
DELAYED STOCHASTIC MODELLING OF PROKARYOTIC TRANSCRIPTION
WITH ABORTIVE INITIATION

SILKY SHARMA
Bachelor of Technology, Uttar Pradesh Technical University, India, 2013

A Thesis
Submitted to the School of Graduate Studies

of the University of Lethbridge
in Partial Fulfillment of the

Requirements for the Degree

MASTER OF SCIENCE

Department of Chemistry and Biochemistry
University of Lethbridge

LETHBRIDGE, ALBERTA, CANADA

c© Silky Sharma, 2017



DELAYED STOCHASTIC MODELLING OF PROKARYOTIC TRANSCRIPTION
WITH ABORTIVE INITIATION

SILKY SHARMA

Date of Defense: January 20, 2017

Dr. Marc R. Roussel
Supervisor Professor Ph.D.

Dr. Robert Laird
Committee Member Associate Professor Ph.D.

Dr. Stacey Wetmore
Committee Member Professor Ph.D.

Dr. Dennis Salahub
External examiner Professor Ph.D.

Dr. Nehal Thakor
Examination Committee Chair Assistant Professor Ph.D.



Dedication

To my parents,

Mr. and Mrs. Sharma,

and my beloved brother Sahil,

whose hard-work, love, encouragement and prayers by day and night make me able to get

such success and honour.

Along with my supervisor, Dr. Marc R. Roussel,

who always picked me up on time and has been a constant source of knowledge and

inspiration for me.

iii



Abstract

A quantitative model for gene transcription should treat two main features: stochastic fluc-

tuations due to low copy numbers, and time delays resulting from the lengthy sequence of

reactions that form the transcription process. Bratsun et al. (PNAS, 102(41):14593-14598,

2005) proposed an algorithm by which we can include both of these features. I have stud-

ied a delay stochastic model for RNA transcription including abortive initiation. This study

focused on the parametric dependence of the mean stationary RNA concentration and of

the rise time, i.e. the characteristic time taken to achieve the stationary concentrations. The

mean RNA concentration depends on initiation, elongation, polymerase arrest and RNA

degradation rates including delays associated with clearance of promoter and polymerase

arrest. Rise time depends on initiation, polymerase arrest, termination and RNA degrada-

tion rates. I have developed an analytic theory of rise time based on the delayed mass-action

formalism to validate the simulation results.
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Chapter 1

Introduction

In this chapter, I am going to discuss the transcription process and stochasticity. Later

on, several stochastic simulation method will also be explained. At the end, I will talk

about a delay stochastic simulation method to analyze the effects of delays in the process

of prokaryotic transcription, and about my research plan.

1.1 Transcription

According to the central dogma, transcription is a stage in the gene expression pro-

cess in which the information present in a DNA sequence is copied into an RNA molecule.

The mature RNA molecule further forms protein with the help of ribosomes by a process

called translation. The process of transcription is catalyzed by an enzyme called RNA

polymerase [1]. The bacterial RNA polymerase is a multi-subunit enzyme consisting of

five subunits: two α subunits, one β subunit, one β′ subunit, and one ω subunit. During

transcription, RNA polymerase reads the sequence from a template DNA strand and con-

verts this into a complementary RNA strand. The process of transcription starts when the

RNA polymerase binds with the transcription factor σ which then together bind with the

template DNA strand, separating the double strands of the DNA helix. This process requires

the breakage of the hydrogen bonds between the nucleotides [2]. RNA polymerase forms a

complementary RNA strand by catalyzing the formation of an RNA sugar-phosphate back-

bone. During transcription, the RNA-DNA hybrid is base paired over a stretch of 8 or 9

nucleotides [3]. The RNA gets extruded through an exit channel in the polymerase. The

1



1.1. TRANSCRIPTION

transcript is only released at the end after the events of termination.

I am specifically dealing with the prokaryotes in my research due to the easy availabil-

ity of the relevant parameters as they are most studied and well-understood. This chapter

will provide the necessary background information on transcription, leaving aside transla-

tion. There are three major steps in prokaryotic transcription as described in the following

subsections.

1.1.1 Stages of transcription

Initiation

In bacterial transcription, the RNA polymerase binds with a transcription factor known

as σ factor (to form the holoenzyme) at a specific site on the template strand of the DNA

called the promoter [4]. The initial polymerase-DNA complex formed is known as the

closed complex because at this point the DNA is double stranded. This complex will then

unwind the DNA to expose a single stranded DNA sequence and the complex of separated

DNA with the polymerase is then called the transcription bubble.

This bubble, which includes the RNA polymerase, the promoter and σ transcription

factor, will then move forward, releasing the promoter. The nucleotides between the pro-

moter region (+1 site) to the terminator site are transcribed into a complementary RNA

sequence with the formation of phosphodiester bonds between the nucleotides to bind to-

gether the transcript [2]. Eventually, transcription factors leave and elongation proceeds.

The RNA polymerase has the tendency to dissociate from the template strand after a few

bonds are synthesized and generate truncated RNA transcripts, which is known as abortive

initiation [5].

Abortive initiation

The process of abortive initiation is observed at the early stages of transcription. It

is found that the RNA polymerase takes several attempts to escape a promoter and thus

forms a very short nucleotide transcript of a length of about 9-32 nucleotides [5–7]. Several

2



1.1. TRANSCRIPTION

conformational changes have also been observed within an RNA polymerase during the

process of abortive initiation [8]. In addition to this, it has been found that approximately

75 percent of all the total initiations lead to the formation of abortive transcripts [7].

In prokaryotes, abortive initiation has been studied by a single molecule experiment

but the exact mechanism is still unknown [5]. In the single molecule experiment, the tech-

nique of total-internal-reflection fluorescence microscopy was used to study the mechanism

of abortive initiation in detail. The authors measured the distances between a fluorescent

probe incorporated in RNA polymerase and a fluorescent probe incorporated in DNA with

the help of fluorescence resonance energy transfer. It has been found that this process of

abortive initiation is observed when the RNA polymerase was translocating forward on the

template DNA strand and the release of the abortive product is considered to be a rate lim-

iting step [5]. The abortive product is degraded by the ribonucleases present in the cell.

After dissociation of the transcription complex, the promoter will be available for the next

initiation event. If the RNA transcript does not abort during the initiation phase then it starts

the elongation phase of transcription.

Elongation

In this phase, RNA polymerase moves on the template strand all the way from the 3’

end to the 5’ end and the newly formed RNA transcript is formed in the direction from 5’

to 3’. This newly formed RNA transcript has the same sequence as that of the coding DNA

strand except that the thymine (T) is replaced by uracil (U) [9].

Termination

There are two known mechanisms by which the prokaryotic transcription process termi-

nates, known as the Rho independent termination process (also called intrinsic termination),

and the Rho dependent process (also called extrinsic termination). In the Rho independent

process, termination happens due to the formation of a G-C rich hairpin loop structure (from

a palindromic sequence) followed by several uracils [2]. These hairpin loop structures are

3



1.2. STALLING OF RNA POLYMERASE

Figure 1.1: Schematic diagram showing the fates of transcribing RNA polymerase during
a transcription process

very strong. This formation of the loop structure creates a mechanical stress, breaking the

hydrogen bonds between the RNA-DNA hybrid and causing RNA polymerase to leave [9].

In the Rho dependent termination mechanism, the protein factor Rho binds with the nascent

RNA transcript (which is still attached to the RNA polymerase) and this complex will then

decrease the affinity between the RNA polymerase and the template DNA strand, causing

the RNA polymerase to detach [10].

1.2 Stalling of RNA polymerase

Many biological processes like transcription do not always proceed from start to finish

without interruption. This issue arises with processive enzymes, that is enzymes that work

4



1.2. STALLING OF RNA POLYMERASE

on a polymer one monomer at a time without releasing the polymer [11]. These processive

enzymes include RNA polymerase which carries out the transcription process. Stalling is a

halt in the transcription process occurring when the RNA polymerase stops traversing the

DNA strand. It can have two special cases, pausing and arrest [12] as shown in figure 1.1.

As the name suggests, pausing is the reversible form of stalling, from which the polymerase

can recover after some time leading to a normal transcription product later on. In contrast,

arrest in the transcription process is irreversible and is usually not resolved by resumption

of the transcription process, instead leading to the degradation of both the polymerase and

the incomplete RNA transcript [12].

In the subsection below, I will give several reasons for stalling that can lead to the arrest

of RNA polymerase during the elongation phase in a transcription process.

1.2.1 Reasons for RNA polymerase stalling

There are many reasons that can make an RNA polymerase stall. They are as follows:

• Sequence-dependent stalling: some sequences (e.g. homopolymeric-oligo(T) tracts)

on the template strand are pre-determined to make RNA polymerases stall (pause or

arrest) on them [13–15].

• The polymerase may attempt to read a damaged template, blocking its progression

and causing arrest [12].

• The polymerase itself can be damaged or incorrectly assembled, again causing arrest

[12].

• Barriers on templates, such as proteins, can also impede the progress of polymerases,

resulting in pauses [12].

• DNA supercoiling may also lead to pausing [16].

• Low nucleotide pools cause polymerase pausing [12].

5



1.4. STOCHASTICITY

• RNA polymerases do not pass each other or displace one another, so that one stalled

polymerase can cause upstream polymerases to pause [17].

• When two RNA polymerases collide in attempting to search for and then bind to the

same promoter, one or both of them will arrest [17].

• Sometimes, there are promoters on the opposite strands that direct transcription in

opposite directions, called convergent promoters. The transcription bubble can not

accommodate polymerases traveling in opposite directions, and that leads to their

arrest [17].

1.3 RNA degradation

Prokaryotic RNA is prone to degradation due to the presence of several ribonucleases

in the cytoplasm. The rate of RNA degradation is studied on the basis of its half-life

where half-life is directly related with the stability of RNA in a cellular environment. In

Escherichia coli, the half-life of a nascent RNA varies over a wide range which is from 0.6

minutes to 36 minutes [18].

1.4 Stochasticity

A stochastic process is a random process that evolves with time [19]. These processes

can evolve in more than one way as even if we know the initial conditions the process can

have several different outcomes because they depend on the sequence of random variables.

At the microscopic level, chemical reactions occur at random times when, for instance,

two reactants happen to collide in an appropriate orientation and with appropriate energy.

The random nature of reactive events is a form of stochasticity. Biochemical processes (in-

cluding transcription and translation) are stochastic in nature. In order to deal with these

kinds of systems, we need a stochastic simulation method that mimics the reactions occur-

ring in the system. These simulations use random variables; data are collected from several

6



1.4. STOCHASTICITY

realizations, each using different sets of random numbers. As a result, running multiple

realizations of a stochastic process allows us to approximate the distributions of the random

variables of the model.

Several stochastic simulation methods are given to deal with these stochastic processes,

including the Gillespie algorithm [20], the Gibson and Bruck stochastic simulation algo-

rithm [21], and the delay stochastic simulation method by Roussel and Zhu [22].

1.4.1 Stochastic simulation

In the year 1977, Gillespie presented an algorithm to simulate stochastic systems. In this

method, several chemical and biochemical reactions are simulated to generate a trajectory

or a possible solution. It is a discrete and stochastic simulation method that can handle

complex reactions as long as they are decomposed into elementary reactions for which the

products are obtained at the same time as the reactants are consumed [20]. As a result of

this simulation, a trajectory is obtained that is an exact sample from the probability mass

function that we would get by solving the chemical master equation. Each reaction in a

stochastic model has a reaction propensity which gives the probability of the occurrence of

a reaction per unit time. This reaction propensity function can be calculated with the help

of a stochastic rate constant and the molecular populations of the reactants. It provides the

rate at which the probability is transferred from one state to another [20].

