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ABSTRACT

APPROXIMATIONS FOR SOME FUNCTIONS OF PRIMES
Fataneh Esteki
Department of Mathematics and Computer Science
University of Lethbridge
M. Sc. Thesis, 2012

Let
m(r) = # {p < x; p prime},
O(x) =) logp,
p<z
and

Y(x)= Y logp.

pF <z k>1

This thesis studies different methods in establishing estimates for 7(x), 6(z), and
(). This is a summary of the main result of the thesis.

(i) A detailed exposition of a theorem of Rosser on the estimation of ¢(x) is given.
The theorem is written using parameters instead of the specific constants. So it conve-
niently will produce new estimates for ¢)(z) whenever new improvements in the values
of the parameters occur.

As an example, our theorem, with current known values of parameters gives
0.987192 < v(x) < 1.012807z, for x > 2.

(71) Different techniques for establishing explicit upper and lower bounds for 0(x)

are studied. It is proved that

0(z) —x z, for x > 0.

= 362692
(7i1) The following sharp lower bounds for i(z) — (z) are established.

U(x) — 0(z) > x, for 121 < o < 4%



and
P(x) — 0(x) > 0.99997159+/x, for z > 121.

(1v) Several tables of upper and lower bounds for #(x) based on different methods
are generated.

(v) Different methods for establishing inequalities of the form
Y(x) — 0(x) < crz'/? + cox!/?

are studied and specific numerical examples are generated. As an example it is shown
that

P(x) — 0(z) < (14 1.2998600240 x 107%) 2/2 + 1.00032"/3, for = > €'

(vi) Different methods for finding upper and lower bounds for m(x) of the forms

2 a>0,
logx —a

1! 2! ¢—1)!
1+ — 4+ fog DL€ ) ren, es,
log log x

and

log? z log" 'z loglzx
are considered.

Also specific numerical examples are generated. As a sample it is established that
for x > 10*,

x < n(z) < T
log z — 0.9999 log z — 1.0456’

T 1 1.9899 T 1 2.296
1+ + — < () < 1+ +—— .
log x logz  log”x log x logz  log”x
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Chapter 1

Introduction

1.1 Chebyshev functions

One of the important achievements of the ninetieth century mathematics is the proof
of the Prime Number Theorem. This theorem gives the asymptotic density of prime

numbers among integers. More precisely, let

m(x) = #{p <, p prime} .

Then the Prime Number Theorem asserts that

i (0B)T(@)

T—00 €T

=1.

The notation f ~ g means

m 1) _
g

Using this notation the Prime Number Theorem can be written as

X

m(@) ~ logx’

as r — 00.

The Prime Number Theorem was originally conjectured in 1791 by Gauss and later
on, in 1798, independently by Legendre. Gauss looked at the list of primes less than
3,000,000 and observed that 7(x) can be approximated very closely by the function



li(x), which is defined by

li(z) = — =1
i(z) 0 logt nir(%( /+,7) logt

By integration by parts on the integral defining li(x) one can show that the above
integral is asymptotically equivalent to z/logz. Legendre in his textbook in number

theory asserted that m(x) can be approximated by

T
log x — 1.08366°

Hence Gauss and Legendre’s observations announce the Prime Number Theorem. See
[1] for more historical information.

The first attempt for proving the Prime Number Theorem was done by Chebyshev
in 1848. Among other results, he established that if the ratio (logz)w(x)/z tends to
a limit as x approaches to infinity then that limit must be one. Moreover he showed

(see [11, p. 15]) that for all sufficiently large values of z,

X

(0.921---) < 7m(x) < (1.105---)

log x logx’

(1.1)

For proving the above assertions Chebyshev introduced two new functions ¢ and .
These two functions played an important role in the development of the prime number

theory. They can be defined as

=> logp,

p<z

and

Y(x)= > logp.

p*<z,n>1

Chebyshev observed that proving any of
O(x) ~x or P(z) ~ z,

as r — 00, would imply the Prime Number Theorem. However he was not able to

establish either of the above asymptotics.



A revolutionary idea for proving the Prime Number Theorem was introduced by

Riemann in 1859. In his approach he used Euler’s identity

ZH_SZH(1+p_S+p_2S+---) :H(l_p_s)_l’

p p

where the products run over all primes p . Riemann studied the above identity where

s is a complex variable. He considered

C(s) =Y n",

for Re(s) > 1 and verified that {(s) has an analytic continuation to the whole complex
plane with the exception of a simple pole with residue 1 at s = 1. Moreover he proved

that ((s) satisfies the functional equation

*/2T (%) ((s) = n~ (=921 (1 ; S) ¢(1—ys),

where T'(s) = [;°

show that ((s) vanishes at all the negative even integers. These zeros are called the

5 te™*dx (see [11, Chapter III]). By using this equation one can

trivial zeros of the zeta function. Riemann observed that all other zeros of ((s) are
situated in the critical strip 0 < Re(s) < 1 (see [11, p. 58]). We denote these “so
called” non-trivial zeros by p = 3+ iy where 0 < 3 <1 and v € R.

Riemann observed that the distribution of the non-trivial zeros of ((s) had an
important role in the proof of the Prime Number Theorem and designed a program for
the proof of the Prime Number Theorem based on certain properties of the zeros of
the Riemann zeta function. However he failed to deduce the Prime Number Theorem.
More precisely, he suggested that to prove the Prime Number Theorem it was sufficient
to prove that ((s) does not vanish on the line Re(s) = 1. Moreover, he went one step
further and conjectured that all non-trivial zeros of ((s) lie on the line Re(s) = 1/2.
This is the celebrated Riemann Hypothesis and it has been remained unsolved up to
this day.

The Prime Number Theorem was finally proven in 1896 by Hadamard and inde-

pendently by de La Vallée Poussin, following Riemann’s suggested program.



Despite the fact that the Prime Number Theorem determines the asymptotic be-
havior of 7(z), it does not give explicit upper and lower bounds for (logz)m(x)/x. In
many applications we need to have such explicit bounds.

As an example Chebyshev established upper and lower bound for 7(z) given in (1.1).
This enabled him to prove Bertrand’s postulate which states that for x sufficiently large,
there is a prime between x and 2zx.

To prove this, it suffices to show that for large x
m(2x) — w(x) > 1.

Using (1.1), for = sufficiently large, we obtain

2
1106,
og 2x log

7(2x) — 7(x) > 0.9211

For x sufficiently large, the above can be written as

1.842x 1.106x
m(2x) — w(x) > - :
logz +1/3logz  logx

Since (3/4)(1.842) — 1.106 > 0 Bertrand’s postulate follows.

This thesis studies different methods in establishing explicit estimates for 7(x),

0(zx), and ¥ (x).

1.2 Relations between ¢(z), 6(z), and 7(x)

In order to study the counting function 7(z), we use Chebyshev functions ¢ (z) and
0(x) since they are easier to deal with in comparison to 7(z). We also introduce another

function

T(z) = 3 logn = log([z]),

n<x
where [x] denotes the greatest integer function. The following lemma [16, p. 104] gives
the basic relations between ¢ (z) , 6(z), T'(z), and 7(x).

Lemma 1.1. Let x > 0. We have

vy = logp—zmii

pr<z,n>1 p<z

} log , (1.2)



7o) = toellel) = S (£) = o ((5)"), (13

n>1 kn>1
U(z) — Vrloga < 0(z) < ¥(a), (1.4)
and, for every e > 0,
0(z) 0(z) 1
log & <m(x) < m 4+ 7C. (1.5)

Proof. We start by proving (1.2). Using definitions of ¢(z) and 6(x) we see that

_ Zg(xl/n) — Z Z logp = Z log p.

n>1 n>1 p<gl/n pr<x,n>1

Since the summand is zero when n > log 2/ log p, we have

o) = Fogﬂ log.p

= log p

Next we prove (1.3). To do this we require to show that, for every x > 1,
x]l = Hpap, where o, = Z [%1 . (1.6)
p<lz k=1 p
To establish (1.6) it suffices to show that

log([z]!) = log (H p%) = <§: { D logp,

p<x p<n

where n = [z]. We have

log([z]!) = log Hd Zlogd ZZIogp—Zlogp Z 1

d<n d<n d<n pk|d pk<n d<n,p*|d
= (E { Dlogp
p<n \k=1

From which we deduce (1.6).



It follows from (1.6) that

log([z]!) = aplogp = ZZ{ }logp

p<lx p<lz k=1

:Zi Zl logpzz Z log p.

<z k=1 <=z kn>1 1/k
ps nsik >lpe(2)

On the other hand

Se(H) =o)L ¥ =Y ¥ b

n>1 n<x n<x pk<Z k>1 kn>1 1/k
sk *sz)

Moreover, following the definition of 8, we find that

>o((5)")-% Zwlogp

kn>1 k,n>1 S(

The proof of (1.3) is immediate by putting together (1.7), (1.8), and (1.9).
We verify (1.4) by noting that

x) = Z@(ml/") = Z Z log p.

n>2 n>2 pn<zx

It follows that ¥ (x) — 6(x) > 0. Moreover we have

> D logp< > > logp

n22 pn<wz PV 2<n< {28L
1
3 (ng)logp: S 1 | toga
logp
p<Vz p<Vx
<+Vzlogx

This implies
$(z) — Vlogz < B(z).

We now prove the left-hand side of (1.5). We have

— Zlogp < log:cz 1 = (logz)m(z).

p<z p<z

(1.7)

(1.8)

(1.9)



For the right-hand side of (1.5) we observe that

b)> Y logp>loge™) 3 1= (1-e)(loga)(nle) - n(x' ).

zl=e<p<z rl=e<p<z
This together with the trivial bound 7r(z'~%) < z!'~¢ achieve the proof. O

The relations between 1 (z), 6(z), and 7w(x) in Lemma 1.1 suggest that by establish-
ing an upper (or lower) bound for any of these functions we will be able to deduce an

upper (or lower) bound for the other functions. This leads us to the following lemma.

Lemma 1.2. Suppose that f(x) and g(x) are two distinct functions in the set

(Qosoine) o) o)}

Y 9

T T T

If b < f(x) < a when x is large enough then, for e > 0, we have
b—e<g(xr)<a+e,
for large values of x.

Proof. We consider the case f(z) = w(z), and g(z) = 0(z), the proofs for other cases
are similar.
Assume that 7(z) < ax/logz, when x > zy. From this, by the left-hand side of
(1.5) we see that 0(z) < ax when x > x.
We next assume that bz/logx < 7(x) when z > 9. We combine this, with the
right-hand side of (1.5) to obtain
log

2(1— &) (b— - ) < 0(x),

for ¢’ > 0. Since logz/ 2¢ decreases to zero, for large = we have
2(1—=¢)(b—£") <0(x).

This completes the proof. n



1.3 Explicit bounds for 7(z), 6(z), and (z)

It is not difficult to find numerical upper and lower bounds for 7(x) and the Chebyshev
functions. We next establish a numerical lower bound for 7(z). The main argument is
due to Nair [15, p. 126].
Lemma 1.3. For x > 4,

0173 —

< .
logx — ()

Proof. We let d,, = lemy <<, {m}, where lem denotes the least common multiple, and

1
I:/ 2"(1 —z)"dx.
0

Since

we have )
& n = n 1
I = —-1)" "y = —-1)" _ 1.10
S ()= (o 0w
Since x € [0, 1] we have (1 — z) < 1/4. Therefore

I< (1.11)

1
4n’
Observe that every denominator in (1.10) is not greater than 2n + 1, therefore Ids, 1

is a positive integer. So together with (1.11) we find that
4" < dypyr. (1.12)

Let o € N such that p“ is the exact power of p which divides ds,, ;1. Thus p® < 2n+ 1.
This leads to

log(2n+1)
dony1 < H p i . (1.13)

p<2n+1

We combine (1.12) and (1.13) and take the logarithm to obtain

log(2n + 1)

log p logp =log(2n + 1)m(2n + 1).

nlog4 <logday+1 < Z

p<2n+1



It follows that

2nlog 2
— < 7(2 1). 1.14
log(2n +1) — m(2n+1) (1.14)

Observe that

(2n —2)log2  (2n—2)log?2
<m(2n—1) <7w(2n).
log 2n < log(2n —1) — (2n—1) = 7(2n)

Therefore
(2n — 2)log 2

log 2n
Putting together (1.14), and (1.15) gives that for every natural number N > 2,

< m(2n). (1.15)

(N —2)log2 <

ey ST, (1.16)

In order to obtain a lower bound for 7 (x) for z € R, we proceed as follows. We combine
(1.16) with the facts that [z] < z, and x — 1 < [z] to deduce

(x —3)log2 < ([x] —2)log2

gz~ Tog] =i 7).
Thus ( o
xr — og
" logz < 7m(x).

We conclude by checking that, for x > 4, we have

x 1_§ log 2 S(x—S)logQ.
log x 4 log x

The left-hand side of the above inequality gives the desired constant 0.173. O]

Next we present a lemma which gives an upper bound for ¢ (z) (see [16, p. 118]).

The following argument is due to Mertens.

Lemma 1.4. If z > 1 then
P(r) < 2.

Proof. By (1.3), we may write

log([a]) = v (%)

n>1

9



From this we find that
log([a]!) — 210g(|5|1) = " v(a/n) = 23 viw/2m).

Hence
tog([a]!) — 2log(|5|1) = S (-1 (5).

n
nz

Since 1 (z) is an increasing function, from the last identity we have

¥(@) = ¥(2/2) < log([a]!) - 2log([5 ]1). (1.17)

Let x > 14. We define the integer N such that 2(N — 1) < x < 2N. We observe that

log([z]!) — 2log( g} 1) < log((2N)!) — 2log((N — 1)!) = log (%) . (1.18)

By induction we find that

((]\(fQi\q')lp < 2NN for N > 8.
Thus (2V)
Putting together (1.17), (1.18), and (1.19) gives
P(z) —(x/2) < x. (1.20)

Observe that

This combined with (1.20) give

1
(x) §x22—n = 2z, for x > 14.

n>0

We check that the inequality also holds for 1 < x < 14. This completes the proof. [J

Having established relations between 7(z), ¥ (z), and 6(x) in Lemma 1.1, a lower
bound for m(x) in Lemma 1.3 and an upper bound for ¢(x) in Lemma 1.4, we can

deduce the following theorem.

10



Theorem 1.5. (i) For x > 1 we have
0(z) < P(x) < 2.

(it) For x > €' we have
x

2.956 :
m(z) < gz

(i17) For x > €' we have

0.017x < 0(x) < Y(x).

Proof. We begin with the upper bound for f(x). Lemma 1.4 combined with (1.4) yields
0(z) < 2x, for x > 1. Using this upper bound for the right-hand side of (1.5) gives

x 2 log
< .
7T(g[:)_logaﬁ (1—&7+ xe )

Let € = 1/10. Since (logz)/z'/'° decreases for x > €' then (1.21) gives

T

m(x) < 2.956 , for x > e,

ogx

Next we put together Lemma 1.3 and the right-hand side of (1.5) to derive

z(1—e) (0.173 - loff) < 0(2).

With e = 9/10 the last inequality is transformed into
0.017x < f(x), for x > €',
From this, by (1.4), we deduce

0.017x < 9(z), for x > €.

(1.21)

]

The above theorem establishes explicit upper and lower bounds for the Chebyshev

functions and 7(z), however these bounds are rather poor and with more work one

can replace them with more precise bounds. Our main goal in this thesis is to develop

techniques which enable us to derive sharp explicit bounds for ¢(x), 6(x), and m(x).

11



1.4 Statement of the results

Although the Prime Number Theorem states that 1(x) is asymptotic to z, it does not
give any information about the size of the error term ¢ (z) — z. We are interested in
finding the size of this error term. This is done in Theorem 2.4 of Chapter 2 which
gives an exposition of Rosser’s method [17] for finding an explicit error term in the
Prime Number Theorem.

To explain our theorem we introduce the following notations.

Let N(T') be the number of non-trivial zeros p = F+iv of {(s) such that 0 < v < T'.
Let A be the height that the Riemann Hypothesis has been verified. In other words if
((B+iy)=0for 0 <~ < Athen f=1/2.

We assume there exists > 0 such that for v > A we have

1
g<1— )
rlog~y
We define T T T .
F(T)= —log — — — + —
(T) =g loeg — oo+ 3

R(T) = dylogT + dyloglog T + dj,
and assume that
IN(T) — F(T)| < R(T),

for T' > 2 and reals d;, dy, and d3. Moreover suppose that F(A) < N(A). Also we
define ¢, -+, cg as
¢ = T’(lOg A)Qv

co =rlog A,
CgZR(A),
1 N dy N dy
Cp = —
YT or Alog 22 A(log A)(log 2)’
1

= log(A/27)’

12



and
ce = log(A/2m).

In Chapter 2 we give a detailed proof of the following theorem.
Theorem 2.4. Let m € N and a > 0 such that

cym?

loga < .
& m + Cs

Suppose that
1
> A S h
P Y

1/(m+1)
_ ~1/2 C3 a1 + me)
0=21|a k+ Am+1gl/cz T (m+cs)loga 2 1 7
(1 - Coeiese ) meAma e

and

E:g(((1+6);+1+1)m+m).

If 1 4+ mda < a we have
1
z(l —e) —log2m < ¢(z) < z(l+¢) — §log (1—1/2%),

for x > a.

This theorem is essentially Theorem 21 of [17], however it is stated using parameters
instead of the specific constants. So it conveniently will produce new estimates for
Y(x) whenever new improvements in the values of the parameters occur. The above
theorem plays a fundamental role in effective estimations of the functions of primes
such as Chebyshev functions and 7(x). By employing this theorem, one can generate
tables to provide bounds for ¢(x) in various ranges.

