with parameters

BGW
(

r4m−1
r2−1

,r4m−2,r4m−2− r4m−4
)
.

Let (ν,k,λ)= ((r+1)qd+1,rqd,(r−1)qd−1) and (w, l,µ)= (
r4m−1
r2−1

,r4m−2,r4m−2−r4m−4).

To be able to use Theorem 5.1, we need to prove k2µ = νλl:

k2µ = r2q2d(r4m−2− r4m−4)

= r4m−2q2d(r2−1)

= (r+1)qd+1((r−1)qd−1)r4m−2
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= νλl.

From Theorem 5.1, we conclude that there is a symmetric (νw,kl,λl)-design or a symmetric(
qd+1(r4m−1)

r−1
,qdr4m−1,qd−1r4m−2(r−1)

)
-design.

Utilizing a similar proof to the proof of Theorem 5.13, we can prove the following

theorem.

Theorem 5.14 ([10, Theorem 5.1, p. 216]). Let q be an odd prime power and d a positive

integer. If r =
qd+1−1

q−1
is a prime power, then, for any positive integer m, there exists a

strongly regular graph with parameters

(
qd+1(r4m−1)

r−1
,qdr4m−1,qd−1r4m−2(r−1),qd−1r4m−2(r−1)

)
.

5.2 Spence Designs and a Generalization

Let d be a positive integer, r =
3d+1−1

2
, and Ω(3,1) = {ω0,ω1,ω2}. In Section 5.1,

we use McFarland Designs and balanced generalized weighing matrices to make more sym-

metric designs. In this section, we apply a similar technique on the Spence designs made

in Theorem 4.28. By Definition 4.27, the matrix J3d+1 − (I3⊗ J3d) is common in all sets

Ξ′(3,d,0), Ξ′(3,d,1), and Ξ′(3,d,2). Since we also need the matrices J3d+1 − (ω1⊗ J3d)

and J3d+1− (ω2⊗ J3d), we define three sets as follow:

Λ(d,ε) = ∆ε(GH(3,1),d)∪ . . .∪∆ε(GH(3,3d−1),d)∪{J3d+1− (ωε⊗ J3d)},

for each ε ∈ {0,1,2}. One may note that Λ(d,0) = Ξ′(3,d,0), and for ε ∈ {0,1,2} \ {0},

we have

Λ(d,ε) = (Ξ′(3,d,0)\{J3d+1− (I3⊗ J3d)})∪{J3d+1− (ωε⊗ J3d)}.
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Similarly, we have:

ΛR(d,ε) = ∆
′
ε(GH(3,1),d)∪ . . .∪∆

′
ε(GH(3,3d−1),d)∪{J3d+1− (ωεR3⊗ J3d)},

for each ε ∈ {0,1,2}.

Example 5.15.

Λ(1,0) =





000111111
000111111
000111111
111000111
111000111
111000111
111111000
111111000
111111000

,


100100100
010010010
001001001
100100100
010010010
001001001
100100100
010010010
001001001

,


100001010
010100001
001010100
010100001
001010100
100001010
001010100
100001010
010100001

,


100010001
010001100
001100010
001100010
100010001
010001100
010001100
001100010
100010001




,

Λ(1,1) =





111000111
111000111
111000111
111111000
111111000
111111000
000111111
000111111
000111111

,


010010010
001001001
100100100
010010010
001001001
100100100
010010010
001001001
100100100

,


010100001
001010100
100001010
001010100
100001010
010100001
100001010
010100001
001010100

,


010001100
001100010
100010001
100010001
010001100
001100010
001100010
100010001
010001100




,

Λ(1,2) =





111111000
111111000
111111000
000111111
000111111
000111111
111000111
111000111
111000111

,


001001001
100100100
010010010
001001001
100100100
010010010
001001001
100100100
010010010

,


001010100
100001010
010100001
100001010
010100001
001010100
010100001
001010100
100001010

,


001100010
100010001
010001100
010001100
001100010
100010001
100010001
010001100
001100010




.

Let d be a positive integer, r =
3d+1−1

2
, Cr = circ(0,1,0, . . . ,0) a circulant matrix of

size r, and L a Latin square on {0, . . . ,r−1}. For each ε, let

Λ(d,ε) = {A(0)(ε), . . . ,A(r−1)(ε)},
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and

ΛR(d,ε) = {A
(0)
R (ε), . . . ,A(r−1)

R (ε)}.

Now, we use the notation ϒ′(ε, l,L) to show the symmetric design made by replacing

i with A(i)(ε) in the Latin square Cl
rL. Moreover, let ϒ′R(ε, l,L) be the symmetric design

made by replacing i with A(i)
R (ε) in Cl

rL. Then, an action g on ϒ′(ε, l,L) is defined by

g(ϒ′(ε, l,L)) = ϒ
′(ε+1 (mod 3), l +1 (mod r),L).

We use the notation G′(3,d) to denote the cyclic group generated by g. We note that

g2(ϒ′(ε, l,L)) = ϒ
′(ε+2 (mod 3), l +2 (mod r),L),

g3(ϒ′(ε, l,L)) = ϒ
′(ε+3 (mod 3), l +3 (mod r),L),

...

gt(ϒ′(ε, l,L)) = ϒ
′(ε+ t (mod 3), l + t (mod r),L).

It can be seen

g3r(ϒ′(ε, l,L)) = ϒ
′(ε+3r (mod 3), l +3r (mod r),L) = ϒ

′(ε, l,L).

Since gcd(3,r) = 1, we conclude that |G′(3,d)|= 3r and

G′(3,d) =< g >= {gt |1≤ t ≤ 3r}.

Similarly, we define

g(ϒ′R(ε, l,L)) = ϒ
′
R(ε+1 (mod 3), l +1 (mod r),L).
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Definition 5.16. Let d be a positive integer, r =
3d+1−1

2
, L a circulant Latin square over

{0, . . . ,r− 1}, and Cr = circ(0,1,0, . . . ,0) a circulant matrix of size r. Then, we use the

notation M ′(3,d,L) to denote the set {ϒ′(ϑ, t,L)|ϑ ∈ {0,1,2},0 ≤ t ≤ r− 1}. We also

define M ′
R(3,d,L) = {ϒ′R(ϑ, t,L)|ϑ ∈ {0,1,2},0≤ t ≤ r−1}.

Example 5.17. In this Example, we generate M ′(3,1,L), where L =

[0 1 2 3
3 0 1 2
2 3 0 1
1 2 3 0

]
. We have

C0
4L = L, C4L =

[3 0 1 2
2 3 0 1
1 2 3 0
0 1 2 3

]
, C2

4L =

[2 3 0 1
1 2 3 0
0 1 2 3
3 0 1 2

]
, and C3

4L =

[1 2 3 0
0 1 2 3
3 0 1 2
2 3 0 1

]
. We demonstrate the set

M ′(3,1,L) = {ϒ′(ϑ, t,L)|ϑ ∈ {0,1,2},0 ≤ t ≤ 3}. The set M ′(3,1,L) consists of twelve

symmetric (36,15,6)-designs whose incidence matrices appear in Appendix 7.

A similar proof to the proof of Theorem 5.6 confirms the following theorem.

Theorem 5.18. Let d be a positive integer, r =
3d+1−1

2
, and L a circulant Latin square

over {0, . . . ,r− 1}. Then, the group G′(3,d) (Defined on Page 74) is a cyclic group of

bijections on M ′(3,d,L), and also is a cyclic group of bijections on M ′
R(3,d,L).

The proof of Theorem 5.8 implies the following two theorems.

Theorem 5.19. Let d be a positive integer, r =
3d+1−1

2
, and L a circulant Latin square

over {0, . . . ,r−1}. Then, we have

1. (σM)(σN)T = MNT for all M,N ∈M ′(3,d,L) and all σ ∈ G′(3,d).

2. For each M ∈M ′(3,d,L), the matrix ∑σ∈G′(3,d)σM is a multiple of Jr3d+1 .

Theorem 5.20. Let d be a positive integer, r =
3d+1−1

2
, and L a back circulant Latin

square over {0, . . . ,r−1}. Then, we have

1. (σM)(σN)T = MNT for all M,N ∈M ′
R(3,d,L) and all σ ∈ G′(3,d).

2. For each M ∈M ′
R(3,d,L), the matrix ∑σ∈G′(3,d)σM is a multiple of Jr3d+1 .

In the following theorem, we show how a balanced generalized weighing matrix and the

set M ′(3,d,L) form a symmetric design. Although the following theorem is not mentioned

in [10], it is directly follows from [10, Theorem 5.3, p. 216].
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Theorem 5.21. Let d be a positive integer. If q =
3d+1 +1

2
is a prime power, then, for any

positive integer m, there exists a symmetric design with parameters

(
3d+1(q4m−1)

q+1
,3dq4m−1,

3d(3d +1)q4m−2

2

)
.

Proof. Let L be a circulant Latin square over {0, . . . ,r−1}, where r =
3d+1−1

2
. One may

note that q−1 = r. Consider the set M ′(3,d,L) consisting of 3r symmetric

(3d+1(3d+1−1)/2,3d(3d+1 +1)/2,3d(3d +1)/2)-designs.

By Theorem 5.19, the group G′(3,d) and the set M ′(3,d,L) satisfy the 1st and 2nd condi-

tions of Theorem 5.1. For any positive integer m, Theorem 5.12 guarantees the existence of

a symmetric zero diagonal BGW over the group G′(3,d) with parameters

BGW (w, l,µ) = BGW
(

q4m−1
q2−1

,q4m−2,q4m−2−q4m−4
)
.

Let (ν,k,λ) =
(

3d+1(3d+1−1)
2

,
3d(3d+1 +1)

2
,
3d(3d +1)

2

)
. To be able to use Theorem

5.1, we need to prove k2µ = νλl:

k2µ = 32dq2(q4m−2−q4m−4)

= 32dq4m−2(q2−1)

= 3d+1(q−1)(3d−1(q+1))q4m−2

= 3d+1(q−1)(
3d(3d +1)

2
)q4m−2

= νλl.

From Theorem 5.1, we conclude that there is a symmetric (νw,kl,λl)-design, i.e. a sym-

metric
(

3d+1(q4m−1)
q+1

,3dq4m−1,
3d(3d +1)q4m−2

2

)
-design.
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In the following theorem, a symmetric zero diagonal balanced generalized weighing

matrix and the set M ′
R(q,d,L) form a strongly regular graph. The proof of the following

theorem is very similar to the proof of Theorem 5.21.

Theorem 5.22 ([10, Theorem 5.3, p. 216]). Let d be a positive integer. If q =
3d+1 +1

2
is

a prime power, then, for any positive integer m, there exists a strongly regular graph with

parameters

(
3d+1(q4m−1)

q+1
,3dq4m−1,

3d(3d +1)q4m−2

2
,
3d(3d +1)q4m−2

2

)
.

5.3 An Application of Balanced Generalized Weighing Matrices

In this section, we use the technique of the last section to decompose complete designs

and complete graphs.

Theorem 5.23. Let q = pm be an odd prime power, d a positive integer, r =
qd+1−1

q−1

a prime power, and W a symmetric zero diagonal BGW
(

r4m−1
r2−1

,r4m−2,r4m−2− r4m−4
)

over the group G(q,d). Then, for any positive integer m, there exists a decomposition of the

complete design on
qd+1(r4m−1)

r−1
points into

• q symmetric
(

qd+1(r4m−1)
r−1

,qdr4m−1,qd−1r4m−2(r−1)
)

-designs,

• a DDG
(

qd+1(r4m−1)
r−1

,(qd+1(r+1))−1,(qd+1(r+1))−2,0,
r4m−1
r2−1

,qd+1(r+1)
)

,

• Iqd+1(r4m−1)
r−1

, and

• W ⊗D, where D is a DDG((r+1)qd+1,qd+1,qd+1,0,(r+1),qd+1).

Proof. Let L be a circulant Latin square over {0, . . . ,r}. The set

{ϒ(ε,0,L)|ε ∈ {0, . . . ,q−1}}
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is a set of q disjoint symmetric ((r + 1)qd+1,rqd,(r− 1)qd−1)-designs whose diagonal

blocks of size qd+1 are equal to the zero block. . Then, the set

{W ⊗ϒ(ε,0,L)|ε ∈ {0, . . . ,q−1}}

is a set of q disjoint symmetric

(
qd+1(r4m−1)

r−1
,qdr4m−1,qd−1r4m−2(r−1)

)
-designs.

Let D = J(r+1)qd+1−
q−1

∑
ε=0

ϒ(ε,0,L) = (Jr+1− Ir+1)⊗ Jqd+1 which is a

DDG((r+1)qd+1,qd+1,qd+1,0,(r+1),qd+1).