For second-order reactions, for example, the collision of the molecules is required to

obtain the products but the collision is successful only if the molecules are colliding with

sufficient energy and in a correct orientation. So, this simulation method generates random

numbers for choosing the sequence and timing of reaction events. Several simulations (or

realizations) are run as each one will give different trajectories because of the random aspect

of the dynamics. The data from several simulations can be analyzed to obtain statistical

quantities of interest.

The Gillespie method is very expensive in terms of computational costs depending on

7



1.4. STOCHASTICITY

the number of reactions. Moreover, kinetic factors can affect the cost of the simulations.

The probability of picking a reaction and the waiting time directly depend on the number of

reacting molecules and the stochastic rate constants governing the reactions. For example, if

we have a rapid equilibrium (with very large rate constants and reasonably large populations

of the two species) say between species A and B, we could spend a lot of time converting

A to B and B to A before a more significant reaction occurred [23].

We could build in detailed models of transcription and translation to a model for a gene

network, but these models would become exceedingly complex and slow. By using de-

lays to represent the transcription and translation steps, we take into account the time these

processes take. In Gillespie’s algorithm, all the reaction steps in a biological model are

instantaneous and delayed effects, in which there is a time lag between the consumption

of reactants and the appearance of products, are not included. In order to overcome these

drawbacks, Gibson and Bruck gave a Next Reaction Method to make the Gillespie simu-

lation method more time efficient [20] in the year 2000. Also, this new method allowed

the effects of delays in a stochastic system to be included. In this method, a waiting time

is generated for each possible reaction by generating a single random number per iteration

and the reaction to occur next is the one with the smallest waiting time [21].

Furthermore, in order to deal with large reaction systems with a large number of delays,

Bratsun et al. proposed an algorithm [24]. They modified the Gillespie algorithm [20] to

account for the delay in kinetics which then could be used to simulate a stochastic model

corresponding to delay differential equations [24].

1.4.2 Pipe model for transcription

The delays in gene expression (or other biochemical) models can be thought of as a

pipe for example as shown in figure 1.2. In the pipe model, promoter and RNA polymerase

enter the metaphorical pipe which is signifying the initiation of the transcription process

here. Then, τ1 time units after entering the pipe, the promoter is cleared, coming out of the

8



1.4. STOCHASTICITY

Promoter + RNA polymerase

𝜏1

𝜏2
Promoter

Termination
complex

Pipe

Figure 1.2: Pipe model of the transcription process.

pipe and becoming available for another binding event. At the end, the termination complex

comes out of the pipe as a final product τ2 time units after the process started. We cannot

add anything to or take anything out of the pipe once the process starts as assumed in the

model explained above.

In the conventional simulation algorithm, once a reaction is ‘in the pipe’, we cannot

easily change it, which is what we need to do if there are eventualities that can occur after

initiation of a reaction with delayed effects. The arrest of RNA polymerase is an example

of the kind of thing that is difficult to deal with in the conventional algorithm (as shown

in the pipe model) because it happens after transcription initiation (or translation initiation)

and can result in different outcomes (abort or continue after a pause).

1.4.3 Delay stochastic simulation method

Here, I will present the algorithm used in my work from the paper presented by Roussel

and Zhu [22], based on the work of Bratsun et al. [24]. Bratsun et al.’s paper appeared

about five years after Gibson and Bruck’s pioneering paper [21]. In the algorithm given by

Roussel and Zhu [22], the presence of more than one delayed output in a single reaction

step is considered unlike in the algorithm given by Bratsun et al. [24], where they assumed

a single delayed event. Also, the version of the algorithm given by Roussel and Zhu, allows

for delays drawn from any desired distribution, and not just fixed delays [22].

Figure 1.3 shows the algorithm given by Roussel and Zhu [22]. The delayed reactions

are separated here into a set of reacting events (involving consumption of reactants) and

9



1.4. STOCHASTICITY

1. Initialize: set initial numbers of molecules; set t← 0; form a group of reacting events
and a separate group of generating events from the list of reactions; create an empty
wait list L for delayed generating events.

2. Get the next reacting event R1 and the corresponding occurrence time t1 using the
standard Gillespie stochastic simulation algorithm.

3. Compare t1 with the least time, τmin, in L.

• If t1 ≤ τmin, get the generating event(s) corresponding to the reacting event R1
and generate delays τj drawn from appropriate distributions for each generating
event G j. Then,

(a) set t ← t + t1;
(b) update the number of molecules by performing R1;
(c) for each j such that τj = 0, do G j ;
(d) decrement all the delays in L by t1;
(e) if τj 6= 0, add G j τ into L.

• If t1 > τmin,

(a) set t ← t + τmin;
(b) update the number of molecules by performing the generating event Gmin,

which is associated with τmin;
(c) delete Gmin τmin from L;
(d) decrement all the delays in L by τmin.

4. Go to step 2.

Figure 1.3: Algorithm for the delay stochastic simulation algorithm as given by Roussel
and Zhu [22].

10



1.5. PLAN OF THE THESIS

1

RNAP

Stall site X

DNA template strand

k2

Figure 1.4: Schematic diagram of RNA polymerase arrest in the model: On the DNA
template strand, RNA polymerase is traversing from the promoter to the end. The stall site
X is the pre-determined arrest site present on the template DNA strand as assumed in our
model.

generating events (appearance of products). The algorithm in this model involves the use

of a standard Gillespie trial by generating a set of random numbers to determine the next

reacting event. The ordinary reactions don’t pose any special problems and can be treated

as in the ordinary Gillespie algorithm. The delayed generating events are stored in a list

L, to be executed at the appropriate time in the future [22]. These generating events are

denoted by G j in the algorithm.

1.5 Plan of the thesis

In order to clearly understand cellular dynamics, we have to understand the process of

transcription in detail [22]. Transcription is stochastic due to the low copy numbers of the

molecules involved in this process [22]. In order to deal with the stochasticity in the tran-

scription process, a stochastic simulation method is used that mimics the random timings

of the reactions [20]. In order to further reduce the number of steps to be modelled in

a stochastic process like transcription, delays are added to concentrate on inputs and out-

puts only [22]. For this, a delay stochastic simulation method was given by Roussel and

Zhu [22]. In this thesis, a delay-stochastic model of transcription including the process of

abortive initiation was developed. Data from this model and from a simplified version with-

out abortive initiation were collected over many realizations and the results were analysed

to understand the relationship between several parameters and model responses. The ex-

panded model of transcription and the analytical theory of rise time (a measure of the time

required to reach the stationary level of, in this case, the RNA population) can be employed
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1.5. PLAN OF THE THESIS

to analyse the stochastic processes in gene expression. Our results derived for the model

with abortive initiation provide insight into how different stochastic reaction rates and de-

lays associated with a transcriptional process can be used to predict the mean stationary

RNA levels and rise time in gene expression. The response time has potential implications

for understanding the response to environmental perturbations as it can help us to predict

how fast gene expression changes when conditions change.

The very first challenge in this work was to modify and expand a previously given

model [22] to account for abortive initiation. This is done in chapter 2. In this model,

I assumed that the arrest of RNA polymerase happens during the elongation phase and

the polymerase undergoes irreversible arrest as shown in figure 1.4. Here, the arrest is

assumed to happen at an early stage even before the clearance of the promoter, which is

called abortive initiation as explained earlier in this chapter [5]. This irreversible arrest

results in the detachment of the polymerase from the template DNA strand which leads to

the clearance of the promoter for a new initiation event. For that, I have added an extra step

competing with productive elongation in the model given by Roussel and Zhu [22].

I compared results from models with and without arrest of RNA polymerase. In partic-

ular, the study of the stationary RNA level and the time taken to reach the stationary RNA

level considering the effect of RNA polymerase arrest were studied in detail. This model

will also help us to get some insight into the study of the dependence of the RNA levels on

the abortive initiation rate, the time for which RNA polymerase stays in the arrested state,

and the stochastic rate constants related to this step. Furthermore, we can also find a rela-

tionship between the rise time and the stochastic rate constants for the initiation, elongation

and termination steps.

12



Chapter 2

Model description

The transcription of DNA in prokaryotes is a complex multi-step process. In the following

section, a simple RNA expression model for bacterial transcription, which is a modified

version of the model given by Marc R. Roussel and Rui Zhu [22], will be discussed. In this

extended model, degradation of RNA is also taken into consideration as RNA produced at

the end of the termination process is prone to degradation [25, 26]. This model includes

four major processes: initiation, elongation, termination, and RNA degradation. The first

three of these processes are parts of transcription. Several assumptions are made in this

model and I am going to specifically look for parameters appropriate to Escherichia coli. I

will then consider an extension that includes abortive initiation.

2.1 Detailed transcription model

In the model given by Marc R. Roussel and Rui Zhu [22, 27], they have considered a

very detailed transcription process. They have included three states of each site on a tem-

plate DNA strand which include unoccupied (Ui), occupied (Oi) and activated (Ai) states,

with subscripts denoting sites on the template (nucleotide positions). In the reaction steps

given below, Pro stands for promoter, RNAP stands for RNA polymerase, C1 and C2 are the

two termination complexes, and R is the nascent RNA transcript. In the unoccupied state,

it was assumed that there is no RNA polymerase present on this site. In the occupied state,

there is an RNA polymerase present on the site. Finally, in the activated state there is a nu-

cleoside triphosphate bound and the polymerase is ready to perform its catalytic action. All

13



2.1. DETAILED TRANSCRIPTION MODEL

these reaction steps including the elongation and termination in the end are controlled by

the stochastic rate constants kn, where n varies from 1 to 7. The three major steps involved

in this previous model are given below:

• Initiation

Pro+RNAP+U1
k1−−→ O1 (2.1)

O1
k2−−→ A1 (2.2)

• Elongation

Ai +Ui+1
k3−−→ Oi+1 +Ui, i = 1,2, . . . ,n−1 (2.3)

Oi
k4−−→ Ai, i = 2,3, . . . ,n (2.4)

• Promoter clearance

It was assumed that the promoter region is only available to bind a new RNAP

when the polymerase has moved to site m + 1. So, the reaction (2.3) is replaced

by the reaction given below when i = m.

Am +Um+1
k3−−→ Om+1 +Um +Pro (2.5)

• Termination

An
k5−−→ C1 (2.6)

C1
k6−−→ C2 (2.7)

C2
k7−−→ RNAP+R+Un (2.8)

On the other hand, I created a simplified model with delays, which is the basis for the

work of this thesis and which will be described in more detail below. In the detailed model,

each nucleotide can be in one of three states (U, O, A). However, in the delay model, the

14



2.2. SIMPLE RNA EXPRESSION MODEL
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Figure 2.1: Initiation

entire elongation compartment is replaced by a delay, that is reactions (2.2), (2.3), (2.4)

and (2.6) in the previous model are replaced by a single delayed process. In terms of the

pipe metaphor of section 1.4, we can think of reaction (2.2) as ‘entering the pipe’ and of

reaction (2.6) as ‘exiting the pipe’. Once the reactants are in the pipe, we cannot alter

anything before we get the product out from the other end of the pipe. I have also dealt with

reaction (2.5) by considering a branch in the pipe from which the promoter comes out after

a certain time delay. This decreases the overall number of steps in this model as compared

to the previous model. The detailed model has 2N + 4 steps, where N is the number of

nucleotides in the template. The average gene in prokaryotes has about 1000 nucleotides,

so that’s about 2000 steps [28]. As we will see in section 2.2, the corresponding parts of

the delay model include just 4 steps.

