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Abstract

Through six chapters, the concept of decomposing the complete design is demonstrated.
Group divisible designs, symmetric designs, strongly regular graphs, and association schemes
are examples of the combinatorial objects that complete designs are decomposed into.

Reconstructing McFarland designs leads to the existence of sets of designs with disjoint
incidence matrices whose sum is the complete design. The existence of infinite classes of
symmetric association schemes follows from the decomposition.

Applying a similar technique on the Spence designs provides sets of designs all sharing
the same complete tripartite graphs. By appropriately splitting the designs a decomposition
of the complete design is obtained leading to an infinite class of non-commutative associa-
tion schemes.

A final attempt is made to combine the constructed decomposition with specific classes

of balanced generalized weighing matrices.
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Chapter 1

Introduction

1.1 Motivation and Plans

The purpose of this study is to introduce a complete design decomposition and its appli-
cations. The concepts of complete design decomposition, complete graph decompositions,
and association schemes have a lot in common. A complete graph is always decomposed to
combinatorial objects with symmetric adjacency matrices while symmetry is not necessary
when one talks about a complete design decomposition.

A complete graph decomposition consisting of three strongly regular graphs is an amor-
phic association scheme [22]. Association schemes were originally introduced by Bose and
Shimamoto [4], and symmetric association scheme have drawn much attention in the last
few decades [1, 5, 19, 20].

Some constructions of symmetric designs lead to a complete graph decomposition. Bal-
anced generalized weighing matrices have been used in the construction of symmetric de-
signs since the 70’s [8, 9]. In [15], Kharaghani and Torabi used particular product on
balanced generalized weighing matrices to find symmetric designs with new parameters.
Using their symmetric designs, Klin, Reichard, and Woldar generated a complete graph
decomposition into distance regular graphs, see [18].

In [16], the authors present a decomposition of the complete graph on 227(2 +2) ver-
tices. Then, they show how to use this decomposition to make an infinite class of symmetric
association schemes.

My main motivation originates from [10], where Ionin and Kharaghani generated in-



1.1. MOTIVATION AND PLANS

finite classes of symmetric designs and strongly regular graphs with new parameters. Re-
constructing their designs and graphs leads to the existence of sets of designs with disjoint
incidence matrices whose sum is the complete design.

In Section 1.2, all primary and crucial definitions needed is described. In this thesis,
Balanced Incomplete Block Designs, abbreviated to BIBDs, are the key combinatorial ob-
jects into which complete designs are decomposed. To achieve a greater understanding of
balanced incomplete block designs, the second chapter takes a dive into this area. In Section
2.1, BIBDs are defined, and their properties are investigated. Among all kinds of BIBDs,
we mostly focus on symmetric designs or symmetric BIBDs. In Section 2.2, symmetric
BIBDs are studied, and Section 2.3 utilizes projective planes and more generally vector
spaces on finite fields to construct symmetric designs.

In Chapter 3, we introduce a new method to reconstruct McFarland and Spence designs.
McFarland and Spence designs are reviewed in Section 3.1. In Section 3.2, a new method
to reconstruct McFarland and Spence designs is introduced. Section 3.2 has three subsec-
tions. First subsection is about the materials needed in the construction method. Section
3.2.2 explains how to use the new method to construct symmetric designs with the same
parameters of McFarland designs while Section 3.2.3 reconstructs Spence designs.

Chapter 4 introduces and enhances the concept of decomposition of complete designs.
In Section 4.1, we introduce complete design decompositions. Sections 4.2 and 4.3 are
generalizations of Sections 3.2.2 and 3.2.3, respectively. In Sections 4.2 and 4.3, we in-
troduces a new infinite class of decompositions of complete designs into McFarland and
Spence Designs.

In Section 5.1 and 5.2, we show how to combine McFarland and Spence designs gen-
erated in Sections 3.2.2 and 3.2.3 with specific classes of balanced generalized weighing
matrices to make symmetric designs and also strongly regular graphs. In Section 5.3, we
introduce new series of infinite classes of decompositions using designs and graphs made

in Sections 5.1 and 5.2.



1.2. PRELIMINARIES

In Chapter 6, the complete designs are decomposed into different kinds of association
schemes. In Section 6.1, we introduce a new infinite class of non-commutative associa-
tion schemes. For g = 2", McFarland designs always have symmetric incidence matrices.
In Section 6.2, we use these designs to decompose complete designs and also complete
graphs. Moreover, this decomposition leads to a new infinite class of symmetric associa-

tion schemes which are studied in Section 6.3.

1.2 Preliminaries

A set with two distinct elements is called a two-set. A graph is a pair G = (V,E) such
that E is a set of two-sets of V. Elements of V are called vertices and elements of E are
called edges. The notation xy shows the edge {x,y} which joins x and y. Two vertices x and
y are incident with xy, and x and y are adjacent to or neighbours of each other. The number

of neighbours a vertex has is called the degree of the vertex.

Definition 1.1 ([3, Definition 1.2, p. 7]). The adjacency matrix of a graph on m vertices is

a (0, 1)-matrix A = [m;;], where

{1 if the vertices v; and v; are adjacent,
n; j=

0 otherwise.

A graph G = (V,E) is called complete if for any two distinct vertices x and y in V,
xy € E. The notation K, is shown the complete graph on n vertices. Two (0, 1)-matrices
A and B are called disjoint if the matrix A + B is a (0, 1)-matrix. Two graphs are called
disjoint if their adjacency matrices are disjoint. If J,, (or simply J) is the n X n matrix of all
ones, I, (or simply /) is the identity matrix of order n, and A is the adjacency matrix of K,

thenA =J, —I,.
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@ ©)

Figure 1.1: The complete graph K4

Figure 1.2: A regular graph

Example 1.2. The adjacency matrix A of the complete graph K4 shown in Figure 1.1 is

0111
anon=| 1001
1110

A graph G is a regular graph of order k, if degrees of all of vertices are equal to k.

Figure 1.2 shows a regular graph of order 3. If A is the adjacency matrix of a regular graph

of order k, then AJ = JA = kJ.

Example 1.3. The adjacency matrix A of the regular graph shown in Figure 1.2 is

0

I
OSOO—=Om=—=O
OO OoOO
el Jolel Ya)
—_OOoO=RO—=OO
O O—=OOO

OO O—ROO—
O OO—=OO
i erlelelel i Ya)

and we have AJ = JA = 3/J.

A strongly regular graph is a regular graph G = (V, E) of order k with |V| = v such that

every two adjacent vertices have A common neighbors, and every two non-adjacent vertices

4
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Figure 1.3: A SRG(6,4,2,4)

have u common neighbors. Such graph is said to be a SRG(v,k, A, u).

Figure 1.3 shows a strongly regular graph with parameter SRG(6,4,2,4). The regu-
lar graph shown in Figure 1.2 is not a strongly regular graph as two pairs of non-adjacent
vertices (2,3) and (2,7) have different numbers of common neighbors; i.e. 2 and 0 respec-
tively. For an adjacency matrix A of a SRG(V,k, A, u), we have A? = (k—u) I+ (A —u)A+pul,
or equivalently

A% =kl + M +u(J —1—A). (1.1)

Example 1.4. The adjacency matrix A of the strongly regular graph shown in Figure 1.3 is:

011110

101101

A= 110011

— 1110011

101101

011110

For this matrix, we have

422224 400000 022220 000004
242242 040000 202202 000040
A2 2244221 (004000 i 220022 i 000400
1224422 1000400 220022 004000
242242 000040 202202 040000
422224 000004 022220 400000

So A2 =41 +2A+4(J — I —A). Hence, the matrix A satisfies (1.1).

If A = [a;;] is am x n matrix and B = [b;;| is a p x g matrix, then the Kronecker product

or Hadamard product A® B is the mp x nq block matrix A ® B = [a;;B].

[Q Y

b
Example 1.5. For A= [12] and B= [ f },we have
j

0 0

5
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Figure 1.4: DDG(10,5,4,2,5,2), adopted from [7, p. 2]

a b ¢ 2a 2b 2c
f g 2 2f 2g
i j k 2i 2j 2k
3a 3b 3¢ 4a 4b 4c
3e 3f 3g 4e 4f 4g
3i 35 3k 4i 4 4k

Definition 1.6 ([7, Definition 1.1, p. 2]). A regular graph on v vertices and k edges at each
vertex is a divisible design graph (DDG for short) with parameters (v,k, A, u,m,n) if the
vertex set can be partitioned into m classes each of size n, such that two distinct vertices
from the same class have exactly A common neighbors, and two vertices from different
classes have exactly 4 common neighbors. A divisible design graph DDG (v, k, A, u,m,n) is

called improperif m =1, n =1, or A = u. Otherwise, it is called proper.

The adjacency matrix A of a divisible design graph satisfies:

A2 =kl + ML @) — B) +u(y — (L @ J,)). (1.2)

Example 1.7 ([7, p. 2]). The graph, presented in Figure 1.4, is a DDG(10,5,4,2,5,2). The

adjacency matrix of this graph is:
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=

I
—_—_O OO = =O
]

OO = =O==OO

OO = O = =OO
—pm e Q= = OO OO
—_— O == OO0
—_ ORI OO —
O = =OOoOO——

—_—_—O OO =O—
OO == O =
SOOI O —

One can check to see A satisfies (1.2):

[\OR \O NS \O N O SN O] O I S
[\O} \O N O} (SN O] (SN O] (S RV, I -
[\OR \O NSNS NS OISO, | O] )
[\ \O N O} (O N O] SRV, TN O] )
[\ \O N O} O SNV, I O] O O] )

=5No+4((I5®J2) —Lo)+2(J10— (Is®J2)).

[\SN \O \OF U, I N (O N (O N (O \8)
\SN SISV, | \OJ (D) (DN \O N (O 3 \8)
[\ON (SR, O (O N O] (O I \O ] )
R AL \CH (SR O] (SN \S] (OS] )
(O SN O] (O ) (O} (VN () O} (O} S}

Definition 1.8 ([7, Definition 1.2, p. 2]). An incidence structure with constant block size
k is a group divisible design, denoted by GDD(m,n,k; A, u), whenever the point set can be
partitioned into m classes each of size n, such that two points from one class occur together

in exactly A blocks, and two points from different classes occur together in exactly u blocks.

Definition 1.9 ([6, p. 17]). Let r > 2 be an integer. A graph G = (V, E) is called r-partite or
multipartite if V admits a partition into r classes such that every edge has its ends in different
classes; vertices in the same partition class must not be adjacent. Instead of ‘2-partite’ one
usually says bipartite, and instead of ‘3-partite’ one may say tripartite. An r-partite graph
in which every two vertices from different partition classes are adjacent is called complete.
The complete r-partite graphs for all r together are the complete multipartite graphs. A

complete r-partite graph is denoted by K, ., , where n; are the cardinality of the i-th

-----

class. If n; = ... = n, = s, we abbreviate to K{.

The adjacency matrix of a complete r-partite K, . ,, is Jy —diag(Jy,,...,Jn,), Where
V=n;+...+ny and diag(Jy,,...,Jn,) is a block matrix with the J,, on its diagonal and

zero off diagonal.



1.2. PRELIMINARIES

Nl

Figure 1.5: Two Complete Bipartite Graph

Figure 1.6: A Complete Tripartite Graphs

Example 1.10. The graphs shown in Figure 1.5 are complete bipartite graphs 1(22 and K> 3
00111

0011
with the adjacency matrices A| = {? 98 (1)} and A = [
1100

shown in Figure 1.6 is a complete tripartite graph K33 with th

—_— —
—_———

1 .
8 ] , respectively. The graph
0

oSoOo—

1
0
0
0
€

o

djacency matrix

et et e e e e O O O
— e e e e = O OO
et et e e e e O O O
— e m OO O = = =
it et et OO OO e
— e = OO O = = =
OO O = = it ek e
OO O = = it ek e

OO = === = =

A Latin square 1s an n by n array filled with n different symbols, each occurring exactly

. . . [1237. .
once in each row and exactly once in each column. The matrix B % %] is a Latin square of
size 3 defined on three symbols 1, 2, and 3. A Latin square L is symmetric if L = LT. A

Latin square L is constant (back) diagonal if all of (back) diagonal entries of L are equal.

Definition 1.11 ([12, Definition 1.3, p. 227]). Let G be a multiplicatively written finite
group. A matrix W = [w;;] of order v with entries from the set GU {0} is called a balanced

generalized weighing matrix with parameters (v,k,\) over G if each row of W contains k

8



1.2. PRELIMINARIES

non-zero entries and, for all distinct i, j € {1,2,...,v} the multiset
-1
Wi win 11 <k <v,wy #0,wjx # 0}

consists of exactly A /|G| copies of each element of G. This matrix is denoted by BGW (v, k, A).
If all entries of W are nonzero, it is called generalized Hadamard matrix of order m over G
and is denoted by GH (n,\), where n = |G| and A = m/n. Finally, any BGW (n+1,n,n—1)

is called a generalized conference matrix.

Example 1.12 ([12, p. 227]). Let G = {1,®,®"}. Then,

is a balanced generalized conference matrix BGW (5,4,3) over G and

1 1 1 111
001 o®lo
o 1 ool
l o 1 oo
ol ool
1l oolo

is a generalized Hadamard matrix GH (3,2) over G.



Chapter 2

Balanced Incomplete Block Designs

Balanced Incomplete Block Designs are combinatorial objects into which complete designs

are decomposed. In this Chapter, BIBDs are defined, and their properties are studied.

2.1 Introduction to Balanced Incomplete Block Design

Definition 2.1 ([21, Definition 1.1, p. 2]). A design is a pair (X,A), where X is a set of

elements called points and A is a multiset of nonempty subsets of X called blocks.

As is mentioned in [21, p. 2], two identical blocks in a design are said to be repeated
blocks. A design with no repeated block is said to be a simple design. In [21, p. 2], the

notation | ] is used to show a multiset. Based on this notation, we have
[1,3,4,3] #{1,3,4,3} = {1,3,4}.

Definition 2.2 ([21, Definition 1.2, p. 2]). Let v, k, and A be positive integers such that v > k.
A (v,k,\)-balanced incomplete block design (which we abbreviate to (v,k,A)-BIBD) is a

design (X,A) such that the following properties are satisfied:
L. |X|=wv.
2. Each block contains exactly k points.

3. Every pair of distinct points is contained in exactly A blocks.

10



2.1. INTRODUCTION TO BALANCED INCOMPLETE BLOCK DESIGN

In [21, p. 2], it is noted that the “balance” property is due to Part 3 in Definition 2.2.
Since k < v, a BIBD is called an incomplete block design, and so all blocks are incomplete
blocks. In [23, p. 167], when k = v the design is called complete. We rephrase this definition

in the way that the size of incidence matrix (Definition 2.11) of a complete design is flexible.

Definition 2.3. A design (X,A) is called complete if

A=[X.X,.. . X]

with |A| =n, where n > 1.
Following [21, p. 2], blocks are written in the form of abc instead of {a,b,c}.

Example 2.4 ([21, Example 1.3, p. 2]). The design (X,A) is a (7,3,1)-BIBD, where X =
{1,2,3,4,5,6,7} and A = {123,145, 167,246,257,347,356}.

Example 2.5 ([21, Example 1.7, p. 3]). The design (X,A) is a (7,3,2)-BIBD with repeated
blocks, where X = {1,2,3,4,5,6,7} and

A =1[123,145,167,246,257,347,356,123,147,156,245,267,346,357].

Example 2.6. The design (X,A) is complete, where X = {1,...,5}and A = [X, X, X, X, X].
Two basic properties of BIBD are mentioned by the following theorems.

Theorem 2.7 ([21, Theorem 1.8, p. 4]). In a (v,k,A)-BIBD, every point occurs in exactly

Alv—1)
k—1

blocks.

Theorem 2.8 ([21, Theorem 1.9, p. 5]). A (v,k,A)-BIBD has exactly
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blocks.

The notation (v, b, r,k,\)-BIBD features all five parameters. The following corollary is

concluded from Theorem 2.7, Theorem 2.8, and the fact that » and r must be integers.

Corollary 2.9 ([21, Corollary 1.10, p. 5]). If a (v,k,N)-BIBD exists, then M(v — 1) =
0 (modk—1)and Av(v—1)=0 (mod k(k—1)).

For example, there is no (9,4, 1)-BIBD considering A(v — 1) = 8 Z 0 (mod 3), and there
isno (11,7,1)-BIBD considering Av(v — 1) = 110 # 0 (mod 42).

In [21, p. 5], it is explained that one of the principal focus of combinatorial design theory
is to establish necessary and sufficient conditions for the existence of a (v, k,A)-BIBD. One

of the general applications of Corollary 2.9 is to decide necessary conditions for families of

BIBDs having fixed values of k and A.

Example 2.10 ([21, p. 5]). For the existence of a (v,3, 1)-BIBD, Corollary 2.9 proves that

the following conditions are required:

AMv—1)=v—1=0 (mod 2)

and

Av(v—1)=v(v—1)=0 (mod 6).

By these two conditions, the cases v = 0,2,4 (mod 6) are impossible as we know
v—1=0 (mod 2). The case v=1 (mod 6) is possible beacuse v =1 (mod 6) implies
v(v—1) =0 (mod 6). The case v =3 (mod 6) is possible because v =3 (mod 6) implies
v(v—1) =0 (mod 6). The case v=15 (mod 6) is impossible as v =5 (mod 6) results in

v(v—1) #0 (mod 6). Therefore, there is a (v,3,1)-BIBD only if v= 1,3 (mod 6).

12



2.1. INTRODUCTION TO BALANCED INCOMPLETE BLOCK DESIGN

Definition 2.11 ([21, Definition 1.11, p. 6]). Let (X,A) be a design where X = {x1,...,xy}
and A = [A,...,Ap]. The incidence matrix of (X,A) is the v x b, (0, 1)-matrix M = [m;j]

defined by the rule

1 ifx €A
mij = .
0 1fx,~§éAj.

In [21, p. 2], three features of the incidence matrix M of a (v, b, r,k,\)-BIBD are listed

as follow:
1. In each column, M has exactly k ones.
2. In each row, M has exactly r ones.
3. The inner product of any two distinct rows of M is equal to A.

Note that u,, stands for a row vector of length » that all of its coordinates are equal to one.

Theorem 2.12 ([21, Theorem 1.13, p. 6]). Let M be av x b (0,1)-matrix and let 2 < k <.
Then, M is the incidence matrix of a (v, b, r,k,\)-BIBD if and only if MMT = AJy + (r—A\)1

and uyM = ku,,.

Example 2.13. In this example, we study the incidence matrices of all designs mentioned

in Examples 2.4, 2.5, and 2.6. The incidence matrix N; of the (7,3, 1)-BIBD of Example

2.4 1s
1110000
1001100
1000011
N=1[0101010
0100101
0011001
0010110
We have
3111111
1311111
1131111
N1N1T= 1113111 =J+254
1111311
1111131
1111113

13



2.2. SYMMETRIC DESIGNS

and u7N; = 3uy. The incidence matrix N, of the (7,3,2)-BIBD of Example 2.5isa 7 x 14

(0, 1)-matrix

11100001110000
10011001001100
10000111000011
N,=101010100101010
01001010011001
00110010010110
00101100100101
We have ~ _
6222222
2622222
2262222
NoNT = 12226222 | =41 +2/
2222622
2222262
12222226

and u7N, = 3uy4. The incidence matrix N3 of the complete design (X,A) of Example 2.6

4
1
. 1
1S N3 = % .
1

In [21, p. 15], the design (X, {X \A: A € A}) is called the block complement or simply

3
1
1
1
1
1

UGN
SR
ok e ok ek

the complement of (X,A).

Theorem 2.14 ([21, Theorem 1.32, p. 15]). Suppose (X,A) is a (v,b,r,k,\)-BIBD, where

k <v—2. Then, the complement of (X,A) isa (v,b,b—r,v —k,b—2r+ A)-BIBD.
Example 2.15 ([21, p. 16]). Let (X,A) be the (7,3,1)-BIBD or (7,7,3,3,1)-BIBD men-
tioned in Example 2.4. The complement of (X,A) is (X,A’), where

A'={X\A:A €A} ={4567,2367,2345,1357,1346,1256, 1247}.

The design (X,A’) is a (7,4,2)-BIBD or (7,7,4,4,2)-BIBD.

As is mentioned in [21, p. 16], one of the remarkable necessary condition for the exis-

tence of a (v,k,A)-BIBD is known as Fisher’s Inequality.

Theorem 2.16 ([21, Theorem 1.33, p. 16]). In any (v,b,r,k,\)-BIBD, b > V.

14



2.2. SYMMETRIC DESIGNS

2.2 Symmetric Designs
In this thesis, the focus is mainly on symmetric BIBDs. Therefore, we inspect different

features of these designs.

Definition 2.17 ([21, Definition 2.1, p. 23]). A BIBD in which b = v (or, equivalently, r = k

or Mv—1) = k*> — k) is called a symmetric BIBD.

Note that the incidence matrix of a symmetric BIBD is not necessarily symmetric. We

use symmetric design and symmetric BIBD interchangeably.

Example 2.18 ([21, p. 23]). For a point set X with |X| =V, let A consists of all k-subsets of
X. Then, (X,A)is (v,k,A)-BIBD.If k =v—1, (X,A) is a symmetric (v,v—1,v—2)-BIBD

or symmetric (v,v—1,v —2)-design.
The following theorem expresses one of the important properties of a symmetric design.

Theorem 2.19 ([21, Theorem 2.2, p. 23]). Suppose that (X,A) is a symmetric (V,k,\)-

BIBD and denote A = {Ay,...,Ay}. Suppose that 1 <i,j <V, i+# j. Then,

A;NA j| =A.
By Theorems 2.19, the following corollaries are achieved.

Corollary 2.20 ([21, Corollary 2.4, p. 25]). Suppose M is the incidence matrix of a sym-

metric (V,k,\)-BIBD. Then, M" is also the incidence matrix of a symmetric (v,k,\)-BIBD.

Corollary 2.21 ([21, Corollary 2.5, p. 25]). Suppose that u is a positive integer and (X,A)
is a (V,b,r,k,\)-BIBD such that |[ANA'| = uforall A,A" € A. Then, (X,A) is a symmetric

BIBD and u =\

We proceed analyzing symmetric designs by studying a method of generating BIBDs

from symmetric designs.

Definition 2.22 ([21, Definition 2.6, p. 26]). Suppose (X,A) is a symmetric (v,k,A)-BIBD

and let A, € A. Define

Der(X,A,A,) = (A, {ANA; A€ A, A#A,})

15



2.2. SYMMETRIC DESIGNS

and

Res(X,A,A,) = (X\A,, {A\A; A€ A, A#£A,D).

The design Der(X,A,A,) is called a derived BIBD, and the design Res(X,A,A,) is called

a residual BIBD.

In the following theorem, the parameters of Der(X,A,A,) and Res(X,A,A,) are pro-

vided.

Theorem 2.23 ([21, Theorem 2.7, p. 26]). Suppose (X,A) is a symmetric (V,k,\)-BIBD
and let A, € A. Then, Der(X,A,A,) isa (k,v—1,k—1,A,A—1)-BIBD provided that .. > 2.

Moreover, Res(X,A,A,) is a (v—k,v—1,k,k—\,\)-BIBD provided that k > A+ 2.