We have

Iqd+1(r4m−1)
r−1

+ I r4m−1
r2−1

⊗ (J(r+1)qd+1− I(r+1)qd+1)+W ⊗D+
q−1

∑
ε=0

(W ⊗ϒ(ε, t,L)) = Jqd+1(r4m−1)
r−1

.

The matrix I r4m−1
r2−1

⊗ (J(r+1)qd+1− I(r+1)qd+1) is the adjacency matrix of a

DDG
(

qd+1(r4m−1)
r−1

,(qd+1(r+1))−1,(qd+1(r+1))−2,0,
r4m−1
r2−1

,qd+1(r+1)
)
.

Hence, we come to a decomposition of the complete design on
qd+1(r4m−1)

r−1
points into q

symmetric designs with parameters

(
qd+1(r4m−1)

r−1
,qdr4m−1,qd−1r4m−2(r−1)

)
,

a DDG
(

qd+1(r4m−1)
r−1

,(qd+1(r+1))−1,(qd+1(r+1))−2,0,
r4m−1
r2−1

,qd+1(r+1)
)

,

Iqd+1(r4m−1)
r−1

, and W ⊗D, where D is a DDG((r+1)qd+1,qd+1,qd+1,0,(r+1),qd+1).

78



5.3. AN APPLICATION OF BALANCED GENERALIZED WEIGHING MATRICES

Applying back circulant Latin square L and the set MR(q,d,L) in Theorem 5.23, we

conclude the following theorem:

Theorem 5.24. Let q be an odd prime power, d a positive integer, r =
qd+1−1

q−1
a prime

power, and W a symmetric zero diagonal BGW
(

r4m−1
r2−1

,r4m−2,r4m−2− r4m−4
)

over the

group G(q,d). Then, for any positive integer m, there exists a decomposition of the complete

graph on
qd+1(r4m−1)

r−1
vertices into

• q SRG
(

qd+1(r4m−1)
r−1

,qdr4m−1,qd−1r4m−2(r−1),qd−1r4m−2(r−1)
)
,

• a DDG
(

qd+1(r4m−1)
r−1

,(qd+1(r+1))−1,(qd+1(r+1))−2,0,
r4m−1
r2−1

,qd+1(r+1)
)

,

and

• W ⊗D, where D is a DDG((r+1)qd+1,qd+1,qd+1,0,(r+1),qd+1).

We now focus on Spence designs. In the following theorem, three symmetric designs

with parameters (
3d+1(q4m−1)

q+1
,3dq4m−1,

3d(3d +1)q4m−2

2

)
are made. These symmetric designs are not disjoint. In Theorem 5.26 below, three non-

disjoint strongly regular graphs with parameters

(
3d+1(q4m−1)

q+1
,3dq4m−1,

3d(3d +1)q4m−2

2
,
3d(3d +1)q4m−2

2

)

are constructed. Since they are not disjoint, they can not be elements of a decomposition

of a complete graph. However, their existence is important because we use them to form a

non-commutative association scheme in Chapter 6.

Theorem 5.25. Let d be a positive integer, q=
3d+1 +1

2
a prime power, and W a symmetric

zero diagonal BGW
(q4m−1

q2−1
,q4m−2,q4m−2−q4m−4) over G′(3,d). Then, for any positive
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integer m, there exists a set consisting of three symmetric designs with parameters

(
3d+1(q4m−1)

q+1
,3dq4m−1,

3d(3d +1)q4m−2

2

)
.

Proof. Let L be a circulant Latin square over {0, . . . ,q− 2}. Let r =
3d+1−1

2
. One may

note that q−1 = r. Let the diagonal blocks of size 3d+1 of each matrix in {ϒ′(ε,0,L)|ε ∈

{0,1,2}} be equal to (J3− I3)⊗ J3d . The set {ϒ′(ε,0,L)|ε ∈ {0,1,2}} is a set of three

symmetric (
3d+1(3d+1−1)

2
,
3d(3d+1 +1)

2
,
3d(3d +1)

2

)
-designs

sharing complete tripartite graphs K3
3d . Then, the set {W ⊗ϒ′(ε, t,L)|ε ∈ {0,1,2}} is a set

of three symmetric designs with parameters

(
3d+1(q4m−1)

q+1
,3dq4m−1,

3d(3d +1)q4m−2

2

)
.

The elements of the set {W ⊗ϒ′(ε, t,L)|ε ∈ {0,1,2}} are not disjoint because the elements

of the set {ϒ′(ε,0,L)|ε ∈ {0,1,2}} are not disjoint.

Applying a back circulant Latin square L and the set M ′
R(3,d,L) in Theorem 5.25, we

conclude the following theorem. The resulted matrix is a constant diagonal matrix because

we use a zero diagonal balanced generalized weighing matrix.

Theorem 5.26. Let d be a positive integer, q=
3d+1 +1

2
a prime power, and W a symmetric

zero diagonal BGW
(q4m−1

q2−1
,q4m−2,q4m−2−q4m−4) over G′(3,d). Then, for any positive

integer m, there are three

SRG
(

3d+1(q4m−1)
q+1

,3dq4m−1,
3d(3d +1)q4m−2

2
,
3d(3d +1)q4m−2

2

)

sharing the matrix W ⊗ I4⊗ (J3− I3)⊗ J3.
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Chapter 6

Decomposing the Complete Designs into
Association Schemes

One natural application of decompositions is in creating association schemes. In this Chap-

ter, we introduce an infinite class of non-commutative association schemes. Furthermore,

by the use of McFarland designs, we will present complete design decompositions, com-

plete graph decompositions, and association schemes. The outcome is an infinite class of

symmetric association schemes.

6.1 A New Series of Association Schemes

We first review the definition of an association scheme.

Definition 6.1 ([2, p. 52]). The pair (X ,R) is called a d-class association scheme if X is a

set of cardinality n, and R = {R0, . . . ,Rd} is a partition of X×X such that

1. R0 = {(x,x)|x ∈ X};

2. Rt
i = Ri′ , for some i′ = 1, . . . ,d, where Rt

i = {(x,y)|(y,x) ∈ Ri};

3. For i, j,k in {0,1, . . . ,d} and for all (x,y) ∈ Rk, the number of z ∈ X such that (x,z) ∈

Ri and (z,y) ∈ R j is a constant number denoted by p(k)i j .

If Rt
i = Ri for all i = 1, . . . ,d, the association scheme is called symmetric. The parameters

p(k)i j , 0≤ i, j,k ≤ d, are called the intersection numbers of the association scheme.

In Definition 6.1, if we add the following condition
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4. pk
i j = pk

ji for all i, j, and k,

the association scheme is called commutative.

Definition 6.2 ([2, p. 57]). Suppose (X ,R) is a d-class associate scheme with intersection

numbers p(k)i j , 0≤ i, j,k ≤ d. The intersection matrices B0, . . . ,Bd of (X ,R) are defined by

(Bi) j,k = p(k)i j .

Let (X ,R) be an association scheme with R = {R0, . . . ,Rd}. For each k = {0,1, . . . ,d},

we define the matrix Ak = [a(k)i j ] as follows:

a(k)i j =

{
1 if (i, j) ∈ Rk,
0 otherwise.

The set {A0,A1, . . . ,Ad} is called the set of incidence matrices. The following equivalent

definition of association schemes relates to the incidence matrices.

Definition 6.3 ([2, p. 53]). A set of non-zero (0,1)-matrices {A0,A1, . . . ,Ad} in Rn×n is an

association scheme with d classes on a finite set X of cardinality n if

1. A0 = In;

2. AT
i ∈ {A0,A1, . . . ,Ad} for each i = 1, . . . ,d;

3. AiA j =
d

∑
k=0

pk
i jAk, for all i, j ∈ {0, . . . ,d};

4.
d

∑
i=0

Ai = Jn.

If all adjacency matrices of an association scheme are symmetric, the association scheme

is symmetric. An association scheme is commutative if we add the following property to

Definition 6.3:

4. AiA j = A jAi for all Ai,A j ∈ {A0,A1, . . . ,Ad}.

For any two matrices Ai and A j in a symmetric association scheme, we have

(AiA j)
T = AT

j AT
i = A jAi
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and

(AiA j)
T = (p0

i jI + p1
i jA1 + . . .+ pd

i jAd)
T

= p0
i jI

T + p1
i jA

T
1 + . . .+ pd

i jA
T
d

= p0
i jI + p1

i jA1 + . . .+ pd
i jAd

= AiA j.

Therefore, AiA j =A jAi. Thus, any symmetric association scheme is commutative . Suppose

{A0,A1, . . . ,Ad} is a commutative association scheme. The real vector space spanned by

{A0,A1, . . . ,Ad} is called the Bose-Mesner algebra of the association scheme.

Example 6.4. The following matrices are the adjacency matrices of a 3-class association

scheme on 8 elements.

A0 =



1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

, A1 =



0 1 1 1 0 0 0 0
1 0 1 1 0 0 0 0
1 1 0 1 0 0 0 0
1 1 1 0 0 0 0 0
0 0 0 0 0 1 1 1
0 0 0 0 1 0 1 1
0 0 0 0 1 1 0 1
0 0 0 0 1 1 1 0

, A2 =



0 0 0 0 0 1 1 1
0 0 0 0 1 0 1 1
0 0 0 0 1 1 0 1
0 0 0 0 1 1 1 0
0 1 1 1 0 0 0 0
1 0 1 1 0 0 0 0
1 1 0 1 0 0 0 0
1 1 1 0 0 0 0 0

, A3 =



0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0

.

We note that A0 = I8 and all adjacency matrices A0 , . . . , A3 are symmetric. Moreover, we

have
3

∑
i=0

Ai = J8 and we also have

A0A0 = A0, A0A1 = A1, A0A2 = A2, A0A3 = A3,

A1A0 = A1, A1A1 = 3A0 +2A1, A1A2 = 2A2 +3A3, A1A3 = A2,

A2A0 = A2, A2A1 = 2A2 +3A3, A2A2 = 3A0 +2A1, A2A3 = A1,

A3A0 = A3, A3A1 = A2, A3A2 = A1, A3A3 = A0.

The trivial association schemes is defined by {A0 = I,A1 = J− I}. Symmetric associa-
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tion schemes with two classes are equivalent to strongly regular graphs. The classes of any

symmetric association scheme with two classes are a strongly regular graph and its comple-

ment. One of the important classes of association schemes is called amorphous association

schemes.

Definition 6.5 ([17, p. 112]). Let (X ,{Ri}d
i=0) be an association scheme. Let {¶0, . . . ,¶n}

be a partition of {0,1, . . . ,d} with ¶0 = {0}. If (X ,{∪l∈¶l′Rl}n
l′=0) is an association scheme,

then it is called a fusion scheme of the association scheme (X ,{Ri}d
i=0).

Definition 6.6 ([17, p. 31]). An association scheme (X ,{Ri}d
i=0) is called amorphous if

(X ,{∪l∈¶l′Rl}n
l′=0) is a fusion scheme of (X ,{Ri}d

i=0) for any partition {¶0, . . . ,¶n} with

¶0 = {0}.

Now, we focus on strongly regular graphs made in Theorem 5.26 for d = 1. We use

them to produce an infinite class of non-commutative association schemes with 9 classes

and an infinite class of non-commutative association schemes with 10 classes. Let

∆
′
0(GH(3,1))∪{(J3−R3)⊗ J3}= {A

(0)
(0),A

(1)
(0),A

(2)
(0),A

(3)
(0)},

∆
′
1(GH(3,1))∪{(J3−R3)⊗ J3}= {A

(0)
(1),A

(1)
(1),A

(2)
(1),A

(3)
(1)},

and

∆
′
2(GH(3,1))∪{(J3−R3)⊗ J3}= {A

(0)
(2),A

(1)
(2),A

(2)
(2),A

(3)
(2)}

such that A
(3)
(0) = A

(3)
(1) = A

(3)
(2) = (J3−R3)⊗ J3. For each ε, let Nε be the symmetric

(36,15,6)-design made by replaceing i with A
(i)
(ε) in the Latin square L =

[0 1 2 3
1 2 3 0
2 3 0 1
3 0 1 2

]
.