2.2 Simple RNA expression model

2.2.1 Initiation

Pro+RNAP
k1−−→ ElnC (2.9)

The initiation phase of prokaryotic transcription involves the binding of RNA poly-

merase to the promoter as sketched in figure 2.1. The binding of RNA polymerase to the

promoter forms an elongation complex (ElnC). This is basically the same as reaction (2.1)

if we make the association of ElnC with O1. Reaction (2.9) describes initiation as a single

reaction, which is an approximation: initiation involves more than one reaction step [29].
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2.2. SIMPLE RNA EXPRESSION MODEL

Initiation is the slowest event in transcription [30].

The pool of free polymerases is expected to be more or less constant due to the large

number of initiation and termination events going on in a cell at any given time [31, 32].

Hence, several kinetic studies of the binding of RNA polymerase to promoter have repre-

sented this process by a single pseudo-first-order stochastic rate constant, kx, where,

kx = k1[RNAP] (2.10)

So, the simplified equation would be:

Pro kx−−→ ElnC (2.11)

The waiting time for transcription initiation as shown in equation (2.11) starting from a free

promoter is controlled by kx. Specifically, the waiting time is exponentially distributed with

mean 1/kx. Note that the stochastic rate constants have units of s−1.

2.2.2 Elongation
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Figure 2.2: Elongation

ElnC(t)
k2−−→ Pro(t + τ1)+C1(t + τ2) (2.12)
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2.2. SIMPLE RNA EXPRESSION MODEL

Initially, the elongation complex is formed as a result of the previous reaction (2.11). At

some time after it has been formed, elongation starts. Call the time at which elongation

initiates t. In addition to this, the promoter is cleared after time delay τ1, making it available

for another RNA polymerase to start another round of transcription as shown in figure 2.2.

This single reaction step is corresponding to the reactions (2.2), (2.3), (2.4) and (2.6) given

in the detailed model. The rate at which elongation complexes enter the pipe is controlled

by rate constant k2. This reaction step is same as reaction (2.2) and therefore has the same

stochastic rate constant, k2. It is important to note that the elongation phase in this model

does not consider any other alternative pathways such as backtracking, RNA polymerase

pausing or transcription arrest [12, 17, 33]. However, a particular form of arrest, abortive

initiation, will be considered in section 2.3.

The mean waiting time between the formation of the elongation complex and initiation

of elongation, as represented in reaction (2.12), i.e. the mean time it takes for an elongation

complex to start transcription, is 1/k2. The promoter is cleared after time τ1 and the termi-

nation complex C1 is formed after time τ2. Note that τ2 is greater than τ1 where the typical

value of τ2 is 20 s and τ1 is 1 s [22]. To be noted, elongation is the only step in this simple

RNA expression model that includes delays.

2.2.3 Termination

C1
k6−−→ C2 (2.13)

C2
k7−−→ R (2.14)

Similarly to the detailed transcription model, the process of termination in this model in-

volves two steps. They include the conversion of C1 into a more stable state C2 and then

the release of RNA polymerase and RNA transcript from C2. The two reactions (2.13)

and (2.14) have the same stochastic rate constants as reactions (2.7) and (2.8) respectively.
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2.2. SIMPLE RNA EXPRESSION MODEL
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Figure 2.3: Termination

The two steps in the termination process in our model correspond to Rho-independent ter-

mination. Here equation (2.13) corresponds to the formation of a GC rich hairpin loop

structure to form C2, and equation (2.14) corresponds to the creation of a mechanical stress

and breaking of the hydrogen bonds of the RNA-DNA heterodimer that releases RNA poly-

merase (not shown in equation (2.14) as a constant pool of RNA polymerase is assumed)

and stops the transcription process.

The two reactions could also be understood to correspond to steps in Rho-dependent

termination. However, the values of the rate constants would differ. In this termination

mechanism, the protein factor Rho binds with the nascent RNA transcript (which is still

attached to the RNA polymerase) and this complex will then weaken the interaction be-

tween the RNA polymerase and the template DNA strand, causing the RNA polymerase to

detach [10]. Hence equation (2.13) could correspond to binding of Rho, and then equation

(2.14) could correspond to dissociation of the Rho-polymerase-RNA-DNA complex.

2.2.4 RNA degradation

The newly synthesized RNA transcripts have short half-lives because they are prone to

degradation by ribonucleases [25, 26]. Assume the degradation of RNA follows first-order
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2.2. SIMPLE RNA EXPRESSION MODEL

reaction kinetics,

R
k8−−→ waste-product (2.15)

k8 = ln(2)/thalf

where thalf is the half-life of an RNA molecule in a prokaryotic cell. The complete simple

RNA expression model consists of reactions from (2.11) to (2.15). I have added this reaction

to the original model in order to allow for homeostasis in the RNA level.

2.2.5 Parameter Estimates

A dynamic process like transcription depends on the stochastic rate constants and the

delays associated with it. These can be estimated from experimentally measured values.

Their values and the conditions for their selection are given below. I am using parameters

from reference [22] for consistency with this earlier study and the parameter values in this

section provide a set of default parameters, but I will vary some parameter values to see

their effects.

The pool of free RNA polymerases is roughly constant when the cells are grown in

constant conditions. Therefore, the value of free RNA polymerases here is considered as

144 molecules which is taken from the previous literature as reviewed in [34] and [35]. And

the value of k1 in this model is assumed to be 10 s−1 as provided in [22]. Hence on putting

the values of k1 and the number of RNA polymerases in equation (2.10), the value of kx

would be equal to 1440 s−1.

The value of k2 is less than the value of k1 because the transition from closed promoter

complex to open promoter complex is a rate limiting step [36, 37]. Hence, I have adopted

the value of the stochastic rate constant k2 for the transition to elongation in the simple RNA

expression model which is taken as 1 s−1 from [22]. In addition to this, the stochastic rate
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2.2. SIMPLE RNA EXPRESSION MODEL

Table 2.1: Default kinetic parameters used in the model

Parameter Value Source
kx 1440 s−1 [22] [34] [35]
k2 1 s−1 [22]
k6 10 s−1 [22]
k7 1 s−1 [22]
thalf 870 s [25] [26]
k8 7.96×10−4 s−1 [25] [26]
τ1 1 s [22]
τ2 20 s [22]

Table 2.2: Initial conditions

Variable Value
Pro 1
ElnC 0
C1 0
C2 0
R 0

constant for the degradation of RNA transcript, k8 is calculated on the basis of a typical

half-life of RNA (14.5 minutes or 870 seconds) [25, 26]; this half-life corresponds to a k8

value of 7.96×10−4 s−1.

The delays in equation (2.12) are fixed in order to simplify the model. τ1 is the time

delay that an activated transcription complex spends before it releases the promoter for

another binding event. The value of τ1 used here is 1 s as in [22]. τ2 is the time delay

before the termination complex 1 is released and its average value is found to be 20 s [22].

Note that the value of τ2 is always greater than the value of τ1. The parameters used in this

model are given in table 2.1.

The initial conditions used in this model are given in table 2.2. I assumed the presence

of a single gene promoter in the model and at the beginning of the transcription process in

our model. The populations of elongation complex, termination complexes and RNA are

considered to be equal to zero.

Although this model is very time efficient and computationally less expensive than the

20



2.3. MODEL OF TRANSCRIPTION WITH ABORTIVE INITIATION

simulation of a detailed transcription model, it assumes ideal conditions for the transcription

process by considering that the movement of RNA polymerase on the DNA template is

smooth and continuous. It overlooks the fact that the movement of RNA polymerase is not

always continuous and that the stalling of RNA polymerase is a very common phenomenon

in the transcription process both in the case of prokaryotes and eukaryotes [12, 38, 39].

2.3 Model of transcription with abortive initiation

In order to take into account the effects of the stalling of RNA polymerase, I formulated

an expanded version of this model that takes the abortive initiation into consideration. In

this model, I assumed that the movement of RNA polymerase stops during the elongation

step for an indefinite period of time and never resumes the movement again on the DNA

template strand. To be specific, I am assuming the arrest of RNA polymerase at some of

the early sites on the template strand in which the polymerase gets arrested even before

the promoter is cleared. This type of initiation process in which arrest of RNA polymerase

occurs before the clearance of the promoter is known as abortive initiation.

In abortive initiation, the halt in the movement of RNA polymerase doesn’t result in

a successful transcription product. After a certain time of RNA polymerase arrest, the

arrested RNA polymerase detaches from the template strand. In this model, there is an

arrest process competing with the elongation step. I have decided to study abortive initiation

in E. coli as it is a very simple organism and there is a plenty of literature available in order

to have easy access to the parameters to be used.

In the section below, I will explain the reaction steps for the elongation process in which

the RNAP gets arrested, and present the kinetic parameters used for this model. All other

steps in this model are the same as given in the previous model. Here, I have assumed two

alternative fates for the elongation complex out of which only one will be chosen as there

will be a competition between these two [7].

In the first scenario, if the continuous/unstalled movement of RNA polymerase occurs
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2.3. MODEL OF TRANSCRIPTION WITH ABORTIVE INITIATION

as shown in equation (2.12), then the elongation complex produced in equation (2.11) will

continue the elongation and proceeds to completion as in the simple RNA expression model.

This process results in a successful RNA transcript at the end of the transcription cycle.

In the second scenario, the elongation complex produced in equation (2.11) starts the

elongation process but gets halted due to the arrest of RNA polymerase on the template

DNA strand as shown in equation (2.17).

ElnC(t) karrest−−−→ Pro(t + τas + τarrest) (2.16)

Here, I have assumed that the arrest of RNA polymerase happens at a very early stage at

about 9–32 nucleotides downstream from the start site [5–7]. This kind of arrest is a special

case that results in abortive initiation. Here, I assume that the arrest happens at about 20

nucleotides downstream. That means that, after the elongation starts and RNA polymerase

travels about 20 nucleotides, as shown in figure 2.4, it gets arrested at a site I label ‘X’. It

takes an amount of time τas to reach the arrest site ‘X’, and the polymerase remains arrested

there for time τarrest. So τarrest time units after the arrest happened (at time (t + τas)), the

RNA polymerase gets detached from the template strand and the promoter is released at the

same time. This step doesn’t result in any successful transcription product. The stochastic

rate constant for this step is karrest. Here, I have assumed a term τ3 which is considered as

the sum of τas and τarrest. So, equation (2.16) could be rewritten as (2.17) by replacing the

sum of τas and τarrest as τ3.

ElnC(t) karrest−−−→ Pro(t + τ3) (2.17)

If the polymerase engages in productive elongation according to equation (2.12), then

the termination steps that follow are as before, and RNA degradation is still assumed to

occur.
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Figure 2.4: Schematic diagram of RNA polymerase arrest in the model: On the DNA
template strand, RNA polymerase is traversing from 3’ end to the 5’ end. It takes τas
time units to reach the arrest site ‘X’ where it stays arrested for τarrest time units and gets
detached from the template strand after time (τas + τarrest) after the start of transcription.
After the detachment of the RNA polymerase, the promoter is cleared. If the arrest of RNA
polymerase doesn’t happen then, termination complex C1 is released τ2 time units later,
eventually resulting in a normal transcription product. Note, τ2 > τas.