Example 2.24 ([21, Example 2.8, p. 26]). The eqaulity 2(11 —1) =5(5— 1) implies that an
(11,5,2)-BIBD is symmetric. For an (11,5,2)-BIBD, we have A > 2 and k > A+ 2. There-
fore, we can use Theorem 2.23. Let X = {0,1,...,10} and A, = {1,3,4,5,9}. Suppose

(X,A) be the symmetric (11,5,2)-design whose incidence matrix is

OROOoOO——=—O—O
el s ==l elel)
el el il
—O—OoOOoOROOoOO——
O OO—ROOO——r—
—OoOOoO—ROOoOO———O

CO—OOO—RMRFROM—

—OoOOoOO——R—,RO—ROO
OO —=O—OO—
OO O—=ROO—O
O == O—OoOOoO—OO0

Then, the design Der(X,A,A,) is a (5,2,1)-BIBD and its incedence matrix is

0010001110
0100100011
1010010001
1101001000
0001110100

16



2.3. SYMMETRIC DESIGNS AND PROJECTIVE PLANES

Similarly, the design Res(X,A,A,) is a (6,3,2)-BIBD and its incedence matrix is

0100011101
1001000111
1110100100
0111010010
0011101001
1000111010

2.3 Symmetric Designs and Projective Planes

There are various ways to define a projective plane. Following [21, p. 27], we use a

BIBD with particular parameters to define a projective plane.

Definition 2.25 ([21, Definition 2.9, p. 27]). An (n2 +n+1,n+1,1)-BIBD with n > 2 is

said a projective plane of order n.

Since n? +n = (n+ 1)n, projective planes are symmetric BIBDs. An example of a
projective plane of order n = 2 is the (7,3, 1)-BIBD given in Example 2.4. In the following

example, a projective plane of order n = 3 is exhibited.

Example 2.26 ([21, Example 2.11, p. 28]). Let X = {0,2,...,12} and (X,A) be the sym-

metric (13,4, 1)-design whose incidence matrix is

1101000001000
0110100000100
0011010000010
0001101000001
1000110100000
0100011010000
0010001101000
0001000110100
0000100011010
0000010001101
1000001000110
0100000100011
1010000010001

Then, the design (X,A) is a projective plane of order 3.

The following theorem guarantees the existence of a projective plane of order g, for

each prime power g.

17



2.3. SYMMETRIC DESIGNS AND PROJECTIVE PLANES

Theorem 2.27 ([21, Theorem 2.10, p. 28]). There exists a symmetric (¢> +q+1,q+1,1)-

design, for every prime power q.

As is mentioned in [21], one of the greatly admired open problems in design theory
is the question regarding the existence of a projective plane of non-prime power order.

Currently, no projective plane of non-prime power order is known.

Definition 2.28 ([21, Definition 2.12, p. 29]). Let n > 2. An (n>,n* +n,n+ 1,n,1)-BIBD

is called an affine plane of order n.

Theorem 2.23 confirms that the residual BIBD of a projective plane of order n or a
(n* +n+1,n+1,1)-BIBD is an (n?,n*> +n,n+ 1,n,1)-BIBD which is an affine plane of

order n. Hence, Theorem 2.27 results in the following Theorem.

Theorem 2.29 ([21, Theorem 2.13, p. 29]). For every prime power q > 2, there is a

(¢*,q,1)-BIBD (i.e., an affine plane of order q).
Theorem 2.27 is the specific case (d = 2) of the following theorem.

Theorem 2.30 ([21, Theorem 2.14, p. 30]). Suppose q > 2 is a prime power and d > 2 is

an integer. Then there is a symmetric

1
)-BIBD.

g—1 "qg—1" g—1

As a consequence of Theorem 2.23, the following corollary provides the parameters of

derived and residual BIBDs of the BIBDs made in Theorem 2.31.

Corollary 2.31 ([21, Corollary 2.15, p. 30]). Let g > 2 be a prime power and d > 2 be an

integer. Then, there exists a

d—1
a a1 947 —1
(¢,q ,—E:T—)BBD.
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Moreover, if d > 2, there is a

@d—1q¢‘—lqw*2—D

-BIBD.
g—1" g-1 " ¢-1 )

In [21, p. 30], the following two theorems explain a couple of necessary existence con-

ditions for symmetric designs.

Theorem 2.32 ([21, Theorem 2.16, p. 30]). Suppose there is a symmetric (v,k,\)-BIBD

with v even. Then k — A is a perfect square.

Theorem 2.33 ([21, Theorem 2.19, p. 32]). Suppose there exists a symmetric (V,k,\)-BIBD

with v odd. Then there exist integers x,y, and z (not all 0) such that

xZ _ (k—;n)yz + (_1)(\1—1)/2)\12.
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Chapter 3

A New Construction for McFarland and
Spence Designs

In this Section, we explain how to reconstruct the structure of McFarland and Spence De-
signs introduced in [10]. In [10], Ionin and Kharaghani utilized hyperplanes of vector
spaces to generate McFarland and Spence Designs. When the parameters of the designs are
growing, the method becomes more complicated. Therefore, it was practically infeasible to
use computer programming for doing further research on these designs.

My supervisor suggested a new method in which we use generalized Hadamard matri-
ces. The new method is computer-friendly and it directly generates the incidence matrix of
a design. Applying the new method provides us with new results on McFarland and Spence
designs. We first review the original construction in Section 3.1 and then introduce the new

construction in Section 3.2.

3.1 McFarland and Spence Designs

In this section, we review [10] to explain the original method. Let V be a (d + 1)-
dimensional vector space over the field GF(g), where ¢ is a prime power and d is a positive
integer. A d-dimensional subspace of V is called a hyperplane. A coset of a hyperplane is
called a d-flat. If H is a hyperplane and x #y € V, then H +x and H +y are considered
parallel. The space V has r = (¢\?*!) —1)/(q— 1) hyperplanes, Hy,H,, ...,H,. For each i,

all d-flats parallel to H; make a parallel class T1; with |I1;| = g, see [10, p. 213].
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3.1. MCFARLAND AND SPENCE DESIGNS

Example 3.1. We set ¢ =3 and d = 1. Let V be the 2-dimensional vector space over
GF(3) = {—1,0,1}. The point set of this vector space is {1 = (—1,—1),2 = (—1,0),
3=(-1,1),4 = (0,—1),5 = (0,0),6 = (0,1),7 = (1,—1),8 = (1,0),9 = (1,1)}. This
vector space has r = (¢t —1)/(¢—1) = (32— 1)/(3— 1) = 4 hyperplanes H| = {4,5,6},
H, = {2,5,8}, H3 = {7,5,3}, and Hy = {1,5,9}. Then, the parallel classes containing
parallel 1-flats are:

1, = {{1,2,3},{4,5,6},{7,8,9} },
I, = {{1,4,7},{2,5,8},{3,6,9}},
I1; = {{4,2,9},{7,5,3},{6,8,1}},

and

L = {{2,6,7},{1,5,9},{8,4,3}}.

Let ¥ be the set consisting of the entire space V, the empty set, all d-flats, and their
complements. Let m be a positive integer and let ™ be the set of all ordered m-tuples of

elements of F.

Definition 3.2 ([10, Definition 4.1, p. 214]). A McFarland (r + 1)-tuple is an (r+ 1)-
tuple A = (A,A2,...,A,41) € F*+1 such that one of the sets A1,Ag, ... Apq 1S empty
and the other r sets are pairwise non-parallel d-flats. A Spence r-tuple is an r-tuple A =
(A1,A2,...,A;) € F" such that one of the sets Aj,A»,... A, is the complement of a d-flat
parallel to H; and the other r — 1 sets are pairwise non-parallel d-flats, which are not parallel

to Hj.

Example 3.3. Consider the vector space mentioned in Example 3.1. The 5-tuple
A= (A1,A,...,As) € F7, where Ay is empty, Ay = {1,2,3}, A3 = {1,4,7}, Ay = {4,2,9},
and As = {2,6,7}, is a McFarland 5-tuple. The 4-tuple A = (A1,A2,A3,A4) € F*, where
A1 ={4,5,6,7,8,9},A, ={1,4,7},Az ={4,2,9}, and A4 = {2,6,7}, is a Spence 4-tuple.
We note that A} = {4,5,6,7,8,9} is the complement of the d-flat {1,2,3} which is parallel
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3.1. MCFARLAND AND SPENCE DESIGNS

to H; = {4,5,6}. We also note that A, = {1,4,7}, A3 = {4,2,9}, and Ay = {2,6,7} are

pairwise non-parallel d-flats, which are not parallel to Hj.

In[10, p. 213], it is mentioned that a finite abelian group G = {x1,x2,...,X, } is equipped
with a symmetric order if x; + x,41—; 1s the same for i = 1,2,...,n. Now, consider a finite
abelian group G = {x,x2,...,x,} with a symmetric order. For any subset A of G, the (0, 1)

matrix M(A) = [m;;(A)] of order n is defined by

(A) 1 if Xp41-i —Xj € A,
m;; =
Y 0 ifxnﬂ,,-—xjgéA.

The matrix M(A) is symmetric because the group G is equipped with a symmetric order.

Example 3.4. The vector space V mentioned in Example 3.1 is a finite abelian group under
addition which is equipped with a symmetric order. The sets Ay,A3,...,As of the McFar-
land 5-tuple in Example 3.3 are subsets of V. Now, we want to find M(A;) whichis a9 x 9
(0, 1)-matrix, for each i = 1,2,...,5. Since A; is empty, all entries of the matrix M(A|) are

zero. We have

000000000] [111000000] 100100100
000000000 111000000 001001001
000000000 111000000 010010010
000000000 000000111 100100100
M(A)=[000000000| M(A2)=|000000111| M(A3)=|001001001
000000000 000000111 010010010
000000000 000111000 100100100
000000000 000111000 001001001
000000000 000111000 010010010]
001010100 001100010
010100001 010001100
100001010 100010001
010100001 100010001
M(A4)=[100001010| M(A5)=[001100010
001010100 010001100
100001010 010001100
001010100 100010001
010100001] 001100010]

=

The following theorem explains how McFarland tuples form symmetric designs.
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3.2. A CONSTRUCTION FOR SYMMETRIC DESIGNS

Theorem 3.5 ([10, Theorem 4.1, p. 214]). Let g be a prime power, d a positive integer,
and V a (d + 1)-dimensional vector space over the field GF(q). Suppose [A;j], i,j =
1,...,r+ 1, be an array of subsets of V, all rows and all columns of which are McFarland
(r+1)-tuples. Then the block matrix N = [M(A;;)] is the incidence matrix of a symmetric

((r+ 1>qd+la”qd7 (r— 1)qd71)-design.

Example 3.6 ([21, Example 5.25, p. 114]). We use the matrices M (A1), M(A3), ..., M(As)

o
~

found in Exampl to generate a matrix N satisfying the condition of Theorem 3.5. In the

] ,wereplace i = 1,2,...,5 with M; = M(A;). The resulted matrix is

— RN
=R
[SSRN N, N
EENUN] STV

1

. 2
Latin square [2
5

M My M3 My Ms
M> Mz My Ms M,
N= M3 My Ms M| M| .
My Ms My My M3
Ms M| My M3 My

By Theorem 3.5, N is the incidence matrix of a symmetric (45,12, 3)-design which is given

in Appendix 1.

We have a similar structure using Spence tuples. Spence tuples generate a symmetric

design only when g = 3.

Theorem 3.7 ([10, Theorem 4.2, p. 215]). Let V be the (d + 1)-dimensional vector space
over GF(3) and r = (3911 —1)/2. Let [A;j), i,j = 1,2,...,r, be an array of subsets of V,
all rows and all columns of which are Spence r-tuples. Then the block matrix N = [M(A;;)]
is the incidence matrix of a symmetric (3471(39+1 —1)/2,39(39+1 1-1)/2,39(39 4-1) /2)-

design.

3.2 A Construction for Symmetric Designs
d+1

Let g be a prime power, d a positive integer, and r = —I In Section 3.1, Mc-
q _—

A+ rg? (r—1)g?")-designs and

Farland and Spence tuples generate symmetric ((r+ 1)g
3d+1(3d+1 _ 1) 3d(3d+1 + 1) 3d<3d + 1)
2 ’ 2 ’ 2

symmetric < -designs, respectively.
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In this Section, we use generalized Hadamard matrices to construct symmetric

3d+1 3d+1 —1 3d 3d+1 1 3d 3d 1
((r+1)g" 1, rg?, (r—1)g?~1)-designs and( ( 5 )7 ( . + >7 ( 2+ ))_

designs.
In Section 3.2.1, we discuss the main materials of our structure. In Section 3.2.2, we
reconstruct designs made by McFarland tuples while using generalized Hadamard matrices.

In Section 3.2.3, we see how to reconstruct designs made by Spence tuples.

3.2.1 Introduction

We start this chapter by defining specific classes of Latin squares needed for the con-
struction methods. A Latin square L of size n is constant back diagonal if there exists a
number x such that for all 1 <k <n, L ,,1-x = x. For any given n, any circulant Latin

square of size n is a constant diagonal Latin square which is not necessarily symmetric. For

0123

example, L = {% (3) (1) %} is a circulant Latin square of size 4. Moreover, any back circulant
1230

Latin square of size n is a symmetric Latin square which is not necessarily constant diag-

0123

onal but is constant back diagonal. For example, L = [é % (3) (1)] is a constant back diagonal
3012

Latin square of size 4.
For any even n, there is a symmetric constant diagonal Latin square of size n. In Chapter
6, we use Latin squares of even size which are symmetric, constant diagonal, and constant

back diagonal. In the following lemma, we explain how to construct such Latin squares.

Lemma 3.8 ([13, Lemma 2, p. 70]). For any even n, there is a symmetric Latin square L of

order n with constant diagonal and constant back diagonal.

Proof. Take addition table mod n — 1. Move the diagonal entries to form the first row and

the first column. Then, fill-in the diagonal with the remaining number. U

Example 3.9. To construct a symmetric constant diagonal Latin square of size 6, we

form the addition table on {1,...,5} to get a symmetric Latin square of size 5. We have
01234
12340 . .
= [% 2 61 (1) é . All the numbers appear on the diagonal. Now, we define the symmetric
40123
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502413
051234
constant diagonal Latin square L = Zéggg? which also has constant back diagonal.
134052
340125
Now, we describe a group Q(p,m) which will be used in our method. The elements of

this group are (0, 1)-matrices and the operation of this group is the matrix multiplication.

Definition 3.10. Let p™ be a prime power and G, the cyclic group generated by C,,, where
C, = circ(0,1,0,...,0) is a circulant matrix of order p. Then, Q(p,m) stands for the group
{A1®...®Au|A1,...,An € Gp} of (0,1)-matrices whose operation is the matrix multipli-

cation.

In Definition 3.10, let @ = A| ®...®A,, be an arbitrary element of Q(p,m). The inverse
of ®is AII ... ®A;1, where A;I is the inverse of A; in Gy, i = 1,...,m. The identity

element of Q(p,m) is I, the identity matrix of order p™.

Lemma 3.11. Let p"™ be a prime power. We have

(i) Y, A=l

A€Q(p,m)

(ii) For each matrix A € Q(p,m), we have A~' = AT, where AT is the transpose of A.

(iii) For any two elements ®; =Cp' ® ... ®@Cym and @y = G'®... ®C£'” of Q(p,m),

the equality @1 = o, implies Cl(fi =Cp, foralli=1,...,m.
Proof. We prove (1) by induction on m.

Base case: We need to prove Z A =J,. By Definition 3.10, we know G, =< Cp, >,
A€G
where C,, = circ(0,1,0,...,0) is a circulant matrix of size p. We have

— (0 1 2 -1
Y A=Co+Cy+Co+...+Ch
AeG

= circ(1,0,0,...,0) +circ(0,1,0,...,0) +--- 4+ ¢irc(0,0,0,...,1)

=circ(1,1,...,1) =J,.
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Inductive step: Suppose Z A =J,n-1. We have
AeQ(p,m—1)

Y A= Y} Y AaeB=Y | Y AJeoB

AeQ(p,m) AeQ(p,m—1)BEG, BeG, AcQ(pm—1)

=Y Jn1®B
BEG,

— me,1 ® [ Z B]
BEG,

:mefl ®Jp

= Jpn.

To prove (ii), we note that the rows of C,, = circ(0,1,0,...,0) are pairwise orthogonal and
so we have CPCZ = I,. From this, we conclude that BBT = I, for any element B € G),.
Hence, AAT = Iym.

We prove (iii) by induction on m.

Base case: We set m = 2. We need to prove Cp' ® Cp? = C,E‘ ®C£2 implies Cpy = C,Ei ,
fori=1,2. Let le"jl and Cle be the (i, j)-entry of Cp' and ch , respectively. We have
Cp' ®Cp* = [C}}'Cy?] and Cp' ®CII§2 = [Cl-Bj1 Cp?]. Hence, the equality Cp' ® Cp? =
Cp' ®CE2 implies Clqjl Cp? = CPJ-ICEZ, for all i,j = 1,...,p. Since all elements of
G, are non-zero (0, 1)- matrices, we have C;;' = 1, for some k and /. The equality

Co Cp? = CEZI ng proves C,E’ll = 1. Hence, we have Cp> = CIE’Z and

0=CCY — c?jl oic

—(c* p
—(Cljl - Cljl )ng .

. o - . o o ..
Since C,,” is a non-zero matrix, we have Cl.j1 — Clpjl =0or Cl.jl = C?jl, for all i,j =

1,...,p. Therefore, we conclude Cy' = CIEI.
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Inductive step: Suppose Cy' ®...@Cy" ' =Ch' @...@Cp"" implies Cyi = CE", for
alli=1,...,m— 1. The matrices Cp' ®...®Cp™ " and Cgl ®... ®C,§'“*1 are nonzero
(0,1)-matrix. Using the same logic of the base case, the equality Cp' ®...® Cym =
Cp' ®...®Cp" implies Cp' ® ... ®Cy" ' =Cp' ®...®C," " and C% = C,". By
induction hypothesis, Cy' ®...®Cp" ' = CIEI ®... ®CIE’"" implies C/ = Cﬁi, for all
i=1,...,m— 1. Therefore, the equality Cp' ®... ®Cpm =Cp' ®@...®xCy" implies

implies C% = ', forall i = 1,...,m.
0

Let p be a prime number, m a positive integer, and Zj; the group whose elements are

m-tuples of vectors with entries in Z, and whose operation is vector addition.

Theorem 3.12. Any generalized Hadamard matrix over the additive group 7\ is also a

generalized Hadamard matrix over the group Q(p,m) and visa versa.

Proof. Tt is enough to prove that two groups Q(p,m) and Z; are isomorphic. The group
G, =< C), >, defined in Definition 3.10, is a cyclic group of order p. Naturally, we define
an isomorphism @ : Z" — Q(p,m) by @(0ty, ..., 0,) = Cp' ®...® C%". We consider two
arbitrary elements ©; = Cp' ®...@C% and ) = Cp' ®... ®CE’" of Q(p,m). By Lemma
3.11, the equality ®; = @, implies Cgi = Cpi and so o; = B;, forall i = 1, ... ,m. Therefore,
@ is a bijection. To prove that ¢ preserves the given group operations, let (a,..., o) and

(B1;---,Bm) be two arbitrary elements of Z}. Then, we have

Q0.+, ) + (Bry -, Bm)) = @0t + B, -+, O+ PBn)

_ 0+ Ol +Pm
=Ch Bl@...@CP B
_ o Ol m
=(CH®..C)(Che.. . oCh)

=@(0,-.,0)0B1,---,Bm)-
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Example 3.13. For g = 2%, we have G, =< circ(0,1) >=< [{ 1] >={[}9],[9 ]}, and

Q2.2)={[st @] [ot]l@[Tol. (Yol @ ot [Tol@[Vo]} =

1000 0100 0010 0001
0100 1000 0001 0010
0010(>]0001 100010100
0001 0010 0100 1000

By proof of Theorem 3.12, we have an isomorphism @ : Z3 — ©(2,2) such that ¢(0,0)
1000 0100 0010 0001
{80?8}’ 9(0.1) = {Oggg}, 9(1.0) = {?880], and o(1,1) = {3903} The follow-
0001 0010 0100 1000
ing matrix is a generalized Hadamard matrix over Z3, and so over €(2,2) via the above
isomorphism:
0000O0
0123
GH(4,1) = ,
0231
0312

where 0 = (0,0), 1 = (0,1),2=(1,0), and 3 = (1,1).

Lemma 3.14 ([12, Proposition 1.4, p. 234]). For each prime power q, there exists a GH(q, 1)
over the additive group of the finite field GF (q).

Proof. The multiplication table of GF(q) is a GH(q, 1) over the group (GF(g),+). O

By Theorem 3.12, the following holds.

Corollary 3.15. For each prime power g = p", there exists a generalized Hadamard matrix

GH(q, 1) over the group Q(p,m).

The following lemma shows the Kronecker product of two generalized Hadamard ma-

trices over a group G is a generalized Hadamard matrix over G.

Theorem 3.16 ([11, Theorem 10.4.9, p. 343]). For a prime power q = p™, let GH(q,q")
and GH(q,q') be generalized Hadamard matrices over the group G = Q(p,m). Then,

T =GH(q,q") ® GH(q,q') is a generalized Hadamard matrix GH(q,q" ') over G.

Theorem 3.17 ([12, Theorem 4.3, p. 235]). For each prime power g = p™ and an integer

0 > 0, there exists a generalized Hadamard matrix GH(q,q®) over the group Q(p,m).
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3.2.2 Symmetric ((r+ 1)g**t! rg?, (r — 1)g?~")-Design

We use generalized Hadamard matrices to generate symmetric designs and strongly
regular graphs. Let ry denote the a-th row of GH (q,qe). Then, rj, stands for the column
whose j-th coordinate is the inverse of the j-th coordinate of ry. Since the operation we
use to define rr is the same as the operation of the group Q(p,m), each of the entries of
the matrix rrq is an element of Q(p,m). Using these matrices, the following definition is

made.

Definition 3.18. Let ¢ = p” be a prime power, d a positive integer, and GH(q,¢®) a gen-
eralized Hadamard matrix over Q(p,m) = {0y,...,0pm_1}, where 0 <0 < d —1. The

notation A(GH (q,q®),d) is used to show the set
{(rara) @ Jgae-1|1 <a < ¢®"1, rq is the o-th row of GH(gq,4°)}

of (0, 1)-matrices of size g¢*!. If d = 1, we may use the notation A(GH(q,4q®)) instead of

A(GH(q,4°),1).

Example 3.19. In this example, we assume g = 2 and d = 2. The purpose of this example is
to figure out all two elements of A(GH (2,1),2), where GH(2,1) = [0 @°] is a generalized
Hadamard matrix over the group Q(2,1) = {0 = [{ 9], 01 = [? }]}. We note that the

inverse of each element of ©(2,1) is itself. Then, we have rir; = [g0] [@0 @] = [0 &0 ]

* _ [®o _ [®o ™

and r3ry = [0 ] [@0 o1] = [ o) ]. Hence, we have
11001100
11001100
wort o [130 e |4811881 1

* — 0 Wo — —
0101 11001100
00110011
00110011
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and

—_—_O O

0
(GQ)@JQZ[%??SH@JZ:[ ! }@Jzz e A(GH(2,1),2).
0

—oO—
O=—=O
===t =T
——OooOoOoO——
OO —=—mOO
OO —=—=—=OO
OO = —mOO
OO —=—=—=OO
—_—_ooOoO——
——OoOoO——

Lemma 3.20. Let ¢ = p™ be a prime power; d a positive integer, and GH(q,q%) a general-
ized Hadamard matrix over the group Q(p,m), where 0 < 0 < d — 1. Then, the matrices in

the set A(GH(q,q%),d) are all symmetric.

Proof. We have
A(GH(q,q°),d) = {(ryra) ®J o111 < a < q°*", ro is the o-th row of GH(q,4°)}.

For each o, we only need to prove that rjry, is symmetric because Jga-o-1 is symmetric and
the Kronecker product of two symmetric matrices is a symmetric matrix. Since we have

(ryra)” = rgroa, we conclude that the matrix r 7o, is symmetric. O

Definition 3.21. Let g = p™ be a prime power, d a positive integer. Suppose GH(q, 1),
GH(q,q"), ..., GH(q,q?~") are generalized Hadamard matrices over Q(p,m). We use the

notation E(g,d) to denote the set
A(GH(q,1),d)U...UA(GH(q,q" "), d) u{0} U{l,®J 4}.