Theorem 6.7. For m≥ 1, let W be a symmetric zero diagonal balanced generalized weigh-

ing matrix BGW
(

252m−1
24

,252m−1,252m−1 − 252m−2
)

over the group G′(3,1),

L =

[0 1 2 3
1 2 3 0
2 3 0 1
3 0 1 2

]
, and N0,N1, and N2 the symmetric (36,15,6)-designs made above. Then,

{A0,A1, . . . ,A10} forms a non-commutative 10-class association scheme, where
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A0 = I3(252m−1)
2

,

A1 = I (252m−1)
2
⊗ω1,

A2 = I (252m−1)
2
⊗ω2,

A3 = I (252m−1)
24
⊗ I4⊗ (J3− I3)⊗ J3,

A4 = I (252m−1)
24
⊗ (J4− I4)⊗ J9,

A5 =W ⊗ [R4⊗ (J3−R3)⊗ J3],

A6 =W ⊗ [R12⊗ J3],

A7 =
[
W ⊗N0

]
−
[
W ⊗ [R4⊗ (J3−R3)⊗ J3]

]
,

A8 =
[
W ⊗N1

]
−
[
W ⊗ [R4⊗ (J3−R3)⊗ J3]

]
,

A9 =
[
W ⊗N2

]
−
[
W ⊗ [R4⊗ (J3−R3)⊗ J3]

]
, and

A10 = J3(252m−1)
2
−W ⊗ J36− I (252m−1)

24
⊗ J36.

Proof. We need to prove that the set A = {A0,A1, . . . ,A10} satisfies all four axioms men-

tioned in Definition 6.3. We have A0 = I3(252m−1)
2

, AT
1 = A2, and Ai is symmetric for all

i ∈ {3, . . . ,10}. So A satisfies the first and second axioms. Now, we note

A0 +A1 +A2 = I (252m−1)
2
⊗ω0 + I (252m−1)

2
⊗ω1 + I (252m−1)

2
⊗ω2

= I (252m−1)
2
⊗ (ω0 +ω1 +ω2)

= I (252m−1)
2
⊗ J3.

This proves A0, A1, and A2 are disjoint and all of their off diagonal blocks of size 3 are zero.
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Moreover, we have

4

∑
i=0

Ai = I (252m−1)
2
⊗ J3 +

[
I (252m−1)

24
⊗ I4⊗ (J3− I3)⊗ J3

]
+[

I (252m−1)
24
⊗ (J4− I4)⊗ J9

]
=
[
I (252m−1)

24
⊗ I4⊗ I3⊗ J3

]
+
[
I (252m−1)

24
⊗ I4⊗ (J3− I3)⊗ J3

]
+[

I (252m−1)
24
⊗ (J4− I4)⊗ J9

]
=
[
I (252m−1)

24
⊗ I4⊗ J9

]
+
[
I (252m−1)

24
⊗ (J4− I4)⊗ J9

]
= I (252m−1)

24
⊗ J36.

For A,B ∈ M ′(3,1,L) and σ ∈ G′(3,1), we have σ(A + B) = σA + σB. From this, we

conclude W ⊗ (A+B) =W ⊗A+W ⊗B. Since the matrices W ⊗N0, W ⊗N1, and W ⊗N2

share the matrix W ⊗ [R4⊗ (J3−R3)⊗J3], we come to the conclusion that five matrices A5,

A6, A7, A8, and A9 are disjoint, and we have

9

∑
i=5

Ai =

( 2

∑
i=0

[
W ⊗Ni

]
−
[
W ⊗ [R4⊗ (J3−R3)⊗ J3]

])
+A5 +A6

=W ⊗
[ 2

∑
i=0

Ni

]
−3
[
W ⊗ [R4⊗ (J3−R3)⊗ J3]

]
+A5 +A6

=W ⊗
[
3R4⊗ (J3−R3)⊗ J3 +(J4−R4)⊗ J9

]
−3
[
W ⊗ [R4⊗ (J3−R3)⊗ J3]

]
+

A5 +A6

= 3W ⊗ [R4⊗ (J3−R3)⊗ J3]+W ⊗ [(J4−R4)⊗ J9]−3W ⊗ [R4⊗ (J3−R3)⊗ J3]+

A5 +A6

=W ⊗ [(J4−R4)⊗ J9]+A5 +A6

=W ⊗ [(J4−R4)⊗ J9]+W ⊗ [R4⊗ (J3−R3)⊗ J3]+W ⊗ [R12⊗ J3]

=W ⊗ [(J4−R4)⊗ J9]+W ⊗ [R4⊗ J9] =W ⊗ J36.
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Hence, we get

10

∑
i=0

Ai = I (252m−1)
24
⊗ J36 +W ⊗ J36 + J3(252m−1)

2
−W ⊗ J36− I (252m−1)

24
⊗ J36

= J3(252m−1)
2

.

By this, we are left with the third axiom of Definition 6.3. We need to check if the multi-

plication of any two matrices in A is a linear combination of the elements of A . We have

A0Ai = AiA0 = Ai for all i. We also note that

A1A1 = (I (252m−1)
2
⊗ω1)(I (252m−1)

2
⊗ω1) = I (252m−1)

2
⊗ (ω1ω1)

= I (252m−1)
2
⊗ω2

= A2,

A2A2 = (I (252m−1)
2
⊗ω2)(I (252m−1)

2
⊗ω2) = I (252m−1)

2
⊗ (ω2ω2)

= I (252m−1)
2
⊗ω1

= A1, and

A1A2 = A2A1 = (I (252m−1)
2
⊗ω1)(I (252m−1)

2
⊗ω2) = I (252m−1)

2
⊗ (ω1ω2)

= I (252m−1)
2
⊗ω0

= A0.

Since ω1J3 = ω2J3 = J3, we have

A1A3 = A3A1 = A2A3 = A3A2 = (I (252m−1)
2
⊗ωi)(I (252m−1)

24
⊗ I4⊗ (J3− I3)⊗ J3)

= I (252m−1)
24
⊗ I4⊗ (J3− I3)⊗ J3
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= A3,

A1A4 = A4A1 = A2A4 = A4A2 = (I (252m−1)
2
⊗ωi)(I (252m−1)

24
⊗ (J4− I4)⊗ J9)

= I (252m−1)
24
⊗ (J4− I4)⊗ J9

= A4,

A1A5 = A5A1 = A2A5 = A5A2 = (I (252m−1)
2
⊗ω1)(W ⊗ [R4⊗ (J3−R3)⊗ J3])

=W ⊗ [R4⊗ (J3−R3)⊗ J3]

= A5,

A1A6 = A6A1 = A2A6 = A6A2 = (I (252m−1)
2
⊗ω1)(W ⊗ [R12⊗ J3])

=W ⊗ [R12⊗ J3]

= A6, and

A1A10 = A10A1 = A2A10 = A10A2 = (I (252m−1)
2
⊗ωi)(J3(252m−1)

2
−W ⊗ J36− I (252m−1)

24
⊗ J36)

= J3(252m−1)
2
−W ⊗ J36− I (252m−1)

24
⊗ J36

= A10

Rules of the Kronecker product imply

A3A4 = A4A3 = (I (252m−1)
24
⊗ I4⊗ (J3− I3)⊗ J3)(I (252m−1)

24
⊗ (J4− I4)⊗ J9)

= I (252m−1)
24
⊗ (J4− I4)⊗ [((J3− I3)⊗ J3)J9]

= 6I (252m−1)
24
⊗ (J4− I4)⊗ J9,
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= 6A4,

A3A3 = (I (252m−1)
24
⊗ I4⊗ (J3− I3)⊗ J3)(I (252m−1)

24
⊗ I4⊗ (J3− I3)⊗ J3)

= 3I (252m−1)
24
⊗ I4⊗ (J3 + I3)⊗ J3

= 3I (252m−1)
24
⊗ I4⊗ J9 +3I (252m−1)

24
⊗ I4⊗ I3⊗ J3

= 6A0 +6A1 +6A2 +3A3,

A4A4 = (I (252m−1)
24
⊗ (J4− I4)⊗ J9)(I (252m−1)

24
⊗ (J4− I4)⊗ J9)

= 9I (252m−1)
24
⊗ (2J4 + I4)⊗ J9

= 18I (252m−1)
24
⊗ J36 +9I (252m−1)

6
⊗ J9

= 27A0 +27A1 +27A2 +27A3 +18A4,

A3A10 = A10A3 = (I (252m−1)
24
⊗ I4⊗ (J3− I3)⊗ J3)(J3(252m−1)

2
−W ⊗ J36− I (252m−1)

24
⊗ J36)

= 6J3(252m−1)
2
−6W ⊗ J36−6I (252m−1)

24
⊗ J36

= 6A10, and

A4A10 = A10A4 = (I (252m−1)
24
⊗ (J4− I4)⊗ J9)(J3(252m−1)

2
−W ⊗ J36− I (252m−1)

24
⊗ J36)

= 27J3(252m−1)
2
−27W ⊗ J36−27I (252m−1)

24
⊗ J36

= 27A10.

For any t ∈ {0, . . . ,r−1} and any i ∈ {0,1,2}, we have

(I4⊗ (J3− I3)⊗ J3)(CtR4⊗ (J3−ωiR3)⊗ J3) = 3(CtR4⊗ (J3 +ωiR3)⊗ J3).
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So

A3A5 = A5A3 = (I (252m−1)
24
⊗ I4⊗ (J3− I3)⊗ J3)(W ⊗ [R4⊗ (J3−R3)⊗ J3])

= 3W ⊗ [R4⊗ (J3 +R3)⊗ J3]

= 3W ⊗ [R4⊗ J9]+3W ⊗ [R12⊗ J3]

= 3A5 +6A6.

Similarly, we have

A3A6 = A6A3 = (I (252m−1)
24
⊗ I4⊗ (J3− I3)⊗ J3)(W ⊗ [R12⊗ J3])

= 3W ⊗ [R4⊗ (J3−R3)⊗ J3]

= 3W ⊗ [R4⊗ J9]−3W ⊗ [R12⊗ J3]

= 3A5 +3A6−3A6 = 3A5,

A4A5 = A5A4 = (I (252m−1)
24
⊗ (J4− I4)⊗ J9)(W ⊗ [R4⊗ (J3−R3)⊗ J3])

= 6W ⊗ [(J4−R4)⊗ J9]

= 6W ⊗ [J36]−6W ⊗ [R4⊗ J9]

= 6
9

∑
i=5

Ai−6(A5 +A6)

= 6
9

∑
i=7

Ai,

and

A4A6 = A6A4 = (I (252m−1)
24
⊗ (J4− I4)⊗ J9)(W ⊗ [R12⊗ J3])

= 3W ⊗ [(J4−R4)⊗ J9]

= 3W ⊗ [J36]−3W ⊗ [R4⊗ J9]
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= 3
9

∑
i=5

Ai−3(A5 +A6)

= 3
9

∑
i=7

Ai.

We first note that (R4⊗ (J3−R3)⊗ J3)(R4⊗ (J3−R3)⊗ J3) = 3(I4⊗ (J3 + I3)⊗ J3). The

diagonal blocks of the matrix (W ⊗ [R4⊗ (J3−R3)⊗ J3])(W ⊗ [R4⊗ (J3−R3)⊗ J3]) all

are equal to 3(25)2m−1(I4 ⊗ (J3 + I3)⊗ J3) and its off diagonal blocks all are equal to

3
(

252m−1−252m−2

12

)
times of the sum

3

∑
t=0

2

∑
j=0

Ct⊗ (J3 +ω j)⊗ J3 = 4J36.

So the off diagonal blocks all are equal to (252m−1−252m−2)J36. Hence, we have

A5A5 = (W ⊗ [R4⊗ (J3−R3)⊗ J3])(W ⊗ [R4⊗ (J3−R3)⊗ J3])

= 3(25)2m−1(I (252m−1)
24
⊗ I4⊗ (J3 + I3)⊗ J3

)
+(252m−1−252m−2)(J (252m−1)

24
− I (252m−1)

24
)⊗ J36

= 6(25)2m−1
2

∑
i=0

Ai +3(25)2m−1A3 +(252m−1−252m−2)
10

∑
i=5

Ai.

We have

A5A6 = A6A5 = (W ⊗ [R4⊗ (J3−R3)⊗ J3])(W ⊗ [R12⊗ J3])

= 3(25)2m−1(I (252m−1)
24
⊗ I4⊗ (J3− I3)⊗ J3

)
+

(
252m−1−252m−2

2

)
(J (252m−1)

24
− I (252m−1)

24
)⊗ J36

= 3(25)2m−1
3

∑
i=0

Ai−3(25)2m−1
2

∑
i=0

Ai +

(
252m−1−252m−2

2

) 10

∑
i=5

Ai

= 3(25)2m−1A3 +

(
252m−1−252m−2

2

) 10

∑
i=5

Ai,
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A6A6 = (W ⊗ [R12⊗ J3])(W ⊗ [R12⊗ J3])

= 3(25)2m−1(I (252m−1)
24
⊗ I12⊗ J3

)
+

(
252m−1−252m−2

4

)
(J (252m−1)

24
− I (252m−1)

24
)⊗ J36

= 3(25)2m−1
2

∑
i=0

Ai +

(
252m−1−252m−2

4

) 10

∑
i=5

Ai,

A5A10 = A10A5 = (W ⊗ [R4⊗ (J3−R3)⊗ J3])(J3(252m−1)
2
−W ⊗ J36− I (252m−1)

24
⊗ J36)

= 6(25)2m−1J3(252m−1)
2
− (W ⊗ [R4⊗ J9])(W ⊗ J36)−6W ⊗ J36

= 6(25)2m−1J3(252m−1)
2
−6(25)2m−1(I (252m−1)

24
⊗ J36)

−6(252m−1−252m−2)((J (252m−1)
24
− I (252m−1)

24
)⊗ J36)−6W ⊗ J36

= 6(25)2m−1((J (252m−1)
24
− I (252m−1)

24
)⊗ J36)

−6(252m−1−252m−2)((J (252m−1)
24
− I (252m−1)

24
)⊗ J36)−6W ⊗ J36

= 6(25)2m−2((J (252m−1)
24
− I (252m−1)

24
)⊗ J36)−6W ⊗ J36

= 6(25)2m−2
10

∑
i=5

Ai−6
9

∑
i=5

Ai,

and

A6A10 = A10A6 = 3(25)2m−2
10

∑
i=5

Ai−3
9

∑
i=5

Ai.