2.3.1 Parameter estimates

The delay stochastic simulation model with abortive initiation is an expansion of the

simple RNA expression model that was explained earlier. So, the majority of the parameters

used in this model are the same as used in the simple RNA expression model, except a few

that are newly introduced in the model with arrest. These newly introduced parameters are

karrest and τ3.

The stochastic rate constant for the elongation step with arrested RNA polymerase, i.e.

karrest, was calculated using the probability of arrest (Prarrest), as shown in equation (2.18).

Prarrest = karrest/(karrest + k2) (2.18)

Here, karrest + k2 is the total rate of initiation. The rate of initiations leading to arrest

(in initiations per second) divided by the total rate of initiations (same units) gives the

probability of arrest.

The probability of arrest was reviewed from the literature and it was found that on

average there is a thirty to seventy percent probability for an RNA polymerase to undergo

abortive initiation during the elongation process [16]. The value of k2 is 1 s−1 based on
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2.3. MODEL OF TRANSCRIPTION WITH ABORTIVE INITIATION

Table 2.3: Default kinetic parameters used in model with abortive initiation

Parameter Value Source
k1 10 s−1 [22]
k2 1 s−1 [22]
karrest 0.428 s−1 [22] [16]
k6 10 s−1 [22]
k7 1 s−1 [22]
thalf 870 s [25] [26]
k8 7.96×10−4 s−1 [25] [26]
τ1 1 s [22]
τ2 20 s [22]
τas 0.5 s [7] [40]
τarrest 1 s Assumed

the concentrations and dissociation constants used in [22]. Hence, by putting the values

of Prarrest which is 0.3 [16] and k2 in equation (2.18) the value of karrest is found to be

0.428 s−1. In order to analyze the effect of arrest probability on other parameters, I have

varied this value of arrest probability in the next chapter in section 3.2.2.

In addition to this, the other parameter τas, which is the time taken by the RNA poly-

merase to reach to the arrest site ‘X’, was also estimated on the basis of the transcribing

speed of the RNA polymerase and location of the arrested site ‘X’ on the DNA template

strand. In this model, I have considered that the RNA polymerase transcribes at a speed of

about 40 nucleotides per second [41] and the arrest site ‘X’ is present about 20 nucleotides

away from the initiation site [7]. So,

τas = 20 nt/40 nts−1 = 0.5s (2.19)

Finally, the value of the parameter τarrest was assumed to be 1 s as there are some relevant

data given in the literature [40] that confirm that the arrest leading to abortive initiation is not

particularly long of the order of seconds. Table 2.3 gives the values for all the parameters

that are used in this model.
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Chapter 3

Stochastic simulation

Small molecular populations present in biochemical systems give rise to stochasticity [42].

In order to deal with these small molecular populations, we need a stochastic simula-

tion method, such as the delay stochastic simulation method given by Roussel and Zhu

in 2006 [22], to model these systems correctly. This delay stochastic simulation method

helps us to determine the interdependence of the biochemical reactions on each other and

to study their effects on the overall biochemical process. Roussel and Zhu considered a

delay-stochastic model of transcription in their paper [22]. This model was very similar

to the simple model that I described in chapter 2. However, no cases of RNA polymerase

arrest were considered in the paper presented by Roussel and Zhu [22]. The simulations

were done for the continuous movement of RNA polymerase from initiation to termination

and then RNA degradation. Also, they didn’t look at transient effects in this paper including

rise time, where rise time is a measure of the speed at which the system responds to gene

activation.

In order to take into account the effects of the stalling of RNA polymerase, I formulated

an expanded version of this model that takes the abortive initiation into consideration. This

chapter will present my results on the simple RNA expression model [22], followed by the

modified version of this model that accounts for the abortive initiation of an RNA poly-

merase. Finally, I will discuss the simulation results for the modified model and study the

dependence of the variables on several parameters. This study focuses on mean stationary

RNA concentration (Rss) and rise time.
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3.1. SIMPLE RNA EXPRESSION MODEL

3.1 Simple RNA expression model

In complex biochemical reactions like transcription where several delayed reactions are

occurring at any time, it is computationally quite expensive to consider the state of each site

of a DNA template [24,43]. To deal with this, Roussel and Zhu presented a model for simple

RNA expression studied using a delay stochastic simulation algorithm [22]. This algorithm

can handle processes with several delayed outputs which have stochasticity associated with

them. It mimics the random timings of individual biochemical reactions at relatively little

computational cost. It also allows us to take into account the non-negligible time it takes

to transcribe a gene without having to simulate these processes in detail. The steps of the

transcription process were modeled as described in section 2.1.

3.1.1 Analysis of the simple RNA expression model

The simple RNA expression model that was described in section 2.1 was simulated us-

ing the delay stochastic simulation method. The simulation code can be found in Appendix

A. In this section, analysis of the simple RNA expression model using the delay stochastic

simulation method is discussed in detail. Here, I will discuss the simulation results and the

dependence of rise time and Rss on several parameters used in the simple RNA expression

model. The simulations were carried out using a set of parameters given in table 2.1. Figure

3.1 shows the number of RNA molecules produced with respect to time in a typical simula-

tion of the simple RNA expression model. The fluctuations around the mean level in figure

3.1 are due to the degradation and synthesis of the RNA, simultaneously. At the stationary

state, the average rate of synthesis of RNA is equal to the average rate of degradation of

RNA. In order to take an average, because of the fluctuations, the simulations were run

10,000 times and then I have taken the average for all the stationary RNA numbers to get

the mean stationary RNA number or Rss. The rise time is defined as the time required for

the RNA population to reach 90% of Rss [44, 45]. Specifically, it is the first passage time

at 90% of the Rss level [44, 45]. Different studies use different thresholds for the rise time
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3.1. DEPENDENCE OF RNA LEVELS AND RISE TIME ON KINETIC PARAMETERS

Figure 3.1: Curve showing the number of RNA molecules produced with respect to time in
a single simulation of the simple RNA expression model. The simulation result is shown in
blue with a mean stationary level of 626 molecules shown in red. This simulation was run
for the rate constants of Table 2.1. The rise time is estimated here as the time taken to reach
ninety percent of the stationary RNA level, 563 RNA molecules in this case.

ranging from 10% to 90% [46]. The 90% level was chosen as an arbitrary value here in

order to closely estimate the time required to reach the mean stationary RNA level.

3.1.2 Dependence of RNA levels and rise time on kinetic parameters

The level of stationary RNA molecules and time taken to achieve this level depends on

several kinetic parameters [47]. The parameters used in our model include kx, k2, k6, k7,

k8, τ1 and τ2 where kn is the stochastic rate constant and τn is the time delay between the

consumption of reactants and appearance of products as shown in equation (2.12). Even a

small change in the values of these parameters can lead to a considerable variation in RNA

levels [48]. However, not all the parameters have the same effects on final RNA levels. To

study the effects of the parameters on the mean stationary RNA levels and rise time, I have

generated several sets of simulation results.
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3.1. DEPENDENCE OF RNA LEVELS AND RISE TIME ON KINETIC PARAMETERS

Effect of varying kx on mean stationary RNA level and rise time

Figure 3.2: Rss versus log10 kx. All parameters, except kx, are from Table 2.1. The standard
errors in the mean values are smaller than the plotting symbols in this figure.
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Figure 3.3: Rise time versus log10 kx. All parameters, except kx, are from Table 2.1. Here,
error bars represent the standard error of the mean. The meaning of the error bars will be
the same in subsequent figures.
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kx is the stochastic rate constant for the initiation step of the transcription process as

shown in equation (2.3). This step can be rate determining in the transcription process [30].

Hence, we can expect that the variation in the value of kx will have a great impact on Rss.

Figure 3.2 depicts that increasing the value of kx increases Rss, the mean stationary

number of RNA molecules produced during the transcription process, to a certain limit but

at the bigger values of kx, the value of Rss becomes independent of the value of kx. The

steady-state level in these systems is set by a balance of the production and destruction

terms. As mentioned above, the transcription initiation is the rate-determining step for

transcription (production) [30], so we would expect the steady-state level to depend on

kx, at least until the value of kx is large enough that it is no longer rate-limiting [49]. If

we increase the rate of binding of RNA polymerase to the promoter, we expect the mean

level of RNA to increase. Saturation in this case is caused by promoter saturation, i.e. by

polymerases having to wait for the previous polymerase to clear the promoter. Note that

in figure 3.2, estimate of the uncertainty or standard error is smaller than the size of the

plotting symbols in this figure.

In addition to this, from figure 3.3 we can tell that the value of rise time is independent

of the value of kx. I will discuss the reason for the independence of the rise time from kx in

chapter 4.

Effect of varying k2 on mean stationary RNA level and rise time

Here, k2 is the stochastic rate constant for the transition from initiation to elongation

step of the transcription process as shown in equation (2.12). Figure 3.4 shows that the

value of Rss increases on increasing the value of k2. The values of k2 considered here are

much smaller than the value of kx from Table 2.1. So, we can say that k2 being rate-limiting,

if we increase this rate constant, the production of RNA is faster. So, in the same amount

of time, more RNA molecules would be produced at the end.

In addition to this, from figure 3.5 we can see that initially on increasing the value of
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Figure 3.4: Rss versus log10 k2. All parameters, except k2, are from Table 2.1.
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Figure 3.5: Rise time versus log10 k2. All parameters, except k2, are from Table 2.1.

30



3.1. DEPENDENCE OF RNA LEVELS AND RISE TIME ON KINETIC PARAMETERS

-4 -3 -2 -1 0 1 2 3

log
10

(k
6
/s-1)

675.5

676

676.5

677

677.5

678

678.5

Rs
s (

m
ea

n 
sta

tio
na

ry
 R

NA
 co

nc
.)

Figure 3.6: Rss versus log10 k6. All parameters, except k6, are from Table 2.1.

k2 the value of rise time didn’t change much. Specifically, the rise time starts to increase

somewhere between log10 k2 equals –0.4 and –0.3. It is interesting that the rise time curve

is flat for log10 k2 ≤ –0.4, but the reason for this is not clear. After the value of log10 k2

reaches –0.3, the stochastic rate constant k2 had a significant impact on the value of rise

time. The rise time increases when we increase k2. To put it another way, making the entry

into productive elongation faster causes the rise time to go up.

Effect of varying k6 on mean stationary RNA level and rise time

k6 is the stochastic rate constant for the termination step where the termination complex

1 is converting into termination complex 2 as shown in equation (2.13). Figure 3.6 shows

that increasing the value of k6 doesn’t change the mean RNA number.

However, figure 3.7 shows that increasing the value of k6 decreases the value of rise

time significantly at smaller values of k6. In other words, for the reaction process where the

termination complex 1 is converting to termination complex 2, if we make this reaction step

faster (up to a certain limit) then it takes less time to reach the stationary state. But when k6
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Figure 3.7: Rise time versus log10 k6. All parameters, except k6, are from Table 2.1.

becomes large enough, it no longer controls the rise time.

Effect of varying k7 on mean stationary RNA level and rise time

k7 is the stochastic rate constant for the termination step of the transcription process

as shown in equation (2.14). As shown in figure 3.8 for Rss versus k7, the value of Rss is

independent of the value of k7. I will tackle this issue in chapter 4.

However, as shown in figure 3.9, k7 has a significant impact on the rise time at very

small values. On increasing the value of the stochastic rate constant k7, the value of the rise

time decreases initially and then becomes independent at large enough values of k7. This

means that really small values of k7 make this step rate limiting, and the rise time will then

be largely dependent on this rate constant.