We say some words on the proof of Theorem 2.4. Riemann’s explicit formula repre-
sents the error term in the Prime Number Theorem as a sum over the non-trivial zeros

of the Riemann zeta function. More precisely, we have

x’ 1 9
() :x—zz—log%r— Qlog(l—x ),

p

13



(see [5, p. 60]). So

o(x) :¢($)—$+10g2ﬂ+%10g (1-27?)=- o

measures the error term in the Prime Number Theorem.
In order to bound ¢(x) we require to estimate 3 2*/p. This is not most convenient

since the sum is not absolutely convergent. To resolve this difficulty we introduce

h h h
Ko (2, h) =/ dyl/ dy2---/ Pty +y+ + Yn) dYm,
0 0 0
where m € N and h > 0. Next we will bound 1 (z) in terms of K,,(x,h). We have
1 1
x(1—¢e1) —log2m — 3 log (1 —27%) < 4(z) < z(l+er) — log2m — 3 log (1 —277),

where
K (x,—x0) mé Ky (x,z0) md
S =T o T 2= — g T o
(—x)mtigm 2 xmtlgm 2
and 0 < 6 < (x —1)/am.
We note 1(z) can be related to the non-trivial zeros of ((s). More precisely we

have

Mg

e zPH C’(O) —-1)
Y(u)du = — —
/1 ) Z oD ¢ D)
(see [11, p. 73]). This allows us to derive an expression for K, (z,h) in terms of the
zeros of ((s). We have

1 S jrm1 [T ih)PTm
Km(%h):;p(p%—l)(p‘f‘m) <Z<_1) (]><x+jh) >

J=0

27" 2r—1

r=1

Next by employing the properties of the zeros of ((s), we shall bound K,,(z,h) by
K= 3000 ],
p

Finally we will prove that

§(((A+8)m+1\™
61,52<§ 5 +m |,

14




provided that we have
K < (6/2)™+

This will complete the proof of the theorem.

In Chapter 3 we derive upper and lower bounds for 6(x).

Upper bounds for f(x) can be obtained by means of the lower bound for i(z) —6(x)
together with an estimation table for ¢)(z). More precisely, we proceed by considering
intervals (0,e%], [e®, 2], and [e*2, 00), where by and by are fixed positive constants,
and do the following.

e We numerically check that

0(z) < x, for x € (0,¢e™].

e When z € [eb, e*], we estimate §(x) by means of a lower bound for ¢ (z) — 6(x).
We give here some of the known inequalities for ¢)(z) —6(z) that can be employed

to obtain such lower bounds.
P(x) = 0(x) > (') + 0(«'?),
P(x) = 0(x) = (') + (') + (a?) — (),

and

$(x) — B(x) > ¥ + o) + o) — 00 - o)

e Finally when x € [e*, 00), we bound #(z) by using the trivial inequality §(x) <

().

We then consider the maximum of the upper bounds for #(x) derived over the intervals
(0,¢e%], [ebr, e2], [eb2, 00) as the upper bound of #(z) for z > 0.

To explain our results more specifically, let
A=(b)x < Y(z) < AT (b)x, for x > ¢’
In other words A1 (b) and A~ (b) are upper and lower bounds for ¢)(x)/x on the interval

[e?, 0).

15



The following theorem shows that how one can improve a given upper bound for

0(z).

Theorem 3.12. Let by and by be positive constants such that 0 < by < 27.4 and
b1 < bg. Let

6= max { Aty A2 A3 A5 6 AT /30)}’

:ce[ebl ,eb2} xl/2 x2/3 14/5 15/6 729/30
where ¢y is an upper bound for (x)/x when x > 0. Then
0(z) < cox, for x>0,

where ¢y = max{cy, AT(ba)}.
The above will allow us to establish an upper bound for #(z) valid for all x > 0
which surpasses [7, Proposition 5.1].
Example 3.13. 0(z) < (14 2.7571593586 x 10~°)x, for = > 0.
We point out that in the process of establishing upper bounds for 0(x), we need
lower bounds for ¢(x) — 6(zx). It is known that
V() — 0(x) > Vo, 121 < 2 < 1010 ~ 08

(see [18, p. 73]). In Chapter 3, we will extend the above range significantly to obtain
Theorem 3.25. ¢(z) — 0(z) > /z, 121 <z < !*55.

We next employ upper bounds for ¢(x) — 6(z) to generate several lower bounds
tables for §(z) over different ranges.
Finally, in Chapter 3, we present some techniques which allow us to derive inequal-

ities in the form
Y(x) — 0(x) < o/ + cga!/3,

for co,c3 > 0. We will prove the following theorem.

Theorem 3.32. Suppose that for x > €® there is a positive constant ¢ such that
e>A*(b/2) =1 >0 and

=

. 4A*(b/5) g
‘ Z(5<A+<b/2>—1—s>) |
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We let
h(z) = (AT(b/2) = 1 —e) 2% + AT(b/3) + AT (b/5)x~2/1.

Then
U(z) —0(x) < (1+¢e)z? + h(e®)z'3, for x > b

In Chapter 4 we demonstrate some techniques which give sharp estimates for 7(x)
over different ranges. Note that by the Prime Number Theorem with the remainder

we have
m(x) = li(x) + O(:Ee_c”og“”),

for some constant c. It follows from [13, p. 55] that if 2 < 2 < 10™ then 7 (z) < li(z).
Therefore we will be able to establish upper bounds for 7(z) for z < 10 by establishing

upper bounds for li(z). For example we prove the following inequality.

Corollary 4.5. 71(x) < - <1 + 11-532) , for 51022 < z < 10™.

Next we assume that we have positive constants 5 and n; and a natural number k

such that
|0(z) — x| < Ukik7 for x > f.
log” x

We let x¢y > (3, and introduce

0(zo) x x ! 1 Ui
J =7 — + + + + d
(, k) (x0) logzg logx 1Tk logl‘”rl T /xo log?y 1ongr2 Y 4

We shall verify
J(:L’7 —Uk) < W(.T) < J($7nk)7

for Kk > 1 and o > xy. This enables us to estimate m(z) by employing J(x, +ny).
Here we give a sample of our results on estimation of 7(x).

In Chapter 4, we prove that for x > x, there exist positive numbers d;, dy, and d3

such that p
X 1
1
m(z) < log © ( * logx) ’

x 1 d
() < 1+ ],
log logz  log”x

17



X 1 2 d3
m(r) < 1+ et .
log x logz ~ log®x log’x

Admissible values for d;, do, and d3 are given in Table 1.1.

Table 1.1:

Lo dy do d3
101 | 1.0902 | 2.296 | 7.9724
1012 | 1.0830 | 2.267 | 7.8510
10*° | 1.0640 | 2.208 | 7.5976

Also we will prove that for x > 10!,

0.9999
() > ’ (1 + ) :

log x log

1 1.9899
(1) > — (1 + i ) ,

>
log x logz  log?z

and for z > 10'Y,

1 2 5.2199
m(x) - (1 + + + ) :

>
log logz  log’z log®x
We also establish another form of bounds for 7(z). As a sample of our results we
will show that

T T

@) < —"  fora>10Y
gz —0.9989 ~ @) < ez —Tos00 T2

18



Chapter 2

Bounds for (x)

2.1 Elementary estimates of ()

Around 1850 Chebyshev introduced the function () and obtained numerical bounds
for it. More precisely he proved that for every e > 0 and sufficiently large =z,

(v = 9 < 9(@) < (2 + o

21/231/351/5
v = log (—> = 0.92129 - . (2.1)

where

301/30
Note that (6/5)rv = 1.105---. Over the years many authors attempted to improve the

Chebyshev estimate and also make the above estimation effective. For example Erdos

[8] proved that

M <log4 =1.38629--- , for x > 0.
x

This bound has been improved later by Grimson and Hanson [9] who obtained

M <log3 =1.09861"--, for x > 0.
x

Another improvement was given by Deshouillers [6]. He verified that

@ < 1.07715, for = > 0,
x
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and

0.92129 < M, for x > 59.
x

All the above estimates are obtained by elementary means and without employing the
analytic properties of the Riemann zeta function. Later in this chapter we study the
analytic estimates of ¢ (x), however before doing this we give an explicit version of
Chebyshev’s theorem as given by Landau in [14, Vol. 1, p.88].

Recall that by Lemma (1.3) we have

T() = logn = i¢ (%) . (2.2)

n<z n=

Using this we verify the following.

Lemma 2.1. Let x > 0 and
=) (3) 1 (2) - (2) 7 ()

v —5(logz + 1) < a(x) < vz + 5(logz + 1). (2.3)

Then

Proof. By partial summation formula [11, Theorem A, p.10] we have

T(x)= Zlogn = [z]logx — /136 [i—]dt,

n<x

where [z] is the greatest integer less than or equal to z. Writing [x] = = — {z}, we have

T(x)=(z—{z})logz — /:6 ﬂdt.

1 t

By splitting the integral at x = 2 we find that
T(x)=zlogz —x+ U(x), (2.4)

where

U(x) = /j {i—}dt— {z}logz —log2 + 2.
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By using the fact that 0 < {z} < 1 we observe that
|U(z)| <logz + 1. (2.5)
We combine (2.4) and (2.5) to obtain
|T(x) — xlogz + x| <logx + 1.

From the definition of a(z) and the above inequality we have

(x) 1 + =1 + -1 + -1 1 + o I, 7
a(z) — zlogz + = lo Lo TlogZ — Zlog— pgp—2 -2 2 —
S gz 3 g3 5 g5 30 g30 2 3 5 30
<logx+1+log2—|—1+log3+1+log5—|—1+log%+1—5(logaf;+1)
Recognizing

)

21/231/351/5

in the left-hand side of the last inequality implies the proof.

[

In the next lemma we establish upper and lower bound for ¥)(z) in terms of «a(z).
Lemma 2.2. For x > 2 we have

a(z) < () < ¥ (%) +a(z). (2.6)

Proof. Using (2.2) we find that

)T Se () S (E) e )

)-
o

st (2) +0(2) -0 (2) + () -4 (5) +9 ()
(i) e () e () e () 0 () o ()
(o) o) ()

We claim that

- io:Anz/; (%) , (2.7)



where

1 if ged(n,30) =1,
A, =4 —1 if ged(n,30) has at least two distinct prime divisors,
0  otherwise.
In order to verify this, we split integers in types:
(1) ged(n, 30) = 1 which gives A, =1-0-0—-0+0=1.
(2) Only one of 2, 3 and 5 divides n. This gives A, =1—-1—-0—-0+0=0.
(3) Only two of 2, 3 and 5 divides n. Hence we have A, =1—-1—-1—-0+4+0= —1.
(4) 30 | n which gives A, =1—-1—-1—-1+1=—1.
We now let ¢g = 1 < ¢1 < ¢ < --- be the sequence of all integers n such that
A, # 0. We observe that A., = (—1)". Therefore (2.7) can be written as follows.

It follows that

v =v(5) =0 (2) -0 (2) <ata <o (L) =)

from which the proof follows. O]

Theorem 2.3. For x > 2 we have
6
v —5(logx + 1) < ¢(x) < sV + (3logz +5) (logz + 1), (2.8)
where v being given by (2.1).

Proof. We begin with the right-hand side of (2.8). We combine (2.3) and (2.6) to

deduce

P(z) — (%) < vz +5(logz+1).
Hence for all n € N

(3) -+ () v sl

Su6ﬁn+5(logx+1).
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Summing on n = 0,1, -+, [log z/log 6], the sum on the left-hand side gives a telescop-

ing series and we obtain

v =3 (¢ () - (G=))

[logz]
log 6

1 1
<vx By eS| (logx +1)
log 6

g6 logx + 5) (logz +1).

We obtain the announced upper bound for ¢ (x) by noting that 5/log6 < 3.

Now (2.3) combined with (2.6) gives the left-hand side of (2.8). This completes the
proof. O]

Note that a careful reading of the above proof allows us to tighten the upper bound
to
1.2vx + 2.7911log* z + 7.791 log = + 5.

2.2 Analytic estimates of ()

As we saw in the previous section, the elementary method of Chebyshev will establish
the explicit inequality

(v — Oz < ¥(z) < (gu + o,

for € > 0 and large values of x. From the Prime Number Theorem we know that
(1 =€)z <y(x) < (1+ e,

for large values of x. To establish the latter type inequality one needs to find explicit
estimates for ¢(x) — x, the so called the error term of the Prime Number Theorem.
Rosser [17] was the first who considered this problem. Rosser used numerical verifi-
cation of the Riemann hypothesis together with an explicit zero-free region in study
of the error term and developed an analytical method which allowed him to derive

explicit estimates for functions involving primes. Rosser’s estimates were more precise
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than the ones which have been established by elementry methods. His results were
later improved by Rosser and Schoenfeld [18], [19] and Schoenfeld [20].

Among many other results, Rosser and Schoenfeld [18] proved that i (x)/z takes
its maximum at z = 113. More precisely

P(z) < 1.03883x, for x > 0.

Explicit upper and lower bounds for ¢(z) can be obtained by means of Theorem
21 of [17]. In this chapter we will give a detailed proof of this theorem. We start by
setting up our notations.
We define
o(x) = Y(r) — x + log 21 + %log (1—1/2%).

¢(z) can be considered as the error term in the Prime Number Theorem. In Theorem
2.4, we give an upper and lower bounds for this error term.
Let m be a positive integer and x and h be positive reals. For x > 1 and x+mh > 1,

we define the multiple integral

h h h
Km<x,h>—/0 dyl/o dy/ (T4 + s+ + o) s

and
Kp(x,h) 1
—— +

fm,n,a(x7 h‘7 Z) - hn §nha - Zha_l. (29)

Since for h > 0, y; € [0, k], and so we have 4y +- - -+ ¥y, > x. Thus ¢(x+y; +- - -+
Ym) exists provided that x > 1. Also for h < 0, y; € [h,0] we have x +y; + -+ + Y, >
x + mh. Hence ¢(x + mh) exists provided that  +mh > 1. So the above definitions
are well defined.

Next we review some facts about the zeros of the Riemann zeta function. It is
known that ((s) has zeros at all negative even numbers (see [11, p. 49]). This zeros
are called the “trivial zeros” of ((s).

It is known that all the other zeros of ((s) are in the strip 0 < Re(s) < 1 (see [11,
p. 58]). We denote the non-trivial zeros of ((s) by p =  + 7, where 0 < 8 < 1 and
v € R.

Let N(T') be the number of non-trivial zeros of ((s) such that 0 <~ <T.
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Suppose that A > 0 is such that

1
for 0 < v < A we haveﬁzé. (2.10)

Also assume that r > 0 is such that for v > A we have

1
1-— ) 2.11
f< rlog~y ( )
We define T T T .
F(T)=— — - —
(T) =5 loeg — oo+ 3
and
R(T) = dylogT + dyloglog T + d3,
and assume that
IN(T) = F(T)| < R(T), (2.12)

for T > 2 and real numbers d;, ds, and d3. Moreover suppose that F'(A) < N(A). We

also define ¢y, - - - , cg as follows.

c1 = r(log A)?, (2.13)
co =rlog A, (2.14)
c3 = R(A), (2.15)
1 d1 d2

- n , 2.16
“T o Alog 2~ A(log A)(log 2) (2.16)
! (2.17)

5= —— .

" log(A/27)’
and

ce = log(A/2m). (2.18)

We will prove the following theorem.

Theorem 2.4. Let m € N and a > 0 such that

C1 m2

loga < .
64 m+ ¢s
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Suppose that

Z h/|m+1 — ’

1/(m+1)
5—=9 CL_I/Q]C—f— Cs i c4(1+m06)
Amtlgl/e (1 _ (m+c5);oga> m2Amql/c ’

and .

6 (((140)" 41 N

2 2
If 1+ mda < a we have

1
(1 —¢) —log2r < Y(z) < x(l+¢)— 3 log (1 —1/27%), (2.19)

forx > a.

Before presenting the proof of this theorem, we give an overview of the three main
steps of the argument.
Step 1: We first find a lower and upper bound for the error term of the Prime Number
Theorem v (z) — z, in terms of K,,(z,h). This is done in Proposition 2.11 by the

following inequalities.

_(%-y”;é)x—log%r——log(l—i) < ¢(x) -

Kp(x,z0) md 1 1
w<$>—$§ (W+ 9 )l’—10g2ﬂ'—§10g<1—ﬁ),
where 0 < 0 < (z —1)/am.
Step 2: In the next step we will establish the following explicit bound for K,,(z, h),

and

| K (2, £26)| < 2™ (1 + 6™ +1)" K,

where )
P=

- Z h/|m+1

Combining this with Proposition 2.11, in Proposition 2.15 we will derive lower and

upper bounds for ¢(x) in terms of the sum K.

26



Step 3: Next we bound K by splitting the sum between the zeros on the left of the

1/2-line and those on the left of the zero-free region:
-1 1
K<z ZHTH+ZW)7
p v A<y

where »

xrlog'y

fly) =

This is done in Lemma 2.16 by means of (2.11) and properties of the zeros of the

f}/m—l—l '

zeta function. To find an effective upper bound for K it suffices to explicitly bound
doac - f(7). This has been done in Lemma 2.17 by applying partial summation formula
on ZAQ f(7v). This lemma gives an upper bound for ZAQ f(7). It is shown that

Zf Am+1 Am+1pl/cs +C4/ f(y)log —dy
A<y

Finally Lemma 2.18 furnishes an explicit upper bound for [}° f(y)log(y/2m)dy. Com-
bining all these will establish the desired upper bound for K.