Let ε ∈ {0,1,2} and AR(ε) be in ∆′ε(GH(3,1)). We may note ωiω jRq = ωi+ jRq and

ω jRqωi = ω jω
T
i Rq = ω jω

−1
i Rq = ω j−iRq. This results in

(I3⊗ω1)AR(ε) = A(ε+1), AR(ε)(I3⊗ω1) = A(ε−1),

(I3⊗ω2)AR(ε) = A(ε+2), and AR(ε)(I3⊗ω2) = A(ε−2).
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Hence

(I12⊗ω1)(N0− [R4⊗ (J3−R3)⊗ J3]) = (N1− [R4⊗ (J3−R3)⊗ J3]),

which implies

A1A7 = (I (252m−1)
2
⊗ω1)

[
W ⊗N0−W ⊗ [R4⊗ (J3−R3)⊗ J3]

]
= (I (252m−1)

2
⊗ω1)

[
W ⊗

[
N0− [R4⊗ (J3−R3)⊗ J3]

]]
=
[
W ⊗

[
N1− [R4⊗ (J3−R3)⊗ J3]

]]
=
[
W ⊗N1

]
−
[
W ⊗ [R4⊗ (J3−R3)⊗ J3]

]
= A8, and

A7A1 =
[
W ⊗N0−W ⊗ [R4⊗ (J3−R3)⊗ J3]

]
(I (252m−1)

2
⊗ω1)

=
[
W ⊗

[
N0− [R4⊗ (J3−R3)⊗ J3]

]]
(I (252m−1)

2
⊗ω1)

=
[
W ⊗

[
N2− [R4⊗ (J3−R3)⊗ J3]

]]
= A9.

Similarly, we have

A1A8 = A9, A8A1 = A7,

A1A9 = A7, A9A1 = A8,

A2A7 = A9, A7A2 = A8,

A2A8 = A7, A8A2 = A9,

A2A9 = A8, A9A2 = A7.
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For an arbitrary element σ = gt of G′(3,d), suppose t ≡ s (mod 3) and t ≡ u (mod r). We

have

(I4⊗ (J3− I3)⊗ J3)σ(N0− [R4⊗ (J3−R3)⊗ J3])

= (I4⊗ (J3− I3)⊗ J3)(σN0− [CuR4⊗ (J3−ωsR3)⊗ J3])

= 2(J4−CuR4)⊗ J9

= 2σ

[
(I4⊗ (J3− I3)⊗ J3)(N0− [R4⊗ (J3−R3)⊗ J3])

]
.

So

(I (252m−1)
24
⊗ I4⊗ (J3− I3)⊗ J3)

[
W ⊗ (N0− [R4⊗ (J3−R3)⊗ J3])

]
=W ⊗

[
(I4⊗ (J3− I3)⊗ J3)(N0− [R4⊗ (J3−R3)⊗ J3])

]
.

Thus

A3A7 = A7A3 = (I (252m−1)
24
⊗ I4⊗ (J3− I3)⊗ J3)

[
W ⊗N0−W ⊗ [R4⊗ (J3−R3)⊗ J3]

]
= (I (252m−1)

24
⊗ I4⊗ (J3− I3)⊗ J3)

[
W ⊗

[
N0− [R4⊗ (J3−R3)⊗ J3]

]]
= 2
[
W ⊗

[
(J4−R4)⊗ J9

]]
= 2W ⊗ J36−2W ⊗

[
R4⊗ J9]

= 2A5 +2A6 +2A7 +2A8 +2A9−2(A5 +A6)

= 2A7 +2A8 +2A9.

In a similar way,

A3A8 = A8A3 = A3A9 = A9A3 = 2A7 +2A8 +2A9.
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We find that

A4A7 = A7A4 = A4A8 = A8A4 = A4A9 = A9A4 = 9A5 +9A6 +6A7 +6A8 +6A9,

A5A7 = A7A5 = A5A8 = A8A5 = A5A9 = A9A5 =

2(25)2m−1A4 +6
(

252m−1−252m−2

4

) 10

∑
i=5

A10,

and

A6A7 = A7A6 = A6A8 = A8A6 = A6A9 = A9A6 =

252m−1A4 +3
(

252m−1−252m−2

4

) 10

∑
i=5

A10.

Now, we want to calculate the matrix

(Nε− [R4⊗ (J3−R3)⊗ J3])(Nϑ− [R4⊗ (J3−R3)⊗ J3]) = [Mi j],

where Mi j is the block of size 9. For i = j, we have

Mii = ∑
AR(ε)∈∆′ε(GH(3,1))
AR(ϑ)∈∆′

ϑ
(GH(3,1))

AR(ε)AR(ϑ)
T

= 3 ∑
{A(ε−ϑ)∈∆ε−ϑ(GH(3,1))}

A(ε−ϑ)

= 9(I3⊗ (ωε−ϑ))+3((J3− I3)⊗ J3).

For i 6= j, we have Mi j = 2J9. So

(Nε− [R4⊗ (J3−R3)⊗ J3])(Nϑ− [R4⊗ (J3−R3)⊗ J3])

= I4⊗ [9(I3⊗ (ωε−ϑ))+3((J3− I3)⊗ J3)]+2(J4− I4)⊗ J9,
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from which we evaluate A7A8 = [Mi j], where Mi j is the block of size 36. For i = j, we have

Mii =
252m−1

∑
i=0

[
I4⊗ [9(I3⊗ω2)+3((J3− I3)⊗ J3)]+2(J4− I4)⊗ J9

]
= 252m−1[I4⊗ [9(I3⊗ω2)+3((J3− I3)⊗ J3)]+2(J4− I4)⊗ J9

]
.

For two arbitrary elements σ1 = gt and σ2 = gw, suppose t ≡ ε (mod 3), t ≡ u (mod r),

w≡ ϑ (mod 3), and w≡ k (mod r). We have

σ1(N0− [R4⊗ (J3−R3)⊗ J3])σ2(N1− [R4⊗ (J3−R3)⊗ J3])

=Ck−u⊗ [9(I3⊗ (ω2+ε−ϑ))+3((J3− I3)⊗ J3)]+2(J4−Ck−u)⊗ J9.

Suppose a =
(

252m−1−252m−2

12

)
. For i 6= j, the last equality contributes to

Mi j = a ∑
i∈{0,1,2,3}
ε∈{0,1,2}

[
Ci⊗ [9(I3⊗ (ω2+ε))+3((J3− I3)⊗ J3)]+2(J4−Ci)⊗ J9

]

= a ∑
i∈{0,1,2,3}

[
Ci⊗ [9(I3⊗ J3)+9((J3− I3)⊗ J3)]+6(J4−Ci)⊗ J9

]
= a ∑

i∈{0,1,2,3}

[
9Ci⊗ J9 +6(J4−Ci)⊗ J9

]
= a
[
9J4⊗ J9 +6(4J4− J4)⊗ J9

]
= a
[
9J4⊗ J9 +18J4⊗ J9

]
= a
[
27J4⊗ J9

]
= 27

(
252m−1−252m−2

12

)
J36.

Hence, we have

A7A8 =

([
W ⊗N0

]
−
[
W ⊗ [R4⊗ (J3−R3)⊗ J3]

])
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([
W ⊗N1

]
−
[
W ⊗ [R4⊗ (J3−R3)⊗ J3]

])
= 252m−1I (252m−1)

24
⊗
(

I4⊗ [9(I3⊗ω2)+3((J3− I3)⊗ J3)]+2(J4− I4)⊗ J9

)
+27

(
252m−1−252m−2

12

)
(J (252m−1)

24
− I (252m−1)

24
)⊗ J36

= 9(25)2m−1A2 +3(25)2m−1A3 +2(25)2m−1A4 +27
(

252m−1−252m−2

12

) 10

∑
i=5

Ai.

In this way, we have

A7A7 = A8A8 = A9A9 =

9(25)2m−1A0 +3(25)2m−1A3 +2(25)2m−1A4 +27
(

252m−1−252m−2

12

) 10

∑
i=5

Ai,

A7A9 = A8A7 = A9A8 =

9(25)2m−1A1 +3(25)2m−1A3 +2(25)2m−1A4 +27
(

252m−1−252m−2

12

) 10

∑
i=5

Ai,

and

A8A9 = A9A7 =

9(25)2m−1A2 +3(25)2m−1A3 +2(25)2m−1A4 +27
(

252m−1−252m−2

12

) 10

∑
i=5

Ai.

Since (N0− [R4⊗ (J3−R3)⊗ J3])J36 = 9J36, we conclude that the diagonal blocks of the

matrix (W ⊗
[
N0− [R4⊗ (J3−R3)⊗ J3]

]
)(W ⊗ J36) all are equal to 9(25)2m−1J36, and off-

diagonal blocks of this matrix all are equal to the matrix 9(252m−1− 252m−2)J36. Hence,

we have

(W ⊗ [N0− [R4⊗ (J3−R3)⊗ J3]])(W ⊗ J36)

= 9(25)2m−1(I (252m−1)
24
⊗ J36)+9(252m−1−252m−2)((J (252m−1)

24
− I (252m−1)

24
)⊗ J36),
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which results in

A7A10 = A10A7 = (W ⊗
[
N0− [R4⊗ (J3−R3)⊗ J3]

]
)

(J3(252m−1)
2
−W ⊗ J36− I (252m−1)

24
⊗ J36)

= 9(25)2m−1J3(252m−1)
2
− (W ⊗ [N0− [R4⊗ (J3−R3)⊗ J3]])(W ⊗ J36)−9W ⊗ J36

= 9(25)2m−1J3(252m−1)
2
−9(25)2m−1(I (252m−1)

24
⊗ J36)

−9(252m−1−252m−2)((J (252m−1)
24
− I (252m−1)

24
)⊗ J36)−9W ⊗ J36

= 9(25)2m−1((J (252m−1)
24
− I (252m−1)

24
)⊗ J36)

−9(252m−1−252m−2)((J (252m−1)
24
− I (252m−1)

24
)⊗ J36)−9W ⊗ J36

= 9(25)2m−2((J (252m−1)
24
− I (252m−1)

24
)⊗ J36)−9W ⊗ J36

= 9(25)2m−2
10

∑
i=5

Ai−9
9

∑
i=5

Ai.

Likewise, we have

A8A10 = A10A8 = A9A10 = A10A9 = 9(25)2m−2
10

∑
i=5

Ai−9
9

∑
i=5

Ai.

Suppose (i, j)-entry W i j of W is defined by (i, j)-entry Wi j of the matrix W as follows

W i j =


0 if i = j

1 if Wi j = 0 and i 6= j

0 if Wi j 6= 0.

By this definition, we have A10 =W ⊗J36. The property of balanced generalized Hadamard

matrices contribute

(W + I)(W + I)
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=

(
252m−1

24
−252m−1

)
I252m−1

24

+

(
252m−1

24
−2(25)2m−1 +252m−1−252m−2

)
(J252m−1

24
− I252m−1

24
)

=

(
252m−1−1

24

)
I252m−1

24
+

(
252m−2−1

24

)
(J252m−1

24
− I252m−1

24
), so

(W )(W ) = (W + I)(W + I)−2W − I

=

(
252m−1−25

24

)
I252m−1

24
+

(
252m−2−1

24

)
(J252m−1

24
− I252m−1

24
)−2W .

All in all, we achieve

A10A10 = (W ⊗ J36)(W ⊗ J36)

= ((W )(W ))⊗ (J36J36)

= 36
[(

252m−1−25
24

)
I252m−1

24
+

(
252m−2−1

24

)
(J252m−1

24
− I252m−1

24
)−2W

]
⊗ J36

= 36
[(

252m−1−25
24

)
I252m−1

24

]
⊗ J36 +36

[(
252m−2−1

24

)
(J252m−25

24
− I252m−1

24
)

]
⊗ J36

−72W ⊗ J36

= 36
(

252m−1−25
24

) 4

∑
i=0

Ai +36
(

252m−2−1
24

) 10

∑
i=5

Ai−72A10.