Effect of varying k8 on mean stationary RNA level and rise time

As shown in equation (2.15), the stochastic rate constant k8 is responsible for the rate

of degradation of the RNA transcript produced. A comparatively big value of k8 denotes
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Figure 3.8: Rss versus log10 k7. All parameters, except k7, are from Table 2.1.
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Figure 3.9: Rise time versus log10 k7. All parameters, except k7, are from Table 2.1.
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Figure 3.10: Rss versus log10 k8. All parameters, except k8, are from Table 2.1.

a faster RNA degradation, hence decreasing the mean stationary RNA number or Rss as

shown in figure 3.10.

In addition to this, it is simply a case of k8, the smallest rate constant, limiting the rate

at which the steady state is approached. Hence, rise time decreases on decreasing the value

of k8. A wide range of the values of k8 is plotted here in figures 3.10 and 3.11. The values

of k8 plotted here are based on the range of mRNA lifetimes in E. coli (i.e. 1/k8) which are

found to be between 0.6 and 36 minutes [18].

Effect of varying τ1 on mean stationary RNA level and rise time

As shown in equation (2.12), τ1 is the time delay for the clearance of promoter after the

initiation of elongation at time t. So, if the promoter gets cleared more quickly or, in other

words, if the delay associated with promoter clearance is decreased, then the number of

RNA polymerases getting attached to the promoter per unit time increases, hence leading

to an increased number of transcription cycles per unit time. So the overall yield of the

RNA molecules increases. The range of τ1 values plotted here is decided on the basis of
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Figure 3.11: Rise time versus log10 k8. All parameters, except k8, are from Table 2.1.

the physically reasonable range of values of τ1.

In conclusion, increasing the delay time τ1 decreases the mean RNA number produced

during the transcription process as shown in figure 3.12. On the other hand varying τ1 has

no impact on rise time as shown in figure 3.13. Typically, when Rss decreases, we expect

the rise time to also decrease since it takes less time to reach any given level. However, in

this case the slower re-initiation frequency balances the decrease in Rss.

Effect of varying τ2 on mean stationary RNA level and rise time

From equation (2.12), τ2 is the time delay in the release of termination complex 1 after

the formation of elongation complex at time t. So in terms of the pipe metaphor, a longer

delay corresponds to a longer pipe. If we have a longer pipe at some given initiation rate,

we can have more transcription complexes in the pipe, but in the steady state, they come

out at exactly the same rate as they go in, regardless of the length of the pipe. So, it doesn’t

directly impact the RNA number in the transcription process overall. Hence, changing the

value of τ2 will not affect the value of Rss and hence doesn’t affect rise time as well. The
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Figure 3.12: Rss versus log10 τ1. All parameters, except τ1, are from Table 2.1.
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Figure 3.13: Rise time versus log10 τ1. All parameters, except τ1, are from Table 2.1.
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Figure 3.14: Rss versus log10 τ2. All parameters, except τ2, are from Table 2.1.
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Figure 3.15: Rise time versus log10 τ2. All parameters, except τ2, are from Table 2.1.
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3.2. DELAY STOCHASTIC SIMULATION MODEL WITH ARREST

range of τ2 values plotted here is again decided on the basis of the physically reasonable

range in which τ2 could exist.

Figure 3.14 shows that, as expected, changing the value of τ2 doesn’t change the RNA

number, and figure 3.15 shows that changing the value of τ2 doesn’t affect the value of rise

time.

3.2 Delay stochastic simulation model with arrest

Transcription is a complex biological process in which the movement of RNA poly-

merase is not always continuous [50]. The simple RNA expression model described above

is very effective in dealing with the transcription process where RNA polymerase arrest

is not included [22]. It gave a clear insight into the dependence of bacterial transcription

kinetics on several parameters. But in order to understand and simulate the process of bac-

terial transcription as it happens in the biological system where RNA polymerase undergoes

abortive initiation during the elongation phase of transcription, the delay stochastic simula-

tion model with arrest is studied here in detail. This model will help us to understand the

effects of the abortive initiation process by RNA polymerase on the mean stationary RNA

concentration (Rss) and rise time.

The delay stochastic simulation model with RNA polymerase arrest that was described

in section 2.3 was simulated using the delay stochastic simulation method [22].

3.2.1 Analysis of delay stochastic simulation model with arrest

In this section, I will discuss the simulation results generated for the model with abortive

initiation in comparison to the results generated by the simple RNA expression model. In

particular, the dependence of rise time and Rss on several parameters used in the delay

stochastic simulation model with abortive initiation is also analyzed. The simulation is

done using a set of parameters that are given in table 2.3. These simulations were run

10,000 times to generate accurate statistics.
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3.2. DELAY STOCHASTIC SIMULATION MODEL WITH ARREST

Figure 3.16 shows that the mean stationary number of RNA molecules produced with

respect to time by simulating the simple RNA expression model (in red) is larger than that

of the simulation of the delay stochastic simulation model with abortive initiation (in blue).

This is because of the fact that, if the abortive initiation of an RNA polymerase happens

during the early elongation process then the arrested RNA polymerase stays on the arrested

site for a certain period of time, and then detaches from the template strand [51]. In other

words, it is assumed that an arrested RNA polymerase never resumes its movement again on

the DNA template strand. Hence, the mean stationary number of RNA molecules produced

with abortive initiation is less in comparison to the number produced in the non-arrest case.

Figure 3.16: Curves showing the number of RNA molecules produced with respect to
time by simulating the simple RNA expression model (in red) and by simulating the de-
lay stochastic simulation model with abortive initiation (in blue). For the red curve, all
parameters are from Table 2.1 and for the blue curve, all parameters are from Table 2.3.

In addition to the reasoning given above, I have decided to look deeper into the reason
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3.2. DELAY STOCHASTIC SIMULATION MODEL WITH ARREST

Table 3.1: Tables showing 1) on the left, the values of k2 and karrest for non-arrest and arrest
cases corresponding to the red and blue curves from figure 3.17 respectively; 2) on the right,
the values of k2 and karrest for non-arrest and arrest cases corresponding to the yellow and
green curves respectively.

k2/s−1 karrest/s−1

Non-arrest case 1 0
Arrest case 1 0.3

k2/s−1 karrest/s−1

Non-arrest case 100 0
Arrest case 100 0.3

Figure 3.17: Curves showing the number of RNA molecules produced with respect to time
by simulating the simple RNA model with the parameters of table 2.1 (in red), the model
with abortive initiation with the parameters of table 2.3 (in blue), the simple RNA model
with k2 increased to 100 s−1 (in yellow), and the model with abortive initiation and k2
increased to 100 s−1 (in green).

behind the curves depicted in figure 3.16. For that, I have increased the value of k2 which

is the stochastic rate constant for starting the elongation process in the non-arrest case as

shown in equation (2.12). I have chosen k2 specifically because we know that in the delay

stochastic simulation model with arrest the reaction steps leading to arrest or productive

elongation are competing with each other (as explained in section 2.3). In table 3.1, the
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values of k2 and karrest are given for arrest and non-arrest cases corresponding to the curves

given in figure 3.17. In figure 3.17, the red curve indicates the non-arrest case and the blue

curve indicates the RNA polymerase arrest case. These red and blue curves are the same

as in figure 3.16. The curves in yellow and green colors indicate the cases when the value

of the stochastic rate constant k2 was multiplied by 100 in order to decrease the effect of

RNA polymerase arrest by considerably decreasing the chances of arrest (by decreasing

the arrest probability as derived from the formula given in equation (2.18)). The yellow

curve corresponding to the simple RNA expression model and the green colored curve

corresponding to the model with RNA polymerase arrest are overlapping each other. This

overlapping shows that, if we will increase the value of the stochastic rate constant k2 by

100 times then it will override the effects of RNA polymerase arrest by making the value

of karrest much smaller than k2, thereby decreasing the probability of abortive initiation.

3.2.2 Dependence of RNA levels and rise time on kinetic parameters

As explained above, the final RNA concentrations and the rise time corresponding to

these concentrations depend on several kinetic parameters [47]. The parameters used in

our model include kx, k2, karrest, k6, k7, k8, τ1, τ2 and τ3, where karrest is the stochastic rate

constant for the reaction that represents abortive initiation and which is competing with the

elongation reaction (having stochastic rate constant k2) as shown in equation (2.12). τ3 is

the delay in the abortive initiation step from equation (2.17). Since all the parameters in

this model are the same as given in the simple RNA expression model (studied in section

3.1) except karrest and τ3, I have decided to study the dependency of Rss and rise time on

karrest and τ3 here in this section.

Effect of varying karrest on mean stationary RNA level and rise time

In figure 3.18, we can see that increasing the value of karrest decreases the mean RNA

concentration or Rss. The reason behind this kind of curve is because of the fact that the

arrest of RNA polymerase on the template strand during the transcription process doesn’t
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Figure 3.18: Rss versus log10 karrest. All parameters, except karrest, are from Table 2.3.

result in a successful RNA product [51]. karrest has the effect of increasing the time be-

tween successful productive initiation events which is analogous to the delay τ1. Hence,

the overall RNA concentration decreases.

I ran several simulations with the value of the arrest probability varying from 10 per-

cent to 99 percent and analyzed its impact on rise time. Table 3.2 represents the value of

arrest probability corresponding to the value of karrest as used in this simulation. The arrest

percentage used in this graph is calculated by using the formula given for arrest probabil-

ity in equation (2.18). Here, the value of k2 is kept fixed and the value of probability of

arrest is varied from 10 percent to 99 percent which gives rise to several different values

of karrest. As shown in figure 3.19, the value of rise time decreases on increasing the value

of karrest. This shape of the rise time curve relates to the Rss curve in figure 3.18 in which

the value of Rss is decreasing on increasing the value of karrest. Therefore, if the stationary

RNA level is less then the rise time associated with that stationary RNA level would also

be correspondingly less.
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Table 3.2: Table showing the value of arrest probability corresponding to the value of karrest

karrest/s−1 Arrest probability
0.1 10%
0.3 25%
0.5 75%
0.7 40%
1 50%
2 65%
3 75%
10 90%
20 95%
30 97%
100 99%
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Figure 3.19: Rise time versus log10 karrest. For every value of karrest, there is an associated
arrest probability which varies from 10 percent to 99 percent. The values of the rise time
which are plotted here with respect to karrest and their corresponding arrest probabilities are
shown in table 3.2. All parameters, except karrest, are from Table 2.3.
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As shown in section 3.2.2 above for the analysis of the simple RNA expression model,

varying the values of stochastic rate constants k2, k6 and k8 can have a significant impact on

the rise time. Specifically, on varying the values of stochastic rate constants k2 and k8, the

values of both Rss and rise time change, whereas in the case of the stochastic rate constant

k6, the value of Rss doesn’t change significantly but the value of rise time shows a dramatic

change as shown in figure 3.7. To understand the relationship between k6 and rise time in

the presence of abortive initiation, I have studied them in more detail as described in the

subsection below.

Effect of varying k6 and karrest on rise time

In our model, k6 is the stochastic rate constant for the reaction process where the termi-

nation complex 1 is converted into the more stable state of termination complex 2 (as shown

in equation (2.13)). So, in order to understand the combined effect of k6 and karrest on rise

time, a combined graph is generated (figure 3.20). In this graph, the value of k6 is varied

as 10, 20 and 100 s−1. Note that the values of all other parameters were kept constant and

were taken from table 2.3. The data presented here correspond to the wide range of values

of karrest starting from the small values of the order of 10−5 s−1 all the way to 10 s−1. The

simulations were run for 10,000 times in order to generate these graphs.