Lemma 3.22. Let ¢ = p™ be a prime power; d a positive integer, and GH(q,q%) a general-
ized Hadamard matrix over the group Q(p,m), where 0 < 0 < d — 1. The elements of the

set E(q,d) satisfy the following conditions:

1. For any two distinct elements A # O and B # O in the set Z(q,d), we have ABT =

qd_ljé¢H.

2. For any nonzero element A € E(q,d), we have AAT = ¢“A.
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3. Z A =g (Iqe+2 ®Jqd7971) + q6((./qe+1 — Iqe+1) ®Jqd79).
A€A(GH(q,4%).d)

Proof. 1. By Definition 3.21, we have
E(q,d) = A(GH(g,1),d)U...UA(GH(q,q""),d) U{0} U{l;® J a}.

We first assume A,B € A(GH(q,4°),d), where 0 < 8 < d — 1. By Definition 3.18, A =
(rora) ®Jga-o-1 and B = (rgrg) ® Jya—o-1 for some o and B. By Lemma 3.20, the matrices

A and B are symmetric. Hence, we have

ABT =AB = [(rera) ®Jqd7971][<l’gl’ﬁ) ®Jqd7971]
::[(réra)(rérﬁ)]Q@[Jéd—e—ljéd—e—d

_ g0 [(rara) (rgrp)] @ [Jga-o-1].

q9+1
The (i, j)-block of size g of the matrix (rgre)(rzrp) is equal to Y (gt rak>(r[;k1 rg). We
k=1
have
s s
Z (rg) rak)(rgkl rgj) = ro 7Bj Z rakrgkl. (3.1)
k=1 k=1

By the definition of a generalized Hadamard matrix, we have

6+1

q—1
i TR X okl = @Y o (3.2)
k=1 i=0
and by Lemma 3.11, we have

Y o=, (3.3)

31



3.2. A CONSTRUCTION FOR SYMMETRIC DESIGNS

From (3.1), (3.2), and (3.3), we conclude

0+1
q+

kZ’l (r&i1 rour()(rﬁ_kl rﬁj) = quq. (3.4)

Thus, (i, j)-block of size ¢ of the matrix (rg 7o) (r[’grﬁ) is equal to ¢%J,, for all i and j. Hence,

we have (rjrq) (rErB) = qefqe+ 1. This implies that

ABT = 401 [(réra)(rfgrﬁ)] ® [Jqd—e—l]

= qd_e_1 [ququ] ® [Jqdfefl]

= qd_l.]qu.

Now, assume A € A(GH(q,q"),d) and B € A(GH(q,4%),d), where s < 0. From Definition

3.18,A = (rgra) ©Jgi-s—1 and B = (rgrg) ® Jya-o-1 for some ot and 3. We have

AB" = AB = [(rgra) ®J i-s-1] [(rgrp) @ ja-o-1]
= [((rara) ®Jo—s) (rgrp)| @ [Jga-o-1Jga-o0-1]

=" ((rora) ©70-0) ()] © W01
We also have

[((rere) @ Jgo-5) (rprp)] = ¢ o2 (3.5)
Therefore, we have

ABT = AB = ¢ ((rire) ®J,0-:) (137p)] @ [Jga-o-1]
= c]d*e*1 [quq9+2] & [Jqdfeq]

_d—1
=q Jqd+1.
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Now, suppose A = I, ®J,a and B € A(GH(q,q%),d), where 0 < 8 < d — 1. By Definition

3.18, B= (rgra) ®Jya-e-1 for some . We have
(Ig @ J 1) (rra) = g% 2. (3.6)
Therefore, we have

ABT = BAT = (14 ®qu+1)(r(>;ra ®Jqd7971>
= (I QJyo+1 @ Jya—0-1 ) (rero ®Jqd7971)
= [, ®Jy0+1 Yrglo] ® [Jqd—e—l.]qd—e—l]

= [qe.]qe+2] X [C]dfefl.lqdfefl]

_ d-1
=q Jqd+1.

2. By Definition 3.18, A = (rgra) ®J a-6-1 for some a.. We have

AAT = AA = [(rgra) (rre)] @ [Jga-o-1]
= [ra(rara)ro] @ [Jga-o-1]
= [q%(rgra)] ® [Jja-o-1]
= 4" ((rgra) ©Jga-0-1)

= qu.
Now, suppose A = I; ® J . We have

AAT =AA = (I ®J;l)(1q®15)
d yd
= (Iqlq) ® (‘]q‘]q)

= (Iy) @ (¢*J40)
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d d
=q1;®J
=S qu.
3. By Definition 3.18, we have
q9+l q9+l
) A=Y (rgra)@Jao1= () rora) @Jao1. (3.7)
AGA(GH(Q7q9)7d) o=l a=1
q9+1 q9+1
If ( Z rera)ij is the (i, j)-block of the matrix Z roTo, We have
a=1 a=1
q9+1 q3+l q9+l
(Y rera)i= Y rairai= 3y, @0 =¢""ao=q"""L, (3.8)
a=1 a=1 a=1
foralli=0,...,q%. Fori+# j, we have
q8+1 q9+1
( Z rera)ij = Z r&il Faj = quq. (3.9)
o=1 a=1
From (3.8) and (3.9), we conclude
6+1
4 * 0+1 0
Y rara=q"" " (Lpe2) + 4 ((Fpr1 — L) @Jy). (3.10)
o=1

From (3.7) and (3.10), we have

Z A= q9+l(lqe+2 ®Jga-0-1) +qe((qu+1 —1pi1) ®Ja0).
AE€A(GH(q,4%).d)

]

We know E(g,d) = A(GH(q,1),d)U ... UA(GH(q,q"""),d) {0} U{l, ®J 4} To
generate a symmetric ((r + 1)g?*! rg?, (r — 1)g%~')-design, we need to convert the set

Z(q,d) into an indexed family using the index set {1,...,7+ 1}. The number of elements
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are the same in the two sets E(q,d) and {1,...,r+ 1}. We define a bijective function
M:{1,....;r+1} — E(q,d) such that M(r) = I, ®J,q« and M(r+ 1) is equal to the zero
matrix. Now we let M(1) to be an element in E(g,d) \ {M(r),M(r+ 1)}. Then inductively

we assign M (i+ 1) to an element in E(q,d) \{M(r),M(r+1),M(k)|k=1,...,i}.

Remark 3.23. Note that there are many possibilities in defining different values for M and
this indicate that different selection may lead to unequivalent designs, but this is out of the

scope of this thesis.

We now present the new method. In the following theorem, we use the set £(g,d) and a

Latin square L of size r+ 1 to construct a symmetric ((r41)g?*!, rg?, (r— 1)g?~")-design.

Theorem 3.24. Let g = p™ be a prime power; d be a positive integer, r = (¢* 1 —1) /(g —1),
and L a Latin square over {1,...,r+ 1}. Substitute i with M(i) in the Latin square L to
make a (0,1)-matrix N of size (r+1)g%*!. Then, N is the incidence matrix of a symmetric

((r+1Dg® 1 rg?, (r—1)g*1)-design.

Proof. We need to prove NNT = rqdlqdﬂ +(r— l)qd*I(Jqu —1ga11). Forany 1 <i,j <

r+ 1, let N;; be the (i, j)-block of size ¢?*! of the matrix N = [N;;]. Let NNT = [M;j],
where M;; is the (i, j)-block of size ¢! of NNT. Let B(6) = qe(lqe+1 ®Ja-0). Fori= j,

Lemma 3.22 proves

Mi= ), AAT
AcE(q,d)
d—1 -
— (1@ )Ly @ T )+ (Y Y A4
6=0 {AcA(GH(q,4%),d)}
d—1
=q"(ly@Ja)+ (), 4 )» 4)
0=0  {AcA(GH(q,q°).d)}
d—1
_ qd(lq ®Jqd) +qd Z [qe'H (Iqe+2 ®Jqd7971) +q9((fqe+1 _Iqe“) ®Jqd79)]
6=0

d—1
= qd<Iq ®Jqd) +q° Z [qeﬂ(lqeu ®Jqd—9—l) —l—qe(.]qu) — qe(lqe+1 ®Jqd—9)]
0=0
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d—1
=q'(I,®Ja)+q" Y, [B(O+1)+¢°] 41 —B(O)]
0=0

d—1 d—1
=q' (I, ©J0)+q" Y. [B(®+1)—B(0)]+q" a1 Y ¢°
6=0 0=0
g1
q—1

= ¢ Iy ®Jp0) + ¢ [Bd— 1)~ BO)] + (T 1)

q
= qzdlqurl + (r— l)qdil‘]qurl
= (qu + (r— l)qdil)lqdﬂ + (r— 1)qd71(.]qd+1 _qu+1>

= }"qdlqurl +(r— l)qdil(fqdﬂ —qu+1).

Now, suppose i # j. By Lemma 3.22, we have

r+1
M;; = Z NiNji = (r— 1)Cld71]qd+l-
k=1
Hence, we have NNT = rqdlqd+1 + (r— 1)qd_1(Jqd+1 — qu+1) and so N 1is the incidence

d+1

matrix of a symmetric ((r+ 1)g**t!,rq?, (r — 1)g?~")-design. O

If we use a symmetric Latin square in Theorem 3.24, the incidence matrix that is con-
structed in Theorem 3.24 is symmetric. Since for any even integer n, there is a symmetric

constant diagonal Latin square of order n, we conclude the following corollary.

d+1 _ 1
Corollary 3.25. Let g = p"™ be a prime power, d be a positive integer. If r = q—l is
q —
odd, let L be a symmetric constant diagonal Latin square over {1,...,r+ 1} with r+1 on

the diagonal. To make a (0,1)-matrix N of size (r + 1)q**!, substitute i with M(i) in the

Latin square L. Then, N is the adjacency matrix of a

SRG((r+1)g" ™ rg?, (r—1)g" ', (r— 1)g" ).

Example 3.26 ([21, Example 5.25, p. 114]). In this example, we show how to construct a
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symmetric (45,12,3)-design. Let g = 3 and d = 1. Then,

} over Q(3,1). We have:

W Wy Mo
W W1
Wy Wy O

Since d = 1, we only need GH(3,1) = [

So—oco—~oo—
c—oo—~0c0o—0O
—o0o—~00—~00O
cCoO—0Oo—~OO —~
oo~ —0O
—_OO—OO—OO
cCoO—~0Oo—~0O —~
c—oo—~0c0o—O
—oo—oo—oo

—o0oOo—~000 —
co—~—ooOo—~O
oo —~—0O
c—Ccoo—~—0o
—oCOoO—~00O —
co—~—ooOo—~O
cCo—~—0o0oOo—O
oc—coo—~—0o
—coco—~coo—

S—o—oc0ooOo—
—cooco—~0o—0O
cCoO—~Oo—0—0O
—cooco—~0o—0O
cCoO—~Oo—0—0O
O—O—OOOOO —
cCoO—~Oo—0—0O
C—Oo—oCOoOoO —~
—oooo—~o—o

]:

®p 0o 0o
0o Wy Mo
®o Wy W

|

o
(D():| [0)0 Q) (00]
Q)]

rnry =

}:

MWy 01
W Wy 0
®; Wy Mg

|

] (o @) ]

0o
0

ryrp

]:

My 0y M
0] 0y 02
02 01 0o

|

] [@o 0 O]

)
0

r3r3

Therefore, we have

——

1
o—o—oo0oOo—
—ocococo—o—o
co—o—o—oo
—ocococo—o—o
co—o—o—oo
o—o—oocoo—
co—o—o—oo
o—o—oocoo—

—OoOo0o0O0O—O—O
e — |

1
—_OO0O—OOO—

SO —OOO—O
O—OOoO——OO
O—OOoO——OO
—_OO0OO—OOO—
SO——OO0O—O
OCO——OO0O—O
OS—OO0O——OO

—_OoOOoOO—OOO—
e — |

- 1
CO—OO—OO—
OS—OO—OO—O
—OoO—O0OO—OO
OSO—OO—OO—
O—OO—OO—O
—OoOoO—OOoO—OO
OCO—OO—OO—
OS—OO—OO—O
—OoO—0OO—OO

A(GH(3,1)) = { [

We first index the elements of

(3,1)=A(GH(3,1))U{0} U{Iz ® J3} using the bijection
37
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function M : {1,...,r+1} — E(3,1) defined by:

100100100 100010001 100001010
010010010 010001100 010100001
100100100 001100010 010100001
M()=1[010010010(, M(2)= 100010001, M(3)= (001010100,

001001001 010001100 100001010
100100100 010001100 001010100
010010010 001100010 100001010
001001001 100010001 010100001

111000000 000000000

111000000 000000000

000111000 000000000

M(4)=1000111000|,M(5)=]000000000

000111000 000000000

000000111 000000000

000000111 000000000

000000111 000000000

35412
In the Latin square L = [% 3 g 451 411 ] , replace each i with M(i). The resulted matrix, called
. . . . 4 1 2 3 5 . . . . .
N, is the incidence matrix of a symmetric (45, 12,3)-design which appears in Appendix 2.

3.2.3 Symmetric (3¢711,3%(r4-1),3%(r — 39 4-1))-Design
Let d be a positive integer. Now, we apply the new method to make a symmetric
(39+1(34+1 —1)/2,39(39+1 4-1) /2,39(39 4- 1) /2)-design which has the parameters as the

parameters of Spence designs, [10].

Definition 3.27. Let d be a positive integer and GH (3,1), GH(3,3), ..., GH(3,3%"!) gen-

eralized Hadamard matrices over (3,1). Then, we define
2'(3,d) = A(GH(3,1),d)U...UA(GH (3,371, d) U {J3011 — (3@ J34) }.

The number of elements are the same in the two sets £'(3,d) and {1,...,r}. We define
a bijective function M’ : {1,...,r} — E'(3,d) such that M'(r) = Jya11 — (I3 ® J34). Now we
let M'(1) to be an element in E'(3,d) \ {M'(r)}. Then inductively we assign M’(i+ 1) to

an element in &'(3,d) \ {M'(r),M'(k)|k=1,...,i}.

Theorem 3.28. Let d be a positive integer, r = (3971 — 1) /2, and L be a Latin square over

{1,...,r}. Substitute i with M'(i) in the Latin square L to make a (0, 1)-matrix N of size
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r(39+1). Then, N is the incidence matrix of a symmetric

(39341 —1)/2,39 (39T 1 1)/2,39(3 + 1) /2)-design.

Proof. We need to prove

3941
2

3d+l +1

NNT =34
[ 2

[ a1 +39]

|(J3a41 — Izast ). (3.11)

Forany 1 <i,j <r, let N;; be the (i, j)-block of size 39! of the matrix N = [N;;]. Now, we

want to calculate the matrix NNT = [M;;]. For i = j, we have

d—1
M;; = Z AAT = (Jza01 =13 @ J3a) (J3a11 — 3 & J34) Z Z AAT
A€Z/(3,d) 8=0 {AcA(GH(3,3%),d)}
d—1
=330 +B®J3a) + Y, Y AAT
=0 {AA(GH(33%).d)}
d_1

3
=331 + @ J3a) + 33 Lt — L@ J5a] + 39

3 — 1 ]J3d+1

3441

= 3% L 4 (39]

3d+1 +1
2

DJ3a1

3441
2

= (3] Dl + (3] (a1 = L)

Therefore, diagonal blocks of NN satisfy (3.11). Forany A € E'(3,d) \ {J30+1 — (l3®J54) },

we have A(J3ar1 — 5 ®J30)T = (041 — I3 @ J30)AT =2 x 3971 J5441. For i # j, we have

.
M;; = Z NiNjr =
k=1

r—2
=2(2x 3d_1-]3d+1) + Z 3d_].]3d+1
i=0

= (4 %3 ) + (r—2)34  un

=371 (r £ 2) 03041
3d+1 -1

_ 3d-1
( 2

+ 2)J3d+l
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_ 3d71<3d+1 +3
2
3441
2

W3a+1

::3d(

)J3d+l .

Hence, we have NN = 3‘%%]1(1“1 + 3d[3dT+l] (Jya+1 —1a+1) and so N is the incidence

matrix of a symmetric (3¢7!1(39+1 —1)/2,39 (341 1 1)/2,3¢(3% 4-1) /2)-design. O

Since for any even integer n, there is a symmetric constant diagonal Latin square of

order n, we conclude the following corollary.

d+1

Corollary 3.29. Let d be a positive integer. If r = — is even, let L be a symmetric
constant diagonal Latin square over {1,...,r} with r on the diagonal. To makes a (0,1)-
matrix N of size r(39F1), Substitute i with M'(i) in the Latin square L. Then, N is the

adjacency matrix of a SRG(34+1 (341 —1)/2,3¢(39+1 +1)/2,39(39 +1) /2,39(39 4+-1) /2).

Example 3.30. In this example, we construct a symmetric (36, 15,6)-design. Since d = 1,

we use the same set A(GH(3,1)) made in Example 3.26, i.e.,

1001001007 100010001 100001010
010010010| (010001100 [010100001
S e g
A(GH(3,1))=<¢ [010010010|,[100010001|,[001010100
001001001| [010001100[” 100001010
100100100| [010001100| [001010100
010010010| [001100010| [10000i010
001001001 1000100014 Lo10i00001
We first index the elements of the set Z'(3,1):
100001010 F1001001007
01010000 1 010010010
010100001 100100100
M'(1)= [001010100|, M'(2)=1]010010010],
100001010 001001001
001010100 100100100
100001010 010010010
010100001 L00100100 1
100010001 F000 1111117
010001100 000111111
Tt L
M'(3)=1100010001{, M(4)={111000111
010001100 111000111
010001100 111111000
001100010 111111000
100010001 L111111000-
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4321

In the Latin square L = [% ‘1‘ i %] , replace i with M’ (i). The resulted matrix, called N, is
1234

the incidence matrix of a symmetric (36, 15,6)-design. Since N is symmetric zero diagonal,

it is also the adjacency matrix of a SRG(36,15,6,6).
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Chapter 4

Decompositions and Symmetric Designs

The main purpose of this chapter is to introduce the concept of complete design decompo-
sition. The two concepts complete design decompositions and complete graph decomposi-
tions have a lot in common. The concept of strongly regular decompositions of complete
graphs was introduced in many papers including [15]. We start this chapter by reviewing
decompositions of complete graphs.

Suppose that A is the incidence matrix of the complete design with v points, and B is the
adjacency matrix of the complete graph on v vertices. Then, we have A = B + I,,. Suppose
that the incidence matrix N of a symmetric (v, k,A)-design is symmetric with constant diag-
onal. If N has “0” on the diagonal, N is the adjacency matrix of an SRG(v,k,A,L). Suppose
that N has “1” on the diagonal. Since the graphs are without loops, N —I is the adjacency
matrix of a SRG(v,k — 1,L—2 ). Therefore, the concept of graphs and the concept of
symmetric designs are closely related. The set {G1,...,G4} of graphs is a decomposition
of a graph G if for any pair of adjacent vertices in G, the two vertices are adjacent in exactly
one graph Gj, the vertices set of G; and G are the same, for all i, and there is at least one
edge in each G, [22, p. 182]. We can restate the definition of a decomposition of a graph

using the adjacency matrix of a graph.

Definition 4.1. Let G be a graph whose adjacency matrix Ag isav x v (0, 1)-matrix. The set

G of symmetric non-zero v x v (0, 1)-matrices form a decomposition of G if Z N =Ag.
NeG

If all graphs in a complete graph decomposition are strongly regular graphs, the de-

composition is said to be strongly regular. A graph and its complement form a trivial
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decomposition of a complete graph. Since the complement of a strongly regular graph is
a strongly regular graph, any strongly regular graph and its complement form a strongly
regular decomposition of a complete graph. If the adjacency matrices of all graphs in a
complete graph decomposition commute, the decomposition is called commutative, [22,

p. 183].

4.1 Introducing Complete Design Decomposition

The incidence matrix of a complete design with |X| = v is Jy. The design (X,A) is a

complete design with 5 points, where

X ={1,2,3,4,5}, and

A=[XX,XXX]

The incidence matrix of this design is

11111]
11111
Js= 11111
11111
11111]

Definition 4.2. A set D of v x v pairwise disjoint (0, 1)-matrices is called a symmetric

design decomposition of the complete design with v points if

1LY N=J.
NeD

2. Each matrix N € D is the incidence matrix of a symmetric design.
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Example 4.3. Consider the following set of three 7 x 7 (0, 1)-matrices:

01101060 0001011 1000000
0011010 1000101 0100000
0001101 1100010 0010000
D=<N=|1000110, Npb=]0110001|, N53=]0001000
0100011 1011000 0000100
1010001 01011060 0000010
1101000 00101160 0000001

The set D is a symmetric design decomposition of the complete design with 7 points. i.e.,

01101060 0001011 1000000 1111111
0011010 1000101 0100000 1111111
0001101 1100010 0010000 1111111
1000110({+]0110001|+]0001000|=(1111111/|=J5.
0100011 1011000 0000100 1111111
1010001 01011060 0000010 1111111
1101000 00101160 0000001 1111111

The matrices N; and N, are the incidence matrices of symmetric (7,3, 1)-designs and N3 is

the incidence matrix of a symmetric (7, 1,0)-design.

The more general definition of decomposition of a complete design can be achieved by
removing the second condition from Definition 4.2. In this way, the combinatorial objects,
into which the complete designs are decomposed, can be different from symmetric designs.
For example, a set D of v x v (0, 1)-matrices decomposes the complete design with v points
into symmetric designs and DDGs if

1. Y N=u.
NeD

2. Each matrix N € D is the incidence matrix of a symmetric design or is the adjacency

matrix of a DDG.

For decomposing the complete design with v points, we need to know if there is any
(non-complete and nontrivial) symmetric design with v points. For example, the only (non-
complete) symmetric designs of order 12 are symmetric (12,11, 10)-design and its comple-
ment symmetric (12,1,0)-design both of which are trivial. Therefore, the complete design

on 12 points can be decomposed to (12,11, 10)-design and its complement only.
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Definition 4.4. For any positive integer v, we define a set

% = {k| There is a symmetric (Vv,k,

k(k—1). .
= )-design. }

and we call it the symmetric design capacity set of v.

k(k—1)
v—1

Obviously, k € &y only if is an integer. Moreover, k € &y if and only if v—k € % .

Theorem 4.5. For a positive integer n = mk, let D = (J; — Iy) ® J,, which is the adja-

cency matrix of a DDG(n,n —m,n — m,n — 2m,k,m). If there is a decomposition of D

into h symmetric (n,l,\)-designs, then ("_"i)(lg%_h) is a perfect square. If n is even, then

(n=m) (A=)t m)
An—1)

is also a perfect square.

Proof. The h symmetric (n,l,A)-designs decompose D. So, we have m+hl =n or [ =

= (-1
"™ Since there is a symmetric (n,/,\)-design, we have A = =1

and

n—1

n—m n—m

T _1)_(H—M)(n—m—h)'

A= =
n—1 h?(n—1)
Hence,
12— (n—m)(n—m—h)
An—1)
— —m—h
Therefore, (n—m){n—m—h) is a perfect square.