In the next three sections we will describe in details each step.

2.2.1 Comparing ¢ (x) — x with its average

In this section we compare ¢ (x) — = to its average K,,(x,h). Proposition 2.11 is the

main result of this section and is obtained by using Lemma 2.7 and 2.9 . These two

lemmas give upper and lower bounds for ¢(z) depending on “m-average” K,,(x,h).
For proving them we need Lemma 2.5 and 2.6. Lemma 2.5 establishes a recurrence

relation for f, ;4.

Lemma 2.5. We have

h
/ fm,n,a (l‘, ha U1 + Yo + -+ yn) dyn = fm,n—l,a—‘rl (37, ha A + Y2 + -+ yn—l) .
0
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Proof. We use (2.9) to compute the integral

h
/ fm,n,a ($7h7y1+y2++yn)dyn
0

" Kp(z,h) 1
:/ (% +5nh® =y + e +---+yn)h“_1) dys,
0

Kp(z,h -1
_ Kulah) |

1 ( 9 A — (g1 4+ 4 ypa) B

= fm,nfl,aJrl (il?, h7 U1 + Y2 + - ynfl) .

O
Lemma 2.6. We have
h h h
Ko (2, h) = / dy / dys - - / Jmna (T, g+ Y2+ -+ Yn) dyn. (2.20)
0 0 0
Proof. We prove this lemma by induction on n.
For n =1 we use (2.9) and compute the right-hand side of (2.20) to get
h Kp(z,h)h 1 h?
/ fmla(xa hay)dy: —’_‘__ha'h_ha_l_ :Km(x> h)
0 ” h 2 2
We assume
h h h
Km@j? h) = / dyl/ dyZ te / fm,n,a <x7h7y1 + Yo + -+ yn) dym
0 0 0
and together with Lemma 2.5 we obtain
h h h
/ / </ fm,nJrl,a (;E, h7y1+"'+yn+1>dyn+1> dyldyn
0 0 0
h h
:/ / fm,n,a—i—l (x7h>y1++yn)dyldyn:Km($ah>
0 0
O]

We now define

fm<l’,h,2) = fm,m,l(x, h7 Z) =+t — —Z.

28



Lemma 2.7. If h > 0 then there exists z € [0, mh] such that

d(x+ 2) < fiulz, h, 2). (2.21)
Proof. Assume to the contrary that, for all z € [0, mh], we have

o(x+ z) > f(z, h, 2).

Then

h h
/ / ¢z +yi+yz+- o+ ym) dypdyz - dyp,
0 0

h h
0 0

We recognize K,,(x,h) in the left-hand side of the above inequality. However by
Lemma 2.6 the right-hand side of it equals K,,(x, k). This is a contradiction. O

Remark 2.8. Formula (2.21) states that there exists z; € [0, mh] such that
¢(x + 21) + 21 <&,
where
1 [k h
& = h—m/ / @@ty tyet - +ym)+ W t+yet - +ym) dpdys- - dym.
0 0

Observe that

1 b h m " h
h_m/ .../ (y1+y2+.+ym)dyldy2dym — h—m/ .../ yldyl...dym
0 0 0 0
mh
5

Lemma 2.9. If h <0 then there exists z € [mh, 0] such that

fm(x, h, 2) < oz + 2). (2.22)
Proof. Assume to the contrary that for all z € [mh, 0] we have

d(x+ 2) < f(x, b, 2).
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Then
0 0
h h

0 0
</ / T (@ by + -+ Y) dyndys - - - Ay,
h h

By definition the left-hand side of the above inequality is (—1)"K,,(x,h). However
by Lemma 2.6 the right-hand side of that equals (—1)"K,,(z,h). Thus we get a

contradiction. O

Remark 2.10. Formula (2.22) states that there exists zo € [0, mh] such that
P(r — 22) — 22 = &,
where
1 [k h
&2 = h_m/ / (Px+yit+yat -+ yn) = (W1t y2+ - +yn) dydys - dym.
0 0

We are now ready to give a bound for ¢(xz) — x in terms of the K,,’s.

Proposition 2.11. If0 < < (x — 1)/zm,

Ky (z,—x0) md Ky (z,x0) md
g1 = m 7, and E9 = W + 7, (223)
then
1 1 1 1
(1 —¢ey) —log2m — ilog 1-— o <Y(x) <x(l+e2) —log2m — §log 1-— =
(2.24)

Proof. To prove the right-hand side of (2.24) we use the definitions of ¢(z + z) and
fm(x, h, z). Lemma 2.7 yields that there exists z € [0, mh] such that

1 Kp(x,h) mh
< —_— —Z. .
(x + 2)2) - hm * 2  © (2:25)

1
w(:v+z)—(x+z)+log27r+§log (1—

For z > 0, we have the inequalities

—1 1 —1 1
—1 11— < —1 1—— 2.26
2 og( (m+z)2) - 2 og( x2) ’ ( )
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and ¢ (z) < ¢(z + z). An application of this fact and (2.26) in (2.25) and replacing h
by 6 in (2.25) yield

—Z.

1 1 Ky (x,x0) mxd
— log 2 —1 1——= ] <
Y(x) — (x + z) + log 21 + 5 og( xQ) S oy + 5

By simplifying the above inequality we get

Ky (z,2d) mé 1 1
U(x) SJ}(1+W+7) —10g27r—§10g <1—;).
This proves the inequality in the right-hand side of (2.24). For proving the inequality
in the left-hand side of (2.24), note that by Lemma 2.9 there exists z € [mh, 0] such

that

w(ZE—f—Z)_(l‘+2)+10g27r—|—§10g(1_ )Z m(T,h)  mh

— —z. (2.2

Note that for z < 0 we have

~1 1 ~1 1
“log (1 ——— ) > Clog(1- =
e (1o ) 2 5 (1)

and (x) > ¥ (z + 2z). We replace h by —xd in (2.27) to obtain

1 1 Ky (z,—x0) —maxd
1/)(x)—(x+z)+log27r+§log(1—P) > (—zo)™ t—— =
Simplifying the above inequality yields
Ky (z,—x0)  md 1 1
x (1 - (W + 7)) —log 2w — §log <1 - ﬁ) < (),
which is the desired result. [

2.2.2 Relating ¢)(z) — = and the zeros of the zeta function

In this section we find an explicit bound for K, (x, h) in terms of the zeros of the zeta
function. This is done by using Proposition 2.13 which provides an explicit formula.
Then Proposition 2.14 gives a bound for | Ky, (z, +20)| in terms of K = 37 a7~ /|y|™*.
The last result of this section is Proposition 2.15 which gives bounds for ¢(x) in terms
of é.
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Proposition 2.12. We have

" 1 +1 p+1
/0 qﬁ(:z:—l—z)dz:;p(erl) (2 = (z 4+ h)Ph). (2.28)

Proof. Using the definition of ¢(x) we have

qﬁ(m—i—z):w(x—i—z)—(a:—l—z)—i—log%r—i—%log(1—@).

We split ¢(z + z) into two parts and calculate the integral from 0 to A of them

separately. By change of the variable we have

/0h¢(x + z)dz = /;M@ﬁ(u)du = /lﬁhw(u)du — /lm U (u)du. (2.29)

We now employ the classical explicit formula [11, page 73],

x B x_2 B e B $<,<O) C/(_l) B 0 pl=2r
/ Pt =5 = 2+ ) e

and apply it on the right-hand side of (2.29) to get

(iL“ + h)p+1 _ $p+1 C/(O) o0 (x + h)1—2r - xl—zr
U(x+2)dz = — + hx — —h —
/ zp: plp+1) ¢(0) ; 2r(2r — 1)
(2.30)
Next we consider
z+h 1 1
By using the Taylor expansion
-1 1—
og( (x4 2)? > ;r:ﬂ—l—z?”
it follows that
/h + log(27) + L i ! d
z+ 2z —log(2mw) + = —— | dz
0 & 2= r(zr+2)¥
h2 1 > (l’ + h)1—2r o I1_2T
=h — — hlog2m — = ) 2.31
v+ 5 —hlog2m =23, r(2r — 1) (2:31)

r=1
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From [14, page 317] we have

¢'(0)
= log 2m.
¢(0)
Having this we now subtract (2.30) from (2.31) to obtain (2.28). O

Proposition 2.13. We have

1 . jm+1 (T S\ ptm
Km(x,h):¥p<p+1)m(p+m) (Z(—n (j)(a:—l—jh) ) (2.32)

J=0

Proof. The proof follows by induction on m.
By using the definition of K,,(z,h) and Proposition 2.12 we find that

plp+1)

1 - 2 (1 S\ pt+l
=2 ) (ZOHW (5) e in )

Ki(z,h) = /0 o(x + 2)dz = Z 1 (IPH —(z+ h)p—H)

A

We now assume

Honl,h) = Z p(p + 1) (p+m) (Z J+m+1(J)(x+jh)p+m) - @)

j=0

We need to prove that

1 ol j+m42 m—+1 3\ p+m+1
K’”“@’h):zp:p(p+1)---(p+m+1) (Z(—l)* (j )(H‘jh)+ )

J=0

By using the definition of K,,1(z, h) we have

h h h
Km+1(w,h)=/ (/ / ¢(w+y1+---+ym+1)dy1---dym>dym+1
0 0 0
h
:/ K (@ 4 Y1, B) Y1 -
0

Next we apply (2.33) on the above equality to obtain

m

Knae.) = [ >, p+m)2(<—1>f+m+1(?) (£ + s 4 30 e,

=0
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Interchanging the sum and the integral is legitimate since

m

> m 2; ((—1)”’"+1 (7?) (% + Y1 + jh)”’”) Ay 11

T (S0 (b))
S (S ().

J=0

noting that 1/]y|™"" is convergent for m > 1. Thus we obtain
g L1/ g

m

1 - m h
K x,h) = E _— E -1 j+m+1( )/ T+ Ym +jh)p+ AYpmt1-
1 ( ) - o (p+m) jO( ) j ; ( +1 +1

It is now easy to compute the integral:

(23 —|—jh + h)ererl _ (:L‘ +jh)p+m+1

h
x + m +.hp+mdm =
/0 ( Ym+1 + jh) Ym+1 PR

Therefore the sum over j equals

i(_l)ﬂmﬂ (m) (x+ (j + 1)h)Prm L — (o +jh>p+m+1'
3=0 J p+m+1
The above can be rewritten as:

1 T : m
e W LAl

m

1 : m
- E 1]+m+1( ) T ih p+m+1'
p+m+1j20( ) 7 ( ‘7)

Changing the variable j to 7 — 1 in the first sum of the above formula gives

m+1

1 +m m . m
mZ(—l)ﬁ (j—1)<x+*7h>p+ "
i—1

m

1 , m
- - -1 J+m+1( ) x4 jh)PTmHL
s o (e
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The last expression can be transformed into

1 m : 1
Yy (M)
p+m

j=1 J
1

_|_—
p+m-+1

(.m )+(m)—(m—,’_1), for1 <j<m.
J—1 J J

To complete the proof we observe that (2.34) can be rewritten as

1 il jm2 m+1 2\ p+m+l
(p+m+1) (Z(_l) ( j >(‘H]h) )

J=0

(=1 (@ + (m 4 Dh)PHmHE — (1) Higermat) (2.34)

since

This leads to

1 m+1 itma2 m+1 7\ p+m+1
Km+1<$7h>:Xp:p(p+1)--~(/}+m+1) (;(_1) ( J )(x-f—jh) )

[
Proposition 2.14. If o > 0 then
| K (2, £20)| < 2™ ((1+0)" +1)" K, (2.35)
where 51
-
K =
; [yt
Proof. Replacing h by £z in Proposition 2.13 yields
K ( + 5) Z l'p+m i( 1)j+m+1 (m) (1:|: ‘5)p+m
m(x, £xd) = — , j .
= plp+1)--(p+m) \ = j
From |z°t™| = 2™ and |p| = /3% + 7% > |7|, we find that
p+m B+m m+1
' ’ ‘ ’ ’ (2.36)
plp+1)---(p+m)

< |ry|m+l < |,7|m+1'
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Therefore by using the fact that (1 + j§) < (1 + )7 for § > 0 one can deduce

=0 J =0 \J
-y (T) (14 8™ 1) = (14 6™ 4+ 1)™
Thus "
Z(—UH’“H (T) (14467 < (A +6)™ +1)".

The proof follows by putting together (2.32), (2.36), and (2.37).

Proposition 2.15. If § > 2K+ gnd

Ezg(<(1+6)2m+1+1)m+m>7

€1 <€, g9 <€,

then

where €1 and 9 are defined in (2.23).

Proof. Tt follows from Proposition 2.14 that

14+6)™ +1)" K )
e oo < (EEEE T KL 22

(2.37)

(2.38)

(2.39)

Since § > 2K+t we have K < g,mn%. Applying this upper bound for K, (2.39) is

transformed into

€1,62 < +— =3

gm2m+1 2 2 2

(1+ 8™ + 1™ 6™ ms 6 (<<1+5)m+1 + 1>m+m> |

from which the proof follows.
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2.2.3 Explicit bounds for the sums over the zeros of the zeta

function

In this section we will derive an upper bound for K by finding an upper bound for

ZAQ f(v) where
f(,y) — x—l/rlogw/,ym—&-l.

Lemma 2.16. We have

K<a¥ Y s+ 20, (2.40)

Proof. For 3 < 1/2 we have 277! < 271/2. Hence

$B_

Z h/’m+1 Z h/’m+1 - _1/22 h/’m+1' <241)

p<l <l

If 8> 1/2 it follows from (2.10), that |y| > A. We now use (2.11) to deduce

—1
xﬁ < Irlog'y

From this, by the fact that both 5+ iy and (§ — i7y are zeros of ((s), we find that
g-1 B-1 sy
Z |j’m+1 - Z ’jlerl =2 Z imi; (2.42)
B>1 B>1~4>0 B>1~>A

Since  + iy and 1 — § + iy = 3’ + iy are zeros of ((s), we observe that
Y

—1 —1

aj’rlogw Irlogw :L"rlog'y
I Sl DD i

p>1 7>A pg>14>A B>1~y>A
—1 -1 —1
:L‘rlog'y :E'rlogw leog'y
_ _ < E .
Z 7m+1 + Z /ym-i-l - ,ym—f—l
B>1y>A B<3y>A 7>A

Hence (2.42) can be transformed into

—1

m
Z |7|m+1 = Z me (2.43)

p>1 7>A 7

The proof is now complete by adding (2.41) to (2.43). O
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Next we find an upper bound for 3 ,__ f(7). In order to do this we use the partial
summation formula for >, f(v). We also make use of the upper bound for N(y)
given in (2.12).

Lemma 2.17. Iflogz < ¢1(m + 1) we have

€3 = Y
Zf(V) < W+C4/ f(y)log%dy,

A<y A
where ¢y, ¢a, ¢35, and ¢4 are defined in (2.13), (2.14), (2.15), and (2.16).

Proof. By employing the partial summation formula, we see that

S 1) =~ [ Nw)s @iy - N, (2.44)

A<y A
We have ( )

—logx

, - exp rlogy 10gZIZ'

f'ly) = e (r(logy)2 —(m+ 1)) . (2.45)
Since y > A and logx < ¢1(m + 1) = r(log A)*(m + 1), we find that

log x log x

We combine this with (2.45) to deduce that —f’(y) > 0. This enables us to use
N(y) < F(y) + R(y) in (2.44). We obtain

o0

S s <= [ (Fw)+ R Fo)dy - NAF(A) (2.16)

A<y A

We use integration by parts on the above integral to derive

| @)+ B@) £y = - () = R F — [T () + ) f)dy

A A

From this and (2.46) we find that

S0 < [P+ R F)dy+ RADFA) (2.47)

A<y
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noting that F'(A) < N(A). Observe that

R(A) 3

R(A)f(A) = — = —, 2.48
( >f< ) Am‘f'lmrlogA Am-&-lxg ( )
and F'(y) = 5-log(y/2m). This implies
| P =5 [ s Lay (2.49)
A y y)ay 2T A 2T ' '
Since A < y we have
1 log £
S8 -
y Alog o
Therefore
di  dy di log = dy log 5~ y
R(y)=— < 2 4 2 = alog o,
W)= T ylogy (Alog 2 T AlogA)log ) ) P om
where
dy N dy
a= :
Alog % A(log A)(log %)
By using the latter result it follows that
oo [e.e] y
| rwitay<a [ o5 rwy (2.50)
A A n
Putting together (2.47), (2.48), (2.49), and (2.50) completes the proof. O

The next lemma provides an upper bound for [° f(y)log(y/2m)dy.

Lemma 2.18. Iflogz < cym?/(m + c5), then

) Y 14+ CeM
log —dy < ’
/A 1(y)log or Y (1 _ w> m2Amgl/e

c1m?

where ¢, ¢2, c5, ¢ are defined in (2.13), (2.14), (2.17) and (2.18).

Proof. Let

> Y < 1 Y —logx
I= log —dy = log - dy.
/A f(y)log o —dy /A ym+1(0g 5 )eXP (Hogy) y
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Choosing u' = (log ) mlH and v = exp <;11§gg;> yields

—1 (1+ | y> , —logx log x
U= mlog =), v =ex )
y"™m? & on/)’ p rlogy ) ry(logy)?

