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Abstract
The Herschel space observatory housing the Spectral and Photometric Imaging Receiver
(SPIRE) was commissioned to study the far-infrared Universe. Though Herschel’s mission
has ended, much data processing is still required to extract all the available information
from its observations.
To help with data mining and preliminary analysis, the SPIRE Fourier transform spectrometer instrument team developed an automated spectral Feature Finder (FF) that extracts
significant spectral features from SPIRE spectra. As part of this team I developed two modules, an automated radial velocity estimating routine which uses a pattern seeking algorithm
to identify

12 CO

rotational emission, and a separate routine which conducts a dedicated

search for neutral carbon fine structure transitions.
This thesis provides an introduction to Fourier transform spectroscopy, then describes
in detail the two modules I developed for the FF. Validation of these routines is presented,
and their results, as they pertain to the public FF catalogue, are summarized.
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Chapter 1
Introduction
How the Universe came to be in its current form is a question which has captivated humanity throughout history. Significant progress toward this and related questions began with
Galileo and his improved telescope design in 1609 [1]. This technology opened a window
into the cosmos which revolutionized our picture of the Universe. In short order, it was
discovered that we reside not at the center of the Universe, but around one out of hundreds
of billions of stars, in a galaxy which is but one out of hundreds of billions of galaxies [2].
This highlights the importance of astronomy and technology in answering such questions.
Unfortunately the vast expanse of the Universe makes a direct study of its structure and
dynamic processes impractical, if not impossible. For perspective, the man-made object
most distant from Earth is Voyager 1 which was launched on September 5, 1977 [3]. As of
August 11, 2017 the spacecraft has travelled ∼2.08×1010 km, resulting in an average speed
of ∼17 km/s [3]. This speed is remarkably fast, much faster than any terrestrial vehicle.
However, the nearest star to Earth is Proxima Centauri at a distance of 4.2 light years, and
travelling at the speed of Voyager 1 would take ∼1,930 years to reach from Earth. As such,
astronomy is to a large extent limited to the study of light, where it comes from, how bright
it is, and what electromagnetic frequencies it is composed of, including polarization and
temporal variability.
Modern advances in astronomy come primarily from improved observational technologies and advances in theoretical models. There is also a constant effort to extract as much
information as possible from existing data. This second point expresses the dominant theme
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of this thesis. For the remainder of this chapter, I will attempt to outline the context and motivation for the work I have done, and how it ties into the broader goals of the astronomical
community.

1.1

Far-Infrared Astronomy

The radiant energy contained within the Infrared (IR) and Far-Infrared (FIR) bands of
the electromagnetic spectrum comprises nearly half of all spectral energy observed within
the Universe [4]. This figure is not surprising when considering the diversity and abundance
of FIR sources. Significant contributors are described in this section.
A significant portion of the baryonic matter in the Universe exists in the form of molecular gas and dust, which fills the space between stars and planets. This so called Interstellar
Medium (ISM) radiates brightly in the FIR, both as a result of the low temperature thermal
radiation from dust grains, and the low energy rotational emissions from molecules [5]. The
ISM itself contains density variations, with regions of higher density becoming the focus
of gravitational collapse. These collapsing regions become the seeds of new star formation,
producing stellar nurseries with extensive filamentary structure [2]. The life cycle of stars
begins with pre-stellar cores which develop into protostars after sufficient gravitational collapse [2]. These early stages of star formation exist in low temperature states ranging from
tens to a few hundred Kelvin, which express black body curves peaking in the FIR [5]. In
later stages of stellar evolution, a hot stellar core is embedded in a thick molecular cloud.
The high energy photons emitted by the core cannot be observed directly as they are largely
absorbed or scattered by the surrounding dust and gas [6]. The enveloping molecular cloud
will, however, re-radiate this energy in the form of FIR radiation, contributing further to
the FIR spectral content of the Universe [6]. Star formation also expresses characteristic
structures like accretion disks, and bipolar outflows which by a similar process also radiate
most brightly in the IR.
Hubble’s law [7], the discovery of which is a foundational piece of evidence for an ex-
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panding Universe, states that the further away an object is, the faster it will be travelling
away from an observer. As such, a source’s spectrum is Doppler shifted to longer wavelengths [8], an effect called redshift, which has significant implications on the study of the
early universe. Consequentially, bright hydrogen emission from low metalicity primordial
stars, the first stars to ignite in the Universe, may be detectable in the FIR [6]. As such,
studying the evolution of the early Universe requires FIR astronomy. Much of the stellar
and galactic formation is thought to have occurred in the first half of the Universe’s lifetime
[9], and therefore much of the total radiant energy has been shifted to longer wavelengths,
again further increasing the FIR spectral content of the Universe.
The utility of the FIR should thus be clear in addressing some of the most fundamental
questions in astronomy. “How did the Universe originate and what is it made of?”, “How
were the first luminous objects in the Universe ignited?”, “What are the conditions for
planet formation?”. These are all questions posed by the The European Space Agency
(ESA) in their Cosmic Vision programme [10], which can be directly investigated using the
FIR. In fact, organic molecules and water have abundant emission in the FIR, and questions
about the conditions for the origin of life itself may also be probed by FIR astronomy.
There are three key challenges which exist in FIR astronomy [6]. First, Earth’s atmosphere is opaque to the FIR frequencies of interest mostly as a result of water in the atmosphere (Figure 1.1), so in order to get a clear, unobstructed view, a space born instrument
is necessary. Second, thermal radiation peaks in the FIR band at very low temperatures
(∼10–100 K). As such, FIR astronomy typically requires instruments to be cooled below
these temperatures so that it is the source under observation, not the instrument itself, which
dominates the radiation incident on the detectors. Third, the spatial resolution of a telescope
increases with primary mirror diameter, and decreases with the wavelength of light being
observed. Since FIR consists of wavelengths several orders of magnitude greater than optical light, a telescope with a proportionately bigger primary mirror is required to obtain the
same spatial resolution.
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The highly successful Infrared Astronomical Satellite (IRAS) mission, launched in
1983, significantly advanced the state of FIR astronomy with respect to the challenges
mentioned above. IRAS was a space telescope with a primary mirror cooled to ∼10 K,
and focal plain optics cooled to ∼3 K via a liquid helium cryostat, providing unprecedented
sensitivity at the wavelengths under observation (∼10–100 µm) [11]. The mission goal and
landmark achievement of IRAS was to produce an all-sky survey of the FIR Universe. The
mission duration was January to November 1983, during this time IRAS surveyed approximately 95% of the sky. Analysis of this dataset led to the discovery of more than 250,000
new IR sources [12].
During the late stages of development of IRAS, a follow-up mission was proposed to
observe the variety of new sources from IRAS. This mission was called the Infrared Space
Observatory (ISO) [13], and was launched in November 1995. ISO was an observatory class
mission allocating the majority of observation time to targets requested by the astronomical
community. The space-based telescope and instruments were cooled to 2–8 K by a liquid
helium cryostat with enough cryogen to sustain operations until the mission ended in May
1998. ISO improved on the IRAS design by using photometers with higher sensitive while
covering a larger bandwidth (2.5–240 µm). Additionally, the spectrometers on-board ISO
covered a larger bandwidth with 10 to 1000 times the resolving power of IRAS. A number
of exciting discoveries have been made with ISO [14], but perhaps the most stunning is the
abundance of water in the Universe [15].
Another ground-breaking FIR telescope was the Spitzer Space Telescope named after Lyman Spitzer [16]. Spitzer was actively cooled to ∼5.5 K and made observations
at wavelengths from 3.6–160 µm. Spitzer’s instrument suite consisted of the Infrared Array Camera (IRAC), a four-channel IR imager covering the bandwidth 3.19–9.34 µm; the
Infrared Spectrograph (IRS), a diffraction grating spectrometer sensitive to 5.2–19.6 µm
wavelengths with a resolving power ranging from 64 to 600; the Multiband Infrared Photometer for Spitzer (MIPS), a three-band photometer with central wavelengths 24, 70, and
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Figure 1.1: Spectral opacity of Earth’s atmosphere at various wavelengths. Image courtesy
of The National Aeronautics and Space Administration (NASA).
160 µm. One of Spitzer’s mission objectives was to observe planetary structures orbiting
distant stars [17]. In 2005 Spitzer recorded the first direct detection of an extrasolar planet
[18], marking a historical achievement for the mission. The lifetime of most FIR telescopes
is limited by the on-board cryogen supply. In the case of Spitzer, however, the “cold phase”
of the mission lasted from August 2003 to May 2009, and this was followed by a “warm
phase”. As of October 2016 Spitzer has been engaged in the “beyond phase”, which is
on-going at the time of writing this thesis. The goal of this phase is, in part, to identify
potential targets suitable for detailed observation by the James Webb Space Telescope [19].
The aforementioned missions have contributed significantly to FIR astronomy, but the
quest for more sensitive measurements is ongoing, and the above telescopes do not significantly address the angular resolution limitations that come with observing at longer FIR
wavelengths. The next advancement in FIR astronomy instrumentation came from the Herschel Space Observatory, which is the subject of the next section.

1.2

SPIRE and the Herschel Space Observatory

All three challenges described in Section 1.1 are addressed with the latest FIR telescope.
The Herschel Space Observatory (Herschel; Figure 1.2, [20]) was launched in May 2009 to
5
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Figure 1.2: An artist’s rendition of Herschel, courtesy of ESA/AOES Medialab.
obtain an unobstructed view of the FIR Universe in orbit around the Sun-Earth system L2
Lagrangian point. Herschel was equipped with a 3.5 m diameter primary mirror, the largest
single piece mirror ever launched into space. Though the spatial resolution is still lower than
typical optical telescopes, Herschel provided a significant improvement over previous IR
and FIR space observatories (IRAS 57 cm, [11] 1983; ISO 60 cm, [13] 1995; Spitzer 85 cm,
[16] 2003). Herschel also employs a heat shield to block additional thermal radiation. This
configuration passively cools the telescope to ∼85 K [20]. Inside Herschel, the focal plain
optics and bolometer detectors were actively cooled by a closed cycle 3 He/4 He cryogenic
system, to ∼300 mK for optimal detector sensitivity. As such, Herschel was well equipped
to confront the challenges of FIR astronomy.
Contained within the Herschel payload module was a suite of three instruments. Most
important for this thesis is the Spectral and Photometric Imaging REceiver (SPIRE); [21].
SPIRE hosts three photometric arrays with broad-band coverage centered on the wavelengths 250, 350, and 500 µm (Photometer Short Wavelength (PSW), Photometer Medium
Wavelength (PMW), and Photometer Long Wavelength (PLW), respectively). The SPIRE
instrument also includes an Imaging Fourier Transform Spectrometer (IFTS) consisting of
two feedhorn-coupled hexagonal close packed detector arrays with spatial configuration
optimized for their respective bands. The SPIRE Short Wavelength Spectrometer array
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(SSW), and SPIRE Long Wavelength Spectrometer array (SLW) arrays cover the spectral
ranges 194-313 and 303-671 µm, respectively. SPIRE had a maximum spectral resolution
of 1.2 GHz which is sufficient to discriminate between significant spectral features in most
cases. With the broad spectral coverage and high throughput characteristic of a Fourier
Transform Spectrometer (FTS), SPIRE is equipped to provide high quality science observations and data products for a variety of sources.
Herschel’s mission concluded in April 2013 after depletion of the on-board cryogen
supply. During its 4 year mission, Herschel acquired a wealth of science observations with
unprecedented spatial resolution and sensitivity now publicly available in the The Herschel
Science Archive (HSA); [22]. The Herschel data-set is a popular one in astronomical community resulting in over 2,000 publications, at the time of writing this thesis, according to
the HSA. Though the products available at the HSA are processed to the level of calibrated
spectra ready to be used by astronomers, analysis of the data is inherently difficult. In addition to the large volume of data, FTS instruments produce spectra exhibiting a unique
line shape which is well approximated as a sinc function [23] (Figure 1.3). The sinc function distributes its energy over a wide spectral range in the form of damped oscillating
side-lobes. These side-lobes can interact with and suppress or alter the apparent position
of other features. As such, a rigorous line fitting procedure is required to extract accurate
spectral feature information.

1.3

My Contributions to SPIRE

SPIRE Automated Spectral Feature Finder
In order to facilitate data mining and assist with preliminary analysis, the SPIRE FTS
team developed the SPIRE FTS automated Feature Finder (FF); [24]. I am a significant
contributor to the FF both in terms of development and testing. The FF is a sophisticated
automated fitting routine which extracts significant spectral features from SPIRE FTS data.
Signal-to-Noise Ratio (SNR), as well as a quality parameter which indicate the reliability of
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Frequency [arb]
Figure 1.3: FTS sinc line shape with dashed line indicating zero flux density.
the detection, are included for each feature. Postcards showing the result of the FF are also
provided alongside the FF products. All the FF products are hosted publicly on the HSA in
what is formally called the Spire Automated Feature Extraction CATalogue (SAFECAT) 1 .
Initially my contribution began with a simple validation of FF results by comparing extracted 12 CO rotational emission features to line fits obtained using more dedicated spectral
models on Orion observations. Flaws in the FF routine where observed typically around
the neighbourhood of 809 GHz, the spectral region surrounding the fine structure neutral
carbon emission (see Chapter 6). I then began the task of correcting these flaws which culminated into the work presented in this thesis. The remainder of this section gives a brief
overview of this work.

Automated Radial Velocity Estimating Routine
The FF products were extended to include a source radial velocity estimate for each
source. The primary way in which this is accomplished is by attempting to identify 12 CO
rotational emission features within the spectrum being analyzed.

12 CO

is the second most

abundant molecule in the ISM [13], and unlike molecular hydrogen, the most abundant,
1 https://www.cosmos.esa.int/web/herschel/spire-spectral-feature-catalogue
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12 CO

has a strong dipole moment resulting in bright rotational emission lines. As such,

12 CO

is both likely to be present within SPIRE spectra and easily detected by the FF.

Like all linear/diatomic molecules with non-zero dipole moments, adjacent rotational
transitions are separated by a near constant frequency. Autonomous

12 CO

detection is

based on searching for characteristic differences between 12 CO rotational transitions with
an arbitrary line list of features identified within a given observation. Features having the
most matches with expected

12 CO

emission are the most likely

12 CO

feature candidates.

The frequency difference between emission lines is, however, dependent on the source
radial velocity. As such, a velocity dependent tolerance is imposed to allow identification
within sources with non-zero velocity.
The analysis becomes even more complicated with the introduction of other bright features into the spectrum or features in close proximity to 12 CO lines. Developing a reliable
automated velocity estimating routine which is applicable to a wide range of sources is a
task I put considerable effort into as part of the FF team. The resulting routine exists as a
modular implementation suitable for any arbitrary line list with associated SNR within the
SPIRE FTS bands, and can be easily generalised for wider application. In addition to the
radial velocity itself, the routine outputs associated flagging parameters which have proven
to be a robust indicator of the estimate accuracies.

Neutral Carbon Detection
With accurate parameterization of the source radial velocity for SPIRE FTS observations, it is possible to perform more dedicated searches for specific lines. One line that merits such investigation is the neutral carbon fine structure 3 P2 -3 P1 [CI] transition at 809 GHz.
In a coupled rest frame, [CI] is located only a few resolution elements away from the typically more bright

12 CO(7-6)

rotational transition at 806 GHz. The relative difference in

amplitude, close spectral proximity, and sinc instrument line shape results in a situation
where the [CI] feature is difficult to distinguish from the
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side-lobe.
With a velocity estimate based on

12 CO

rotational emissions, and the assumption that

both 12 CO and atomic carbon are approximately coupled in the same inertial system, it is
possible to predict the expected frequency of the potential [CI] feature. Different spectral
models can then be tested to assess the presence of the [CI] feature in spectra under study.
This regression based approach relies on modifying fitter tolerances and careful selection of
initial estimates for the potential [CI] feature. It was empirically determined that a relative
amplitude estimate tied to the more prevalent feature can successfully detect faint [CI]
features, while limiting false positives.
A natural extension of successful detection of the 3 P2 -3 P1 carbon feature is a search
for the 3 P1 -3 P0 fine structure transition of the same atomic species. This feature has a
rest frequency emission of 492 GHz, which approaches the noisy low frequency edge of
the SLW band, and is typically of lower amplitude than the 3 P2 -3 P1 transition. Though
this extension has not been fully implemented in the current FF release, tests have shown
detection of the 3 P1 -3 P0 feature, in some cases, can be improved using a dedicated search
algorithm based on previous [CI] detection.

1.4

Summary

FIR astronomy is crucial for the study of the evolution of the Universe, the formation of
stars and planets, and the conditions under which life may have emerged. Herschel is the
latest FIR telescope which has provided unfettered access to the FIR spectrum, and substantive advances in spatial resolution and sensitivity in the FIR band. On-board Herschel
was SPIRE, an instrument containing an IFTS which collected a wealth of high quality FIR
spectra for a variety of observation targets. To assist in data mining and preliminary analysis of SPIRE spectra, the SPIRE FTS team developed the FF. For the FF, I developed an
automated radial velocity estimating routine, and a separate neutral carbon detection routine. My unique contributions have been included in the resulting SAFECAT hosted as part
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of the HSA, and are documented in the form of conference and in-preparation publications,
in addition to the content of this thesis.

1.5

Thesis Outline

This thesis begins by giving an introduction to Fourier analysis in Chapter 2. An understanding of Fourier analysis is required to interpret SPIRE spectra, and since much of
the data processing involved in FTS involves the manipulation of discretized datasets, the
discussion is extended to computational algorithms used for discrete Fourier transforms.
This chapter also derives many of the most commonly used analytical transforms, and covers useful properties of Fourier transforms with an emphasis on symmetry. Chapter 3 is an
introduction to spectroscopy. This chapter provides information on how radiation interacts
with matter, and how a polychromatic radiation field can be decomposed into its constituent
frequencies using FTS. The focus is on black body radiation, along with rotational and electron transition emissions, the two emission processes which produce the spectral features I
have studied in depth. The information conveyed is at a level sufficient to understand the
amplitude and emission frequencies of these processes, and the complex energy structure of
photoelectronic atoms. Derivations for commonly encountered line shapes that result from
various physical processes is presented in compliment to emission mechanisms. This is followed by a section which derives the theory of FTS, and is supplemented with a discussion
on noise considerations when employing this spectroscopic technique.
My person contributions begin with Chapter 4 which introduces Herschel and the SPIRE
instrument in more detail, including its observation modes, calibrations schemes, and publicly available products. The FF routine is then outlined including its data products and
relevant validation testing. Chapter 5 presents the FF source velocity estimating routine,
giving a full description of its operations. The routine is then validated using both real and
synthetic datasets. Results, as they pertain to the FF public release, are then discussed.
Chapter 6 presents a detailed outline of the neutral carbon check, a dedicated search for
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the 3 P2 -3 P1 neutral carbon fine structure transition employed by the FF. This is followed
by a validation of the routine, and a summary of the results as they pertain to the public
FF catalogue. Concluding remarks are provided in Chapter 7, with mapping observation
postcards and preliminary neutral carbon 3 P1 -3 P0 emission detection postcards included in
appendix B and C, respectively. A demonstration of the FF source radial velocity estimating
routine is given in appendix A.

12

Chapter 2
Fourier Analysis
Fourier analysis traces its origin back to 1807 when Jean-Baptiste Joseph Fourier (1768 1830), investigated general solutions to the partial differential heat equation. As outlined
in Mémoire sur la propagation de la chaleur dans les corps solides [25], Fourier’s general
solution consisted of the linear superposition of simple sinusoidal waves. The key result of
this discovery was that “any” function can be expressed as a combination of an orthogonal
basis set of simple sine and cosine vectors. This has immediate implications for spectroscopy where the goal is to decompose an input signal into its constituent frequencies.
Though it took well over a century to develop the technology required for practical application of Fourier analysis on large datasets, it is now an integral part of modern spectroscopy,
and the central spectroscopic method discussed in this thesis. As such, it is critical to construct a solid theoretical foundation to understand the spectroscopic techniques presented
in Chapter 3.
Section 2.1 defines the Fourier series, which is then extended to the continuous Fourier
transform. The Dirac delta function is then defined in Fourier transform notation, followed
by the derivation of a sample of commonly employed Fourier transforms in Fourier Transform Spectroscopy (FTS). Section 2.2 derives the symmetry properties, and significant theorems of Fourier transforms. Discretization is then discussed in Section 2.3, which focuses
on the discrete, and fast Fourier transforms. Conditions for proper sampling of continuous
signals is also explored.
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2.1
2.1.1

Definitions
Fourier Series

A periodic function, h(t), which varies in time, t, can be expressed as a Fourier series
expansion given by [26]
∞
1
h(t) = a0 + ∑ [an cos(n2π f0t) + bn sin(n2π f0t)] ,
2
n=1

(2.1)

where
f0 =

1
ω0
=
.
T
2π

(2.2)

T and f0 are the period and fundamental frequency of h(t), respectively. The functions
cos(n2π f0t) and sin(n2π f0t) constitute an orthogonal set of basis vectors which are weighted
by the real valued coefficients an and bn , respectively. These constants are given by
2 T /2
an =
h(t) cos(n2π f0t)dt ,
T −T /2
Z
2 T /2
h(t) sin(n2π f0t)dt .
bn =
T −T /2
Z

(2.3)

The equivalent complex Fourier series can be constructed using Euler’s formula eiz =
cos(z) + i sin(z) [27]
∞

h(t) =

∑

cn ein2π f0t ,

(2.4)

n=−∞

where
c±n =

1
T

Z T /2

1
h(t)e∓in2π f0t dt = (an ∓ ibn ) .
2
−T /2

(2.5)

In order to express a function as a Fourier series expansion (Equations 2.1, 2.4), the
function h(t) must satisfy the following Dirichlet conditions [26]: h(t) must be defined
over the range (−∞, ∞) and is periodic, h(t) must have no more than a finite number of
discontinuities and extrema over one period and h(t) must converge absolutely over one
period (i.e.,

R T /2

−T /2 |h(t)|dt

< ∞).
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2.1.2

Fourier Integral

Fourier series are well suited for expressing functions which are periodic over a finite interval. However, more general functions required a slightly different treatment. Combining
Equations 2.4 and 2.5 gives

 Z T /2
1
0 −in2π f0 t 0 0
h(t) = ∑
h(t )e
dt ein2π f0t .
T
−T /2
n=−∞
∞

(2.6)

A general function requires no periodicity, or alternatively a period of infinite extent. Additionally the sum of discrete frequencies must be replaced by an integral over a continuum
of frequencies. Using the substitutions n f0 = f , and lim 1/T = d f → 0, equation 2.6
T →∞

becomes
h(t) =

Z ∞ Z ∞
−∞

=

h(t )e

−∞

Z ∞

−i2π f t 0

0

i2π f t

H( f )e

dt

0



ei2π f t d f
(2.7)

df .

−∞

The above equation expresses the general function h(t) as the integration of an infinite
number of sinusoids of frequency f , with amplitude H( f ).
Equation 2.7 is none other than the inverse Fourier transform
Z ∞

h(t) =
−∞

H( f )ei2π f t d f = F −1 {H( f )} ,

(2.8)

with the forward Fourier transform given by
Z ∞

H( f ) =
−∞

h(t)e−i2π f t dt = F {h(t)} ,

(2.9)

The functions h(t) and H( f ) constitute a Fourier transform pair. Though the notation used
implies the use of time for t, and frequency for f , all that is required for the conjugate
variables t and f is that their units be reciprocals of one another. For example the Fourier
transform of a signal recorded in time will produce a temporal frequency spectrum (i.e., [s]
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↔ [Hz]), whereas the Fourier transform of a signal record in space will produce a spatial
frequency spectrum (i.e., [cm] ↔ [cm−1 ]).
Slight variations on Equations 2.8 and 2.9 are often encountered in the literature. The
variation results from a change of variables (e.g., f = ω/2π), which requires the inclusion of a normalization constant of 1/2π in the inverse Fourier transform. Alternatively
√
a factor of 1/ 2π can be included in both the forward and inverse Fourier transforms.
The format used above, however, is more simple and results in less confusion, and will
be employed throughout this thesis unless otherwise indicated. In addition, the forward
and reverse Fourier transform functions differ primarily by the sign in the exponent. As
such what is considered the forward and inverse Fourier transform is a matter of convention
which is not strictly adhered to in all texts. This thesis will exclusively use the definitions
as provided in Equations 2.8, and 2.9.

2.1.3

Dirac Delta Function

The mathematical object known as the Dirac delta function (δ(x); [28]) consists of a
distribution of real values which is everywhere zero except at the origin where it has an
infinite magnitude. It is also defined to have infinitesimal width such that the area under the
distribution is equal to unity. That is,

δ(x) =

with




0,

x 6= 0



∞, x = 0

(2.10)

Z ∞
−∞

δ(x)dx = 1 .

(2.11)

Consider the product of an ordinary function h(x) and δ(x − x0 ). In such a situation the
result will be zero everywhere on the number line except when x = x0 , at which point the
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product is infinite. Since the integrated area of δ(x) is unity, integrating this product gives
Z ∞
−∞

h(x)δ(x − x0 )dx = h(x0 ) .

(2.12)

This is referred to as the sifting property of the delta function [29]. It is useful for mathematically representing point sources and pulses in physics, and in the case of spectroscopy,
is used to represent the spectrum of a monochromatic source.
The inverse Fourier transform of the delta function is

F

−1

{δ( f − f0 )} =

Z ∞
−∞

δ( f − f0 )e−i2π f t d f = e−i2π f0t .

(2.13)

This result can be used to provide a useful Fourier transform based definition of the Dirac
delta function

F {e−i2π f0t } = δ( f − f0 ) .

(2.14)

The implications of this result will be discussed further in § 2.1.4.4.

2.1.4

Useful Transforms

Some Fourier transforms are regularly encountered in spectroscopy and the most common ones will be derived here. A more complete discussion on the spectroscopic significance of these transforms is presented in Chapter 3.

2.1.4.1

Boxcar

The boxcar function is a piecewise defined function such that

Π(x) =




A, |x| ≤ L


0,
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The Fourier transform is the

F {Π(t)} =

Z ∞

Ae−i2π f t dt

−∞
Z L

=A
−L

e−i2π f t dt .

The exponential can be expanded using Euler’s equation such that

F {Π(t)} =A

Z ∞
−∞

[cos(2π f t) − i sin(2π f t)]dt

A
[sin(2π f t) + i cos(2π f t)]L−L
2π f
A
= sin(2π f L) .
πf

=

The cardinal sine function, or sinc function is defined as sin(arg)/arg. With this notation,
the last line can be recast to

F {Π(t)} = 2LAsinc(2π f L) .

(2.16)

A graphical representation of this result is shown in Figure 2.1. This shape is very common in FTS, since all interferograms are theoretically infinite in extent and are naturally
truncated by the finite scan range of physical instruments. As such, recorded signals are in
effect multiplied by a boxcar function (Section 3.4).

2.1.4.2

Gaussian

The Gaussian function has the form

G(t) =

r

A −At 2
e
.
π

18
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Amplitude [V/Hz]

Amplitude [V]

A

0.0

2AL

0.0
−1.0 −0.5 0.0 0.5 1.0
Frequency [Hz]

-L
L
Time [s]

Figure 2.1: The Fourier transform of a boxcar function with amplitude A over the range
[-L, L] (left), is a sinc function of amplitude 2AL and FWHM = 1.2067/(2AL).
Amplitude and exponential coefficients can vary from the specific relation given above;
these values are only chosen for convenience. The Fourier transform is then
Z ∞r
A −At 2 −i2π f t
e
e
dt
F {G(t)} =

π
r−∞ Z
A ∞ −At 2 −i2π f t
=
e
dt .
π −∞

The quadratic equation in the exponent is more easily dealt with upon completing the square
giving

r Z
A ∞ −A(γ)2 −n
e
dγ ,
=
π −∞

where γ = t + iπ f /A, and n = (π f )2 /A. The constant exponential, e−n , can be taken outside
the integral leaving only the integral of a Gaussian function. The analytical solution of this
p
integral is π/A which is easily shown using polar coordinates [30]. After cancellation,

and substitution of the original variables, the result is

2 f 2 /A

F {G(t)} = e−π

(2.18)

Thus the Fourier transform of a Gaussian is another Gaussian with a modified amplitude
and width . The result is shown in Figure 2.2. The Gaussian distribution is a common
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q

Amplitude [V/Hz]

Amplitude [V]

1.0
A
π

0.0
−4 −2 0 2
Time [s]

1.0
q

A
π

0.0
−4 −2 0 2 4
Frequency [Hz]

4

Figure 2.2: The Fourier transform of a Gaussian is another Gaussian with varying width
and amplitude.
spectral profile, which results from a mechanism known as Doppler broadening [31]. It is
also a popular apodizing function [32], used to smooth line shapes.

2.1.4.3

Exponential

The exponential decay function has the form
E(t) = E0 e−2πAt ,

(2.19)

which begins at some real value E0 at t = 0, and decays asymptotically to zero at a rate
determined by the time constant 1/(2πA). The Fourier transform of the exponential decay function produces the Lorentzian function, a common line shape encountered in spectroscopy, which is discussed in more detail in Section 3.2. To derive the Fourier transform
of Equation 2.19, the function is mirrored across the origin producing a symmetric function. This operation simplifies the arithmetic while preserving the physical significance
of the function for time greater than or equal to zero. This operation can be represented
mathematically using the symmetric exponential decay function
E(t) = e−2πA|t|

20
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with the absolute value of the independent variable, t, resulting in an exponential decay on
either side of the coordinate origin, and a discontinuity of the function’s derivative at this
point. Like the Gaussian function, the factors in the exponent, and amplitude (in this case
1), have been chosen for convenience. The Fourier transform is then

F {E(t)} =

Z ∞
−∞
Z 0

=

e−2πA|t| e−i2π f t dt
2πt(A−i f )

e
−∞

Z ∞

dt +
0

e−2πt(A+i f ) dt

The integral has been broken up about the origin so that t can be replaced with −t on
the negative interval, preserving the absolute value over the whole domain. This result is
readily integrated giving
e2πt(A−i f )
=
2π(A − i f )

0

−∞

−e−2πt(A+i f )
+
2π(A + i f )

∞

0

After evaluating this expression at the limits, one obtains the final result

F {E(t)} =

A 1
.
π A2 + f 2

(2.21)

That is the Fourier transform of the exponential function is the Lorentzian distribution [33].
This result is shown in Figure 2.3 where 2A corresponds to the full width at half maximum.
The Lorentzian function is yet another commonly encountered spectral profile that results
from the intrinsic uncertainty of energy levels in quantum systems [31]. Collisions between
radiative particles can also produce this line shape, which is why this spectral profile is also
associated with collision, or pressure broadening [31].

2.1.4.4

Sinusoid

A sinusoid with amplitude, A, and constant frequency, f0 , is given by

Ψ(t) f0 = A cos(2π f0t)
21
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Amplitude [V/Hz]

Amplitude [V]
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0.0
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10
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0.0
5 10
−10 −5 0
Frequency [Hz]

Figure 2.3: The Fourier transform of an exponential function is a Lorentzian distribution.
The Fourier transform is then
Z ∞

A cos(2π f0t)e−i2π f t dt
Z
i
A ∞ h i2π f0t
−i2π f0 t −i2π f t
=
e
+e
e
dt
2 −∞

F {Ψ(t) f0 } =

−∞

(2.23)

In the second line, cos(θ) has been replaced by the exponential equivalent. Comparing
Equation 2.23 to Equation 2.14, it is clear that the second line consists of two delta functions
centered on f0 and − f0 . That is the Fourier transform of a sinusoid with amplitude, A, and
constant frequency, f0 , is
A
2

F {Ψ(t) f0 } = [δ( f − f0 ) + δ( f + f0 )]

(2.24)

This example demonstrates the utility of Fourier transforms. The input signal is decomposed into its constituent frequencies producing a spectrum at the output of the transform.
In this case there are two sharp peaks at the frequency of the input signal with the energy
distributed equally between the positive and negative frequency domains. This result is
shown in Figure 2.4. Clearly, this is the spectral profile of a monochromatic source.
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− f10
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−f0 0.0
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1
f0

Figure 2.4: The Fourier transform of a sinusoid is two sharply peaked delta-like functions
at the positive and negative frequency of the sinusoid with. With proper normalization, the
amplitude of each peak is half the amplitude of the sinusoid.

2.2
2.2.1

Properties of Fourier Transforms
Symmetry

Fourier transforms map complex data onto real and imaginary components of the reciprocal domain. How the energy is distributed into real and imaginary components is
dependent on the symmetry of the input function.
The cosine function is an even function (i.e., h(x) = h(−x)), which is symmetric across
the origin. The Fourier transform of the cosine function was derived in Section 2.1.4.4, with
the result consisting of two real value delta functions at the positive and negative values of
the cosine function’s frequency. There is no imaginary component to this transform, and
so we can conclude that the Fourier transform of a real valued even function is another real
valued even function (Figure 2.5).
The sine function is an example of an odd function (i.e., h(−x) = −h(x)), which is
antisymmetric across the origin. The Fourier transform of the sine function can be derived
in the same was as the Fourier transform of the cosine function. The final result is given by
A
2

F {A sin(2π f0t)} = ±i δ( f ∓ f0 )

(2.25)

Similar to the transform of the cosine function, the transform of the sine function consists of
23

2.2. PROPERTIES OF FOURIER TRANSFORMS

Amplitude [V/Hz]

Amplitude [V]

A

0.0

-A

A
2

− f40

− f20

0.0
Time [s]

Real

A
2

2
f0

4
f0

Imaginary

0.0

0.0

f0
−f0
0.0
Frequency [Hz]

f0
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Figure 2.5: The Fourier transform of a real valued even function produces yet another real
valued even function. This result is shown for a cosine function where the Fourier transform
consists of a symmetric distribution in the real domain, with no imaginary component.
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Figure 2.6: The Fourier transform of a real value odd function is an imaginary odd function. This result is shown for a sine function where the Fourier transform consists of an
antisymmetric distribution in the imaginary domain, with no real components.
two delta functions at the positive and negative frequencies of the sine function. However,
for the sine function these delta functions are antisymmetric and reside in the imaginary
domain. That is the Fourier transform of a real valued odd function is an imaginary odd
function (Figure 2.6).
Any arbitrary asymmetric function, which is neither symmetric nor antisymmetric, defined on some finite interval can be expressed as the sum of even and odd functions. These
even and odd functions can be constituted by sine and cosine functions (a Fourier series).
Consider an asymmetric sinusoid hAsym (x), composed of a linear combination of a sine and
cosine function
hAsym (x) = α cos(x) + β sin(x)

(2.26)

With the use of the trigonometric identity cos(x ± φ) = cos(x) cos(φ) ∓ sin(x) sin(φ), this
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function is equivalent to
hAsym (x) = γ cos(x + φ)

(2.27)

with α = γ cos(φ), and β = γ sin(φ). The angular offset φ, is referred to as the phase, which
has important implications for Fourier transforms. Note that as the phase goes to zero,
so too does the sine term in Equation 2.26, along with the imaginary component of the
Fourier transform. That is, the phase is a measure of asymmetry of the data being Fourier
transformed with the extrema values 0 indicating complete symmetry, and π/2 indicating
complete antisymmetry.
As an example, consider the asymmetric function

π
h(t) = A cos 2π f0t +
3

(2.28)

This function and its Fourier transform are shown in Figure 2.7. The transform gives a
complex result with peaks in both the real and imaginary domain at the frequency of the
sinusoid. A complex number can be represented as a vector in the complex plane, with the
real and imaginary components making up an orthogonal basis. With this representation,
the phase of the complex number is calculated using


Im
φ = arctan
Re



(2.29)

with I m and R e indicating the imaginary and real components, respectively. In the above
√
example, if A = 1.0, then at f0 the imaginary component is 3/4, and the real component
is 1/4. Computing the phase then gives π/3, the value which would be expected from
Equation 2.28.
A full set of generalized symmetry properties of Fourier transforms are given in table 2.1.
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Figure 2.7: The Fourier transform of an asymmetric function is partitioned between real
and imaginary components. The real component is even, and the imaginary component is
odd.