AMn—1)
Now, suppose 7 is even. Since there is a symmetric (n,/,A)-design, Theorem 2.32

(n—m) ((hfl)ner) ‘

proves [ — A is perfect square. Since / is equal to “7™, we have [ — A = )

—m)((h—1)n+m)

12 (n1) is a perfect square. Since A is a perfect square, we conclude

Therefore,

(n—m)((h—1)n+m)
(n—1)

is a perfect square. ]

In the next section, we first generate symmetric designs with disjoint incidence matrices

and then we use them to decompose the complete designs.
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4.2 Constructing Pairwise Disjoint Symmetric Designs

qd+1—1
q—1

J a1 which is a DDG((r + Dg™ ! rg®™ ! rg®™ ! (r — g, r 4+ 1,441, By Theorem

Let g be a prime power, d a positive integer, r = sand D= (Jrp) — L) ®
4.5, we have the necessary condition for a decomposition of D into g symmetric ((r +
Dg® 1, rq?, (r —1)g?1)-designs. Wenote n = (r+ )¢, m=¢"*, k=r+1, h=q¢,
A= (r—1)g% !, and

(n—m)(n—m—h) _ ((r+1D)g* =g ((r+ )¢ =g —q)
An—1) N (r—Dg@ 1 ((r+ D)g?t T —1) =q".

We first generate g disjoint symmetric ((r+1)g?*!, rq?, (r—1)g?~!)-designs which decom-
pose D. We then use more combinatorial objects to achieve a decomposition of a complete

d—+1

design on (r+ 1)g“"" points. We need to generalize the method introduced in Section 3.2

starting with modifying Definition 3.18.

Definition 4.6. Let ¢ = p™ be a prime power, d a positive integer, € € {0,...,q — 1},
and GH(q,q%) a generalized Hadamard matrix over the group Q(p,m) = {®o,...,@pm_1},

where 0 < 0 < d — 1. We use the notation A¢(GH (g, 4®),d) to show the set
{[(pr1 @ @e) (ryra)] @ a-o-1]1 < < q®*!, ry is the a-th row of GH(q,4°)}

of (0, 1)-matrices of size ¢?*!. If d = 1, we may use the notation A¢(GH(q,¢°)) instead of

A¢(GH(q,4°%),1). We have Ao(GH (q,¢°),d) = A(GH (q,¢°),d).

Definition 4.7. Let ¢ = p™ be a prime power, € € {0,...,q— 1}, and d a positive integer.
Suppose GH(q,1), ..., GH(q,q%") are generalized Hadamard matrices over Q(p,m). We

use the notation Z(q,d, €) to show the set

Ae(GH(g,1),d)U...UA(GH(q,q"""),d) U{0} U {@e ®J,4}.
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Example 4.8. In this example, we assume ¢ = 2 and d = 2. The purpose of this example
is to demonstrate Ao(GH(2,1),2) and A|(GH(2,1),2), where GH(2,1) = [0 "] is a gen-
eralized Hadamard matrix over the group Q(2,1) = {®y = [(1) (1)] , 01 = [(1) (1)] }. Since we

know Ag(GH(2,1),2) = A(GH(2,1),2), we have Ag(GH(2,1),2) from Example 3.19. i.e.,

11001100 1100001 1
11001100 11000011
IR RRREY
AO(GH(Z,I),Z)_ 11001100]°/00111100
11001100 00111100
00110011 11000011
00110011 11000011

To examine the set Aj(GH(2,1),2), we note

(meorinlen=(% 3] [Ba)en= (28] en=

—_—_—OO——OO
—_—_O OO0
OO—R—OO—M—
OO = OO —
—_—_—OO——=OO
—_—_O OO0
OSO——OO—r—
OO —=O O —

and

(roontir)en=(F ] [ 8] en= (58] en=

OO = = = = OO
OO == =00
—_—_O OO O —
—_——_O OO O —
—_—_O OO O =
—_——_O OO O —
OO === OO
OO == =00

Therefore, we have

00110011 001111060
00110011 00111100
11001100| (11000011
Al(GH(271)72)_ 00110011]>°(11000011
00110011 11000011
11001100 001111060
11001100 00111100

For € # 9, there is a natural isomorphism between Ae(GH(q,¢%),d) and Ag(GH(q,4%),d)
which corresponds each element of Ae(GH(q,4¢%),d) to an element of Ag(GH(q,4%),d).
LetA(e) = [(I,011 @ We)(rgra)] @Ja-0-1 be an arbitrary element of the set Ae(GH (g, 7%),d),
where o € {1,...,4%"'}. Then the image of A(e) under the isomorphism is equal to

A(Y) = [(Iqe+1 ®y)(rire)] ®Jqd7971.
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The same isomorphism is defined when A(€) € E(q,d,€). We may correspond A(€)
to an element in A(9) € Z(q,d,d). In this case, if A(e) € Ae(GH(q,q°),d) and A(9) €
As(GH(g,q"),d), then we have 8 = 1. In the following lemma, we prove A(€) and A()

are disjoint whenever € # 0.

Lemma 4.9. Let g = p™ be a prime power, d a positive integer, and GH (q, qe) a generalized
Hadamard matrix over the group Q(p,m) = {wo,...,0pm_1}, where 0 <0 <d—1. For
e £ 0, suppose A(e) € Ae(GH(q,q%),d) and A(®) € Ag(GH(q,4%),d). Then, A(g) and

A(9) are disjoint.

Proof. We have A(g) = [(I,011 @ W) (rgra)] ® Jya-e-1 and A(9) = [(Ip11 ® 0p)(r5ra)] ®
J o1, for some a € {0, ... ,q°T1}. Lemma 3.11 proves that the elements of the set Q(p,m)
are pairwise disjoint. Therefore, two matrices (Io+1 @ 0¢)(rgra) and (I,e11 @ 0p)(ryro) are

disjoint. Hence, A(€) and A() are disjoint. O
We have the following lemma.

Lemma 4.10. Let g = p™ be a prime power, d a positive integer, € € {0,...,q— 1}, and
GH (q,4%) a generalized Hadamard matrix over the group Q(p,m) = {00, ®1,...,®0pm_1},

where 0 < 0 < d — 1. The elements of the set E(q,d,€) satisfy the following conditions:

1. For any two distinct elements A # O and B # O of the set E(q,d,€), we have
ABT = qd_l.]qd+1,'

2. For any nonzero element A(€) € Z(q,d, €), we have A(€)A(e)T = ¢?A(0);
.Y AR = U @0 @0 1) + 4 (U — L) @)

A(S) GAS(GH(%QG) 7d)

We know

E(q.d,€) = A(GH(q,1),d)U...UA(GH (q,q" "), d) U{0} U{w ® J a}.
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L rg? (r—1)g?1)-design, we need to convert the set

To generate a symmetric ((r+ 1)g
E(q,d,¢€) into an indexed family using the index set {1,...,r+ 1}. The number of elements
are the same in the two sets E(q,d,€) and {1,...,r 4+ 1}. We define a bijective function
Mg : {1,...,r+1} — E(q,d,€) such that M¢(r) = e ® J,a and Me(r+ 1) is equal to the
zero matrix. Now we let M¢(1) to be an element in E(q,d) \ {M¢(r),M¢(r+1)}. Then
inductively we assign M¢(i+ 1) to an element in E(g,d,€) \ {Me(r),Me(r+1),Me(k)|k =

1,...,i}.

qd+l_1

Theorem 4.11. Let p be prime, g = p™, € €{0,...,q— 1}, d a positive integer, r = T

and L a Latin square over {1,...,r+ 1}. Substitute i with M¢(i) in the Latin square L to
construct a (0,1)-matrix N(€) of size (r + 1)g?*'. Then, N(€) is the incidence matrix of a

symmetric ((r+1)g?*! rg?, (r —1)g%~1)-design.

Proof. We need to prove

N(©N(e)" = rg"Lavi + (r—1)g" (Jar1 — Law1). (4.1)

Let M;; be the (i, j)-block of size g?*! of the matrix N(e)N(¢)”. For i = j, Lemma 4.10
J

and Theorem 3.24 implies

A(e)€E(q.d.¢)
d—1 -
(0 ®Jga) (0 @Jga)) + (Y ) A(g)A(e)")
6=0 {A(e)€Ae(GH(q.¢°).d)}
= ¢ (00 ®@J 0 Z )y A(0))
0=0  {A(0)eA(GH(q,4°).d)}
I ®Jya Z e+1 Ie+2 ® J a0~ 1)+q ((qu+1 —Iq9+l)®.]qd—9)]

= rqdlqd+1 +(r— 1>qd_1(Jqd+1 —ILar1).

Therefore, diagonal blocks of N(¢)N(g)T are as in (4.1). Forany 1 <i,j <r+1,let N(g);;

49



4.2. CONSTRUCTING PAIRWISE DISJOINT SYMMETRIC DESIGNS

be the (i, j)-block of size g?*! of the matrix N(g) = [N(€);j]. Now, suppose i # j. By

Lemma 4.10, we have

r+1
Mij = ZN(E)ikN(S)jk = (}"— l)qd_lfqd+1,
k=1

Hence, we have N(e)N(e)" = rg?Law1 + (r—1)g* ! (J a11 — I a+1) and so N(g) is the inci-

dence matrix of a symmetric ((r+ 1)g?*!,rg?, (r — 1)g%~')-design. O

In the following theorem, we prove N(g) and N(9) have disjoint incidence matrices

whenever € #£ 0.

Theorem 4.12. Suppose g = p™ is prime power, d is a positive integer, €,0 € {0,...,g— 1},
and € # . Define r = (¢! —1)/(q—1). Let L be any Latin square over {1,...,r +1}.
Substitute i with M¢(i) and My(i) in the Latin square L to construct (0,1)-matrices N(€)

and N (), respectively. Then, two matrices N(€) and N(O) are disjoint.

Proof. Since we use the same Latin square for N(€) and N(©), the theorem follows from

Lemma 4.9. [

Example 4.13. In this example, we give three disjoint matrices. These matrices are the
incidence matrices of symmetric (45,12,3)-designs. For this purpose, we set ¢ = 3 and

d=1. Then, Q(3,1) = G3 =< circ(0,1,0) >= {og = [ézﬂ o) = [86?] = [?86]}.

100 010
Wy Wy O
Since d = 1, we only need the generalized Hadamard matrix GH(3,1) = [88 8(1) 83} over
0 W2 Wi

the group Q(3,1). While using Definition 4.6, we first define three sets Ag(GH(3,1)),
A1 (GH(3,1)),and Ap(GH(3,1)). Since Ag(GH(3,1)) = A(GH(3,1)), from Example 3.26,

we have:
100100100 100010001 100001010
010010010 010001100 010100001
100100100| [001100010| (07000007
Ao(GH(3,1)) = 010010010|,[100010001|,[001010100
001001001 010001100 100001010
100100100 010001100 001010100
010010010 001100010 100001010
001001001 100010001 010100001
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Now, we demonstrate Aj(GH(3,1)):

O—0oo—~00o—~O
—o0o—~00—~00
cCoO—0Oo—~0O —~
oc—oco—~00o—0O
—oco—00o—~00
cCoO—~0Oo—~00 —
cC—oo—~00o—O
—o0o—~00—~00O
co—oco—~oo—

oo —~O
oo —~—00O
—ooo—~0OO —~
—o00—~00O —
cCo—~—ooOo—O
00O —~—00O
cC—ooOo——00
—o00—~000 —
co——ocoo—O

—o00CO—~0O—O
cCoO—~o—0—0O
OO —
cCoO—~Oo—0O—0O
OO —~
—000Oo—~O—O
C—Oo—ooOoO —~
—000cOo—~O—O
cCo—o—o—0O

101 0
1010 | =
0] 0] O]

(O]
®

|

0o ®
0@80)8}
0o Wy Mo

0

),
W,

I

}:

1 0o 02
(O]
0o M M

Therefore, we have

———

1

—oo0o—0o—0O
CO—O—Oo—O0O
oO—o—000O—
cCoO—Oo—Oo—OoO
oO—o—0oo0O—
—0000—0O—O
oO—o—o0o0O—
—0000—0O—O

OO~ O—O—OO
e — |

- 1
SO——OOoO—O

O—OOoO——OO
inlelelelolelelel]
—OOoOO—OOoO—
SO——OOO—O
O—OOoO——OO
OS—OO0O——OO
—OOoOO—OOoO—

SO——OOoO—O
e — |

- 1
OS—OO—OO—O

—OoO—O0O—OO
SO—OO—OO—
O—OO—OO—O
—OoOo—OOoO—OO
OCO—OO—OO—
OS—OO—HOO—O
—OoOoO—O0OO—OO
CO—OO—O0O—

A((GH(3,1)) = { [

In a similar way, we have

—
- 1
OO—O—O—OO
OO~ —
—OOO0O—O—O
O—O—00OO—
—OOO0O—O—O
CO—~O—~O—0OO
—OOO0OO—O—O
CO—~O—~O—0OD

O—O—OOoOoO—
e — |

-1
O—OOoO——OO

—OOoO—OOoO—
OO——OOoO—O
OSCO——OOO—O
O—OOoO——OO
—OOoO—OOoO—
—OoOoO—OOoO—
SCO——OOO—O

O—OOO—— OO
e — |

1
—OoOoO—OO—OO

CO—OO—OO—
O—OO—OO—O
—OOoO—OoOOoO—OO
OO—OO—OO—
O—OO—=OO—O
—OO—OO—OO
SCO—OO—OO—
O—OO—OO—O

A (GH(3,1)) = { [

A¢(GH(3,1))U{0} U{we ® J3}. For each € = 0, 1,2, replace

(3,1,8) =

—
-
—

Then, we have
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54

. : . 35 . :

J with M(j) in the Latin square L = [% 3 . The resulted matrix, called N(g), is the
47

NN —
WA —
NA =W

incidence matrix of a symmetric (45,12,3)-design by Theorem 4.11. Theorem 4.12 guar-
antees that the elements of the set {N(0),N(1),N(2)} are pairwise disjoint. The elements

of the set {N(0),N(1),N(2)} appears in Appendix 4.

In Lemma 3.20, we see that all matrices in the set A(GH(q,4°),d) or Ao(GH(q,4%),d)
are symmetric. However, the matrices in the set A¢(GH(q,¢%),d) are not necessarily sym-
metric when € # 0. One may be curious if there is a way to make all matrices of the set
A¢(GH(q,q®),d) symmetric for all . Fortunately, our method can be modified to achieve

this. We first make the matrices of the set Q(p,m) to be all symmetric.

Lemma 4.14. Let g = p™ be a prime power and R, be the back diagonal identity matrix of

size q. For any element ® € Q(p,m), we have
1. @R, is symmetric,
2. OR,; = Rq(DT, and
3. (0Ry)(®R,) =1,

Proof. 1. Let ® € Q(p,m). From Definition 3.10, we have ® = A| ® ... ® A, for some
Ay,..., A, € Gy, where G, is a cyclic group of order p generated by the circulant matrix
Cp = circ(0,1,0,...,0). Any matrix A in G, is circulant. Therefore, we have AR, = RpAT.
On the other hand, we have (AR,)” = RTAT = R,A”. Hence, AR, = (AR,)" and we

conclude AR, is symmetric. Moreover, we have

O)Rq =(A1 ®...®Am)Rq
=A1®...04,)R,®...®R))

:AlRp X... ®Ame.
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Since ARy, ...,AnR), are symmetric, @R, is equal to Kronecker product of symmetric

matrices. Thus, ®R, is symmetric.

2. Since R, and R, are symmetric, we have

®R, = (0R,)" =Rl o' =R,

3. By Lemma 3.11, we have

(Rg)(®R,) = ORyR,0"

= oo’

Thus, (0R,)(0R,) = I, O

Definition 4.15. Let g = p™ be a prime power and R, be the back diagonal identity matrix

of size g. We define a set Qg(p,m) of (0,1)-matrices by Qg(p,m) = {0OR,|w € Q(p,m)}.
Lemma 4.14 and Lemma 3.11 prove the following lemma:

Lemma 4.16. Let g = p™ be a prime power. For any element A € Qg(p,m), we have
1. Ais symmetric,

2. A=A"", and
3. ), A=Upm
AeQr(p,m)
Remark 4.17. Let H = GH(q,q%"") be a generalized Hadamard matrix over Q(p,m). Let
H;; be the (i, j)-entry of the matrix H. Based on Definition 1.11, for all distinct i, j €

{1,2,...,4%} the multiset {Hl.le k1 <k< g?} contains exactly ¢¢~! copies of each
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element of Q(p,m). In GH(q,q '), if we replace each @ € Q(p,m) with ®R, € Qg(p,m),
the multiset {Hile k1 <k< g} will still contain exactly g¢¢~! copies of each element

of Q(p,m). This is true because for any 0;,®; € Q(p,m), Lemma 4.14 shows

(Dqu((Dqu)_l = (0iRg)(0;Ry)

= O)quRqO)jT

T

-1

While using @R, instead of ®, r;rq is equal to rl ro because (0R,) ™! = ©R,. By these
changes, matrices generated in Definition 4.6 are converted to symmetric matrices.

Definition 4.18. Let ¢ = p™ be prime power, d a positive integer, € € {0,...,q — 1},
and GH(q,q%) a generalized Hadamard matrix over the group Q(p,m) = {®o,...,@pm_1},

where 0 < © < d — 1. We use the notation AL(GH (g, 4®),d) to show the set

{A(Iqe+1 ® Ry ®qu7671>’A € AE(GH(q,qe),d)}
of (0, 1)-matrices of size g?*!. If d = 1, we may use the notation AL(GH (q,4®)) instead of
A(GH(q,4%),1).

Lemma 4.9 implies the following lemma in which we prove Ag(€) and Ag(9) are dis-

joint whenever € #£ 0.

Lemma 4.19. Let g = p™ be a prime power, d a positive integer, € € {0,...,q— 1}, R,
the back diagonal identity matrix of size q, and GH(q,q°) a generalized Hadamard matrix
over the group Q(p,m), where 0 < 0 <d — 1. Fore # 9, let Ag(e) € AL(GH(q,4°),d) and
Ag(®) € Ay(GH(q,4°),d). Then, Ag(€) and Ag(9) are disjoint.

From Lemma 4.14, we have the following.
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Lemma 4.20. Let g = p™ be a prime power, d a positive integer, € € {0,...,q— 1}, and
GH(q,4%) a generalized Hadamard matrix over the group Q(p,m), where 0 < 0 < d — 1.

All matrices in the set A,(GH(q,q%),d) are symmetric.

Definition 4.21. Let ¢ = p™ be a prime power, d a positive integer, and € € {0,...,q— 1}.
Suppose GH(q, 1), ..., GH(g,q%") are generalized Hadamard matrices over Q(p,m). We

use the notation Eg(g,d, €) to show the set
A(GH(g,1),d)U... UAL(GH(g,4"~"),d) U {0} U {weR, @, }.

From Lemma 4.20, we know that all matrices in the set Zg(q,d,€) are symmetric.

Lemma 4.22. Let g = p™ be a prime power, d a positive integer, € € {0,...,q— 1}, and
GH (q,4%) a generalized Hadamard matrix over the group Q(p,m) = {®0,®1,...,0pm_1},

where 0 < 0 < d — 1. The elements of the set Eg(q,d,€) satisfy the following conditions:

1. For any two distinct elements A # O and B # O of the set Eg(q,d,€), we have

ABT = qd_l.]qd+1,'
2. For any nonzero element Ag(g) € Eg(q,d,€), we have Ag(e)Ar(e)T = q?A(0);

3. Z Ag(e) = qu(Iqu ® (WeRy) ® Jqdfeq) + qe((.]qe+1 — 1q9+1) ®
AR(E) GAQ(GH(qvqe)vd)

Jqdfe).

‘We have now a main theorem.

Theorem 4.23. Let g = p™ be prime power, € € {0,...,q— 1}, d a positive integer, r =
(¢“*' —1)/(g—1), and L a symmetric Latin square over {1,...,r+1}. Insert the elements
of Zr(q,d,€) in L to make a (0,1)-matrix Ng(€) of size (r+1)q**'. Then, Ng(g) is sym-

d+1

metric and is the incidence matrix of a symmetric ((r+1)g%*, rq?, (r — 1)q%~")-design.

Proof. By the proof of Theorem 4.11, Ng(€) is the incidence matrix of a symmetric
((r+ g™, rq?, (r — 1)g%')-design. Since the Latin square L and all matrices in the

sets Eg(q,d, €) are symmetric, Ng(€) is also symmetric. O
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In the following theorem, we prove Ng(€) and Ng () have disjoint incidence matrices

whenever € #£ 0.

Theorem 4.24. Let g = p™ be prime power, d a positive integer, €,% € {0,...,q — 1},
e£, r=(¢"""'—1)/(q—1), and L a Latin square over {1,...,r+1}. Insert the elements
of Er(q,d,€) and Eg(q,d, ) in the Latin square L to construct two (0, 1)-matrices Ng(€)

and Ng(9), respectively. Then, the matrices N(€) and N () are disjoint.

Proof. Since we use the same Latin square for N(¢) and N(9¥), Lemma 4.19 implies the

result. L]

We summarize the main conclusions of this section in the following two theorems.

qd—H -1

q—1
points into q symmetric

Theorem 4.25. Let g = p™ be a prime power, d a positive integer, and r =
There is a decomposition of the complete design with (r + l)qdJrl
((r 4+ g™, rq?, (r — 1)q%")-designs, a symmetric ((r + 1)q**',1,0)-design, and a

DDG((F+ 1)qd+17qd+l - luqd+1 _2707r+ lqu+l)‘

Proof. Foreache € {0,...,q— 1}, Theorem4.11 (or Theorem 4.23) generates the incidence
matrix Ng of a symmetric ((r+1)g?*! rg?, (r — 1)g¢~!)-design. Therefore, we have a set

A rg? (r—1)g%1)-designs.

{No,...,Ny—1} of incidence matrices of symmetric ((r+ 1)g
Suppose L is a constant diagonal Latin square. If we use the same Latin square L for all
elements of the set {N,...,N;—1}, Theorem 4.12 (or Theorem 4.24) proves {No,...,Ny—1}
is a set of disjoint matrices.

Since diagonal blocks of all elements in {Np,...,N,—1} are the zero block, then so are
the diagonal blocks of ):?;01 N;. Since each matrix N; has r¢? ones in each row and since
{No,...,Ny—1} is a set of disjoint matrices, all off diagonal blocks of Z?:_Ol N; are equal to
Ja+1. Therefore, Z?:_Ol Ni = (Jr1 =i 1) @J 1.

Let Ng =1, )qa+1 and Ngi1 = L1 @ (Jgar1 —Lpa+1). Then, we have ):l.q;rol Ni=J( 1)ga+1-

Moreover, the matrix N, is a symmetric ((r+ 1)g?"!,1,0)-design and the matrix N,
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is a DDG((r+1)g®* ¢4t — 1,441 —2,0,7 +1,¢%*1). Hence, {No,...,Ny11} decom-

poses the complete design with (r+ 1)g?*! points into g + 1 symmetric designs and a
DDG((F+1)qd+1’qd+l 1 d+1 2 0 r+1 qd+1) 0
qd—|—l -1
Theorem 4.26. Let g = p™ be a prime power, d a positive integer, and r = — 1 If
q —
d+1

r+ 1 is an even number, there is a decomposition of the complete graph on (r + 1)q
vertices into q strongly regular graphs SRG((r+1)g?*' rg?, (r — 1)g?=1, (r — 1)q?~ ) and

aDDG((T+1)qd+1,qd+l 1 d+1 2 O I’—l—l qd+1)

Proof. Since r+ 1 is even, Lemma 3.8 confirms there is a symmetric constant diagonal
Latin square L of size r+ 1. For each € € {0,...,q — 1}, Theorem 4.23 generates the
incidence matrix Ng of a symmetric ((r 4+ 1)g?*!,rq?, (r — 1)g¢~!)-design. The matrix
generated in Theorem 4.23 is symmetric with zero diagonal. Hence, it is the adjacency
matrix of a SRG((r + 1)¢* ™1, rg?, (r — 1)g?~, (r — 1)¢*~1). Thus, the set {No,...,N;—1}
g (r=1)g* " (r=1)g" ).

Theorem 4.24 proves {Np,...,Ny—1} is a set of disjoint matrices. Similar to the proof

is a set of adjacency matrices of SRG((r + 1)g¢*!

of Theorem 4.25, we have Z?;OI Ni= (1 —L+1) ®@Jgar1. Let Ny =T 11 ® (Jqd+l —Lyas ).