Hence, it is shown that the product AiA j, 0 ≤ i, j ≤ 10, is a linear combination of the

elements of the set {A0,A1, . . . ,A10}. As a summary, the intersection matrices B0, . . . ,B10

are presented in Appendix 8. Since A1 and A2 are not symmetric, this association scheme

is not symmetric. Moreover, this association scheme is not commutative because A1A7 6=

A7A1. We note that only when m = 1, the matrix A10 is equal to zero. In this case, we have

a 9-class association scheme.

In the following theorem, we present one of the fusion scheme (Definition 6.5) of the

association scheme mentioned in Theorem 6.7.
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Theorem 6.8. Let the set {B0,B1, . . . ,B10} be the association scheme generated in Theorem

6.7 with B0 = I3(252m−1)
2

. Then, the set {A0,A1, . . . ,A8,A9} forms a non-commutative 9-

class association scheme, where Ai = Bi, for i = 0, . . . ,4, A5 = B5 +B6, and Ai =i+1, for

i = 6, . . . ,9.

Proof. We need to prove that the set A = {A0,A1, . . . ,A9} satisfies all four axioms in Def-

inition 6.3. The proof of Theorem 6.7 shows that the set A satisfies the first, second, and

fourth axioms. By this, we are left with only the third axiom of Definition 6.3.

Since the classes in A = {A0,A1, . . . ,A9} are defined based on the classes in A ′ =

{B0,B1, . . . ,B10}, it is really helpful to look at the intersection numbers p(k)i j in the proof

of the Theorem 6.7. In the association scheme A ′, we always have p(5)i j = p(6)i j when

i, j 6∈ {5,6}. In other words, the coefficients of B5 and B6 in the sum BiB j =
10

∑
k=0

Bk are

always equal as long as i, j 6∈ {5,6}. This demonstrates that AiA j is a linear combination

of the elements of the set A whenever i, j 6= 5. Therefore, to show that A is an association

scheme, we only need to prove A5Ai and AiA5 are linear combinations of the elements of

the set A , for i = 0,1, . . . ,9. Since ω1J3 = ω2J3 = J3, we have

A1A5 = A5A1 = A2A5 = A5A2 = (I (252m−1)
2
⊗ω1)(W ⊗ [R4⊗ J9])

= (W ⊗ [R4⊗ J9])

= A5.

Since (I4⊗ (J3− I3)⊗ J3)(CsR4⊗ J9) = 6CsR4⊗ J9, we have

A3A5 = A5A3 = (I (252m−1)
24
⊗ I4⊗ (J3− I3)⊗ J3)(W ⊗ [R4⊗ J9])

= 6W ⊗ [R4⊗ J9]

= 6A5.
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The equality ((J4− I4)⊗ J9)(CsR4⊗ J9) = 9(J4−CsR4)⊗ J9 implies

A4A5 = A5A4 = (I (252m−1)
24
⊗ (J4− I4)⊗ J9)(W ⊗ [R4⊗ J9])

= 9W ⊗ [(J4−R4)⊗ J9]

= 9W ⊗ [J36]−9W ⊗ [R4⊗ J9]

= 9
8

∑
i=5

Ai−9A5

= 9
8

∑
i=6

Ai.

Since (CuR4⊗ J9)(CsR4⊗ J9) = 9Cu−s⊗ J9, the diagonal blocks of the matrix

(W ⊗ [R4⊗ J9])(W ⊗ [R4⊗ J9])

all are equal to 9(25)2m−1(I4⊗ J9), and the off diagonal blocks of this matrix all are equal

to 9
(

252m−1−252m−2

4

)
J36. Hence, we have

A5A5 = (W ⊗ [R4⊗ J9])(W ⊗ [R4⊗ J9])

= 9(25)2m−1I (252m−1)
24
⊗ I4⊗ J9 +9

(
252m−1−252m−2

4

)
(J (252m−1)

24
− I (252m−1)

24
)⊗ J36

= 9(25)2m−1
3

∑
i=0

Ai +9
(

252m−1−252m−2

4

) 9

∑
i=5

Ai.

Since we know (R4⊗ J9)J36 = 9J36, we conclude that the diagonal blocks of the matrix

(W ⊗ [R4⊗ J9])(W ⊗ J36) all are equal to 9(25)2m−1J36, and off-diagonal blocks of this

matrix all are equal to the matrix 9(252m−1−252m−2)J36. Hence, we have

(W ⊗ [R4⊗ J9])(W ⊗ J36)

= 9(25)2m−1(I (252m−1)
24
⊗ J36)+9(252m−1−252m−2)((J (252m−1)

24
− I (252m−1)

24
)⊗ J36),
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which results in

A5A9 = A5A9 = (W ⊗ [R4⊗ J9])(J3(252m−1)
2
−W ⊗ J36− I (252m−1)

24
⊗ J36)

= 9(25)2m−1J3(252m−1)
2
− (W ⊗ [R4⊗ J9])(W ⊗ J36)−9W ⊗ J36

= 9(25)2m−1J3(252m−1)
2
−9(25)2m−1(I (252m−1)

24
⊗ J36)

−9(252m−1−252m−2)((J (252m−1)
24
− I (252m−1)

24
)⊗ J36)−9W ⊗ J36

= 9(25)2m−1((J (252m−1)
24
− I (252m−1)

24
)⊗ J36)

−9(252m−1−252m−2)((J (252m−1)
24
− I (252m−1)

24
)⊗ J36)−9W ⊗ J36

= 9(25)2m−2((J (252m−1)
24
− I (252m−1)

24
)⊗ J36)−9W ⊗ J36

= 9(25)2m−2
9

∑
i=5

Ai−9
8

∑
i=5

Ai.

For an arbitrary element σ = gt of G′(3,d), suppose t ≡ s (mod 3) and t ≡ u (mod r). We

have

(CkR4⊗ J9)σ(N0− [R4⊗ (J3− I3)⊗ J3]) = (CkR4⊗ J9)(σN0− [CuR4⊗ (J3−ωs)⊗ J3])

= 3(J4−Ck−u)⊗ J9.

By this, the diagonal blocks of the matrix

(W ⊗ [R4⊗ J9])
[
W ⊗N0−W ⊗ [R4⊗ (J3− I3)⊗ J3]

]

all are equal to 3(25)2m−1((J4− I4)⊗ J9), and all off diagonal blocks are equal to

3
(

252m−1−252m−2

4

) 3

∑
i=0

(J4−CiR4)⊗ J9

= 3
(

252m−1−252m−2

4

)
(4J4−

3

∑
i=0

CiR4)⊗ J9
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= 3
(

252m−1−252m−2

4

)
(4J4− J4)⊗ J9

= 9
(

252m−1−252m−2

4

)
J4⊗ J9

= 9
(

252m−1−252m−2

4

)
J36.

Hence, we have

A5A6 = A6A5 = (W ⊗ [R4⊗ J9])
[
W ⊗N0−W ⊗ [R4⊗ (J3− I3)⊗ J3]

]
= 3(25)2m−1I (252m−1)

24
⊗ (J4− I4)⊗ J9 +9

(
252m−1−252m−2

4

)
(J (252m−1)

24
− I (252m−1)

24
)⊗ J9

= 3(25)2m−1A4 +9
(

252m−1−252m−2

4

) 9

∑
i=5

Ai.

Likewise, we conclude

A5A7 = A7A5 = A5A8 = A8A5 = 3(25)2m−1A4 +9
(

252m−1−252m−2

4

) 9

∑
i=5

Ai.

Since A1 and A2 are not symmetric, this association scheme is not symmetric. Further-

more, the inequality A1A6 6= A6A1 demonstrates that this association is not commutative.

Only when m = 1, the matrix A9 is equal to zero. In this case, we have an 8-class non-

commutative association scheme.

6.2 Decomposition of the Complete Designs with 22m(2m +2) Points

The results of this section and the next section are presented in [16] where the authors

present a decomposition of the complete design on 22m(2m +2) points. Then, they show

how to use this decomposition to induce an infinite class of symmetric association schemes.

In the construction introduced in Section 4.2, set p = 2 and d = 1. By Definition 3.10, we

have Ω(2,m) = {A1⊗ . . .⊗Am|A1, . . . ,Am ∈ G2}, where G2 = {
[

1 0
0 1

]
,
[

0 1
1 0

]
}. In Example
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6.2. DECOMPOSITION OF THE COMPLETE DESIGNS WITH 22M(2M +2) POINTS

3.13, we observe that Ω(2,1) = G2, and

Ω(2,2) =
{[1 0 0 0

0 1 0 0
0 0 1 0
0 0 0 1

]
,

[0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

]
,

[0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

]
,

[0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

]}
.

For an odd prime power q and ε ∈ {1, . . . ,q− 1}, Definition 4.6 defines the set

∆ε(GH(q,1)) consisting of q non-symmetric (0,1)-matrices of size q2. However, the ma-

trices of the set ∆ε(GH(q,1)) are all symmetric when q = 2m:

Lemma 6.9. For m≥ 1 and ε∈{0,1, . . . ,2m−1}, let GH(2m,1) be a generalized Hadamard

matrix over the group Ω(2,m) = {ω0, . . . ,ω2m−1}. Then, A is symmetric, for each A in

∆ε(GH(2m,1)) = {(I2m⊗ωε)r∗αrα|1≤ α≤ 2m, rα is the α-th row of GH(2m,1)}.

Proof. Let Aα = (Iq⊗ωε)r∗αrα, for some 1≤ α≤ 2m. The element of Ω(2,m) is generated

by Kronecker product of two symmetric matrices
[

1 0
0 1

]
and

[
0 1
1 0

]
. Thus, the elements of

Ω(2,m) are symmetric. Since the inverse of each element of the set Ω(2,m) is itself, the

matrix r∗αrα is symmetric. Hence, the matrix Aα = (Iq⊗ωε)r∗αrα is symmetric.

Theorem 6.10 ([16, Theorem 3.3, p. 361]). Let m≥ 1. There is a decomposition of the com-

plete graph on 22m(2m +2) vertices into 2m disjoint SRG(22m(2m +2),2m(2m +1),2m,2m)

and one divisible design graph DDG(22m(2m +2),22m−1,22m−2,0,2m +2,22m).

Proof. Since r =
22m−1
2m−1

= 2m + 1, r + 1 is an even number. Therefore, by Lemma 3.8

there is a symmetric constant diagonal Latin square L over {0,1, . . . ,r}. For each ε ∈

{0, . . . ,2m− 1}, let Ξ(2m,1,ε) = {A(0)
(ε), . . . ,A

(r)
(ε)}. Let Nε be the symmetric design

made by replacing i with A
(i)
(ε) in L such that the zero block is on the diagonal.

For each ε ∈ {0, . . . ,2m−1}, the matrix Nε is symmetric with zero diagonal. Hence, Nε

is the adjacency matrix of a SRG(22m(2m +2),2m(2m +1),2m,2m).

Based on Theorem 4.12, two matrices Nε and Nϑ are disjoint when ε 6=ϑ, which implies

that the sum ∑
2m−1
i=0 Ni is a (0,1)-matrix whose diagonal blocks of size 22m are equal to zero.
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Since the matrix ∑
2m−1
i=0 Ni contain 22m(2m + 1) one in each row, we conclude that the off-

diagonal blocks of ∑
2m−1
i=0 Ni all are equal to J22m . Thus, we have

2m−1

∑
i=0

Ni = (J2m+2− I2m+2)⊗ J22m.

Therefore, the sum I2m+2⊗(J22m− I22m)+∑
2m−1
i=0 Ni is equal to J22m(2m+2)− I22m(2m+2) which

is the adjacency matrix of the complete graph on 22m(2m + 2) vertices. One may note

that the matrix I2m+2⊗ (J22m − I22m) is the adjacency matrix of a divisible design graph

DDG(22m(2m+2),22m−1,22m−2,0,2m+2,22m). Hence, we come to the conclusion that

the set {N0, . . . ,N2m−1} ∪ {I2m+2⊗ (J22m − I22m)} forms a decomposition of the complete

graph on 22m(2m +2) vertices into 2m disjoint SRG(22m(2m +2),2m(2m +1),2m,2m) and a

DDG(22m(2m +2),22m−1,22m−2,0,2m +2,22m).

In [16, p. 363], one may find an example in which the complete graph on 16 vertices

is decomposed into two SRG(16,6,2,2) and a DDG(16,3,2,0,4,4). Here, we move to the

next case and decompose a complete graph on 96 vertices.