Table 2.1: Generalized symmetry properties of Fourier transform pairs [34].
H( f )
Real
Imaginary
even
0
0
odd
0
even
odd
0
even
odd
odd
even
asymmetric
0
0
asymmetric
even
even
odd
odd
asymmetric asymmetric

h(t)
Real
Imaginary
even
0
odd
0
0
even
0
odd
asymmetric
0
0
asymmetric
even
odd
odd
even
even
even
odd
odd
asymmetric asymmetric
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2.2.2
2.2.2.1

Theorems
Superposition

The superposition principle states that when two distinct signals, f (t) and g(t), interact,
the resulting signal will be equivalent to the algebraic sum of the two individual signals.
This property is preserved in the reciprocal domain of the Fourier transform. That is, the
Fourier transform of the sum of two signals is equal to the sum of the individual Fourier
transforms of the two signals. This theorem can be proven as follows

F {a f (t) + bg(t)} =

Z ∞

(a f (t) + bg(t))e−i2π f t dt

−∞
Z ∞

=a
−∞

f (t)e−i2π f t dt + b

Z ∞
−∞

g(t)e−i2π f t dt

(2.30)

= aF { f (t)} + bF {g(t)}
In Equation 2.30, a and b are any complex constants. Thus, it is clear that

F {a f (t) + bg(t)} = aF { f (t)} + bF {g(t)} .

(2.31)

It is clear from Equation 2.31 that Fourier transforms express the property of linearity.
This property is particularly useful in the context of spectroscopy as it allows the simultaneous processing of multiple frequencies without the need for any frequency specific
corrections as a result of the transform itself.

2.2.2.2

Convolution

Convolution is a mathematical process in which two input functions are modified to
produce a third output function which is a blended version of the two inputs. Convolution
is defined as
f (z) = h(z) ∗ g(z) =

Z ∞
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−∞

h(z0 )g(z − z0 )dz0

(2.32)
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Sliding Π Function Integrated Area

z′

z

Figure 2.8: A visual representation of convolution. In the left panels is two boxcar functions
with unit amplitude. The convolution kernel (red), is slid across the input function (blue),
while at each point the integrated area between the two functions (green), is calculated and
recoded as an element in the convolution output (right panels). In this case, the integrated
area of the overlapping regions is equivalent to the integrated area of the product of the two
functions.
where h(z) and g(z) are in general functions of a complex variable z. h(z) corresponds to
the initial input into the system, while g(z) is the function that you are convolving the input
with, and is often referred to as the convolution kernel. In effect, convolution is the process
of sliding the kernel across the input function and at each point calculating the integrated
area of their product. This is represented visually in Figure 2.8 for two boxcar functions.
Convolution is a useful tool for describing the physical output of optical systems (Chapter 3), and is regularly employed in graphics manipulation. It also has important properties
in the context of Fourier analysis.
The Fourier transform of Equation 2.32 is
0

0

F {h(z ) ∗ g(z )} =
=

Z ∞ Z ∞

−∞
−∞
Z ∞ Z ∞
−∞

−∞

0

0

0



h(z )g(z − z )dz e−i2πzσ dz

0 −i2πzσ
g(z − z )e
dz h(z0 )dz0

In this equation, the arbitrary conjugate pairs z and σ = 1/z have been used to preserve
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consistency with Equation 2.32. Since both integrals in the above equations must converge
for physical systems, Fubini’s theorem [35] has been invoked to switch the integration order
in the last line. Making the substitution γ = z − z0 , with dγ = dz, the equation becomes
=

Z ∞ Z ∞

−∞
Z ∞

=

−i2π(z0 +γ)σ

g(γ)e

−∞
0

−i2πz0 σ

h(z )e
−∞

0

Z ∞

dz



dγ h(z0 )dz0

g(γ)ei2πγσ dγ

−∞

The last line is simply the Fourier transform of the original functions. This then proves
the convolution theorem. In summary, the Fourier transform of the convolution of two
functions is equal to the product of the Fourier transform of the two functions individually

F {h(z0 ) ∗ g(z0 )} = F {h(z0 )} × F {g(z0 )} .

(2.33)

In the context of Fourier spectroscopy, this theorem is useful for describing the line
shapes of sources which are subject to different broadening mechanisms, and the coupling
of source intensity distributions with finite limitations of physical instruments (Chapter 3).
It is also a convenient tool for determining the Fourier transform of more complicated functions. For example, we see the convolution of two boxcar functions is a triangle function
(Figure 2.8), and we know the Fourier transform of a boxcar function is a sinc function
(Equation 2.16). Using the convolution theorem we can then conclude the Fourier transform of a triangle function is equal to the sinc2 function.

2.2.2.3

Parseval’s Theorem

Parseval’s theorem was originally proven by Marc-Antonie Parseval in 1799 [36]. It
states that any two square integrable functions g(t) and h(t), which are in general complex
valued with Fourier transforms G( f ) and H( f ), respectively, obey the relationship
Z ∞

∗

Z ∞

g(t) h(t)dt =
−∞

−∞
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This theorem was later applied in the context of energy conservation by John William
Strutt [37]. Energy conservation between reciprocal domains is the most common application of Parseval’s theorem in Fourier analysis.
To prove this relationship, the inverse Fourier transform definitions of g(t) and h(t) are
substituted into the left-hand-side of Equation 2.34.
Z ∞

∗

g(t) h(t)dt =
−∞

Z ∞ Z ∞

−∞
−∞
Z ∞Z ∞

=

0 ∗ −i2π f 0 t

G( f ) e
0 ∗

G( f ) H( f )
−∞ −∞

df

Z

0

∞

−∞

Z ∞

i2π f t

H( f )e
−∞
i2πt( f − f 0 )

e



d f dt



dt d f d f 0

Taking the complex conjugate results in a negative sign in the exponent associated with
the g(t)∗ inverse Fourier transform. The quantity in parenthesis can be identified as the
definition of the delta function (Equation 2.14), and the equation becomes
Z ∞Z ∞

=
−∞ −∞

Z ∞

=
−∞

G( f 0 )∗ H( f )δ( f 0 − f )d f d f 0

G( f )∗ H( f )d f

The final line is equal to the right-hand-side of equation 2.34, concluding the proof.
In addition to conservation of energy, Parseval’s theorem serves as a convenient check
on the accuracy of a Fourier transform. If the theorem does not hold, this indicates an error
in the transformed data, the units used, or potentially neglected normalization factors.
Linearity, the convolution theorem, and Parseval’s theorem are the most relevant property and theorems for the purpose of this thesis. Table 2.2 summarises the full set of Fourier
transform properties and theorems.

2.3

Discretization

The Fourier transform is a mathematical operation which acts on a function defined at
every value of the independent variable. It is defined in terms of an integral which sums
the function over infinitesimal steps of the independent variable, and is thus an operation
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Table 2.2: Properties and theorems of Fourier transforms [38, 39]
Theorem

h(t)

H( f )

Superposition

h1 (t) + h2 (t)

H1 ( f ) + H2 ( f )

Scalar multiplication

kh(t)

kH( f )

Autocorrelation

h∗ (t) ∗ h(t)

|H( f )|2

Parseval’s

R∞

R∞

Reversal

h(−t)

H(− f )

Symmetry

H(t)

Scaling (a real)

h(at)

Time shift

h(t − t0 )

2πh(− f )
 
f
1
|a| H a

2
−∞ |h(t)| dt

Frequency shift ( f0 real) h(t)ei2π f0t

2
−∞ |H( f )| d f

H( f )e−i2π f t0
H( f − f0 )

Time convolution

h1 (t) ∗ h2 (t)

H1 ( f )H2 ( f )

Frequency convolution

h1 (t)h2 (t)

H1 ( f ) ∗ H2 ( f )

Modulation

h(t) cos(2π f0t)

1
2 [H( f

Differentiation

d n h(t)
dt n

(i2π f )n H( f )

Integration

Rt

−∞ h(t

0 )dt

32

H( f )
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− f0 ) + H( f + f0 )]

+ πH(0)δ(h)
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with an intrinsic continuous nature. As such Fourier transforms are not well suited for
the discrete sampling and digitized intensity which is used in many practical applications.
Since computers encode information in digital form, a discretized approximation of the
Fourier transform must be developed for effective implementation in modern computing.

2.3.1

Discrete Fourier Transform

Assume the function h(t) is discretely sampled at N equally spaced, discrete times tk ,
such that
fk = h(tk ),

tk = k∆t,

k = 0, 1, · · · , N − 1

(2.35)

For simplicity, assume N is even so that N/2 is a whole number, and that ∆t is a constant
value representing the difference in time between each sample point.
For reasons that will be discussed shortly, the sampling frequency fs = 1/∆t, must be
twice the maximum frequency component fM (i.e., 2 fM = 1/∆t), of the discretely sampled
function in order to prevent information loss [40]. With this in mind, the discrete frequencies are defined as

fn =

n
,
N∆t

N
N
n = − , · · · , −1, 0, 1, · · · , − 1
2
2

(2.36)

These frequencies will make up the independent variable axis in the reciprocal Fourier
domain. The zero order frequency will correspond to n = 0, with positive and negative
frequencies having n > 0 and n < 0, respectively. Note that when n = −N/2,

2 f−N/2 =

1/∆t = −2 fM , in fulfilment of the sampling criteria mentioned above. However, the positive frequency components have a maximum index of N/2 − 1, which means the resulting
Fourier transform will only be defined on the interval [− fM , fM − d f ].
With these values now having discrete representations, we can return to the definition
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of the Fourier transform (Equation 2.9) and construct a discrete approximation.
Z ∞

H( f ) =
−∞
N−1

≈

h(t)e−i2π f t dt
−i2π fn tk

∑ hk e

N−1

∆t = ∆t

k=0

(2.37)
−i2πkn/N

∑ hk e
k=0

This result gives the definition of the Discrete Fourier Transform (DFT)
N−1

Hn =

∑ hk e−i2πkn/N

(2.38)

k=0

The DFT is periodic in n with a period of N, thus Hn = Hn±N . As previously indicated,
n = −N/2 corresponds to the negated maximum frequency component of Hn . As a result
of this periodicity, H−N/2 = HN/2 , and the value of the DFT at − fM is equivalent to the
missing value at + fM . This property must be kept in mind when working with DFTs,
and when interpreting the literature which often assumes the existence of this missing data
point.
The discretized analogue of the inverse Fourier transform is given by

hk =

1 N−1
∑ Hnei2πkn/N
N n=0

(2.39)

with the key differences being the sign of the exponential, and the additional factor of
1/N. The factor of 1/N is included so that F −1 {F {h(t)}} = h(t). All of the symmetry
properties, and theorems which apply to the Fourier transform pairs hold for their discrete
counterparts. The same caveats with respect to the factors of 1/2π and units hold as well.
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2.3.2

Fast Fourier Transform

A significant drawback of directly computing the DFT, as given in Equation 2.38, is
computation time. This equation can be represented as
N−1

Hn =

∑ W nk hk

(2.40)

k=0

The sum is taken over what is structurally the matrix multiplication of the N × N matrix W ,
and the vector hk . The most significant computational contribution of this process consists
of the N 2 complex multiplications required to produce the vector Hn . Thus the number
of operations required for direct computation of the DFT is proportionate to N 2 . Roughly
speaking, the computation of a DFT containing 10 million points with a 2.0 GHz processor would take ∼ 14 hrs. Luckily computational efficiency can be improved using clever
algorithms.
The aptly named Fast Fourier Transform (FFT), became popularized by Cooley and
Tukey in the 1960’s [41], however, efficient methods of calculating the DFT date back to as
early as Gauss in 1805 [42]. Effectively, the FFT exploits factorization to eliminate repeated
calculations in the DFT. The method is based on the work of Danielson and Lanczos in the
context of X-ray scattering [43]. They showed that an N point DFT can be written as
the sum of two N/2 point DFTs. In principle, one can divide the DFT in whichever way
is desired, but it turns out that there are benefits to splitting the DFT into even and odd
indexed components such that
N−1

Hn =

∑ hk e−i2πkn/N

k=0
N/2−1

=

∑

N/2−1
−i2π(2k)n/N

h2k e

k=0
N/2−1

=

∑

+

∑

h2k+1 e−i2π(2k+1)n/N
(2.41)

k=0
N/2−1

h2k e−i2πkn/(N/2) + e−i2πn/N

k=0

∑
k=0

=An +WNn Bn
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where An and Bn are the DFTs of the even and odd components of hk , respectively. As such,
this process has reduced the N point DFT to two N/2 point DFTs, or more importantly, N 2
operations to N 2 /2 operations. The WNn coefficient is commonly referred to as the twiddle
n+N/2

factor. It should also be noted that WN

= −WNn , and the twiddle factor need only be

calculated explicitly N/2 times for a N point transform.
Fortunately this reduction can be applied recursively, dividing An and Bn into their
“even” and “odd” indexed components, which can continue until the input array can be
divided no further. This segregation of terms is made more clear in table 2.3. The utility
of this process is maximized when the number of points in the DFT is N = 2m , with m
being a positive integer, since this results in an array that can be divided into even and odd
components m times, without any leftover terms.
Table 2.3: The array input to the FFT (hk ), is divided into smaller arrays to be DFTed. This
is accomplished by breaking the input array into even and odd components recursively as
shown in this table for an array of 23 = 8 points.
Values
h0
h1
h2
h3
h4
h5
h6
h7

Phase 1
h0
h2
h4
h6
h1
h3
h5
h7

Phase 2
h0
h4
h2
h6
h1
h5
h3
h7

Phase 3
h0
h4
h2
h6
h1
h5
h3
h7

The FFT algorithm is structured effectively as a series of DFTs computed using Equation 2.41. The composite DFTs are built up in a way which is precisely the reverse of the
sorting routine shown in table 2.3, with each box indicating the array input to the DFT. For
an input array of N points, the process begins with N one point DFTs (phase 3). Since
k = 0 is the only index in a one point transform, the DFT of a single number is the number
itself (Equation 2.35). Adjacent single point transforms are then added with the inclusion
of the twiddle factor. This is followed by what is effectively N/2 two point DFTs, which
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h 0 + W 02 h 4
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Figure 2.9: A flowchart showing the operations of the fast Fourier transform algorithm.
Figure adapted from [26].
is accomplished by adding adjacent results from the previous step using the appropriate
twiddle factor. This process continues until one N point DFT is calculated. This process is
represented graphically in Figure 2.9 for a 23 = 8 point FFT. Perhaps more clearly, the H0
term can be calculated as

H0 = {[(h0 +W20 h4 ) +W40 (h2 +W20 h6 )] +W80 [(h1 +W20 h5 ) +W40 (h3 +W20 h7 )]} , (2.42)
where curly braces indicated the one effective N point DFT, square braces indicated the two
N/2 DFTs, and circular braces indicate the four 2 point DFTs.
The efficiency of the FFT comes from factorizing the DFT into smaller transforms
which can be more easily computed, and recycled when computing the various Hn terms.
Each node in Figure 2.9 with a corresponding twiddle factor indicates a multiplication in
the FFT routine. For this N = 23 = 8 point transforms, the “node matrix” has N = 8 rows
and log2 (N) = 3 columns. Thus computing the number of operations required for the FFT
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in the same way as was done for the DFT, results in N log2 (N) operations. In theory, this
makes the FFT N/ log2 (N) times faster than the DFT, turning the aforementioned ∼ 14 hr
DFT into a ∼ 0.11 sec FFT. In practice, however, FFTs take longer than this rough estimate
as a result of neglected arithmetic calculations, and other back-end processes involved with
code execution.
The FFT, as outlined, also exploits a property called binary reversal which expedites the
sorting shown in table 2.3. Consider the fourth row (h3 ), which for an 8 value array with
indexing starting at zero, results in a binary memory address of 011. Binary reversal, which
simply reverses the binary number, converts this to 110 which corresponds to 6 in base ten.
This is precisely the element of the input array that is moved to this memory address in the
proposed sorting routine (phase 3, table 2.3). In principle, the FFT algorithm can operate
by breaking up the DFT in any arbitrary way. However, recursively grouping even and odd
n+N/2

terms allows convenient use of the WN

= −WNn property, and binary reversal, making

coding the algorithm and the bookkeeping of twiddle factors much more simple.

2.3.2.1

Normalization

Though the DFT, and functionally equivalent FFT, is given by Equation 2.38, this operation does not produce the precise result obtained using the continuous Fourier transform
(Equation 2.9). Inspection of Equations 2.37, and 2.38 reveals a missing factor of ∆t in the
latter equation. If the goal is to reproduce the continuous Fourier transform proper, then the
output of the DFT algorithm must be multiplied by the time sampling interval

H( fn ) = Hn ∆t .

(2.43)

When this normalisation is applied, Parseval’s theorem for discretized data becomes
N−1

∑
k=0

N−1

|hk |2 ∆t =

∑ |Hn|2∆ f .

n=0
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Often the goal of performing a FFT on a function is not to produce the analytical approximation, but to extract the relative frequency content of the input data. In this case the
FFT should be divided by the total number of points N. Energy will be equally distributed
between the positive and negative frequency domains, so an additional factor of two may
be desired if only the positive frequency content is analyzed. When this normalization is
employed, Parseval’s theorem becomes
N−1

N−1

∑ |hk |2 = ∑ |Hn|2N

(2.45)

n=0

k=0

Care must be taken to ensure the correct normalization is employed for the desired task.

2.3.3

Sampling

In 1928 Harry Nyquist published a paper on telegraph transmission theory [40] which,
in part, detailed the criteria for distortionless transmission of telegraph signals. In effect,
in order to uniquely determine a sine wave using uniform sampling, two points must be
sampled for each period. This motivates what is known as the Nyquist sampling theorem;
to prevent any loss of information, the sampling frequency fs must be at least twice as great
as the maximum frequency of the signal. The Nyquist frequency, fN , is defined as half the
sampling frequency, and corresponds to the maximum frequency which can be uniquely
determined based on sampling rate:

fs ≥ 2 fN

or

∆t ≤

1
.
2 fN

(2.46)

A similar criteria exits when sampling in frequency space; ∆ f ≤ 1/2T , with T being the
maximum time in the time domain. This latter definition also sets the theoretical limit on
spectral resolution for FTS.
To ensure this criteria is satisfied, the signal being measured is often passed through
a band-limiting filter, generally a low-pass filter. However, if frequencies greater than the
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Figure 2.10: The top panel shows two sinusoids with frequencies 1 [Hz] (blue), and 6 [Hz]
(red). These two sinusoids are sampled such that both waveforms coincide at each 0.2 [s]
interval. The bottom panel shows the waveform produced by averaging the two sinusoids
and the corresponding sampled points using the same sampling interval.
Nyquist frequency are present, the recorded signal will suffer from aliasing. An example
of aliasing is shown in Figure 2.10. Sampled data is represented by the green markers,
which perfectly coincide with two sinusoids of different frequency. The average of the
two sinusoids is shown in the lower panel. If presented with such data with no bandwidth
information, if would be impossible to determine the frequency content of the signal.
In the spectral domain, aliasing has the effect of folding the energy from frequencies
above the sampling criteria across the positive and negative Nyquist frequency. This folding is repeated successively until the high frequency content resides within the Nyquist
frequency limits. This phenomenon is demonstrated in Figure 2.11 where the lower panel
of Figure 2.10 has been Fourier transformed. The Nyquist frequency resulting from the
sampling rate of the green points is shown with a dashed line. The FFT of the over-sampled
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Figure 2.11: The spectra obtained form the FFT of the two datasets in the bottom panel of
Figure 2.10. The over-sampled purple dataset spectrum shows the unambiguous frequency
content of the original signal, whereas the under-sampled green dataset has the higher frequency components folded across its Nyquist frequency (dashed line), into the detectable
frequency range.
purple signal shows four peaks at frequencies corresponding to the positive and negative
frequencies of the two sinusoids used to synthesize the data. The FFT of the under-sampled
green points produce only two peak which can be generated by folding the purple spectrum
across the Nyquist frequency.
The relationship between two frequencies, f and f0 , which produce this aliasing effect
is given by
f0 = f ±

n
= f ± 2n fN
∆t

(2.47)

where f > fN > f0 , and n is some integer. This equation is easily proven by considering
the exponent in Equation 2.37.
h
h
n i
ni
exp [i2π f0tk ] = exp i2πtk ( f ± ) = exp i2πtk f ± i2πtk
= exp [i2π f tk ]
∆t
∆t
Where in the last equality we have used tk = k∆t, and the fact that ei2πθ is periodic over
integer multiples of 2π. The example in Figure 2.10 uses f = 6 [Hz], and fN = 2.5 [Hz].
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Using Equation 2.47, f0 = 6 − (2)2.5 = 1 [Hz], which is indeed the frequency of the blue
sinusoid.

2.4

Summary

This chapter presents an introduction to Fourier analysis. An understanding of Fourier
transforms is critical for understanding Fourier transform spectroscopy, which is the central
spectroscopic technique employed in this thesis.
Physically realizable functions can be synthesized as a superposition of simple sinusoidal waves. The frequency of these composite waves, and their associated amplitude
coefficients can be recovered from the synthesized function using the Fourier transform.
In this chapter, I derived a number of useful transforms of analytic functions commonly
encountered in Fourier transform spectroscopy, along with a summary of symmetry properties, and useful theorems.
In practice, Fourier transforms are applied to discretized datasets, so the discrete Fourier
transform has been derived, along with its more efficient analogue, the fast Fourier transform. This was followed by a discussion on how sampling in the time domain can affect the
resulting spectrum. Care must be taken to ensure that the chosen sampling rate is sufficient
to resolve the frequencies of interest, and proper normalization must be employed in the
analysis of resultant spectra.
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Chapter 3
Optical Fourier Transform Spectroscopy
Spectroscopy is the study of the interaction between light and matter and the various observational techniques used to study the composition of light. Spectroscopy is an indispensable
observational technique in astronomy and provides insight into a broad range of physical
parameters of the sources under observation. Spectra from astronomical sources are generally composed of three components. First, broad continuum emission resulting from the
black-body thermal emission of dust grains constitutes the underlying structure of most FIR
sources. In practice, the source of thermal emission does not express unit emissivity producing a modified black-body spectrum often called grey-body emission. This grey-body
radiation curve can be used to determine dust temperature, dust mass, and opacity of the
sources under observation [44]. Other effects which can add to continuum emission include
synchrotron radiation from rotationally accelerated electrons, along with free-free and freebound interactions between electrons and other electrons, atoms, and ions [45]. Secondly,
line emission is produced by discrete transitions of electrons from excited energy states
to lower energy states. In FIR astronomy, spin state transitions of valance electrons can
be of low enough energy to be observed within the wavelengths under study. Analysis of
the line emission features within spectra gives information directly related to the chemical
composition of the source since discrete energy transitions, and thus emission frequencies,
are unique to specific atoms, ions, or molecules. Certain chemical species are in low abundance in the ISM and their spectral emission interacts weakly with the ISM as it propagates
through molecular clouds. As such, analyzing different spectral features from different
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molecular or atomic species can be used to probe the ISM at different depths. Spectral
emissions are dependent on the available energy of their local environment, thus a variety
of emission features can be used to study different energy regimes of the ISM. Analyzing
the width of spectral features can provide insight into the temperature and pressure of gases
under observation, while a shift in the emission frequency from the rest frame value directly
probes source radial velocity, and thus line-of-sight dynamics. Thirdly, absorption features
result from molecular, atomic, or ionic gas absorbing photons of a specific frequency resulting in a discrete energy transitioning of the constituent particles into an excited state.
Absorption spectra give information about foreground material between a source of radiation and observer. Indeed, spectral analysis of detected radiation provides a plethora of
information.
This chapter provides an introduction to the interaction of light with matter and Fourier
transform spectroscopy in order to better understand the information that can be extracted
from FTS spectra. In Section 3.1, the theory of black-body radiation and the propagation
of light through media is presented. Spectral line shapes and their associated broadening
mechanisms are introduced in Section 3.2. Electronic emission of atoms, and rotational
emission for linear molecules, the emission mechanisms most relevant to this thesis are
presented in Section 3.3. Finally, the spectroscopic technique known as Fourier transform
spectroscopy is then outlined in Section 3.4, along with a discussion of the data reduction
techniques known as zero-padding and phase correction. The goal of these sections is to
cover a broad set of topics to provide sufficient detail to understand the content of the SPIRE
spectra within this thesis.

3.1
3.1.1

Spectral Composition
Black-body Radiation

An object which perfectly absorbs all incident radiation would appear black to an observer, and this is precisely the defining quality of what is called a “black-body”. In practice,
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a perfect black-body is difficult to obtain, but they can be approximated as a small aperture
entrance to a large internal cavity. Light entering through the apertures is scattered several
times by the walls of the cavity without much chance of escaping, in accordance with the
black-body definition. As the radiant energy within the cavity is absorbed and re-emitted
by the inner walls, the system will tend towards thermal equilibrium. Once in thermal equilibrium, radiation escaping from the small aperture will express a characteristic spectral
profile known as black-body radiation determined only by the equilibrium temperature.
The study of black-body radiation played a seminal role in motivating the theory of
quantum mechanics. One can imagine the internal energy of the cavity existing as a superposition of standing waves within the cavity. Each resonant mode is free to vibrate in
one dimension with two polarizations and as a result of the equipartition theorem, and the
well known thermodynamic expression for energy, each mode contains an average energy
E = 2 · kT /2, where k is Boltzmann’s constant, and T is the absolute temperature of the
cavity in Kelvin. In the classical view, there exists an infinite number of resonant modes
within the cavity, and as such, one is lead to the conclusion that an infinite amount of energy exists within the cavity. This problem was first noted by Rayleigh, and later termed
the ultraviolet catastrophe by Paul Ehrenfest [46]. The solution came from Max Planck’s
idea to restrict the energy in each mode to quantized values [47]. Planck postulated that the
energy available to each mode be restricted to integer multiples of h f , with h being Planck’s
constant, and f the frequency of vibration of a given mode.
This revolutionary thinking culminated into what is known as Planck’s law, which describes the spectral density inside a black-body cavity. The spectral density is defined as the
energy per unit frequency per unit volume. In what follows, Planck’s law will be obtained
by summing the average energy per mode, Em , over all modes and then dividing the result
by the cavity volume, V ,
∞

E=

∑

∞

Bm =

m=0

Em
.
m=0 V

∑

(3.1)

Bm expresses Plank’s law, and in this case is given in units of [J · Hz−1 · m−3 ]. Planck’s law
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can be expressed in the more familiar [W · m−2 · Hz−1 · sr−1 ] units by means of a proportionality factor which will be considered shortly. Obtaining the average energy per mode
requires the introduction of a few concepts from statistical physics.
The Boltzmann factor, Bs ,

Bs = e−Es /kT ,

(3.2)

when weighted by the partition function, Z,
Z = ∑ Bs = 1 + e−h f /kT + e−2h f /kT + · · ·
s

=

1
1 − e−h f /kT

(3.3)

,

gives the probability P(s), of a state with energy Es being occupied when the system is in
thermal equilibrium at temperature T [48]. That is,

Ps =

Bs
Z

.

(3.4)

The last line in Equation 3.3 has been obtained by using the binomial expansion ∑(−1 ·
n

x)n

=

(1 + x)−1 .

By making the substitution β = 1/kT , it is easy to show that the average

energy for a given mode of vibration Em is given by

Em = ∑ Ps Es = −
s

1 ∂Z
.
Z ∂β

(3.5)

Substituting equation 3.3 into the above equation, the average energy for a given mode
becomes
Em =

hf
eh f /kT − 1

.

(3.6)

This is the desired quantity for Equation 3.1 with f representing a single vibrational mode
in the closed cavity system. When Equation 3.6 is divided by h f , the quanta of energy
for a photon, it becomes the Planck distribution. The Planck distribution represents the
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number of photons of frequency f present on average in a system in thermal equilibrium at
temperature T .
To proceed, recall that a node is required at either boundary of a closed system in order
to obtain resonance. For a one dimensional system of length L, the boundary conditions
require that wavelengths λ, such that λ = 2L/m, with m representing the vibrational modes
and taking positive integer values. The ground state m = 0 is forbidden as written, but is
acceptable in frequency space f = c/λ = mc/2L. Substituting this expression into Equation 3.6, and then returning to Equation 3.1 gives
∞

E=

1
hmc
.
hmc/2LkT
−1
m=0 2LV e

∑

(3.7)

This equation however, is still a one dimensional representation which must be expanded
to a three dimensional mode space {mx , my , mz }. In addition, a factor of 2 must be included
to account for the two potential polarization modes. The calculation is made easier by
exchanging the summation over Cartesian mode space for an integration over a spherical
coordinate mode space
Z ∞

E=

Z π/2

dm
0

Z π/2

dθ
0

m2 sin(θ)dφ

0

hmc
1
.
LV ehmc/2LkT − 1

(3.8)

Note that the integration is carried out over one eighth of the unit sphere corresponding
to the positive mi values only. This give an angular contribution of 4π/8 = π/2. Since
h f = hcm/2L, it follows that dm = 2L/c · d f . Making these substitutions and noting that
V = L3 , Equation 3.8 becomes

E=

Z ∞
8πh f 3
0

c3

1
eh f /kT − 1

df .

(3.9)

The integrand corresponds to Planck’s law and describes the spectral energy density of a
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black-body at a given absolute temperature, T ,


8πh f 3
1
Pf (T ) =
3
h
f
/kT
c e
−1


J
.
Hz · m3

(3.10)

It is worth noting that for a black-body spectrum, the amplitude at a given frequency is
entirely determined by temperature alone.
Equation 3.10 gives the energy density in terms of Joules per Hertz per meter cubed,
but in astronomy, an expression with appropriate units is more useful. Optical instruments
typically have a limited field-of-view defined by a solid angle. Equation 3.10 is normalized
for field-of-view by dividing it by the solid angle of a unit sphere 4π sr. Additionally, optical
detectors integrate the incident radiation over a specific time period, and these detectors
have a finite size defined by their surface area. As such, Equation 3.10 is divided by time, t,
converting energy to power, then multiplied by length, ct, cancelling a unit of length from
the denominator and normalizing for area. The integrand of Equation 3.10 then takes the
more familiar form


2h f 3
1
B f (T ) = 2 h f /kT
c e
−1


W
.
Hz · sr · m2

(3.11)

Planck’s law can be expressed in a few other convenient forms depending on the application,

and
2 × 108 hc2 σ3
Bσ (T ) = 100hcσ/kT
e
−1


W
,
m · sr · m2

(3.12)


W
,
cm−1 sr · m2

(3.13)



1
2hc2
Bλ (T ) = 5 hc/λkT
λ e
−1


where λ represents wavelength in meters [m], and σ represents wavenumber in inverse
centimeters [cm−1 ].
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Figure 3.1: SPIRE spectrum of the young planetary nebula NGC 7027 showing the greybody continuum with a green curve, and emission features with vertical bars. The length
of a bar is proportional to the corresponding feature’s signal to noise ratio. Red and blue
spectral components are derived from the central detector of the SPIRE SLW and SSW
IFTS detector arrays, respectively (Section 4.2).
3.1.2

Radiative Transfer

In astronomy, black-body radiation results from the thermal radiation of objects larger
than molecules (eg. dust, planets, stars), providing the broad underlying structure of most
spectra. This component is often referred to as the continuum which is then modified by
other radiative processes as it propagates from source to observer. These modifications
result from the emission or absorption of relatively narrow bands of radiation from atoms
and molecules which produce peaks and valleys in the continuum, respectively (Figure 3.1).
Understanding how radiation interacts with matter, broadly referred to as radiative transfer,
is thus critical to understanding emission and spectra.
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3.1.2.1

Einstein Coefficients

The Einstein coefficients are material specific constants which describe the transition
rates between two non-degenerate discrete energy levels. Consider a system with only two
possible energy levels such that E0 corresponds to the lower energy state, and E1 corresponds to the upper energy state. It is assumed the system is in thermal equilibrium at
temperature T , and is exposed to a radiation density Pf (T ) (Equation 3.10). If the system
can be described by a particle density, the ratio between particle density in the upper state,
N1 ,and lower state density, N0 , is given by the Boltzmann distribution
N1
= e−E10 /kT ,
N0

(3.14)

where E10 = E1 − E0 is the energy difference between the upper and lower states. In thermal equilibrium, this ratio will remain constant on average, however, particles will transit
between the two states via radiative processes.
There are three radiative processes: absorption, stimulated emission, and spontaneous
emission. Absorption is the result of a particle in the lower state absorbing a photon of
energy E10 = h f10 , which transitions it to the upper state. The rate of absorption is characterized by the Einstein absorption coefficient B1←0 , defined implicitly as
dN1
= B1←0 Pf ( f01 , T )N0 .
dt

(3.15)

As is expected, the absorption rate is proportional to the energy density at frequency f10 ,
and the number density of particles in the lower state N0 . Stimulated emission occurs when
a photon of energy E10 interacts with a particle in the upper state resulting in its transition
to the lower state. The Einstein stimulated emission coefficient B1→0 is implicitly defined
as
dN1
= −B1→0 Pf ( f10 , T )N1 .
dt
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Finally, spontaneous emission is the unprovoked transition of a particle from the upper state
to the lower state. The spontaneous emission coefficient is implicitly defined as
dN1
= −A1→0 N1 .
dt

(3.17)

In a state of equilibrium, the sum of the emission and absorption rates must be equal
such that
N0 B1←0 Pf ( f10 , T ) = N1 (B1→0 Pf ( f10 , T ) + A1→0 ) .

(3.18)

This expression can be solved for the ratio of upper and lower states, which, when compared
to Equation 3.14 gives
B1←0 Pf ( f10 , T )
= e−E10 /kT .
A1→0 + B1→0 Pf ( f10 , T )

(3.19)

Solving for the spectral energy density Pf ( f10 , T ) gives

Pf ( f10 , T ) =

A1→0
E
B1←0 e 10 /kT − B1→0

.