Then, the matrix N, is a DDG((r + 1)1, ¢t —1,¢%1 —2,0,r +1,¢¢T"). Moreover,

we have Y7 | N; = Jirs1)gt+t — Lpp1)gart- Hence, {No,..., Ny} decomposes the complete

d+1 d+1

7,,.qd7(r_
Dg? ', (r—1)g? ") and a DDG((r+ 1)g®*, ¢t — 1,41 —2,0,r +1,47H1). O

graph on (r+1)g*"" vertices into g strongly regular graphs SRG((r + 1)g

4.3 Constructing Symmetric Designs Sharing Complete Tripartite Graphs

In this section, we apply a similar process of Section 4.2 to generate three symmetric
(3913941 —1)/2,34(39+1 1) /2,39(3¢ + 1) /2)-designs whose incidence matrices share

complete tripartite graphs. We start by modifying Definition 3.27.

Definition 4.27. Let d be a positive integer and € € {0,1,2}.

Suppose GH(3,1), GH(3,3), ..., GH(3,3%"!) are generalized Hadamard matrices over
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Q(3,1). We define
Z'(3,d,e) = Ae(GH(3,1),d)U...UAs(GH (3,377 1), d) U {3001 — (52 J34) }.

The number of elements are the same in the two sets &'(3,d,€) and {1,...,r}. We
define a bijective function My : {1,...,r} — &'(3,d,¢€) such that M (r) = J3a+1 — (I3 @ J34).
Now we let M,(1) to be an element in &'(3,d,€) \ {M,(r)}. Then inductively we assign
M (i+1) to an element in E'(3,d,€) \ {M}(r),ML(k)|k=1,...,i}.

For each € € {0, 1,2}, a symmetric (3¢+!1(39+! —1)/2,39(39+1 +1)/2,34(39 + 1) /2)-

design is constructed in the following theorem.

Theorem 4.28. Let d be a positive integer, r = (3971 —1)/2, and L a constant diagonal
Latin square over {1,...,r} with r on the diagonal. For each € € {0, 1,2}, substitute i with
M_(i) in the Latin square L to make a (0,1)-matrix N(g) of size r(3¢*1). Then, N(g) is the

incidence matrix of a symmetric
33— 1) /2,37 (3% +1)/2,39(3 + 1) /2)-design.

Then, all matrices in {N(0),N(1),N(2)} share r disjoint complete tripartite graphs K;d.

Proof. Since we use the same Latin square for all designs, Lemma 4.9 proves that all ma-
trices in {N(0),N(1),N(2)} share the adjacency matrix I, ® (J3a+1 — (I3 ®J34)), Which con-

sists of r disjoint complete tripartite graphs K33d. [

Toward generating symmetric designs with symmetric zero diagonal incidence matrices,

we make the following definition.

Definition 4.29. Let d be a positive integer and € € {0,1,2}. Suppose GH(3,1), GH(3,3),

.., GH(3,3%"1) are generalized Hadamard matrices over (3, 1). We define

Er(3,d,€) = AL(GH(3,1),d)U...UAL(GH(3,3771),d) U {J30:1 — (& J3a)}.
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Let r = (39! —1)/2 be even and L be a symmetric constant diagonal Latin square of
size r. By using L and the sets Ex(3,d,0),Z%(3,d, 1), and E%(3,d,2) in Theorem 4.28, we
construct three SRG(34+1 (341 —1)/2,34(34+1 +-1)/2,3¢(39 + 1) /2,3%(39 + 1) /2) whose

adjacency matrices share r disjoint complete tripartite graphs.

Theorem 4.30. Let d be a positive integer; and r = (3! — 1) /2 be an even number. There
are three SRG(3¢+1 (3941 —1)/2,34(39+1 1-1)/2,39(394-1) /2,3%(39 4-1) /2) whose adja-
cency matrices share r disjoint complete tripartite graphs Kgd.

Example 4.31. In this example, we induce three SRG(36, 15,6,6) whose adjacency matri-
ces share four complete tripartite graphs Kg For this purpose, we set g =3 and d = 1. Since

Wy Wy O
d = 1, we only need the generalized Hadamard matrix GH(3,1) = [88 g(l) 8‘2)} . We also note
0 W2 Wi

00
that Ry — [? ! é] . Using Definition 4.29, we first define the sets E5(3, 1,0), E4(3, 1,1), and

001 010 100
Er(3,1,2). Weknow Qg(3,1) = {woR3 = [(1) (1) 8} ,01R3 = [(1) 8 (1)] LRz = [8 (1) (1)} }. Three
9 x 9 matrices of the set Ay(GH (3, 1)) are generated below:

001001001 001010100 001100010
010010010 010100001 010001100
100100100 100001010 100010001
, @7 001001001 | ,  r@ee@ 010100001 | W00 O] 100010001
Ar = [mowowo]: 010010010 ,rzrz—[ﬁ)lﬂ)zwo} — 1100001010 |, /7 r3 = {0)20310)0} = 1001100010]|.
o o 0o 100100100 2 (0 ] 001010100 7 M) 12 010001100
001001001 100001010 010001100
010010010 001010100 100010001
100100100: 010100001 001100010.
Therefore, we have
(10010010017 0010101007 [0011000107 [0001111117)
010010010 (010100001 (010001100 (000111111
100100100| |100001010| | 100010001 (000111111
— 001001001 [010100001 100010001 111000111
Ex(3,1,0) = 0100100101, | 1000010101, (0011000101, [111000111
100100100 1001010100 1010001100 | 111000111
001001001 100001010 {010001100f |111111000
010010010 [{001010100| |100010001 111111000
L L100100100] [010100001] [001100010] (111111000 )
Similarly, we have
(10100100107 [0101000017 [0100011007 [0001111117 Y
100100100 {100001010( 1100010001 | (000111111
001001001 | (001010100 1001100010 000111111
— 010010010 100001010 1001100010 111000111
Er(3,1,1) = 1001001001(, 10010101001, {0100011001], [111000111
001001001 | [010100001 100010001 111000111
010010010 (001010100 (100010001 [111111000
1001001001 1010100001 [001100010| (111111000
L L001001001] | .100001010] [010001100J | 111111000] )
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and

le N

rlllllooo_
—————— O OO
e e e e e = O O O
— e~ O OO i
e Yo et OO O O v v e
— e~ O OO i
OO e e e et
OO i v v v e
_000111111_

I 1
—OOO—OOO—
O—OCOO——OO
OCO——OOO—O
CO——OOO—O
—OOO—OOO—
O—OOO——OO
OO0 ——OO
CO——OOO—O
OO —OOoO—

cCoO—Oo—O—OO
—Sodo—o—S
o=S=ScSo=

O—O—OOoOOO—
SO—O—O—OO
_100001010_

o—cOo—OOo—O
So—So=So—
—So=So=3o

OO OoO—OO—O
CO—OCO—OO—
—OO—=OO—OO

N J/

} to make a (0, 1)-matrix N;(€)

AN — <t
AN <f —
—<tcn
< —an

|

of size 36 which is the adjacency matrix of a SRG(36,15,6,6). All matrices Ny, Ni, and

(i)in L=

/
€

For each € = 0, 1,2, substitute i with

N, share four disjoint complete tripartite graphs K33 These three matrices are presented in

Appendix 5.
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Chapter 5

A New Series of Complete Design
Decompositions

In [10], Ionin and Kharaghani used balanced generalized weighing matrices and symmetric
designs to generate new families of strongly regular graphs. In this Chapter, we use their

method to generate an infinite class of decompositions.

5.1 McFarland Designs and a Generalization

Let M be a non-empty set of matrices and let G be a cyclic group of bijections M — M.
Suppose W = [w;;] is a balanced generalized weighing matrix over G, then, for D € M,
W ® D represents the block matrix [w;;D], where, for w;; € G, w;;D is the image of D under
the bijection w;;, [10]. By the abuse of language we call the operation mentioned above the

Kronecker product of W and D.

Theorem 5.1 ([10, Theorem 3.1, p. 312]). Suppose that a nonempty set M of incidence
matrices of symmetric (V,k,\)-designs and a finite group S of bijections M — M satisfy

conditions:
1. (6M)(oN)" = MNT for all M,N € M and all G € S.
2. For each M € M, the matrix ¥ 5c50M is a multiple of Jy.

IfW is a BGW (w,1,u) over S with k*u = VA, then, for N € M, W ® N, as defined above, is

an incidence matrix of a symmetric (Vvw,kl, Al )-design.
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5.1. MCFARLAND DESIGNS AND A GENERALIZATION

Proof. Let W = [a;j]. The (i, j)-block of size v of W ® N is a;;N. We need to prove
(WRN)(W@N)T = (kI — M)y, + (M) Iy (5.1)

We first calculate the matrix (W @ N)(W @ N)T = [M;;], where M;; is the (i, j)-block of size
v of the matrix (W @ N)(W @ N)T. For eachi € {1,2,...,w}, there exist 61,6,,...,6; € S

such that

M; = i (0iN) (0N = i (6;N)(o;N)" = i NNT = |(NNT)
j=1 j=1 j=1

= 1((k =Ny + (W Jy) = (kI = M), + ALy,

Therefore, diagonal blocks of (W @ N)(W @ N)T satisfy (5.1). Since each row of any ele-
ment in M has k ones, and since the matrix }5cgGM is a multiple of J, we conclude that
all entries of the matrix Y 5cg0M are equal to (k|S|)/v. Fori,j € {1,2,...,w} with i # j,

we have

k=1 k=1
H T H k‘S‘ T
= L (Y oNNT = (22 m
N GZES S| v Y
k>
=—J
N A%
VAL
=—J
v
:(7»1).]\/.

Hence, we proved (W @ N)(W @ N)T = (kI — M) Ly, + (M) Jy,, and so W @ N is the incidence

matrix of a symmetric (vw, kl,Al)-design. O

Lemma 5.2. Let g = p™ be a prime power, d a positive integer, and r = (¢°*' —1) /(g —1).

Then, gcd(r,q) = 1. Moreover, ged(r+1,q) = 1 when q is odd.

62



5.1. MCFARLAND DESIGNS AND A GENERALIZATION

Proof. We have

d+1_1

= q— :qd—|—.+q+1.
qg—1
Hence, we conclude gecd(r,q) = 1. Moreover, ged(r+ 1,g) = 1 when ¢ is odd. [l
qd+1 -1
Let g = p™ be a prime power, d a positive integer, r = — Cry1=circ(0,1,0,...,0)
q —
a circulant matrix of size r+ 1, and L a Latin square on {0,1,...,r}. For each ¢, let

Z(g,d,e) ={A0(e),...,AV)(g)}.

For € # ©, we correspond an element AY)(g) of E(g,d,€) to an element AY)(9®) of
E(q,d,¥) on Page 47 of this thesis. (For € # U, there is an isomorphism ¢ between
A¢(GH(q,4%),d) and Ag(GH(q,4®),d) which corresponds each element of Ae(GH (q,¢%),d)
to an element of Ay(GH (g,4°),d). Let A(g) = (11 @ 0) (rgra)] ®Jya-6-1 be an arbitrary
element of the set Ae¢(GH(q,q%),d), where a € {1,...,¢%!}. Then the image of A(g) un-
der the isomorphism is equal to A(®) = [(,6+1 ® W) (r57a)] ® Jya-6-1. The same row of
GH(q,¢°) is used in both A(€) and A(®).)

The set {A)(0),...,A®(g—1)} is a set of disjoint (0, 1)-matrices by Lemma 4.9. Sim-
ilarly, let Zg(q,d,) = {A(e),..., AV ()}, then, the set {A¥(0),..., A% (g— 1)} is a set
of disjoint (0, 1)-matrices by Lemma 4.19.

Now, we use the notation Y (3,/,L) to show the symmetric design made by replacing i
with A?)(9) in the Latin square C! 1 L. Moreover, let Yg(19,/,L) be the symmetric design
L. Then, an action g on Y(,/,L) is defined by

made by replacing i with AW (9) in C! o

g(Y(%,1,L)) =Y(0+1 (mod ¢),[+1 (mod r+1),L).
We use the notation G(g,d) to denote the cyclic group generated by g. We note that

G2 (Y(8,1,L)) = Y (942 (mod g),l+2 (mod r+1),L),
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(Y (V,1,L)) =Y (943 (mod g),l+3 (mod r+1),L),

gH(Y(®,1,L)) =Y(9+4 (mod g),l+4 (mod r+1),L),

g (XY(9,0,L)) =Y(O+¢ (mod q),l +1 (mod r+1),L).

One may note that
g/ V(Y (9,1,L)) = Y(O+q(r+1) (mod q),l +q(r+1) (mod r+1),L) = Y(9,1,L).
Since gcd(q,r+1) = 1, we conclude that |G(q,d)| = g(r+1) and
G(g.d)=<g>={s'[l <t <q(r+1)}.
Similarly, we define
g(Yr(9,1,L)) =Yg(9+1 (mod g),/+1 (mod r+1),L).

Example 5.3. From Example 4.13, we have

£(3,1,0) =

( 70000000007 [1110000007 [1001001007 [1000010107 [1000100017 )
000000000 |111000000| |010010010| |010100001| 010001100
000000000| |111000000| [001001001| [001010100| |001100010
000000000| |000111000| [100100100| [010100001| |001100010
000000000 , [000111000| , [010010010| , |001010100/ , [ 100010001
000000000 0111000 " (001001001 | * [100001010| " [010001100
000000000| |000000111| [100100100| [001010100| |010001100
000000000 |000000111| 010010010 |100001010| 001100010

L L000000000] [000000111] [001001001] [010100001] [100010001] )

and

£(3,1,1) =
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~

T 1
OO ——OOO—O
OO ——OO
—OOO—OOO—
—OOO—OOO—
OO——OOO—O
O—O0O0O——OO
OO0 ——OO
—OOO—OOO—
CO——OOO—O

I 1
—OOOO—O—O
OCO—O—O—OO
OO —OOoOO—
OCO—O—O—OO
OO —OOOO—
—OOoOOO—O—O
OO —OOOO—
—OOOO—O—O
CO—O—O—OO

oo Oo—OOo—O
e e )

111000000
111000000
111000000

(000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000

\

E(3,1,0), we have

For elements of

I 1
SCO—OO—OO—
OO—=OO—OO—O
—OO—OO—OO
SO—OO—OO—
O OO—OO—O
—OO—OO—OO
SO—OO—OO—
O—=HOO—OO—O
_100100100_

AR (0) =

, A(0)

000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000

—ooCo—OOO—

—OOO—OOO—
CO——OOO—O
CO—I—OOO—O
OO0 ——OO
OO —OOoO—

I 1
OO0 —
—OOOO—O—O
CO—O—O—OO
—OOOO—O—O

O—O—OOOOO—
—OOoOO—O—O

Z(3,1,1), we have

For elements of

I 1
O OO—OO—O
—OO—=OO—oD
e T Y e e Yo Yot
SO —OS—O
B Yo e s P e Y|
e e Yo e Yo Rt
S—odS ==
—OS—=oo—od
OO—OS—=OS— .
I 1
CO——OOO—O
Il SO ——OD
— ) e Yo e Yo
— —OOS—OOS—
S~ O —=—oSS—o
S SO OS——OD
— S SSS—— S
< —OOO—ooO—
N OS—=—ODS—D
I 1
OO —— OO
SES———SSS I
1 T P Yo Yo —
B B Ry N e Yo Yo Yo —
—_—_—r OO S~
—“—,t SO S S
oSS —m—— =
SO ——— <
SOOSSSO——— -
I 1
—OOOO—O—O
I oS=S=o—odS
— S—o—oo0o—
— SoO—Oo—O—=o0
S~ S—o—oSoS—
= —OSOS—=O—O
— OO =0 —
< —OO0OS—=S—O
- OOS—=S—0o—=OS,
I 1
cCOoococooOOS
SSOEESSSES I
SOSSESSSS —
SSSSSSSSS —
SOSSSSESESSS o~
SOSSSESSS @
SO D —
[ T T s Yo Y Y Yo Yo <
SOSOSSSSSS

. Then

NAN— Ot
A—O <N
—OoO<tnA
O<FonaA—
<t nAN—O

|

] , we have CsL

<t nAN—O
AN~ O <t
AN—O<ten
—O<tnaA

0
4
3
2
1

g(Y(O,QL))

Let Cs = circ(0,1,0,0,0). If L

Y(1,1,L),
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where
A 0) AM(0) A@(0) A (0) AW(0)
AW (0) AO(0) AW (0) A@)(0) A®)(0)
Y(0,0,L) = | 4%)(0) A4(0) A®(0) a1 (0) A®)(0)
A@0) AG)(0) A®(0) AO (0) AM(0)
A (0) A®)(0) AB)(0) AW (0) A©)(0)
and
AW (1) AO (1) AW (1) A@ (1) AC) (1)
AB (1) AW (1) A0 (1) AMW(1) AD(1)
Y(1,1,L) = | A®(1) A®) (1) AW (1) A (1) AL (1)
AN (1) A@ (1) AG) (1) A® (1) AO) (1)
A1) AW(1) A (1) AG)(1) AW(1)
d+1 _
Definition 5.4. Let ¢ = p" be a prime power, d a positive integer, r = T L a Latin
square over {0,...,r}, and C,41 = circ(0,1,0,...,0) a circulant matrix of size r+ 1. Then,

we use the notation M (g,d, L) to denote the set
{Y(9,1,L)[0€{0,....,q—1},0<r <r}.

Also we use the notation Mg(q,d, L) to denote the set
{Yr(9,t,L)|9€{0,...,q—1},0<r<r}.

01234
) 40123
Ekmnmess.mwmsEmmmh,wegmm&eﬂ[@,LLmemeL::%ggé% . We have
12340

15012 33301 13330 01534

CL=L,CsL= |23401|,C2L=|12340|,C3L=|01234|,andCIL= |40123],
12340 01234 40123 34012
~ Lo1234 40123 _ 34012, 23401

where Cs = circ(0,1,0,0,0). We know Yg(8,7,L) is the symmetric (45, 12,3)-design made

by replacing i with Al) () in the Latin square C'L, and we have

M(3,1,L) = {Yr(0,1,L)|® € {0,1,2},0 <1 < 4}.

The set M (3,1, L) consists of fifteen symmetric (45, 12,3)-designs whose incidence matri-

ces appear in Appendix 6.

The following theorem shows how G(gq,d) acts on two sets M (¢,d,L) and Mg(q,d,L).
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d+1

Theorem 5.6. Let g = p™ be a prime power, d a positive integer, r = 1 and L
q J—

a circulant Latin square over {0,...,r}. Then, the group G(q,d) (Defined on Page 63)

is a cyclic group of bijections on M (q,d,L), and also is a cyclic group of bijections on

MR(quvL)'

Proof. Let 6 = g’ be an arbitrary element in G(q,d), for some 0 <t < r. Then, the image
of Y(9,1,L) under ¢ is Y(O+1¢ (mod q),l+1¢ (mod r+ 1),L). It follows that ¢ is a cyclic
bijection from M (q,d,L) to M (q,d,L). Hence, the group G(q,d) is a cyclic group of
bijections from M (g,d,L) to M (g,d,L). Similarly, it is possible to prove that the group
G(g,d) is also a cyclic group of bijections from Mg(q,d,L) to Mg(q,d,L). O

We have the following lemma.

Lemma 5.7. Let ¢ = p™ be a prime power, d a positive integer, €,% € {0,...,q— 1}, O #
e, and GH(q,q%) a generalized Hadamard matrix over Q(p,m) = {®o,®1,...,@m_1},
where 0 < 0 < d — 1. The matrices A € E(q,d,€) and B € E(q,d, ) satisfy the following

conditions:
1. IfA(®) = B, we have ABT = ¢“A(e —);
2. IfA(®) # B, we have ABT = qd*IJqu.
Similarly, for the matrices Ag € Eg(q,d,€) and B € Eg(q,d,¥) we have:
(i). If AR(®) = Bg, we have AgBY = ¢?A(e —);
(ii). If AR (D) # Bg, we have ARB = qd_qudH.

The following theorem shows G(q,d) and M (g,d, L) satisfy the 1st and 2nd conditions

of Theorem 5.1 if L is circulant.

d+1

Theorem 5.8. Let g = p™ be a prime power, d a positive integer, r = 1 and L a
q —

circulant Latin square over {0, ... r}. Then, we have
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1. (oM)(oN)T = MNT for all M,N € M (q,d,L) and all 6 € G(q,d).
2. ForeachM € M(q.,d,L), the matrix ¥.sc(q.q) OM is a multiple of J ;. y)ga+1.

Proof. 1. For arbitrary elements M,N € M (q,d,L) and 6 € G(q,d), let M = Y(¢g,s,L),
N = Y(9,t,L), and ¢ = g*, for some V,& € {0,...,q — 1}, s, € {0,...,r}, and

u€{0,...,q(r+1)—1}. Note that
Y(e,s,L) = (CS®qu+1)T(8,O,L)

and

Y(E, S,L) = Y(S, 07L) (CS ®qu+1 )

We first calculate Y(g,0,L)Y(8,0,L)" = [M;;], where M;; is (i, j)-block of size g**! of the

matrix Y(g,0,L)Y(9,0,L)”. By Lemma 5.7, we have

Mi= Y  AEA®) =g (0 @)
A(e)€E(q.de)
A(D)€E(q.d,0)

+q4 Y Ae—0)

A(e—0)eE(q,d e—0)

== qd<0)g_ﬂ ®Jqd)
d—1
+4° Z [qe+l(lqe+1 @ We_p ®Jqd—9—l) —f—qe((quH —Iqe+1) ®Jqd—9)} .
6=0
For i # j, Lemma 5.7 shows that M;; = (r — 1)qd’1Jqd+1. From this, we conclude
[Y(€1,0,L)Y(01,0,L)" =Y(&2,0,L)Y(92,0,L)" ] < [e1 — 01 =&, — D).
Now, we have

(6M)(oN)T = 6(Y(e,s,L))(c(Y(0,,L))) = Y(e+u,s+u, L)Y (O +u,t +u,L)T
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= ((C*T @ L)Y (e +u,0,L)) ((CF @ La1)Y (9 +1,0,L))"
= (" @ L)Y (e+u,0,L))Y(D+u,0,L) (CT" " @ L a1)
= (CH @ L1 )(CT " @1 ja1)) Y (e +u,0,L)Y (D +u,0,L)"
= (! ® Lya+ Y (e+u,0,L)Y (04 u,0,L)T

= (C*' ®1,4+1)Y(e,0,L)Y(9,0,L)"

= (C*®1La+1)Y(g,0,L)((C' ® a1 )Y(9,0,L))"
=Y(e,s,L)Y(0,1,L)T

= MNT.
2.Let M =Y(g,s,L), forsome € € {0,...,q— 1} and 0 < s < r. We have

Y oM= ) oY(es,L)

6eG(q,d) 6eG(q,d)

= ) ir(s+p,s+u,L)

pef{0,....,q—1}u=0

= )Y N

NeM(q,d,L)

Let M;; be the (i, j)-block of size g“*! of the matrix Y.Near(q,a,0)N- By Definition 5.4 and

Lemma 4.10, we have

Mij= ) Y A
e€{0,....q— 1} A€E(q,d,¢€)

d—1
= Z ((Dg QJya + Z [qu (Iqe+1 ® Mg ®Jqd7671) +qe((.]qe+1 —Iqe+1) ®Jqde)])
ec{0.q—1} =0

d—1
= ( Z o) ®Ja+ Z [q9+1(1q9+1 R ( Z o) ®Jqd7971)
e€{0,....,g—1} =0 ee{0,....q—1}

+¢%! ((quﬂ — Iqe+1) ®Jqd79)}

d—1
=Jg®Ju+ Z [q9+1 (Iqe+1 ®Jy ®Jqd—e—1) +q9+1((.]qe+1 —Iq6+1)®.]qd—9>]
0=0
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5.1. MCFARLAND DESIGNS AND A GENERALIZATION

]

The following theorem shows G(g,d) and Mg(q,d, L) satisfy the 1st and 2nd conditions
of Theorem 5.1 if L is back circulant. The proof of the following theorem is similar to the

proof of Theorem 5.8.

d+1 1
Theorem 5.9. Let g = p™ be a prime power, d a positive integer, r = 1 and L be a

back circulant Latin square over {0, ...,r}. Then, we have
1. (6M)(oN)" = MNT for all M,N € Mg(q,d,L) and all 6 € G(q,d).
2. Foreach M € Mg(q,d,L), the matrix Y.ocg(q,a)OM is a multiple of J,.. 1 ga+1.