On the vertical rise time axis of figure 3.20, we can see that as the value of k6 increases

from 10 s−1 (in blue) to 100 s−1 (in pink), the value of rise time decreases from about 2890 s

to 2800 s for the smallest values of karrest I looked at, karrest = 5× 10−6 s−1. Changes of a

similar order of magnitude are observed at other values of karrest. This result is in agreement

with the result obtained from figure 3.7 in the case of the simple RNA expression model

and the reason behind this shape of the curve was already explained above. Also, we can

see here that on increasing the value of k6 by tenfold, the rise time only changes by about 3

percent, so the rise time is not very sensitive to this rate constant.

In addition to this, figure 3.20 shows here the variation of rise time with karrest is similar
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Figure 3.20: Rise time versus log10 karrest at several values of k6. All parameters, except k6
and karrest, are from Table 2.3.

regardless of the value of k6.

Effect of varying τ3 on mean stationary RNA level and rise time

From equation (2.17), the term τ3 is assumed to be the sum of τas and τarrest. τas is the

time taken by the RNA polymerase to reach the arrest site ‘X’ and τarrest is the time for

which the RNA polymerase remains arrested on site ‘X’ before getting detached.

Figure 3.21 shows that increasing the value of τ3 decreases the mean RNA number.

However, figure 3.22 shows that changing the value of τ3 doesn’t affect the value of rise
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Figure 3.21: Rss versus log10 τ3. All parameters, except τ3, are from Table 2.3.
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Figure 3.22: Rise time versus log10 τ3. All parameters, except τ3, are from Table 2.3.
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3.3. SUMMARY

time. In this case, as shown in the case of τ1, the slower re-initiation frequency balances

the decrease in Rss. The range of the values chosen here is an assumption based on the

physically reasonable range.

3.3 Summary

Summarizing this chapter, the results above give rise to two observations: first, in the

case of the simple RNA expression model, Rss depends on the stochastic rate constants kx,

k2, k8 and τ1 whereas the rise time depends on k2, k6, k7 and k8; and second, in the case of

the model with abortive initiation, in addition to the stochastic rate constants mentioned for

the simple RNA expression model, both Rss and rise time depend on karrest whereas only

Rss depends on the delay τ3. It is important to note here that the rise time depends on k7 but

only at very small values when k7 is rate limiting. Also, the reason for the independence

of the rise time from kx is due to the fact that kx controls the initiation process along with

many other factors. So, even if the initiation process has a large stochastic rate constant,

it wouldn’t impact the rise time because it depends on the re-initiation frequency. The re-

initiation frequency depends on how fast the promoter is available for the next initiation

process.

I wouldn’t have predicted that the value of rise time is independent of the values of the

delays τ1 and τ3 even when the value of Rss changes as shown in figures 3.13 and 3.22

respectively. The probable reason behind this kind of curve would be due to the slower

re-initiation frequency which balances the decrease in Rss. In addition to this, it was also

surprising to see that on increasing the value of k6 by about ten-fold, the value of rise time

doesn’t change significantly as seen in figure 3.20. This wasn’t predicted earlier because as

shown in figure 3.7, the value of k6 has a significant impact on rise time in the absence of

RNA polymerase arrest.

47



Chapter 4

Mathematical analysis

The results obtained from chapter 3 were obtained from the delay stochastic simulation

model with and without RNAP arrest. These simulation results are dependent on the values

of parameters like stochastic rate constants and delays. To provide a general relationship

between the variables and the parameters I have derived mathematical expressions for the

mean stationary RNA number and rise time. These mathematical expressions are derived

from a set of five differential equations taken from the six reaction steps in the transcription

model with RNAP arrest.

The stochastic model can help us to estimate the statistics for different variables in a

stochastic system and the delay-differential equations can help us to predict the mean be-

havior of the stochastic system [52]. In models without delays, there is a well-established

theory that connects stochastic treatments with the conventional mass-action kinetics. The

theory is based on a moment expansion, the lowest moment being the average which pre-

dicts the mass-action kinetics. That can be shown to reduce to the usual mass-action equa-

tions under some conditions [53]. The standard stochastic simulation methods sample from

the master equation, so the average from stochastic simulations is predicted by the mass-

action differential equations. So, by looking at the solution of these equations we can find a

direct relationship between these differential equations and the stochastic simulation model.

A similar relationship should hold for stochastic simulation models with delays [52, 53].

This chapter is a validation of results obtained through the stochastic simulation method

for the model with abortive initiation as explained in chapter 3. In the following sections,
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4.1. ANALYTIC THEORY OF MEAN STATIONARY RNA NUMBER

analytic calculations of the RNA number and rise time are presented.

The reactions (2.2) to (2.7) are the reaction steps for the model that includes abortive

initiation. As before, the value of RNAP is considered as a fixed number that stays constant

with time. Firstly, I have generated a set of five delay differential equations. These equa-

tions were analyzed in the steady state to get the mean stationary RNA number (Rss). From

the final value of Rss, it is concluded that Rss depends on all parameters except k6, k7 and

τ2. This is in agreement with the results we got from the computer simulations.

Secondly, we have to validate the dependence of rise time on the parameters. Here,

rise time is defined to be the time taken to reach the ninety percent of the stationary RNA

level [44, 45]. In order to do this, I have approximated the initial transient approach to

the steady state. It is the same set of equations as used previously for Rss, but simplified.

These differential equations were then integrated to get an expression for rise time. From

the expression we get, we can predict the dependence of rise time on the parameters. Here,

I looked at specific cases where k6 and k8 were limiting, and derived equations for the rise

time valid in these cases.

4.1 Analytic theory of mean stationary RNA number

Five differential equations were obtained from the six reaction steps above using the de-

layed mass-action law [54] for each variable including promoter (Pro), elongation complex

(ElnC), termination complexes (C1 and C2) and RNA transcript (R).

dPro
dt

=−kxPro(t)+ k2ElnC(t− τ1)+ karrestElnC(t− τ3) (4.1)

dElnC
dt

= kxPro(t)− k2ElnC(t)− karrestElnC(t) (4.2)

dC1

dt
= k2ElnC(t− τ2)− k6C1(t) (4.3)

dC2

dt
= k6C1(t)− k7C2(t) (4.4)
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dR
dt

= k7C2(t)− k8R(t) (4.5)

The equations above represent the average values of the population of molecules present at

any time during a transcription process. Under steady state conditions, the rates of change

of promoter (Pro), elongation complex (ElnC), termination complexes (C1 and C2), and

RNA transcript (R) with respect to time are zero. So, we set the right hand sides of the

equations from (4.1) to (4.5) equal to zero. In addition, there are terms in these equations

with the delays present in them and since the number of molecules at steady state (at time

t) will be the same as the molecular population at any time delay (say at time (t - τ)), so we

will write the equations from (4.1) to (4.5) without any time delay. The equations (4.1) and

(4.2) are redundant in the steady state and this linear dependence between (4.1) and (4.2)

implies the existence of a conservation law. An appropriately constructed conservation law

will be explained shortly. The following equations give the steady-state conditions derived

from equations (4.1) to (4.5):

0 =−kxPro+ k2ElnC+ karrestElnC (4.6)

0 = k2ElnC− k6C1 (4.7)

0 = k6C1− k7C2 (4.8)

0 = k7C2− k8R (4.9)

Adding equations (4.7) and (4.8), we get:

k2ElnC− k7C2 = 0 (4.10)

Adding equations (4.9) and (4.10), we get:

k2ElnC = k8R (4.11)
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The mass of a system remains conserved which means that the mass of the system before

and after the reaction remains the same. In order to find the steady state, we have to take

mass conservation into account. Consider the pipe model here again where once the elon-

gation complex (ElnC) is in the pipe, there are only two ways by which the promoter could

be recovered at the other end of the pipe: firstly, when the elongation happens without the

arrest of RNA polymerase then promoter is released τ1 time units later after the formation of

elongation complex at time t; secondly, when the arrest of RNA polymerase happens then

it leads to an unsuccessful elongation step where the promoter comes out after τ3 time units

later after the formation of elongation complex at time t. The mass conservation equation

for the promoter in the process of transcription can be written as:

Prototal = Pro(t) + ElnC(t) +
∫ t+τ1

t
k2ElnC(t ′ − τ1)dt ′ +

∫ t+τ3

t
karrestElnC(t ′ − τ3)dt ′

(4.12)

We can prove that the number of promoters is constant by differentiating the right-hand side

and showing that this derivative is zero as given below:

d
dt

Prototal =
d
dt

Pro(t)+
d
dt

ElnC(t)+
d
dt

∫ t+τ1

t
k2ElnC(t ′− τ1)dt ′

+
d
dt

∫ t+τ3

t
karrestElnC(t ′− τ3)dt ′ (4.13)

d
dt

Prototal =
d
dt

Pro(t)+
d
dt

ElnC(t)+
d
dt

∫ a

t
k2ElnC(t ′−τ1)dt ′+

d
dt

∫ t+τ1

a
k2ElnC(t ′−τ1)dt ′

+
d
dt

∫ a

t
karrestElnC(t ′− τ3)dt ′+

d
dt

∫ t+τ3

a
karrestElnC(t ′− τ3)dt ′ (4.14)

d
dt

Prototal =
d
dt

Pro(t)+
d
dt

ElnC(t)− d
dt

∫ t

a
k2ElnC(t ′−τ1)dt ′+

d
dt

∫ t+τ1

a
k2ElnC(t ′−τ1)dt ′

− d
dt

∫ t

a
karrestElnC(t ′− τ3)dt ′+

d
dt

∫ t+τ3

a
karrestElnC(t ′− τ3)dt ′ (4.15)
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Putting the value of
d
dt

Pro(t) and
d
dt

ElnC(t) from equation (4.1) and (4.2), respectively,

into equation (4.15), and using the fundamental theorem of calculus, we get

d
dt

Prototal =−kxPro(t)+ k2ElnC(t− τ1)+ karrestElnC(t− τ3)+ kxPro(t)− k2ElnC(t)

− karrestElnC(t)− k2ElnC(t− τ1)+ k2ElnC(t)

− karrestElnC(t− τ3)+ karrestElnC(t) (4.16)

Simplifying equation (4.16), we get

d
dt

Prototal = 0 (4.17)

Hence, we can say that the total number of promoters are constant at all values of t. This is

to be noted that equation (4.13) is generally true during the time evolution of the system.

Again from equation (4.13), we can say that in the stationary state, the population of

elongation complex at time (t ′ - τ1) and at (t ′ - τ3) will be the same as at the stationary state

population. Evaluating the integrals, we get:

Prototal = Pro+ElnC+ τ1k2ElnC+ τ3karrestElnC (4.18)

Note that equation (4.18) applies only in the stationary state. Also, from equation (4.6) we

know that,

Pro =
(karrest + k2)ElnC

kx
(4.19)

Putting the value of Pro from equation (4.19) in equation (4.18), we get:

Prototal = (karrest + k2)ElnC/kx +ElnC+ τ1k2ElnC+ τ3karrestElnC (4.20)

Prototal =
ElnC((karrest + k2)+ kx + τ1kxk2 + τ3kxkarrest)

kx
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From equation (4.11), k2 ElnC = k8 R:

ElnC =
k8R
k2

k8R
k2

=
kxPrototal

(karrest + k2)+ kx + τ1kxk2 + τ3kxkarrest

Rss =
kxk2Prototal

k8[(karrest + k2)+ kx + τ1kxk2 + τ3kxkarrest]
(4.21)

So from equation (4.21), we can see that the steady state value of R depends on certain

parameters which include kx, k2, k8, karrest , Prototal, τ1 and τ3. I have added the subscript

‘ss’ on the left hand side in equation (4.21) to indicate a steady-state concentration. It makes

sense that Rss depends on all the delays except τ2 because if we think in terms of the pipe

metaphor, a longer delay corresponds to a longer pipe. If we have a longer pipe at some

given initiation rate, we can have more transcription complexes in the pipe, but in the steady

state, they come out at exactly the same rate as they go in, regardless of the length of the

pipe. So, it doesn’t directly impact the RNA number in the transcription process overall.