(3.20)

When comparing the above equation to Equation 3.10, it is evident that the solution requires

B1→0 = B1←0 ,

(3.21)

and
A1→0 = B1←0

3
8πh f10
.
c3

(3.22)

These important results show that once any Einstein coefficient has been determined, effectively all have been determined.
So far, the Einstein coefficients give statistical insight into radiative processes without
any reference to the interacting particles themselves. The next subsection develops the link
between matter and radiation directly.
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3.1.2.2

Interaction of Light With Matter

The electromagnetic properties of matter determine their interaction with light. The
electric properties are most easily parameterized using the dipole moment of the particles
in question. The dipole moment in Cartesian coordinates is given by

~µ = ∑~ri qi ,

(3.23)

where the sum takes place over all charged particles with charge qi and displacement ~ri
from the origin which usually coincides with the center of mass of the system of particles.
The problem is then approached by using the semi-classical model consisting of a system with two discrete energy levels combined with classical electromagnetic waves. A key
step is solving the time dependent Schrödinger equation

i~

∂Ψ(t)
= (H + H 0 (t))Ψ = EΨ .
∂t

(3.24)

The wave function Ψ(t) is a solution to this equation and consists of a superposition of time
independent states ψ0 and ψ1 corresponding to the two static energy levels of the system,
and takes the form
Ψ(t) = a0 ψ0 e−i2πE0t/h + a1 ψ1 e−i2πE1t/h .

(3.25)

The square of the coefficients a0 and a1 have the physical significance of being the probability of their corresponding states being occupied. The time dependent terms result from
H 0 (t), a time dependent perturbation of the Hamiltonian that results from the interaction of
the time dependent electric field of light and the dipole moment of the matter in question
H 0 (t) = −~µ · ~E(t)
= −~µ · E0 cos(2π(~κ ·~r − f t))
⇒ − µE cos(2π(κz − f t)) ,
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where ~κ is the wave vector indicating the direction of propagation of the wave with |~κ| =
1/λ. In the last line, the situation has been simplified to a one dimensional electric disturbance propagating in the positive z direction.
In the absence of all relaxation processes, including collisions and emission, the solution
of Equation 3.24 furnishes the following results [49]:
 2
ωR
Ωt
|a0 (t)| =1 −
sin
Ω
2

 2
ωR
Ωt
sin
|a1 (t)|2 =
.
Ω
2
2



(3.27)

Two terms have been introduced in the above equations. The Rabi frequency [49],

ωR =

M01 E
,
~

(3.28)

is defined in terms of E, the projection of the electric field amplitude E0 , onto the dipole
axis~µ, the constant ~ = h/(2π), and the transition dipole,
Z

M01 = M10 =

ψ∗1 µψ2 dτ .

(3.29)

Meanwhile the convenience term Ω is defined as
q
Ω = ω2R + ∆2 ,

(3.30)

∆ = 2π( f − f10 ) .

(3.31)

where

The quantity ∆ is often referred to as the detuning frequency as it is a measure of the
difference between the incident radiation of frequency f , and the resonant frequency f10 .
Equation 3.27 shows that when the system is exposed to radiation in the absence of
decay processes, the probability of the upper state being occupied is an oscillating sine53
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squared function which is modulated by the (ωR /Ω)2 coefficient. If the incident radiation
is in resonance with the system (ie, ∆ = 0), the coefficient will be unity, and the probability function will have a period of 2π/ωR which gives the Rabi frequency its physical
significance.
Decay, or relaxation processes, include spontaneous and stimulated emission of a photon which resets the two state system back to the ground state. Collision processes can
induce photon emission, or alternatively, result in a discontinuous change in phase without resetting the system to its ground state. These two types of processes are referred to
as T1 and T2 processes, respectively [49]. If the resonance assumption is maintained, and
decay processes are introduced to a large collection of these two state systems, the effect is
a dampening of Equation 3.27 such that at equilibrium |a1 |2 = |a0 |2 = 0.5, and on average
half of each state is occupied. The aggregate of T1 and T2 processes can be characterized
as occurring at an average rate or frequency ωdecay . If ωR >> ωdecay , then dampening effects become negligible and Equation 3.27 is sufficient to describe the system. Since ωR is
proportional to E, dampening effects can be overcome simply by increasing the intensity of
the incident radiation.
For the case of low radiation intensity, there is little build up of excited states. Assuming
that a0 ∼ 1 and a1 ∼ 0, Equation 3.27 can be recalculated resulting in [49]
|a1 |2 =

µ2 πt
Pω (ω10 ) ,
ε0 ~2

(3.32)

where ε0 is the permittivity of free space, µ is again the dipole moment of the particle in
question, and Pω (ω10 ) is the spectral energy density with ω10 = 2π f10 (Equation. 3.10).
The probability of the upper state being occupied is equivalent to the average ratio of
the total number of particles in the upper state to the total number of particles, N1 /N. In the
low intensity approximation, the occupancy of the lower state is approximately equal to the
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total number of particles, N0 ∼ N. By inspecting Equation 3.15, it is clear that
d|a1 |2 d(N1 /N)
=
= B1←0 Pf ( f01 ) .
dt
dt

(3.33)

Equation 3.32 was derived using an electromagnetic wave propagating in the z direction,
while Equation 3.15 was derived using isotropic radiation propagating in three dimensions.
As such, a valid comparison between the two equations requires the insertion of a factor of
1/3 into Equation 3.32. Accounting for this factor, and noting that
Z

Z

Pf d f =
Z

Pω dω
Z

Pf d f =

Pω 2πd f

(3.34)

∴ Pf =2πPω ,
Equation 3.33 becomes
2π2 µ2
,
3ε0 h2

(3.35)

16π3 f 3 µ2
.
3ε0 hc3

(3.36)

B1←0 =
and, according to Equation 3.22

A1→0 =

These modified Einstein coefficients for weak electric field interaction have been derived
in the absence of any decay processes, and crucially, pertain only to non-degenerate energy
states. These results are significant in that they relate photon emission rates to the dipole
moment µ, a physical quantity which parameterizes the distribution of charge of an atom or
molecule. They are thus fundamental in determining the intensity of spectral features.
The effect of the various decay processes results in the multiplication of Equations 3.35
and 3.36 with a spectral line shape centered on the transition frequency of the two level
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system. For example, the real Einstein absorption coefficient is given by

B1←0 =

Z ∞
2π2 µ2
−∞

3ε0 h2

g( f − f10 )d f .

(3.37)

Spectral line shapes will be discussed in Section 3.2, but for the moment the quantity g( f −
f10 ) can be regarded as a distribution with a particular shape, and an integrated area equal
to unity.

3.1.2.3

Transmission of Radiation

The previous sections in this chapter outline a theoretical foundation for the intensity
of radiating systems. In practice, the situation is further complicated by the interaction of
light with matter as it propagates from source to observer.
If light is incident on a system in thermal equilibrium containing N0 particles per cubic
meter in the lower state, and N1 particles per cubic meter in the excited states, then the
change in N1 is given by
dN1
= −B1→0 Pf N1 + B1←0 Pf N0 ,
dt

(3.38)

where Pf is the spectral density (Equation 3.10). Equation 3.38 is effectively the radiative
transfer equation and simply states that the change in excited states over time is equal to
the difference between the absorption rate and the stimulated emission rate. Spontaneous
emission in the system is neglected as thermal equilibrium assumes that absorption and
emission processes within the isolated system are equal.
Using Equations 3.35 and 3.21, and making the substitution Pf = I/c = h f F/c, with
I and F being the intensity and flux of the incident radiation, respectively, Equation 3.38
becomes
dN1
2π2 µ2 f g( f − f01 )
= F(N0 − N1 )
.
dt
3ε0 hc

(3.39)

Furthermore, the effective area that interacting particles present to the incident radiation is
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given by
σ=

2π2 µ2 f g( f − f01 )
3ε0 hc

[m2 ] .

(3.40)

This quantity is called the absorption cross-section of the interacting particles. Notice that it
is frequency dependent, and defined in terms of the particle’s dipole moment µ. Inspecting
Equation 3.36, it is clear that the absorption cross-section can be written as

σ=

A1→0 c2 g( f − f01 )
.
8π f 2

(3.41)

Real systems in general contain more than one kind of interacting particle, and each interacting particle generally contains more than two energy levels. To account for this fact,
A1→0 can be replaced by a sum over all spontaneous emission coefficients present in the
system. Furthermore, the radiative lifetime τ for the system can be defined as [49]

τ=∑

1
Ai→ j

,

(3.42)

where Ai→ j represents the spontaneous emission Einstein coefficient between arbitrary energy levels i and j, with the sum taking place over all potential transitions.
Equation 3.39 is simply the change in flux of the system. If this quantity is positive,
photons have been removed from the system. Considering the propagation of the incident
radiation over a distance dx, the change in flux over this interval is then

dF = −σF(N0 − N1 )dx .

(3.43)

Using separation of variables, and integrating over a length L, one obtains


F
ln
F0



 
I
= ln
= −σ(N0 − N1 )L ,
I0

(3.44)

where F0 and I0 are the incident flux and intensity, respectively. Rearranging this equation
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gives
I = I0 e−σ(N0 −N1 )L = I0 e−αL .

(3.45)

This important result, known the as Beer-Lambert law [50], shows that the transmitted intensity is attenuated exponentially as radiation propagates through a displacement L. The
decay constant α, often referred to as the absorption coefficient, is proportional to the absorption cross-section and the population difference between the lower and upper energy
states.
The quantity αL is called the optical depth, τ f . This value is frequency dependent as a
result of its dependence on the absorption cross section. “Optically thick” media have an
optical depth much greater than 1, resulting in significant attenuation of propagating light,
and are thus essentially opaque. On the other hand, “optically thin” media have an optical
depth much less than 1, and are for the most part transparent.

3.2

Line Shapes

Heisenberg’s uncertainty principle [51] states that both the position / time, and momentum / energy of a particle cannot be determined simultaneously with infinite precision. The
uncertainty in both measurements are limited explicitly by
~
,
2

(3.46)

∆t · ∆E ≥ ~ .

(3.47)

∆x · ∆p ≥
or

The frequency of a photon is related to its momentum as p = h f /c, thus the uncertainty
principle imposes intrinsic limits on the minimum bandwidth of a spectral feature in the
limit of well constrained position or time. The profile of spectral features is called a line
shape. Though the minimum width of a spectral feature results from the uncertainty principle, other physical processes can impose additional broadening, with different frequency
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dependence. Some of the most common broadening mechanisms are discussed below.

3.2.1

Natural Broadening

Natural broadening results directly from the Heisenberg time/energy uncertainty principle. The radiative lifetime τ = 1/A1→0 (Equation 3.42), sets the time scale for spontaneous
emission of a two level system, and this average decay period induces an uncertainty in
the energy of the emitted photon. Using Equation 3.46, with ∆t = τ, and recognizing that
∆E = h∆ f , it can already be concluded that the bandwidth of natural broadening is

∆f ≥

1
.
2πτ

(3.48)

A more detailed explanation is obtained by calculating the expectation value of the
dipole moment (Equation 3.23) of a system containing a large number of identical particles
in the absence of radiation
M(t) = hΨ(t)|µ|Ψ(t)i

(3.49)

→2a0 a1 µ cos(ω10t) ,
where Ψ(t) is the solution to the time dependent Schrödinger equation (Equation 3.25).
The last line constitutes the real valued component of the expanded calculation.
In the absence of any driving radiation, excited states are not replenished and the change
in the probability of excited state occupancy is governed by the differential equation
d|a1 |2
= −|a1 |2 γ .
dt

(3.50)

The solution is easily obtained as a1 (t) = a1 (0)e−γt/2 . The decay constant γ is simply 1/τ,
which when substituted into Equation 3.49 gives
M(t) = e−tγ/2 2a0 a1 µ cos(ω01t) .
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This result is a time dependent function consisting of a sinusoid modulated by an exponential. The frequency content is obtained by taking the Fourier transform of this function.
Invoking the convolution theorem, and recalling the Fourier transform of a sinusoid and an
exponential (Section 2.1.4), the line shape is then given by a delta function at f = ω01 /2π
convolved with a Lorentzian.
Intensity is obtained by squaring this result, and after converting to frequency, the line
shape due to natural broadening is

gNatural ( f − f10 ) =

γ
(γ/2)2 + (2π)2 ( f

− f10 )2

.

(3.52)

Bandwidth is often parameterized as the Full Width at Half Maximum (FWHM). This
is the frequency width ∆ f subtended by the line shape at half its maximum amplitude.
Solving Equation 3.52 for ∆ f when gNatural (∆ f ) = 2/γ (half its maximum value), gives
∆ f = ±γ/(4π). As such ∆ f = γ/(2π) = 1/(2πτ), in agreement with Equation 3.48.
3.2.2

Pressure Broadening

The first attempt to describe emission features due to particle collisions was done by
Lorentz [52]. His theoretical derivation predicts line shapes and widths in good agreement
with empirical measurements of gases at low to moderate pressures. Different approaches
have been used to derive analytical expressions for the line shape that results from pressure
broadening [53], some producing more accurate predictions that include an empirically
observed shift of the peak emission frequency. However, to first order, the Lorentzian
derivation is sufficient for most physical situations.
The Lorentzian approach uses a semi-classical model where the radiation emitted from
a particle is proportional to the dipole moment. In the absence of driving radiation, the
dipole moment has an expectation value which oscillates at the Bohr angular frequency ω10
(Equation 3.49). Lorentz postulated that collisions between particles result in a random
phase shift in this periodic oscillation. This assumption produces an average dipole mo60
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Figure 3.2: Oscillating dipole moment with random phase shifts induced by collisions indicated by the dashed red lines.
ment with the appearance of multiple discontinuous sine waves of the same frequency ω10
(Figure 3.2). The Fourier transform of this function gives the spectral line shape

gPressure ( f − f01 ) =

nπd 2 va /π
.
(nπd 2 va )2 + 4π2 ( f − f01 )2

(3.53)

This Lorentzian line shape has an FWHM of 2nπd 2 va , with n, d, and va being the number
density [m−3 ], collision radius [m], and mean velocity [m · s−1 ] of the particles in the system,
respectively. Through the ideal gas law, pressure is proportional to the number density
of particles and the square of their average velocity. As a result the FWHM can also be
represented as
∆ f = Qp ,

(3.54)

where p is the pressure of the gas, and Q is the pressure broadening coefficient. Values for
the pressure broadening coefficient are typically a few MHz per Torr [54].
Both pressure and natural broadening mechanisms affect all particles in the system
equally, and are thus referred to as homogeneous. Properties of individual particles, such
as velocity, are not in general uniform and produce inhomogeneous line shapes. This inho61
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mogeneous broadening mechanism is discussed in Section 3.2.3.

3.2.3

Doppler Broadening

Doppler broadening results from the interplay of the distribution of particle velocities
along the line of sight and the resultant frequency shift of their emitted radiation as seen by
an observer.
If a stationary particle emits radiation at a frequency, f0 , an observer moving radially
towards the emitter at velocity, v, will detect this radiation as having a frequency, f . These
quantities are related by the non-relativistic Doppler equation

f=

v
c


+ 1 f0 .

(3.55)

It is worth noting that this equation is defined such that the positive velocity corresponds to
the source and observer moving towards each other and at positive velocities the emission
line is shifted to higher frequencies. A different convention is used in astronomy which will
be discussed in Chapter 5.
The one-dimensional distribution of particle velocities in the system is described by the
Maxwell-Boltzmann velocity distribution function [55]

P(v) =

r

m −mv2 /2kT
e
dv ,
2πkT

(3.56)

spanning all velocities between 0 and ∞. This distribution assumes thermodynamic equilibrium at absolute temperature, T , for a system of identical particles of mass m. Substituting
Equation 3.55 into the above equation and noting that dv = (c/ f0 )d f , one obtains the spectral distribution of the system
1
gDoppler ( f − f0 ) =
f0

r

mc2 −mc2 ( f − f0 )2 /2kT f 2
0 .
e
2πkT
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This spectral distribution is simply the line shape associated with Doppler broadening. Finally, solving for the FWHM gives the line width as

∆ f = 2 f0

r

2kT ln(2)
.
mc2

(3.58)

At a given temperature, the line width of an emission feature will vary depending on the
species of particle and the specific transition, resulting from the mass and transition frequency emission dependence, respectively.

3.2.4

Signal Truncation

The general case of signal truncation results in a broadened spectral profile for a monochromatic signal. One can imagine a low intensity polychromatic beam with a diameter d interacting with a stream of particles of resonant frequency f0 , travelling orthogonal to the
beam at a velocity v. In this case, the particles have a limited time t = d/v to interact
with the beam. Ignoring other broadening effects, the observed transmission spectrum will
not consist of an infinitely narrow absorption feature at f0 , but a sinc-squared absorption
profile.
To explain this result, consider the signal observed by the particles passing through the
beam. From their perspective, they interact with an oscillating electric field with frequency
f0 over the time period [−t/2, t/2]. The situation is equivalent to a sinusoid of infinite
extent multiplied by a boxcar function of width t. From the results developed in Chapter 2,
it is clear the Fourier transform of this signal is a delta function at f0 convolved with a sinc
function.
Defining the quantity L = t/2, the sinc profile that results from the situation above
results in an FWHM of
∆f =

1.207
.
2L

(3.59)

The intensity absorbed is, however, proportional to the electric field absorbed squared, thus
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the line shape is obtained as

gTruncation ( f − f0 ) = 2Lsinc2 (2πL( f − f0 )) ,

(3.60)

with the resulting FWHM
∆f =

0.886
.
2L

(3.61)

Though the context of this discussion was particle absorption over a finite time. A
similar situation is found within Fourier transform spectroscopy, where the detected signal
is truncated by the finite spatial extent of the instrument. This will be discussed further in
Section 3.4.

3.2.5

Combining Line shapes

In general, multiple broadening mechanism tend to be present for a given emission feature. The net effect results from the convolution (Equation 2.32), of all constituent line
shapes. The homogeneous line shapes, corresponding to pressure and lifetime broadening,
take the form of Lorentzian distributions, while the inhomogeneous line shapes, corresponding to Doppler broadening, take the form a Gaussian distribution. These mechanisms
are often present simultaneously in sources under observation, and their net line shape is
the convolution of the two. The ubiquity of the resulting line shape merits its own name,
the Voigt profile.
The Voigt profile is defined as the convolution of a Gaussian and a Lorentzian distribution
Z ∞

V(f) =
−∞

G( f 0 )L( f − f 0 )d f 0 ,

(3.62)

where G, and L, are the Gaussian and Lorentzian distributions respectively. Being symmetric functions, the resulting convolution also produces a symmetric function, and it does not
matter whether G or L is used as the convolution kernel. If the Gaussian or Lorentzian is
sufficiently narrow compared to the other, then the narrow distribution can be approximated
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as a delta function. In these limiting cases, the Voigt profile is simply equal to the broader
distribution of the two.

3.3

Radiation Processes

Radiation fundamentally results from the transition of a system from a state of high
energy to a state of lower energy. The systems in which this occur, and how this energy is
manifest, comes in a variety of forms.
High energy transitions can occur in the nuclei of atoms including the transmutation of
one nucleus into another element or isotope of the same element via the decay of nucleons
(protons, neutrons), or simply from a rearrangement of nucleons into a lower energy configuration. These processes tend to produce radiation of the highest energy corresponding
to photons in the X-ray and gamma-ray band (λ . 1 nm). The next highest energy photons
result from electron transitions within atoms or molecules. The inner electron transitions
are generally of higher energy than the outer transitions, and these emissions span the farinfrared to the ultraviolet regions of the electromagnetic spectrum (λ ∼0.1 mm – 1 nm).
This is followed by the transitions between vibrational states of molecules occupying the
microwave to infrared wavelengths (λ ∼10 mm – 1 µm). Molecules may also contain energy in the form of angular momentum. These rotational states span energies extending
from radio to infrared wavelengths (λ ∼10 m – 100 µm). The remaining form of radiation
results from the accelerations of free electrons. These tend to be of the lowest energies
occupying wavelengths in the microwave band or higher (λ & 10 mm).
The energy scheme presented above is a very rough approximation in which exceptions
can be found in abundance. None the less, the transitions typically found within the SPIRE
band consist of rotational, vibrational, and electron transitions. Spectral features resulting
from rotational and electron transitions are central to this thesis, and as such, will be discussed in the following sections. Models will only be developed to the extent required to
determine the energies of each transition.
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3.3.1

Atomic Emission

The study of the discrete nature of atomic spectra laid the foundation for quantum mechanics. Atomic spectral lines result from the transition of electrons from high to lower
energy states. To understand the nature of these states it is best to start with the simplest
case, the hydrogen atom.

3.3.1.1

The Hydrogen Atom

Like most questions in quantum mechanics, the problem involves finding solutions to
the Schrödinger equation which describes the system in question. For the hydrogen atom,
the Schrödinger equation is
Ze2 ψ
−~2 2
∇ ψ−
= Eψ ,
2µ
4πε0 r

(3.63)

where µ = me m p /(me + m p ) is the reduced mass of the atom, ∇2 is the Laplace operator,
Z and e are the charge of the nucleus and electron, respectively, ε0 is the permittivity of
free space, and r is the radial distance from the nucleus. If the wave function ψ is factored
out of the left hand side, what remains is the Hamiltonian of the system. The first term in
Equation 3.63 corresponds to the kinetic energy, while the second gives the 1/r Coulomb
potential of the electron-proton interaction.
Deriving a solution to Equation 3.63 is a laborious task and presented in its entirety in
numerous textbooks, including Bransden et al., [31]. The problem is best approached in
spherical coordinates where the angular momentum operators take the form
2

2

L = −~






1 ∂
∂
1 ∂2
sin θ
+ 2
,
sin θ ∂θ
∂θ
sin θ ∂φ2

(3.64)

and
Lz = −i~

∂
,
∂φ

(3.65)

where θ and φ are the polar and azimuthal angles respectively. The wave function must be a
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2

simultaneous eigenstate of the Hamiltonian and operators L and Lz . Since the angular momentum operators do not operate on the variable r, a separable solution of the Schrödinger
equation of the form
ψ(~r) = R(r)Ylm (θ, φ)

(3.66)

is expected. This solution consists of a radial part R(r), and an angular part Ylm (θ, φ) with
subscripts which reference quantum numbers.

3.3.1.1.1

The Angular Part

The derivation of the angular component is achieved by finding solutions to the simultaneous eigenvalue equations
2

L Ylm (θ, φ) = l(l + 1)~2Ylm (θ, φ) ,

(3.67)

LzYlm (θ, φ) = m~Ylm (θ, φ) .

(3.68)

and

The solution is once again a set of separable equations

Ylm (θ, φ) = Θlm (θ)Φm (φ) .

(3.69)

Using the definition of Lz , Equation 3.67 is satisfied when
1
Φm (φ) = √ eimφ ,
2π

(3.70)

where a normalization term has been included. The wave function is required to be invariant
under the transformation φ → φ + 2π. This forces m to take integer values, though it is not
restricted in sign. Since m is directly associated with the z projection of the electron angular
momentum vector, and thus in some sense is a measure of its magnetic dipole orientation,
this variable is referred to as the magnetic quantum number.
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A power series is encountered when solving for Θlm (θ), which diverges for arbitrary
values of l. However, if l takes integer values greater than or equal to zero, the series terminates after a finite number of terms, and the series is then convergent. With this information,
possible values of l and m can be defined. Noting that |L2 | ≥ Lz2 , and that Equation 3.67
requires that l(l + 1) ≥ m2 , it can be concluded that
l = 0, 1, 2, ...

(3.71)

m = −l, −l + 1, ..., l − 1, l .

(3.72)

and

These limitations are achieved by mandating that the wave function have unique values at
2

each point in space, while being a simultaneous eigenfunction of the L and Lz operators.
In this context, l is referred to as the orbital quantum number. However, in the more general
case where the spatial dependence is neglected, l can take half integer values with the
relationship between m and l unchanged. In the general case l is replaced by j, and the
allowed values for numbers which describe angular momentum are, j = 0, 1/2, 1, 3/2, ...
Electron spin is an example of a one-half integer angular momentum.
Solutions for Θlm (θ) are identified as the associated Legendre functions [31], with appropriate normalization factors. The final solution to the angular component of the wave
function (Equation 3.69) is then obtained as a set of equations called spherical harmonics.
Spherical harmonics make up a complete set of orthogonal basis vectors which can be used
to describe an arbitrary distribution over a sphere. They are much like the harmonics of
a Fourier series, but applied to a different geometry. Plotting the square of the spherical
harmonic functions traces the relative shape of the so called electron orbitals for given values of l and m. It is worth noting that |Ψ(~r)|2 = |R(r)|2 |Ylm (θ, φ)|2 = |R(r)|2 |Θlm (θ)|2 /2π,
and the resulting expectation value of the wave function is independent of φ, and possesses
cylindrical symmetry.
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3.3.1.1.2

The Radial Part

Solutions for the radial component of Equation 3.66 require as much labour as the angular
component, and once again only key points will be highlighted. The Schrödinger equation
for the hydrogen atom can be rewritten as
d 2 u(r) 2µ
+ 2 [E −Ve f f ]u(r) = 0 ,
dr2
~

(3.73)

where u(r) = rR(r), and
Ve f f = −

Ze2
l(l + 1)~2
+
.
4πε0 r
2µr2

(3.74)

The effective potential Ve f f consists of the central potential resulting from the Coulomb
force, and a term dependent on l known as the centrifugal barrier.
Making two further substitutions,

ρ=r

q

−8µE/~2

and
Ze2
n=
4πε0 ~

r

−µ
,
2E

(3.75)

(3.76)

the Schrödinger equation takes the form
 2

d
d
ρ 2 + (2l + 2 − ρ) + (n − l − 1) g(ρ) = 0 .
dρ
dρ

(3.77)

∞

The function g(ρ) = ∑ ck ρk is a power series constructed to have the same behaviour as
k=0

u(ρ) in the limiting cases of ρ → 0, or ∞. The above differential equation has the same form
as the Kummer-Laplace differential equation [56]. The general solution to this equation is
the confluent hypergeometric function [31]. Physically acceptable convergent solutions
only occur when (n − l − 1) is a negative integer or zero. As previously discussed, l must
be a positive integer or zero. This new restriction limits n to a positive integer, and limits the
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upper value of l to n − 1. Under these restrictions, the confluent hypergeometric function
reduces to the associated Laguerre function. After including appropriate normalization
coefficients, the associated Laguerre function constitutes the final solution to the radial part
of Equation 3.66.
Returning to Equation 3.76, the energy of each bound state can be calculated as
µ
E =−
2



Ze2
4π~ε0 n

2

.

(3.78)

It is worth noting that the energy levels in the hydrogen atom, in the absence of any electric
or magnetic fields, are determined only by the principle quantum number n.

3.3.1.2

Polyelectronic Atoms

The introduction of additional electrons into an atom results in the inclusion of an additional term into the Hamiltonian operator of the electron states. This new term represents
the mutual repulsion between electrons and is given by

H ee =

e2
,
4πε0 d

(3.79)

where d is the distance between electrons. Unsurprisingly, this new term is similar to the
term arising from the electron-nucleus interaction. The introduction of this term prevents
the convenient separation of variables used to derive the exact solutions of the wave equation for the hydrogen atom. It is, however, still conceptually useful to adopt the orbital
configuration of the hydrogen atom as a rough guide for the spatial distribution of electrons. Doing so is formally referred to as the orbital approximation.
The mutual electron interaction breaks the symmetry of the orbital states, and, as a
result, electron energy states are no longer determined by the principle quantum number
alone. Numerical calculations of electron energies are complicated, and it is generally
more beneficial to develop a framework for understanding the orientation and labelling of
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the energy levels. This approach is based on electron angular momentum coupling.
Mutual electron interaction breaks the commutation relationship between the z projection of the electron orbital angular momentum operator and the Hamiltonian. As such, a
new set of good quantum numbers is required to describe electron states. A new set of
operators is generated using the Russell-Saunders coupling scheme [49]:
N

L = ∑ li

(Total Orbital Angular Momentum)

S = ∑ si

(Total Spin Angular Momentum)

J =L + S

(Total Angular Momentum) .

i=1
N

(3.80)

i=1

Bars now indicate operators, and a convention of using lower case letters when referring
to individual electrons, and upper case letters when referring to coupled states has been
employed. This coupling scheme takes the sum over the angular momentum components
of all electrons in the atom. Similarly, the total z projection of the angular momentum is
N

generated as would be expected from the above equations (eg, Lz = ∑ lzi ). The new set of
i=1

mutually commuting operators is then H,

L2 ,

S2 ,

Lz , Sz , with corresponding good quantum

numbers, n, L, S, ML , MS .
3.3.1.3

Atomic Configuration

It is now worth introducing the notation used to describe the distribution of electrons
in an atom. The principle quantum number n defines a shell, and internal to this shell
are subshells defined by the orbital quantum number l. The (2l + 1) potential orientations
of the orbital angular momentum vector corresponding to allowed values of the magnetic
quantum number ml , and the (2s + 1) orientations of the electron spin angular momentum
vector corresponding to the allowed spin quantum number ml , define all electron states
within a subshell. Recall that the allowed values of these quantum numbers for an electron
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are:
n =1, 2, 3, · · ·
l =0, 1, · · · , n − 1

(3.81)

ml =l, l − 1, · · · , −l

1 1
ms = , − .
2 2

Each compliment of quantum numbers defines an electron state. The Pauli exclusion principle states that no two particles can share the same quantum state, so each electron in
an atom will have its own unique set of quantum numbers. The aufbau (“building-up”)
principle states that the lowest energy orbital available will be filled before higher energy
orbitals become occupied. Though this principle is not rigid, and different atoms have a
different distributions of energy levels for each orbital, in general electron occupancy tends
to build up in shells, with the subshells being filled in order of increasing l. By convention,
subshells are denoted with letters such that l = 0, 1, 2, 3, 4, 5, ... → s, p, d, f , g, h, ...
Electron configurations in atoms are built up with the following notation

Electron Configuration = nl a ,

(3.82)

with a being the number of electrons in the l subshell. For example, carbon has the following configuration 1s2 2s2 2p2 , where the first shell is filled, and the second shell is filled up
to the p subshell which contains two electrons. Notice how this notation uses lower case
letters, and thus implies not accounting for angular momentum coupling.
In the case of angular momentum coupling, the following notation is used

Coupled State =(2S+1) L

(Term) ,

(3.83)

where S and L are the sum of the spin and orbital angular momentum quantum numbers
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of the electrons in the atom respectively. The (2S + 1) denotes the spin degeneracy of the
state and indicates whether the state is a singlet, doublet, triplet, etc., for values of 1, 2, 3,
etc. The expression in equation 3.83 is called a “term”. Understanding the notation is best
accomplished with an example.
Referring back to the electron configuration of carbon, the s subshells correspond to
an orbital angular momentum of 0. They also have a pair of electrons with opposite spin
orientations, so only the 2p2 subshell need be considered. Each electron is in the p subshell
and thus contains an orbital angular momentum of l1 = l2 = 1. These vectors can have
multiple orientations as indicated by their magnetic quantum number, as a result, the net
orbital angular momentum can take the following values L = l1 + l2 , l1 + l2 − 1, l1 − l2 =
2, 1, 0 → D, P, S. Accounting for the net spin in each case requires more work, however,
since there are only two electrons, their orientations are either parallel or antiparallel giving
S = 1, 0. As a result, the spin multiplicity is either 3 or 1, respectively.
It turns out that there are a total of 15 coupled states: five 1 D, nine 3 P, and one 1 S.
The total number of states can be calculated from the total momentum multiplicity (2S +
1)(2L + 1), where S and L take their maximum values. The total multiplicity of each term
can also be calculated using the same formula where S and L take their appropriate value
(Equation 3.83) for the term in question.

3.3.1.4

Fine Structure

An additional perturbation term is present in the Hamiltonian of polyelectronic atoms.
Electrons “orbiting” the nucleus produce a current loop, which subsequently produce magnetic dipoles. In addition, each “spinning” electron induces its own magnetic dipole. The
interaction of these two dipoles is called spin-orbit coupling, and adds the following term
to the Hamiltonian
H so = ξl · s .
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To expand this term to include all electrons in the system, the Russell-Sanders coupling
scheme along with the Wigner-Eckart theorem is employed to obtain

H so = ζL · S .

(3.85)

The spin-orbit coupling factor ζ parameterizes the strength of the coupling, and tends to
increase with the number of electrons. This interaction only has a significant effect on
isolated terms (Equation 3.83).
Similar to angular momentum coupling, spin-orbit coupling breaks the commutation
relationship between Lz and the Hamiltonian. The new set of commuting operators are,
H, L2 , S2 , J 2 , Jz , with corresponding good quantum numbers n, L, S, J, MJ .
Spin-orbit coupling breaks the symmetry within each term, separating each state into
its own unique energy level. The notation used to express each state is an extension of the
angular momentum coupling notation given by

Coupled State =(2S+1) LJ ,

(3.86)

where J = L + S is the total angular momentum of the state. For example, consider the 3 P
term of the carbon atom. This state corresponds to a net spin and orbital angular momentum
equal to one for both cases. Accounting for the various orientations of S and L, total angular
momentum can take the values J = S + L, S + L − 1, ..., |S − L| → 2, 1, 0. That is, the 3 P
term of carbon can be split into the three states 3 P0 ,3 P1 , and 3 P2 .
The splitting of terms into additional energy states as a result of spin-orbit coupling is
formally referred to as fine-splitting, and results in the fine structure lines observed in spectra. The energy between adjacent states can be determined by calculating the expectation
values of the spin-orbit coupling perturbation term. After making the substitutions J = J +1
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and J = J, and then calculating the difference, the energy splitting is given by

EJ+1 − EJ = ζ(J + 1) .

(3.87)

This approximation is called the Landé interval rule, and expresses the interesting property
of being proportional to (J + 1). The spin-orbit coupling constant is not always positive,
and its sign determines if the ground state corresponds to a high J value or a low value.
Determining ζ theoretically is complex, but a few rules exist to help determine the ground
state.
Hund’s rules provide a useful criteria for determining the ground state.
1. The term with the highest spin multiplicity (2S + 1), corresponds to the ground state.
2. For terms with the same spin multiplicity, the term with the highest orbital angular
momentum L, corresponds to the ground state.
3. If a subshell is half full or less, ζ will be positive. If the subshell is more than half
full, ζ will be negative.
Since carbon has a maximum spin multiplicity of 3, and has a subshell that is less than
half full, the ground state of carbon is 3 P0 . A diagram illustrating the energy level splitting
that results from mutual electron interactions and spin-orbit coupling for carbon is shown
in Figure 3.3.
Hyperfine splitting can also occur as a result of nuclear spin coupling to the total angular
momentum of the electron. This effect is small, resulting in spectral line splitting on the
order of 1 cm−1 , and will not be discussed further.
3.3.2

Rotational Emission

Atoms that bind together to form more complex molecular structures acquire additional
modes of energy storage other than electron states. One mode of energy storage of great
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Figure 3.3: Energy level splitting resulting from electron interaction (center) and spin-orbit
coupling (right) in a carbon atom.
importance to infrared spectroscopy is molecular rotation. Many rotational emissions are
typical in SPIRE spectra, and an introduction to the subject is presented here.
Fundamental to the discussion of any rotating system is the moment of inertia. The
moment of inertia of a system of N particles is defined with respect to a rotational axis as
N

I = ∑ mi ri2 ,

(3.88)

i=1

where mi indicates the particle mass, and ri indicates the orthogonal distance from the rotational axis to the particle in question. A moment of inertia can be defined for three orthogonal axes passing through the origin, much like the orthogonal unit vectors in a Cartesian
coordinate system. The origin of the system is conveniently chosen to be the Center of
Mass (COM), of the system of particles, which is defined as
N

∑ mi ri
COM =

i=1
N

.