To be able to apply Theorem 5.1 for the set M (g,d, L), we review balanced generalized

weighing matrices. As it is mentioned in [10], most of the known balanced generalized
d+1 _

q 1 _
T,qd,qd —qd 1)

weighing matrices belong to the family BGW ( over G, where ¢

1
is a prime power, d is positive, and G is a cyclic group whose order divides g — 1. In the

following three theorems, we study balanced generalized weighing matrices.

Theorem 5.10 ([11, Proposition 10.1.17, p. 326]). Let g be a prime power. Then, there is a

zero diagonal BGW (q+ 1,q,q — 1) over a cyclic group G whose order |G| divides g — 1.

Theorem 5.11 ([14, Lemma 1, p. 141]). Let g be a prime power. There exists a symmetric
q—1
|G|

zero diagonal BGW (q+ 1,q,q — 1) over a cyclic group G if is an even integer.

Theorem 5.12 ([10, Theorem 2.3, p. 211]). Let g be a prime power, n a divisor of g — 1,

qg—1
n

and G a cyclic group of order n. If is even, then, for any positive integer d, there
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5.1. MCFARLAND DESIGNS AND A GENERALIZATION

exists a symmetric balanced generalized weighing matrix

C]2d -1
BGW( . ,q2dfl,q2dfl _q2d2)
q_

over G with all diagonal entries equal to 0.

In the following theorem, we show how any balanced generalized weighing matrices
and the set M (q,d,L) form a symmetric design. Although the following theorem is not
mentioned in [10], it is directly follows from [10, Theorem 5.1, p. 216].
d+1 _ 1

Theorem 5.13. Let g be an odd prime power and d a positive integer. If r = q

qg—1
is a prime power, then, for any positive integer m, there exists a symmetric design with

parametel’s
(qd+1(r4m—1) grim=1 qd1r4m2<r_1)>‘

r—1 ’ ’
Proof. Let L be a circulant Latin square over {0,...,r}. Consider the set M (gq,d,L) con-

L rg? (r—1)g?1)-designs. Theorem 5.6 shows

sisting of g(r+ 1) symmetric ((r+1)g
that the group G(g,d) is a cyclic group of bijections M (q,d,L) — M (q,d,L). By The-
orem 5.8, the group G(g,d) and the set M (gq,d,L) satisfy the first and second conditions

of Theorem 5.1. For any positive integer m, Theorem 5.12 guarantees the existence of a

symmetric zero diagonal BGW over the group G(q,d) with parameters

FAm_
BGW 7’,_4m—2, r4m—2 . r4m—4 )
r2—1

4m

—1

Let (v, ) = ((r+ g, (r— 1)) and (o, o) = (S 7472, A2 sy,
e —

To be able to use Theorem 5.1, we need to prove k2y = VAL

k2‘u _ r2q2d(r4m—2 . r4m—4)
— r4m—2q2d(r2 . 1)
= (7 Dg (= 1)g )
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5.2. SPENCE DESIGNS AND A GENERALIZATION

= VAL

From Theorem 5.1, we conclude that there is a symmetric (vw, kl,Al)-design or a symmetric

d+1/,4m 1
(Ll)’ qdr4m—1’qd—1r4m—2(r _ 1)) -design. O
v —

Utilizing a similar proof to the proof of Theorem 5.13, we can prove the following

theorem.

Theorem 5.14 ([10, Theorem 5.1, p. 216]). Let g be an odd prime power and d a positive
d+1
g —1

integer. If r = is a prime power, then, for any positive integer m, there exists a

q—1
strongly regular graph with parameters

(qudr“ml,qdlr“mz(r— D, q" "2 (r = 1))-
P

5.2 Spence Designs and a Generalization
3d+1 -1
Let d be a positive integer, r = — and Q(3,1) = {®p,®;,®,}. In Section 5.1,
we use McFarland Designs and balanced generalized weighing matrices to make more sym-
metric designs. In this section, we apply a similar technique on the Spence designs made
in Theorem 4.28. By Definition 4.27, the matrix Jys+1 — (I3 ® J34) is common in all sets

='(3,d,0), &'(3,d,1), and E'(3,d,2). Since we also need the matrices Jxa11 — (0] ® J34)

and J3a+1 — (0 ®Jza), we define three sets as follow:
A(d,€) = Ae(GH(3,1),d)U...UA(GH (3,397, d) U {Jzae1 — (0 @ J34)},

for each € € {0,1,2}. One may note that A(d,0) = &'(3,d,0), and for € € {0,1,2}\ {0},

we have

A(d,e) = (E'(3,d,0) \ {Jzar1 — (3R J3a) }) U{Jza1 — (0 @ J54) }.

72



5.2. SPENCE DESIGNS AND A GENERALIZATION

Similarly, we have:

(GH(3,3771),d) U {J30:1 — (0eR3 @ J34)},

/
€

+(GH(3,1),d)U...UA

AR(d,S) =

foreach € € {0,1,2}.

Example 5.15.
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Let d be a positive integer, r

2
.,r— 1}. For each €, let

size r, and L a Latin square on {0, ..

LAV ()},

A(d,e) ={A9(e),..
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and

Ar(d,e) = {A0(e),.... AUV (e)}.

Now, we use the notation Y’(€,1,L) to show the symmetric design made by replacing
i with A®)(g) in the Latin square C'L. Moreover, let Y}(g,/,L) be the symmetric design

made by replacing i with Ag) (¢) in CLL. Then, an action g on Y’(g,[,L) is defined by
g(Y'(g,1,L)) =Y'(e+1 (mod 3),l+1 (mod r),L).

We use the notation G'(3,d) to denote the cyclic group generated by g. We note that
g?(Y'(e,1,L)) =Y'(e+2 (mod 3),/+2 (mod r),L),

g (Y'(e,1,L)) =Y'(e+3 (mod 3),/+3 (mod r),L),

g (Y'(e,l,L)) =Y (e+1¢ (mod 3),l +t (mod r),L).

It can be seen
(Y (e,1,L)) =Y'(e+3r (mod 3),/+3r (mod r),L) = Y'(¢,1,L).
Since ged(3,r) = 1, we conclude that |G'(3,d)| = 3r and
G (3,d) =< g>={g'|1 <t <3r}.
Similarly, we define

g(Yg(g,[,L)) = Yg(e+1 (mod 3),/+ 1 (mod r),L).
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o 3+l . .
Definition 5.16. Let d be a positive integer, r = > , L a circulant Latin square over
{0,...,r—1}, and C, = circ(0,1,0,...,0) a circulant matrix of size r. Then, we use the

notation M’(3,d,L) to denote the set {Y'(9,7,L)| € {0,1,2},0 <t <r—1}. We also
define My (3,d,L) = {Y(0,7,L)|0 € {0,1,2},0 <t <r—1}.

Example 5.17. In this Example, we generate M'(3,1,L), where L =

| ——
—NWo

015
307 . We have
230

2301 1230
2r _ 1230 3r _ 0123
],C4L— [gé%%},and C,L= [%(3)(1)%} We demonstrate the set

symmetric (36, 15,6)-designs whose incidence matrices appear in Appendix 7.

A similar proof to the proof of Theorem 5.6 confirms the following theorem.

3d+1 -1
Theorem 5.18. Let d be a positive integer, r = — and L a circulant Latin square

over {0,...,r —1}. Then, the group G'(3,d) (Defined on Page 74) is a cyclic group of
bijections on M'(3,d,L), and also is a cyclic group of bijections on M,(3,d,L).

The proof of Theorem 5.8 implies the following two theorems.

3d+1 -1
Theorem 5.19. Let d be a positive integer, r = — and L a circulant Latin square

over{0,...,r—1}. Then, we have
1. (6M)(oN)" = MNT forall M,N € M'(3,d,L) and all 6 € G'(3,d).

2. Foreach M € M'(3,d,L), the matrix Yoeq (3,4)OM is a multiple of J,3a+1.

3d+1 -1

Theorem 5.20. Let d be a positive integer, r = — and L a back circulant Latin

square over {0,...,r — 1}. Then, we have
1. (oM)(oN)T = MNT for all M,N € M}(3,d,L) and all 6 € G'(3,d).
2. For each M € My(3,d,L), the matrix ¥ sc /(3,4 M is a multiple of J,za+1.

In the following theorem, we show how a balanced generalized weighing matrix and the
set M’ (3,d,L) form a symmetric design. Although the following theorem is not mentioned

in [10], it is directly follows from [10, Theorem 5.3, p. 216].
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3d+1 +1

2
positive integer m, there exists a symmetric design with parameters

Theorem 5.21. Let d be a positive integer. If g = is a prime power, then, for any

3d+l(q4m_1> 3dq4m—1 3d(3d+1)q4m—2
q+1 9 9 2 .

3d+1 -1
Proof. Let L be a circulant Latin square over {0,...,r — 1}, where r = — One may

note that ¢ — 1 = r. Consider the set M’(3,d, L) consisting of 3r symmetric
(34T (3d+ 1) /2,39(39F1 1-1)/2,39(37 4 1) /2)-designs.

By Theorem 5.19, the group G'(3,d) and the set M’(3,d, L) satisfy the 1st and 2nd condi-
tions of Theorem 5.1. For any positive integer m, Theorem 5.12 guarantees the existence of

a symmetric zero diagonal BGW over the group G'(3,d) with parameters

4m_1

BGW(W,Z,/J) = BGw(q 4m—2 _4m—2 _q4m4).

q2_17 Y

3d+1(3d+1 _ 1) 3d(3d+1 4 1) 3d(3d + 1)
2 ’ 2 ’ 2
5.1, we need to prove k*u = VAl

Let (v,k,A) = ( ) To be able to use Theorem

k2’u — 32dq2 (q4m72 o q4m74)
— 32dq4m72(q2 _ 1)

=3 g—1)(3" (g +1))g™"?
39(39 1)

=3 g-1)(—;

)q4m—2
= VAL

From Theorem 5.1, we conclude that there is a symmetric (vw,kl,Al)-design, i.e. a sym-

3d+1 4m -1 3d 3d 1 Adm—2
metric Lﬁdq“m_l, 37+ 1) -design. O
q+1 2

76



5.3. AN APPLICATION OF BALANCED GENERALIZED WEIGHING MATRICES

In the following theorem, a symmetric zero diagonal balanced generalized weighing
matrix and the set My(g,d,L) form a strongly regular graph. The proof of the following

theorem is very similar to the proof of Theorem 5.21.

3d+l 1
Theorem 5.22 ([10, Theorem 5.3, p. 216]). Let d be a positive integer. If g = T+ is

a prime power, then, for any positive integer m, there exists a strongly regular graph with

parameters

3d+1(q4m_1) 3d a1 3d(3d+1)q4m—2 3d(3d+1)q4m—2
q+1 > ) 2 ’ D) .

5.3 An Application of Balanced Generalized Weighing Matrices

In this section, we use the technique of the last section to decompose complete designs

and complete graphs.

d+l__1
Theorem 5.23. Let g = p™ be an odd prime power, d a positive integer, r = 1
q —
,r4m727 r4m72 o r4m74
r2—1
over the group G(q,d). Then, for any positive integer m, there exists a decomposition of the
qd+1 ( r4m _ 1)

FAm

a prime power, and W a symmetric zero diagonal BGW(

complete design on points into

—1
d+1 4m_1
* g symmetric (—q r 1 >,qdr4m1,qd1r4m2(r—1)>-designs,
r_
d+1 /. 4m Am
q r—1 r—1
+ ap06( T () 1 )20 ) ),

b qu+l (r4m,1) y and
r—1

W @D, where D is a DDG((r+ 1)g?*!,¢?*1, 41,0, (r+1),4%*1).

Proof. Let L be a circulant Latin square over {0,...,r}. The set

{Y(e,0,L)|e € {0,...,q—1}}
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is a set of ¢ disjoint symmetric ((r 4 1)g?*!,rg?, (r — 1)g?~')-designs whose diagonal

blocks of size ¢g?*! are equal to the zero block. . Then, the set
{W®7Y(e,0,L)[e€{0,...,g—1}}

is a set of ¢ disjoint symmetric

d+1(4m _ 1
(w,qdr“ml,qdlr“mz(r— 1)> -designs.

r—1

q—1
Let D =J(, yygat1 — ZYEOL) (Jrs1—Irp1) ®J a1 whichis a

DDG((I"+ 1) d+1 d+1’qd+1’0’(r+ 1)’qd+1).

We have
qg—1
Lavigam gy +1am | @ (J(H_l)qdﬂ _I(r+1)qd+1) +WRD+ Z(W ®Y(g,t,L)) =J as1am -
e = =0 e

The matrix ,an_; ® (J(,1)ga+1 — I, 11)qe+1) 18 the adjacency matrix of a

21

gt —1) d+1 d+1 -1 d+1
DDG Ta(q (l"—l—l))—L(q (r+1))_2707 21 'q (F+1) :
G
Hence, we come to a decomposition of the complete design on EEE— points into ¢
r—

symmetric designs with parameters

r—1

(]d+ 1 (r4m 4m

_1),(qd+1(r+l))—1,(qd+1(r+1))—2,0, rr2 —1,qd+1<r+1)>,

r—1 —1
a1y, and W @ D, where D is a DDG((r+1)g"™ ¢4, ¢?%1,0,(r+1),¢%*1). O

r—1

aDDG(
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Applying back circulant Latin square L and the set Mg(g,d,L) in Theorem 5.23, we

conclude the following theorem:

d+1 _ 1
Theorem 5.24. Let g be an odd prime power, d a positive integer, r = I a prime
rm—1 dm—2 Am—2  _dm—4
power, and W a symmetric zero diagonal BGW " ML T — ) over the
e —
group G(q,d). Then, for any positive integer m, there exists a decomposition of the complete
qd—i—l (r4m o 1)

graph on vertices into

Cldﬂ(”“m—l) d 4m—1 d—1_4m—2 d—1 4m—2
¢ g SRG( T ! g T (= 1), g R (- 1)),
r—

qd+l<l’4m—1) dil dil ,,.4m_1 d+1
e aDDG T,(q (H—l))—l,(q <r+1))_270a 2 q (V—l—l) ’

and
« W®D, where D is a DDG((r+ 1)g®*!, ¢¢t1,¢%+1,0, (r+1),4%*).

We now focus on Spence designs. In the following theorem, three symmetric designs

with parameters

3d+1(q4m_1) 3dq4m71 3d(3d+1)q4m—2
q+1 ) ) D)

are made. These symmetric designs are not disjoint. In Theorem 5.26 below, three non-

disjoint strongly regular graphs with parameters

3d+l (q4m _ 1) 3dq4m71 3d(3d + 1)q4m—2 3d(3d + 1)q4m—2
q+1 b ) 2 ) 2

are constructed. Since they are not disjoint, they can not be elements of a decomposition

of a complete graph. However, their existence is important because we use them to form a

non-commutative association scheme in Chapter 6.

3d+1 1
Theorem 5.25. Let d be a positive integer, ¢ = T—i_ a prime power, and W a symmetric
4m
—1
zero diagonal BGW(q 71 g2 gt - q4m_4) over G'(3,d). Then, for any positive
q —
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integer m, there exists a set consisting of three symmetric designs with parameters

3d+1(q4m_1> 3dq4mfl 3d(3d+1)q4m72
C]+1 ) s ) .

d+1 _ 1
Proof. Let L be a circulant Latin square over {0,...,g—2}. Let r = — One may

note that ¢ — 1 = r. Let the diagonal blocks of size 3¢*! of each matrix in {Y’(g,0,L)|e €
{0,1,2}} be equal to (J3 —I3) ® Jsa. The set {Y'(e,0,L)|e € {0,1,2}} is a set of three

symmetric

(3d+1(3d+1_1) 3d(3d+1+1> 3d(3d+1)

> , 5 , > )—demgns

sharing complete tripartite graphs K33d. Then, the set {W ®Y'(e,7,L)|e € {0,1,2}} is a set

of three symmetric designs with parameters

3d+1 (q4m _ 1) 3dq4m71 3d(3d + 1)q4m—2
C]+l ) ) D) .
The elements of the set {W @ Y’(e,r,L)|e € {0,1,2}} are not disjoint because the elements

of the set {Y’(g,0,L)|e € {0,1,2}} are not disjoint. O

Applying a back circulant Latin square L and the set M} (3,d, L) in Theorem 5.25, we
conclude the following theorem. The resulted matrix is a constant diagonal matrix because

we use a zero diagonal balanced generalized weighing matrix.

3d+1 1
Theorem 5.26. Let d be a positive integer, ¢ = T+ a prime power, and W a symmetric
4m
-1
zero diagonal BGW(q 71 g2 gt — q4m_4) over G'(3,d). Then, for any positive
q —

integer m, there are three

SRG w 3d Am—1 3439 4 1)g*m=2 39(34 4 1)g*m2
g+1 ’ ’ > , 5

sharing the matrix W @ I4 ® (J3 — Iz3) ® J3.
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Chapter 6

Decomposing the Complete Designs into
Association Schemes

One natural application of decompositions is in creating association schemes. In this Chap-
ter, we introduce an infinite class of non-commutative association schemes. Furthermore,
by the use of McFarland designs, we will present complete design decompositions, com-
plete graph decompositions, and association schemes. The outcome is an infinite class of

symmetric association schemes.

6.1 A New Series of Association Schemes

We first review the definition of an association scheme.

Definition 6.1 ([2, p. 52]). The pair (X,R) is called a d-class association scheme if X is a

set of cardinality n, and R = {Ry,...,R,} is a partition of X x X such that
l. Rp={(x,x)|xeX};
2. Ri =Ry, forsomei =1,...,d, where R, = {(x,y)|(y,x) € Ri};

3. Fori, j,kin {0,1,...,d} and for all (x,y) € Ry, the number of z € X such that (x,z) €
(k)

R; and (z,y) € R; is a constant number denoted by p;;".

If R =R, foralli=1,...,d, the association scheme is called symmetric. The parameters

pg.{) ,0<1,j,k <d, are called the intersection numbers of the association scheme.
In Definition 6.1, if we add the following condition
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4. pj;=phiforalli, j, and &,
the association scheme is called commutative.

Definition 6.2 ([2, p. 57]). Suppose (X,R) is a d-class associate scheme with intersection

numbers pg«)’ 0 <i,j,k <d. The intersection matrices By, ...,B; of (X,R) are defined by
k
(Bi)jk = P,(j)-

Let (X,R) be an association scheme with R = {Ry,...,R;}. Foreach k={0,1,...,d},
(k)

we define the matrix Ay = [g;;’] as follows:

a

(k) _ [ 1 if(i)) € Re
Y 0 otherwise.

The set {Ao,A1,...,Aq} is called the set of incidence matrices. The following equivalent

definition of association schemes relates to the incidence matrices.

Definition 6.3 ([2, p. 53]). A set of non-zero (0, 1)-matrices {Ag,Aq,...,Ay} in R"*" is an

association scheme with d classes on a finite set X of cardinality n if
1. AO = In;
2. AT € {Ag,Ay,...,Ay} foreachi=1,....d;

d
3. Aidj =Y pfiAr, foralli,j€{0,....d};
k=0

If all adjacency matrices of an association scheme are symmetric, the association scheme
is symmetric. An association scheme is commutative if we add the following property to

Definition 6.3:
4. AiAj = AjA,' for all Al',Aj € {A(),Al, . ,Ad}.

For any two matrices A; and A; in a symmetric association scheme, we have

(AA)T =ATA] = A4,
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and

(AA)" = (PYI+ pjjAL+ ...+ piAL)T
= piI" + piAT ..+ plAL

= pil + pLiAL+ ...+ piAg

— AA;.

Therefore, A;A; = A ;A;. Thus, any symmetric association scheme is commutative . Suppose

{Ao,A1,...,Ag} is a commutative association scheme. The real vector space spanned by

{A0,A1,...,Aq} is called the Bose-Mesner algebra of the association scheme.

Example 6.4. The following matrices are the adjacency matrices of a 3-class association

scheme on 8 elements.

Ay =

We note that Ap = Ig and all adjacency matrices Ag , ..

have Z

A; = Jg and we also have
=0

100000007 7011100007 F000001117
01000000 10110000 00001011
00100000 11010000 00001101
00010000| , _[11100000| , _ 00001110
0000100041~ [00000111 |42~ (01110000
00000100 00001011 10110000
00000010 00001101 11010000
00000001 100001110 111100000 ]

ApAp = Ao,
A1Ag = Ay,
ArAp = Ay,

A3Ap = A3z,

ApA1 = Ay, ApAr=A;, ApAz =Aj,

7A3:

A1A1 =3A0+ 24, AjAy =2A,+3A3, AjA3=A,,

ArA| =2A2+43A3, ArAr) =3A0+2A1, ArAz=Aj,

A3A1 =As, A3zA; =A1, A3A3=A.

., Az are symmetric. Moreover, we

The trivial association schemes is defined by {Ag = I,A| =J —I}. Symmetric associa-

83



6.1. ANEW SERIES OF ASSOCIATION SCHEMES

tion schemes with two classes are equivalent to strongly regular graphs. The classes of any
symmetric association scheme with two classes are a strongly regular graph and its comple-
ment. One of the important classes of association schemes is called amorphous association

schemes.

Definition 6.5 ([17, p. 112]). Let (X,{R; ?’:0) be an association scheme. Let {{o,...,{,}
be a partition of {0, 1,...,d} with o = {0}. If (X, {Ujeq, R }}1_) is an association scheme,

then it is called a fusion scheme of the association scheme (X, {R;}%_,).