Using integrating by parts we find that

A 0
7 - (1+mlog%)exp<—logx)+/ exp(—logx) (1+mlog%)logxdy

N Amm? rlog A A rlogy r(log y)?m?2ym+1

dy

(1 + mlog %) exp <—log1:) N /oo exp (rlogy> (10g ) <1og N +m> log z

Amm? A ym“ m?r(log y)?

1+ mlog & 1 (0 — +m log x
( mlog 2”)exp ogx n log 2~ / fly log
Amm? r(logy)?

Since A < y we have

logy +m A+m

(logy)* — (10g A)?

log 3

which gives

(1+mlogﬁ) —log (—A—l e +m log z
I 2 )1 —d . (2581
= Amm? (rlogA) * r(log A)? / J(y)los v (25D)

Following the definition of I, from (2.51) we find that

<ﬁ—+m>logx 1 log A 1
i\ (+m0g2ﬂ)ex( ogx).

m?2r(log A)? = Amm? rlog A
It follows that for
log & < 7’(logA)fm2 _ c1m? |
+ i S m+ cs
that
L Oemioegt) o (G
Amm?2 1 (log = +m) log

m2r(log A)?
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2.2.4 Proof of Theorem 2.4

In this section we give the proof of Theorem 2.4. By use of Proposition 2.11, Proposition
2.15, Lemma 2.16, Lemma 2.17 and Lemma 2.18 we deduce Theorem 2.4 which gives
explicit bounds for ¢ (x).

Proof. We begin with proving the right-hand side of (2.19). Observe that by Proposi-

tion 2.11 we have

1 1 1 1
x(1—€1)—10g27r—§10g (1_F> < (x) §x(1+€2)—10g27r—§10g <1—;>.

Noting that —log 27w < 0 it remains to verify that
g9 < E. (2.52)

It follows from (2.38) that

§(((1+8)m+1\™
€2<€:§ 5 +m |,

provided that K < (6/2)™*1.
Recall that by Lemma 2.40 we have

We combine this with Lemma 2.17 and Lemma 2.18 to deduce

-1 1 3 cs(1 4 mc)
K S Tz Z m+1 + 1 + 1 1 -
p 1] Amtlges (1 - (mtf‘r’ngx)> m2Am e
From this, by - 1/|y™*| <k, we find that
Ko< 2P ks cs N ca(1 + meg)
-~ 1 .
Am+lges (1 _ (mtjinlggx)> m2Am s
Since z > a we may infer
K<aTh+—3 _ 4 cal £ meg)
- Amstan (1 etslsel) 2 gng s
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Thus

1/m+1\ ™+l -
KS 2 G_le—f— C3 i 4 04(1+m06) i _ <(5> 7
2 Amtlges <1 - —(mtfi;‘;ga)) m2Amqe2

2

which achieves the proof.
For the left-hand side of (2.19), having established Proposition 2.11, we require to
prove that
g1 < g, (2.53)

since —log (1 — 1/2%) > 0. The proof of (2.53) is identical to the proof of (2.52). [
We end this chapter by providing two examples based on specific numerical values
of parameters in Theorem 2.4. The following lemma which provides explicit upper

bounds for 37 1/|y|™*! where m < 3 will be used to determine values for & in our

examples.

Lemma 2.19. We have

1 1 1
> 5 < 0.0463, ) B < 0.00167, and Y i< 0.0000744.
P

p p

Proof. See [17, Lemma 17, p. 225]. O

Example 2.20. We let A = 1467.47747, r = 17.72 (see [17, pp. 223-224]) and m = 2.
We see that

c1 = 942.04939, ¢, = 129.20183, c3 = 3.46700,
cy = 0.15917, ¢5 = 0.18337, and cg = 5.45342.

Observe that cym?/m + c5 ~ 1725.862. Thus we choose a = exp(20) so that a <
exp(1725.862). Following the definition of § and € we obtain 6 = 0.01288 and ¢ =
0.0195832. Hence by using Theorem 2.4 we deduce

0.98041z < 1(x) < 1.019584z, for x > *.
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Example 2.21. Let A = 29538618432.236'. Then Wedeniwski has shown that N(A) =
10" and the Riemann Hypothesis is true up to height A. We let r = 5.70176 from [12],

and m = 2. We observe that

¢ = 3314.10330, ¢ = 137.46352, c3 = 6.30081,
¢y = 0.15915, ¢5 = 0.04490, and cg = 22.27108.

We find that c;m?/m + c5 ~ 6482.666. Hence we need to choose a < exp(6482.666).
We let a = exp(20). Following the definition of § and € we obtain 6 = 0.00846 and
e = 0.0128063. Hence by using Theorem 2.4 we deduce

0.98719x < v(x) < 1.012807z, for x > *.

By comparing the results of the above examples we conclude that improving the
values of A and r gives sharper results.

We can use Theorem 2.4 to generate tables of upper and lower bounds for ¥ (z).
In this thesis Tables 5.1 and 5.2 give estimations for ¢(z). The values given in these
tables will be used throughout the thesis.

Thttp:/ /www.zetagrid.net /zeta/math /zeta.result.100billion.zeros.html
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Chapter 3

Bounds for 6(z)

3.1 Introduction

In this section we assume that we have a table of upper and lower bounds for ¥ (z).
Therefore the positive values A*(b) and A~ (b) are given such that

A=(b)x < Y(z) < AT (b)x, for x > ¢’ (3.1)

The relation between 6(z) and (x) given by

W(x) = 0(x'). (3.2)

k=1

plays a key role in our estimates. The above can be derived directly from the definition
of ¥(z) and 6(x).
From (3.2) we deduce the trivial bound

¥(z) > 6(x), for z > 0.

Using the Prime Number Theorem one can show the asymptotic behavior of 6(x)

by
0(z) ~ z, (3.3)
as x — oo. However (3.3) does not give any information about numerical estimates for

0(z)/x. We here mention a result, due to Rosser and Schoenfeld [18, (5.4), page 77 |,

on the estimation of #(x)/x by elementry methods.
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Proposition 3.1. 0(z) < 1.11x for z > 0.

Proof. By direct computation one can show that
0(z) <z for 0 < z < 10%. (3.4)

For larger values of  we proceed as follows. From Chapter 2, Theorem 2.3 we may
infer
0(z) <(x) < 1.2vx + (3logx + 5) (logz + 1) for z > 2,

where v ~ 0.92129 - - - is given in (2.1). Hence

0(z) < <1.2y + ﬂ) x,

X

where
s(z) = (3logx + 5) (logz + 1).

We note that 1.2v + s(z)/z is a decreasing function for z > 108. Moreover,
1.2v + s(x)/z < 1.2v + 5(10%)/10% < 1.11 for = > 10°.
From this, and (3.4) we deduce that
0(z) < 1.11z for x > 0.
[

It is possible to improve the above bound by elementary methods. For example
Hanson [10] has showed that

0(z) < (log3)z < 1.0987x, for x > 0.
This bound was improved again by Grimson and Hanson [9], who obtained
f(x) < 1.0508z, for z > 0.

A breakthrough came in 1989 where Costa Pereira [4] by employing an elementary

method proved that

2
O(z) < %x = 1.001884z for = > 0.
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In another front, as described in the previous chapter, Rosser [17] developed an
analytic method which allowed him to obtain sharp numerical estimates for ¢ (x)/x
and therefore for functions involving primes such as 6(x)/x. Numerical upper and
lower bounds for §(z)/x were improved later by Rosser and Schoenfeld [18], [19], and
Schoenfeld [20] by some refinements in their analytical method.

Table 3.1 summarizes the history of numerical upper bounds for #(x)/z which are

deduced by analytical methods.

Table 3.1:

Authors Co
Rosser & Schoenfeld [18] | 1+ 1.6240 x 1072
Rosser & Schoenfeld [19] | 1+ 1.1020 x 1073
Schoenfeld [20] 1+ 8.1000 x 107
Dusart|[7] 1+2.7579 x 107°

0(z) < cox, for x > 0.

The goal of this chapter is to develop techniques which give sharper estimates for
0(x)/z compare to those that we have in the literature.
We start by giving upper bound for #(x)/x. By a recent result of Dusart [7, Propo-

sition 5.1, p. 4] we have
O(z) < x, for 0 <z <8 x 10M ~ 2™, (3.5)
We combine (3.5) with the trivial bound 6(x) < ¥ (z) to obtain
0(x) < A (27.4)z, for z > 0.
This leads to the following proposition.

Proposition 3.2. 0(x) < (1 +2.841 x 107°) z, for z > 0.

Thus we can assume that for ¢g = 1 4+ 2.841 x 10™® we have

0(z) < cox for z > 0.
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In this chapter we present several methods to improve this upper bound for (z).
Next we consider the problem of finding a numerical lower bound for 6(x)/z. To

do this we consider the identity

V() —0(x) =) _0('"").
k>2
From the above equation we can derive several forms of upper bounds for ¢ (x) — 0(x),
and consequently we will be able to deduce tables for lower bounds of #(x) in different
ranges. Table 3.2 provides the history of numerical lower bounds for 6(x)/x given by

analytical methods.

Table 3.2:
Authors B~ (b) b
Rosser & Schoenfeld[18] | 0.840000 | 4.70
Rosser & Schoenfeld[18] | 0.980000 | 8.93
Rosser & Schoenfeld [19] | 0.998684 | 14.10
Schoenfeld [20] 0.998697 | 13.97
Dusart [7] 0.999900 | 25.00

0(z) > B~ (b)x, for z > €.

3.2 Upper bounds for 0(x) for x > 0

The following inequalities play important roles in establishing bounds for 0(z).

e Dusart [7, Proposition 5.1]

O(z) < x, for 0 <z <8 x 10M ~ 2™, (3.6)

e Rosser-Schoenfeld [18, Theorem 24]

V2 < p(x) — O(x), for 121 < z < 10'6 ~ 38, (3.7)
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e Rosser-Schoenfeld [18, Theorem 19]

z —2zY? < f(x), for 0 < z < 1420.9 and 1423 < z < 10%. (3.8)

The main goal of this section is studying methods for providing sharp upper bounds
for 0(x)/x. We point out that a lower bound for ¢(x) — (x) will result in an upper
bound for f(x) provided that we have estimates for ¢(x) in different ranges. Using this
fact we present the following theorem.

Theorem 3.3. Let by and by be positive constants such that by < 27.4 and by < by. Let

A (%)
C1 = A+(bl) — eb2/2 N
and
co = max{cy, AT(b)}.
Then

0(z) < cox, for z > 0.

Proof. o Let 0 <z < e”. By (3.6), we have 0(z) < z.

e We let = € [¢”,€b2]. From (3.2) we deduce that
P!y = (). (3.9)
k>1
Therefore
P(a) = 0(x) =Y _0(*) =0 )+ o). (3.10)
k=2 k>1 k>1

The previous identity implies that

(') < Y(x) - 0(a). (3.11)
From (3.11) and (3.1) we obtain, for z € [e®, eb?],
Oa) < () — () < (Awn) - AJ”) " (312)
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e Let x > e, By using the trivial inequality 6(x) < v(x) we have
6(x) < A*(by)z. (3.13)

We combine (3.6), (3.12), and (3.13) to obtain

A- (o
0(x) <max{1,A+(bl)— EQ),A+(b2)}x, for z > 0.
e2
Since AT (b) > 1 for b > 0 we have

A()

e

Ca
NS

0(z) < max {A+(b1) — ,A+(b2)} x, for x > 0.

From which the proof follows.

Example 3.4. Let by = 27.4, and by = 28. Then by Tables 5.1 and 5.2 we have
AT(b) =1+2.841 x 1077, A‘(%) =0.9988024, and A*(by) =1+ 2.224 x 107°.
Hence by Theorem 3.3 we have
co =y =14 27579467120 x 107°.

We observe that in proving Theorem 3.3 we can use relation (3.7) in place of (3.11).

This leads us to the following theorem.

Theorem 3.5. Let by and by be positive constants such that by < 27.4 and by < by <
36.8. Let

1
cC1 = A+<bl) — W’
and
co = max{cy, AT(b)}.
Then

0(z) < cox, for z > 0.
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Example 3.6. Let by = 27.4, and by = 28. Then by employing Theorem 3.5 and Tables
5.1 and 5.2 we see that

co=cy =1+ 27578471281 x 1075.

Next we describe an improvement of Theorem 3.3. The main idea in the next
theorem is that in the middle range [¢",eb2] we use more precise lower bound for
Y(x) — O(x) than the one used in the previous theorem. This idea is inspired from [7,
Proposition 3.1].

Theorem 3.7. Let by and by be positive constants such that by < 27.4 and by < by <
55.26. Let

€1 = max {AJr(bl) — A*(b1/2)x*1/2 _ 28 21‘75/6} '

z€[eb1,eh2]

Then for x > 0 we have
0(z) < cor,

where ¢ = max{cy, AT(by)}.
Proof. We let et < x < €. By using (3.9) and (3.10) we have
() + 0(2'?) < Y(x) — O(x).

The above gives

O(x) < o(w) = p(a'/?) — (7). (3.14)
For the lower bound of §(x/?) we use (3.8) provided that 1423% < x < 10*%. Note that
log 10%* ~ 55.26. From this, by (3.1) we see that (3.14) can be transformed into

0(z) < A*(b))x — A= (by/2)2'/? — 213 4 221/6. (3.15)
Putting together (3.6), (3.13), and (3.15) achieves the proof. O
Example 3.8. Let by = 27.4 and by = 28. Then by Tables 5.1 and 5.2 we have
AT(b) =1+2.841 x 107°, A~ (b1/2) = 0.9988024, and A" (by) =1+ 2.224 x 107°.
Hence by Theorem 3.7 we have

co=c1 =14 27571794847 x 107°.
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A comparison of results of Examples 3.4, 3.6, and 3.8 shows that we obtain improved

result using Theorem 3.7.

We next present a lemma which gives a lower bound for ¢ (z) — 6(z) in terms of ¢

function. This result is due to Costa Pereira [3, p. 211].
Lemma 3.9. For z > 0 we have
0(x) < v(@) = Y(@"?) = (@) = v (@) + P ("),

Proof. We substitute (3.9) in (3.2) to obtain

V() = 0(x) + (2" ?) + 6,

n>1

or equivalently

U(x) — 0(x) = P(z'/?) + Z 0(z"/om-3) + Z O(xM/6n 1) Z B(z1/om+1),

n>1 n>1 n>1

Now (3.2) implies that

1/3 ZQ 1/3n Ze(xl/ﬁn—ii) + Ze(xl/ﬁn)’

n>1 n>1 n>1

1/3 Ze 1/6n Ze(xl/6n73).

7'L>1 nzl

or equivalently

We employ the above identity in (3.18) to obtain

w(x,)_g(l,) w( 1/2 _‘_w 1/3 Ze 1/6n _|_Ze 1/6n— 1 +Ze 1/6n+1

n>1 n>1 n>1

Observe that

Ze(ml/&z—l) + 29<$1/6n+1) > Zg(xl/lon—5> + Ze<x1/10n) _ ¢(l,1/5>’

n>1 n>1 n>1 n>1

and

1/6 Ze 1/6n

n>1

(3.19) combined with (3.20) and (3.21) implies the result.

o1

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

]



Replacing (3.12) with (3.16) in Theorem 3.3 enables us to establish the following

theorem.

Theorem 3.10. Let by and by be positive constants such that 0 < by < 27.4 and by < bs.
Let

6= max {A+(b1) CAT(bi/2)  A(bi/3) A (bi/5) | AT(bi/6) } |

veleht ebo] 2172 22/3 2A/5 25/6

Then
0(x) < cox, for x > 0,

where ¢y = max{cy, AT(b2)}.
Example 3.11. Let by = 27.4 and by = 28. Then from Tables 5.1 and 5.2 we have
AT(b) =1+2.841 x 107°, A~ (b1 /2) = 0.9988024, A~ (b;/3) = 0.99343,

A (b /5) = 0.96764, AT (b1/6) = 1.03883, and AT (by) = 14 2.224 x 107°.
It follows from Theorem 3.10 that

co=cy =14 27571594613 x 1075.

We see that there is a slight improvement in the result of Theorem 3.10 compared
to the result of Theorem 3.7.

We now establish a theorem which theoretically will provide a better upper bound
for 6(z)/x for x > 0, compared to the previous results. The reason is that in the middle

range e’ < z < €%, we are using a better upper bound for 6(z), namely
0(x) <o(x) — (') = (') — (@) + 0(0) + (), (3.22)
(see [2, p. 110]). This upper bound is sharper than (3.16) since
D(@!®) > 0(a0) + ().
We point out that for an upper bound for #(z'/%) in (3.22) we can use
Q(ml/G) < xS, for x > 0,
where ¢ is an upper bound for 6(x)/z, when x > 0. We have the following theorem.
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Theorem 3.12. Let by and by be positive constants such that 0 < by < 27.4 and by < bs.
Let

A= (b/2)  AT(bi/3) AT(0/5) | G | AT(b:1/30)
€] = max {AJr(bl)_ /2 23 Al +x5/6+ 2:29/30 ’

xe[ebl ,eb2}

where ¢y is an upper bound for 6(zx)/x when x > 0. Then
0(x) < cozx, for x > 0,
where co = max{cy, AT (bs)}.
Example 3.13. Let by = 27.4 and by = 28. Then by Tables 5.1 and 5.2 we obtain
AT(b) =1+2.841 x 107°, A~ (b/2) = 0.9988024, A~ (b;/3) = 0.9934300,

A~ (by/5) = 0.9676400, A*(b;/30) = 1.03883, and AT (by) = 1+ 2.2244 x 107°.