(3.89)

∑ mi
i=1

The moment of inertia describes the distribution of mass about a rotational axis, and in
rotational physics plays much the same role as mass in translational physics.
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Molecules can be classified based on the relative values of their moment of inertia about
the three principle axes. The orientation of these axis are chosen such that the z-axis consists
of the highest degree of rotational symmetry [49], with the remaining axis chosen somewhat arbitrarily while attempting to maximize rotational symmetry in one of the remaining
planes. The axes can then be relabelled such that IA ≤ IB ≤ IC . With this convention, the
different classes of molecules are defined as follows:
• Linear: IC = IB , IA = 0.
• Spherical: IA = IB = IC .
• Prolate: IA < IB = IC .
• Oblate: IA = IB < IC .
• Asymmetric: IA < IB < IC .
The specific case of linear molecules will be discussed in more detail as they are the most
pertinent to this thesis. However, the principles presented apply equally to more complex
molecules.

3.3.2.1

Rigid Rotators

The intensity of the radiation emitted is to a large extent determined by the transitional
dipole moment (Equation 3.29), which is itself dependent on the dipole moment of the
system or molecule. For this reason molecules with a high degree of charge symmetry,
such as H2 , do not emit strong rotational or vibrational spectral lines.
The first step in calculating the energy levels of rotational states of molecules is to
approximate the molecules as rigid rotators. In classical mechanics, the rotational kinetic
energy of a rotating body is given by
1 ~ 2 J2
Ek = ~I · ω
=
.
2
2I
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In the case of a linear molecule, Iz = 0 as a result of the definition of the z axis given
above, and the geometry of a linear molecule where all atoms reside on the z axis. The final
expression is obtained by noting that angular momentum L, is the product of the moment of
inertia I, and the angular velocity ω, and that Lx2 + Ly2 = L2 . The general angular momentum
variable J has also been used in place of L.
The Hamiltonian can then be written as
2

H rot

J
.
=
2I

(3.91)

The eigenvector describing the rotational states must be the spherical harmonics derived
2

for the general case of angular momentum. As such the eigenvalues for the J operator are
J(J + 1)~2 , with the complete energy eigenvalues given by
J(J + 1)~2
.
EJ =
2I

(3.92)

The rotational constant B can then be defined as

B=

~2
h2
= 2 .
2I
8π I

(3.93)

It can easily be shown that the energy difference between rotational states is then,
E(J+1)→J = B[(J + 1)(J + 2) − J(J + 1)]

(3.94)

= 2B(J + 1) .
This approximation is based on the assumption that atoms are rigidly attached to one another, and is sufficient for most cases. However, a better approximation is one where atoms
are attached with springs which can stretch inducing a proportional restoring force. This
effect is called centrifugal distortion.

78

3.3. RADIATION PROCESSES

3.3.2.2

Centrifugal Distortion

For this discussion it is easiest to envision the molecule as diatomic, though the ideas
apply to all linear molecules. This approximation assumes that atoms in a molecule are
attacked by a force which acts much like a spring does. Stretching of an atom away from
its equilibrium position induces a restoring force described by Hooke’s law

Fr = −k∆r ,

(3.95)

where k is the spring constant, and ∆r is the distance from equilibrium. At the same time
the masses making up the rotating system tend to want to continue their linear trajectory
in accordance with Newton’s first law. This results in a “force” called the centrifugal force
given by
Fc = µω2 r =

J2
,
µr3

(3.96)

where µ is the reduced mass of the system, and r is the separation between the two atoms.
In equilibrium the restoring and centrifugal forces are equal. After equating the two
forces one finds the rotational energy to be

EJ = BJ(J + 1) − D(J(J + 1))2 + · · · .

(3.97)

Higher order terms of low significance have been neglected. The centrifugal distortion
constant D is given by the Kratzer relationship [49],

D=

4B3
,
ω2v

(3.98)

where both B and ωv , the molecules vibrational frequency, take their equilibrium values.
Vibrational emission has been neglected in this thesis, but it should be mentioned that even
in the ground state, a harmonic oscillator will have a positive non-zero energy. Finally the
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energy difference between rotational states is obtained as

E(J+1)→J = 2B(J + 1) − 4D(J + 1)3 .

(3.99)

It should be noted that the centrifugal distortion constant is frequency dependent and that
the correction to rotational energy transitions is relatively small. For 12 CO in the vibrational
ground state, B ∼ 57.64 GHz, and D ∼ 0.18 MHz.

3.4
3.4.1

FTS Instrumentation and Processing
Michelson Interferometer

The Michelson interferometer is perhaps the simplest example of a Fourier transform
spectrometer. The design was invented by Michelson, and later popularized in 1887 by the
famous Michelson and Morley experiment which attempted to measure the relative motion
of Earth through the hypothesized Luminiferous Aether [57]. The simple design makes
it ideal for introducing the theory of interferometers. A slightly more complex design is
shown in Figure 3.4. The key difference between this design and the classic set-up is the
use of two beam splitters (green), and double rooftop mirrors (black), instead of one beam
splitter and orthogonally oriented flat mirrors.
An electromagnetic wave enters the instrument through the entrance pupil. Only one
component of the wave need be considered for the theoretical treatment, and it is convention
to focus on the electric component as this is the component that detectors are sensitive
to. Generally this is followed by collimating optics such that the electrical disturbance
propagating through the system can be approximated as a plane wave
Ein = E0 ei2π(xσ0 − f0t) ,

(3.100)

with E0 being the amplitude of the electric wave with constant frequency and wavenumber
f0 and σ0 , respectively. The propagation of this wave in space and time is given by x
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E(x1)
Ein
E(x2)
rbrmrbE(x1) + trmtE(x2)
∆x
rbrmtE(x1) + trmrbE(x2)
Figure 3.4: A diagram of a dual input/output Michelson interferometer. The input electric
field Ein is split into two beams by a beam splitter (green), with then propagate along different optical paths. These beams are then re-combined by a second beam splitter which
leads to the balance output (cyan), and unbalanced output (blue). Mathematically, beam
interaction with optical components can be represented with amplitude coefficients which
indicate the change in phase and intensity of the input beam. The electric field at either
output is a combination of both constructive and destructive interference which varies as a
result of the optical path difference between the two beams. The resulting signal is called
an “interferogram”.
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and t, respectively. The wave is then incident on a beam splitter, an optical component
containing both reflective and transmissive properties such that the energy of the incoming
wave is, in the ideal case, split equally between the two output paths. Both beams then
propagate towards rooftop mirrors which backwards reflect the beams along a parallel path
in the opposite direction. One beam, in this case E(x1 ), is incident on a stationary mirror,
while the other beam E(x2 ), is incident on a movable mirror. Both reflected beams are then
incident on a second beam splitter, which in this case acts as a beam combiner. The beam
combiner has two outputs, either one of which can be used to record the resulting signal.
The signal recorded at either output port is the superposition of the two beams which
have travelled along different optical paths. The Optical Path Difference (OPD), can induce
varying degrees of constructive and destructive interference which modulates the intensity
received at either output. The OPD is varied by adjusting the position of the movable mirror
(∆x), and moving this mirror through its entire range of motion constitutes one complete
scan. It is important to note that optical and infrared detectors do not measure the electric
field directly. Instead, they measure an integrated power over the detector specific response
time, which is typically observed as a voltage. The energy of the electric field is proportionate to the square of the electric field, making this the relevant quantity to be derived at
either output. The interference signal measured at either output during a scan is referred to
as an interferogram.
As the input electric field propagates through the optical system, it interacts with and is
modified by each optical component producing the resultant beams of the interferometer.
Mathematically, these interactions take the form of amplitude coefficients. For example, at
the junction of the first beam splitter, E(x1 ) is produced by multiplying the input field, Ein ,
by rb , the beam splitter reflection amplitude coefficient. Likewise E(x2 ) is the product of
the input electric field and τ, the beam splitter transmission coefficient. At this point the
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beams diverge which modifies x in the exponent of Equation 3.100:
E(x1 ) = E0 ei2π(x1 σ0 − f0t)
i2π(x2 σ0 − f0 t)

E(x2 ) = E0 e

(3.101)
.

After including the appropriate coefficients, the beams are given by:
Beam 1 = rb E(x1 )

(3.102)

Beam 2 = τE(x2 ) .
At each corner reflector, both beams pick up an amplitude coefficient from interaction with
the double mirror system, rm . Finally at the second beam splitter, each beam picks up an
additional τ or rb amplitude coefficient as required. It should also be kept in mind that,
implicit with every reflection coefficient, is a π radian phase shift of the electric field. This
process is made more clear by considering Figure 3.4.
The complement of amplitude coefficients is what distinguishes the two outputs of the
interferometer. The cyan output in Figure 3.4 is referred to as the balanced output since the
two composite beams contain the same amplitude coefficients resulting in equivalent phase
shifts due to the optical system. The electric field at the balanced output is

Eb = E1 + E2 = E0 e−i2π f0t rb rm τ ei2πσ0 x1 + ei2πσ0 x2 ,

(3.103)

where E1 = E0 rb rm τei2π(σ0 x1 − f0t) , and E2 = E0 rb rm τei2π(σ0 x2 − f0t) . The detector measures
time averaged intensity which is proportional to E ∗ E, with the asterisk indicating the complex conjugate. Thus the time averaged intensity of equation 3.103 must be calculated. The
derivation is made more compact by exploiting some useful notation
1
T

Z T
0

|Eb |2 = |Eb |2 .

83

(3.104)

3.4. FTS INSTRUMENTATION AND PROCESSING

With this in mind, the time averaged intensity is given by,
Ib ∝ |Eb |2 = hEb∗ · Eb i
= h(E1 + E2 ) · (E1∗ + E2∗ )i

(3.105)

= |E1 |2 + |E2 |2 + hE1∗ · E2 i + hE2∗ · E1 i .
It is easily seen that |E1 |2 = |E2 |2 = (E0 rb rm τ)2 , since ei2π(σ0 xi − f0t) ×e−i2π(σ0 xi − f0t) = 1.
For the remaining terms,
h
i
hE1 · E2∗ i + hE2 · E1∗ i =(E0 rb rm τ)2 ei2πσ0 (x1 −x2 ) + e−i2πσ0 (x1 −x2 )

(3.106)

2

=2(E0 rb rm τ) cos(2πσ0 (x1 − x2 )) .

The time dependent terms have cancelled as a result of the complex conjugate multiplication, while in the last line, the exponential values have been replaced by their cosine
equivalent. Putting Equations 3.105, and 3.106 together, the final result for the intensity of
the balanced output is

Ib = 2(E0 rb rm τ)2 (1 + cos(2πσ0 (x1 − x2 )) .

(3.107)

It is common to recast this equation into a more convenient form, with optical efficiency
2 , beam splitter efficiency η = 4(r τ)2 , input intensity E 2 = I , and optical path
η0 = r m
0
b
b
0

difference z = x1 − x2 . With these substitutions, Equation 3.107 becomes
Ib (z) = I0 η0 ηb




1 + cos(2πσ0 z)
.
2

(3.108)

With this notation, a beam splitter efficiency of 1 indicates that precisely half the incident
beam intensity is reflected, and half is transmitted. Similarly, an optical efficiency of 1
indicates that the mirrors reflect 100% of the incident beam with no absorption loss.
Since energy must be conserved, the simplest way to determine the intensity at the
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unbalanced output is to subtract the balanced output from the input intensity, Iu (z) = I0 −
Ib (z). After a bit of algebra, one obtains

Iu (z) = I0 η0 ηb




1 − cos(2πσ0 z)
+ I0 (1 − η0 ηb )
2

(3.109)

The most significant difference between the two outputs is a π radian phase shift of the
cosine term, that is the information in one output is the compliment of the other, and when
one sees constructive interference, the other sees destructive interference. For this reason,
it is often the case that only one output is recorded with the constant component removed
by a high-pass filter.
There are however, advantages to measuring both outputs. The sum of the two output
intensities is equivalent, or at least proportional to, the input beam intensity. As such,
tracking time dependent intensity fluctuations of the source, which produce artefacts in the
spectral domain, is possible, and can be corrected for in the interferogram. Fringe contrast
or signal strength is improved by taking the difference between the two outputs

I(z) = Ib (z) − Iu (z) ∝ I0 η0 ηb cos(2πσ0 z) ,

(3.110)

where the constant offset has been ignored. This equation represents the interferogram
proper of an ideal Michelson type interferometer for a monochromatic source.
Equation 3.110 is readily generalized to polychromatic sources by integrating over the
constituent frequencies
Z ∞

I(z) =
0

I0 (σ)η0 ηb cos(2πσz)dσ .

(3.111)

In general, the optical and beam splitter efficiencies are also frequency dependent, but with
only slight variations over limited bandwidths.
The quantity I0 (σ) is none other than the spectral energy distribution, or spectrum of the
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source. Defining the spectrum to be an even function I0 (σ) = I0 (−σ), is mathematically
convenient, allowing for the integration over the frequencies (−∞, ∞). The physical implication of this assertion is a doubling of energy in the spectral domain. To account for this,
the spectral energy distribution is divided by two, S(σ) = η0 ηb I0 (σ)/2, where this new variable has absorbed the efficiency terms as well. With these considerations, Equation 3.111
becomes
Z ∞

I(z) =

S(σ)ei2πσz dσ .

−∞

(3.112)

That is, the interferogram is equivalent to the inverse Fourier transform of the spectrum
(Equation 2.8). Note that the imaginary sine term resulting from Euler’s formula is negligible as the product of an even function (the spectrum), and an odd function (the sine term),
is an odd function, which integrates to zero over equal intervals across the origin.
The spectrum is recovered by taking the forward Fourier transform of the recorded
interferogram (Equation 2.9)
Z ∞

S(σ) =
−∞

I(z)e−i2πσz dz .

(3.113)

Note that for interferometers, the reciprocal units are position (z; [cm]), and spatial frequency or wavenumber (σ = 1/λ; [cm−1 ]).
The interferogram is a continuous signal which in practice can only be sampled discretely over a finite range. At this point all the principles developed in Chapter 2 apply,
though there are a few more topics to be explored in the context of spectroscopy.

3.4.2

Synthetic Spectral Resolution

As previously discussed in Section 3.2, the finite extent of interferometers results in
only a finite portion of the interferogram being measured. This limitation results in an
effective truncation of the interferogram which, in theory, extends to an infinite OPD. The
result of this truncation is a sinc line shape. This effect also occurs in discretely sampled
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Figure 3.5: A comparison between unpadded and padded interferograms and resulting line
shapes. In the unpadded case (left), the resulting line shape is approximately a delta function with a single peak at 10 Hz. The padded interferogram (right), produces the same peak
at 10 Hz, with additional points being interpolated onto the expected sinc line shape. Note
the difference in scale of the frequency axis between the two cases.
interferograms, however, the abrupt termination of the discrete interferogram may result in
a sinc line shape which is sampled such that only the peak and zero crossings are reported.
This gives the line shape the appearance of a triangular function as can be seen in the left
hand panels of Figure 3.5.
Appending zeros onto both sides of the interferogram adds no additional information,
but does effectively extend the maximum OPD of the signal to be processed. Since the
frequency sampling ∆ f is inversely related to the maximum OPD, the process of appending
additional zeros onto the interferogram decreases the frequency sampling. This technique,
called zero padding, is shown in Figure 3.5. By superimposing the spectra of the abruptly
terminated and zero padded interferogram, as shown in Figure 3.6, it is easy to see the
effects of this technique. As the figure shows, zero padding merely “fills in” additional
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Figure 3.6: The padded (green) and unpadded (blue) line shapes resulting from the interferograms in Figure 3.5 have been plotted on top of one another. The central peak and zero
crossings of the padded line intersect with the points from the unpadded line. This helps
to demonstrate how no new information is created by zero-padding, additional points are
merely interpolated onto the sinc line shape.
points of the sinc line shape with the zero crossings coinciding with the data points of the
unpadded spectrum. This figure also makes clear the fact that spectral resolution is more
properly parameterized by the line shape rather than the frequency spacing in the spectral
domain.
Zero padding is thus an effective method of spectral interpolation. This technique finds
convenient application when attempting to give equal spectral gridding to repeated observation of the same source when each measurement has unequal maximum optical path
differences. This is the case for the off-axis detectors in the SPIRE IFTS arrays, and thus
zero padding is a regular step in the SPIRE data processing pipeline [58, 59]. Zero padding
can also be used to increase the number of data points to a power of 2 resulting in more
efficient computation of the FFT (Section 2.3.2).
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3.4.3

Phase Correction

When an FTS is used to observe a real source, one would expect a real valued spectrum
after performing the Fourier transform of the interferogram. This implies a real valued
symmetric interferogram (Subsection 2.2.1), which would be expected from an ideal interferometer when considering Equation 3.111. In practice, however, asymmetries may be
incorporated into the interferogram from numerous sources, and produce spectra with associated deleterious effects including inaccurate amplitudes, line-shapes, and SNR. For this
reason, it is worth exploring the cause of the asymmetry, and how to correct the resulting
spectrum without losing spectral integrity.
As discussed in Subsection 2.2.1, spectral phase is a measure of asymmetry in the reciprocal Fourier domain. A general interferogram can be described mathematically as
Z ∞

Iasym (z) =

S(σ)eiφ(σ) ei2πσz dσ ,

−∞

(3.114)

which consists of the inverse Fourier transform of the physical spectrum, S(σ), multiplied
by a phase term, eiφ(σ) . The total phase φ(σ), represents the sum of all the contributions to
the phase, and is in general frequency dependent. The main sources of phase shift are: not
sampling the Zero Path Difference (ZPD), dispersive properties of optical components and
electronics, and random variations in the interferogram signal [29].
If the ZPD is not sampled, then interferogram sampling can be modelled as the properly
sampled OPD with a constant offset, α (i.e., z0 = z + α). Using this substitution in the
Fourier transform exponential, one obtains
0

ei2πσz →ei2πσ(z+α) = ei2πσz ei2πσα

(3.115)

∴ φ(σ) = 2πσα .
This result indicates that improperly sampling the ZPD produces a linearly dependent phase
shift.
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The dispersive properties of optical components can be modelled in a similar way. The
optical path of one frequency of light is dependent on the frequency dependent index of
refraction nσ of the dispersive medium. As a result, the optical path difference will be
proportional to nσ d, where d is the thickness of the dispersive medium. Performing the
substitution z0 = z + nσ d, the Fourier transform exponent becomes
0

ei2πσz →ei2πσ(z+nσ d) = ei2πσz ei2πσnσ d

(3.116)

∴ φ(σ) = 2πσnσ d .
Well chosen optics will contain dispersive media with a near constant index of refraction
over the bandwidth of interest. In this case nσ = constant, resulting in a linear phase shift
just as in Equation 3.115, producing an effective shift in ZPD. In general however, the index
of refraction has a more complex frequency dependence and the result is a non-linear phase
shift term [33].
Random phase components result from random fluctuations in the interferogram. Random noise on average contains equal parts symmetric and antisymmetric fluctuations. As
such, on average, equal noise intensity is mapped into the real and imaginary components
of the spectral domain.
Performing the inverse Fourier transform on Equation 3.114, one obtains

F −1 {Iasym (z)} =Sobs (σ) = S(σ)eiφ(σ)

(3.117)

=S(σ)[cos(φ(σ)) + i sin(φ(σ))] .
By taking the absolute value of the complex function above (e.g., | f | =

√

f ∗ f ), and using

the trigonometric identity cos2 (θ) + sin2 (θ) = 1, the above expression becomes

|Sobs (σ)| = |S(σ)| .

(3.118)

That is, by taking the absolute value of the observed spectrum, one ignores the phase and
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recovers the absolute value of the physical spectrum. The downside of this simple approach
is that all the noise present in the imaginary domain is folded over into the real domain. This
√
transformation unnecessarily increases the spectral noise by a factor of 2, which can be
avoided with a more sophisticated approach.
More sophisticated approaches involve calculating the phase term directly, then multiplying its reciprocal, e−iφ(σ) , with the observed spectrum. Alternatively, by employing the
convolution theorem (Equation 2.33), phase correction can be implemented within the interferogram. This approach is called the Forman method of phase correction. What follows
is a demonstration of the Forman method of phase correction.
Since phase is a measure of asymmetry, it should be clear that an interferogram with
information on both sides of the ZPD is required to calculate the phase. In the following
example, a double-sided interferogram which extends from −Lmax to Lmax is assumed. In
practice, it is more efficient to use a so called single-sided interferogram which extends
only slightly into the negative OPD domain, with the remainder of the scan range allocated
to positive OPD. Since spectral resolution is limited by the maximum OPD, a single-sided
interferogram allows for the highest spectral resolution offered by the limited scan range
of an FTS while preserving sufficient phase information. Since phase is typically a slowly
varying quantity in regions of high spectral intensity, it is sufficient to interpolate low resolution phase information obtained from the centeral burst region of the interferogram to the
required resolution for point-by-point correction of the interferogram or spectrum [29]. The
final variant is the one-sided interferogram which extends from ZPD to Lmax maximizing
the spectral resolution at the cost of no phase information.
To outline the Forman method of phase correction, consider Equation 3.117 multiplied
by the inverse phase term
Sobs (σ) × e−iφ(σ) = S(σ)eiφ(σ) × e−iφ(σ) = S(σ) .
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However, taking the forward Fourier transform of this expression gives
−iφ(σ)

F {Sobs (σ) × e

} =F {Sobs (σ)} ∗

Z

∞

−iφ(σ) i2πσz

e

−∞

e

dσ



(3.120)

=F {S(σ)} = Isym (z) .
The first line in Equation 3.120 employs the convolution theorem (Equation 2.33). The term
in square parenthesis is simply the Fourier transform of the phase factor, and is formally
known as the Phase Correction Function (PCF),
Z ∞

PCF(z) =
−∞

e−iφ(σ) ei2πσz dσ ,

(3.121)

which acts as a convolution kernel in the interferogram domain. The convolution in Equation 3.120 restores the symmetry of the interferogram, and as such, the inverse Fourier
transform of the convolution of the asymmetric interferogram and the PCF returns the real
valued physical spectrum,

F −1 {Iasym (z) ∗ PCF(z)} = S(σ) .

(3.122)

The top left panel of Figure 3.7 shows the asymmetric interferogram which results from
a spectrum containing an induced second degree polynomial phase distortion. The bottom
panel shows the inverse Fourier transform of the asymmetric interferogram, with the blue
and red curves showing the real and imaginary components of the spectrum, respectively.
The green phase spectrum is also shown, which was calculated using Equation 2.29. The
top right panel contains the PCF obtained by computing Equation 3.121 with φ, given by
the green curve in the center panel.
After convolving the PCF with the asymmetric interferogram, the symmetric interferogram is recovered as shown in the left panel of Figure 3.8. To show the phase has been
corrected properly, the inverse Fourier transform has been recalculated and the resulting real
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Figure 3.7: An asymmetric interferogram has been plotted in the top left panel, with the
resulting Fourier transform shown in the bottom panel. The uncorrected spectrum in the
bottom panel shows the real (symmetric) and imaginary (antisymmetric) components of the
Fourier transform in blue and red, respectively. The resulting phase has also been calculated
using Equation 2.29, is plotted in green, and exhibits a discontinuity at the origin. The phase
correction function has been calculated using Equation 3.121 and is shown in the top right
panel.
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Figure 3.8: Phase corrected interferogram (left) and spectrum (right). After performing
the Forman method of phase correction, the resulting interferogram has been symmetrized
(left). The Fourier transform is plotted in the right panel, and it can bee seen that the
spectrum is completely real (blue), with a negligible imaginary component (red).
and imaginary components of the spectrum, blue and red respectively, have been plotted in
the right panel. It can be seen that the imaginary component is zero to within numerical
error. It should be cautioned that evaluating the phase of this corrected spectrum does not
yield a uniform value of zero across the spectral band. In regions with low spectral amplitude, the phase is equal to the arctan of a small number divided by a small number, which
can yield misleading values.
As a final comparison, the positive frequencies of the original, phase shifted, and corrected spectra are plotted in Figure 3.9. The original spectrum, plotted as green “X”s,
consists of a black-body continuum at 100 K with an emission feature at 400 cm−1 . The
phase shifted spectrum is shown in red, with the corrected spectrum shown in blue, which
as expected, coincides with the original spectrum. It can be seen that the shifted spectrum
produces a black-body curve with both a lower amplitude and shifted peak frequency. In
addition, the emission feature is of lower amplitude, and depending on position of the emission feature and form of the phase shift, can also be altered in shape and position [29]. These
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Figure 3.9: Comparison of uncorrected and phase corrected spectra. To compare the results of the Forman method of phase correction, the corrected (blue), and uncorrected (red)
spectra have been plotted. The Original spectrum used before a phase shift was induced is
plotted with green markers. The inset shows a close up of the spectral feature at 400 cm−1 .
It can be seen that an uncorrected spectrum produces both a shift in peak frequency, and a
change in amplitude of the black-body curve. The spectral feature has also been modified
highlighting the importance of phase correction.
alterations demonstrate the importance of proper phase correction of data before drawing
scientific conclusions.

3.5

Summary

Spectroscopy is an important field of study for astronomy, and much can be learned
about a source’s structure, energy, dynamics, and chemical composition by analyzing the
source’s spectrum. In this chapter I introduced the theory of black-body radiation, and
derived the models by which rotational and electronic energy transitions are predicted. Furthermore, it was shown how line intensities can be calculated using Einstein coefficients,
by considering the populations and transition probabilities between non-degenerate energy
states. As radiation propagates from source to observer, it often interacts with matter during the journey. The attenuation effects of these interactions were considered, along with
other physical processes which can modify the shape of spectral features. The information
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presented in this chapter is sufficient for modelling and interpreting real spectra, and was
oriented towards the kinds of spectral emissions often encountered in SPIRE spectra, which
are the focus of this thesis.
Following the discussion on the radiative processes mentioned above was an introduction to Fourier transform spectroscopy. The theory was derived for an ideal dual input/output Michelson interferometer, along with how the interferogram is converted into a science
ready spectrum. This process includes phase correction, and in many cases zero-padding of
the interferogram to obtain the desired real valued spectrum and spectral gridding. These
processing steps are employed in the reduction of SPIRE spectral data used in this thesis.
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Chapter 4
SPIRE FTS Spectral Feature Finder
4.1

Introduction

As introduced in Section 1.2, the Herschel Space Observatory (Herschel; [20]), was the
fourth cornerstone mission in the ESA’s, Horizon 2000 programme [60]. Launched on May
14, 2009, with its broad frequency coverage and position above Earth’s atmosphere, Herschel provided an unobstructed view of the Far-Infrared (FIR) universe in orbit around the
Sun-Earth system second Lagrangian point (L2). Approximately 37,000 successful science
observations were obtained during the mission which terminated on April 29, 2013 [22].
Herschel was designed to build on previous infrared observatories, and extend spectral coverage into the relatively unexplored the FIR and submillimeter bands (∼10 µm–1.0 mm ).
As such, Herschel contained three science instruments with overlapping operational bands
between ∼55–672 µm [61]. Observing these longer wavelengths poses certain technological challenges in terms of spatial resolution and the thermal profile of the optical systems.
An optical systems ability to distinguish between two points in space is called the limit
of spatial resolution. Typically, this limit is defined in terms of Rayleigh’s criterion [33]
whereby two points on an object plane are considered resolved if the center of one point’s
diffraction pattern coincides with the first minima of the other’s. Using this criteria, the
limit of resolution for an optical system with an entrance aperture of diameter, D, is given
by [33]
∆lmin = 1.22

λ
,
D

(4.1)

where λ is the wavelength of the light under study. Importantly, this relationship shows
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that resolution is degraded with increasing wavelength, and the only instrumental solution
is to increase the diameter of the aperture. Compared to the optical band, FIR wavelengths
are 100 − 10, 000 times longer, and require an equally larger aperture to obtain comparable
spatial resolution. For this reason, Herschel was outfitted with a 3.5 m diameter primary
mirror, roughly corresponding to the aperture of the telescope. This constitutes the largest
single dish telescope ever put into orbit, and although lacking the resolution of typical
optical telescopes, is still a significant improvement over previous IR/FIR telescopes (e.g.,
Spitzer 0.85 m [16]; IRAS 0.57 m [11]; ISO 0.6 m [13]). As such, Herschel offers the
highest spatial resolution of any FIR instrument to date.
The wavelength bands covered by the Herschel instruments correspond to the peak radiation of a black body ranging in temperature between 5 and 50 K. Since all solids give off
thermal emission with spectral profiles approximated by black body radiation, this imposes
significant thermal limitations on the optics and detectors of a telescope. For this reason,
Herschel was equipped with a heat shield, offering protection from sources of thermal radiation like the Sun, passively cooling the telescope to ∼85 K. Furthermore, a closed cycle
3 He/4 He cryogenic system actively cooled the focal plane optics and bolometer detectors to

∼300 mK in order to obtain optimal sensitivity. The cryogen supply was in fact the limiting factor of the mission, which terminated after the controlled thermal environment of the
payload module could no longer be maintained.
The three science instruments aboard Herschel were: the Heterodyne Instrument for the
Far Infrared (HIFI); [62], the Photodetector Array Camera and Spectrometer (PACS); [63],
and the Spectral and Photometric Imaging Receiver SPIRE; [21]. HIFI utilizes the heterodyne technique where an input signal is multiplied by a local oscillator which produces
a new modified signal equal to the difference between the local oscillator and the input
frequency. This significantly lowers the input frequency and equally improves spectral resolution [64]. Thus HIFI can obtain a high spectral resolving power typically on the order of
R = λ/∆λ ≈ 106 , at the operational bands 157-212 and 240-625 µm. PACS consists of two
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bolometer arrays and a grating spectrometer. Simultaneous photometry can be obtained
using the dual mode array sensitive to wavelengths 60-85 or 85-130 µm, and a second array
with a 130-210 µm bandwidth. The grating or integrated field spectrometer operates with a
moderate resolving power between R = 1000-4000. Finally the SPIRE instrument consists
of an Imaging Fourier Transform Spectrometer (IFTS) and 3 band photometer. The photometer comprise three bolometer arrays with central detection wavelengths of 250, 350,
and 500 µm, while the IFTS consists of two bolometer arrays with bandwidths 194-324 and
316-671µm.
The data obtained from the SPIRE IFTS is central to this thesis. This chapter will
describe the instrument in more detail (Section 4.2), and introduce the data analysis tools
and environment for SPIRE (Section 4.3). The SPIRE data processing pipeline and products
will be outlined (Section 4.4), with the SPIRE FTS Spectral Feature Finder, a high level data
mining tool developed for post-processing data products, discussed in Section 4.5.

4.2

SPIRE Imaging Fourier Transform Spectrometer

A model of the physical SPIRE IFTS, along with a simplified optical path layout, is
shown in Figure 4.1. The Mach-Zehnder configuration is based on the classic interferometer of the same name which shares the critical feature of dual input and output ports [65].
This optical design has two key advantages. First, the dual input ports allow for absolute
flux calibration via a differential measurement of a black body at two different temperatures located at one input port (Section 4.4). Secondly, translation of the double rooftop
mirrors induces the optical path difference between the two beams. Every one unit of linear
displacement of the rooftop mirrors results in four units of relative optical path difference,
significantly improving the scan efficiency of the Mach-Zehnder design over the classical
Michelson.
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Figure 4.1: A three dimensional model of the SPIRE IFTS instrument (left), with a simplified schematic (right). Figures courtesy of SPIRE observers manual (left; [59]) and the
HIPE documentation (right; [66]).
4.2.0.1

Bolometer Arrays

Both outputs of the IFTS terminate on an array of bolometers. The bandwidth of the
instrument is controlled by a series of metal mesh filters, and a wave guide cut-off specific to each bolometer array which produces the final bandwidths of 194-324 µm for the
Spectrometer Short Wavelength array (SSW), and 316-671 µm for the Spectrometer Long
Wavelength array (SLW). The two bolometer arrays consist of pixels oriented in a hexagonal close packing scheme.
Figure 4.2 shows the detector layout for both bolometer arrays. Each detector is labelled
with a letter next to a number, resulting in a row-column like notation. The central detector
for SSW and SLW are D4 and C3, respectively, and are located along the optical axis of the
IFTS. Grey detectors in the SSW array were not functional for the duration of Herschel’s
mission. Detectors shaded in blue have co-aligned spatial projections on-sky. An overlapping projection of the SLW and SSW array footprint is shown on the right of Figure 4.2,
with red and blue circles corresponding to SSW and SLW components, respectively. The
diameter of each circle corresponds to the nominal beam FWHM for the corresponding detector. The nominal beam FWHM for SSW and SLW detectors is 19” and 35”, respectively.
The red dashed and bold circles indicates the ∼ 20 unvignetted field of view of the SPIRE
FTS [59].
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Figure 4.2: The orientation of the SSW and SLW SPIRE bolometer arrays. In circle annotations indicate the conventional detector labelling scheme. Blue shaded detectors between
arrays are co-aligned on-sky, while the grey shaded detectors of the SSW array are not
operational. On the left is a footprint of the overlapping array footprint on-sky with small
red and blue circles indicating SSW and SLW detector positions, respectively. The red
dashed circles in the first two images, and the bold red circle in the final image indicate
the instrument’s unvignetted field of view. Image courtesy of the SPIRE observers manual
[59].
4.2.0.2

Beam Profile

Before reaching the bolometer arrays, radiation passes through feed-horns consisting of
a conical entrance which transitions to a cylindrical wave-guide [67]. The feed-horns are
manufactured to dimensions which allow multimodal coupling for the bandwidth of interest
and in effect focuses incoming radiation onto the bolometer detector. The feed-horns have
different coupling efficiencies with the various permitted modes, and as a result, varies
with frequency. This property of the feed-horns, and the other effects of the complicated
SPIRE optical design results in a frequency dependent beam profile. This dependence
was determined experimentally by scanning a point source in a raster pattern, and fitting
the resultant intensity maps with a superposition of Hermite-Gaussian functions [68]. The
frequency dependence of the beam size is shown in Figure 4.3.