Definition 6.6 ([17, p. 31]). An association scheme (X,{R;}) is called amorphous if
(X, {Uieq, Ri}}1—g) is a fusion scheme of (X, {R:}%,) for any partition {]o,...,q,} with
o = {0}

Now, we focus on strongly regular graphs made in Theorem 5.26 for d = 1. We use
them to produce an infinite class of non-commutative association schemes with 9 classes

and an infinite class of non-commutative association schemes with 10 classes. Let

Ay(GH(3,1)) U{(Js—Rs) @J3} = {4 (0),4" (0),4”(0),4"” (0)},

(1

A{(GH(3,1)) U{(Js—R3) @3} = {4 (1),4" (1),47 (1),4" (1)},

and

AS(GH(3,1)) U{(s—Rs) @3} = {4"(2),4" (2),47 (2),47 (2)}

such that A" (0) = AY (1) = AY (2) = (J3 — R3) ® J3. For each €, let Ng be the symmetric

. 0123
(36,15,6)-design made by replaceing i with A" (¢) in the Latin square L = E % (?) (lj )

Theorem 6.7. For m > 1, let W be a symmetric zero diagonal balanced generalized weigh-

252m _ ]

ing matrix BGW ,252m=1 p52m=1 _ 252’"_2) over the group G'(3,1),

24
0123
L= [é % 8 (1)}, and No,Ny, and N, the symmetric (36,15,6)-designs made above. Then,
3012
{Ao,A1,...,A10} forms a non-commutative 10-class association scheme, where
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Ag = 13(252'"71)’
2

A] == 1(252m,1) ® (D],
2

Ay =15 ) @O,

A3 :1(2522# R ® (J3—1)®Js
A4:1(2522,#®(J4—14)®J9,
As=W®[Rs® (3 —R3)®J3],
Ag =W R[R2®J3),

A7=|WQRNy| — W®[R4®(J3—R3)®J3] R

Ag= |[WQRN;| — W®[R4®(J3—R3)®J3] s

Ag=|WQRN;| — [WR[Rs® (J3— R3) ®J3]

, and
A]() - J3(252m_1> _W ®J36 _I<252m_1) ®J36
2 24

Proof. We need to prove that the set 4 = {Ag,A1,...,Ajo} satisfies all four axioms men-

tioned in Definition 6.3. We have Ag = I550m ), A]T = Ay, and A; is symmetric for all

2
i€{3,...,10}. So A4 satisfies the first and second axioms. Now, we note

AO +A1 —|—A2 — 1(252m71) ® 0)0 +I(252m,1) ® O)] +I(25217171) ® COQ
2 2 2

- 1(252m,1) ® ((1)() + (O] + (,02)
2

— 1(252m,1) ®J3.
2

This proves Ag, A1, and A, are disjoint and all of their off diagonal blocks of size 3 are zero.
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Moreover, we have

4
ZAi le ®J;+ [1<252m71) R (J3 —I3)®J3}—|—

i=0 2 24

[1(252;;1,1) ® (Jy—14) ®J9]

24

= [lasny @@ BRI + |Iopny @1 ® (5 —B) @]+
7

24

[1(252'"71) ® (Ja —1s) ®J9]

2%

= [Fasny @@ Jo| + |[Tagn_yy @ (s —13) @105
g

24

— I(252m_]) ®J36.
24

For A,B € M'(3,1,L) and 6 € G'(3,1), we have 6(A + B) = 6A + oB. From this, we
conclude W ® (A+B) =W ® A+ W ® B. Since the matrices W @ Ny, W @ N, and W @ N,
share the matrix W ® [R4 ® (J3 — R3) ® J3], we come to the conclusion that five matrices As,

Ag, A7, Ag, and Ag are disjoint, and we have

iAi = (é WaN| — [ WelRy@ W5~ Rs) ®J3]D +As +Ag
— W [iNi] -3 [W@ [Rs® (J5— R3) ®J3]} +As+Ag
i=0

—W® [3R4®(J3 “R3)®J3+ (Js—R4) ®Jg] -3 [W@ [Ry® (J3— R3) @ J3] | +
As+Ag

=3WQR[Rs®(J3—R3) @3]+ W R [(Js — Ra) @J9] —3W @ [R4 @ (J3 — R3) @ J3]+
As+Ag

=W ®[(Js—Rs4) ®Jo] + A5 +Ag

=W &[(Js—Rs)®Jo] + W @ [Rs @ (J3— R3) @ T3] + W & [R12 @ J5]

=W®[(Js—Ra) @Jg] +W R [Rs R Jg] =W ® J36.
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Hence, we get

10
ZA,’ =1 osm_y) @J36 +W R J36 +J3050m_1) =W &J36 — L ps2m_) @ J36
=0 bz} B bz}

= J3(252m71)-
2

By this, we are left with the third axiom of Definition 6.3. We need to check if the multi-
plication of any two matrices in A4 is a linear combination of the elements of 4. We have

ApA; = AjAg = A; for all i. We also note that

A]A] - (1(252}%,1) ® (,01)(1(252171,1) ® (X)]) - 1(252m,1> ® ((1)10)1)

2 2 2

A2A2 - (1(252m,1) ® (02)(1(252/71,1) ® (1)2) - 1(252m,1> ® ((1)20)2)

2 2 2

— 1(252171_1) ® (01

2

=A;, and

AlA) = ArA| = (I(zszm,l) ®(01)(1<252m,1) Q) = 1 psom_p) @ (0jm,)

2 2 2

— 1(25217171) ® (’)O

2

= Ayp.

Since ;J3 = wpJ3 = J3, we have

A1A3 = A3A1 = A2As = A3Ar = (T psom 1) @ @) (I pszm ) @4 @ (J3 — 1) ®J3)

2 24

=lpom ) @I4® (3 —1)®J3

24
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:A37

A1Ay = A4A1 = AdAy = AyAr = (T psom ) @ 0;) (L psom ) @ (J4 —14) @ J)

2 24

=1 o5m_p) ® (Ja—11) ®J9

24

= Ay,

A1As = A5A] = ArAs = AsA) = (1<252m,1) ®0)1)(W® [R4® (J3 —R3) ®J3])

2

=W® [R4® (J3 —R3) ®J3]

:A57

A1Ag = AgA| = ArAg = AgAp = (I<252m,1) ®(1)1)(W & [RIZ ®J3])

2

24

A1A10 =A10A1 =AA10 =A10A2 = (1(252»1_]) ®0)i)(.]3(252m_1) —W®J36 _1(252"1—1) ®J36)
2 2

- J3(252m,1> - W ® J36 - 1(252111,1) ® J36

2 24

=Ajo
Rules of the Kronecker product imply
A3Ay = A4As = (Ipoen ) L@ (3 — 1) @J3) (L psom_yy @ (Ja —1a) @ Jo)
24 24

=lpsm_y) @ (Ja—14) @[((J3 — ) ®J3)J]

24

— 61(252”1_1) ® (J4 _14) ®J9,
24
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- 6A47

A3A3 = (I(zszm,l) QIR (J3—13) ®J3)(I(252m,1) QIR (3 —h)RJ3)

24 24

=3l om ) QIR (J3+15)RJ3
T

== 31(252m,1) ®I4 ®J9 + 31(252m71) ®I4 ®I3 ®J3

24 24

=6Ap+6A| + 6A; +3A3,

A4Aq = (](zszm,l) ® (Jy—14) ®J9)(1(252m,1) ® (Jg—13) ®J9)
2

24

2!

= 18[(252m_]) ®J36+9I(252m_]) ®J9
24 6

=27Ag+27A; +27A, +27A5 + 1844,

A3A10 = A10A3 = (I pem ) @Iy @ (J3 —13) @J3)(J3052m 1) — W @36 — 1 p52m ) @ J36)

24 2 24

= 6J3(252m71) —O6W ®J36 — 61(2527"71) ®J36

2 24

= 6A1(), and

AgA10 = A10A4 = (1(252"171) ® (Jy—14) ®J9)(J3(252m,1) —W®&J36 —1a5om_y ®J36)
g ) 2%

== 27.]3(252m,1) - 27W ® J36 - 271(252}%,1) ® J36

2 24

=27A1.
Foranyt € {0,...,r—1} and any i € {0,1,2}, we have

(L®(J3—1) ®J3)(CIR4 ® (J3 —0;R3) ®RJ3) = 3(CIR4 ® (J3+ 0;R3) R J3).
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So

A3As = AsAz = (Ipeom ) QL@ (J3— 1) @3)(W® Ry ® (J3 — R3) ®J3])

24

=3W®[Rs® (J3+R3) R J3]
=3W®[Rs®J9]+3W ® [R12 ® J3]

— 3As + 6Ag.

Similarly, we have

A3Aq = AgAz = (1(252"171) I (J3 —13) ®J3)(W® [Rlz ®J3])

24

=3W®[R4® (J3—R3) @ J3]

=3W R [Rs®@J9] —3W R [R12 ® J3]

= 3As + 34 — 3A¢ = 34s,

AgAs = AsAy = (Tpsom_y @ (J4 — I4) @J9)(W @ [Ry ® (J3 — R3) @J3])

24

=6W ®[(Js —R4) ®J9]

=6W ® [J36] — 6W @ [R4 ® Jo]

9
=6) Ai—6(As+Ag)
i=5

9
=6 Z Aiv
i=7
and

A4Ag = AgAy = (1(252m,1) ® (Ja—11) @J9)(W R [R12 ®J3])

24

=3W®|[(Js — Rs4) ®J9]

=3W® [J36] —3W @ [R4 ® Jo
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=3

9
A;—3(As+Ag)

=5

9
=3) A
i=7

We first note that (R4 X (J3 —R3) ®J3)<R4 (059 (J3 —R3) ®J3) = 3(14 (059 (J3 —|—I3) ®J3). The
diagonal blocks of the matrix (W ® [R4 ® (J3 —R3) @ J3])(W ® [R4 ® (J3 — R3) ® J3]) all

are equal to 3(25)?" (I3 ® (J3 + ) ® J3) and its off diagonal blocks all are equal to
252m—1 . 252m—2
(

B ) times of the sum

3 2

Z Z C'® (J3 —i—(Dj) ®J3 = 4J36.
=0 /=0

So the off diagonal blocks all are equal to (252"~ —252"=2)J3¢. Hence, we have
AsAs = (W [Rs® (3= R3) @ 3]) (W @ [Ra ® (J3 — R3) ® J3])

24

+ (252m_1 - 252’"—2)(-](252"'71) - 1(252"171) ) ®J36

24 24
2 10
=6(25)""' Y A;+3(25)" 1Az + (257" - 25 ) Y A,
i=0 i=5

We have

AsAq = AgAs = (W® [R4 & (J3 —R3) ®J3])(W® [RIZ ®J3])

24

252m71 o 252m72
+ ( 5 ) (Jasom_1y =L psom 1)) ® J36
24 27

3 2 252m—l . 252m—2 10
=325 'Y A; =325 Y A+ ( 5 ) Y A
i=0 i=0 i=5
252m71 . 252m72 10
=3(25)"" A3+ ( 5 > Y A
i=5
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AAe = (W RI[R12®J3]) (W ® [R12 @ J3])

=3(25)""" (I pom_y) @12 ®J3)
24

252m—1 _ 252m—2
+ ( 1 ) (1(252’"71) —1(252"171)>®J36
24 2

2 2m—1 2m—2 10

25°M—1 25"

:3(25)2m—1 ZAi+ ( 1 ) ZA,‘,
i=0 i=5

AsA10 =A10As = (W R [Ry @ (J3 — R3) @J3]) (J3052m_1) — W @36 — L psom_y) @ J36)

2 24

= 6(25)2m_1-]3(252m71) - (W ® [R4 ®J9])(W ®J36> —6W ®J36

2

= 6(25)"" T 052m_y) — 6(25)*" (I psom_y) @ J36)

2 24

—6(257 1 — 25272 ((J fysam 1y — L psom_1) ) @J36) — 6W @36

24 24

= 6(25)2”171 ((Jaszm 1y =L ps2m 1)) @ J36)

24 24

—6(257" 1 = 25272 ((J jysom 1y — L psom_1) ) @ J36) — 6W @36

24 24

= 6(25)2”172((](252'"71) - 1(252"171) ) ®J36) — W ®J36

24 24

10 9
=6(25)""2Y A4;-6) A,
i=5 i=5

and
10 9
AeA10 =A1046 =3(25)" 2 Y A;—3 Y A
i=5 i=5

Let € € {0,1,2} and Ag(e) be in A;(GH(3,1)). We may note w;0;R, = ®;1;R, and

O;R,m; = (choiTRq = ‘Dj‘”i_qu = ®;_;R,. This results in
(Low))Ar(e) =A(e+1), Ar(e)(h®w))=A(e—1),

(Eowy)Ar(e) =A(e+2), and Ag(e)(h®wm)=A(e—2).
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Hence
(2@ @1)(No — [R4® (J3 — R3) ®J3]) = (N1 — [Ra @ (J3 — R3) @ J3]),
which implies

A1A7 = (I psm ) @ O1) [W@NO—W@) [Re® (J3 —Rs) ®J3]]
2

= (I psom_1) @ O1) [W ® [No—[Ra® (J3—R3)® Js]ﬂ

= [W@ [N = [Re® (J3 —R3)®13H]
— [W®N1} — [W@ [Ry4® (J3 —R3)®J3]]

=Ag, and

A7A1 = [WRNy—W®[R4® (J3 _R3)®J3]] (I ooy @ @)

2

— :W® [No—[R4®(J3—R3)®Jz]]](1w ® o)

2

= :W® (N2~ [Re® (J3 — Rs) ®J3H]

— Ao.

Similarly, we have
A1Ag =Ag, AgA| =A7,
AjAg = A7, AgA| = Ag,
ArA7 =Ag, A7A; = Ag,
ArAg = A7, AgAr = Ao,

ArAg = Ag, AgAp) = A7.
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For an arbitrary element 6 = g’ of G'(3,d), suppose t = s (mod 3) and # = u (mod r). We

have
(L4 ® (J3—13) @J3)0(No — [Ra @ (J3 — R3) ® J3])
= (L4 ® (3 —h)®J3)(0Ny — [C"Rs @ (J3 — 05R3) ® J3])
= 2(]4 — CMR4) ®Jo
=20 |k ®(J3—1)®J3)(No— [Ra @ (J3 — R3) ®J3])} .
So
(1(2522:4;,” RILR 3 —h)®J3) [W ® (No— [R4 ® (J3 — R3) ®J3])}
=W® [(14 ® (J3 —]3) ®J3)(N() — [R4 & (J3 —R3) ®J3])1 .
Thus

A3A7 = A7A3 = (s O 1 @ (s — 13) ® J3) [W @No—W @ [Rs® (J5 — R3) ®J3]]

24

= (I(252m—1) QLR (B —h)®J3) [W & [No —[R4® (J3—R3) ®J3]H

24

=2|W e [(Js—Ry) @)

=2W ®J36 —2W ® [R4 ® Jo]
= 2A5 —+ 2A6 + 2A7 —+ ZAg + 2A9 — 2(145 —|—A6)

=2A7+4+2Ag+ 2A9.

In a similar way,

A3Ag = AgA3z = A3Ag = AgA3 = 2A7 + 2Ag + 2A9.
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We find that
AgA7 = A7A4 = A4Ag = AgAy = AyAg = AgAy = 9A5 4+ 9A6 + 6A7 + 6Ag + 6Ag,

AsA7 = A7As = AsAg = AgAs = AsAg = AgAs =

252m71 _252m72 10
2m—1
2(25)™" A4+6< 1 );AIO;

and

AcA7 = A7A6 = AgAs = AgAg = AgAg = AgAg =

252m71 . 252m72 10
1 > Y A
i=5

257" 1A, +3 (
Now, we want to calculate the matrix
(Ne — [R4® (3 — R3) ®J3]) (N — [R4 ® (J3 — R3) ® J3]) = [M;}],

where M;; is the block of size 9. For i = j, we have

M;; = ) Ar(e)Ar(d)"
Ar(e)€AL(GH(3,1))
AR(9)EA,(GH(3,1))

=3 ) Ale—1)
{A(e—D)eAe 5(GH(3,1))}

= 9([3 X ((,08_19)) + 3((.]3 —13) ®J3).
For i # j, we have M;; = 2Jy. So

(Ne — [Ra® (J3 — R3) @ J3])(No — [Ra @ (J3 — R3) ® J3])

=LRIBR(Wep))+3((J3—5)R)]+2(Js—11) @9,
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from which we evaluate A7Ag = [M; j], where M;; is the block of size 36. For i = j, we have

252m-1
M;; = Z [14®[9(13@0)2)—1—3((]3—13)®J3)]+2(J4—I4)®J9}
i=0

= 25%m~1 [[4 RO(BRm)+3((3—65)RJ3)]|+2(Js—11) ®J9} )

For two arbitrary elements 6| = g’ and 6, = g", suppose # = € (mod 3), t = u (mod r),

w =1 (mod 3), and w = k (mod r). We have

61(No— [Rs ® (J3 — R3) ® J3])02(N) — [Ra ® (J3 — R3) ® J3])

=@ (B @ (@21e-0)) +3((3 — ) @ J3)] +2(Ja = C ) @ Uo.

2m—1 2m—2 . .
Suppose a = (%) . For i # j, the last equality contributes to

Mij=a Y |CRO(E®(0e))+3((3—1)®J3)]+2(Js—C') ®J9]
ic{0.1.23} -
ec{0,12}

=a Y [Cebhen)+9((s—h)@ )] +6(—C) 2]
i€{0,1,2,3} ~

=a Z -9Ci®19+6(J4—Ci)®J9}
{0,123} -

— alouy ®J9+6(4J4—J4)®J9]

—al9J, ®Jo+ 1874 ®J9]

—al271, ®Jg}

252m—1 _ 252m—2
=27 J36.
() e

Hence, we have

A7Ag = ([W®No] — [W@[R4®(J3—R3)®13]D
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([W@Nl] - [W® [R4®(J3—R3) ®J3]D

= 252m_11<252m,1) & (14 RO(BRm)+3((3—5)RJ3)]|+2(Js—11) ®J9)

24

252m—1 _ 252m—2
2 ( 12 ) (‘](252’”—1> _1(252m—1>>®J36
24 2

2m—1 2m—1 2m—1 252m=1 —252m=2\ {0
=9(25)"" 1Ay +3(25)" A3 +2(25)"" 1Ay + 27 > Y A
i=5

In this way, we have

and

A7A7 = AgAg = AgAg =

2m—1 2m—1 2m—1 252m—1 — 2522\ {0
9(25)"" 1 Ag+3(25)"" A3 +2(25)"" 1Ay + 27 B Y A
=5

A7Ag = AgA7 = AgAg =

2m—1 2m—1 2m—1 252m=1 —252m=2\ 0
9(25)™ A1 +3(25)" 1Ay +2(25)" Ay 4+ 27 > Y A
i=5

AgAg = AgA; =

2m—1 2m—1 2m—1 252m—1 — 2522\
9(25)"" 1Ay +3(25)"" A3 +2(25)"" 1Ay + 27 5 Y A
=5

Since (Np — [R4 ® (J3 — R3) ® J3])J36 = 9J36, we conclude that the diagonal blocks of the

matrix (W @ [No — [Rs ® (J3 — R3) ® J3]] ) (W ® J36) all are equal to 9(25)*"~1J36, and off-

diagonal blocks of this matrix all are equal to the matrix 9(25%"~ 1 —252"=2)J35. Hence,

we have

(W& [No—[Rs® (J3 — R3) @ J3]]) (W ® J36)

=9(25)*" " (I gsom_1) ©J36) +9(25™" 1 =252 2)((J ooy — T som_y) ) ® J36),

2 2 24
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which results in

A7A10 =A1A7 = (W@ [No— [Rs ® (3 —R3) ® J3]] )

(Jsstn_n) =W @J36 — L psan_y) ® J36)

2 24

=9(25)" a5y — (W& [No — [Ra ® (J5 — R3) @ J3])) (W @ J36) — W ® J3¢
2

- 9(25)2m71~]3<252m,1) - 9(25)2’"71(1(252171,1) ®J36)

2 24

—9(252m 1 =252 2) (J oy — L psm_1) ) @ J36) — IW @ J36

24 24

= 9(25)2’”71 ((](252m,1) - 1(252171,1) ) ®J36)

24 24

—9(25¥ 1 — 252" 2) (J ysam 1y — L ppsom_1)) @ J36) — IW @36
24

24

= 9(25)21’”72((‘,(252’”71) - 1(252m71) ) ®J36) - 9W ®J36

24 24

10 9
=9(25)*"2Y A;-9Y A
i=5 i=5

Likewise, we have
10 9
AgA1o =A10As = AoA1g = A10Ag =9(25)*" > Y A; =9} A;.
i=5 i=5
Suppose (i, j)-entry W;; of W is defined by (i, j)-entry W;; of the matrix W as follows

0 ifi=j

=
|

1 ifW;j=0andi# j

0 ifW;#0.

By this definition, we have Ao = W ® J36. The property of balanced generalized Hadamard

matrices contribute

(W+I1)(W+I)
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252" 1,
= Z——— 25" ) Low_
< 24 ) 25224 1

+

24 b2

252m—1 -1 252m—2 -1
—— | Lon  +| ———— | (Uys2m_y —Ly20m_), SO
< 2% ) 25224 1 ( 24 )( 25224 1 25224 1)

(W)(W) = (W+1)(W+1)—2W —1

252m-1 25 252m=2 —
= <—) 1252;:_1 + (—) (J2522'Z—1 —Lysom_, ) —2W.

25%m 1
(— —2(25)¥m 1 4 p52m1 252’"2) (Jozm | —Lygom )
24

24 24 2

All in all, we achieve

AipA10 = (W ®J36) (W @ J36)

=((W)(W) (J36J36)
252m 1_ 252’”_2 —1 _
= 36 1252111,1 + - <. (J252m71 _1252m71 ) — 2W ®J36
o 24 2 Ta
2521 25 2522 — |
=36 {(T) 12522"1 1} ®J36 +36 {(T) (1252;14725 _12522";1)} ®J36
—T2W ® Jz6
252m 1 —925 252m—2 -1 10
=36 — Ai+36 —— A;—T2A10.
() B (25 -

Hence, it is shown that the product A;A;, 0 <i,j < 10, is a linear combination of the
elements of the set {Ag,Aq,...,Aj0}. As a summary, the intersection matrices By, ...,Bjo
are presented in Appendix 8. Since A; and A, are not symmetric, this association scheme
is not symmetric. Moreover, this association scheme is not commutative because A1A7 #
A7A1. We note that only when m = 1, the matrix Ajq is equal to zero. In this case, we have

a 9-class association scheme. O]

In the following theorem, we present one of the fusion scheme (Definition 6.5) of the

association scheme mentioned in Theorem 6.7.
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Theorem 6.8. Let the set {By,By,...,B10} be the association scheme generated in Theorem

6.7 with By = I3o50m_y). Then, the set {Ag,Ay,...,Ag,Ag} forms a non-commutative 9-

2
class association scheme, where A; = B;, for i =0,...,4, As = Bs + Bg, and A; =; 11, for

i=6,...,9.

Proof. We need to prove that the set 4 = {Ag,A1,...,Aq} satisfies all four axioms in Def-
inition 6.3. The proof of Theorem 6.7 shows that the set 4 satisfies the first, second, and
fourth axioms. By this, we are left with only the third axiom of Definition 6.3.

Since the classes in 4 = {Ag,A},...,A9} are defined based on the classes in A’ =

{Bo,B4i,...,Bi0}, it is really helpful to look at the intersection numbers pg.() in the proof

of the Theorem 6.7. In the association scheme 4’, we always have pl(;-) = pgf) when
10

i,j & {5,6}. In other words, the coefficients of Bs and Bg in the sum B;B; = Z By are
k=0

always equal as long as i, j ¢ {5,6}. This demonstrates that A;A; is a linear combination
of the elements of the set 4 whenever i, j # 5. Therefore, to show that 4 is an association
scheme, we only need to prove AsA; and A;As are linear combinations of the elements of

the set 4, fori =0,1,...,9. Since ®1J3 = wyJ3 = J3, we have

AlAs = As5A1 = ArA5 = AsA, = (1(252;71_]) R o) (W R[Rs®J9])

2

= (W®[Rs®Js])

— As.

Since (14 (059 (J3 — 13) ®J3)(CSR4 ®J9) = 6C°R4 ® Jg, we have

A3As = AsAz = (Ipsom 1) L@ (J3 — 1) @J3)(W @ [Ry @ o))

24

=6W @ [R4 @ Jo]

— 6As.
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The equality ((Js —I4) ®J9)(C°R4 @ Jo) = 9(Js — C°R4) ® Jg implies

A4As = AsAs = (I pom 1) @ (J4 —14) @J9)(W @ [R4 ® Jo])

24

=W ®|[(Ja — Ra) ®J9]
=9W ® [J36] —IW &[R4 ® Jo]
8

=9) A;—9A;5

i=5

8
=9) A
i=6

Since (C*R4 ®J9)(C°R4 @ Jg) = 9C*~* ® Jo, the diagonal blocks of the matrix
(W &[R4 ®Jo])(W ® [R4 @ Jo])

all are equal to 9(25)>"~! (I3 ®Jy), and the off diagonal blocks of this matrix all are equal

2m—1_~»g2m—2
to 9 (%) J36. Hence, we have

AsAs = (W R [Rs@J9]) (W @ [Ry @ Jo])

_— 52m—1 _ 252m—2
= 9(25) " 1(252'"71) QI3 ®J9+9 ( ) (J(252m71) _1(252'"71) ) ®J36

24 4 24 24

3
=9(25" 'Y A;i+9

<252m—1 _ 252m—2
i=0

9
1 );Ai.