Hence, changing the value of τ2 will not affect the value of Rss. Also, Rss depends on all the

stochastic rate constants except k6 and k7, the probable reason behind this is the steady-state

level in these systems is set by a balance of the production and destruction terms. All the

stochastic rate constants present in equation (4.21) are either involved in the initiation of

production or in destruction. The stochastic rate constants k6 and k7 are in the middle so the

first-order rates with which they are associated just increase as the initiation rate increases.

I have generated analytical results for the parameters on which Rss depends in order to

see how well the data fit the theory. The analytical results were generated using the same

parametric values as used in the simulation of these models which are given in table 2.3 and

then substituted in equation (4.21). The analytical results obtained are in agreement with

the simulation results as shown in figures from 4.1 to 4.5. It can be seen that the simulation

results are systematically a bit higher than the analytic results in all the figures from 4.1 to
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Figure 4.1: Figure showing the analytical curve with the simulation results for Rss versus
log10 kx. The simulation results are carried forward from figure 3.2. This makes these an-
alytical results consistent with the simulations, which were subject to the initial conditions
given in table 2.2. The above results were obtained for the simple RNA expression model.

4.5. This systematic bias is to be investigated at a later date.

4.2 Analytic theory of rise time

Some variables equilibrate much faster than the timescale for the slow rise in RNA

levels. We can therefore treat those variables as being in equilibrium, which then allows

us to solve a simple differential equation that we can use further to validate the simulation

results for rise time. The analytic treatment of the rise time requires different approaches in

different parameter ranges, and I am going to treat a few cases below to illustrate the theory

and to validate selected simulation results.

4.2.1 At small values of k8

In our model, variable C2 equilibrates much faster than the timescale for the slow rise in

RNA levels. This is so with the default parameters from table 2.1. We can therefore treat C2

as being in equilibrium. So, we have assumed that all of the complexes up to and including

C2 equilibrate quickly. C2 in the equation below represents the steady-state value. Hence
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Figure 4.2: Figure showing the analytical curve with the simulation results for Rss versus
log10 k2. The simulation results are carried forward from figure 3.4. This makes these an-
alytical results consistent with the simulations, which were subject to the initial conditions
given in table 2.2. The above results were obtained for the simple RNA expression model.

Figure 4.3: Figure showing the analytical curve with the simulation results for Rss versus
log10 k8. The simulation results are carried forward from figure 3.10. This makes these an-
alytical results consistent with the simulations, which were subject to the initial conditions
given in table 2.2. The above results were obtained for the simple RNA expression model.
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Figure 4.4: Figure showing the analytical curve with the simulation results for Rss versus
log10 τ3. The simulation results are carried forward from figure 3.21. This makes these an-
alytical results consistent with the simulations, which were subject to the initial conditions
given in table 2.3. The above results were obtained for the model with abortive initiation.

Figure 4.5: Figure showing the analytical curve with the simulation results for Rss ver-
sus log10 karrest. The simulation results are carried forward from figure 3.18. This makes
these analytical results consistent with the simulations, which were subject to the initial
conditions given in table 2.3. The above results were obtained for the model with abortive
initiation.

56



4.2. ANALYTIC THEORY OF RISE TIME

from equation (4.5), ∫ f Rss

0

dR
k7C2− k8R

=
∫ trise

0
dt (4.22)

where

f = 0.9, the fraction of the steady state level used to define the rise time [44, 45];

trise = time taken to reach the 90% level.

By using the technique of integration by substitution, we will solve this further. Let

u = k7C2− k8R (4.23)

du = –k8 dR

dR =
(−1)du

k8

Putting the value of dR in equation (4.22), we get:

∫ f Rss

0

−1
k8

1
u

du =
∫ tRise

0
dt

−1
k8

lnu
∣∣∣ f Rss

0
= t

∣∣∣tRise

0

Replacing the value of u from equation (4.23), we get:

−1
k8

ln
(

k7C2− k8 f Rss

k7C2

)
= tRise (4.24)

Combining equation (4.10) and equation (4.11) and then putting the values in equation

(4.24), we get:
1
k8

ln
(

1
1− f

)
= tRise (4.25)

A graph of the relationship between rise time and log10 k8 for simulation versus analyti-
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Figure 4.6: Figure showing the analytical curve with the simulation results for the rise time
versus log10 k8. The simulation results are carried forward from figure 3.11. The analytical
result is from equation (4.25). The above results were obtained for the model with abortive
initiation.

cal results is shown in figure 4.6. Since the value of rise time varies so much, the simulated

results are plotted with the error bars to show the variability of the data and how widely

the rise time data are distributed. The results obtained are in agreement with the simulation

results as shown in figure 4.6 except when k8 is large enough, which validates our results

quantitatively. It can be seen that the analytical results deviate from the theoretical curve

once k8 is no longer rate-limiting.

The relationship (4.25) is valid provided all of the complexes equilibrate much faster

than the rise time, which is then strictly controlled by k8. I am able to compare my numerical

results, at least in cases in which k8 is not too large, to this theoretical curve. Therefore, I

considered one other parameter to check the dependence of rise time when the value of k8

is large. For example, when k6 is small, the complexes before C1 are equilibrated, and also

the complexes after C1 rapidly adjust to (i.e. equilibrate with) the time-dependent value of

C1.
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4.2.2 At small values of k6

I have assumed that ElnC is in a steady state throughout much of the time required for

R to reach the steady state. On solving equation (4.3) for C1 to validate the relationship of

rise time, we get-
dC1

dt
= k2ElnC− k6C1 (4.26)

∫ C1Rise

0

dC1

k2ElnC− k6C1
=

∫ tRise

0
dt (4.27)

where,

C1Rise = number of molecules of C1 until it reaches the value corresponding to 90% of

the steady-state value of R. Let

u = k2ElnC− k6C1 (4.28)

dC1 =
−1
k6

du

Putting the value of dC1 in equation 4.27

∫ C1Rise

0

−1
k6

1
u

du =
∫ tRise

0
dt

−1
k6

lnu
∣∣∣C1Rise

0
= t

∣∣∣tRise

0

Replace the value of u from equation (4.28):

−1
k6

[ln(
k2ElnCss− k6C1Rise

k2ElnCss
)] = tRise

As we know, from equations (1.8) and (1.9):

k6C1 = k8R
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Figure 4.7: Figure showing the analytical curve with the simulation results for the rise time
versus log10 k6. The simulation results are carried forward from figure 3.7. The analytical
result is from equation (4.30). The above results were obtained for the model with abortive
initiation.

As we are considering here the time limits equal to rise time, so the RNA population would

be the ninety percent of the stationary RNA level which is f Rss. So,

k6C1Rise = k8 f Rss

−1
k6

ln(
k2ElnCss− k8 f Rss

k2ElnCss
) = tRise (4.29)

By putting the value of k2ElnCss from equation (4.11), we get:

1
k6

ln
(

1
1− f

)
= tRise (4.30)

So from equation (4.30), we can see that the rise time depends on f , which is the fraction

of the steady state level used to define the rise time, and on k6.

A graph of the relationship between rise time and log10 k6 for simulation versus analyti-
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cal results is shown in figure 4.7. The results obtained are in agreement with the simulation

results as shown in figure 4.7 except when k6 is large enough, which validates our results

quantitatively. It can be seen that the analytical results deviate from the theoretical curve

once k6 is no longer rate-limiting.

The mathematical expression obtained in this chapter for mean stationary RNA number

provides a general formula for calculating this quantity but the equations for rise time are

special cases. Other special cases could be derived as needed. These special cases include

the consideration of cases when the stochastic rate constants kx or k2 are rate limiting.
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Chapter 5

Conclusions

5.1 Summary

In this thesis, firstly a detailed study of a simple RNA expression model was done in

order to study the effects of the parameters on the mean stationary RNA level and on the

rise time. Stochastic simulations were used to do an in-depth study of this model by taking

steps like initiation, elongation, termination and RNA degradation into consideration. The

simulation results obtained are in full agreement with analytic results from chapter 4.

Furthermore, a delayed mass-action model with abortive initiation has been developed.

This is an extension of the simple model. I carried out a simulation study to determine the

effects of abortive initiation on the mean stationary RNA level and rise time. This study

was done using the delay stochastic simulation algorithm as introduced by Roussel and

Zhu [22]. On adding abortive initiation, it was observed that the mean stationary RNA level

and rise time decrease as we increase the arrest probability of RNA polymerase.

I have developed an analytic theory of rise time in gene expression based on the delayed

mass-action formalism and, to my knowledge, this is a first of its kind. There is a well-

developed theory of mean first-passage times in stochastic kinetics [55, 56], but the theory

that I have developed is much simpler.

In this chapter, I will discuss the conclusions made from the research work that I have

presented in my thesis in relation to the results obtained from the stochastic simulations

done for both the models, and the future perspectives to take this research work to the next

level.
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5.2 Conclusions

In the models studied, the number of RNA molecules initially increases sharply and then

attains a stationary state. This stationary state happens when the rates of RNA formation

and degradation become equal on average. The timescale for the rise is found to be in

the range of tens of minutes to a couple of hours. Furthermore, when the dependence of

RNA levels and rise time on several kinetic parameters was determined, it was seen that the

mean stationary RNA level depends on the stochastic rate constants k1, k2, k8 and delays τ1

whereas the rise time depends on the stochastic rate constants k2, k6 and k8 only.

In the process of transcription, it is assumed that the movement of RNA polymerase is

not always continuous and it gets arrested while traversing the template DNA strand [50]. I

have extended the model given by Roussel and Zhu [22] by adding an extra step of abortive

initiation. I have assumed the arrest of RNA polymerase at some of the early sites on the

template strand even before the promoter is cleared. The arrest process is competing with

the elongation process in this model. Accordingly, increasing any one of the stochastic rate

constants either for the arrest process or the elongation process could override the effects

of the other. Furthermore, the dependence of RNA levels and rise time on karrest and delay

τ3 was determined. It was observed that on increasing the value of karrest, the value of both

Rss and rise time decreases. In the model, the abortive initiation of an RNA polymerase

happens during the early elongation process. The arrested RNA polymerase stays on the

arrested site for a certain period of time, and then detaches from the template strand [51].

In other words, it is assumed that an arrested RNA polymerase never resumes its movement

again on the DNA template strand. Hence, the mean stationary number of RNA molecules

produced with abortive initiation is reduced. Therefore, if the mean stationary number of

RNA molecules produced is less, then the time taken to achieve that level would be less.

Hence, the rise time decreases as we increase the value of karrest. However, it was observed

that the mean stationary RNA level decreases on increasing the value of τ3 whereas the rise

time is independent of the value of τ3. The reason behind this kind of the curve is that the
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slower re-initiation frequency balances the decrease in Rss.

Finally, the results generated from the simulation of these models were then analyzed

using differential equations in chapter 4. I have illustrated how to determine rise times using

a couple of particular cases, and other cases could be worked out as needed. The results

generated by the simulations of these two models were validated using the mathematical

analysis. I didn’t attempt to analyze what happens if initiation events are rate-limiting.