4.2.0.3

Spatial Coverage

SPIRE operates in different spatial sampling modes providing various levels of spatial
coverage on-sky. Each observing mode is dictated by the operation of the SPIRE Beam
Steering Mirror (BSM), which is positioned in the SPIRE optical system before the incoming radiation is directed to either the IFTS or photometer modules. Various levels of spatial
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Figure 4.3: The frequency dependence of the SPIRE beam. The diffraction limited case is
represented by the dashed line, with the grey shading around the red SSW, and blue SLW
beam profile indicating the 3σ error on the fitted result. Vertical grey bars partition the
different modes coupled in the feed-horns. Image courtesy of Makiwa et al., (2013) [68].
coverage are obtained by adjusting the orientation of the BSM which affects the potion of
the optical axis without adjusting the orientation of Herschel. The motion of the BSM is
formally called “jiggle”.
The sparse observing mode employs a single position of the BSM, and results in a single
array footprint on-sky as shown on the left of Figure 4.4. The spacing between the center of
the detector beams for a given array is two times the beam FWHM. Intermediate sampling
is achieved using 4 jiggle positions. The resulting footprint on-sky is shown in the center
of Figure 4.4. In this mode the spacing between beams is one beam FWHM. Finally, fully
sampled images consist of 16 jiggle positions providing full Nyquist spatial coverage with
each beam spaced by 1/2 beam FWHM. The beam footprint for full image sampling is
show in the right of Figure 4.4.
In addition to spatial sampling modes which correspond to BSM motion, SPIRE also
operated in different telescope pointing modes. In single pointing mode, Herschel maintained a stationary orientation, and could employ any of the spatial coverage modes. To
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Figure 4.4: The on-sky beam footprint for sparse (left), intermediate (center), and full
(right) spatial sampling. The red circle shows the unvignetted field of view of the initial jiggle position, and provides a spatial reference for the three sampling modes. Image courtesy
of the SPIRE observers manual [59].
create images extending beyond the SPIRE instrument field of view, Herschel had to be
reoriented. This was accomplished using a raster scanning pattern with pointing positions
separated by 116” horizontally, and 110” vertically, with respect to the telescope orientation. This raster pointing mode was used to generate large maps and could employ any of
the spatial sampling methods.

4.2.0.4

Spectral Resolution

Though the actual spectral resolution for unresolved spectral features is limited by the
sinc instrument line shape of the IFTS, which results from the finite travel of the translation
stage, the resolution modes of SPIRE are reported in terms of the frequency sampling. As
outlined in Chapter 2, for an FTS, the frequency resolution in the spectral domain is dictated
by the maximum OPD given by, ∆σ = 1/(2Lmax ).SPIRE was configured to operate in 4
different spectral resolution mode.
In High Resolution (HR) mode, a single-sided interferogram was obtained extending
an OPD from -0.555 to 12.645 cm about the ZPD. The symmetric sampling about the ZPD
([-0.555, 0.555] cm), can be used for phase correction as discussed in Chapter 3. The maximum OPD results in a frequency sampling of 1.184 GHz, with a corresponding FWHM of
the instrument line shape of 1.429 GHz. This frequency spacing results in a spectral resolving power of about 1,000 making SPIRE a moderate spectral resolution imaging spectrometer. This mode is useful for spectral surveys since SPIRE provides broad spectral coverage
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with a relatively short scan time of 66.6 s per iteration.
In Low Resolution (LR) mode, a double-sided interferogram is obtained, spanning the
OPD range -0.555 to 0.560 cm about the ZPD. The maximum OPD gives this mode a frequency sampling of 24.98 GHz, with an instrument line shape FWHM of 30.14 GHz. This
sampling results in a very low resolving power of about 48. The utility of this mode comes
from the short scan time of 6.4 s, and its application towards obtaining the black body continuum of faint or featureless sources. Since HR mode overlaps with this scan range, the
same information can be obtained from truncated HR observations. However, LR scans can
be combined with HR scans in order to improve the continuum signal. This advantage is
employed by the HR+LR operation modes [69] which record a variable number of HR and
LR scans to obtain a desired continuum SNR.
The final two modes are medium resolution and calibration resolution. Neither resolution mode was used for science observations and thus do not warrant further explanation
here.

4.3

The Herschel Interactive Processing Environment

The native environment for Herschel data analysis is the Herschel Interactive Processing Environment (HIPE); [70]. This science tool began its development in 2002 under the
original title of the Herschel Data Processing System. It was initially used to test Herschel
instruments in the early stages of development and was utilized in pre-flight instrument validation and characterization testing. From the outset, the goal of this software was to provide
astronomers with a robust, user friendly, and fully integrated system complete with extensive documentation and built in analysis tools, which is freely available and distributable.
HIPE possesses the novel characteristic of being a complete astronomy tool facilitating
the user’s work-flow from beginning to end (i.e., from raw data to publication ready figures).
HIPE is directly linked to the Herschel Science Archive (HSA); [22], so data acquisition
can take place directly within the user interface. The user has access to data at various
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levels of processing, and is provided with general data reduction scripts for all observation
modes which can be modified to suit specific science goals. HIPE also offers a diverse set
of graphical user interfaces, which allow real time interaction and manipulation of Herschel
products, in addition to a wide range of plotting features for more specific data analysis and
presentation.
HIPE is coded in the Jython computer language [70]. This is essentially a Python based
language configured to run within Java platforms. Python is open source, and Java is implemented in a wide range of operating systems. As a result, HIPE is a free, easily accessible,
cross-platform scientific analysis tool available to a broad user base. In addition to its accessibility, Jython is also a high level, object oriented programming language. This means
that the data structures being used already have a number of useful predefined internal operations, and external functions which are immediately accessible to the user, without the
need to write them from scratch. Furthermore, Jython is a dynamic language, which means
that variables, functions, and data structures can be manipulated live from within a terminal
session. This is compared to scripted languages with data structures which can only be
accessed within the script itself. Dynamic languages are very useful for debugging, and
testing small changes without requiring the time consuming process of recompiling and
executing the whole script to test modifications.
HIPE is currently on its fifteenth full release version, though it is possible to access
earlier versions and builds if required. The development of HIPE is the result of a large
international effort, and has been subject ot rigorous testing from hundreds of community
members including myself and members of the Canadian Data Processing and Science
Analysis Software (DAPSAS) centre. HIPE 15.0.0 is the programming environment used
for the vast majority of what follows in this thesis.

105

4.4. SPIRE PIPELINE AND PRODUCTS

4.4

SPIRE Pipeline and Products

The HSA is a repository for data obtained from the three Herschel instruments, SPIRE,
PACS, and HIFI. Within the HSA, the highest level data structure of SPIRE data products
are observations, which are discriminated based on a 10 digit observation identification
number (obsid). Each observation contains an extensive hierarchy of datasets including:
auxiliary data consisting of supplementary housekeeping information about the telescope
including pointing, and temperature readouts, calibration data containing numerous parameters within the calibration tree used when processing the specific observations, and science
data. Science FTS data is offered in various levels of processing [66],
• level 0 contains the raw unprocessed timeline data for each observation.
• level 0.5 expresses the level 0 data in a form that is appropriate for inspection.
• level 1 data is obtained after significant processing resulting in an interferogram with
physical units. Some observations may contain extended source corrected spectra for
each detector and jiggle position.
• level 2 contains the fully processed, science ready data. Results obtained using
both extended and point source calibration schemes can be found here, along with
apodized variations.
The major processing steps from level 0.5 to level 2 are illustrated in Figure 4.5.
A detailed outline of the SPIRE standard processing pipeline is given in [58], but one
point is worth mentioning here. Comparing spectra of the same source with different spectral resolutions is made easier when the spectra share the same frequency gridding. For this
reason each interferogram is zero-padded such that the frequency spacing of the corresponding spectrum has the desired spacing. For high spectral resolution, the frequency spacing
is 0.3 GHz, which should be compared with the actual spectral resolution of 1.2 GHz. As
such, each SPIRE spectra obtained from any detector in either bolometer array is presented
in the data products with the same spectral gridding through this artificial interpolation.
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Figure 4.5: Key processing steps in the SPIRE FTS data reduction pipeline [66]. Data
reduction begins with level 0.5 data consisting of raw timeline ordered instrument readouts.
The steps between level 0.5 and 1 data products are focused on correcting for spurious data
points, instrumental effects, and flux calibration appropriate for extended sources. Level
1 products are then further processed into level 2 products by applying a flux conversion
appropriate for point sources. In the case of mapping observations, the level 1 products are
projected onto a uniform, rectilinear spatial grid.
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4.4.0.5

Spatial Projection

The SPIRE bolometers are oriented in a hexagonal closed packed configuration (Figure 4.2), yet the spectral maps in HIPE are presented on a uniform rectilinear grid. Accomplishing this translation requires some sort of projection algorithm. The two main projection
algorithms employed for SPIRE observations are naive, and convolved, spatial projection.
The resulting spectral maps are formally known as hyper-spectral cubes.
Naive spatial projection initiates by defining an on-sky Cartesian like grid with equally
spaced rows and columns. This grid extends over the sky covered by the total mapping observation, which itself may consist of numerous telescope pointings and/or jiggle positions.
The routine then identifies all spectra residing within a given element of the grid which
is then populated by the average of all of the identified spectra. SSW and SLW grids are
kept separate due to the difference in nominal beam size. This straight forward averaging
projection method is reasonable, though tends to leave coverage gaps in the SSW grids due
to the dead detectors in the bolometer array.
The convolution method begins by defining a grid in the same way the naive projection
task does. In this case, however, each element is populated by convolving a kernel across
a spectral map. Typically the kernel is a Gaussian with an FWHM equal to the FWHM of
the SLW or SSW beam for the SLW and SSW maps, respectively. The spectral map can
be either the raw raster scan map, or a naive projection map. Conceptually, the process can
be regarded as a naive projection where a weighted average is used instead of a uniform
average. One can imagine a Gaussian with unit amplitude centered on the grid element
being populated. All spectra in the input map are weighted based on the amplitude of the
Gaussian they would coincide with based on their displacement from the Gaussian peak. A
key advantage of this convolution projection is that it fills any gaps present in the associated
naive projections.
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4.4.1

Calibration Schemes

For Standard Product Generation (SPG), two different calibration schemes are employed. Extended calibration assumes the source being observed fills the entire SPIRE
beam and can be approximated as a uniform intensity distribution over the instrument field
of view. The second calibration scheme assumes the source being observed is point-like
compared to the SPIRE beam and thus requires a different approach. Given the frequency
dependent beam sizes (Figure 4.3), there exist cases which are point sources from the perspective of the SLW beam, but are extended with respect to the SSW beam. These sources
are semi-extended and require additional processing outside of SPG.
The different calibration schemes affect the overall flux density of the spectrum, and
most notably the continuity between the SLW and SSW bands. Figure 4.6 shows the effect
of the SPG processing schemes on three different sources of varying spatial extent. The
top row consists of spectra processed as extended sources, with the bottom representing
point source calibration. The source on the left is point like with respect to both SLW and
SSW beams, while the source on the right is extended with respect to both beams. The
appropriate calibration scheme can be determined by looking at the overlapping region between both bands with continuity being the desired characteristic. The source in the center
however, is semi-extended and neither calibration is sufficient in preserving the continuity
between the two bands [71].
Accurate parameterization of the continuum is critical when attempting to model the
spectrum as a superposition of a polynomial continuum and sinc line shapes. An inaccurate
continuum can easily lead to spurious line fits in local regions where the polynomial continuum residual is high. Due to their effect on the continuum, it is worth briefly introducing
the SPG calibration schemes. A detailed description of the processing steps required to
convert raw timeline bolometer voltages into a spectrum with units of VGHz−1 is given in
[58]. What follows focuses on the absolute flux conversion to the standard spectroscopic
units of [Wm−2 Hz−1 sr−1 ] and Jy for extended and point sources, respectively.
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Figure 4.6: The effects of calibration scheme on sources with different spatial extent.
Sources with different spatial extent are presented in each column, with extended and pointsource calibration schemes employed when generating the figures in the top and bottom
rows, respectively. Point-source calibration successfully preserves the continuity of the
spectral continuum for sources like CRL 618, which appear point-like in both SPIRE FTS
beams. Sources which fill both beams, like the Orion Bar, require extended calibration
to preserve continuity between the SLW and SSW bands. Neither calibration scheme is
sufficient for sources with intermediate extent which are point-like in the SLW beam, but
extended in the SSW beam, like M83. Figure courtesy of Wu et al., (2013) [71]
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4.4.1.1

Extended Calibration in SPIRE

The observed low level spectrum can be represented as

Vobs = Rext ( f )Iext ( f ) + Rtel ( f )Mtel (Ttel , f ) + Rinst ( f )Minst (Tinst , f )

[V GHz−1 ] , (4.2)

where Ri ( f ) is the Relative Spectral Response Function (RSRF): [V GHz−1 W m−2 sr−1 Hz−1 ],
of the instrument with respect to the source component Rext ( f ), telescope emission Rtel ( f ),
and instrument emission Rinst ( f ). The source intensity Iext ( f ) [W m−2 sr−1 Hz−1 ] corresponds to the spectrum of the source and is the quantity of interest. The telescope and instrument both radiate as grey bodies, and these emissions contribute to the overall detected
signal. The emission profile of the telescope and instrument are given by Mtel (Ttel , f ), and
Minst (Tinst , f ), respectively, with units [W m−2 sr−1 Hz−1 ].
The telescope emission intensity is assumed to be uniform and fills the entire SPIRE
beam. If the source is assumed to be fully extended, then it also fills the SPIRE beam,
and is assumed to be uniform. Under these conditions Rext ( f ) = Rtel ( f ). Instrumental
emission enter the system primarily through the second input port of the Mach-Zhender
design, and corresponds to the thermal radiation emitted from the Spectrometer Calibration
Source (SCAL); Figure 4.1. With the source/telescope radiation entering through one port
and the instrument radiation entering through another, it is assumed that the instrument
requires a different RSRF. With these assumptions, the source intensity is given by

Iext =

(Vobs − Minst Rinst )
− Mtel
Rtel

[W m−2 Hz−1 sr−1 ] ,

(4.3)

where the dependencies have been removed for convenience.
The telescope emission results from the thermal radiation of both the primary and secondary telescope mirrors. The spectral profile of the telescope is thus modelled as the sum
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of two modified black bodies corresponding to each mirror

Mtel (T, f ) = (1 − εM2 )εM1 Ecorr B f (TM1 ) + εM2 B f (TM2 ) .

(4.4)

The Planck function (Equation 3.11), is indicated by B f (Ti ), with emissivity given by εi .
The subscript M1 and M2 represent contributions from the primary and secondary mirror of
the telescope, respectively. A small empirical correction term Ecorr , is included to account
for the slowly varying temperature of the mirrors over the course of the mission [72].
The primary and secondary mirror are manufactured from the same material and are
thus expected to have equal emissivities. The emissivity of the mirrors was determine by
ground based experiments on a dusty mirror sample. It was determined that the emissivity
is approximated by [73]
εM1 = εM2 = 6.1366 × 10−5

p

f + 9.1063 × 10−7 f .

(4.5)

The instrument is modelled more simply as a perfect black body. The spectral profile is
determined by the Planck function with a temperature is given by the average temperature
of the SCal over the duration of the scan.
The final task is to determine the telescope and instrument RSRF, which can conveniently be accomplished simultaneously. To begin, the telescope is pointed at a region of
sky with no significant sources of radiation. This provides a dark field with no features
above the detection limit of 40 mJy, thus the bolometer readout consists of telescope and
instrument components only. Heat is generated by the Spectrometer Mechanism (SMEC)
as the stage moves, which is partially dissipated by the SCal. That is, the instrumental contribution to the recorded signal varies between simultaneous scans of the SMEC while the
telescope contribution remains relatively constant during a given observation. By taking
differential measurements of sequential scans, and possessing models for the telescope and
instrument spectra, it is possible to decouple the two RSRFs. The final RSRFs are pro112
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vided in the observation’s calibration data, and are the product of averaging all dark field
calculations over Herschel’s mission. Since forward and reverse scans of the SMEC have
marginally different temperature profiles due to the position dependent power required to
drive the SMEC, RSRFs are separately derived for each scanning direction.
With the relevant models and RSRFs determined, the extended source calibrated intensity can be obtained from Equation 4.3.

4.4.1.2

Point Source Calibration

Point source calibration builds off the extended source intensity through the introduction
of a frequency dependent conversion factor

I pnt ( f ) = Iext ( f )C( f ) .

(4.6)

The conversion factor C( f ) was determined empirically using SPIRE observations of the
planet Uranus.
Uranus has the advantage of being point like to both SLW and SSW beams, and whose
spectrum has been extensively studied. A sophisticated ESA model spectrum [74], was
used as the expected spectrum of Uranus, which was used as a starting point for what
SPIRE would detect. The model had to be modified to account for the spatial extent of
Uranus from Herschel’s location, which provides a solid angle normalization factor. A
beam correction factor was also used to describe the coupling of Uranus’ finite size with
SPIRE’s Gaussian like beam.
With an appropriate model of Uranus, MUranus ( f ), the point source correction factor is
obtained as the ratio of the model spectrum and the observed intensity, IUranus ( f ),

C( f ) =

MUranus ( f )
.
IUranus ( f )

(4.7)

Here the observed intensity is the extended source calibration intensity of Uranus observa-
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tions. In some cases, dark field observations were subtracted from the observed intensity in
order to reduce statistically independent sources of noise.

4.4.1.3

Highly Processed Data Products

The SPG outlined above produces high quality, science-ready data in most cases. However, exceptions exist which require special attention. Semi-extended sources which appear
point-like to the SLW beam but are extended over the SSW beam produce discontinuities
between the SPIRE bands in the overlapping region using either calibration scheme (Figure 4.6). Correcting for the semi-extended nature of sources is similar to the point source
correction in that a frequency dependent correction factor is multiplied into the extended
calibration intensity [71]. Determining this correction factor involves assuming a radially
symmetric source intensity distribution, then varying the diameter until the absolute difference between the overlapping SPIRE bands is minimized.
Since the SPIRE beam is approximated as a Gaussian, a source centered off the optical
axis will result in a detected intensity lower than would be expected. As such an appropriate normalization factor is required to recover the true intensity. Additionally, sources
embedded in a high emission background will have a higher than expected intensity and
potentially spurious spectral features. In this case background subtraction is required to
obtain science-ready spectra.
These corrections require personal intervention and are not available as part of the default HIPE pipeline. Highly Processed Data Products (HPDP) of this kind, in general, must
be created by the user, though a publicly available repository exists for calibration sources
[75], which form a subset of SPIRE observations used to derive the processing steps outlined above.
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4.5

SPIRE FTS Feature Finder

Analysis of FTS, and specifically SPIRE FTS, spectra poses unique challenges. The
SPIRE instrument line shape is well approximated as a sinc function [23] as a result of the
finite extent of the interferometer translation stage travel (Sections 3.2, 3.4.2). The sinc
line shape disperses spectral energy over an extended range of frequencies as a result of its
characteristic side-lobes. These side-lobes can interact with or even nullify other spectral
features and, as a result, identifying spectral features can be challenging using manual inspection. With a relatively wide ∼1.2 GHz spectral resolution, line blending may also be of
concern. Furthermore, SPIRE covers a broad bandwidth (∼ 450−1550 GHz), and observed
a variety of sources leading to numerous molecular and fine structure atomic emission lines
being present in SPIRE spectra. The diverse variety of spectra and complicated line shape
makes FTS data analysis both difficult and time consuming.
Over the course of Herschel’s mission phase, SPIRE recorded 1850 FTS observations.
Most of these consist of single pointing sparse observations, producing one spectrum for
each of the 54 live detectors including both the SLW and SSW bolometer arrays. Roughly
16% of SPIRE observations where conducted in mapping mode which produce hyperspectral cubes with two different projections. The number of pixels in each map can vary,
both as a function of source and detector array, but a 15x15 grid for each detector array, averaged together, is typical. A rough calculation based on this information suggest the HSA
stores > 350, 000 science ready SPIRE spectra. Searching through this mountain of data
for specific observations for a given research objective is impractical. As such, the SPIRE
FTS team has developed the automated Herschel SPIRE FTS Feature Finder (FF) to assist
in data mining and preliminary data analysis of SPIRE spectra.
A flowchart outlining the main steps of the FF routine is given in Figure 4.7 with a
comprehensive explanation of the routine given in [76]. The remainder of this chapter will
be dedicated to summarizing this routine, its products, and performance. Further discussion
on specific subroutines are the subject of Chapters 5, and 6.
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Figure 4.7: Caption on next page.
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Figure 4.7: Flowchart outlining the main steps in the SPIRE FTS Feature Finder [76]. Outlined in this figure are the key steps within the automated SPIRE Feature Finder routine.
The core of the routine is an iterative loop which seeks to detect and remove features meeting or exceeding the SNR threshold of the current iteration. Before a feature is accepted,
additional checks are conducted to insure the quality of the candidate feature. A full description of the routine is presented by Hopwood et al., (2018, in-preparation). This thesis
focuses on two subroutines, the radial velocity estimate, and the neutral carbon check,
which take place just before product generation (purple block).

4.5.1

Feature Finder Routine

The FF attempts to parameterize the continuum, and detect significant spectral features
within SPIRE FTS data. All observation modes are accommodated by the script, though the
outputs vary depending on which mode is being analyzed (4.5.1.1). The routine operates in
a similar way, regardless of observation mode.
For each of the SLW and SSW bands, the process initiates by calculating an approximate
model of the continuum. Strong peaks are masked by searching for discontinuities within
a differential measurement between the HR, and assumed to be feature free, LR spectra
within the same observation. A third order polynomial is then fit to the HR spectrum which
ignores any masked regions which have been identified as strong spectral features. The LR
spectrum is subsequently fit using a second order polynomial, again separately for SLW
and SSW spectra.
From this point the FF proceeds in an iterative fashion. Iterations are determined by a
SNR threshold which decreases from 100 to 3 over six iterations (±100, ±50, ±30, ±10, 5, 3).
The first pass searches for emission features with a positive SNR, while absorption features
with a negative SNR, are the focus of a second pass once all positive SNR iterations have
been complete. For each iteration, a continuum subtracted SNR spectrum is generated by
dividing the spectral flux array by the corresponding error array. Peaks greater than or equal
to the current threshold are identified, and grouped over a range of 10 GHz. For each peak,
a sinc model is generated with a central frequency and amplitude, corresponding to the SNR
peak’s frequency and continuum subtracted flux, respectively. The vast majority of SPIRE
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spectral features are assumed to be spectrally unresolved. As such, the width of the sinc
function is set to a constant value (i.e., the width of the instrument line shape). In HIPE,
this width is defined as the distance between the first zero-crossings divided by 2π.
A global fit is then performed on the original unmodified HR spectrum consisting of the
most recent continuum parameters and accepted spectral features, in addition to the newly
identified spectral feature candidates from the current iteration. The results of each new
feature are inspected in an automated way to limit spurious detections. These checks include: significant drift from the initial line position, incorrect amplitude sign, SNR below
the iteration threshold, and features found within the noisy edges of both spectral bands.
Additional checks are performed to reduce multiple fittings on partially resolved spectral
features. Features that do not meet the above criteria are removed, with surviving features
confined within 2 GHz of their current position in future iterations. A subsequent global fit
is performed and the remaining lines are added to the current line list if they do not reside
within a SNR threshold dependent masking region imposed on previously detected lines.
This helps prevent spurious fitting to strong feature side-lobes. The current spectral model
is then subtracted from the original HR spectrum, which is then used to generate the SNR
spectrum for the next iteration. Once the process is complete for emission features, the process repeats for absorption features as previously indicated, with negative SNR thresholds.
For each feature, the amplitude of the line model parameterizes the “signal”. The residual is defined as the difference between the spectrum and total model, and is used to estimate the noise of each detected feature. The standard deviation of the residual within a
25 GHz window on either side of the line, excluding the central 5 GHz, parameterizes the
features noise. The final SNR is given as the ratio of the amplitude and noise parameters.
Additional checks are performed for each line, based on spectral proximity to other lines
and their respective SNR ratio, which attempt to remove potential spurious side-lobe fitting
which evaded previous checks.
After the SNR and other quality assessment parameters have been calculated for each
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feature, the FF attempts to estimate a source radial velocity. Two methods exist, one based
on searching for 12 CO rotational transitions by looking for a characteristic pattern between
the frequencies of detected features, and one based on maximising the correlation between
the spectral data and a model spectral template [77]. The first method, currently employed
within the FF, will be discussed in detail in Chapter 5.
Following the source velocity estimate, the FF performs an additional search for the often elusive neutral carbon fine structure atomic emission feature. This is a linear regression
based technique which builds off of the radial velocity estimate and employs careful empirical selection of initial parameter estimates. This subroutine is the subject of Chapter 6.

4.5.1.1

Feature Finder Products

The final product of the FF is the SPIRE Automated Feature Extraction Catalogue
(SAFECAT2 ), a publicly available repository, offered as part of the HSA [22]. SAFECAT
contains entries for each SPIRE obsid. For sparse observations, each entry consists of a
file containing a list of frequencies for detected features, the corresponding SNR, and a two
digit binary quality parameter indicating the reliability of the fitted feature. The file also
includes meta data which gives information about the source, observation mode, calibration scheme, units, parameter keys, processing statistics and radial velocity with associated
quality parameters. Also present is a file containing the fitted continuum parameters.
A companion dataset provided in complement to SAFECAT is the POSTcard CATalogue (POSTCAT) which graphically presents the result of the FF for each obsid. Figure 4.8
shows a sample postcard for NGC 7027, a planetary nebula used as one of the SPIRE spectral calibration sources. The postcard combines the spectral data from both SLW (red) and
SSW (blue) bands, and indicates the noisy band edges ignored by the FF with vertical bars
extending the hight of the figure. The fitted continuum is shown with a green curve, and
detected features are marked with vertical lines at the frequencies of the detected features.
The length of the lines indicates the relative SNR estimate of the detected feature.
2 https://www.cosmos.esa.int/web/herschel/spire-spectral-feature-catalogue
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Figure 4.8: A sample postcard of NGC 7027. SLW (red), and SSW (blue) spectra are
plotted with a green curve indicating the fitted continuum. Wide vertical bars extending the
height of the figure indicate the band edges ignored by the FF. Vertical lines indicate the
positions of detected features with their lengths representing their relative SNR.
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Mapping observations produce similar products. Tables must, however, include entries
from each pixel in the map being analysed. The format for mapping postcards includes a
figure much like figure 4.8 for the brightest and faintest pixel, and for the pixel with the most
detected features. Additional visuals such as velocity maps, and integrated intensity maps
are also included. Examples of these visuals are provided in Chapter 5, with an additional
selection presented in appendix B.
Datasets for low spectral resolution observations consist of merely the fitted continuum
parameters, and generally, although not always, have a high resolution counterpart.

4.5.1.2

Feature Finder Performance

The performance of the FF was determined in two ways. First, the results of the FF operating on standard calibration sources was compared to the feature list derived form more
rigorous analysis [78]. Second, and more importantly for this thesis, the FF was pointed
towards a large body of synthetic spectra with known feature frequencies and amplitudes.
The second method will be discussed further below.
The testing pool consists of three different sets of synthetic spectra, with each set containing 20,000 generated spectra. Each spectrum is built on top of a randomly selected
dark sky observation to provide a realistic noise profile. In the first dataset, 4 random spectral features were added to the base spectrum. The SPIRE instrument line shape is well
approximated by a sinc, though there is a slight asymmetry which manifests as a slightly
lower negative side-lobe to the lower frequency side of the line shape [79]. For this reason,
features were added using an empirical line shape which accounts for this irregularity. In
the second dataset, 10 random spectral features were added to the base spectrum. In the
final dataset, 4 random lines were added in addition to a rotational 12 CO emission template.
This template was derived from co-added NGC 7027 observations. The template was scaled
down in flux density to provide a more typical situation, since 12 CO features in NGC 7027
co-added data are brighter than in most SPIRE spectra. A random redshift was induced on
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the template using a radial velocity derived from a random Gaussian distribution. Finally
the template was randomly scaled from a uniform distribution between 0.1 and 1.0 before
being added to the synthetic spectrum. The SNR for all randomly added lines was randomly
selected from a uniform distribution with a maximum value of 100.
The completeness curves, which show what fraction of lines are detected with a given
SNR, for all three datasets are shown in Figure 4.9. These curves all show a detection rate
of ≥98% for features with a SNR >10. Most importantly for this thesis are the results for
12 CO

the

dataset. This simulation indicates that significant

12 CO

features can be reliably

detected if present in SPIRE spectra.

4.6

Summary

During Herschel’s mission phase, SPIRE recorded many observations in both single
pointing and mapping modes, with either sparse, intermediate, or full spatial coverage. Raw
data from these observations is processed in the Herschel Interactive Processing Environment which converts time-line recorded voltages from the SPIRE FTS into science-ready
spectra. The processing pipeline calibrates the spectra first as an extended observation appropriate for sources with a spatial extent which fill both SPIRE SLW and SSW beams. This
process is focused on removing telescope and instrumental contributions from the SPIRE
FTS beam, and produces the level 1 dataset. Data is further modified using the point source
calibration scheme, which multiplies level 1 spectra with a point-source correction factor
derived from observations of Uranus. This calibration is appropriate for sources which are
point-like in both SLW and SSW beams. Point source calibrated spectra comprize the level
2 dataset for SPIRE FTS observations.
With the large number of SPIRE spectra and the difficulties associated with FTS data
analysis, including diversity of sources and the complicated nature of the line shape, a preliminary analysis and data mining tool was developed by the SPIRE FTS team. The SPIRE
FTS Automated Feature Finder attempts to fit the source continuum and extract significant
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Figure 4.9: Completeness curves showing the detection reliability of the FF for synthetic
spectra in therms of feature SNR. The three datasets presented are constructed with 4 random features (left), 10 random features (center), and 4 random features with an added 12 CO
template. Dashed lines indicate the intersection of the curves with simulated input SNRs
of 3, 5, and 10 where both SLW (red) and SSW (blue) have been kept separate. Figure
courtesy of Hopwood et al., (2018, in-preparation) [76].
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features from SPIRE spectra. The features catalogue SAFECATE lists significant spectral
features along with SNR and other quality parameters, with these products publicly available as part of the HSA. Each observation is accompanied by a complementary postcard
offering quick visual inspection of the FF results, and a source radial velocity as another
source parameter of interest.
The FF products provide a useful tool for astronomers, and I have provided significant
contributions towards the development and testing of the FF routine. I have developed a
module which is the primary method of estimating source velocity for the FF, and is the
subject of Chapter 5. These results have been extended into a check for the often elusive
neutral carbon fine structure emission line, which is the subject of Chapter 6.
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Chapter 5
Redshift
5.1

Introduction

The FF returns a list of significant features in SPIRE spectra along with their corresponding SNR, intentionally omitting other parameters such as integrated flux to avoid
complications with partially resolved spectral features, and to encourage follow up analysis
by users. With this information in hand, it is convenient to derive a source radial velocity
in a similar automated fashion for each of the analyzed spectra, since radial velocity has a
number of useful applications in astronomy.
In 1929, Edwin Hubble observed a set of extra-galactic nebula, and established an empirical relationship between source radial velocity and distance from the observer [7]. This
relationship, in confirmation of Georges Lemaı̂tre’s prediction two years earlier [80], states
that the further a source is from the observer, the faster it will be travelling away from the
observer [7]. This dependence is known as Hubble’s law, and the measurement of an extragalactic source’s radial velocity is simultaneously a measure of its distance from Earth.
Since light travels at a constant finite speed, sources under observation which are far away
are actually being observed as they were in the past. Thus radial velocity is a useful search
criteria when looking for sources from certain epochs in the history of the Universe. SPIRE
recorded 440 extra-galactic FTS observations, and the HSA currently has no source velocity
or redshift search criteria apart from that provided through the FF and the subroutine introduced in this chapter. Though the redshift routine outlined in this chapter can only produce
accurate source velocity estimates for low redshift (z ∼0.05) extra-galactic sources, it may
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still be useful for identifying nearby galaxies.
A larger portion of the SPIRE FTS observations (661), are primarily targeted on galactic
sources, and some of the most interesting FIR galactic sources are the sites of star formation. The role of molecular cloud dynamics in star formation is still uncertain, but it is
well established that turbulence and other dynamic processes play a critical role in the early
stages of star formation [81]. Models of star formation are generally constructed on idealized scenarios of gravitational collapse, yet observations exist which contradict predictions
derived from these simple models, which in part motivates the significance of turbulence in
star formation [81]. In addition, common star formation structures such as accretion disks,
and bipolar outflows [82] express readily identifiable velocity profiles. As such, radial velocity has more immediate science implications than simply as a search criteria.
The utility of radial velocity is clear, though in terms of the historical development of
the FF algorithm, a radial velocity estimating routine was developed in order to provide a
dedicated search for the neutral carbon fine structure line, which is the subject of Chapter 6. In this chapter the theoretical foundation of the radial velocity estimating routine is
described in Section 5.2, with a detailed outline of the routine itself in Section 5.3. This is
followed by a validation of the routine using both real and simulated data in Section 5.4.
Finally the results of the routine in the context of the FF and its data products are presented
in Section 5.4.2.2.

5.2

Theoretical Foundation

5.2.0.3

Redshift and Its Effects On Spectra

When a wave emitted at a rest frame frequency f0 is detected by an observer with an
associated radial velocity v relative to the emitter, the observer will detect a wave with a
different frequency f . This wave phenomenon is broadly referred to as the Doppler effect, named after Christian Doppler who gave the effect a theoretical foundation [8]. This
phenomenon is experienced in every day life in the form of sirens passing people on the
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street. However, this property applies to all waves including light. For sources which travel
at velocities comparable to the speed of light, the original Doppler shift equation must be
modified to account for time dilation. The relativistic Doppler shift equation is
f0
=
f

s

1 + v/c
,
1 − v/c

(5.1)

where c is the speed of light, and v, f , and f0 as defined above. This particular form of
the equation is defined such that a positive velocity corresponds to the source moving away
from the stationary observer. If v/c << 1, then Equation 5.1 can be simplified using the
binomial theorem. The first two terms in the binomial expansion are given by

(1 + x)n ≈ 1 + nx ,

x << 1 .