From Example 3.11 we take
o =1+ 27571594613 x 107°.
Thus by employing Theorem 3.12 we obtain
co=c1 =1+ 2.7571593586 x 107°.

Comparison of the results of previous examples in this section shows, as expected,
that Theorem 3.12 gives the best upper bound for f(x) in the range = > 0.

By having one extra condition we can rewrite Theorem 3.12 as follows.

Theorem 3.14. Let by and by be positive constants such that 0 < by < 27.4 and by < bs.
If by /6 < 27.4 then let

6 = max {A+(bl) LAY AR A5, 1 A+(bl/30)}'

J:E[ebl ,eb2} xl/2 x2/3 14/5 15/6 729/30

Then
0(z) < cox, for x>0,

where cg = max{cy, AT (bs)}.
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Example 3.15. Let by = 27.4 and by = 28. Then by Tables 5.1 and 5.2 we obtain
AT(b) = 142841 x 107°, A~ (b1/2) = 0.9988024, A~ (b;/3) = 0.9934300,

A~ (by/5) = 0.9676400, A*(b,/30) = 1.03883, and AT (by) = 1 + 2.2244 x 1077

Thus by using Theorem 3.14 we obtain
co =1 =1+ 27571593584 x 107°.

This result has a slight improvement compare to the result of Example 3.13.

We now turn our attention to an unpublished result of Costa Pereire! which states
0(x) <z, for 0 < x < 1010 ~ 308,
This result together with Theorem 3.12 yield the following example.
Example 3.16. Let by = 36.8 and by = 37. From Tables 5.1 and 5.2 we have
AT (b)) =1+1.301 x 1077, A= (by/2) =1 —2.841 x 107°, A~ (b;/3) = 0.9988024,

A= (by/5) = 0.99770, A*(b/30) = 1.03883, and AT (by) =1 +4.348 x 1077

From Ezxample 3.13 we have ¢y = 1 + 2.7571593586 x 107°, therefore by Theorem 3.12
we have ¢; = 0.99999999205 and

co=1+4.348 x 107".

The last example suggests that extending the range of the inequality from (0, €24

to (0, €3%8] significantly improves the upper bound for the function 6(z)/x.

3.3 Upper bounds for 0(x) for z > €
Recall that (3.6) states

0(z) < x, for 0 < x <8 x 10M ~ 2™,

Thttp://mat.fc.ul.pt/ind /ncpereira/
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Therefore it would make sense to consider upper bounds for (x) on [e°

b > 27.4.

Since the sharpest upper bound for () in the previous section comes from Theorem

,00) only for

3.12 we use the same argument with means of Tables 5.1 and 5.2 to deduce Table 5.3

which establishes the inequalities
0(z) < BT (b)x, for x> €, (3.23)

for different values of b.
Our Table 5.3 gives more precise estimates for upper bound of 6(x)/x compared to

the recent results of Dusart [7].

3.4 The inequality ¢ (x) — 0(x) > dy\/x
In this section we are intersted in finding a lower bound for ¢ (z) — #(x) in the form of
a constant multiple of /z. Recall that by (3.7) we have

Y(z) — 0(x) > /x, for 121 < 2 < 100 ~ 08,
For z > 3% we use (3.11) which states

() = 0(z) = P(z"?).

From this inequality, (3.1), and Table 5.1 we can derive, for z > €38 that

Y(x) — 0(x) > A (36.8/2)v/x = 0.9988024/.
The above with (3.7) give the following.

W(z) — 0(z) > 0.9988024y/z, for = > 121.

We shall improve this lower bound for ¢(z) — 6(z) in the next theorem, by employing
a better estimate in place of (3.11).

Theorem 3.17. Let 0 < b; < 36.8 and let by < by < 55.26. Let
dy = mi ' A" (b1 /2 L 2 A" (by/2
0 = min [6?11161[)12] (1/)+m—m AT (b2/2) ¢
Then
Y(z) — 0(z) > dov/z, for z > 121.
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Proof. o Let 121 < x < e’ By (3.7), we have ¥(x) — 0(x) > /7.
e We let e < z < 2. From (3.17) we can infer
U(x) — 0(x) > Y(Va) + 0('?). (3.24)

For the lower bound of §(x'/?) we use (3.8) provided that 14233 < z < 10%,
noting that log 10** ~ 55.26. For the lower bound of 1(y/x) we use (3.1). Hence,

for " < x < €b2, (3.24) is transformed into
Y(x) — 0(x) > A (b1 /2)z"/? 4 2/® — 221/6.

This implies

Y(z) —0(x) > min <A_(b1/2) + # - %) z'/2, (3.25)

]
e Let v > eb2. Using (3.1) and (3.24) we find that

Y(x) = 0(x) > (Vo) > A (by/2)x"/?. (3.26)

Putting together (3.7), (3.25), and (3.26) achieves the proof.
[

Example 3.18. Let by = 36.8. We divide the interval [e36%, €52%] into the subintervals,
We calculate {A’(b1/2) + ﬁ — ebl%} for each of I; = [e®,e?2] with i = 1,2,3,4,5
separately. It follows that

21/6 173

1 2
min[e%.s’essae] {A (b1/2) + } =1+44.949 x 107°.

For by = 55.26 we have A~ (by/2) = 0.99997159, so it follows from Theorem 3.17
that dy = 0.99997159. This result is comparable to Dusart’s [7, Proposition 3.1] who
obtained dy = 0.9999.

The results of the above example establishes the following inequality that improves
a result of Rosser and Schoenfeld [18, Theorem 24, p.73].

Corollary 3.19. ¢(z) — 0(z) > \/z, for 121 < z < €529,
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3.5 Lower bounds for 6(z) for z > ¢’

In this section we establish some theorems which enable us to generate tables for lower
bounds of §(z). Our approach for obtaining lower bounds for 6(x) is different from the
upper bounds, since for the upper bound of #(x) we know that 0(x) < z over a large
interval, however an analogous inequality for the lower bound does not exist.

Lower bounds for #(x) can be attained provided that we have upper bounds for

Y(x) — 6(x). For an upper bound of ¢(z) — 6(x) we can employ the inequality

Y(x) — 0(x) < 2(x/?). (3.27)

This can be obtained directly from (3.9) and (3.10). A more precise estimates

() = 0(z) <(a'?) + (') + 9 ('),

due to Costa Pereira [3, p. 211], is given in Lemma 3.26. Also from Theorem 2 of |2,
p. 110] we have

P(x) = 0(x) < $(a'2) + P(a'®) + P( ) = 0(@H) + 0(a7) — P>

This a better upper bound for ¢ (z) — 6(x) compared to (3.27) and (3.5). In addition
to these inequalities we need estimations of ¢(z) over different ranges.

Next we establish a result which gives a lower bound for 6(z).

Theorem 3.20. Let b > 2.694 and ¢y be a positive constant satisfying 0(x)/x < ¢y for
x> 0. Let
b
N
Then we have

0(x) > B~ (b)z,
for x > e’.

Proof. From (3.10) we have

V() —6(x) =) _0('"").

k>2
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Therefore

[logac]
log 2

Ba) = 8) < 3 cor' <o (25 - 1) o

P log 2

We combine this with (3.1) to obtain
log x
0(z) > (A(b) S ( 1o§ S - 1) x1/2> z, (3.28)

for x > €®. Note that (logx/log2 — 1) 27/2 decreases if z > >, u

Example 3.21. By using Theorem 3.20 and Tables 5.1 and 5.2 we generate Tables
5.4, 5.5, 5.6, with cg = 1+ 2.7579 x 107° and Tables 5.7, 5.8 and 5.9 with ¢y =
1+ 2.7571593586 x 107°.

Refining the method which is used in Theorem 3.20 enables us to states the follow-

ing.

Theorem 3.22. Letb > 0, kg > 3 be an integer, and cq be a positive constant satisfying
O(z)/x < co forxz>0. We let

B7(b, ko) = A7 (b) — Z min{ A" (b/k), co}e*F =1 — ¢yeb/Fo—1 (L — ko + 1) :

2<k<ko—1 log 2
If
1

b >
T ko —1

(ko + (ko — 1)*log2), (3.29)

then
0(x) > B~ (b, ko)x, for x > €.

Proof. From (3.10) we have

Ye) =)= Y 0+ ) o).

2<k<ko—1 k>ko

It follows that

Y(z) —0(x) < Z O(x"/*) + coat /o (bﬂ — ko + 1) :

2<k<ko—1 log2
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Therefore

O(z) > d(x) — Y O(a'*) - coz'/h (10” ~ kot 1) . (3.30)

2<k<ko—1 log 2

Using the trivial bound 0(z'/*) < o (x'/*) with (3.1) allows us to rewrite relation (3.30)

as follows.

O(x) > <A(b) - Z min{ A" (b/k), o}t/ — coat/Fo~t GZ% — ko + 1)) .

2<k<ko—1

By (3.29), a!/ko—1 <% — ko + 1) decreases with # > 1 and so the proof follows. [

Example 3.23. Let kg = 3. If b > 2.887 then Theorem 3.22 implies that
0(x) > B~ (b,3)x, for x > ¢, (3.31)

where

; Co %—2
B(b.3) = A~(b) — min {A*(0/2),co} B ( og > .

ob/2 o2b/3
From (3.31), Tables 5.1 and 5.2, and cy = 1+ 2.7571593586 x 10~° from Ezample 5.13,
we generate Tables 5.10, 5.11 and 5.12.
Note that according to the values of Table 5.2, for x < €% we have cg < AT (b/2),
and for x > €% we have cg < AT(b/2).

Example 3.24. Let kg = 4. If b > 3.413, by Theorem 3.22 we obtain
0(z) > B~ (b,4)z, for x > ¢,

where

Cmin {A*(b/2),c0}  min{A*(b/3),co} O (1022 _ 3)

B™(b,4) = A™(b) ob/2 e2b/3 e3b/4

From Tables 5.1, 5.2, and cg = 1 + 2.7571593586 x 10~° from Ezample 3.13, we get
Tables 5.13, 5.14, and 5.15.

Note that we have cy < AT (b/3) for x < € and co > AT(b/3) for x > €®* (see
Table 5.2).
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We would like to point out that by considering ky = 4 we obtain better results
comparing to the case ky = 3 in Example 3.23.

The next theorem gives an improvement of a result of Rosser and Schoenfeld [18,
Theorem 24, p.73].

Theorem 3.25. ¢(z) — 0(z) > /z, for 121 <z < !9,

Proof. We have already proved, Corollary 3.19, that

Y(z) — 0(x) > Vo, for 121 <z < 20,

55.2

We start by breaking interval x > €°° into the following subintervals.

55.26 60]

[6 e 60 69.4]

,[6 e 69.4 70]

, [6 e 70 87.8]

’ [6 e 87.8 103.6]

7[6 , € )

[6103.6 122.6] 122.6 143.7] 145.4

’ [6 e [6143'7

145.4] 145.5]'

e , e , [, and e

In each of the above intervals by means of relation (3.24) and Tables 5.13 and 5.14

which are our best results for the lower bounds of 0(x) so far, we verify that

b(a) = 6(x) > Vo
to deduce the result. O

We now establish the following lemma which plays a fundamental role in our next

method in finding lower bounds for 6(z).

Lemma 3.26. For x > 0 we have

U(x) — 0(z) < p(z?) +p(z3) + p(zP). (3.32)

Proof. By (3.19) we have

() — 0(x) = ¥(@'?) + (') - Z 0(z/°) + Z (/1) + Z O(x1/6mH1y.

n>1 n>1 n>1

Since f(x) is an increasing function we have

= 0+ o) <o,

n>1 n>1
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It follows that

Y(@) = 0(z) < P(@'/?) + @)+ 0o, (3.33)

n>1

By applying the fact that

Z 0(1,1/671—1) < Z Q(xl/t'm)7

n>1 n>1

on (3.33), we deduce

Y(x) = O(x) < v(@'?) + o)+ 0. (3.34)

n>1

Since

PPy =0z,

n>1

we find that (3.34) can be transformed into
() = 0(z) < U(a'?) + (') +y(2'P),
and the proof follows. O
Observe that (3.32) can be rewritten as
0(x) > Y(x) = (@'?) = Y(@') = (7). (3.35)
We now replace (3.28) with (3.35) in Theorem 3.20 to derive the following.

Theorem 3.27. Let b > 0. Then
0(z) > B~ (b)z, for x > €,

h
wnere AN(b)2)  AY(B/3)  AF(b/5)
O eb/2 e2b/3 b5

B~(b) = A= (b)

Example 3.28. By using Theorem 3.27 and Tables 5.1 and 5.2 we obtain Tables 5.16,
5.17 and 5.18. These tables provide our best results for the lower bounds. Moreover
our results for b < 100 are sharper than Dusart [7, p. 15].
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We turn next to the Theorem 2 of Cook [2, p. 110] which states
O(x) 2 v(x) = d(a"?) — (@) = (@%) + 0(2"/°) + (') — (2'7),  (3.36)

valid for z > 0.

We remark here to obtain more precise lower bound for §(z)/x we can replace (3.28)
with (3.36) in Theorem 3.20. For lower bound of §(x'/®) we can use Tables 5.16, 5.17,
and 5.18. For upper bound of #(z'/7) we use the results of Table 5.3.

3.6 The inequality (z) — 0(z) < cox™/? + c3z'/3

In this section we find upper bounds for ¢(x) — 6(z) in the form cyz/? 4 c32'/3 with
¢a,¢3 > 0. This is done first by using upper bounds for #(x) which is obtained in the
previous sections. In particular we make a use of relation (3.23). Once this is done we
verify Theorem 3.32 and Theorem 3.34 using the estimations for ¢(x). Table 3.3 gives
the history of numerical upper bounds for ¢(z) — 6(x) which are obtained by different

authors.

Table 3.3:

Authors Co C3 Q

Rosser & Schoenfeld [18] 1.02 3 0
Rosser & Schoenfeld [19] | 1.001102 | 3 0
0

6

Schoenfeld [20] 1.001093

Costa Pereira [3] 1.001 1.1 | 368

Costa Pereira [3] 1.001 1 e36
Dusart|7] 1.00007 | 1.78 | 0

U(x) — 0(x) < cox'/? + csz'/®, for z > a.

Theorem 3.29. Let b > 14.080, and let

flo) =1+ (logx - 3) 2112,

log 2
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Assume that ¢y be an upper bound for 6(z)/x when x > 0. Then
Y(x) — 0(x) < BT(b/2)z? 4 co f (eV)z'/3, for = > €.

Proof. We write

[1ogx] [log:c}
log 2 log 2

1
Z 0(z'*) < ¢ Z g < ¢ <x1/3—|— ([%} —3> x1/4>
k=3

k=3
< co |1+ Ing—B V12 ) 218,
log 2

Since f(z) is a decreasing function on x > e® where b > 14.080, we have

[logz}

i 0(z'%) < cof (€)' (3.37)
k=3
From (3.10) it follows that
Y(x) — O(x) = 0(x'?) + ) (k). (3.38)

k>3

In the above identity we bound 6(z'/?) by using (3.23). To bound Y, ., 0(z'/*) we
employ (3.37). The proof is now immediate. [

In order to improve the upper bound for ¢ (z) — f(x) given in the above theorem
we divide >°, -, 0(x/*) into two sums and then estimates each of the sums separately.

This enables us to establish the following theorem.

Theorem 3.30. Let ko be a positive integer > 3, b > 0, and ¢y satisfies 0(x)/z < ¢
forx > 0. Let

ko
1 1 b —_—
g(b, ko) = min {AT(b/k), ¢} 3 P9 4 ¢ (@ _ ko) Mi—h)
k=3

Assume there exists positive constant by such that g(b, ko) decreases for b > by. Then

we have
Y(x) — 0(x) < BT(b/2)a? + g(b, ko)z'/?, for x > €’
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Proof. We have

ko [1o55]
S0y =0+ > 0.
k>3 k=3 k=ko+1

Using 0(x) < 1(x), we rewrite the last expression as follows.

ko [555]
Z@(xl/k) < Zmin {AT(b/k),co} 2% + Z cort* =
k>3 k=3 k=ko-+1

ko
11 1 11
(min {A+(b//€),CO} kz;r(kg) + ¢ (gi‘; _ k()) x(kUJrl 3)> x1/3.
From this and (3.38) the proof follows. Note that the coefficient of z'/3 in the above

inequality is a decreasing function on [e’, 0o). ]

Example 3.31. Let kg = 4. If b > 10.28 then

' min{A*(b/4),co} Co b
g(b,4) = min{ A" (b/3),co} + b2 B log2 1)

Therefore
Y(x) — 0(x) < BT(b/2)z'? + g(b,4)z'/3, for z > €’

Observe that with ¢y = 1 + 2.7571593586 x 10~° from Example 3.13, for b < 84 we
have ¢y < AT(b/3) and for b < 112 we have ¢y < A*(b/4). Using this information we
generate Tables 3.4 and 3.5.

The idea of the following theorem is inspired by Costa Pereire [3].

Theorem 3.32. Suppose that for x > ¢e® there is a positive constant ¢ such that

e>A*T(b/2) —1>0 and
4A*(b/5) g
= (50r0m o1=9)

h(z) = (AT(b/2) — 1 — ) 2% + AT(b/3) + AT (b/5)x~ /1.