For example, the graphs showing the dependence of rise time on karrest and τ3 could not

be explained using the mathematical analysis. It’s harder because I have to solve a delay-

differential equation to get the rise time. According to the mathematical analysis done in

chapter 4, it was concluded that the rise time depends on the stochastic rate constants k2, k6

and k8 only, whereas the simulation results shows the dependence of rise time on karrest and

τ3 as well. This dependence of rise time on karrest and τ3 makes sense because they control

the time between two consecutive initiations.

5.3 Future perspectives

This study of abortive initiation using a delay stochastic simulation model is just the

beginning. There is still a lot more to work on over here. The immediate step after this

work would be to study the reason behind why the simulation results are systematically a

bit higher than the analytic results in the analytic theory of mean stationary RNA number

given in chapter 4. This systematic bias needs to be investigated in detail by doing a study

of the parameters which can give rise to this difference in the simulation and analytical

result. Also, in the analytical theory of rise time, I have not looked at cases where the

rate-limiting step occurs before the delays; this is something that we can do in the future.

In addition to this, I would like to consider the traffic issues on the template DNA strand

in which, if a polymerase pauses or arrests somewhere in the middle of a gene, it can

hold up the polymerases following it. We would have to look at different consequences of

having several polymerases on the template strand and how they will react to an arrested
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polymerase in front of them. After that, we can also think about adding the reactions

like backtracking and pausing to a delay-stochastic model and analyze how easy or not it

would be to modify the model accordingly. Once we have an efficient simulation method

developed including these reactions, we can characterize the response of a model with arrest

of RNA polymerase to the changes in parameters. Finally, since we have been working on

a prokaryotic model organism, in future we can think of modifying the model in such a

way that the transcription and translation will be simulated simultaneously. So, we can

study the effects of varying several kinetic parameters for the transcription process and

analyzing their impacts on the translation process. This is a very wide field and the scope

of advancement is unlimited.
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Appendix A

The MatLab code for the delay stochastic simulation modelling of arrested transcription as
used in section 3.2 is given below.

1 % RNAP+PRO-> ELNC [Firstreaction] Rate constant:k1
2 % ELNC-> PRO(t+tau_1)+C1(t+tau_2) [Second reaction] Rate

constant:k2
3 % ELNC-> PRO(t+tau_as+tau_arrest)+ELNC_as(t+tau_as)+RNAP(t+

tau_as+tau_arrest) [Third reaction] Rate constant:
k_arrest

4 % C1-> C2 [Fourth reaction] Rate constant:k6
5 % C2-> RNAP+R [Fifth reaction] Rate constant:k7
6 % R-> Waste_product [Sixth reaction] Rate constant:k8
7 w=1; p=[]; q=[];
8 % Null array for entering Rss & rise time after every loop
9 t_half =14.5*60;

10 % Average half life of mRNA in E. coli in seconds
11 k1=10; k2=1; k_arrest =0.5; k6=10; k7=1; k8=(0.693/

t_half); rnap=144; kx=(k1*rnap);
12 % Pr(arrest)=(#arrest/total initiations)& Pr(arrest)=(

k_arrest/(k_arrest+k2))
13 %Pr(arrest)=0.3 so #arrest=15000 when max_time=500000 and

k_arrest=0.428
14 max_time =500000; rng(’shuffle’); numrepeats=2; tau1=1;

tau2=20; tau_as=0.5; tau_arrest=1;
15 %Arrest happens usually at 20 nt from the start site and

RNAP transcribes 40nt/sec so tau_as=20/40)
16 %% Step 1: Initialization
17 elnc=0; c1=0; c2=0; r=0; t=0; rnap=50; n=0; pro=1;

elnc_as=0;
18 L=[]; arrest_array =[]; event_no=0;
19 % Empty list L for delayed generating events and

corresponding time
20 % Constant labels: Initialize the value of generatepro,

generatec1 & no. of events in L
21 generatepro=1; generatec1=2; generatepro_as=3;

num_events_in_L=0;
22 % Calculate initial propensities
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23 A=zeros(6,1);
24 A(1)=kx*pro;
25 A(2)=k2*elnc;
26 A(3)=k_arrest*elnc;
27 A(4)=k6*c1;
28 A(5)=k7*c2;
29 A(6)=k8*r;
30
31 %% Step 2: Stochastic Simulation Algorithm step for reacting

events to get the next reacting events R1 &
corresponding occurence time t1

32 % Step 2(a): Calculate and store values of reaction
propensities a1, a2, a3, a4, a5 & store the sum as Asums

33 for w=1:numrepeats
34 while t<max_time
35 Asums=cumsum(A);
36 % Step 2(b): Generates two random numbers r1 & r2
37 random_num=rand(2,1);
38 % Step 2(c): Calculate & store the values of time(t1

) & mu
39 t1=(1/Asums(6))*log(1/random_num(1));
40 mu=find(random_num(2)*Asums(6)<Asums ,1);
41 % Displays the very first time condition is true &

save value as mu, to represent the reaction that
has occurred

42 %% Step 3: Compare t1 with least time tau(min) in L
43 % Step 3(a): Get the generating events corresponding

to the reacting event R1 & generate delays tau(
j) for each generating event G(j)

44 % Adds the generating events & corresponding delays
in L by checking the condition, if t1<tau(min)

45 if(size(L,1)==0)||(t1<min(L(:,2)))
46 if (mu==1) % Pro -> Elnc
47 % Value of mu equal to one, denotes that First

reaction occurred
48 pro=pro -1;
49 % Reduces the number of reactants and

increases no.of products molecules
50 elnc=elnc+1;
51 A(1)=kx*pro;
52 % Recalculates new propensities
53 A(2)=k2*elnc;
54 A(3)=k_arrest*elnc;
55
56 elseif (mu==2) % Elnc -> Pro(t+tau1)+C1(t+tau2)
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57 % Value of mu equal to two, denotes that second
reaction occurred

58 elnc=elnc -1;
59 A(2)=k2*elnc;
60 A(3)=k_arrest*elnc;
61
62 num_events_in_L=num_events_in_L+1;
63 % Increases the count of the no. of events

in L as delayed events are added
64 L(num_events_in_L ,1)=generatepro;
65 % Adds the generatepro in list of generating

events in L
66 L(num_events_in_L ,2)=tau1+t1;
67 % Adds the tau2(corresponding delay of

generatec1) in list of delays in L
68 % Adds the tau1(corresponding delay of

generatepro) in list of delays in L
69 % We add t1 so that the subsequent

subtraction of t1 puts this event tau1
events into the future from t

70 num_events_in_L=num_events_in_L+1;
71 L(num_events_in_L ,1)=generatec1;
72 % Adds the generatec1 in list of generating

events in L
73 L(num_events_in_L ,2)=tau2+t1;
74 % Adds the tau2(corresponding delay of

generatec1) in list of delays in L
75
76 elseif (mu==3) % Elnc -> Pro(t+tau_as+

tau_arrest)+ElnC_as(t+tau_as)+RnaP(t+tau_as+
tau_arrest)

77 % Value of mu equal to three, denotes that third
reaction occurred

78 elnc=elnc -1;
79 elnc_as=elnc_as+1;
80 A(3)=k_arrest*elnc;
81 A(2)=k2*elnc;
82
83 % Increases the count of the no. of events

in L as delayed events are added where L
is the list for the arrested entities

84 num_events_in_L=num_events_in_L + 1;
85 L(num_events_in_L ,1)=generatepro_as;
86 % Adds the generatepro in list of generating

events in L
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87 L(num_events_in_L ,2)=tau_as+tau_arrest+t1;
88 % Adds the tau1(corresponding delay of

generatepro) in list of delays in L
89
90 elseif (mu==4) % C1 -> C2
91 % Value of mu equal to four, denotes that fourth

reaction occurred
92 c1=c1 -1;
93 c2=c2+1;
94 A(4)=k6*c1;
95 A(5)=k7*c2;
96
97 elseif (mu==5) % C2 -> R
98 % Value of mu equal to five, denotes that fifth

reaction occurred
99 c2=c2 -1;

100 r=r+1;
101 A(5)=k7*c2;
102 A(6)=k8*r;
103
104 else % R -> waste_product
105 r=r-1;
106 % Sixth reaction occurred, leading to the

degradation of one rna
107 A(6)=k8*r;
108 end
109
110 % Step 3(b): Deletes the generating events &

their corresponding time from L, if t1>tau(
min)

111 else
112 [t1,nextevent]=min(L(:,2));
113 % Identify which delay in L is smallest & its

position to get the corresponding generating
event

114 % If generating event corresponding to the min.
delay is generatepro or generatec1 then one
promoter or c1 is released resp.

115
116 if L(nextevent ,1)==generatepro
117 pro=pro+1;
118 A(1)=pro*kx;
119 num_events_in_L=num_events_in_L -1;
120 % Total number of reacting events in L are

reduced by one as delayed events are
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deleted
121 L=[L(1:nextevent -1,:);L(nextevent+1:end,:)];
122 % Delete generating event & corresponding

delay in L
123
124 elseif L(nextevent ,1)==generatec1
125 c1=c1+1;
126 A(4)=k6*c1;
127 num_events_in_L=num_events_in_L -1;
128 L = [L(1:nextevent -1,:);L(nextevent+1:end,:)

];
129
130 elseif L(nextevent ,1)==generatepro_as
131 pro=pro+1;
132 A(1)=pro*kx;
133 num_events_in_L = num_events_in_L -1;
134 % Total number of reacting events in L are

reduced by one as delayed events are
deleted

135 L = [L(1:nextevent -1,:);L(nextevent+1:end,:)
];

136
137 else
138 error(’error\n’);
139 end
140 end
141
142 t=t+t1;
143 % Increases the value of time variable by t1
144
145 % Decrement all delays in L by t1
146 if size(L)˜=0
147 L(:,2)=L(:,2)-t1;
148 end
149
150 %% Step 4: Stores the value of variables at n
151 n=n+1;
152 T(1,n)=t;
153 %PRO(1,n)=pro;
154 ELNC(1,n)=elnc;
155 ELNC_as(1,n)=elnc_as;
156 R(1,n)=r;
157 %RNAP(1,n)=rnap;
158 %C1(1,n)=c1;
159 %C2(1,n)=c2;
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160 end
161
162 %% tells us about the first steady state in RNA mol

concentration
163 lower_limit=round(n/2);
164 rise_time_index=0;
165 last_rise_time_index=n;
166 while abs(rise_time_index -last_rise_time_index) > 1
167 meanR=mean(R(lower_limit:n));
168 last_rise_time_index = rise_time_index;
169 rise_time_index=find(R>0.9*meanR ,1);
170 lower_limit=rise_time_index *10;
171 if lower_limit > n
172 error(’Rise time calculation failed.’);
173 end
174 end
175 rise_time = T(rise_time_index);
176
177 %% stationary rna concentration
178 mean_1=mean(R(lower_limit:n));
179 std_1=std(R(lower_limit:n));
180
181 %% to record the value of rss & rise time after every

loop
182 p(w)=mean_1;
183 q(w)=rise_time;
184 end
185
186 mean_rss=mean(p);
187 mean_rise_time=mean(q);
188
189 % standard error(SE=SD/sqrt(N))
190 SD_rss = std(p(1:numrepeats));
191 SE_rss = SD_rss/sqrt(numrepeats);
192 SD_rise_time= std(q(1:numrepeats));
193 SE_rise_time= SD_rise_time/sqrt(numrepeats);

76