(5.2)

Using this result to expand Equation 5.1, and ignoring emergent quadratic v/c terms, the
non-relativistic Doppler equation is then,
f0
,
1 + v/c


f0
−1 c .
v=
f
f=

(5.3)

In the case of a positive radial velocity, f < f0 and spectral lines are shifted towards the
lower frequency, “red”, side of the electromagnetic spectrum. As such, in the case of light
this effect is called redshift, and is synonymous with radial velocity. For negative velocities
where the detected frequency is shifted to higher frequency, the effect is called blueshift.
Figure 5.1 shows the co-added continuum subtracted spectrum of NGC 7027, a young
planetary nebula used as one on the standard SPIRE calibration sources. In the figure a
series of redshifts has been induced to show the effects of source velocity on the position
of spectral features. It is worth noting that features at a higher frequency are shifted more
than their lower frequency counterparts. The prominent features in the spectrum are the
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Figure 5.1: The co-added continuum subtracted spectrum of NGC 7027 has been plotted
with various induced redshifts to show how source velocity affects the resulting spectrum.
rotational transitions of

12 CO

, and this sequence of emissions is referred to as the

12 CO

ladder.
A few relationships between shifted spectral features are derived here which will be of
use later in this chapter. Solving for the shifted frequency in Equation 5.3, one obtains

f=

v
c

+1

−1

f0 .

(5.4)

Now considering the shifted frequencies of two different features f1 and f2 , the frequency
difference between these features is

f2 − f1 =

v
c

−1
+1
( f02 − f01 ) ,

(5.5)

where f01 , and f02 are the rest frequencies of f1 and f2 respectively. The important aspect of
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this result is that the difference between the shifted frequencies is related to the difference
between the rest frequencies by a velocity dependent scaling term. It is then instructive to
examine to what extent the shifted and rest frequency differences change as a function of
source velocity. This can be done simply by subtracting the rest frequency difference from
both sides of Equation 5.5. Performing this operation one obtains


c −1
|( f2 − f1 ) − ( f02 − f01 )| = 1 +
| f02 − f01 | .
|v|

(5.6)

In the case of a positive source velocity (redshift), spectral features are compressed, as
shown in Figure 5.1. In the converse situation where the source has a negative velocity
(blueshift), the spectral features become more spread out. Equation 5.6 describes the absolute difference between shifted and rest frequency differences so as to not discriminate
between these two cases. The utility of these equations will become clear in the next subsection. The most direct way of calculating a sources radial velocity is to identify a shifted
spectral feature and match it with its corresponding rest frequency. Equation 5.3 can then
be used to calculate the source radial velocity. The challenge then becomes the accurate
determination of a shifted spectral feature’s frequency position, and correctly matching this
feature to it’s rest frequency. This task is not trivial, but there are some factors which can
be considered which make this process easier.

5.2.0.4

Why 12 CO?

The most abundant molecule in the Universe is molecular hydrogen (H2 , [83]). This
is no surprize with hydrogen representing roughly three quarters of all baryonic matter in
the Universe [84], while simultaneously possessing an unpaired valance electron. When
hydrogen forms a covalent bond with another hydrogen atom, the result is a more stable
energy configuration with electric charge distributed uniformly about the molecule’s center
of mass. From Equation 3.23, it can be seen that H2 has no significant dipole moment.
For both rotational and vibrational emission, the intensity of transitions is dependent on
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the system’s transition dipole moment (Equation 3.29), which is itself proportional to the
dipole moment. As such, H2 has no significant rotational or vibrational transitions, thus
there are no H2 lines visible in the low energy FIR band.
The second most abundant molecule in the Universe is carbon monoxide (12 CO ) [83],
which in contrast to H2 , has a strong electric dipole moment. As a result 12 CO rotational
and vibrational emission is of high intensity and is particularly bright in the FIR band. An
example of a FIR 12 CO containing spectrum is shown in Figure 5.1.
As a result of its abundance and strong dipole moment,

12 CO

is not only likely to be

present in most FIR sources, but also easily detected. As described in Chapter 4, the FF
can successfully detect 98% of spectral features with a SNR ≥ 10 within 12 CO containing
spectra. Thus, in the vast majority of cases where a SPIRE spectrum contains 12 CO , it is a
safe assumption that the FF will return a line list containing the desired 12 CO features.
Another advantage of

12 CO

is that it is a diatomic (linear) molecule whose rotational

emission profile is easily described. As outlined in Section 3.3.2, the rotational frequency
transitions of a linear molecule are to first order described by the rigid rotor model [49].
Using this approximation, emission occurs at integer multiples of ∆ f = h/(4π2 I), where h
is Planck’s constant and I is the moment of inertia of the linear molecule. For 12 CO , this
quantity is ∼115.1 GHz, and simultaneously corresponds to the difference between adjacent
12 CO

rotational emissions. Centrifugal distortion does produce deviations from this con-

stant value, though over the whole SPIRE band, this value changes by < 0.2 GHz which is
trivial compared to the 1.2 GHz spectral resolution of high resolution SPIRE observations.
It is then possible to construct an array consisting of the difference between one 12 CO
line and all

12 CO

lines nominally within the SPIRE band. I call this the Characteristic

Difference Array (CDA), which is given by

CDA = {115.1 × n}

n = 0, 1, · · · , 9 .

(5.7)

It is worth emphisizing that n = 0, is included in the CDA, which corresponds to the fre130
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quency difference between the feature under investigation and itself. As such there are a
total of 10 elements in the CDA corresponding to the 10 12 CO rotational emission features
(J=4–3 to J=13–12) nominally within the SPIRE band (Figure 5.1).
The CDA can be identified as f0i − f0 j in Equation 5.5, where i and j represent any
12 CO

rotational transitions within the SPIRE band as long as i ≥ j. As such, this equation

can be recast to
0

CDA =

v
c

−1
+1
CDA ,

(5.8)

where CDA0 is the difference between shifted 12 CO transitions. This relation applies equally
well to cases where j > i, though this results in a negative sign. Similarly, Equation 5.6 can
be recast in terms of the CDA as

c −1
×CDA .
tolerance = |CDA0 −CDA| = 1 +
v

(5.9)

I refer to this result as a tolerance, the significance of which will become clear in the next
section.
To summarize the key points so far, the objective is to find spectral features suitable for
an automated search, which can be reliably identified for the purpose of estimating source
radial velocity.

12 CO

is both abundant in the ISM, and reliably detected within SPIRE

spectra by the FF, while also expressing a periodic and distinct spectral profile. As such,
12 CO

was chosen as the primary candidate for the automated radial velocity estimating

routine implemented in the FF.

5.3

Routine Outline

5.3.0.5

General Overview

In order to limit confusion from the detailed description that follows, I will begin by
presenting a very general overview of the main body of the redshift routine. A flowchart
showing the key steps in the main algorithm is shown in Figure 5.2, with a detailed example
131

5.3. ROUTINE OUTLINE

Figure 5.2: A simplified flowchart showing the key steps of the radial velocity estimating
routine. A line list of emission features is input to the routine. For each feature, a frequency
difference array is calculated and searched for elements matching the CDA to within a
velocity dependent tolerance. Features with the most number of matches are the most
probably 12 CO candidates. These features are paired with the nearest 12 CO rest frequency,
and a radial velocity is calculated. See main text for a more detailed description.
of the routine given in appendix A.
A line list derived from earlier steps in the FF routine are used as inputs. For each feature, a difference array is calculated between the frequency of the feature in question and
that of all other lines. For each difference array, a pattern seeking search then initiates that
attempts to find elements matching the CDA to within a predetermined tolerance. Features
which all have the maximum number of matches are the most compelling 12 CO candidates.
The candidate 12 CO features are then paired with their nearest 12 CO rest frequency neighbour. Having obtained a shifted frequency and rest frequency for specific transitions, a
radial velocity is calculated using Equation 5.3.
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In addition to the radial velocity estimate, the routine returns a velocity error and two
flagging values which parameterize the reliability of the estimate. The first parameter, denoted as “M”, indicates the maximum number of matches between the difference arrays of
the 12 CO candidate features and the CDA. The second parameter, denoted as “N”, indicates
the total number of lines identified as

12 CO

candidates (lines which have the maximum

number of matches between their respective difference array and the CDA). In Figure 5.2
the maximum number of matches is 4, and there are two features with this maximum
number of matches. As such this hypothetical estimate would receive a classification of
M, N = 4, 2.
Determining a binary value in regards to the reliability of each estimate based on the
flagging parameters is not straight forward. This subject will be addressed in Section 5.4.2
though at this time a few rules of thumb can be developed. Since there are nominally 10
12 CO

features in the SPIRE band, and the frequency difference between these emissions

should all match the CDA, the best possible flag corresponds to M, N = 10, 10. In general,
the higher the values of M or N the more reliable the estimate, and it is especially encouraging when both values are equal. As such, an assessment of these flags is a balance between
magnitude and consistency.
After analyzing the results of the redshift routine acting on a synthetic dataset, it was determined that the N flagging parameter was well suited to play the role of a binary threshold
on the quality of the estimate. In what follows, all references to “the flagging parameter”
should be interpreted as a reference to N, unless otherwise stated, and “high quality” estimates are those with N > 6.

5.3.1
5.3.1.1

Detailed Routine Description
A Dedicated Search For 12 CO

The routine initializes by first assuming some maximum source radial velocity which
is used to calculate a velocity dependent tolerance on the agreement between the CDA and
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elements from the difference array of individual features. The initial maximum velocity
is 6,000 km/s which is high enough to include expected radial velocities of most galactic
sources, and becomes the variable v in Equation 5.9. The higher the maximum velocity, the
greater the tolerance, which should ideally be as small as possible to limit features in close
spectral proximity to true

12 CO

features from being interpreted as

12 CO

. Sources with a

radial velocity greater than the maximum velocity will inevitably return poor estimates.
As such, the routine proceeds in an iterative fashion increasing the maximum velocity by
2,000 km/s until an upper limit of 14,000 km/s or until a reliable estimate is obtained. This
upper velocity limit, and the validation for what constitutes a reliable estimate is discussed
in Section 5.4.2. For now it will suffice to know that a reliable estimate is based on the
flagging parameters.
The redshift routine receives as inputs a line list corresponding to features detected
from within the main body of the FF routine, along with associated SNR, and feature frequency errors, which are products of the linear regression algorithm employed by the FF.
Since 12 CO emission lines are the features of interest, the line list is first filtered by SNR,
removing any absorption features.
To initiate the

12 CO

feature search, the first feature in the remaining list is selected,

and a Frequency Difference Array (FDA) is calculate between the feature in question and
all the frequencies in the line list (including itself). The routine then iterates over the elements of the CDA checking for elements within the FDA which match within the frequency
dependent tolerance of the specific CDA entry. If at least one match is found, a “match”
counter, which is initialized at zero, increments by one. Iterating over the CDA in this
way results in a maximum match counter of 10, and since zero is included in the CDA, a
minimum value of 1 is anticipated. This process then repeats for every feature in the line
list. Generally, features will have FDAs with negative entries, while the CDA is defined to
be positive. As such, the iterations over the CDA occurs twice, with negative FDA values
counted separately from positive values, though the final match counter contains both. This
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process results in a double counting of the zero term, which is subsequently corrected.
At this point in the routine, each feature in the line list has its own match counter variable. The maximum value from the set of features is determined, and all features with this
value are selected as potential
closest

12 CO

12 CO

candidates. These features are then paired to their

rest frequency neighbour. Due to the tolerance parameter, it is possible that

multiple features will be paired to the same 12 CO rest frequency. This tends to occur when
multiple features are clustered around true 12 CO lines. When multiple features are paired
to the same 12 CO rest frequency, the set is filtered by SNR with all but the highest SNR line
being removed.
With multiple 12 CO candidates paired to their respective rest frequencies in hand, a radial velocity is calculated for each line using Equation 5.3. All features should produce a
similar velocity estimate as they are derived from the same molecular species. Under this
assumption, if the standard deviation of the velocity estimates is ≥ 100 km/s the line which
deviates the most from the median velocity estimate is removed. This process repeats until
the standard deviation is below the threshold. At this point the flagging parameters are determined; the “M” parameter corresponds to the maximum match counter mentioned above,
and “N” corresponds to the total number of surviving 12 CO candidates. The radial velocity
estimate is calculated as the median value of the velocities corresponding to the 12 CO candidates. If N > 1, the velocity error is calculated as the standard deviation of the individual
velocity estimates, otherwise the velocity error is calculated using error propagation of the
uncertainty in the line position of the single spectral feature.
If a reliable radial velocity estimate has been obtained based on rotational 12 CO emission, the routine terminates. If not, a separate routine begins which performs a much simpler
search for the fine structure 3 P1 -3 P0 ionized atomic nitrogen line [NII], with a corresponding 1461.1 GHz rest frequency [85]. The execution of this search requires 10 or fewer
features to be detected by the FF in the spectrum under analysis. The search begins by
identifying all detected features within 60 GHz of the [NII] rest frequency. If any features
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are found in this range, the one with the highest SNR is assumed to be [NII], and a radial
velocity is calculated if this feature has an SNR ≥ 10. If this test is successful, the estimate
is assigned the flag M, N = NII, 1. Justification for this final check is provided in the next
subsection. The threshold of 10 or fewer detected features was chosen empirically to accommodate a subset of spectra which express more than just the [NII] feature, while still
being restrictive enough to provide some confidence when using the broad 60 GHz search
window when blindly looking for the [NII] line.
At this point in the routine, it is possible that no acceptable radial velocity estimate has
been obtained. As a final attempt to estimate the redshift, a 50 GHz is search window on
either side of every 12 CO rotational emission rest frequency, with the highest SNR feature
within each window ascribed to their corresponding rest frequency. The resulting median
radial velocity estimate is assigned the flag M, N = 1, 1, the least reliable flag possible. If no
features are found in any of these windows, the redshift routine returns “NaN”.

5.3.1.2

Justification and Considerations for NII Exception

Observations exist which express a strong [NII] feature, with no detectable 12 CO. One
such example is the massive star forming region SH-104 shown in Figure 5.3. Such observations can be explained by the fact that 12 CO has a dissociation energy of ∼11.11 eV
[86], while nitrogen ionizes at ∼14.53 eV [87]. As such, the

12 CO

rotational transitions

and ionized nitrogen lines probe different energy regimes of the ISM. Though the transitions are not associated with the same components of the ISM, both rotational

12 CO

and

[NII] lines can appear in the same field of view depending on the distribution of warm and
cold molecular gas. The barred spiral galaxy NGC 1068 is an example which shows such
characteristics.
Figure 5.4 shows a SPIRE spectral image for NGC 1068. On the left is an integrated flux
map for the SSW band, while on the right is a subset of corresponding SSW spectra about
the central region. The brightest pixel in the integration map is shown with a magenta
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PSW

Figure 5.3: The SPIRE spectrum and PSW image of Sh 104. Sh 104 is an ultracompact
ionized HII region with embedded massive stars driving the ionization front [88]. As such
the presence of an ionized nitrogen line is not unexpected. Dashed lines indicate the approximate PSW band edges [59].
outline, while the faintest pixel is outlined in green. For reference, the brightest pixel
occupies the 13th row and 12th column in the integration map, while the spectral image on
the right contains annotations with the notation (row,column).
Figure 5.5 shows the spectrum of the brightest pixel in Figure 5.4 with more detail.
The faint

12 CO

ladder is evident, indicating the presence of cold molecular gas, which is

contained in the same field of view as the warm molecular gas expressing the [NII] line.
Physically, this is explained by a warm outer molecular cloud ejected by the active galactic
nucleus at the center of NGC 1068 [89]. The lower energy

12 CO

rotational emission is

attributed to star forming activity in the galactic disk residing in the background of the
image [90].
For the spectrum in Figure 5.5, a velocity estimate derived from the 12 CO features gives
an average value of 1114.2 km/s with a standard deviation of 16.2 km/s, while an estimate
based on the [NII] feature returns a velocity of 1175.1 ±5.0 km/s. This 61 km/s differ137
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Figure 5.4: Flux integration map (left) of the SPIRE SSW spectral cube with the faintest
pixel indicated with a green square, while the brightest pixel is indicated with a magenta
square. The brightest pixel (enlarged in Figure 5.5) corresponds to the (13, 12) element in
the corresponding SSW spectral grid (right). The spectral grid shows the distribution and
intensity of 12 CO (faint) and [NII] (bright) around the central region of the flux integration
map.
ence indicates that the dynamics of the cold and warm ISM components are different, and
an awareness of this fact is required when using velocity estimates derived from different
spectral transitions. The significance of this effect is clearly shown in Figure 5.6. This
figure show a velocity map of NGC 1068 generated from the radial velocity estimating
routine. Estimates derived from [NII] are marked with a “N”, with all others derived from
12 CO

with the number indicating how many 12 CO candidates were used to derive the esti-

mate. The special case where all 10

12 CO

line candidates were used is indicated with an

“A”. Focusing on the bottom right where the estimate notation changes from 5 to N, one
can see a clear discontinuity in the velocity profile along with a gradient reversal.

5.4

Validation

This section presents evidence which can be used to assess the performance of the automated source velocity estimating routine. This is accomplished by analyzing the results
of the routine operating on both real and synthetic data.
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Figure 5.5: SSW spectrum of the (13, 12) element of the spectral grid in Figure 5.4 showing,
in more detail, the presence of 12 CO rotational emission features (square) and the [NII]
emission (triangle).

Figure 5.6: FF velocity map of NGC 1068. Annotations indicate which features were
used for the velocity estimate, with “N” indicating estimates based on [NII] emission. The
remaining estimates are based on 12 CO rotational emission with the number indicating how
many features were used to generate the estimate (“A” for All 10 features). Grey squares
indicate pixels without a valid estimate. An abrupt discontinuity is seen in the bottom right
where estimates transition from those based on 12 CO to those based on [NII]. This shows
that the dynamics of the cold components of the ISM do not always match the dynamics
of the warm ionized components, and that velocity estimates based on the two species can
produce different results.
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5.4.1

Real Data

The real data used for validation consists of two independent datasets. The first dataset
is composed of velocity estimates derived from high spectral resolution HIFI observations.
The velocity estimates themselves were calculated by Benamatti et al. (in-preparation) and
were shared with the SPIRE FTS instrument team. The second dataset was compiled by
myself through manual inspection of SPIRE spectra and comparing the physical data with
the results from the FF. Details on how this dataset was constructed are presented below.
All real datasets are compared with suitable HR sparse SPIRE spectra.

5.4.1.1

HIFI Velocity Estimate Comparison

The list of HIFI velocity estimates used for comparison consists of a subset of the total
list produced by Benamatti et al. For each source, SPIRE and HIFI results where paired by
searching for the HIFI entry with the nearest on-sky pointing to the corresponding SPIRE
observation. This step is used to ensure that both instruments are observing the same region
of the same source, maximizing the potential correlation between velocity estimates. The
dataset used for comparison contained 258 velocity estimates.
A correlation plot showing the agreement between HIFI and FF estimates is shown in
Figure 5.7. The panel on the left shows the full velocity range, while the panel on the right is
a close up of the low velocity cluster. A coloring and marker convention has been adopted
in these plots which is used throughout the remainder of this chapter. Colors are chosen
according to the estimate’s corresponding N flagging parameter as follows: 10, 9, are blue;
8, 7, are green; 6, 5, are cyan; 4, 3, are orange; 2, 1 are red. Estimates based on the [NII]
feature are presented as black triangles, while estimates with matching flag parameters are
marked with an “x”, or an “o” otherwise.
It can be seen that there is good agreement between both methods for all estimates with
a flag greater than 2. Estimates with poor flags are red and show significant deviations
from the dashed one-to-one line, which is expected. Estimates based on the [NII] feature
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Figure 5.7: Correlation plot of velocity estimates derived from HIFI and those derived from
the FF automated velocity estimating routine. The right panel shows a zoomed in version
of the panel to the right. Color and maker conventions are described on page 140.
also tend to deviate slightly form the one-to-one line, but this can be explained based on
the different energy regimes probed by

12 CO

and [NII] features, as described in Subsec-

tion 5.3.1.2. Every estimate based on [NII] was manually inspected, and without exception
the redshift routine correctly identified the [NII] feature.
Figure 5.9 shows the performance of the FF velocity estimates in terms of the N flagging
parameter. The quantity being presented is the mean residual velocity, calculated using
n

∆= ∑ =
i=1

|HIFIi − FFi |
,
n

(5.10)

where n is the total number of estimates with a given flag value, with HIFIi and FFi representing complementary HIFI and FF velocity estimates, respectively. The error is calculated
simply as the standard deviation of all the residuals. The figure expresses an expected trend;
both the mean absolute residual and the associated error decrease with increased flag value.
Finally, Figure 5.8 shows a completeness curve indicating what percentage of estimates
have an absolute residual less than values shown on the x-axis. The figure contains an
inset which is a histogram of the absolute residuals. For both of these plots, only estimates
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Figure 5.8: A completeness curve and associated histogram of velocity residuals between
velocity estimates based on HIFI data and those derived from the automated FF velocity
estimating routine. Only estimates with N > 3 have been included.
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Figure 5.9: Mean absolute residual velocities for the HIFI/FF comparison in terms of the N
flagging parameter. Estimates where N=M are indicated with “x”, otherwise “o” is used. It
can be seen the mean absolute residual decreased with increased N value.
with a flag value greater than 3 have been used. It can be seen that the completeness curve
begins to saturate around 20 km/s, and that all estimates have an absolute residual less than
35 km/s.

5.4.1.2

Manual Inspection Velocity Comparison

The second real dataset was constructed from a manual comparison between SPIRE
spectral data and the FF output products for the spectrum in question. Velocities were
determined in a way that is very similar to how the redshift routine nominally generates
estimates. Each spectrum was plotted with all features detected by the FF overlaid onto the
spectral data. The results were inspected manually, and FF detections which unambiguously
corresponded to 12 CO rotational emission were identified. In an automated fashion, these
identified features where then paired to their nearest 12 CO rest frequency. Radial velocity
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estimates where then calculated following the standard redshift routine protocols. In some
cases the [NII] feature was used when 12 CO identification was difficult or impossible. The
complete dataset used for this validation consisted of 220 spectra.
Repeating this process for hundreds of spectra was a monotonous prospect. I expedited
the full workload by developing a user interface which automated most of the repetitive
tasks. The software included zoom features, SNR filtering, inspection and editing of active

12 CO

line lists, and progress saving features allowing this process to take place over

multiple sessions.
This manual inspection process to a large extent mimics the operation of the redshift
routine, though a few subtle distinctions are worth mentioning. This dataset was generated
using the results from a previous iteration of the FF script. In principle this could result in
slight variations between the frequencies of detected features used in the manual comparison, and the features used by the redshift routine. For the manual inspection, only strong
and/or isolated 12 CO features were selected, and since the same linear regression algorithm
was used for all FF versions, no significant change in frequency is expected for the line
used. Due to the time required to generate this dataset, no subsequent dataset was generated for the updated FF products. Unlike the redshift routine, no effort was made to identify
all of the 12 CO features. In general, only a few easily identifiable transitions were selected,
both for the sake of time, and to ensure only valid 12 CO features were used. Both of these
factors contribute to the overall uncertainty of the manual inspection dataset results. The
resulting error presented, is a combination of uncertainty in the fitted line center, and the
distribution of velocities from the

12 CO

features, which are the same sources of error in

both datasets, so the comparison remains valid.
Correlation plots of the results are shown in Figure 5.10. A result similar to the HIFI
comparison is obtained with some low flagging parameter estimates deviating significantly
from the one-to-one line. Again, estimates based on [NII] in some cases deviate appreciably from the one-to-one line. Each estimate based on [NII] with a deviation higher than
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Figure 5.10: Correlation plot of velocity estimates derived from manual inspection and
those derived from the FF automated velocity estimating routine. The right panel shows a
zoomed in version of the panel to the left. Color and maker conventions are described on
page 140.
20 km/s was inspected in more detail, and it was determined that in all cases the correct
[NII] feature was identifed by the redshift routine. The deviations are explained by the
different components of the ISM probed by 12 CO and ionized nitrogen (Section 5.3.1.2).
Plots showing the mean absolute residual in terms of flagging parameter, and residual
completeness for flags greater than 3 are presented together in Figure 5.11. These plots
show a similar result to the HIFI comparison with improved estimate accuracy for higher
flagging values, and roughly 90% of residual velocities having a value ≤ 20 km/s.
5.4.1.3

Combined Results

Both the HIFI and manual inspection datasets were combined, choosing the manual
inspection based estimate when competing estimates occurred. Out of the combined set,
the redshift routine returned 251 high quality velocity estimates based on

12 CO

(N > 6).

The mean residual of all of these observations was 5.80 km/s, with a standard deviation of
7.12 km/s.
Estimates based on [NII] were analyzed separately, with the combined dataset contain145
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Figure 5.11: Mean absolute residuals for different N values of the manual inspection/FF
comparison is shown in the left panel. The resulting completeness curve and associated
residual histogram for velocity estimates with N > 3 is shown on the right.
ing 49 such estimates. Of these, 4 had absolute residuals > 100 km/s. All 4 where manually
inspected, and it was determined that each one was based on the correct identification of a
[NII] feature within the routine. After masking these outliers, the mean absolute residual
was 4.14 km/s, with a standard deviation of 5.66 km/s.
Figure 5.12 puts these values in context with the theoretical velocity resolution of the
SPIRE FTS instrument for HR observations. Note that the SPIRE velocity resolution curve
has been scaled down by a factor of 30. It can be seen that the redshift estimating routine
produces velocity estimates between ∼50 to 100 times below the resolution limit. These
results are in line with the SPIRE FTS line center repeatability which is quoted as having a
systematic offset of ∼5 km/s with a spread of ∼7 km/s [91].
5.4.2

Simulated Data

To further assess the quality and limitations of the redshift routine, a large set of 20,000
simulated FF results were generated. The goal of the synthetic data was to represent realistic cases of SPIRE spectra containing 12 CO rotational emissions within a contiuum of
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Figure 5.12: The velocity-equivalent spectral resolution of the SPIRE instrument divided by
30 is shown as a black curve. The mean absolute residual velocity for the combined manual
inspection/HIFI comparison dataset is also presented with estimates based on 12 CO with N
> 6, and based on [NII] emission shown with solid blue and green lines, respectively. The
velocity equivalent of the SPIRE FTS line center repeatability is shown in purple. Dashed
lines indicated the associated standard deviation of each dataset.
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radial velocities between ±15, 000 km/s. Recall that the redshift routine acts on a line list
with corresponding SNR and frequency error, so these are the products that must first be
generated by the simulation.

5.4.2.1

Generating FF Data

The routine begins by generating the required quantities for the

12 CO

ladder. A tem-

plate for the ladder’s SNRs is obtained using the results of the FF operating on the co-added
spectrum of NGC 7027. The co-added dataset is essentially the average spectrum from all
31 HR sparse NGC 7027 observations [78]. The SNR returned by the FF for each 12 CO feature is used to construct the SNR template. NCG 7027 expresses particularly bright 12 CO
features with little line blending [78]. In addition, the averaging of multiple spectra cancels
some of the uncorrelated noise. As such, the SNR template expresses values higher than
would be expected in most spectra. In generating the 12 CO SNR for each simulated spectrum, the SNR template was scaled by a random factor between 0.1 and 1.1 chosen from a
uniform distribution. The asymmetric scaling factor about unity was chosen to account for
the uncharacteristically high SNR of the NCG 7027 co-added data. The 12 CO frequencies
were then shifted using a randomly selected radial velocity between ±15, 000 km/s from
a uniform distribution. Finally, there was a 25% chance that

12 CO

features would be re-

moved. In cases where lines were removed, there was an equal probability that between 1
and 4 lines would be removed that were selected at random.
The simulation then constructs parameters for additional lines. The number of additional lines was randomly selected between 10 and 25, and each line was given a random
SNR between 5 and 100. The minimum value of 5 was imposed to follow the FF minimum
detection protocol, whereas the maximum value was chosen to mimic the simulations used
for testing the FF detection accuracy. The additional lines were then positioned randomly
between 447 and 1547 GHz. The number of lines, SNRs, and positions or the additional
lines were all selected from a uniform distribution.
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The 12 CO ladder and additional lines where then combined into a single list. Additional
realistic white noise was imposed by varying the frequency of all added features. The frequency perturbation for each feature was chosen randomly from a normal distribution with
a standard deviation of 0.11 GHz. This is the average uncertainty of the line centers returned
from fitting the NGC 7027 co-added data. The frequency error list for each synthetic dataset
was uniformly populated by this value as well.

5.4.2.2

Simulation Results

A correlation plot showing the relationship between input and estimated velocities is
shown in Figure 5.13. The left panel shows the full dataset, and a few characteristics are
immediately apparent. The redshift routine performs very well within the velocity range ±
14,000 km/s with only a handful of estimates deviating from the one-to-one line. Outside of
this range, however, is an immediate breakdown of the routine’s ability to determine accurate estimates. Though the breakdown at high velocities is not desirable, it is encouraging
that not a single estimate which has been marked as a high quality estimate (blue or green),
has returned an inaccurate velocity estimate; the only points which deviate significantly
from the one-to-one line are those which receive a flag of N < 5. The right panel shows
a close up view of the positive velocity edge where the breakdown begins to occur. This
region is marked by a rather smooth transition from the highest quality estimates (blue), to
the lowest quality estimates (red). This figure demonstrates a great deal of confidence in
the flagging parameter’s accuracy in determining the reliability of velocity estimates.
The breakdown at ∼14,000 km/s is expected. In one of the final steps of the redshift
routine, 12 CO emission candidates are paired to their nearest 12 CO rest frequency. Referring
back to Figure 5.1, it can be seen that at high radial velocities, high J

12 CO

rotational

transitions approach the J-1 rest frequency. If the source velocity is high enough, then
a redshifted high J feature will be erroneously associated with a blueshift corresponding
to the J-1

12 CO

rest frequency. A similar effect occurs with spectra from sources with
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Figure 5.13: Correlation plot of velocities input to a simulated dataset and the resulting
estimates from the FF automated velocity estimating routine operating on the synthetic line
lists. The right panel shows a zoomed in version of the panel to the right. Color and maker
conventions are described on page 140.
radial velocities ∼-14,000 km/s. Since the threshold for a high quality estimate is N > 6,
the redshift routine can tolerate up to 3 such miss-associations while still producing a valid
estimate. Using the rigid rotor approximation, this places the velocity limit at ∼14,255 km/s
in good agreement with Figure 5.13. For this reason the maximum assumed velocity, which
dictates the tolerances within the redshift routine, is capped at 14,000 km/s.
The left panel of Figure 5.14 shows the mean residual of the simulation broken up
by the flagging parameter. The right panel shows the completeness curve and residual
histogram for all velocity estimates with a flag > 3. By themselves, these plots only give
a visual representation of the noise level of the simulation itself, but comparing these plots
to their real data analogues (Figures 5.9, 5.11), its can be seen that the simulation results
are consistent with real data. Similar to the results for real data, ∼90% of estimates have a
residual less than 20 km/s, and accuracy of velocity estimates is dependent on the flagging
parameter, with higher values returning better estimates.
The results of this simulation can be used to motivate a binary criteria for “high quality
estimates”. Visual inspection of Figure 5.13 reveals that estimate quality does not begin
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Figure 5.14: Mean absolute residuals for different N values of the simulated dataset is
shown in the left panel. The resulting completeness curve and associated residual histogram
for velocity estimates with N > 3 is shown on the right.
to degrade significantly until N is lower than 5. The FF team selected N > 6 with M > 2
as sufficiently reliable, and this is the standard for estimates included in FF products and
public HSA catalogue.
To analyze the implications of this selection criteria, estimates with an input velocity between ± 14,000 which returned an absolute residual ≤ 50 km/s were isolated. A histogram
of the resulting N flag parameters was then generated which is shown in Figure 5.15. The yaxis is presented in terms of percent of total estimates meeting the selection criteria. 82.1%
of the resulting estimates are labelled with a flag > 6, and little is gained from including lower order flag values. As such, the selection criteria implemented in the FF is well
optimized according to this simulation.

5.5

Feature Finder Implementation

At the time of writing this thesis, the FF team has made publicly available only the
feature catalogue for SPIRE sparse observations.3 The first iteration of the public release
3 www.cosmos.esa.int/web/herschel/spire-spectral-feature-catalogue
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Figure 5.15: A histogram of the N flagging parameter with input velocities between
±14, 000, with a residual velocity ≤ 50 km/s. Effectively, this is the distribution of flagging
parameters with high accuracy estimates.
of the companion catalogue for mapping observations is also available at the same address.
This section will summarize the results of the reshift routine as they pertain to the sparse
observation catalogue, and will comment on the current developments for the mapping
observations.

5.5.0.3

Sparse Observations Catalogue

The redshift routine produced 624 high quality radial velocity estimates which were incorporated into the sparse catalogue. The distribution of these velocity estimates is shown
in left panel of Figure 5.16. An on-sky plot showing the location of all sparse observations
and their corresponding velocity estimate quality is shown in Figure 5.17. The background
of this image is a composite of the Planck 857 GHz integration map, and the 12 CO (J=2-1)
emission map [92]. There is a higher density of observations on the galactic plan compared
to the rest of the map. This is because, with the exception of redshifted galaxies, the majority of FIR sources observed by SPIRE (cold molecular clouds, stellar nurseries, etc), are
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Figure 5.16: The distribution of radial velocity estimates for SPIRE sparse (left), and mapping (right) observations. An expected bias of source moving away from observer (i.e.,
positive velocity) is present in these histograms. It is also worth noting that sparse observations, which are more likely to be of extra-galactic sources, tend to have higher radial
velocities than mapping observations, which are generally within the Milky Way itself.
This is also an expected result.
located within the Milky-Way itself.
It was predicted that sources containing a large number of features would result in poor
estimates, however, the redshift routine has proven to be robust in terms of the number of
identified features. Of the 90 spectra with > 40 identified features, only 5 returned poor
flag parameters. Of these 5 sources, 1 returned a correct velocity estimate, but did not
meet the baseline flagging criteria. The remaining 4 have complicated spectra where the
12 CO

features, if present, are difficult to identify even under careful manual inspection.

Figure 5.18 shows an example of one of the spectra which did not produce a high quality
estimate. On the other hand, Figure 5.19 shows one of the spectra with a large number of
lines which did produce an accurate estimate. As such, it seems the presence and SNR of
12 CO

features is the dominant factor in the success of the redshift routine.
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Figure 5.17: Full-sky composite image derived from the Planck 857 GHz integration map
(green) and the Planck 12 CO (J=2-1) emission map (red) [92], showing SPIRE FTS observations coordinates. Markers indicating the position of SPIRE FTS sparse (blue) and mapping (cyan) observations on-sky. Sparse observations receiving a velocity estimate meeting
the FF quality criteria are indicated with circles, and crosses otherwise. Mapping observations with ≥50% of pixels receiving a velocity estimate meeting the FF quality criteria are
indicated with circles, and crosses otherwise.
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Figure 5.18: An example spectrum with more than 40 detected spectral features which
did not receive an accurate velocity estimate using the redshift routine. Even with manual
inspection, the 12 CO ladder, if present, is difficult to identify.