We let

Then
Y(x) — () < (1+ )z 4+ h(e®)z'/3, for > e’
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Table 3.4:

b g(b,4) b g(b,4) | b | g(b,4)
18.45 | 2.9326 | 27.4 | 1.9205 | 39 | 1.2884
18.50 | 2.9259 28 1.8704 | 40 | 1.2594
18.70 | 2.8990 29 1.7920 | 41 | 1.2331
19.00 | 2.8589 30 1.7196 | 42 | 1.2094
19.50 | 2.7926 | 31 | 1.6529 | 43 | 1.1879

20 2.7271 32 1.5916 | 44 | 1.1685

21 2.5992 33 1.5355 | 45 | 1.1511

22 2.4764 34 1.4842 | 46 | 1.1354

23 | 2.3593 | 34.53 | 1.4588 | 47 | 1.1212

24 2.2484 35 1.4373 | 48 | 1.1085

25 2.1441 36 1.3946 | 49 | 1.0971

26 2.0463 37 1.3557 | 50 | 1.0868

27 1.9551 38 1.3204 | 55 | 1.0493

U(z) — () < 22 + g(b,4)z'/3, for x > €.

Proof. Since, for x > e®,
Y(x?) < AT(b/2)x?, p(2'3) < AT(b/3)2'3, and ¥(2'/?) < AT (b/5)2/>,
by (3.32) we infer that
Y(x) — () < AT (b/2)x' % + AT (b/3)x3 + AT (b/5)2/.
The last inequality can be written as

D@) = 8(z) < (L+ )2+ ((A7(6/2) — 1 — €) a0 4 A (b/3) + A¥(b/5)a2/1%) 215,
(3.39)
Since AT (b/2) — 1 —¢ <0 and

AA*(b/5) 5
> (5o ot=g) 72
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Table 3.5:
b B*(b/2) g(b,4)
60 1+9.2276182110 x 107 | 1.0278
70 1+ 1.0397503550 x 107 | 1.0087
75 1+ 4.2919385438 x 1077 | 1.0048
100 | 14 1.2998600240 x 1072 | 1.0003
120 | 1+ 3.9169369500 x 10~ | 1.0001

Y(x) — 0(x) < BT(b/2)x? + g(b,4)z'/3, for x > €.

h(z) (the coefficient of z'/3 in (3.39)) decreases on > ¢®. Thus
Y(x) — 0(x) < (1 +)x'? + h(eb)z'/?,
for x > €. O
Example 3.33. Let b = 100. Using Table 5.2 we have
AT(b/2) = 14+1.301x 107, AT(b/3) = 14+2.545x107°, and A*(b/5) = 14-6.123x10*.

Table 3.6 is generated by Theorem 3.32 and the above values.

Table 3.6:

- h(e'®)
5.9070 x 1078 | 0.0002
5.9000 x 1078 | 0.0014
5.0000 x 1078 | 0.1572
1.0000 x 108 | 0.8500
1.5000 x 1072 | 1.0223
1.4000 x 1072 | 1.0223
1.3020 x 1072 | 1.0223

Y(x) — 0(x) < (1 +)x? + h(e')2/3, for z > '
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By a similar argument we can establish an upper bound for ¢ (x) —(z) over a finite

range.

Theorem 3.34. Assume that an interval I is the union of a finite collection of intervals
I;; = [my, ni] and there are positive constants L™ and € > 0 such that A} (b/2) > 1+e.

If
4AF (b)5) o
my Z )
5(Af(b/2) —1—¢)
and
L > max {(A;(b/z) —1—)nl/®+ AF(b/3) + Af (b/5)n;Y 15} ,
mi,ng

then

Y(x) —0(x) < (1+e)a?+ LTaB forz € 1.
Proof. Since
P(x?) < AF(b/2)2?, Y(a?) < AF(b)3)2 3, (') < AF(b/5)2® for x € I,
from (3.32) it follows that
Y(x) — () < A5 (b/2)x"* + AF(b/3)x'/® + AL (b/5)2"/?, for x € I
The last expression, for x € [, can be rewritten as
P(x) —0(z) < (1+e)a? + ((Af (b/2) — 1 —e)z'/S + A (b/3) + Af(b/5)x ") 21/3,
Note that the coefficient of #1/2 in the above expression increases if A} (b/2) —1—¢& > 0

10/3
4A7(b/5)
I2<5(Ag(b/2)—1—5)> for x € I.

and

Thus
Y(x) —0(x) < (1 +e)at/? + LTa'3 for x € I.

We finish this chapter with an example demonstrating the previous theorem.

Example 3.35. We divide [e!%, 119] into four equal subintervals. By employing Table
5.2 and Theorem 3.34 with € = 0 we obtain Table 3.7.
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Table 3.7:

Number | my | ng Al (b/2) Al (b/3) Al (b/5) L+t
1 el | 01 1413010 x 107 | 1425450 x 1076 | 1 +6.123 x 1074 | 1.1193
2 e 2911414810 x 10719 | 1 +6.7750 x 1077 | 1 +2.706 x 10~* | 1.0718
3 el 1 30 1 1439170 x 1071 | 14+1.1630 x 1077 | 1 +1.183 x 10~* | 1.1007
4 e!30 | 0 1 1439170 x 107 | 1 +3.0110 x 1078 | 1 +5.121 x 107 | 1.5328

Y(x) — () < 22 + LTz, for x € [my, ny).
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Chapter 4

Bounds for 7(z)

4.1 Introduction

Let 7(x) be the number of primes not exceeding z. Chebyshev was the first who
established the true order of m(z). As we described in Chapters 1 and 2, by using

elementary methods, he proved that for every e > 0 and sufficiently large x we have

x 6
_ < < (Z
(v e)logx _7T(:17)_(51/—|—6)10gx

where v ~ 0.921292022934 is given in (2.1).

In order to approximate m(z) we can use estimates on ¥ (z) and 6(z). Recall that

by (1.2) we have
1
Y(x)= Y logp= [gi;] log p. (4.1)

Using the trivial relation

lyl <y <[yl +1<2[y, fory>1,

log x <logx< log x ey
logp| ~— logp — |logp

we find that

Therefore

Z [logx} logp < loga:Zl < Z [%1 logp—i-Zlogp.

lo
p<z &P p<z p<z p<z
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Combining this with (4.1) and the trivial inequality 6(z) < ¢(x) yields
P(x) < 7(x)logr < P(x) +6(x) < 2¢(x). (4.2)
Assuming that
A= (b)x < ¢(z) < AT(b)z and B~ (b)x < 0(x) < BY(b)x for x > €,
(4.2) is transformed into

A‘(b)@ < 7(z) < (A*(b) + B (b)) 102 .

The last expression gives upper and lower bounds for 7(z) provided that we have
bounds for #(x) and ¢(x). The bounds given by (4.3) are not sharp. Note that upper
bound given by (4.3) are always bigger than 2.

for z > €. (4.3)

In this chapter we will devise methods that give sharper bounds for m(x). These es-
timates are established by using estimates for #(x). The fundamental relation between

7(x) and 6(z) are given in the following lemma.

Lemma 4.1.

r(z) = 0(z) +/x G(t)glt‘
log x o tlog“t
Proof. Let
1 if n is prime,
fin = 0 otherwise .
Following the definition of a,, we see that

nl
rz)=Y 1= alogi".

p<z 1<n<lz

By applying the partial summation formula in the last sum and using definition of 6(x)
we obtain

anlogn z a;logt
W(ZE): anm g Ztﬁz ¢ 108 dt

log x 1 tlog*t
0(x) /‘T O(t)dt
= + .
log o tlog™t

O

Using Lemma 4.1 we will be able to find upper and lower bounds for 7(z). This is
done in Theorem 4.7 by means of estimates for #(x). By this theorem in our hand we

will be able to derive upper and lower bounds for 7(z) in a variety of forms.
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4.2 Upper bounds over finite ranges

Let
Todt

li(x) = —.
i() o logt

Recall that Gauss conjectured, later proved by Hadamard and de la Vallée Poussin,
that a good approximation for 7(x) can be given by li(z). The Prime Number Theorem

with the remainder states that
m(x) =li(z) + O(xe_c\/@), (4.4)

for some positive constant c. Integrating li(x) by parts gives

x 1z (n—1lz x
li(z) = + +ob 10 , 4.5
(z) logz  log?x log" <log”+1 :U) (4.5)
(see [11, page 65]). Hence we can expect to have
1! ¢—1)!
li(z) < S g; - £>x ixl , for x > xy,
logz  log”x log" log™ x

where ¢ > 0 and ¢ is a natural number.

For the case £ = 1 we have the following.

Proposition 4.2. Suppose there exists positive constant ¢y such that ¢; > 1 and a

positive constant xq such that zo > exp(2c;/(¢c; — 1)) and

. Lo 1
1 < 1 .
1{zo) log g ( " logx(])

. Zz €1
1 < 1 .
i(z) log ( * logx)

Proof. 1t suffices to show that

/
. T 1T
li'(z) < for x > .
i) (10gx+log2x> o=

Then for x > xy we have

Hence we need to show that

-1 2
- 2. C31 >0,
logx log”x
which is true provided that ¢; > 1 and = > exp (2¢1/(c; — 1)). O
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Example 4.3. Using Proposition 4.2 we choose ¢y = 1.01 so that ¢y be larger than 1.
This gives x > exp(202) ~ 5.34 x 10%7. To extend the range of x we increase the value
of c1 to obtain Table 4.1.

Table 4.1:

Zo 1
51022 | 1.2762
10* | 1.0902
102 | 1.0817
10*° | 1.0637

li(z) < : ) , for z > x.

14—
log log x

Next we mention a lemma which connect 7(z) and li(z) together.
Lemma 4.4. For 2 < z < 10" we have
m(z) < li(z).
Proof. See [13, p. 55]. ]

By using Lemma 4.4, with the results of Example 4.3 we can establish upper bounds

for 7(x) over finite ranges. For example we have the following.

Corollary 4.5. w(x) < 2 (1+ 4222, for 51022 <& < 10,

We finish this section by describing a relation, given in [17, Lemma 4] between the
inequality 0(z) < z and 7(z) < li(z).

Lemma 4.6. If 0(z) < x for e2* <z < K, then w(x) < li(z) for e** <2 < K.

Proof. Since 0(x) < x for e** < x < K, by Lemma 4.1 we have

2.4
x T dt < 0(t)dt 94
< — ——, f <z <K. 4.6
() log x + /62.4 log?t +/2 tlog®t’ e =Ts (4.6)
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Now by applying integration by parts on the first integral in (4.6) we have

4

o(t)dt

62'4 ot 62‘
<li(z) + — — li(e**) + / SAA
r(a) < li(x) R

24

Now the result follows since by numerical computation (see [17, Lemma 1]) we can
show that

e24

ex4 O(t)dt
C (e / OO,
2.4 i(e™) + o tlog’t

4.3 Upper bounds for 7(x)

The next result is our main tool in establishing bounds for 7(z).

Theorem 4.7. Let k € N and suppose that we have positive constants 3 and ng such
that

10(z) — x| < ng xk for x > (. (4.7)
log” x

Let

0(z) T T /‘T 1 Mk
J = (o) — d
(z, 1) = m(0) log 74 + log + nklogk-i-lx + v UogZy + log"*? y Y,

where xq > 3. Then
J(z, =) < m(x) < J(x, ), (4.8)

for x > xg.

Proof. By Lemma 4.1 we have

r(z) = 2@ 4 /2 bt)dt. (4.9)

Since

W(Io) —
relation (4.9) can be transformed into

0(z0)  0(z) / o(t)dt
+ +

B logzy logx , tlog?t’

() _ / o(t)dt

log x

m(x) = m(wo)
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By means of the upper and lower bounds for §(z) given in (4.7) we obtain
J(z,—ng) < m(x) < J(z,mp).
O
In order to bound 7 (z) from the above, it would be enough to find an upper bound

for J(x,n).

Let 1! 21 /- 1)
Tpo(z) = — (1+—‘ = fog ! ;_1)' +— ) (4.10)
log x logz  log®x log" "z log x

¢ € N and ¢ > 0. Our strategy is to choose ¢ and ¢ in such a way that
J(z, ) < Toe(x), for z > x.

Let
Grep(r) = Toe(x) — J(2,Mm1),

or equivalently

x 2l (¢ —1lz cx
Gren(z) = 2 3 T 7 1
logz log”x log" x log™ x
U ; 1 Mk
—Ry— —(—— — + dy,
" logtta /960 (10g2y log’“”y) /
where 0(z0)
Zo
Ry = — :
0 = (o) log x

We are interested in finding ¢, ¢, k, xo, and z; that satisfy Gy x(x) > 0 for z > ;.
In order to achieve this goal, it would be enough to choose ¢, k € N, and ¢, xg, 1 > 0
such that

Grex(r1) >0, (4.11)
and
, c— 1! c(l+1) M kny.
) = — — + > 0, for x > x;. 4.12
tek(2) log™tz  log?z  log"lz  loght?z ! (4.12)

To discuss the possibility of existence of ¢,k € N, and ¢, zg, x;1 > 0 in such a way that
(4.11) and (4.12) hold we consider the relations which might hold between ¢ and k and

establish the following propositions.
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Proposition 4.8. Let ¢ be a positive constant and ¢,k € N.

(i) If € > k then Gycr(x) is a decreasing function for large values of x.

(13) If ¢ =k, and ¢ > 01 +ny = k! + g, then Gyeo(x) is an increasing function for
large values of x.

(t3i) If ¢ < k and ¢ > L, then Gy (x) is an increasing function for large values of

T
Proof. (i) We know by (4.12) that

|
G27c,k<x) _c 1A c(l+1) Mk kny,

{42 T logk+1 T lng+2$

— (4.13)
log™™ x log

If ¢ > k then in the above expression the dominant term will be —n;/ log"™ z. Since
the coefficient of this term is negative the function Gy.x(z) eventually will decrease
for large values of z.

(77) We note that when ¢ = k then

c— 0 — Iny —cl — ¢
W+ Ne ‘

logf-i-lx 10g€+2x

Lee() = (4.14)

Since the coefficient of dominant term in the above equation is ¢ — ¢! — 7, the function
Glc() eventually will increase for large values of x provided that ¢ > ¢!+ n,.

(7i1) Since ¢ < k, from (4.13) we see that if ¢ > ¢! then the dominant term
(c — £ /log"™ & has a positive coefficient. Thus if ¢ > ¢! then Gy.(x) will increase

when x is large enough. O]

Proposition 4.9. Let ¢ be a positive number and £,k € N.
(0) If k =10 and ¢ > 0" +ng = k! + g, then Gueo(x) is an increasing function for

(i7) If k =L+ 1 and ¢ > ! then Gyeoi1(x) is an increasing function for

T > exp (c(@ + D)+ + \/(C(E +1) = neg1)? + 477£+1f!> |

2(c—10")
(7i1) Let k =042, ¢ > (!, and

B c(l+1)+ /Al +1)2+3(c — )neyo
T = OXP 3(c— 0 '
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If there exists positive constant xo such that

(c — ) 1log® zo — (£ + 1) log? 29 — npiolog zy + (£ + 2)npye > 0,

then Gycpro(x) is an increasing function for x > max{xs, x3}.

Proof. (i) First we consider the case that k = . In this case by (4.14) we have

C—E!—m_i_fng—cf—c.

l+1 42

/Z,C,Z<'T) =
log™" x log™ x

Now if ¢ > ¢! +n and = > exp ((cf + ¢ — fng)/(c — €' —n)) then G ,(x) > 0, and (i)
follows.
(77) Next for the case that k = ¢ + 1 we have

c—l c(l+1)+nm1 (L4 D)nea

ey _ _ 4.15
E,C,erl( ) IOgZ-O—l T 10g4+2 x logf+3 T ( )

Simplifying the above expression gives G ., (z) > 0, provided that
(c— M) log®x — (c(f + 1) + ney1) logz + (€ + 1)y > 0. (4.16)

Since ¢ > ¢! and

c(C+ 1) + 11+ V/(e(C+ 1) — ne41)? + 40 !
:E>exp< 2(6—6!) )

then (4.16) is positive and (i7) follows.
(7it) If k = ¢+ 2 then

c—0 c(l+1) Mev2 (04 2)np1o

!
xTr) = — —
@,C,f+2< ) log5+1 T IOgZJrQ T 10g5+3 T logf+4x

From the above we find that G . ,,,(7) > 0 provided that
(c—0)log®x — c(f 4+ 1) log* x — nepologx + (£ + 2)meg > 0. (4.17)
Now let
g(z) = (c—Mlog’z — (L + 1) 1log® x — neyologx + (£ + 2)npia.
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It follows that

g (x) = = (3(c — M) log? z — 2¢(€ + 1) log x — nesa)
T

which is positive if

R <c(£ + 1)+ /Rl + 1) +3(c— 6!)%2)

3(c—1)

and ¢ > ¢!. From this and the fact that g(z3) > 0, we conclude that (4.17) holds for

x > max{xs, z3} and the proof of (iii) follows. O
With these two propositions in hand we can consider numerical choices for £ and k.

e Let / =k = 1. In this case by (4.14) we have

c—1—m m—2c
Gll,c,l(x) -

log® x logz

Hence by using Proposition 4.9, part (i) if ¢ > n; + 1, and x > exp((2c—m)/(c—
m — 1)) then G .1(x) is an increasing function.

Example 4.10. With n; = 0.001 valid for x > 908994923 [7, Theorem 5.2, p.
4] we can choose xy = 10" and ¢ = 1.002, so that ¢ > 1+ n,. This gives us
x> exp(2003) ~ 7.8 x 1039, To extend the range of x we increase the value of

c. Using the same n; we can establish Table 4.2.