Example 6.11. In this example, we decompose the complete graph on 96 vertices into four

SRG(96,20,4,4) and a DDG(96,15,14,0,6,16). Let m = 2 and q = 2m = 4. Following the

method mentioned in the proof of Theorem 6.10, we first define four sets

Ξ(4,1,0), . . . ,Ξ(4,1,3).

For each i = 0,1,2,3, we know

Ξ(4,1, i) = ∆i(GH(4,1))∪{0}∪{ωi⊗ J4},
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6.2. DECOMPOSITION OF THE COMPLETE DESIGNS WITH 22M(2M +2) POINTS

where GH(4,1) =
[

ω0 ω0 ω0 ω0
ω0 ω1 ω2 ω3
ω0 ω2 ω3 ω1
ω0 ω3 ω1 ω2

]
is a generalized Hadamard matrix over the group

Ω(2,2) =
{

ω0 =

[1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

]
, ω1 =

[0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

]
, ω2 =

[0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

]
, ω3 =

[0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

]}
.

Following Definition 4.6, we have

Ξ(4,1,0) = {0}∪





1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1



,



1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1



,



1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1



,



1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0
0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0
0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1
0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0
0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1
0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0
0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0
0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0
0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1
0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0
1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0
0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0
1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0
0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0
0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1



,



1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1
0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0
0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0
0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1
1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1
1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0
0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0
1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1





,

Ξ(4,1,1) = {0}∪





0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0



,



0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0



,



0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0



,



0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0
1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0
0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0
0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1
0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0
0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1
0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0
1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0
0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1
0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0
0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0
1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0
0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0
0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1
0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0



,



0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1
1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0
0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0
1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1
1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1
0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0
0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0
0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1
1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0





,

Ξ(4,1,2) = {0}∪





0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0



,



0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0



,



0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0



,



0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1
0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0
0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0
1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0
0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0
0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1
0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0
0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0
1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0
0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0
0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1
0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0
0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1
0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0
1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0



,



0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0
1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1
0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1
1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0
0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0
0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1
1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1
0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0





,
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Ξ(4,1,3) = {0}∪





0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0



,



0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0



,



0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0



,



0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0
0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1
0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0
1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0
0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0
1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0
0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0
0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1
1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0
0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0
0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1
0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0
0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1
0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0
0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0



,



0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0
0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1
1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1
0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0
0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0
1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1
0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1
1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0
0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0





.

For each ε ∈ {0,1,2,3} to make Nε, insert the elements of Ξ(4,1,ε) in the Latin square

L =

5 1 2 3 4 0
1 5 3 4 0 2
2 3 5 0 1 4
3 4 0 5 2 1
4 0 1 2 5 3
0 2 4 1 3 5

 such that the zero block is on the diagonal. The matrices N1, . . . ,N3 are

the adjacency matrices of SRG(96,20,4,4). Theorem 6.10 confirms that the set

{N0,N1,N2,N3,N4 = I6⊗ (J16− I16)}

decomposes the complete graph on 96 vertices into four SRG(96,20,4,4) and a

DDG(96,15,14,0,6,16).

One may find all five matrices N0, . . . ,N4 in Appendix 9.

6.3 Some Symmetric Association Schemes

Utilizing the decomposition studied in Theorem 6.10, the following theorem demon-

strates an infinite class of symmetric association schemes. The following theorem uses

Latin squares which are symmetric, constant diagonal with constant back diagonal. Since

the size of these Latin squares are even, the existence of such objects follows from Lemma

3.8.

Theorem 6.12 ([16, Theorem 3.4, p. 362]). Let q = 2m, where m≥ 1. Let L be a symmetric

constant diagonal Latin square having constant back diagonal over {0,2, . . . ,q+ 1}. For

each ε ∈ {0, . . . ,2m− 1}, let Ξ(2m,1,ε) = {A(0)
(ε), . . . ,A

(r)
(ε)}. Let Nε be the symmetric
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design made by replacing i with A
(i)
(ε) in L such that the zero block is on the diagonal and

the block ωε⊗ Jq is on the back diagonal. Then, the set

A = {A0, . . . ,Aq−1,B1, . . . ,Bq−1,C0, . . . ,Cq−1,D0, . . . ,Dq−1}

forms a symmetric 4q−2-class association scheme, where

Ai = Iq(q+2)⊗ωi, for i = 0, . . . ,q−1;

Bi = Iq+2⊗ωi⊗ Jq, for i = 1, . . . ,q−1;

Ci = Rq+2⊗ωi⊗ Jq, for i = 0, . . . ,q−1; and

Di = Ni−Ci, for i = 0, . . . ,q−1.

Proof. We need to prove that the set A satisfies all four axioms mentioned in Definition

6.3. We first note that A0 = Iq(q+2)⊗ω0 = Iq(q+2)⊗ Iq = Iq2(q+2). By the proof of Theorem

6.10, Ni is a symmetric matrix, for each i = 0, . . . ,q− 1. Since a Kronecker product of

symmetric matrices is a symmetric matrix, Ci is symmetric. So Di is symmetric, for each

0≤ i≤ q−1. Since the elements of the group Ω(2,m) are symmetric, we conclude Ai and

B j are symmetric, for all i = 0, . . . ,q− 1 and j = 1, . . . ,q− 1. So A satisfies the first and

second axioms. To check the forth axiom, we note that

q−1

∑
i=0

Ai +
q−1

∑
i=1

Bi +
q−1

∑
i=0

Ci +
q−1

∑
i=0

Di =
q−1

∑
i=0

Iq(q+2)⊗ωi +
q−1

∑
i=1

Iq+2⊗ωi⊗ Jq +
q−1

∑
i=0

Ni

= Iq(q+2)⊗ Jq + Iq+2⊗ (Jq− Iq)⊗ Jq +
q−1

∑
i=0

Ni

= Iq+2⊗ Jq2 +
q−1

∑
i=0

Ni

= Iq+2⊗ Jq2 +(Jq+2− Iq+2)⊗ Jq2

= Jq2(q+2).
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Hence, only the third axiom of Definition 6.3 is left to be proved. We need to show that the

multiplication of any two matrices in A is a linear combination of the elements of A . For

i, j ∈ {0, . . . ,q−1}, we have

AiA j = (Iq(q+2)⊗ωi)(Iq(q+2)⊗ω j)

= Iq(q+2)⊗ (ωi)(ω j)

= Iq(q+2)⊗ωi+ j

= Ai+ j.

For i, j ∈ {1, . . . ,q−1}, if i 6= j then we have

BiB j = (Iq+2⊗ωi⊗ Jq)(Iq+2⊗ω j⊗ Jq)

= q(Iq+2⊗ (ωiω j)⊗ Jq)

= q(Iq+2⊗ωi+ j⊗ Jq)

= qBi+ j,

while for i = j, we find

BiBi = (Iq+2⊗ωi⊗ Jq)(Iq+2⊗ωi⊗ Jq)

= q(Iq+2⊗ (ωiωi)⊗ Jq)

= q(Iq+2⊗ Iq⊗ Jq)

= q
q−1

∑
l=0

Al.

Moreover, for i 6= j ∈ {0, . . . ,q−1}, we have

CiC j = (Rq+2⊗ωi⊗ Jq)(Rq+2⊗ω j⊗ Jq)

= q(Iq+2⊗ (ωiω j)⊗ Jq)
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= q(Iq+2⊗ωi+ j⊗ Jq)

= qBi+ j,

while for i = j, we have

CiCi = (Rq+2⊗ωi⊗ Jq)(Rq+2⊗ωi⊗ Jq)

= q(Iq+2⊗ (ωiωi)⊗ Jq)

= q(Iq+2⊗ Iq⊗ Jq)

= q
q−1

∑
l=0

Al.

Furthermore, for i, j ∈ {0, . . . ,q−1} and 1≤ l ≤ q−1 , we note

AiBl = BlAi = (Iq(q+2)⊗ωi)(Iq+2⊗ωl⊗ Jq)

= (Iq+2⊗ Iq⊗ωi)(Iq+2⊗ωl⊗ Jq)

= Iq+2⊗ωl⊗ Jq

= Bl,

AiC j =C jAi = (Iq(q+2)⊗ωi)(Rq+2⊗ω j⊗ Jq)

= (Iq+2⊗ Iq⊗ωi)(Rq+2⊗ω j⊗ Jq)

= Rq+2⊗ω j⊗ Jq

=C j, and

BlC j =C jBl = (Iq+2⊗ωl⊗ Jq)(Rq+2⊗ω j⊗ Jq)

= q(Rq+2⊗ (ωlω j)⊗ Jq)

= q(Rq+2⊗ωl+ j⊗ Jq)
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= qCl+ j.

Let i, j ∈ {0, . . . ,q− 1} and A(i) be in ∆i(GH(q,1)). Since the elements of the group

Ω(2,m) are symmetric, we have ωiω j = ω jωi = ωi+ j. This results in

(Iq(q+2)⊗ω j)A(i) = A(i)(Iq(q+2)⊗ω j) = A(i+ j).

All nonzero blocks of size q of the matrix Di are elements of ∆i(GH(q,1)). Hence, we

conclude

AiD j = D jAi = (Iq(q+2)⊗ω j)D j

= Di+ j.

Now, let 0≤ i≤ q−1 and 1≤ j ≤ q−1. All nonzero blocks of the size q of the matrix Di

are elements of Ω(2,m) and Jqωε = Jq, for all ωε ∈Ω(2,m). Therefore, we conclude

BiD j = D jBi = (Iq+2⊗ωi⊗ Jq)D j

= (Jq+2− Iq+2−Rq+2)⊗ Jq2

=
q−1

∑
l=0

Dl, and

CiD j = D jCi = (Rq+2⊗ωi⊗ Jq)D j

= (Jq+2− Iq+2−Rq+2)⊗ Jq2

=
q−1

∑
l=0

Dl.

For i, j ∈ {0, . . . ,q− 1}, we calculate the matrix DiD j = D jDi = [Mkl], where Mkl is the
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block of size q2. For k = l, we have

Mkk = ∑
A(i)∈∆i(GH(q,1))
A( j)∈∆ j(GH(q,1))

A(i)A( j)

= q ∑
{A(i+ j)∈∆i+ j(GH(q,1))}

A(i+ j)

= q2(Iq⊗ωi+ j)+q((Jq− Iq)⊗ Jq).

Hence, we find

DiD j = D jDi = Iq+2⊗ [q2(Iq⊗ (ωi+ j))+q((Jq− Iq)⊗ Jq)]

+
[
(q−2)(Jq+2− Iq+2)+2Rq+2

]
⊗ Jq2

= q2Ai+ j +q
q−1

∑
l=1

Bl +(q−2)
q−1

∑
l=0

[Dl +Cl]+2
q−1

∑
l=0

Cl

= q2Ai+ j +q
q−1

∑
l=1

Bl +q
q−1

∑
l=0

Cl +(q−2)
q−1

∑
l=0

Dl.

Considering the decomposition studied in Example 6.11, we now generate a symmetric

14-class association scheme in the next example.

Example 6.13. In Example 6.11, the set {N0,N1,N2,N3,N4 = I6⊗ (J16− I16)} decomposes

the complete graph on 96 vertices into four SRG(96,20,4,4) and a DDG(96,15,14,0,6,16).

Now, we define an association scheme {A0, . . . ,A3,B1,B2,B3,C0, . . . ,C3,D0, . . . ,D3} such

that N4 =
3

∑
i=1

[Ai +Bi] and Nl =Cl +Dl , for each l = 0,1,2,3. We have

Ai = I24⊗ωi, for i = 0,1,2,3;

Bi = I6⊗ωi⊗ J4, for i = 1,2,3;

Ci = R6⊗ωi⊗ J4, for i = 0,1,2,3;
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Di = Ni−Ci, for i = 0,1,2,3,

where ωi ∈ Ω(2,2). All elements of the set {A0, . . . ,A3,B1,B2,B3,C0, . . . ,C3,D0, . . . ,D3}

appear in Appendix 10.

In the construction of designs and graphs in this thesis, we used Latin squares. One

of the open questions is whether different Latin squares generate equivalent designs and

graphs or not. Studying various properties of these designs and graphs may lead us to new

combinatorial objects.

In section 6.1, we combined Spence designs and balanced generalized weighing matri-

ces to generate infinite classes of non-commutative association schemes. As a part of the

future research plan, one can use the same process for McFarland Designs.