Figure 5.19: An example spectrum with more than 40 detected spectral features which did
receive an accurate velocity estimate.
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5.5.0.4

Mapping Observations

Efforts to extend the FF catalogue and thus redshift routine to SPIRE mapping observations are currently in progress. One of the principle advantages of the redshift routine is its
modular implementation. All that is required for valid execution of the redshift routine is a
line list and associated SNR (i.e., it does not require raw spectral data). The routine takes
frequency error as another input, but this information is only used when calculating velocity error for estimates based on a single feature such as [NII]. As such the application of
the redshift routine to mapping observations, or indeed any other spectral line catalogue is
simple. The challenge comes from combining lines from SSW and SLW maps which have
different footprints on-sky with pixels of different spatial extent. This effect, which is due
to the different nominal beam sizes between detector arrays, can be seen in the integrated
intensity maps (first two rows of the first column) of Figure 5.6.
The redshift routine operates best on line lists with more 12 CO features, and thus keeping the SLW and SSW arrays separate results in a maximum N value of 5 which can in
principle occur by chance more easily than a N value of 10 for a combined spectrum. Thus,
the current approach is to combine the lines from SLW and SSW pixels. To do so, the SLW
pixels are projected onto the SSW grid. This projection is accomplished by taking the SLW
pixel with the most overlap on a given SSW pixel and combining the two complementary
line lists. This is a simple approach, though it is still somewhat unsatisfying in that line
lists centered on different spatial locations are being combined. In effect, this can smooth
the velocity gradient of the resulting maps. It is worth noting however, that the spectral
maps themselves are generated from a convolution process described in Chapter 4, and this
spatial smoothing is already somewhat inherent in the maps themselves. The only rigorous
solution would be to regenerate the SLW maps to match the SSW projection, and refit all
spectra within the SLW map. However, such an approach is impractical, and physically unjustifiable given the different SLW and SSW beam sizes. As such, this alternative approach
is not being considered.
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The distribution of preliminary high quality radial velocity estimates for mapping observations is shown in Figure 5.16. The on-sky location of these observations are shown
in Figure 5.17. This distribution consists of 22,897 velocity estimates, with each estimate
representing the radial velocity attributed to a single pixel within the spectral maps. ∼82%
of velocity estimates returned by the redshift routine for mapping observations that did not
return a “NaN” value were considered high quality. The standard for high quality estimates
is modified for mapping observations. Projecting the SLW results onto the SSW grid, in
some cases, results in pixels around the perimeter of the combined maps containing lines
from only one array. For these pixels, the modified standard for a high quality estimate is
N > 3. This new standard, although not as reliable as that for sparse observations, is still
validated by the test conducted on real and simulated data as outlined in Section 5.4
Figure 5.20 shows an example of the most comprehensive mapping postcard. The first
two rows consist of SLW (top), and SSW (middle) maps. The first column shows integrated
intensity maps from which the complications of spatial projection become clear. These
maps have purple and green boxes around the brightest and darkest pixels respectively, from
a region with the same overlapping spatial coverage between maps. The second column
shows the same gridding, but each pixel value represents the number of lines found by the
FF for that pixel. In these maps a red box indicates the pixel with the most lines. The third
column shows the resulting velocity maps. Each pixel contains an annotation indicating
the flagging parameter associated with the estimate. The bottom row shows the combined
maps, with the spectral plot showing the spectra from the highlighted pixels in the previous
separate maps. It is worth noting the good consistency between the three velocity maps
after accounting for the difference in scale between colorbars.
An example of the public version of the mapping postcards is shown in Figure 5.21.
The public FF velocity estimates for sparse observations are based on SLW/SSW combined
data, so individual SLW and SSW velocity maps, as shown in Figure 5.20, are inconsistent
with this approach. Sample postcards using the public format for a selection of mapping
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Figure 5.20: An overview of the FF velocity routine for mapping observations presenting
a comprehensive dataset for the observation under study. The top and center rows show
results specific to SLW and SSW, respectively. The bottom row shows combined SLW/SSW
results. With the exception of the bottom left panel which shows combined spectral plots,
the first column shows integrated intensity maps. The center column indicates the number
of features found within each pixels, and the column on the right presents the calculated
velocity maps. Magenta, and green squares within the integrated intensity maps indicate the
brightest and faintest pixels from overlapping regions respectively. Red squares within the
center column indicate the pixels with the most number of detected lines. Pixels indicated
with squares within the SLW/SSW separated maps have their corresponding spectra plotted
in the bottom left panel. Spectra are color coded to match their corresponding square’s
color.
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Figure 5.21: The public FF mapping catalogue postcards. The first column shows integrated
flux maps for SLW and SSW spectral cubes, with green and magenta squared indicating the
faintest and brightest pixels, respectively, from overlapping SLW/SSW footprints. Center
column shows spectra from spectral cube pixels highlighted by squares from other plots.
The top right figure indicates the total number of detected feature in each pixel with SLW
and SSW features combined into one SSW equivalent grid. Red squares indicate the pixels
with the most identified spectral features (SLW and SSW kept separate). Finally the bottom
right panel shows the resulting velocity map after combining detected spectral features
from both SLW and SSW. Annotations indicate the number of features used to generate the
velocity estimate as previously described.
observations are given in appendix B.

5.6

Summary

Radial velocity is a useful parameter for probing the dynamics of the ISM, and also
for estimating the distance to extragalactic sources. Since the FF already determines the
positions of spectral features, and the process of determining source radial velocity involves
matching shifted frequencies to rest frequencies, I decided to develop an automated radial
velocity estimating routine. Due to the abundance of 12 CO in the ISM and the characteristic
brightness or its rotational emission in the FIR, 12 CO was selected as the primary candidate
159

5.6. SUMMARY
for a dedicated search. The routine attempts to find 12 CO rotational transitions by searching
for the characteristic difference pattern expected for 12 CO within the features detected by
earlier steps in the FF. The routine returns a set of flagging parameters which indicate the
accuracy of the estimate. When no 12 CO emission is detected, the routine attempts a simple
search for [NII] emission. As a last resort, spectral windows about the rest frequencies of
12 CO

emission are defined, and the highest SNR feature within each window is assumed to

be an 12 CO emission. A radial velocity estimate is then calculated as the average velocity
resulting from these features, though these estimates were never used in any FF products.
Tests on both real and simulated data show the redshift routine is successful at performing its task. The flagging parameter is a robust indicator of velocity estimate quality
with ∼90% of high quality estimates having an absolute residual <20 km/s while estimates
flagged as high quality contain ∼82% of all estimates with a residual velocity <50 km/s.
The main limitations of the algorithm is the presence of high SNR 12 CO features, and the
routine without further modification, has no applicability to spectra with source velocities
>14,000 km/s. At the same time, the routine benefits from a simple modular implementation that is applicable to virtually any line list containing 12 CO , and can be easily modified
to search for the rotational emission of other linear molecules. The routine is also resilient
to line lists containing large numbers of detected features in excess of the desired

12 CO

features.
This redshift routine has been implemented as the primary radial velocity estimating
routine of the FF, and currently has contributed 624 estimates to the publicly available
sparse feature catalogue. Work has been done to implement this routine on mapping observations, and has generated 22,897 additional estimates. The mapping velocity estimates
are presented in the form of easy to inspect postcards, a sample of which are included in
appendix B.
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Chapter 6
Neutral Carbon Detection
6.1

Introduction

The Interstellar Medium (ISM) is segregated into different components which are defined in terms of hydrogen nucleus density n, temperature T , and ionization state [93]. To
a large extent these components are mediated by embedded or external stellar objects, and
most notably hot O/B type stars which produce sufficient quantities of dissociating and ionizing photons [94]. Other shock processes from supernova can heat the interstellar medium
to temperatures in excess of millions of Kelvin, and is often referred to as the Hot Ionized
Medium (HIM) [93].
Figure 6.1 illustrates the typical structure of the ISM which is illuminated from the left
by hot stars or other Interstellar Radiation Fields (ISRF). The region most near the source
consists of ionized hydrogen resulting from an abundance of Ultraviolet (UV) photons with
energy in excess of 13.6 eV per photon, the ionization potential of hydrogen. This region
is referred to as the Warm Ionized Medium (WIM) which expresses a temperature and hydrogen density of T ∼ 8, 000 K, and n ∼ 0.3 cm−3 , respectively [93]. Tracers for this region
include the H-alpha line and some ionized lines like [NII]. This is followed by a transition
zone to molecular hydrogen once the high energy UV photons have been sufficiently attenuated. The transition leads into the Warm Neutral Medium (WNM) which expresses a
similar temperature and hydrogen density as the WIM, with the key distinction being the
abundance of neutral hydrogen, oxygen, and nitrogen, with some ionized carbon [93]. The
WNM is primarily probed by the 21 cm neutral hydrogen electron spin transition emission
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Figure 6.1: A model of the different ISM components described in Section 6.1. The visual
extinction of light, Av , is a measure of radiation attenuation as a result of interactions with
dust. The ratio of gas and dust is assumed to be constant, so Av is both a measure of depth
and gas density in molecular clouds. A 2.5 fold decrease in visual flux is obtained for Av =
1, and is typically measured at 555 nm. Figure courtesy of Hollenbach et al., (1999) [93].
line. Deeper into the molecular cloud is the Cold Neutral Medium (CNM) with a temperature and hydrogen density of T ∼100 K, and n ∼30 cm−3 , respectively [93]. This region
is marked by an increased abundance of H2 . Tracers for this region are typically optical
and UV absorption lines resulting from the illumination of bright stars. Finally, this is followed by the cold molecular cloud region of the ISM, which is often folded into the CNM.
Cold molecular clouds are marked by a temperature and hydrogen density of T ∼20 K, and
n > 103 cm−3 , respectively [93]. This component expresses an abundance of H2 and CO,
and is marked by a sharp transition region where ionized carbon transitions to neutral carbon which transitions to CO or CH [93]. The main tracer for this region is rotational CO
emission.
The region covered by the WIM to the CNM is collectively called the photodissociation
region due to the presence of far-UV photons with energies ranging between < 13.6 to
∼ 6 eV. These low energy UV photons are of sufficient energy to break some molecular
bonds, but cannot ionize hydrogen. This region is of particular interest in the study of star
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formation as it covers a range of associated ISM components. The thin neutral carbon shell
is of particular interest in some studies, as it marks the boundary between cold and warm
components of molecular clouds.
Neutral carbon has an orbital configuration 1s2 2s2 2p2 [95]. As discussed in Section 3.3.1.4,
once mutual electron interactions and spin-orbit coupling is accounted for, the ground state
configuration of neutral carbon is split into 5 fine structure lines. Most relevant to this thesis
are the ground state configuration 3 P0 , and the excited states 3 P1 and 3 P2 . The states 3 P1
and 3 P2 correspond to the energy levels 2.04 meV and 5.38 meV [96], respectively, with
the transitions 3 P1 -3 P0 and 3 P2 -3 P1 resulting in emissions at 492.16 GHz and 809.34 GHz,
respectively. Both these emissions reside within the SPIRE SLW band.
The primary mode of neutral carbon generation is the photodissociation of carbon containing molecules, most significantly CO and CH. Most relevant to this thesis is the production channel through CO so I will focus on this molecule. The narrow band of neutral
carbon in Figure 6.1 can be explained in that CO has a binding energy of ∼ 11.100 eV [97],
while the first ionization of carbon requires ∼ 11.260 eV [96]. As such, a narrow shell of
neutral carbon is indicative of the restrictive 0.16 eV energy range at which it is stable. This
also explains the rather large disparity in emission amplitudes between rotational 12 CO and
neutral carbon emission commonly seen in SPIRE spectra. Figure 6.2 shows an example
of the disparity between the prominent 12 CO (7-6) and faint carbon 3 P2 -3 P1 transitions for
NGC 7027, which are indicated by vertical dashed lines.
Upon examining Figure 6.2 one can appreciate the difficulties of detecting the neutral
carbon 3 P2 -3 P1 feature (hereafter referred to as [CI]), in an automated fashion. To improve
detection of this feature, I developed a FF subroutine dedicated to finding this feature if
present. This chapter will focus on outlining the theoretical foundation of the subroutine in
Section 6.2, followed by a detailed description of the routine in Section 6.3. Results of the
neutral carbon check are shown in Section 6.4, and future applications with respect to the
FF are discussed in Section 6.5.
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Figure 6.2: Neutral carbon region isolated from a SPIRE FTS observation of NGC 7027, a
young planetary nebula. Vertical dashed lines indicated the fitted position of the 12 CO (7-6)
rotational feature (left) and [CI] 3 P2 -3 P1 emission (right). The close spectral proximity, and
low amplitude of [CI] makes detection of this [CI] feature difficult.

6.2

Theoretical Basis

SPIRE FTS spectra can be modelled with two component classes. First, a continuum
largely derived from thermal emission from dust grains, and second, spectral lines, in both
absorption and emission, derived from transitions between discrete energy states within
atoms and molecules. The continuum can be approximated with a Planck curve (Equation 3.11), often requiring a correction for emissivity, whereas the emission and absorption
lines typically take the form of the Instrument Line Shape (ILS). For SPIRE and most FTS
instruments, the ILS is well approximated as a sinc function given by
f − p1
p2
sin(arg)
sinc(arg) =p0
.
arg
arg =

(6.1)

This representation is equivalent to the sinc function presented earlier in this thesis and is the
exact format used by the fitter models in HIPE [66]. The model is a function of frequency f ,
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and is dependent on the three variables p0 , the amplitude at the emission frequency, p1 , the
frequency of the emission, and p2 , the spectral distance between the peak and the first zero
crossing divided by π. For unresolved features, the spectral distance between the peak and
first zero crossing is equivalent to the intrinsic frequency sampling of independent spectral
data points ∆ f = 1/2Lmax , where Lmax is the maximum optical path difference of the FTS.
As such, in high resolution mode

p2 =

∆f
∼ 0.377
π

[GHz · rad−1 ] .

(6.2)

It is important to stress that Equation 6.2 applies only to unresolved spectral features.
This means that from the instrument perspective, the spectral feature is infinitely narrow,
much like how a spatially unresolved point source is effectively of infinitesimal spatial
extent. The unresolved spectral feature is still broadened by the ILS, and modelling such a
situation can be accomplished with the convolution of a delta function with the ILS. This
process is demonstrated for the

12 CO

(7-6)/[CI] pair in Figure 6.3. With SPIRE being an

instrument of only moderate spectral resolution, the vast majority of spectral features are
assumed to be unresolved. In the few cases of partially resolved features, it is in fact more
accurate to model the spectral data as a convolution of a Gaussian with the ILS. This sincconvolved Gaussian is incorporated into HIPE, but is useful in a minority of cases, and is
thus not explored here. Furthermore, the FF is not dedicated to determining accurate line
width or the integrated flux of features, only their emission frequency and SNR as a starting
point for individual follow-up analysis. As such, Equation 6.1, and 6.2 are adequate for all
cases in this work. To find a spectral feature meeting the criteria of the FF, the problem then
becomes accurate parameterization of the detected emission frequency and the amplitude
alone.
It has already been established that neutral carbon probes a different component of
the ISM than

12 CO

rotational emission, however, the two components are usually in rel-

atively close spatial proximity and do have similar energies. The spectral resolution in
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Figure 6.3: SPIRE FTS spectra with unresolved spectral features can be modelled (right) as
the convolution of the SPIRE FTS ILS (left), and delta functions at the emission frequency
of spectral features (center).
velocity units of the SPIRE HR observations at 809 GHz (the rest frequency of [CI]), is
∼ 444.7 km/s. As such, the assumption that both 12 CO and neutral carbon are coupled in
the same inertial frame, within resolution, is not unreasonable. This suggests that a velocity
estimate based on 12 CO can be used to calculate a redshift that is approximately valid for
the [CI] transition.
In the rest frame, the 12 CO (7-6) rotational transition and the [CI] fine structure transition are separated by ∼ 2.69 GHz. Much like the CDA discussed in Chapter 5, the separation between adjacent transitions is altered with any non-zero radial velocity v. Under such
circumstances, this separation is modified to

∆=

v
c

+1

−1

× 2.69

[GHz] .

(6.3)

With this information, a search for [CI] adjacent to 12 CO (7-6) rotational transitions can be
constructed.
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6.3
6.3.1

Neutral Carbon Detection Routine
General Overview

Neutral carbon detection in the FF is accomplished using a linear regression based approach called the Neutral Carbon Check (NCC). The 12 CO (7-6)/[CI] region is tested using
3 different models, and the model which produces the smallest difference between the spectral data and the model is taken as the most accurate representation for the region under
study. Key steps of the routine are presented in Figure 6.4. The radial velocity estimate
calculated from the redshift routine described in Chapter 5 is used to isolate the 12 CO (76)/[CI] region. This spectral sample is then compared against 3 test models. The first model
attempts to fit only the most prominent feature within the sample using a continuum provided by the FF, and one sinc function, and is indicative of there being only 12 CO (7-6) or
only [CI] in the sample. The next two models are similar to the first with the only difference
being the introduction of a second sinc function. The position of the second feature is at
either a higher or lower frequency with respect to the primary feature, with the frequency
difference between the primary and secondary features determined by Equation 6.3. The
model which produces the smallest residual is propagated as the best representation of the
spectral sample. The “residual” in this case is a single number defined as
N

res = ∑ |Mi − Si | ,

(6.4)

i=1

where the sum is taken over all points in the sample, while Mi and Si represent the values
of the model and spectrum at point i, respectively.
The main challenge of this routine is determining accurate initial parameter estimates
for the model. The parameter estimates of the primary feature are initially provided by or
derived from the previous steps in the FF. The frequency estimate of the secondary feature
is derived using the radial velocity estimate and the frequency of the primary feature. The
initial amplitude estimate for the secondary feature in practice is set to be 30% of the am-
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Figure 6.4: Flowchart showing the key steps of the NCC. A list of emission features, and
the source radial velocity estimate are input to the routine. The expected frequency of the
potential 12 CO (7-6) and [CI] emission is calculated based on the radial velocity estimate.
If only one of these features is found within the input line list (nominally the 12 CO (7-6)
feature), a spectral sample is extracted about the frequency of the detected feature. The
spectral sample is tested with three test case models: only the primary feature (representing
the detected 12 CO (7-6) feature), the primary feature and a secondary feature fitted to a
higher frequency (nominally representing the [CI] feature), the primary feature and a secondary feature fitted to a lower frequency. The model which produces the lowest residual
is considered to be the best representation of the spectral data.
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plitude of the primary feature. The amplitude estimate ends up being a critical piece of
information, which, if properly selected in conjunction with regression routine tolerances,
can limit false detections. The value chosen was derived from careful empirical analysis of
how the initial estimate affects the residual of representative test case spectra.
The remainder of this section is dedicated to describing the neutral carbon detection
routine in detail, and how the nominal amplitude estimate for the secondary feature was
determined.

6.3.2

Detailed Outline

Neutral carbon detection takes place immediately after a radial velocity estimate has
been calculated. The routine takes as inputs the spectrum container (a HIPE object containing the spectrum and all relevant information about the spectrum), the current line list
and associated SNR values, and the radial velocity estimate, all derived from previous steps
of the FF. Optional inputs include the SLW continuum parameters which were determined
earlier in the FF routine, and a “window” variable which determines the frequency range
of the spectral sample. In practice, the previously calculated continuum is used as an input,
while the window parameter is set to 30 GHz by default.
Since the routine is concerned with emission features, all absorption features, identified
by the FF as having a negative SNR, are removed. At this point, the routine will only
proceed if a high quality velocity estimate is present (“high quality estimate” as outlined in
Section 5.3). Using the radial velocity estimate, the shifted frequencies of both the

12 CO

(7-6) and [CI] features are calculated. A search begins which extract any features within
0.8 GHz of the calculated frequencies of 12 CO (7-6) and [CI]. This threshold was selected
as being sufficiently restricted to discriminate between the features of interest, while still
allowing for a generous velocity uncertainty (∼ ±300 km/s). If one and only one of the two
features is identified a search begins for the other. In most cases, it is the 12 CO (7-6) feature
which is most prominent and is found in the earlier stages of the FF with the [CI] feature
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being missed. However, depending on which part of the ISM is being observed, this can
be reversed with the [CI] feature being more prominent and the 12 CO (7-6) transition being
missed, or even removed as a spurious detection by the FF. The neutral carbon check in fact
attempts to find either missing feature, and the title of this routine is perhaps a misnomer.
However, in the majority of cases it is the [CI] feature which is neglected thus the title
remains. For simplicity, the remainder of this chapter will be presented as if

12 CO

(7-6)

was the detected primary feature, with [CI] being the missed secondary feature, though it
should be kept in mind that the routine works if the situation is reversed, and in fact does
check both scenarios. There is no attempt to refine detection when both features are already
identified in previous FF steps. The neutral carbon routine operates on an isolated spectral
sample, and as previously mentioned, the sinc function distributes energy over a wide range
of frequencies. As such, strong spectral features outside of the isolated region can have an
effect on the spectral sample. Such features are not accounted for within the test case
models in this routine, thus a model for the entire spectrum is generally more accurate. The
parameters for detected 12 CO (7-6) and [CI] in previous FF steps are determined using such
full spectrum models, thus no attempt is made to improve them with tests proposed by the
neutral carbon check.
After 12 CO (7-6) is identified within the emission line list, the routine may attempt to fit
the SLW spectrum continuum if no continuum parameters are provided as optional inputs.
This fitting process follows the prescription of the default continuum extraction routine offered within HIPE where a 3rd order polynomial is fit to the spectral data without any strong
feature masking. This option is not recommended as the available FF derived continuum
results from a simultaneous fit of both significant spectral features and the continuum.
A spectral sample is then isolated, centered on the shifted

12 CO

(7-6) frequency, and

extended on either side by a frequency given by the window parameter, nominally set to
30 GHz, resulting in a 60 GHz spectral sample. For the first pass, a fitter object is constructed with a tolerance that is intentionally increased significantly in order to obtain a
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certain mode of operation. This will be discussed further in Section 6.3.3.
The spectral sample is then modelled in 3 different ways. The first model consists
of a continuum, the primary feature, and any extra lines that were identified by the FF
which reside within the spectral sample. Parameter estimates for the primary feature are
determined by examining the continuum subtracted flux with the peak flux becoming the
amplitude estimate, and corresponding frequency becoming the line center estimate. These
parameters are allowed to vary during the fitting process. For the extra features, line center
is determined by FF detection frequency, with amplitude given by the product of SNR and
corresponding spectral error at the detection frequency. This amplitude estimate is not very
accurate since SNR is calculated in a more complicated way, as such, this parameter is
allowed to vary during the fitting process. However, the frequency center of each extra line
is held fixed. All features within this model have their sinc width held fixed for the reasons
outlined in Section 6.2. A global fit is then initiated with the resulting residual and the fitted
model is recorded for later comparison.
The second and third models are similar to the first. The distinction comes from the introduction of an additional sinc function which represents the potential missing [CI] feature.
This secondary feature has an estimated frequency center at ±∆ (Equation 6.3), relative to
the primary feature, with an initial amplitude estimate equal to 30% the amplitude of the
primary feature. In these models, the line center and amplitude of the primary feature are
derived from the fitted results of the first model. These parameters are allowed to vary during the fitting process. Again, the continuum and extra features are added, and a global fit
is initiated with the resultant residual and fitted model recorded.
The model with the lowest residual is then selected as the best representation of the
spectral data. If this happens to be the second or third model, the fitted 12 CO (7-6) and [CI]
features are checked to insure they still reside within 0.8 GHz of their expected frequency
based on the radial velocity estimate. This check is implemented to account for the frequency drift that can occur in fitting routines with a large parameter space. If both lines
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meet this threshold, a second pass fit is initiated. The second pass takes the parameters
from the minimum residual model and transfers them into another fitting object which has
its tolerances restored to the default values. A global fit is then performed, and the resulting
12 CO

(7-6) and [CI] line positions are checked for drift. If both features pass this final test,

their corresponding SNRs are calculated using the default FF SNR function. The resulting
model parameters and SNR for the 12 CO (7-6) and [CI] features are then passed back to the
main script to be incorporated into the FF output products. FF products contain a meta-data
entry which indicates if the NCC found a new feature.

6.3.3

Secondary Feature Amplitude Estimate

The two critical pieces of information required for successful operation of the neutral
carbon check are the source radial velocity and initial amplitude estimate of the secondary
feature. Chapter 5 gives a detailed outline of how source velocity is estimated from rotational 12 CO emission. What follows here is the justification for the standardized secondary
feature amplitude estimate.
The initial parameter estimates input to a fitting algorithm have a significant impact on
the resulting fit when attempting to fit data to a predefined function with multiple variables.
The neutral carbon check exploits this property in order to help prevent false detections. In
order to optimize the input parameter estimates, three test cases were studied to see how
initial estimates of the secondary feature amplitude effect the resulting residual.
The three test cases under study are,
1. Isolated 12 CO rotational emission feature with no [CI] feature.
2. Prominent 12 CO (7-6) rotational emission with faint [CI] feature.
3. Both 12 CO (7-6) and [CI] emissions expressed as prominent features.
The spectra used for these test cases are shown in Figure 6.5. The isolated region shown in
the third row, first column, expresses an asymmetry which is most easily seen by looking
172

6.3. NEUTRAL CARBON DETECTION ROUTINE

at the first negative side-lobes. This might lead one to believe that [CI] is present to some
extent, however, this asymmetry is a well known feature of the SPIRE empirical line shape
[79]. The appearance is further perturbed by a relatively high noise floor. To avoid any
potential for [CI] contamination in the region under study, an equivalent bandwidth was
isolated about the 12 CO (6-5) feature where no [CI] exists. The sample region in the third
row, second column, comes from NGC 7027 which is known to posses a faint [CI] feature
[78]. The third case is represented by the isolated region in the third row, third column, in
which both 12 CO (7-6) and [CI] emissions are clearly evident.
Recall that the criteria for [CI] detection is when the model containing a secondary
sinc function positioned at the expected frequency of the [CI] emission reduces the residual compared to fitting the primary feature alone. To begin the investigation of how the
secondary feature amplitude estimate effects the residual, the primary feature alone in all
three cases was fit along with the continuum. The result of this initial step is shown in
the first row of Figure 6.6. Blue curves represent the spectral data with the orange curves
showing the resulting fit. The green curves indicate the difference between data and model,
the absolute sum of which become the residuals. The residual for each case was calculated
and is plotted in the second row of the figure as a red dashed line. Though this line extends
over the whole x-axis, it is not truly a function but a constant value distributed across the
x-axis for reference. The fit process was then repeated with the addition of a sinc function
for the potential [CI] feature. The initial amplitude estimate of this secondary feature was
varied, but the initial line center estimate was kept constant between trials (±∆ GHz with
respect to the primary feature; Equation 6.3). The resulting residual from varying the secondary feature amplitude estimate for each case is shown in the second row of Figure 6.6.
The green curve shows the residual when placing the secondary feature to the right of the
main feature, while the blue curve shows the same thing when placed to the left. The xaxis shows the initial amplitude estimate of the secondary feature presented in terms of
fractional amplitude of the primary feature.
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Figure 6.5: The top row shows short wavelength (250 µm) SPIRE photometer maps of
carbon rich sources. The second row shows their corresponding full band SPIRE spectra.
The third row is a close up view of the 12 CO(7-6) region with present features indicated
by dashed lines. The first column contains the source AFGL 4106, a post-red supergiant
binary, that exhibits no detectable neutral carbon. The young planetary nebula NGC 7027
in the second column and, the starburst galaxy NGC 5135 in the third column contain faint
and strong neutral carbon lines respectively.
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Focusing on the no [CI] case, it can be seen that fitting the secondary feature to the left
or the right does not result in drastically different residual curves. This is to be expected
from the high degree of symmetry of the spectral sample about the primary feature. For
initial amplitude estimates less than ∼10% the residual is reduced compared to fitting the
primary feature alone. Based on the selection criteria for [CI], a secondary feature amplitude estimate greater than 10% the amplitude of the primary feature should be used to
prevent such false detections. For the faint [CI] case, there is a distinct difference between
placing the secondary feature to the left or the right of the primary. The critical value at
which the amplitude estimate switches from producing a smaller residual to a larger residual
is ∼20% and ∼35% when placing the secondary feature to the left and right, respectively.
Both of these thresholds are greater than the no [CI] case, but in order to ensure the secondary feature is fit to the correct side of the primary, an initial amplitude estimate between
these two critical values should be adopted. As such the initial amplitude estimate of 30%
the amplitude of the primary feature was adopted. This value is indicated in the bottom row
of Figure 6.6 with a yellow diamond. For completeness, we can see that this standard also
produces a lower residual in the case of strong [CI] emission (third column).
It is important that the fitter tolerance be increased when executing this check. With
default settings, the residual will be reduced for all three cases regardless of amplitude
estimate as the routine will simply fit noise if that is all that is present.
The results of applying this standard and running the neutral carbon check on the test
case spectral samples are shown in Figure 6.7. Fits to only the primary feature are shown
as insets for reference. As can be seen, no additional feature was included in the no [CI]
case while still detecting the faint [CI] feature.

6.4

Neutral Carbon Detection Results

The NCC was applied to all 818 HR SPIRE FTS sparse observations processed by the
FF with corresponding continuum parameters. Though no attempt was made to improve
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Figure 6.6: The top row illustrates three test case spectra (dark blue), and the models obtained from fitting the primary features (light orange) alone, with green residuals. The
bottom row shows the resulting residuals using different initial amplitude estimates for
the secondary features. Red dashed lines show the residual for the corresponding primary
feature fit in the top row. Blue/green curves show the resulting residuals after including secondary sinc features with line center frequencies less/greater than the primary features. The
yellow diamonds indicate the amplitude estimates used in the NCC (30% primary feature
amplitude).
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Figure 6.7: Results obtained using the NCC for the no [CI] case (left), weak [CI] case,
(centre), and strong [CI] case (right). For comparison, insets show the fit to the primary
feature only with the no [CI] case unchanged as expected.
Table 6.1: Bulk results of NCC on SPIRE FTS sparse dataset.
[CI] Detected
No [CI]

Redundant
Unique
Trivial
Substantive

Total

132
54
505
127
818

[CI] which was detected by the FF in advance of the NCC, these features were masked in
the input data to see if they could be recovered by the NCC routine. Results are shown
in table 6.1. For the spectra in which [CI] was detected, the results are further subdivided
into redundant and unique detections. Redundant detections are those which were already
found by the FF before applying the neutral carbon check. Unique detection are those for
which a new [CI] feature was found. The spectra for which no [CI] was detected is also
subdivided into trivial and substantive. Trivial results are those which found no [CI] simply
because of poor velocity estimates, or lack of 12 CO (7-6) features. The substantive results
are those which performed the full neutral carbon check but found no [CI] feature.
In order to assess the reliability of the neutral carbon check, 103 spectra were manually
inspected to determine the presence of [CI] emission. These findings were then compared
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Table 6.2: NCC results on a manually inspected dataset of 103 observations.
Criteria
Correct
[CI] Present
72
No [CI]
27
Total
99

Incorrect
1
3
4

to the results of the neutral carbon check. The outcome of this comparison is shown in
table 6.2. Of the set of 103 spectra, the NCC correctly determined the presence of [CI] in
99 cases giving a success rate of ∼96%.
The single false positive comes from an observation of AFGL 4106, a source which is
considered to be [CI] free. However, a noise feature induces a ∼15% amplitude difference
between the first positive side-lobes on either side of the central peak of the 12 CO (7-6) feature. This perturbation makes the detection understandable even if not physically correct.
The 3 false negatives come from sources which are particularly noisy and have poorly defined continua in the region under investigation. NGC 6302 is one of these sources, whose
SPIRE observations are known to suffer from pointing errors and contamination from background radiation. These factors have been corrected for in the set of HPDPs discussed in
Chapter 4. After running the neutral carbon check on the corrected spectrum, the neutral
carbon check returns the correct result for this source. Another false positive comes from
the source L1448-B2. This source is semi-extended in the SPIRE beams resulting in a
poorly defined continuum. The extended calibration of this observation improves the continuum somewhat, and after subjecting this data to the NCC, no [CI] is found, as expected.
The final false negative observation suffers no apparent errors resulting from calibration.
As such, there is no straight-forward explanation for the discrepancy. Discarding the FF
continuum for this source and determining the parameters from within the NCC itself did
produce the correct result. This approach is not generally recommended as strong features
are not masked, and the resulting fit is for most cases sub-optimal. However, this does
emphasize the importance of accurate continuum parametrization when using the NCC.
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Without comprehensive manual inspection, further validation if the NCC results are
difficult. There are however, two characteristics one would expect to see from good [CI]
detection: an overall reduction in residual within the spectral sample, and a general preservation of the expected separation between the 12 CO (7-6) and [CI] features.
To test the spectral sample modelling accuracy of the NCC, the observations corresponding to the 132 redundant [CI] detections from table 6.1 where examined in more
detail. For each source, a fitter object was constructed for the spectral sample used in the
NCC. This fitter object was composed of sinc models and a continuum, similar to the NCC.
The parameter estimates for each sinc function were derived from the results of the FF
with the NCC turned off. Line centers and widths were held fixed with only the amplitude
allowed to vary. The resulting residuals were then calculated and recorded for later comparison. A plot showing the ratio of the NCC derived residual and the residuals obtained with
the NCC turned off (FF), is shown in Figure 6.8 (blue), with lower values indicating an improved result using the NCC. The spread in the results is quite large, but overall there is an
average improvement in the residual of ∼24%. Also included in this plot is the ratio of the
NCC residual and the residual obtained without fitting the [CI] feature (12 CO (7-6)). For
the sources under study, including the NCC improves the residual by ∼57% over models
with no [CI] over the 132 observation dataset.
For the same 132 observations, the spectral difference between the 12 CO (7-6) and [CI]
feature was calculated for both the NCC case and the NCC turned off case (FF). This difference was corrected for radial velocity, making the ideal separation 2.69 GHz for velocity
coupled 12 CO and carbon. The resulting frequency differences are shown in Figure 6.9. The
spread of frequency differences is quite a bit tighter in the NCC dataset (0.04 GHz) than the
FF dataset (0.24 GHz), with the average velocity corrected separation residing ∼ 0.11 GHz
closer to the nominal 2.69 GHz.
Though Figures 6.8, and 6.9 are not a direct verification of the NCC operation, they do
provide statistical evidence that the NCC produces models with the characteristics expected
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Figure 6.8: Histograms showing the residual ratios of the sampled spectrum using various
models. The blue data is the ratio of the NCC model and the modelled FF results with the
NCC turned off. Green data is the ratio of the NCC model and the model without attempting
to fit the [CI] emission.
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Figure 6.9: Histogram of the radial velocity corrected frequency difference between detected 12 CO (7-6) rotational emission and [CI] emission features. Data from the FF with
the NCC turned off is blue, with green showing the results using the NCC.
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for accurate [CI] detection.
The NCC was applied to SPIRE FTS mapping observations, and detected an additional
2,402 [CI] features. These features are in compliment to the 3,978 [CI] features found with
the NCC turned off. Though the same level of analysis has not yet been conducted on these
results, the fraction of new [CI] features to [CI] features detected with the NCC turned off
is similar between the sparse (∼ 0.4) and mapping ∼ 0.6 datasets.