Table 4.2:

Q@ 1
10 | 1.0920
102 | 1.0868
10'° | 1.0648

m(z) < ’ (1+ a ),foeroz.

log x log x
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e Let / =1 and k = 2. Hence by (4.15) we find that

G’ (x):c_1—20+772 2772 .
Le2 logz  log>z  log'x

Now we employ Proposition 4.9, part (ii) to conclude that if ¢ > 1 and

2 2c—19)% + 8
x>exp< C+772+;/(£_Cl>772) 772)7

then G .2(x) will be an increasing function.

Example 4.11. By [7, Theorem 5.2, p. 4], we have for x > 7713133853 that
ny = 0.01. We choose xo = 10't, and ¢ = 1.001 noting that ¢ must be larger than
one. This gives x > exp(2012) ~ 6.4 x 10373, In order to extend the range of x
we increase the value of ¢ to establish Table 4.3.

Table 4.3:

Q@ 1
10t | 1.0910
102 | 1.0830
10% | 1.0640

m(x) < < (1—1— a ),forasza

log log x

Comparing the results of Examples 4.10 and 4.11 shows that by using a bigger &

in definition of J(z,n;) we will get an improved upper bound for 7(z).

Remark 4.12. Using the fact that w(x) < li(z) for 2 < z < 10", from Lemma
4.4, with the result of Example 4.3 for x > 10 yield

1.0902
m(r) < T (14 090 , for 10" <z < 10™. (4.18)

log log x
We now let ¢ =1, k =2, and ny = 0.01 from [7, Theorem 5.2, p. 2] to establish

the following.
1.
o) < — (14 20 s oM (4.19)
log x log
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With comparing the relations (4.18), and (4.19) we find that

1.0902
m(x) ’ (1 +

) , for z > 10",
log x

<
log

This shows that li(x) can provide a better approximation for m(zx) over 2 < x <
10*, compared to J(xz,nx), since the above gives an improved result compared to

the result of Example 4.11 in the given range.

e Let / =2 and k = 2. Tt follows from (4.14) that

c—2—mny 21y —3c
G .o(2) = + :
2.02(7) log® = log"
Moreover part (i) of Proposition 4.9 shows that we can choose ¢ > 2 + 1, and

x > exp ((3¢ — 2mp)/(c — 2 — 1)) in order to have Gy . ,(x) > 0.

Example 4.13. With ny = 0.01 valid for x > 7713133853 [7, Theorem 5.2, p. 4]
we choose xg = 10" and ¢ = 2.02 so that ¢ > 2 +ny. We obtain x > exp(604) ~
2.1 x 10%%2. To obtain a larger range for x we increase the value of c. We get

Table 4.4.

Table 4.4:
a c1
101t | 2.296
1012 | 2.267
10'° | 2.208

1
m(x) ’ <1+ +-4 ),foeroz

<
log z logz  log”x

e Next we consider the case that £ = 3 and k = 3. From (4.14) we find that

c—3'—mns  3n3—4c

Gé,c,?) (I‘) -

log* z log°z
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Moreover Proposition 4.9, part (i), implies that if ¢ > 3! 473 then Gs.3(z) is an

increasing function for
4c — 3773
r>exp| ———— .
c—3l—mn3
Example 4.14. For x > 158822621 we have n3 = 0.78 [7, Theorem 5.2, p. 4J.
Since ¢ > 3! + 13 we can choose ¢ = 6.79 . Hence x > exp(2482) ~ 8.3 x 101077,

To obtain the larger range for x we increase the value of c. This gives Table 4.5.

Table 4.5:

Ty = 1
101t 7.9724
102 | 7.8510
10% | 7.5976

T 1 2 c1
m(z) < 1+ +—a—Ft—5— ), forz>a
log x logz  log“z log”x

Here we note that for large x we can make c¢; as close to 6 as we want. To do

this we need to find a smaller value for ns.

Proposition 4.15. For x > exp(6000), we can choose n3 > 0.016023.

Proof. Following the proof of Theorem 5.2 of [7] we should choose 73 such that

8
log® x\/in/QeXp(—X) < s, (4.20)
T

where X = y/logz/R and R = 5.70176. Let Q(z) = log® zX"?exp(—X) or

equivalently
_log® z(log z)"/*exp(—+/log z/R)

Q(l’) R1/4

It follows that

Q,<x):exp(\/—logx/R)(logx)g’/‘l (E 1 logx>
VR )

R4y 4 2
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which is negative when & > exp(1373.6). Since the left-hand side of (4.20) is
a decreasing function for x > exp(1373.6) we can establish 3 > 0.016023 for
x > exp(6000). O

We now let ¢ = k = 3. By part (i) of Proposition 4.9 we choose ¢ > 3!+0.016023
and x > exp (3440000) to obtain

x 1 2 6.01603
m(x) < 1+ + ——+ 3 .
log logz  log”x log® x

Remark 4.16. Here we describe how one can obtain an upper bound for m(xg) —
0(xo)/ log xg, where xy > 0. We proceed as follows.

By Lemma 4.1 we can infer
0 0t
W(xo) — —(ZE()) = / —< 2 dt
log xg o tlog“t
This implies

(o) — 20) :/: o(t) dt+/;0 o) 4

log x tlog?t tlog?t
where & is the largest number such that the inequality 6(z) < x holds. Assuming that
& ~eb for some b >0 and using the fact that

0(z) < BT (b)x, for x > €,

m(x _H(xo) ¢ _dt BT (b o_dt 4.21
(o) §/2 T <>/g (4.21)

log z log® t log®t’
The right-hand side of the last expression is computable. This gives us the upper bound

we obtain

for m(xg) —0(x0)/logzg. This is useful especially when we are dealing with large values
of x.
We assume & ~ e*™*. From (3.6) we know that 6(z) < x for x € (0,£]. By Example
3.13 we have
f(z) < (1+2.7571593586 x 107°) =, for x > ™.

We let co =1+ 2.7571593586 x 107> and

/ T dt N / T dt
K1 = —— TC — .
! 2 10g2 t 0 274 10g2 t
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Then (4.21) is transformed into

(o)
(o) log x
We also, by direct computation, have
0
m(xo) — b(wo) ~ K
log ¢

A sample of values of k1 and ko for different xq is given in Table 4.6.

Table 4.6:
o K1 K2
1012 | 1.416750519 x 10° | 1.41674029 x 10°
1014 | 1.028414206 x 10 | 1.02838602 x 10!
10*° | 8.916304196 x 10 | 8.9160595 x 10!

9(&30)

log xq

(9(.%'0)
log xq

< k1 and 7(xg) —

7T($0) — >~ R9

The next proposition leads to a new form of upper and lower bounds for 7(z).

Proposition 4.17. (i) There exists wy > 0 such that

T < ( ) < T
X
10g.’L‘ -1+ (lOgl’)fl

logx — 1 —w;(logx)~1’

when x 1s large enough.
(1) We have

lim <L —logz + 1) = 0.
e \ (@)

Proof. Combining (4.4) and (4.5) gives

! ! 0—1)!
() x +1x+2x +---+Q+O( x )

T logz | logZz | log'x log’ = log™ &

82



This implies that there exist w; > 0 and d; > 0 such that for x > §; we have

1 1
(r) < — v v () Irw/lsr) (4.22)
logz  log°z log’xz logw log x
Observe that
x " b - x
log x log = logz — b
Using this, (4.22) can be transformed into
m(x) < & (4.23)

logz — 1 —wi(logz)~1’

for x > 6,. From (4.4), and (4.5) we also can infer there exist wy > 0 and do > 0 such

that for x > 02 we have

T T 2x Wolk
+ + — < m(x). 4.24
logz  log’z log’z log'z — () ( )
Using the fact that
T T T 2x Wok

< + - - :
logz — 1+ (logz)~! " logx log’z log*z log*z
when z is large enough, allows us to deduce from (4.24).

T
logz — 1+ (logz)~!

< m(x), (4.25)

for large x. Relation (4.23) combined with (4.25) gives

x x
<m(zr) <

logz — 1+ (logz)~! logx — 1 —wi(logx)~t’

when x is large enough. This proves (i).
Taking the limit of both sides of the last expression and using squeeze theorem
complete the proof of (ii). O

Here we point out one of the consequences of Proposition 4.17.

Proposition 4.18. For all a > 0, there exists a positive constant d3 such that for

x > 03 we have
x x

m(z) <

— < e EEmm—
logr — 1+ a logx —1—a
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Proof. By Proposition 4.17, we have for all @ > 0 there is a 63 > 0 such that for z > d3

x
—— —logx + 1| < a.
m()

This implies
—a < i—10g3(:+1 < a.

7(x)

Simplifying the above gives the assertion. m

Now we are ready to present the following theorem which gives an upper bound for

7(x) in the form T(x,a) = x/(logz — a), where a is a positive constant.
Proposition 4.19. Let a be a positive constant and k € N. Let
Va(x, k) = (a — 1)log"? 2 — a?log" ' o — ny log® - +
(kng + 2ang) log® x — (a®ny, + 2akny) log x + kna®.

Suppose that there exists a positive constant x4 > x¢ such that J(xy,nx) < T(2z4,a) and
Va(x, k) > 0 for x > x4. Then

x
< —
(@) logx —a’

forx > xy4.

Proof. By (4.8) we know that
m(x) < J(x, ).

Hence it suffices to show that
J(x,mp) < T(x,a).
In order to do this we consider
Go(z, k) =T(x,a) — J(x,n).

We see that G (2, k) = V,(z, k) /log" " z(log x — a)?. Since G/, (z, k) > 0 for z > x4 and
J(xq,m) < T(x4,a), we infer that

J(x,mp) < T(z,a)

for x > x4. O
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Here we consider some special cases for k.
e Let £k =1. Hence
Va(z,1) = (a = 1 — 1) log® x + (—a® + ny + 2am) log* & —
(a®n1 + 2am,) log & + m1a”.

Ifa>1+mn and

e exp [ @7 = 2am 4 V/(a? —m — 2am1)? + 3(a — 1 — ) (aPy + 2am)
P 3<CL —1 - ?71) ’

then V,(z,1) is an increasing function.

Example 4.20. With n; = 0.001, valid for x > 908994923, [7, Theorem 5.2,
p. 4], we choose o = 10'° and a = 1.002 so that a > 1+ n;. This gives

x> 66 x 10*°. We increase the values of a to obtain

7(x)

x
< —————  f > 1019,
logz —1.0520°0 0 F=
e Let k = 2. This implies

Vo(2,2) = (a — 1) log* x — (a® 4+ 1) log® = +
(2nk + 2an,) logz — (a2n2 + dany) log z + 2na°.

We are now looking for the possibility of existence of a,d; > 0 such that V,(z,2)

increases for x > d;. We require to choose a > 1 and x > 0 such that

T > exp (3(a2 + 1) + \/9(a2 + n2) + 24(2n + 2an,)(a — 1))

12(a —1)
and V) (x,2) > 0.

Example 4.21. For x > 7713133853 we have 1y = 0.01 [7, Theorem 5.2, p. 4].
We choose xy = 10*, and a = 1.001 so that a > 1. We obtain © > 56 x 10?%°.
In order to extend the range we increase the values of a. We obtain

m(z)

X

T fora> 10",
logz — 1.0456° =
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4.4 Lower bounds over finite ranges

First we state a lemma which plays an important role in finding lower bounds for 7 (z)

over finite ranges.

Lemma 4.22. We have

Todt
/ — =li(z) — li(2"?) < 7(z), for 11 <z < 108, (4.26)
logt
N
Proof. See [18, Theorem 16, p. 72]. O

By using Lemma 4.22, we will be able to verify the following theorem.

Theorem 4.23. We have

T

) < w(x), for 188 < x < 10°.

(1+

log log x

Proof. Using (4.26), it suffices to prove that

x c Todt
(1+ )< |
log x log vz logt

where ¢ = 1. We consider the difference between the two functions in the last expression

ux):f L

vz logt B log x log

to get

We see that
1—c¢ 2c 1

= + - ,
log?z  log’z +/xlogx
Let ¢ = 1. In this case I1(z) and I{(z) are positive for > 188. This leads to

I/(x)

Cc

X

(1+ ) < m(z), for 188 <z < 10,

log log x
as desired. ]
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4.5 Lower bounds for 7(x)

Since by (4.8) we have
m(x) > J (@, =),

in order to bound 7(z) from below we require to find a lower bound for J(z, —n). Let
Tyc(x) be given by (4.10). We will look for £ € N and ¢, zy > 0, such that for x > x,
Toc(x) < J(x, —ng).
Let us denote
Ster(x) =Tpe(x) — J(x, —n).

Simplifying the above expression gives

T 2lx (0 —1)lx cx

= —|— . _|_
logz  log®z log’ log"™ &

Mix * 1 Mk
g [ ()
0 longa: 20 log2y logk”y Y

where Ry = m(x¢) — 6(z0)/log x. In order to make T .(z) a lower bound for J(x, —n;)

Sz,c,k(x )

we expect to find positive constant zo, z1, ¢ and ¢, k € N such that Sy.x(z1) < 0 and

A {41 k
c —C(+)+ Nk M

S, o (x) = _
Z’c’k( ) 10g£+1x 10g£+2x longx 1ogk+2x

<0, for x > . (4.27)

We now consider the following proposition.

Proposition 4.24. Let ¢ be a positive constant and ¢,k € N.

(1) If € > k then Sy.r(x) is an increasing function for large values of x.

(t3) If ¢ = k and ¢ < 0V —np = k! — ny, then Spc(x) is a decreasing function for
large values of x.

(133) If £ < k and ¢ < 0! then Sp.x(x) is a decreasing function for large values of x.

Proof. (i) We turn our attention to (4.27), which states

— /! {+1 k
c c( )+ u U

!
Se,c,k@) = log”lx - log”Qm 1ng+1 n - 2

log

If ¢ > k then the dominant term in the last expression would be 7/ log"™! . The
coefficient of this term is positive. Hence the function Sy.x(z) will increase when z is

large enough.
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(77) By means of Relation (4.27) we find that

c—04+n In+cl+c

Sy (1) = , 4.28
é,c,é( ) 10g£+1$ 10g[+2$ ( )

provided that ¢ = k. In this case if we choose ¢ < ¢! —; then the function Sp.¢(x) will
eventually decrease when x is large enough. This is true since the dominant terms will
be negative.

(i41) By (4.27), we find that the dominant term, which is (¢ — £!)/log"™! z, has a
negative coeflicient if ¢ < £!. Therefore Sy . (x) will decrease for large = provided that
c </ O

Proposition 4.25. Let ¢ be a positive number and ¢,k € N.
(i) If k =0 and ¢ < 0! —np = k! — ng then Sy.o(x) is a decreasing function for

- cl + c+ Iy
r>exp| —— ).
P\
(13) If k =L+ 1 and ¢ < 0! then Spcpi1(x) is a decreasing function for

- c(l4+1) = ne1 +/(c(l+ 1)+ ne1)2 +4dne (C+ 1) (c — )
T > exp 2 1) :

(17i) Let k =0+ 2, c < (!, and

B c(l+ 1)+ /Al +1)2 = 3(c— )neyo
=P 3(c—10) '

If there exists a positive constant xg such that x7 > xg, and
(c — 0)) log® zg — (£ + 1) log® 2 + Moo log xg — (£ + 2)neps < 0,
then Spcoro(x) is a decreasing function for x > x7.

Proof. (i) For the case k = ¢ we have by (4.28)

c—=U4+n In+cl+c

l+1 42

S, (x) =
E’C’Z() log™" x log™™ x

(4.29)
In this case Sy . ,(z) < 0if ¢ <! —np and x > exp ((cf + ¢+ ne) /(c — € + ).
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(1) We now consider the case that k = ¢+ 1. By (4.27) we find that

c= U I/ 25 c(l+1) (04 1)ne

Y x) = — ) 4.30
£7C7€+1( ) log€+1 T log€+2x 1ng+3x ( )

This gives Sy, 1(7) < 0 when
(c—Mlog®x + (neyr — c(£+1))logx — (£ 4+ 1)neyy < 0.

Now we choose ¢ < ¢! and

c(l4+1) = nes1 +/(c(l+ 1) +ne1)2 + 4Ane (0 + 1) (c — )
T > exp 2(0 — w) .

Hence 57 . ,,1(7) < 0 and (77) follows.
(731) We now consider the case k = ¢ + 2. We have by (4.27)

c—40 c(l+1) L e (04 2)np1o

S, ) = — _
K,C,Z+2( ) logf+1 T logf+2 T 10g5+3 T log€+4 T

Therefore Sy . ,,,(7) < 0 if
w(z) = (c — ) log® x — (€ + 1) log® x + nyologx — (£ + 2)npss < 0. (4.31)
We see that )
w'(z) = = (3(c — M) log? z — 2c(€ + 1) log = + ney2) -
x

The above expression is negative provided that

c(l+ 1)+ /Al + 12 —3(c — jera
x>exp< \/ 3(c— 1) WJF);

and ¢ < ¢!. Thus by using the fact that w(zg) < 0, we find that (4.31) holds. O
We proceed by considering different numerical choices for ¢ and k.

o Let { =k =1. We have by (4.29)

c—14+m m—+2c
Si,c,1<x) = -

log? z logz

We also have by Proposition 4.25 that if ¢ < 1—n; and z > exp (2¢+ /¢ — 1 4+ )

then S .1(z) is a decreasing function.
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Example 4.26. With n; = 0.001 valid for x > 908994923 [7, Theorem 5.2, p.
4], we choose xo = 10'° and ¢ = 0.9989 so that ¢ < 1—ny. This gives the following

result.