Since we know (R4 ® Jg9)J36 = 9J36, we conclude that the diagonal blocks of the matrix
(W ® [Ry ® Jo]) (W ®J36) all are equal to 9(25)%" 1136, and off-diagonal blocks of this

matrix all are equal to the matrix 9(25%"~! —252=2) J3¢. Hence, we have

(W® R4 ®J9]) (W ® J36)

= 9(25)2m_1 (1(252"'71) ®J36) "‘9(252’"_1 - 252m_2)((~](252m71) _1(252"171) ) ®J36)7

T 2 24
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which results in

AsAg = AsAg = (W ® [Ry ®J9])(J3(252m,1) —W®J36 =1 p50m_y ®J36)

2 24

=9(25)*" W yp5m_y) — (W @ [Rs @ J5)) (W @ J36) — IW ® J36
2

- 9(25)2’"71]3(252}%71) - 9(25)2}"71([(252771,1) ®J36)

2 24

- 9(252m_] - 252m_2)((](252m—1) - 1(252'"—1) ) ®J36) —IW ®J36
24 24

= 9(25)2’”71 ((J(252m71) — I ps2m ) ®J36)

24 24
— 92521 —25%""2) (J pysom_y) — L psom_y) ) @ J36) — W @ J36
24 24
= 9(25)2’”72((](252"171) - 1(252'"71) ) ® J36) —IW RJ36
24 24

9 8
=9(25)" Y A;i—9Y A,
i=5 i=5

For an arbitrary element 6 = g’ of G'(3,d), suppose ¢ = s (mod 3) and ¢ = u (mod r). We

have

(CkR4 ®J9)0(No — [R4 @ (3 — 1) @J3]) = (CkR4 ®J9)(0Ny — [C"R4 @ (J3 — 05) @ J3])

=3(Jy—CF Y @ Jo.
By this, the diagonal blocks of the matrix
(W @ [R4®J9)) [W QNo—W R [R4® (J3 —13) ®J3]

all are equal to 3(25)?"~1((Jy — I4) ® Jy), and all off diagonal blocks are equal to

252m—1 _ 552m—2\ 3 )
3 ( 1 ) Y (J4—CRy) @ Jo
i=0

252m—=1 _ »§2m=2 3
=3 ( ) ) (4]4—ZC1R4)®J9
i=0
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252m71 o 252m72
:3( >(4J4—J4)®J9

4
252m—1 _ 252m—2
=9 ( ) ) J1®Jg
252m—1 o 252m—2
(i

Hence, we have

AsAg = AgAs = (W @ [Ry © Jo]) [W ONo—W D[Ry ® (J5—I5) ®J3]}

24 4 24 24

_— 252m71 o 252m72
- 3(25) 1(252m_1) ®(J4_I4)®J9+9 (J(252m_1) _1(252m_1>)®.]9

252m—1 . 252m—2 9
=3(25)2"" 144 +9 < 7 ) Y A
i=5

Likewise, we conclude

252m—1 _ 252m—2 9
AsA7 = A7As = AsAg = AgAs = 3(25)>"1A4 +9 ( 7 ) Y A
i=5

Since A; and A; are not symmetric, this association scheme is not symmetric. Further-
more, the inequality A1Ag # AgA| demonstrates that this association is not commutative.
Only when m = 1, the matrix Ag is equal to zero. In this case, we have an 8-class non-

commutative association scheme. ]

6.2 Decomposition of the Complete Designs with 222" +2) Points

The results of this section and the next section are presented in [16] where the authors
present a decomposition of the complete design on 2%"(2" 4 2) points. Then, they show
how to use this decomposition to induce an infinite class of symmetric association schemes.
In the construction introduced in Section 4.2, set p = 2 and d = 1. By Definition 3.10, we

have Q(2,m) = {A; ®...®Anl|A1,...,An € G2}, where Go = {[{ 9],[9¢]}. In Example
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3.13, we observe that Q(2,1) = G;, and

RATHRETHRE
9(272):{[0010]»[0001}7{1000]7[0100]}'
0001l Looiol Loiool Liooo

For an odd prime power ¢ and € € {1,...,g — 1}, Definition 4.6 defines the set
A¢(GH(g,1)) consisting of g non-symmetric (0, 1)-matrices of size g°>. However, the ma-

trices of the set A¢(GH (g, 1)) are all symmetric when g = 2"

Lemma 6.9. Form> lande € {0,1,...,2" —1}, let GH (2™, 1) be a generalized Hadamard

matrix over the group Q(2,m) = {wo,...,wWm_1}. Then, A is symmetric, for each A in
Ae(GH(2™,1)) = {(Iom @ @¢)rgrall < o< 2™ ry is the a-th row of GH(2™,1)}.

Proof. Let Aq = (I; ® 0¢)rgra, for some 1 < o < 2™, The element of ©(2,m) is generated
by Kronecker product of two symmetric matrices [} 9] and [¢ }]. Thus, the elements of
Q(2,m) are symmetric. Since the inverse of each element of the set Q(2,m) is itself, the

matrix rgrq is symmetric. Hence, the matrix Aq = (I; ® 0¢)rgrq is symmetric. ]

Theorem 6.10 ([16, Theorem 3.3, p. 361]). Let m > 1. There is a decomposition of the com-
plete graph on 22" (2™ +2) vertices into 2™ disjoint SRG(2¥™(2™ +2),2"(2" 4-1),2™,2™)

and one divisible design graph DDG (22" (2" 4-2),2%" — 1,22 —2,0,2™ +2,2%™).

2m
—1
Proof. Since r = 1 =2" 41, r+1 is an even number. Therefore, by Lemma 3.8
there is a symmetric constant diagonal Latin square L over {0,1,...,r}. For each € €

{0,...,2" — 1}, let E(2",1,¢) = {A(O) (8),...,A(r) (€)}. Let Ng be the symmetric design
made by replacing i with A (€) in L such that the zero block is on the diagonal.

For each € € {0,...,2" — 1}, the matrix Ng is symmetric with zero diagonal. Hence, Ng
is the adjacency matrix of a SRG(22™(2™ +2),2" (2" 4-1),2™,2™).

Based on Theorem 4.12, two matrices Ng and Ny are disjoint when € # ¥, which implies

that the sum Z?’:"o_ INjisa (0, 1)-matrix whose diagonal blocks of size 2> are equal to zero.
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Since the matrix Zl.zza ' N; contain 22m(2™ + 1) one in each row, we conclude that the off-

diagonal blocks of ):?ZO_ 'N; all are equal to J,2.. Thus, we have

2m—1
Z N; = (Jamip —bmip) @ Jrom.
i=0

Therefore, the sum Ipmy & (Joom — Iyam ) + Z,‘ZZ()_ LN, is equal to Joom (2m42) — Dp2m(m i) Which
is the adjacency matrix of the complete graph on 22’"(2’” +2) vertices. One may note
that the matrix Imyy ® (Jy2m — Iom) is the adjacency matrix of a divisible design graph
DDG(2°(2" 4-2),2° — 1,22 —2.0,2" 42,2%™). Hence, we come to the conclusion that
the set {No,...,Nom_1} U{lmi2 @ (Joom — I2m) } forms a decomposition of the complete
graph on 22(2™ 4 2) vertices into 2" disjoint SRG (22" (2" 4-2),2™(2™ 4+ 1),2™,2™) and a
DDG(22M(2M 4-2),2%m — 1,22 —2,0,2" 4-2,27™), O

In [16, p. 363], one may find an example in which the complete graph on 16 vertices
is decomposed into two SRG(16,6,2,2) and a DDG(16,3,2,0,4,4). Here, we move to the

next case and decompose a complete graph on 96 vertices.

Example 6.11. In this example, we decompose the complete graph on 96 vertices into four
SRG(96,20,4,4) and a DDG(96,15,14,0,6,16). Let m = 2 and ¢ = 2" = 4. Following the

method mentioned in the proof of Theorem 6.10, we first define four sets
Z(4,1,0),...,5(4,1,3).
Foreachi=0,1,2,3, we know

5(4,1,i) = A(GH(4,1) U{0} U {w; @4},
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where GH (4,1) =

Wy Wy W W9

Wy W W2 W3
W 0 W3 W]

Wy W3 O] W2

0100
Q2,2)=<5my = 0010 , O] =

Following Definition 4.6, we have

E(4,1,0)

—
[%]
—

—
"]
—

(4,1,1)

(4,1,2)

= {0}U

= {0l

1000000007
100000000
100000000
100000000
0000000000
00000000000
00000000000
000000000000
0000000000001111
0000000000001 111
0000000000001111
0000000000001111
0000000011110000
0000000011110000
0000000011110000
11

1
1
1
1
0
0
0

rt0001000100010007
0100010001000100
0010001000100010
0001000100010001
1000100010001000
0100010001000100
0010001000100010
0001000100010001
1000100010001000
0100010001000100
0010001000100010
0001000100010001
1000100010001000
0100010001000100
0010001000100010

LO000000011110000.

= {0}U

r000000001111
000000001111
000000001111
000000001111
000000000000
000000000000
000000000000
0000000000001
1111000000000000
1000000000000

110000
110000
110000
110000
1111
1111
1111
111

LO001000100010001]

r01000100010001007
1000100010001000
0001000100010001
0010001000100010
0100010001000100
1000100010001000
0001000100010001
0010001000100010
010001000100010
100010001000100
000100010001000
00100010001000
01000100010001
1
0
0

o—ooco—0oQ

1000100010
0001000100

—0o00o—=00Q
c—ococo—oo

0
00
00
01

111
1111000000000000
1111000000000000
0000111100000000
0000111100000000
0000111100000000
L0000111100000000.

LO010001000

r00100010001000107
0001000100010001
1000100010001000
0100010001000100
0010001000100010
0001000100010001
1000100010001000
0100010001000100
0010001000100010
0001000100010001
1000100010001000
0100010001000100
0010001000100010
0001000100010001
1000100010001000

L0100010001000100]

rl0000100001000011
0100100000010010
0010000110000100
0001001001001000
0100100000010010
1000010000100001
0001001001001000
0010000110000100
0010000110000100
0001001001001000
1000010000100001
0100100000010010
0001001001001000
0010000110000100
0100100000010010

L1000010000100001]

r01001000000100107
1000010000100001
0001001001001000
0010000110000100
1000010000100001
0100100000010010
0010000110000100
0001001001001000
0001001001001000
0010000110000100
0100100000010010
1000010000100001
0010000110000100
0001001001001000
1000010000100001

7000
0001 [ ®2
0010

0001 0070
=11000 P = 10100
0100 1000

r1000001000010100-
0100000100101000
0010100001000001
0001010010000010
0010100001000001
0001010010000010
1000001000010100
0100000100101000
0001010010000010
0010100001000001
0100000100101000
1000001000010100
0100000100101000
1000001000010100
0001010010000010

L01001000000100101

r00100001100001007
0001001001001000
1000010000100001
0100100000010010
0001001001001000
0010000110000100
0100100000010010
1000010000100001
1000010000100001
0100100000010010
0010000110000100
0001001001001000
0100100000010010
1000010000100001
0001001001001000

L0010100001000001]

r01000001001010007
1000001000010100
0001010010000010
0010100001000001
0001010010000010
001010000100000
0100000100101000
1000001000010100
0010100001000001
0001010010000010
1000001000010100
0100000100101000
1000001000010100
0100000100101000
0010100001000001

L00100001100001001]

106

is a generalized Hadamard matrix over the group

r1000000101000010-
0100001010000001
0010010000011000
0001100000100100
0001100000100100
0010010000011000
0100001010000001
1000000101000010
0100001010000001
1000000101000010
0001100000100100
0010010000011000
0010010000011000
0001100000100100
1000000101000010

LO001010010000010

01000010000017
1010010000010
0001000010100
0000100101000
0001000010100
0000100101000
10100001000001
1010010000010
000100101000
001000010100
010010000010
100001000001

1
0
0
10
0
0

100001000001
00100101000

—occococo—ococococ—oc—oco

L0100001010000001]

r01000010100000014
1000000101000010
0001100000100100
0010010000011000
0010010000011000
0001100000100100
1000000101000010
0100001010000001

0
0
1
0
1010010000010
0
0
0

0
001000010100

1000000101000010
0100001010000001
0010010000011000
0001100000100100
0001100000100100
0010010000011000
0100001010000001
L1000000101000010_
r0010010 0110007

000
0001100000100100
1000000101000010
0100001010000001
0100001010000001
1000000101000010
0001100000100100
0010010000011000
0001100000100100
0010010000011000
0100001010000001
1000000101000010
1000000101000010
0100001010000001
0010010000011000
L0001100000100100.]
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-
=(4,1,3) ={0}U
00000000000011119 00010001000100017 r00010010010010009 F00010100100000107 00011000001001007
0000000000001111 0010001000100010 0010000110000100 0010100001000001 0010010000011000
0000000000001 111 0100010001000100 0100100000010010 0100000100101000 0100001010000001
0000000000001111 1000100010001000 1000010000100001 1000001000010100 1000000101000010
0000000011110000 0001000100010001 0010000110000100 0100000100101000 1000000101000010
0000000011110000 0010001000100010 0001001001001000 1000001000010100 0100001010000001
0000000011110000 0100010001000100 1000010000100001 0001010010000010 0010010000011000
0000000011110000 1000100010001000 0100100000010010 0010100001000001 0001100000100100
0000111100000000|>|0001000100010001{°{0100100000010010|°|1000001000010100(°{0010010000011000
0000111100000000 0010001000100010 1000010000100001 0100000100101000 0001100000100100
0000111100000000 0100010001000100 0001001001001000 0010100001000001 1000000101000010
0000111100000000 1000100010001000 0010000110000100 0001010010000010 0100001010000001
1111000000000000 0001000100010001 1000010000100001 0010100001000001 0100001010000001
1111000000000000 0010001000100010 0100100000010010 0001010010000010 1000000101000010
1111000000000000 0100010001000100 0010000110000100 1000001000010100 0001100000100100
11110000000000004 [1000100010001000] LO001001001001000J LO100000100101000]J LOO10010000011000.
. _ . .
For each € € {0,1,2,3} to make N, insert the elements of Z(4,1,¢€) in the Latin square
512340
153402
L= % i (5) g % ‘1‘ such that the zero block is on the diagonal. The matrices Ny, ...,N3 are
401253
024135
the adjacency matrices of SRG(96,20,4,4). Theorem 6.10 confirms that the set

{No, N1, N2, N3, Ny = I ® (J16 — 116) }
decomposes the complete graph on 96 vertices into four SRG(96,20,4,4) and a
DDG(96,15,14,0,6,16).

One may find all five matrices Ny, ..., N4 in Appendix 9.

6.3 Some Symmetric Association Schemes

Utilizing the decomposition studied in Theorem 6.10, the following theorem demon-
strates an infinite class of symmetric association schemes. The following theorem uses
Latin squares which are symmetric, constant diagonal with constant back diagonal. Since

the size of these Latin squares are even, the existence of such objects follows from Lemma

3.8.

Theorem 6.12 ([16, Theorem 3.4, p. 362]). Let g = 2", where m > 1. Let L be a symmetric
constant diagonal Latin square having constant back diagonal over {0,2,...,q+ 1}. For

each € € {0,...,2" — 1}, let E(2™,1,¢) = {A(0> (€),... ,A(r) (€)}. Let N be the symmetric
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design made by replacing i with A (€) in L such that the zero block is on the diagonal and

the block we @ J,; is on the back diagonal. Then, the set
A= {A(),...,Aq_l,Bl,...,Bq_l,C(),...,Cq_1,D(),...,Dq_1}

forms a symmetric 4q — 2-class association scheme, where
Ai =1y442) @ fori=0,....g—1;
Bi=1;,Q@0;®Jy fori=1,...,q—1;
Ci=Ry200;®Jy, fori=0,...,q—1; and
Di=N;—-C; fori=0,...,q— 1.

Proof. We need to prove that the set A4 satisfies all four axioms mentioned in Definition
6.3. We first note that Ao = I(;12) @ W0 = Iy(412) ® Iy = L 2(412)- By the proof of Theorem
6.10, N; is a symmetric matrix, for each i =0,...,g — 1. Since a Kronecker product of
symmetric matrices is a symmetric matrix, C; is symmetric. So D; is symmetric, for each
0 <i < g— 1. Since the elements of the group Q(2,m) are symmetric, we conclude A; and
B; are symmetric, for all i =0,...,g—1and j=1,...,g—1. So 4 satisfies the first and

second axioms. To check the forth axiom, we note that

ZA —|—ZB +ZC+ZD Zl (¢42) ®03,+Zlq+2®0),®J +ZN

=0 =1 i=0
g—1
=I,(g12) @ g+ 12 ® (Jg—I) @+ Y N;
i=0
g—1

=lg+2 ®Jq2 + Z N;
i=0

= Iq+2 ®Jq2 + (Jq+2 - Iq+2) ®Jq2

=Jp 2(q+2)"
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Hence, only the third axiom of Definition 6.3 is left to be proved. We need to show that the
multiplication of any two matrices in 4 is a linear combination of the elements of 4. For

i,j€{0,...,q— 1}, we have

AiAj = (Iy(g1+2) © @) (Iy(g12) © @)
= Iq(q+2) ® (o) ((’)j)
=ly(q+2) @ iy

=Aitj.
Fori,je {l,...,q—1},if i # j then we have

BiB; = (Ig+2 @ ®; ®Jg)(Ig12 @ ®; @ Jy)
= q(lg+2® (0i00) @ Jg)
=q(lj2 @ O R Jy)

= qBi+j7
while for i = j, we find

BiBi = (I;+2Q0; @ J)(Ij42 @ 0; ® J,)
= q(Ig+2® (i) ® Jy)

= CI(Iq—i-Z ® 1 ®Jq)
q—1
=(q Z Al.
=0
Moreover, for i # j € {0,...,q— 1}, we have

CiCj = (Rg12@ 0, @Jy) (Rg42 @ ;@ Jg)

= q(Ig12 ® (0;0;) ®J,)
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= q(lg+2 R 01 ®Jy)

= qBi+j7
while for i = j, we have

CCi = (Rq+2 X W; ®Jq) (Rq+2 RW; ¥ Jq)
= q(Ig+2 ® (0;0;) ® Jy)

= CI(Iq-i-Z ®Iq ®Jq)
q—1
:C[ZAI.
=0
Furthermore, fori, j € {0,...,q—1}and 1 <] <g—1, we note

A;B;=BjA; = (Iq(q+2) R 0;)(Igs2 @0y @ Jy)
= (Ig+2® 1y @ ;) (Ig12 @ 0 @ Jy)
- q-|—2 (%9 0)[ ®Jq

:Bla

AiC;=CjA; = (Iq(q+2) R ;) (Rg2 @ ®; ®Jy)
= (g2 ® 13 @ 0)(Rg2 @ ®; ®Jy)
=Rg200;®J,

=Cj, and
BiIC;=CjBj = (I;+2 @0, ®Jy)(Rg2 @ 0; ® Jy)
=q(Ry12 @ (0y®;) ®J,)

=q(Rgr2® ;@ Jy)

110



6.3. SOME SYMMETRIC ASSOCIATION SCHEMES

=qCr4j.

Let i,j € {0,...,¢ — 1} and A(i) be in A;(GH(q,1)). Since the elements of the group

Q(2,m) are symmetric, we have 0;0; = 0;®; = ®; ;. This results in

(Iy(g+2) @ 0)A(i) = A(i) (Iy(g12) @ @) = A(i + j).

All nonzero blocks of size g of the matrix D; are elements of A;(GH(g,1)). Hence, we

conclude

AiDj = DjA;i = (Iy(g4+2) ® ))D;

=Dy .

Now, let0 <i<g—1and 1 < j<g— 1. All nonzero blocks of the size g of the matrix D;

are elements of ©(2,m) and J,we = J,, for all 0 € (2, m). Therefore, we conclude
Bl'Dj = DjBi = (Iq+2 & 0; ®Jq)Dj
= (Jg+2 —Ig42 —Rg42) @ J 2
q—1
= ZDI’ and
=0
CD;=D;C;= (Rq+2 & ; ®Jq)Dj

= (Jq+2 —Ig12 _Rq+2) ®Jq2
q—1

=) D
=0

For i, j € {0,...,q — 1}, we calculate the matrix D;D; = D;D; = [My;], where My is the
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block of size qz. For k = [, we have

Me= ¥ ADAG)

{A(i+j)eAiy j(GH(q,1))}

= qz(lq Q1) +q((Jg —1g) @Jy).
Hence, we find

DiDj=D;D; = I412®[q* (I, @ (0i1))) + q((Jg — 1) @ )]

+ (¢ =2) g2 —Ig12) +2Ry42] ®Jp

q—1 q—1 q—1

=qAirj+q Y, Bi+(q-2) Y. IDi+C]+2) . C
I=1 1=0 1=0

q—1 q—1 q—1
= Airj+qY Bi+q) Ci+(g—2) ). Dy.
=1 [=0 [=0

]

Considering the decomposition studied in Example 6.11, we now generate a symmetric

14-class association scheme in the next example.

Example 6.13. In Example 6.11, the set { Ny, Ny, Nz, N3,Ns = Is @ (J16 — I16) } decomposes
the complete graph on 96 vertices into four SRG(96,20,4,4) and a DDG(96, 15,14,0,6, 16).
Now, we define an association scheme {Ay,...,A3,B,B2,B3,Cy,...,C3,Dy,...,D3} such
3
that Ny = Z[AH—B,-] and N; = C;+ Dy, foreach I = 0,1,2,3. We have
i=1
Ai=hs®w;, fori=0,1,2,3;
Bi=lRw;®J4, fori=1,2,3;

Ci=Rs®Rw;®J4,fori=0,1,2,3;
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Di:Ni—Ci, fori:O,1,2,3,

where ®; € Q(2,2). All elements of the set {Ay,...,A3,B|,B2,B3,Cy,...,C3,Dy,...,D3}

appear in Appendix 10.

In the construction of designs and graphs in this thesis, we used Latin squares. One
of the open questions is whether different Latin squares generate equivalent designs and
graphs or not. Studying various properties of these designs and graphs may lead us to new
combinatorial objects.

In section 6.1, we combined Spence designs and balanced generalized weighing matri-
ces to generate infinite classes of non-commutative association schemes. As a part of the
future research plan, one can use the same process for McFarland Designs.

There are some examples in which McFarland and Spence designs generate amorphous
association scheme which can be generalized to an infinite class of amorphous association

schemes.
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Appendix 1

The Symmetric (45,12, 3)-Design
constructed in Example 3.6

1
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Appendix 2

The Symmetric (45,12, 3)-Design
constructed in Example 3.26
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Appendix 3

The Symmetric (36,15,6)-Design
constructed in Example 3.30
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Appendix 4

Three Symmetric (45,12,3)-Designs

constructed in Example 4.13
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Appendix 5

Three SRG(36,15,6,6) constructed in

Example 4.31
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Appendix 6

Fifteen Symmetric (45,12, 3)-Designs

constructed in Example 5.5
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Appendix 7

Twelve Symmetric (36,15, 6)-Designs

Made in Example 5.17
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Appendix 8

Intersection Matrices of Theorem 6.7
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8. INTERSECTION MATRICES
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8. INTERSECTION MATRICES
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8. INTERSECTION MATRICES
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Appendix 9

Decomposition Made in Example 6.11
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9. DECOMPOSITION
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