6.5

Further Applications

As discussed in the introduction of this chapter, neutral carbon has two transitions which
reside within the SPIRE FTS band. The NCC is dedicated to detecting the 3 P2 -3 P1 transition at ∼809 GHz near the 12 CO (7-6) transition, but successful detection of this transition
provides greater confidence in the existence of the 3 P1 -3 P0 transition at ∼492 GHz. As
such, the results of the NCC can be used to perform a further check for the 3 P1 -3 P0 transition. Though the 3 P1 -3 P0 transition is not generally in close spectral proximity to any
prominent features, the feature is often faint and located in one of the noisy edges of the
SLW band. The 3 P1 -3 P0 transition is roughly 3 times fainter than the 3 P2 -3 P1 transition
at 300 K, further emphisizing how faint the feature can be. These factors make detection
difficult, but detection can potentially be improved with the combination of an identified
3 P -3 P
2
1

[CI] line and a dedicated search, much like the 3 P2 -3 P1 transition.

For this task a fitter object with default tolerances is constructed in much the same way
as the NCC consisting of a model including the feature of interest, the continuum, and all
other features detected within the spectral sample. The initial estimate for the 3 P1 -3 P0 line
center is given by

f1−0 = f2−1 − 316.97

v
c

+1

−1

[GHz] ,

(6.5)

where f2−1 is the measured frequency of the 3 P2 -3 P1 transition. This is simultaneously
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the frequency about which the spectral sample is taken. The amplitude estimate is set to
one-third the amplitude of the 3 P2 -3 P1 transition, though the amplitude estimate is not as
important in this case as it was in the NCC routine. The fitting algorithm then operates on
this model, but instead of focusing on the residual, the SNR is used as the parameter of
interest.
The result of this process for one observation is shown in Figure 6.10. The top panel
shows the nominal FF postcard for this spectrum with dashed boxes around the neutral carbon 3 P1 -3 P0 and 3 P2 -3 P1 transitions. This spectrum was chosen for demonstration because
of the unambiguous presence of the 3 P2 -3 P1 transition shown in the bottom right panel. The
solid lines show the position of detected 12 CO (7-6) and [CI] features. For this spectrum the
3 P -3 P
1
0

transition was not detected, the predicted position of which is shown by a dashed

line in the bottom left panel. The resulting fit is shown in this panel with an orange curve.
This example shows the clear utility of an additional check based on the NCC results.
The proposed 3 P1 -3 P0 check was applied to both spectra with positive and negative [CI]
detection. For spectra with no [CI] detection, the line center estimate for the 3 P1 -3 P0 line
was determined simply from the radial velocity estimate. The resulting SNRs were recorded
and plotted in Figure 6.11. Features with an SNR < 5 were discarded in accordance with the
standard FF protocol. The 3 P1 -3 P0 transition SNRs with corresponding 3 P2 -3 P1 transitions
(red), are clearly of much higher SNR than those with no corresponding 3 P2 -3 P1 detection
(blue). A dedicated 3 P1 -3 P0 check was not implemented in the FF, but Figures 6.10 and
6.11 make a compelling case for its inclusion in future release after further testing.
Work is currently being done to publicly release a FF catalogue for SPIRE FTS mapping
observations. Naturally, the NCC will contribute to the resulting products. No significant
changes are required to extend the functionality of this routine to mapping observations,
other than a proportionate change in the first-pass fitter tolerance to account for the change
in flux units between point-source and extended calibration of SPIRE data.
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Figure 6.10: The top panel shows the full SPIRE FTS spectrum of a source containing
moderately bright neutral carbon fine structure emission. The 3 P1 -3 P0 and 3 P2 -3 P1 transition regions are indicated in the full spectrum by dashed rectangles. Close-ups of these
regions are shown in the bottom two panels. Bottom right panel shows the unambitious
detection of 12 CO (7-6) and 3 P2 -3 P1 [CI] emission features, indicated with solid lines. The
expected position of the 3 P1 -3 P0 transition based on the [CI] detection is shown in the bottom left panel with a dashed line. This feature was not detected using the nominal FF,
though the fit obtained with a SNR = 6.5, shown as an orange curve, along with the 3 P2 -3 P1
detection make a compelling case for the existence of the 3 P1 -3 P0 feature.
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Figure 6.11: Histogram showing the SNR of fits to potential 3 P1 -3 P0 lines based on the
previous detection (red) of the 3 P2 -3 P1 transition, or lack thereof (blue).
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6.6

Summary

Regions with high neutral carbon mark the transition between the WNM and the CNM
of the ISM. These regions are of interest in the study of star formation, and can be studied
by analysing the distribution of neutral carbon fine structure emission. Detecting these
transitions in SPIRE FTS data using an automated fitting routine, such as the FF, is difficult
due to their typically low amplitude, and in the case of the 3 P2 -3 P1 transition, the close
spectral proximity to the often more prominent 12 CO (7-6) rotational emission. As such I
have developed a module which performs a dedicated search for this feature.
The NCC is a regression based approach which tests three different models on an isolated spectral sample with potential [CI] emission. Two of these models contain the [CI]
and

12 CO

(7-6) emission, and one model contains only one spectral feature. The model

which produces the lowest residual is considered to be the best representation of the spectral data. The sample is isolated based on the predicted [CI] emission frequency resulting
from the radial velocity estimate described in Chapter 5. In the test case models containing a sinc functions for [CI] emission, the emission frequency estimate is derived from
the radial velocity estimate. The initial amplitude estimate is based on a careful empirical
selection which helps to reduce false detections.
The NCC has added 54 unique [CI] features to the publicly available FF sparse features
catalogue and confirmed 132 cases found by the nominal FF. Tests on real SPIRE spectra
show a ∼ 97% accuracy on the NCC results, with the main source of error being poorly
defined continua. This routine is also being extended to SPIRE mapping observations, and
has detected an additional 2,402 [CI] features. Another potential extension is a dedicated
search for the neutral carbon 3 P1 -3 P0 transition based on successful detection of 3 P2 -3 P1
emission. This extension requires more detailed study, but the evidence presented thus far
makes a compelling case for its utility.
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Chapter 7
Conclusion
7.1

Introduction

The FIR is one of the least explored regions of the electromagnetic spectrum in astronomy and astrophysics, yet accounts for much of the radiant energy within the Universe.
This band probes astronomical sources both near and far, including molecular clouds in
the ISM, the site of star birth, and redshifted galaxies. Questions about the early stages of
the Universe, galaxy and star formation, and the chemical and structural evolution of the
ISM can be investigated with FIR astronomy. The work presented in this thesis helps to
advance this field of study by extracting information in an automated fashion from existing
FIR datasets in the form of the freely available SPIRE spectra within the HSA.
This thesis began by introducing the relevant theory for understanding FTS and the
structure of SPIRE spectra. This was accomplished in Chapters 2 and 3 which derive many
of the important features of Fourier transforms, both continuous and discrete, and outlines
the radiative processes that produce the continuum and emission components of SPIRE
spectra. The SPIRE instrument was discussed in detail in Chapter 4, including observation
modes, and key steps in data product generation. Motivations for the FF are presented along
with an outline of the routine’s operation, and validation. My unique contributions to the
FF routine are introduced in Chapters 5 and 6 in the form of an automated source velocity
estimating routine, and a separate subroutine which performs a dedicated search for the
often elusive neutral carbon fine structure 3 P2 -3 P1 transition.
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7.2

Redshift Routine

The automated radial velocity estimating routine implemented in the FF attempts to
parameterize source radial velocity by matching spectral features detected by the FF with
their corresponding rest frequency, and using Equation 5.3. The features of interest are
12 CO

rotational emission lines.

12 CO

rotational emission is particularly bright in the FIR

and the molecule is abundant in the ISM making it an ideal search candidate. These features are identified in the FF features list by searching for a frequency difference pattern
characteristic of the 12 CO rotational emission ladder as outlined in detail in Chapter 5. The
routine output is accompanied by a robust set of flagging parameters which have proven to
be reliable indicators of the estimate accuracy.
Tests on both real and large synthetic datasets show that all estimates with a flag value
N > 6 produce accurate estimates. Roughly 90% of estimates with N > 3 result in velocity estimates with a residual velocity less than 20 km/s. Based on the standard flagging
criteria used in the public FF release, it is expected that ∼ 82% of the velocity estimates
with accurate radial velocity parameterization are included in the FF products (i.e., ∼ 18%
of accurate estimates have poor flags and have not been included). A total of 624 high
quality velocity estimates have been added to the public FF catalogue for sparse-pointed
observations, with another 22,897 high quality velocity estimates added to the FF mapping
catalogue.
The routine has a few well understood limitations, the most limiting of which being the
upper velocity limit of ∼ ±14, 000 km/s. At high red/blueshifts, spectral features are shifted
closer to the rest frequency of neighbouring transitions than their own rest frequency, and
as a result, are erroneously paired with the wrong rest frequency transition. Clearly this
routine requires 12 CO rotational transitions for reliable velocity estimates, but performance
can also be compromized when spectra contain low SNR 12 CO features in conjunction with
many other features with equal or greater SNR. The adopted flagging convention reliably
removes poor estimates which result from these limitations. Conveniently, the routine is
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resilient to the total number of lines used within the routine as long as

12 CO

rotational

transitions are present with higher than average SNR. The routine benefits from a modular
implementation which is applicable to any arbitrary line list, and can be easily adapted to
search for rotational transitions from other linear molecules.

7.3

Neutral Carbon

Neutral carbon is abundant in the transition region between the WNM and CNM of
the ISM. Outside of this zone it is highly unstable being either easily ionized or bonded
to other atoms to form molecules. Thus, emission from neutral carbon such as the fine
structure 3 P2 -3 P1 [CI] transition are often of low amplitude in SPIRE spectra. The close
spectral proximity of the [CI] emission to the

12 CO

(7-6) rotational emission, in addition

to the amplitude disparity between the two features, makes [CI] detection difficult using a
generic automated process. As such, I developed a dedicated neutral carbon check to search
for this feature.
The NCC is a regression based approach that tests three different models on a spectral
sample which potentially contains [CI] emission, and propagates the model that produces
the lowest residual. The sample is isolated by employing the previously calculated source
radial velocity, using the rest frequency of [CI] and the velocity estimate to predict the
shifted line position. One of the important aspects of this routine is the initial parameter
estimates that are used in the [CI] sinc model. The emission frequency is derived from the
radial velocity estimate, and the amplitude estimate is carefully selected from empirical test
results on a variety of representative test case spectra. It has been demonstrated that [CI]
feature amplitude estimate, along with variations in the fitter routine tolerances, can be used
to prevent false detections.
Tests show that the NCC has a ∼ 97% success rate in determining the presence of
[CI] in SPIRE spectra. The routine is most sensitive to the correct parameterization of
the continuum, and for the few cases where the NCC failed during automated use, the
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results showed improvement with a more accurate continuum input. In total, 54 unique [CI]
features have been detected by the NCC and included in the FF sparse features catalogue,
with another 2,402 [CI] features added to the mapping features catalogue.
Potential exists for extending the NCC to detect the neutral carbon 3 P1 -3 P0 fine structure transition. Successful detection of [CI] provides confidence in the existence of the
companion fine structure transition from the same element. More analysis is required, however, attempts to detect 3 P1 -3 P0 features based on corresponding [CI] detection results in a
systematically higher SNR than attempts to detect 3 P1 -3 P0 features with no corresponding
[CI] detection. This makes a compelling case for the efficacy of this approach.

7.4

Future Work

The work done in this thesis is in contribution to the FF project within the SPIRE instrument team. This project is nearing completion, yet there are still some elements of the
redshift and NCC routines which I would like to improve. Foremost is extending the redshift method beyond its current limitations, and writing the routine in such a way so as to
make it more immediately applicable to other linear molecule rotational transition ladders.
Extending beyond the ∼ 14, 000 km/s limit is difficult, but can perhaps be accomplished by
testing different pairing schemes between

12 CO

rotational emission candidates and

12 CO

rest frequencies. A successful pairing scheme can be identified when the resulting velocity
estimates for the 12 CO candidate produces a low standard deviation.
Extension of the NCC to search for the neutral carbon 3 P1 -3 P0 fine structure line is the
main focus of future work for this routine. The underlying structure is already in place, yet
more testing is required to validate the results. Further success criteria beyond a SNR limit
will likely be required to ensure valid detection. Feature emission frequency is likely to
drift as a result of the fitting process for spectral regions with a high noise floor, so a criteria
based on maximum drift from expected emission frequency is likely required. Beyond this,
manual inspection of a subset of test case spectra will be required to validate the routine’s
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performance similar to the [CI] validation.
In broader academic terms, I am excited to begin work on a cutting edge technology
for FIR astronomy as part of my Ph.D. project. As outlined in Chapter 1, one of the main
limitations to FIR astronomy is spatial resolution. At present, the FIR community is very
interested in the development of spectral-spatial interferometry. Such a technique combines the spectroscopy advantages of FTS with the spatial resolution advantages of aperture
synthesis commonly employed in radio astronomy. I look forward to participating in the
development of this new technology as the main focus of my Ph.D. programme.
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Appendix A
Visual Example of Radial Velocity
Estimating Algorithm
This appendix is intended to give a visual representation of how the redshift routine identifies 12 CO candidate features and calculates a corresponding radial velocity estimate. This is
one of the more simple examples which only requires an input of detected feature emission
frequencies and does not require the subsequent checks described in Section 5.3.1. The
source under consideration is NGC 7027 (Figure A.1, obsid 1342188670).

Figure A.1: The source under consideration is NGC 7027. Spectral features are indicated
with vertical lines with the length of the lines indicating the feature’s corresponding relative
SNR.
To begin, we recall that identification of 12 CO emission is based on searching the frequency differences between detected features for elements matching the characteristic difference array (CDA) of 12 CO . An example of the 12 CO rotational emission ladder, along
with lines indicating the values of the CDA, is shown in Figure A.2.
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Figure A.2: The rotational 12 CO emission ladder with the CDA indicated by horizontal
black lines. Annotations indicate the approximate value of the corresponding CDA element.
Since the CDA is somewhat altered when there is a non-zero relative velocity between
source and observer, a velocity dependent tolerance must be included when searching for
frequency differences matching elements of the CDA. If one assumes some maximum radial
velocity, a tolerance for each CDA element can be calculated using Equation 5.6. Assuming
a maximum radial velocity of 6,000 km/s, the resulting CDA and its associated tolerances
can be represented as in Figure A.3.
We can now return to the source being analyzed. The continuum subtracted spectrum
of NGC 7027 is shown in Figure A.4, with identified features indicated by vertical green
lines, with the length of each line indicating the relative SNR of the associated feature.
Since the redshift routine is only concerned with the frequencies of detected features and
their associated SNR, the spectrum is disregarded and the remaining information is plotted
in Figure A.5.
For each feature identified by the FF, a frequency difference array is calcluated between
the feature under inspection an all features identified by the FF. This process is represented
graphically in Figure A.6 for the feature detected at ∼460 GHz.
Each frequency difference is then compared with the elements of the CDA. Frequency
differences which match the CDA to within the permitted tolerance are identified as in
Figure A.7. The total number of CDA values with at least one corresponding match are
counted. This produces the total number of ”matches” for the feature under inspection as
indicated in Figure A.7. Note that this is not the same as counting the total number of red
lines in Figure A.7. The two closely spaced features at ∼800 GHz together only increment
the “matches” counter by one.
This process then repeats for each identified features. The total number of matches for
each features in the spectrum of NGC 7027 is shown in Figure A.8. The maximum number
of matches in this case is 10, and all features receiving this maximum value are identified
as potential 12 CO emission feature candidates. The candidate features are then paired with
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Figure A.3: The frequency length of each element of the CDA is presented as horizontal
black lines with their corresponding tolerance indicated by red braces. The tolerances in
this case have been calculated for a maximum assumed radial velocity of 6,000 km/s.

Figure A.4: The continuum subtracted spectrum of NGC 7027 with features identified by
the FF indicated with vertical green lines. The length of each vertical line indicated the
relative SNR of the identified feature.
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Figure A.5: A visual representation of the inputs to the redshift routine. Features identified
by the FF are indicated with vertical green lines with the length of each vertical line indicated the relative SNR of the identified feature. The spectrum itself is not required for this
analysis.

Figure A.6: The frequency differences between one feature under investigation and all
features identified by the FF.
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Figure A.7: Frequency differences matching the CDA to within the permitted tolerance
are highlighted in red. The total number of CDA elements with corresponding matches is
indicated by the “matches” parameter. Note that zero, the frequency difference between a
feature and itself, is an element of the CDA which is highlighted in red and contributes to
the “matches” count.
their nearest 12 CO emission rest frequency. For each candidate feature, a velocity estimate
is calculated using Equation 5.3 producing a velocity estimate array. The median value and
standard deviation of this array are used to parameterize the source’s radial velocity and
velocity error, respectively.
Indeed in this example the 12 CO emission features were correctly identified without
complication. However, one can appreciate how two closely spaced lines might receive the
same “matches” count if the tolerances are high enough. For example, the 12 CO (7-6) and
[CI] features at ∼806 GHz in Figure A.8 could both reasonably receive a “matches” count
of 10 in some situations. When this happens, the feature with the highest SNR is taken as
the most probable 12 CO emission candidate.
In rare cases, a non-12 CO feature may be identified as a probable 12 CO emission candidate along with other true 12 CO emission features. This has only been observed in spectra
with a high feature density. Misidentified features such as this produce a velocity estimate which deviates significantly form the median value of the velocity estimate array. As
such, the velocity estimate deviating most from the median value will be removed while the
resulting velocity estimate array produces a high standard deviation (> 100 km/s).
These additional checks, which are not required for the example spectrum presented,
help to ensure the quality of radial velocity estimates included in the SPIRE Spectral Feature
Finder catalogue.
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Figure A.8: The total number of matches for each feature identified by the FF. Features with
the maximum number of matches are the most probable 12 CO emission feature candidates.
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Appendix B
Mapping Observation Postcards
This appendix summarizes the FF mapping results as they pertain to velocity estimates,
along with presenting a selection of mapping postcards from the public FF catalogue.4
Table B.1: “Obsid indicates the ten digit identification number corresponding to the SPIRE
FTS mapping observation of the source given in the “Object column. The combined velocity “Map Size in terms of pixels is presented along with “Coverage indicating what percentage of pixels have estimates with N > 3 or are based on the [NII] feature (Section 5.3).
The “Species column indicates which molecule or atom was used the most in generating
the velocity map. When the velocity map contains more null pixels than estimates derived
from 12 CO or [NII], the column entry is ordered by which molecule or atom contributed
the most in generating the velocity map, with N/A indicating pixels with a null estimate.
Obsid

1342231066
1342231067
1342268320
1342249465
1342204882
1342231048
1342231065
1342227516
1342214846
1342192175
1342192174
1342192173
1342204891
1342243631
1342251326
1342213373
1342242591
1342204920
1342228734
1342204919

Object
W43MM3
W43MM4
Haro 5a IRS
HD37041
M16-finger5-1
W43MM1
W43MM2
NGC 2023-1-1
HD37041
OrionBar_map3
OrionBar_map2
HD37041
rho_oph_fts_on
SGRA_f1
NGC6334I_on
N1333-IRAS4_on
HD37041
HD 37022 (towards)
HD37041
HD37041

Map Size [pix]

13x12
13x12
12x12
27x24
12x12
13x12
13x12
27x25
27x24
27x25
27x25
27x25
26x25
26x25
26x25
27x26
26x25
26x25
26x25
26x25

Coverage [%]

12 CO
98.7
12 CO
98.7
12 CO
98.6
12 CO
97.2
12 CO
97.2
12 CO
96.8
12 CO
96.8
12 CO
96.7
12 CO
96.3
12 CO
96.0
12 CO
96.0
12 CO
94.5
12 CO
94.3
12 CO
94.2
12 CO
94.0
12 CO
93.6
12 CO
93.5
12 CO
93.5
12 CO
93.4
12 CO
93.2
Continued on next page

4 https://www.cosmos.esa.int/web/herschel/spire-spectral-feature-catalogue
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Species

B. MAPPING OBSERVATION POSTCARDS

Obsid

1342204895
1342204883
1342204892
1342214841
1342228703
1342214827
1342242624
1342204922
1342204921
1342262914
1342204893
1342251289
1342204894
1342251314
1342204880
1342262915
1342204898
1342252900
1342216881
1342268312
1342243604
1342256377
1342216882
1342204884
1342216880
1342256376
1342245117
1342251325
1342270044
1342268292
1342252898
1342259070
1342259069
1342259068
1342268310
1342262926
1342265807
1342254041
1342262924
1342221711
1342254042
1342204881
1342254040

Object
EL29_on
HH216
rho_oph_h2
NGC6334IN_on
M 17-2
NGC6334I_on
HOPS 108-1
n2023_fts_2
n2023_fts_1
Carina_PosC’
rho_oph_fts_off
IRS46
rho_oph_fts_off_2
IRDC316.76-0.01_HMPO
M16-finger2-1
Carina_SWS
IRAS16293_on
G11.92-0.61
HH_COpeak
IRAS18264-1152-1
IRAS20126+4104-4
Carina_posB
HH_IRpeak
M16-finger1-1
HH_dense_core
Carina_posA
UYSO 1
G349.7
IRAS18507+0121-1
V1647 Ori
G19.01-0.03
mol160_3
mol160_2
mol1601_1
G23.60+0.0M1-1
MGE_4111
MGE_4485
MGE_3739
MGE_4204
RCW49
MGE_3736
M16-finger n-1
MGE_3280

Map Size [pix]

26x25
12x12
26x25
26x25
26x25
26x25
26x25
26x25
26x25
12x13
12x12
12x12
12x12
13x13
12x12
12x13
26x25
12x12
26x24
12x12
12x12
12x12
26x24
12x12
26x24
12x12
13x12
12x12
13x12
12x12
13x12
26x26
26x26
26x26
12x12
12x12
12x12
13x12
12x12
26x25
14x12
12x12
14x12
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Coverage [%]

Species

12 CO
93.1
12 CO
93.1
12 CO
92.5
12 CO
92.2
12 CO
92.2
12 CO
92.0
12 CO
91.7
12 CO
90.2
12 CO
90.2
12 CO
89.7
12 CO
89.6
12 CO
88.9
12 CO
87.5
12 CO
87.0
12 CO
86.1
12 CO
85.9
12 CO
85.4
12 CO
84.7
12 CO
84.1
12 CO
82.6
12 CO
81.9
12 CO
79.2
12 CO
79.2
12 CO
78.5
12 CO
75.0
12 CO
70.1
12 CO
66.0
12 CO
64.6
12 CO
62.2
12 CO
60.4
12 CO
59.6
12 CO
58.9
12 CO
55.8
12 CO
55.6
12 CO
55.6
91.0
[NII]
91.0
[NII]
88.5
[NII]
88.2
[NII]
86.5
[NII]
85.1
[NII]
84.7
[NII]
84.5
[NII]
Continued on next page

B. MAPPING OBSERVATION POSTCARDS

Obsid

1342228732
1342242622
1342262927
1342251315
1342270043
1342243626
1342201202
1342251328
1342210846
1342219550
1342228731
1342243615
1342259066
1342243614
1342251321
1342201204
1342212343
1342253648
1342212345
1342227778
1342243603
1342247604
1342270045
1342201205
1342198923
1342237026
1342202261
1342262928
1342204036
1342268303
1342257932
1342224769
1342254039
1342268293
1342257914
1342236997
1342257915
1342247743
1342247572
1342213376
1342208388
1342246253
1342245871

Object
I434-2
Aquila-sub-fil-1
MGE_4121
IRDC321.73+0.05_P2
IRAS19035+0641-1
IRDC011.11-0.12_P1
ngc5194
G357.7B-IRS
NGC253
30dor-spire
Rosette-pillar-1-1
IRDC18223-1243_P3-1
lmc n159-1-1-1
IRDC019.30+0.07_P1
CTB37A-N
n7023E_fts_1
ngc4945
G19.36-0.03
m83
AFGL4106
ngc6946
ngc3627
G25.04-0.2M1-1
n7023E_fts_2
n7023_fts
ngc5055
california-1
V346 Nor
cen a
L1251B
30 Doradus/N157-1
ngc6946_05
MGE_3269
HH111-Position-A
lmc n158-2
ngc4254
N11
ngc3521
ngc4321
ngc 891-1
m82
ISOSSJ23053+5953
ngc7331

Map Size [pix]

26x25
12x12
12x12
13x11
13x12
12x12
12x12
12x12
13x12
13x12
12x12
12x12
12x13
12x12
12x12
25x26
13x12
13x12
28x24
11x11
13x12
13x12
13x12
25x26
25x28
13x12
13x12
12x12
29x25
12x13
12x13
12x12
13x12
26x25
12x12
13x12
12x13
13x12
13x12
13x12
28x24
12x12
13x12
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Coverage [%]

Species

76.8
[NII]
72.9
[NII]
70.8
[NII]
69.9
[NII]
64.7
[NII]
59.7
[NII]
57.6
[NII]
64.6
N/A-12 CO -NII
62.8
N/A-NII-12 CO
58.3
N/A-NII-12 CO
55.6
N/A-12 CO -NII
54.2
N/A-NII-12 CO
48.7
N/A-12 CO -NII
48.6
N/A-NII-12 CO
47.9
N/A-12 CO -NII
46.2
N/A-12 CO -NII
44.2
N/A-NII-12 CO
43.6
N/A-12 CO -NII
41.5
N/A-NII-12 CO
41.3
N/A-NII-12 CO
41.0
N/A-NII-12 CO
40.4
N/A-NII-12 CO
39.1
N/A-NII-12 CO
37.5
N/A-12 CO -NII
36.4
N/A-12 CO -NII
35.3
N/A-NII-12 CO
35.3
N/A-NII-12 CO
33.3
N/A-12 CO -NII
31.9
N/A-NII-12 CO
31.4
N/A-12 CO -NII
30.8
N/A-12 CO -NII
29.2
N/A-NII-12 CO
28.2
N/A-NII-12 CO
27.8
N/A-12 CO -NII
27.8
N/A-NII-12 CO
27.6
N/A-NII-12 CO
27.6
N/A-NII-12 CO
26.9
N/A-NII-12 CO
25.6
N/A-NII-12 CO
25.6
N/A-NII-12 CO
25.4
N/A-12 CO -NII
22.2
N/A-12 CO -NII
21.8
N/A-NII-12 CO
Continued on next page

B. MAPPING OBSERVATION POSTCARDS

Obsid

1342221698
1342246992
1342262822
1342265844
1342213444
1342227785
1342257933
1342247573
1342268294
1342262905
1342249472
1342262919
1342210859
1342243609
1342210860
1342248251
1342198922
1342245091
1342239337
1342214849
1342256104
1342256101
1342247117
1342248250
1342257913
1342265863
1342256102
1342214850
1342256080
1342228745
1342248233
1342214854
1342262907
1342245083
1342237025
1342210848
1342256081
1342239353
1342268295
1342252892
1342230417
1342228706
1342197488

Object
NGC7027
ngc4826
V733 Cep
Re 50 N NIRS 1
ngc1068
CRL 618
HH54 B
ngc4631
HH111-Position-B
N44
TMC1B1
MGE_4384
ngc4038overlap
B335
ngc4038
ngc4569
IC63
N22-1
ngc1097
IRAM04191_on
N83-2
SWbarS-6
ngc3351
ngc5713
N180-1
PP 13 S
SWbarN-2
IRAS04191_on
N66/NGC 346-1
ngc3077
ngc1482
L1489-IRS_on
N157
He2-10
ngc4536
ngc4418
DiffuseReg1-1
ngc1266
HH111-Position-C
ngc2798
m101_02
ngc2976_00
Ced 201-2

Map Size [pix]

26x24
13x11
12x13
13x12
26x25
11x11
26x25
13x12
26x25
13x12
13x12
12x13
28x25
12x12
28x25
13x12
27x24
12x13
12x12
26x25
12x13
13x13
13x12
13x12
12x12
14x12
13x13
26x25
13x13
12x13
13x12
26x26
13x13
12x12
13x12
13x12
12x13
13x12
26x25
13x11
12x13
12x13
14x12
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Coverage [%]

Species

19.4
N/A-12 CO -NII
18.9
N/A-12 CO -NII
18.6
N/A-12 CO -NII
17.3
N/A-12 CO -NII
16.2
N/A-12 CO -NII
15.7
N/A-12 CO -NII
14.8
N/A-12 CO -NII
14.7
N/A-NII-12 CO
14.3
N/A-12 CO -NII
12.8
N/A-12 CO -NII
10.9
N/A-12 CO -NII
10.9
N/A-NII-12 CO
10.1
N/A-NII-12 CO
9.0
N/A-12 CO -NII
8.4
N/A-NII-12 CO
8.3
N/A-NII-12 CO
7.7
N/A-12 CO -NII
7.7
N/A-12 CO -NII
6.9
N/A-NII-12 CO
6.3
N/A-12 CO -NII
5.8
N/A-12 CO -NII
5.3
N/A-12 CO -NII
5.1
N/A-NII-12 CO
5.1
N/A-NII-12 CO
4.2
N/A-12 CO -NII
4.2
N/A-12 CO -NII
4.1
N/A-12 CO -NII
3.8
N/A-12 CO -NII
3.6
N/A-12 CO -NII
3.2
N/A-NII-12 CO
3.2
N/A-NII-12 CO
3.1
N/A-12 CO -NII
3.0
N/A-12 CO -NII
2.8
N/A-12 CO -NII
1.9
N/A-NII-12 CO
1.3
N/A-12 CO -NII
1.3
N/A-NII-12 CO
1.3
N/A-12 CO -NII
0.8
N/A-12 CO -NII
0.7
N/A-12 CO -NII
0.6
N/A-NII-12 CO
0.6
N/A-NII-12 CO
0.6
N/A-12 CO -NII
Continued on next page

B. MAPPING OBSERVATION POSTCARDS

Obsid

1342204026
1342221687
1342270032
1342204890
1342249055
1342243601
1342262855
1342219574
1342204887
1342227520
1342219573
1342204885
1342262906
1342246280
1342227787
1342255263
1342204886
1342258700
1342197489
1342204888
1342262904
1342270031
1342202262
1342227789
1342249464
1342239352
1342202260
1342197487
1342204889
1342243602
1342221681

Object
IC59
NGC 6826 Mid
N76Wrim-5
l1721-6
NGC1275-nucleus
CB26_Class-I-1
EX Lup
Polaris-cvi
l1721-3
OFF-postion2
HH 381 IRS
l1721-1
N132D-1
Neptune
NGC 6543 W Knot
Parsamian 21
l1721-2
HH 354 IRS
Ced 201-3
l1721-4
N49-1
NGC249-1
california-3
NGC 6543
V883 Ori
ngc1377
california-2
Ced 201-1
l1721-5
CB230
NGC 7009

Map Size [pix]

Coverage [%]

Species

25x27
25x27
12x12
12x12
13x12
13x12
12x12
12x13
12x12
13x12
12x12
12x12
13x12
11x10
28x24
13x12
12x12
12x13
14x12
12x12
13x12
12x13
13x12
28x25
13x12
13x12
13x12
13x12
12x12
13x11
27x25

0.6
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0

N/A-NII-12 CO
N/A-NII-12 CO
N/A-NII-12 CO
N/A-NII-12 CO
N/A-NII-12 CO
N/A-NII-12 CO
N/A-NII-12 CO
N/A-NII-12 CO
N/A-NII-12 CO
N/A-NII-12 CO
N/A-NII-12 CO
N/A-NII-12 CO
N/A-NII-12 CO
N/A-NII-12 CO
N/A-NII-12 CO
N/A-NII-12 CO
N/A-NII-12 CO
N/A-NII-12 CO
N/A-NII-12 CO
N/A-NII-12 CO
N/A-NII-12 CO
N/A-NII-12 CO
N/A-NII-12 CO
N/A-NII-12 CO
N/A-NII-12 CO
N/A-NII-12 CO
N/A-NII-12 CO
N/A-NII-12 CO
N/A-NII-12 CO
N/A-NII-12 CO
N/A-NII-12 CO
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B.1. CODOMINANT

B.1

12 CO

Dominant

Figure B.1: FF Mapping Postcards, 1342192174

Figure B.2: 1342214827
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B.1. CODOMINANT

Figure B.3: 1342227516

Figure B.4: 1342228703
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B.2. NIIDOMINANT

B.2

NII Dominant

Figure B.5: 1342228732

Figure B.6: 1342221711
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B.2. NIIDOMINANT

Figure B.7: 1342254040

Figure B.8: 1342265807
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B.3. POOR

B.3

Null Dominant

Figure B.9: 1342212345

Figure B.10: 1342210860
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B.3. POOR

Figure B.11: 1342208388

Figure B.12: 1342259066
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Appendix C
Neutral Carbon 3P1-3P0 Fine Structure
Line Detection
This appendix illustrates the utility of extending the NCC (Chapter 6) functionality towards
detection of the neutral carbon 3 P1 -3 P0 fine structure line within the FF. What follows is
a series of plots which show postcards from the sparse FF catalogue (left), and a close up
of the suspected 3 P1 -3 P0 transition (rigt). SPIRE spectral data is presented in blue, the
fitted model is shown with a dashed sinc profile, while the expected position of the 3 P1 -3 P0
transition based on [CI] detection is indicated with a cyan line.

C.1

Unique Neutral Carbon Pairs

This section shows unique detection of both neutral carbon fine structure transitions
using the NCC which were not detected within the main body of the FF routine.

Figure C.1: [CI]3 P1 −3 P0 snr = 37.846340
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C.1. UNIQUEPAIRS

Figure C.2: [CI]3 P1 −3 P0 snr = 12.180308

Figure C.3: [CI]3 P1 −3 P0 snr = 18.500926

Figure C.4: [CI]3 P1 −3 P0 snr = 7.949178
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C.2. UNIQUE 3 P1 −3 P0 TRANSITION DETECTION

C.2

Unique 3 P1 −3 P0 Transition Detection

This section shows spectra with unique 3 P1 -3 P0 fine structure feature detection based
on the NCC routine results. However, in these cases the 3 P2 -3 P1 transition was detected by
the FF without invoking the NCC.

Figure C.5: [CI]3 P1 −3 P0 snr = 6.268916

Figure C.6: [CI]3 P1 −3 P0 snr = 7.668759
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C.2. UNIQUE 3 P1 −3 P0 TRANSITION DETECTION

Figure C.7: [CI]3 P1 −3 P0 snr = 5.366224

Figure C.8: [CI]3 P1 −3 P0 snr = 5.002306

Figure C.9: [CI]3 P1 −3 P0 snr = 6.959381
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C.2. UNIQUE 3 P1 −3 P0 TRANSITION DETECTION

Figure C.10: [CI]3 P1 −3 P0 snr = 5.755870

Figure C.11: [CI]3 P1 −3 P0 snr = 6.509541

Figure C.12: [CI]3 P1 −3 P0 snr = 7.247980
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