There are some examples in which McFarland and Spence designs generate amorphous

association scheme which can be generalized to an infinite class of amorphous association

schemes.
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Appendix 1

The Symmetric (45,12,3)-Design
constructed in Example 3.6

N =



0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0
0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1
1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1


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Appendix 2

The Symmetric (45,12,3)-Design
constructed in Example 3.26

N =



0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 1 0 0 1 0 1 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 1 1 0 0 1 0 0 0 0 1 0 1 0
1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1
0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 1 0 0
0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 1 0 0 0 1 0
0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 1 0 0
1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 0 1 0
0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 1 0 0 0 1
0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 1 0 0 0 1 0
0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 1
1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 1 1 0 0
1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0
0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0
0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1
0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
0 0 1 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
0 1 0 0 0 1 1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 0 1 0 0 1 0 0 1 0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 0 1 0 0 1 0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
1 0 0 1 0 0 1 0 0 0 0 1 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 1 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 0 1 0 0 1 0 0 1 0 1 0 0 0 1 1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 1 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 1 1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0


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Appendix 3

The Symmetric (36,15,6)-Design
constructed in Example 3.30

N =



0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
0 0 1 0 0 1 0 0 1 0 0 0 1 1 1 1 1 1 0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0
0 1 0 0 1 0 0 1 0 0 0 0 1 1 1 1 1 1 0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1
1 0 0 1 0 0 1 0 0 0 0 0 1 1 1 1 1 1 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0
0 0 1 0 0 1 0 0 1 1 1 1 0 0 0 1 1 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 1
0 1 0 0 1 0 0 1 0 1 1 1 0 0 0 1 1 1 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0
1 0 0 1 0 0 1 0 0 1 1 1 0 0 0 1 1 1 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 1 0 0
0 0 1 0 0 1 0 0 1 1 1 1 1 1 1 0 0 0 0 1 0 0 0 1 1 0 0 1 0 0 0 0 1 0 1 0
0 1 0 0 1 0 0 1 0 1 1 1 1 1 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 1 0 1 0 0
1 0 0 1 0 0 1 0 0 1 1 1 1 1 1 0 0 0 0 0 1 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1
0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 1 1 1 1 1
0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 1 0 0 1 0 0 0 0 1 1 1 1 1 1
1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 1 0 0 1 0 0 1 0 0 0 0 0 1 1 1 1 1 1
1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 1 1 1 0 0 0 1 1 1
0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 1 0 0 1 0 0 1 0 1 1 1 0 0 0 1 1 1
0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 1 0 0 1 0 0 1 0 0 1 0 0 1 1 1 0 0 0 1 1 1
0 1 0 0 0 1 1 0 0 1 0 0 0 0 1 0 1 0 0 0 1 0 0 1 0 0 1 1 1 1 1 1 1 0 0 0
1 0 0 0 1 0 0 0 1 0 0 1 0 1 0 1 0 0 0 1 0 0 1 0 0 1 0 1 1 1 1 1 1 0 0 0
0 0 1 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1 1 0 0 1 0 0 1 0 0 1 1 1 1 1 1 0 0 0


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Appendix 4

Three Symmetric (45,12,3)-Designs
constructed in Example 4.13

N0 =



0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 1 0 0 1 0 1 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 1 1 0 0 1 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 1
1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1
0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 1 0 0
0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 1 0 0 0 1 0
0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 1 0 0 0 1 0
0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 1
1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 1 1 0 0
0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 1 0 0
1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 0 1 0
0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 1 0 0 0 1
1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0
0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0
0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1
0 0 1 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
0 1 0 0 0 1 1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 0 1 0 0 1 0 0 1 0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
1 0 0 1 0 0 1 0 0 0 0 1 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 1 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 0 1 0 0 1 0 0 1 0 1 0 0 0 1 1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 0 1 0 0 1 0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 1 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 1 1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0



119



4. APPENDIX THREE DISJOINT SYMMETRIC (45,12,3)-DESIGNS

N1 =



0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 1 0 0 1 0 1 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 1 1 0 0 1 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 1
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 1 0 0
0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 1 0 0
0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 1 0 0 0 1 0
1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1
0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 1
1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 1 1 0 0
0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 1 0 0 0 1 0
1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 0 1 0
0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 1 0 0 0 1
0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 1 0 0
0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
0 1 0 0 0 1 1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
0 0 1 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0
1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1
0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 0 1 0 0 1 0 0 1 0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
1 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 1 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 0 1 0 0 1 0 0 1 0 1 0 0 0 1 1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
1 0 0 1 0 0 1 0 0 0 0 1 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 0 1 0 0 1 0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 1 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 1 1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0
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4. APPENDIX THREE DISJOINT SYMMETRIC (45,12,3)-DESIGNS

N2 =



0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 1 1 0 0 1 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 1 0 0 1 0 1 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0
0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 1 0 0 0 1 0
1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1
0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 1 0 0
1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 1 1 0 0
0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 1 0 0 0 1 0
0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 1
0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 1 0 0 0 1
0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 1 0 0
1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 0 1 0
0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
0 1 0 0 0 1 1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1
0 0 1 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0
1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1 0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
1 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 0 1 0 0 1 0 0 1 0 1 0 0 0 1 1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
1 0 0 1 0 0 1 0 0 0 0 1 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 1 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 1 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 0 1 0 0 1 0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 1 1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 1 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0
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Appendix 5

Three SRG(36,15,6,6) constructed in
Example 4.31

N0 =



0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
0 0 1 0 0 1 0 0 1 0 0 0 1 1 1 1 1 1 0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0
0 1 0 0 1 0 0 1 0 0 0 0 1 1 1 1 1 1 0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1
1 0 0 1 0 0 1 0 0 0 0 0 1 1 1 1 1 1 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0
0 0 1 0 0 1 0 0 1 1 1 1 0 0 0 1 1 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 1
0 1 0 0 1 0 0 1 0 1 1 1 0 0 0 1 1 1 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0
1 0 0 1 0 0 1 0 0 1 1 1 0 0 0 1 1 1 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 1 0 0
0 0 1 0 0 1 0 0 1 1 1 1 1 1 1 0 0 0 0 1 0 0 0 1 1 0 0 1 0 0 0 0 1 0 1 0
0 1 0 0 1 0 0 1 0 1 1 1 1 1 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 1 0 1 0 0
1 0 0 1 0 0 1 0 0 1 1 1 1 1 1 0 0 0 0 0 1 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1
0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 1 1 1 1 1
0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 1 0 0 1 0 0 0 0 1 1 1 1 1 1
1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 1 0 0 1 0 0 1 0 0 0 0 0 1 1 1 1 1 1
1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 1 1 1 0 0 0 1 1 1
0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 1 0 0 1 0 0 1 0 1 1 1 0 0 0 1 1 1
0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 1 0 0 1 0 0 1 0 0 1 0 0 1 1 1 0 0 0 1 1 1
0 1 0 0 0 1 1 0 0 1 0 0 0 0 1 0 1 0 0 0 1 0 0 1 0 0 1 1 1 1 1 1 1 0 0 0
1 0 0 0 1 0 0 0 1 0 0 1 0 1 0 1 0 0 0 1 0 0 1 0 0 1 0 1 1 1 1 1 1 0 0 0
0 0 1 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1 1 0 0 1 0 0 1 0 0 1 1 1 1 1 1 0 0 0
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5. APPENDIX THREE STRONGLY REGULAR GRAPHS SRG(36,15,6,6)

N1 =



0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
0 1 0 0 1 0 0 1 0 0 0 0 1 1 1 1 1 1 0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1
1 0 0 1 0 0 1 0 0 0 0 0 1 1 1 1 1 1 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0
0 0 1 0 0 1 0 0 1 0 0 0 1 1 1 1 1 1 0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0
0 1 0 0 1 0 0 1 0 1 1 1 0 0 0 1 1 1 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0
1 0 0 1 0 0 1 0 0 1 1 1 0 0 0 1 1 1 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 1 0 0
0 0 1 0 0 1 0 0 1 1 1 1 0 0 0 1 1 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 1
0 1 0 0 1 0 0 1 0 1 1 1 1 1 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 1 0 1 0 0
1 0 0 1 0 0 1 0 0 1 1 1 1 1 1 0 0 0 0 0 1 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1
0 0 1 0 0 1 0 0 1 1 1 1 1 1 1 0 0 0 0 1 0 0 0 1 1 0 0 1 0 0 0 0 1 0 1 0
0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0
0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 1 0 0 1 0 0 0 0 1 1 1 1 1 1
1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 1 0 0 1 0 0 1 0 0 0 0 0 1 1 1 1 1 1
0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 1 1 1 1 1
0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 1 0 0 1 0 0 1 0 1 1 1 0 0 0 1 1 1
0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 1 0 0 1 0 0 1 0 0 1 0 0 1 1 1 0 0 0 1 1 1
1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 1 1 1 0 0 0 1 1 1
1 0 0 0 1 0 0 0 1 0 0 1 0 1 0 1 0 0 0 1 0 0 1 0 0 1 0 1 1 1 1 1 1 0 0 0
0 0 1 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1 1 0 0 1 0 0 1 0 0 1 1 1 1 1 1 0 0 0
0 1 0 0 0 1 1 0 0 1 0 0 0 0 1 0 1 0 0 0 1 0 0 1 0 0 1 1 1 1 1 1 1 0 0 0
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5. APPENDIX THREE STRONGLY REGULAR GRAPHS SRG(36,15,6,6)

N2 =



0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
1 0 0 1 0 0 1 0 0 0 0 0 1 1 1 1 1 1 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0
0 0 1 0 0 1 0 0 1 0 0 0 1 1 1 1 1 1 0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0
0 1 0 0 1 0 0 1 0 0 0 0 1 1 1 1 1 1 0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1
1 0 0 1 0 0 1 0 0 1 1 1 0 0 0 1 1 1 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 1 0 0
0 0 1 0 0 1 0 0 1 1 1 1 0 0 0 1 1 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 1
0 1 0 0 1 0 0 1 0 1 1 1 0 0 0 1 1 1 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0
1 0 0 1 0 0 1 0 0 1 1 1 1 1 1 0 0 0 0 0 1 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1
0 0 1 0 0 1 0 0 1 1 1 1 1 1 1 0 0 0 0 1 0 0 0 1 1 0 0 1 0 0 0 0 1 0 1 0
0 1 0 0 1 0 0 1 0 1 1 1 1 1 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 1 0 1 0 0
1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0
0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 1 0 0 1 0 0 1 0 0 0 0 0 1 1 1 1 1 1
0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 1 1 1 1 1
0 1 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 1 0 0 1 0 0 0 0 1 1 1 1 1 1
0 1 0 0 0 1 1 0 0 0 0 1 0 1 0 1 0 0 1 0 0 1 0 0 1 0 0 1 1 1 0 0 0 1 1 1
1 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 1 1 1 0 0 0 1 1 1
0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 1 0 0 1 0 0 1 0 1 1 1 0 0 0 1 1 1
0 0 1 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1 1 0 0 1 0 0 1 0 0 1 1 1 1 1 1 0 0 0
0 1 0 0 0 1 1 0 0 1 0 0 0 0 1 0 1 0 0 0 1 0 0 1 0 0 1 1 1 1 1 1 1 0 0 0
1 0 0 0 1 0 0 0 1 0 0 1 0 1 0 1 0 0 0 1 0 0 1 0 0 1 0 1 1 1 1 1 1 0 0 0
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Appendix 6

Fifteen Symmetric (45,12,3)-Designs
constructed in Example 5.5

ϒ(0,0,L) =



0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1
1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0
0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0
0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
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6. APPENDIX FIFTEEN DISJOINT SYMMETRIC (45,12,3)-DESIGNS

ϒ(1,1,L) =



0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0
0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
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6. APPENDIX FIFTEEN DISJOINT SYMMETRIC (45,12,3)-DESIGNS

ϒ(2,2,L) =



0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0
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6. APPENDIX FIFTEEN DISJOINT SYMMETRIC (45,12,3)-DESIGNS

ϒ(0,3,L) =



1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1
1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0
0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0
0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1


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6. APPENDIX FIFTEEN DISJOINT SYMMETRIC (45,12,3)-DESIGNS

ϒ(1,4,L) =



0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0
0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
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6. APPENDIX FIFTEEN DISJOINT SYMMETRIC (45,12,3)-DESIGNS

ϒ(2,0,L) =



0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0
0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
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6. APPENDIX FIFTEEN DISJOINT SYMMETRIC (45,12,3)-DESIGNS

ϒ(0,1,L) =



1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1
1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0
0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0
0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
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6. APPENDIX FIFTEEN DISJOINT SYMMETRIC (45,12,3)-DESIGNS

ϒ(1,2,L) =



0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0
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6. APPENDIX FIFTEEN DISJOINT SYMMETRIC (45,12,3)-DESIGNS

ϒ(2,3,L) =



0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0
0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0


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6. APPENDIX FIFTEEN DISJOINT SYMMETRIC (45,12,3)-DESIGNS

ϒ(0,4,L) =



1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1
1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0
0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0
0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
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6. APPENDIX FIFTEEN DISJOINT SYMMETRIC (45,12,3)-DESIGNS

ϒ(1,0,L) =



0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0
0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
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6. APPENDIX FIFTEEN DISJOINT SYMMETRIC (45,12,3)-DESIGNS

ϒ(2,1,L) =



0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0
0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0


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6. APPENDIX FIFTEEN DISJOINT SYMMETRIC (45,12,3)-DESIGNS

ϒ(0,2,L) =



1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0
0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0
0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1


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6. APPENDIX FIFTEEN DISJOINT SYMMETRIC (45,12,3)-DESIGNS

ϒ(1,3,L) =



0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0
0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0


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6. APPENDIX FIFTEEN DISJOINT SYMMETRIC (45,12,3)-DESIGNS

ϒ(2,4,L) =



0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1
0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0
0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0
0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
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Appendix 7

Twelve Symmetric (36,15,6)-Designs
Made in Example 5.17

D0 =



0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0
0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1
0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0
0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1
1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0
0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0
0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0
0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1
1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0
0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0
0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1
0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1
0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1
1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1
0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1
1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0
0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0
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7. APPENDIX TWELVE SYMMETRIC (36,15,6)-DESIGNS

D1 =



0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1
0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0
1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0
0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0
0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1
0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1
0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0
0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1
0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1
1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0
0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0
1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1
0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1
1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1
1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
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7. APPENDIX TWELVE SYMMETRIC (36,15,6)-DESIGNS

D2 =



0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0
1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0
0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1
1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1
0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1
0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1
1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1
1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0
1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0
0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1
0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0
0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0
1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1
0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0
0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0
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7. APPENDIX TWELVE SYMMETRIC (36,15,6)-DESIGNS

D3 =



1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1
0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1
0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1
1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1
0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1
1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0
0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0
0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0
0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1
0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0
0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1
1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0
0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0
0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0
0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1
1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0
0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0
0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
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7. APPENDIX TWELVE SYMMETRIC (36,15,6)-DESIGNS

D4 =



1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1
0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0
1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0
0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0
0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1
0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1
0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0
0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1
0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1
1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0
0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0
1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1
0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1
1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1
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7. APPENDIX TWELVE SYMMETRIC (36,15,6)-DESIGNS

D5 =



0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0
1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0
0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1
0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0
0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0
1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1
0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0
0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0
0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0
1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0
0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1
1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1
0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1
0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1
1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1
1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
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7. APPENDIX TWELVE SYMMETRIC (36,15,6)-DESIGNS

D6 =



1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0
0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0
0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1
0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1
0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1
1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1
0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1
1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0
0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0
0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0
0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1
0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0
0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1
1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0
0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0
0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0
0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1
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7. APPENDIX TWELVE SYMMETRIC (36,15,6)-DESIGNS

D7 =



0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1
0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1
1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0
0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0
1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1
0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1
1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1
1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1
0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0
1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0
0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0
0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1
0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1
0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0
0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0
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7. APPENDIX TWELVE SYMMETRIC (36,15,6)-DESIGNS

D8 =



1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0
1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0
0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1
0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0
0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0
1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1
0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0
0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0
0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0
1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0
0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1
1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1
0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1
0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1
1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1
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7. APPENDIX TWELVE SYMMETRIC (36,15,6)-DESIGNS

D9 =



1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0
0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1
0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0
0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1
1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0
0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0
0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0
0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1
1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0
0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0
0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1
0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1
0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1
1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1
0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1
1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0
0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0
0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
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7. APPENDIX TWELVE SYMMETRIC (36,15,6)-DESIGNS

D10 =



0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1
0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1
1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0
0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0
1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1
0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1
1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1
1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1
0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0
1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0
0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0
0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1
0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1
0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0



150



7. APPENDIX TWELVE SYMMETRIC (36,15,6)-DESIGNS

D11 =



0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0
1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0
0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1
1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1
0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1
0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1
1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1
0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1
1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0
1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1
1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0
0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0
0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0
0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1
1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1
1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0
1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0
0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0
1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0
0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1
0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0
0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0
1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1
0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0 0
0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 0
0 0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 1 1 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 1
1 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0
0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 1 1 1 1 1 1 1 0 0 1 0 0 1 0 0
0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0
0 1 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1
0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0
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Appendix 8

Intersection Matrices of Theorem 6.7

B0 = I11, B1 =



0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1


,

B2 =



0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1


,

B3 =



0 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
6 6 6 3 0 0 0 0 0 0 0
0 0 0 0 6 0 0 0 0 0 0
0 0 0 0 0 3 6 0 0 0 0
0 0 0 0 0 3 0 0 0 0 0
0 0 0 0 0 0 0 2 2 2 0
0 0 0 0 0 0 0 2 2 2 0
0 0 0 0 0 0 0 2 2 2 0
0 0 0 0 0 0 0 0 0 0 6


,

B4 =



0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 6 0 0 0 0 0 0
27 27 27 27 18 0 0 0 0 0 0
0 0 0 0 0 0 0 6 6 6 0
0 0 0 0 0 0 0 3 3 3 0
0 0 0 0 0 9 9 6 6 6 0
0 0 0 0 0 9 9 6 6 6 0
0 0 0 0 0 9 9 6 6 6 0
0 0 0 0 0 0 0 0 0 0 27


.
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8. INTERSECTION MATRICES

Let φ = 252m−1, ψ = 252m−1−252m−2, and τ = 252m−2.

B5 =



0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 3 6 0 0 0 0

0 0 0 0 0 0 0 6 6 6 0

6φ 6φ 6φ 3φ 0 ψ ψ ψ ψ ψ ψ

0 0 0 3φ 0
ψ

2
ψ

2
ψ

2
ψ

2
ψ

2
ψ

2

0 0 0 0 2φ
3ψ

2
3ψ

2
3ψ

2
3ψ

2
3ψ

2
3ψ

2

0 0 0 0 2φ
3ψ

2
3ψ

2
3ψ

2
3ψ

2
3ψ

2
3ψ

2

0 0 0 0 2φ
3ψ

2
3ψ

2
3ψ

2
3ψ

2
3ψ

2
3ψ

2

0 0 0 0 0 6τ−6 6τ−6 6τ−6 6τ−6 6τ−6 6τ



,
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8. INTERSECTION MATRICES

B6 =



0 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 3 0 0 0 0 0

0 0 0 0 0 0 0 3 3 3 0

0 0 0 3φ 0
ψ

2
ψ

2
ψ

2
ψ

2
ψ

2
ψ

2

3φ 3φ 3φ 0 0
ψ

4
ψ

4
ψ

4
ψ

4
ψ

4
ψ

4

0 0 0 0 φ
3ψ

4
3ψ

4
3ψ

4
3ψ

4
3ψ

4
3ψ

4

0 0 0 0 φ
3ψ

4
3ψ

4
3ψ

4
3ψ

4
3ψ

4
3ψ

4

0 0 0 0 φ
3ψ

4
3ψ

4
3ψ

4
3ψ

4
3ψ

4
3ψ

4

0 0 0 0 0 3τ−3 3τ−3 3τ−3 3τ−3 3τ−3 3τ



,

B7 =



0 0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 2 2 2 0

0 0 0 0 0 9 9 6 6 6 0

0 0 0 0 2φ
3ψ

2
3ψ

2
3ψ

2
3ψ

2
3ψ

2
3ψ

2

0 0 0 0 φ
3ψ

4
3ψ

4
3ψ

4
3ψ

4
3ψ

4
3ψ

4

9φ 0 0 3φ 2φ
9ψ

4
9ψ

4
9ψ

4
9ψ

4
9ψ

4
9ψ

4

0 0 9φ 3φ 2φ
9ψ

4
9ψ

4
9ψ

4
9ψ

4
9ψ

4
9ψ

4

0 9φ 0 3φ 2φ
9ψ

4
9ψ

4
9ψ

4
9ψ

4
9ψ

4
9ψ

4

0 0 0 0 0 9τ−9 9τ−9 9τ−9 9τ−9 9τ−9 9τ



,
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8. INTERSECTION MATRICES

B8 =



0 0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 2 2 2 0

0 0 0 0 0 9 9 6 6 6 0

0 0 0 0 2φ
3ψ

2
3ψ

2
3ψ

2
3ψ

2
3ψ

2
3ψ

2

0 0 0 0 φ
3ψ

4
3ψ

4
3ψ

4
3ψ

4
3ψ

4
3ψ

4

0 9φ 0 3φ 2φ
9ψ

4
9ψ

4
9ψ

4
9ψ

4
9ψ

4
9ψ

4

9φ 0 0 3φ 2φ
9ψ

4
9ψ

4
9ψ

4
9ψ

4
9ψ

4
9ψ

4

0 0 9φ 3φ 2φ
9ψ

4
9ψ

4
9ψ

4
9ψ

4
9ψ

4
9ψ

4

0 0 0 0 0 9τ−9 9τ−9 9τ−9 9τ−9 9τ−9 9τ



,

B9 =



0 0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 2 2 2 0

0 0 0 0 0 9 9 6 6 6 0

0 0 0 0 2φ
3ψ

2
3ψ

2
3ψ

2
3ψ

2
3ψ

2
3ψ

2

0 0 0 0 φ
3ψ

4
3ψ

4
3ψ

4
3ψ

4
3ψ

4
3ψ

4

0 0 9φ 3φ 2φ
9ψ

4
9ψ

4
9ψ

4
9ψ

4
9ψ

4
9ψ

4

0 9φ 0 3φ 2φ
9ψ

4
9ψ

4
9ψ

4
9ψ

4
9ψ

4
9ψ

4

9φ 0 0 3φ 2φ
9ψ

4
9ψ

4
9ψ

4
9ψ

4
9ψ

4
9ψ

4

0 0 0 0 0 9τ−9 9τ−9 9τ−9 9τ−9 9τ−9 9τ



.
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8. INTERSECTION MATRICES

Let ς1 = 252m−1−25 and ς2 = 252m−2−1.

B10 =



0 0 0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0 0 0 6

0 0 0 0 0 0 0 0 0 0 27

0 0 0 0 0 6τ−6 6τ−6 6τ−6 6τ−6 6τ−6 6τ

0 0 0 0 0 3τ−3 3τ−3 3τ−3 3τ−3 3τ−3 3τ

0 0 0 0 0 9τ−9 9τ−9 9τ−9 9τ−9 9τ−9 9τ

0 0 0 0 0 9τ−9 9τ−9 9τ−9 9τ−9 9τ−9 9τ

0 0 0 0 0 9τ−9 9τ−9 9τ−9 9τ−9 9τ−9 9τ

3ς1

2
3ς1

2
3ς1

2
3ς1

2
3ς1

2
3ς2

2
3ς2

2
3ς2

2
3ς2

2
3ς2

2
3ς2

2
−72



.
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Appendix 9

Decomposition Made in Example 6.11

N0 =



0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1

1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1

1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1
0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1
0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1
0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1

1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0
0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0
0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0
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9. DECOMPOSITION

N1 =
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9. DECOMPOSITION

N2 =


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0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0

0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0

0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1
0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1
0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1
0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1
0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0

0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0
0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0
0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0

0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1
0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0
0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0
0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0
1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0
0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1
0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0
0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0
0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0
0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1
1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0
0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1
0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0
0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0

0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0



159



9. DECOMPOSITION

N3 =
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0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0
0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1
1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0
0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0
0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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9. DECOMPOSITION

N4 =



0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 1 0 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 1 1 1 1 1 1 1 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 1 1 1 1 1 1 1 1 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 1 1 1 1 1 1 1 1 1 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 0 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 0 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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Appendix 10

Classes of Scheme of Example 6.13

A0 =



1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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10. ASSOCIATION SCHEME

A1 =



0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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10. ASSOCIATION SCHEME

A2 =
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0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
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10. ASSOCIATION SCHEME

A3 =



0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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10. ASSOCIATION SCHEME

B1 =



0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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10. ASSOCIATION SCHEME

B2 =
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10. ASSOCIATION SCHEME

B3 =



0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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10. ASSOCIATION SCHEME

C0 =



0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
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0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
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0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0



169



10. ASSOCIATION SCHEME

C1 =
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0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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10. ASSOCIATION SCHEME

C2 =



0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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10. ASSOCIATION SCHEME

C3 =



0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
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0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
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0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
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10. ASSOCIATION SCHEME
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10. ASSOCIATION SCHEME

D1 =



0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
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1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0

0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1
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0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0
0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
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0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0
0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1
0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1
0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0
0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0
0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1
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0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1
1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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10. ASSOCIATION SCHEME

D2 =



0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0

0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1
0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1
0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1
0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1
0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0

0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
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10. ASSOCIATION SCHEME

D3 =


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0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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