() x (1 0.9989

> ) , for x > 10%.
log x

log

Let k=2 and ¢ = 1. In this case by (4.30), we see that

c—1 my—2c 2m2

S o) = - .
12(2) logz  log’z  log*z

Using part (i) of Proposition 4.25 follows that if 1 > ¢ and

v > oxp (26 = 1o + /@ 1+ 8ma(e —1)/2(c ~ 1))
then S; . 2(x) is a decreasing function.

Example 4.27. With ny = 0.01 valid for x > 7713133853 [7, Theorem 5.2, p.
4], we choose xo = 10", and ¢ = 0.9999 so that ¢ < 1. Hence

() x <1 0.9999

> ), for > 10",
log x

log

Let k = ¢ = 2. By (4.29) we can infer

c—2+mn 2m+3c
Sé,c,Q(x) = -

log® x loghz

If ¢ <2 —ny and x> exp ((3¢ + 21m2) /(c — 2+ 12)) then S5 o(x) < 0.

Example 4.28. For x > 7713133853 we have ny = 0.01, [7, Theorem 5.2, p. 4].
We choose xo = 10'*, and ¢ = 1.9899, so that ¢ < 2 — 0.01, to get

x 1 1.9899
> 2
log x logz  log”x

()

) , for = > 10™.

We now consider the case that k = ¢ = 3. Using (4.29) we find that

C—6+773 3773+4C

Stoo(x) = — )
3.03(7) log' log®

We have 53 3(z) < 0if ¢ <6 —n3 and 2 > exp ((4c+ 3n3)/(c — 6 +13)).
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Example 4.29. With n3 = 0.78 valid for x > 158822621 [7, Theorem 5.2, p. 4], we
choose xo = 10'°, and ¢ = 5.2199 so that ¢ < 5.22. Hence

T 1 2 5.2199
() (

> — ), for « > 10%.
log =

+
logz  log*z  log’z

We next consider lower bounds for 7(z) in the form 7'(z,a) = x/(log x — a), where

a is a positive number.

Proposition 4.30. Let a be positive and k € N. We denote by

ho(x, k) = (a — 1)log"? 2 — a®log"* o + my, log® = —
(kng + 2ang) log® x + (a®ny, + 2akny,) log x — knga®.

Assume that there exist a positive constants x5 > xy such that T'(xs,a) < J(x5, =)
and hq(x, k) <0 for x > x5. Then

o —a < ()
forx > xs.
Proof. By (4.8), we know that
J(z,—ng) < 7(x).
Therefore we require to prove that
T(z,a) < J(z,—ng).
In order to do this we consider

Sa(x, k) =T (x,a) — J(x, =N ).

We see that S’ (x, k) = he(x, k) /log""? z(log z — a)?. Since S’ (2, k) < 0 for 2 > x5 and
T(x5,a) < J(xs5, —nx), we infer that

T(x,a) < J(x, =),
for x > xs. O
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We now consider some specific choices for k.

e Let k= 1. This gives
ho(z,1) = (a—14m) log® z — (a2 + 11 + 2an;) log? = + (a2771 + 2an;) logx — ma.

In this case if a <1 —n; and

e ox a® +m + 2am + /(a® + m + 2am)? — 3(a — 1+ n1)(a?m + 2am,)
P 3(&— 1+771) ’

then h,(x,1) is a decreasing function.

Example 4.31. With n, = 0.001 valid for x > 908994923 [7, Theorem 5.2, p.
4], we choose g = 10, and a = 0.9989 so that a < 1 —n,. We obtain in this

case
T

T - for z > 10'°.
logz — 00080 = "), forz =

o Let k£ =2. We see that
ho(,2) = (a — 1) log* x + (—a® + 1) log® 2 —

(2kny 4 2an,) log® x + (any + 4any) log x — 210>

Here we consider those a,ds > 0 such that h,(x,2) decreases for x > dy. We
choose a < 1 and x > 0 such that

e ox (3(@2 — 1) + 1/9(a — 12)2 + 24(2ny + 2ams)(a — 1)>
P 12(a— 1) ’

and h,(z,2) < 0.

The following example shows that & = 2 provides a better estimates for 7(z) in

the smaller range compare to the result of Example 4.31.

Example 4.32. By [7, Theorem 5.2, p. 4/, for x > 7713133853, we have 1y =
0.01. We choose x¢g = 10'*, and a = 0.9999 so that a < 1. We get

T

v~ for > 10",
logz —0.0099 < "), for a2
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Chapter 5

Tables

In this chapter we present tables which provide lower and upper bounds for ¢ (x)/x

and 0(z)/x over different ranges.

Table 5.1 gives upper and lower bounds for ¢(z)/x when 2 < exp(20). We deduced
this table by means of Table II of [3, p. 220] and Table 6.3 of [7, p. 15].

Table 5.2 is taken from [7, p. 15].

Table 5.3 provides upper bounds for 0(z)/z when z > ¢°, for different values of
b > 27.4. To generate this table we used Theorem 3.12 which states

Theorem 3.12. Let by and by be positive constants such that 0 < by < 27.4 and
by < by. Let

6 = max {A+(bl) LAY AL AL, a A+(b1/30)}’

IE[Ebl ,eb2} xl/2 x2/3 14/5 15/6 729/30
where ¢y is an upper bound for 6(x)/x when x > 0. Then
0(z) < cox, for x> 0,

where ¢ = max{cy, AT(ba)}.
The above will allow us to establish an upper bound for #(x) valid for all z > 0.

Example 3.13. 0(z) < (1 4 2.7571593586 x 10~°)z, for = > 0.
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We employed Theorem 3.20 to generate lower bounds for §(x)/x for z > e’ and
b > 2.694.

Theorem 3.20. Let b > 2.694, © > ¢°, and cy be a positive constant satisfying
O(z)/z < co for x > 0. Let

B(b) = A~(5) - M

Then we have
0(z) > B~ (b)z.

We considered ¢y = 1+ 2.7579 x 107° to generate Tables 5.4, 5.5 and 5.6.

We used a more precise ¢y = 1 + 2.7571593586 x 107> to generate Tables 5.7, 5.8
and 5.9.

By comparing the results of these tables we observed that by employing an improved

co we can obtain improved results.
By refining the method used in Theorem 3.20 we proved the folowing theorem.

Theorem 3.22. Letb > 0, ko be an integer > 3, and cy be a positive constant satisfying
O(z)/x < co forz>0. We let

b
- _A- : b/k—1 b/ko—1
B7(b, ko) = A (b) — E min{ At (b/k), co}e ¥t — ¢peb/ko (@ — ko + 1) :

2<k<ko—1

If

b > (/{70 + (]{70 — 1)2 log 2) s

ko —1
then
0(z) > B~ (b, ko)x, for z > €.

We generated Tables 5.10, 5.11 and 5.12 using Theorem 3.22 with ky = 3 and

observed that the results are improved compare to the previous tables.
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We next replaced kg = 3 with kg = 4 in Theorem 3.22 to obtain Tables 5.13, 5.14
and 5.15 and observed that by using a bigger ky the results improved.

Our best results on the lower bound for 6(z)/z when z > €® and b > 0 were obtained
in Tables 5.16, 5.17 and 5.18. We generated these tables by using the following theorem.

Theorem 3.27. Let b > 0 and x > ¢°. Then

O(x) > B~ (b)z,

where CAT(b/2)  AT(b/3)  AT(b/5)

B~(b) = A~ (b) ob/2 o2/3 oAb/

We mention here that for b > 100 all the values of our tables for lower bounds of
(z) are equal to the values of Table 6.3. of [7, p. 15].
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Table 5.1: A= (b)x < ¢¥(x) < AT(b)x, for z > exp(b)

b A~ (b) AT(b) b A~ (b) AT (D)
3.14 | 0.86583 | 1.03883 | 9.25 | 0.99343 1.00458
3.72 1 0.90602 | 1.03883 | 9.38 | 0.99486 1.00458
4.08 | 0.92237 | 1.03883 | 9.88 | 0.99643 1.00458
4.62 | 0.94842 | 1.03883 | 10.10 | 0.99643 1.00297
4.74 | 0.94842 | 1.03591 | 10.38 | 0.99703 1.00297
5.31 | 0.94842 | 1.02728 | 10.39 | 0.99770 1.00297
5.43 | 0.96764 | 1.02728 | 10.68 | 0.99770 1.00291
5.69 | 0.96764 | 1.02117 | 11.00 | 0.99770 1.00237
5.83 | 0.97494 | 1.02117 | 11.01 | 0.99770 1.00182
6.16 | 0.97494 | 1.01802 | 11.02 | 0.99770 1.00157
6.35 | 0.97870 | 1.01802 | 11.16 | 0.99787 1.00157
6.50 | 0.97870 | 1.01386 | 11.17 | 0.99816 1.00157
6.53 | 0.97870 | 1.01364 | 11.40 | 0.99851 1.00157
7.27 | 0.98708 | 1.01364 | 11.48 | 0.99851 1.00153
7.40 | 0.98708 | 1.01196 | 11.54 | 0.99851 1.00144
7.43 | 0.98708 | 1.00990 | 11.96 | 0.99851 1.00121
7.89 | 0.98828 | 1.00990 | 12.08 | 0.99870 1.00121
7.97 | 0.98828 | 1.00744 | 12.35 | 0.99870 1.0011976
8.00 | 0.98828 | 1.00662 | 12.63 | 0.9988024 | 1.0011976
8.11 | 0.99002 | 1.00662 | 18.43 | 0.998807 1.001193
8.15 | 0.99227 | 1.00662 | 18.44 | 0.9988115 | 1.0011885
8.17 | 0.99237 | 1.00662 | 18.45 | 0.9988161 | 1.0011839
8.29 | 0.99237 | 1.00649 | 18.50 | 0.9988385 | 1.0011615
8.60 | 0.99330 | 1.00649 | 18.70 | 0.9989235 | 1.0010765
8.77 1 0.99330 | 1.00543 | 19.00 | 0.99903839 | 1.00096161
8.87 1 0.99330 | 1.00517 | 19.50 | 0.99919989 | 1.00080011
8.92 1 0.99343 | 1.00517 | 20 0.99938770 | 1.0006123




Table 5.2: | (z) — x| < ex for z > €°

b € b €

20 6.123 x 107* | 100 | 2.903 x 10~
21 4.072 x 107* | 200 2.838 x 10711
22 2.706 x 107* | 300 | 2.772 x 10~
23 1.792 x 107* - | 400 | 2.706 x 10~
24 1.183 x 107*- | 500 | 2.641 x 107!
25 7.789 x 107° | 600 | 2.575 x 1071
26 5.121 x 107> | 1000 | 2.315 x 10~ 1
27 3.368 x 107° | 1250 | 2.153 x 10~
274 | 2.841 x107° | 1500 | 1.991 x 10~
28 2.224 x 107> | 2000 | 1.671 x 10~
29 1.451 x 107° | 2200 | 1.544 x 10~
30 9.414 x 1076 | 2500 | 1.355 x 10~
31 6.099 x 107% | 2800 | 1.169 x 10~
32 3.944 x 1076 | 3000 | 1.047 x 10~
33 2.545 x 1076 | 3200 | 9.267 x 102
34 1.640 x 1076 | 3300 | 8.658 x 10~'2
34.53 | 1.293 x 1076 | 3400 | 8.083 x 102
35 1.055 x 1076 | 3455 | 7.750 x 10712
36 6.775 x 1077 | 3500 | 7.488 x 10712
37 4.348 x 1077 | 3600 | 6.930 x 107'2
38 2.793 x 1077 | 3700 | 6.351 x 102
39 1.805 x 1077 | 3750 | 6.080 x 10712
40 1.163 x 10°7 | 3800 | 5.821 x 1072
41 7.414 x 1078 | 3850 | 5.533 x 1072
42 4.723 x 1078 | 3900 | 5.259 x 10~'2
43 3.011 x 1078 | 3950 | 4.999 x 10~'2
44 1.932 x 1078 | 4000 | 4.751 x 1072
45 1.234 x 1078 | 4050 | 4.496 x 10~'2
46 7.839 x 107 | 4100 | 4.231 x 10712
47 5.026 x 107 | 4150 | 3.981 x 10712
48 3.190 x 1072 | 4200 | 3.746 x 10712
49 2.038 x 1077 | 4300 | 3.308 x 1012
50 1.301 x 107 | 4400 | 2.844 x 10~'2
55 1.481 x 10710 | 4500 | 2.445 x 10~*2
60 3.917 x 10~ | 4700 | 1.774 x 1072
70 2.929 x 107" | 5000 | 9.562 x 10713
75 2.920 x 107'* | 10000 | 6.341 x 10718




Table 5.3:

b AT(b) —1 Bt(b) —1

274 | 2.841 x 107° | 2.7571593586 x 10~°
28 2.224 x 1075 | 2.1732219494 x 107°
29 1.451 x 10™° | 1.4202391092 x 10~°
30 9.414 x 1079 | 9.2276182110 x 1076
31 6.099 x 1079 | 5.9860534540 x 1076
32 3.944 x 1076 | 3.8755452080 x 1076
33 2.545 x 1076 | 2.5035063110 x 1076
34 1.64 x 1075 | 1.6081751250 x 10~°
34.53 | 1.293 x 107% | 1.2678462010 x 1076
35 1.055 x 107% | 1.0397503550 x 10~°
36 6.775 x 1077 | 6.6825416415 x 1077
37 4.348 x 1077 | 4.2919385438 x 1077
38 2.793 x 1077 | 2.7590026736 x 10~7
39 1.805 x 1077 | 1.7843819931 x 1077
40 1.163 x 1077 | 1.1504949810 x 1077
41 7.414 x 1078 | 7.3381515722 x 1078
42 4.723 x 1078 | 4.6770020626 x 108
43 3.011 x 10~% | 2.9830984342 x 108
44 1.932 x 1078 | 1.9150785460 x 10~8
45 1.234 x 1078 | 1.2237360906 x 10~8
46 7.839 x 1079 | 7.7767507227 x 10~
47 5.026 x 1079 | 4.9882427539 x 10~
48 3.190 x 107 | 3.1671002529 x 10~
49 2.038 x 107 | 2.0241103614 x 10~°
50 1.301 x 1072 | 1.2998600240 x 10~°
55 1.481 x 10710 | 1.4800642220 x 1010
60 3.917 x 107! | 3.9169369500 x 10~
70 2.929 x 10711 | 2.9289948200 x 1071}

0(z) < BT(b)x, b > 274, and ¢y = 1 + 2.7571593586 x 10~°




Table 5.4:

b 1—A= () | 1—-B(b)

3.14 | 0.13417 0.6605518160
3.72 1 0.09398 0.6181170445
4.08 | 0.07763 0.5829609620
4.62 | 0.05158 0.5146714400
4.74 | 0.05158 0.5038872356
5.31 | 0.05158 0.4495323608
5.43 | 0.03236 0.4185993624
5.69 | 0.03236 0.3933218256
5.83 | 0.02506 0.3725668615
6.16 | 0.02506 0.3415901967
6.35 | 0.02130 0.3206005776
6.50 | 0.02130 0.3073652964
6.53 | 0.02130 0.3047595804
7.27 1 0.01292 0.2368833791
7.40 | 0.01292 0.2274258296
7.43 | 0.01292 0.2252864072
7.89 | 0.01172 0.1932948365
7.97 | 0.01172 0.1883211027
8.00 | 0.01172 0.1864845931
8.11 | 0.00998 0.1781432469
8.15 | 0.00773 0.1735440019
8.17 | 0.00763 0.1722795516
8.29 | 0.00763 0.1654340534
8.60 | 0.00670 0.1479142945
8.77 | 0.00670 0.1394637735
8.87 | 0.00670 0.1346991800
8.92 | 0.00657 0.1322429398
9.25 | 0.00657 0.1177948390
9.38 | 0.00514 0.1110881915
9.88 | 0.00357 0.0912436287

0(z) > B~ (b)x, and ¢y = 1+ 2.7579 x 107°



Table 5.5:

b 1—A(b) |1—=B(b)

10.10 | 0.00357 0.084145362400
10.38 | 0.00297 0.075269754780
10.39 | 0.00230 0.074319146590
10.68 | 0.00230 0.066604726550
11.00 | 0.00230 0.058983634130
11.01 | 0.00230 0.058759590530
11.02 | 0.00230 0.058536371740
11.16 | 0.00213 0.055326439100
11.17 | 0.00184 0.054825277410
11.40 | 0.00149 0.049829570820
11.48 | 0.00149 0.048305193790
11.54 | 0.00149 0.047191654680
11.96 | 0.00149 0.040067380120
12.08 | 0.00130 0.038043123360
12.35 | 0.00130 0.034213605340
12.63 | 0.0011976 | 0.030542074070
18.43 | 0.001193 0.003640523620
18.44 | 0.0011885 | 0.003625245410
18.45 | 0.0011839 | 0.003609913830
18.50 | 0.0011615 | 0.003534548520
18.70 | 0.0010765 | 0.003248816700
19.00 | 0.00096161 | 0.002863737710
19.50 | 0.00080011 | 0.002323540430
20 0.00061230 | 0.001831498840
21 0.0004072 | 0.001186409267
22 0.0002706 | 0.000767310437
23 0.0001792 | 0.000495085148
24 0.0001183 | 0.000318758497
25 0.00007789 | 0.000204850797
26 0.00005121 | 0.000131476672

0(z) > B~ (b)x, and ¢y = 1+ 2.7579 x 107°




Table 5.6:

b 1—A(b) 1— B (b)

27 0.00003368 0.000084342128000
27.4 | 0.00002841 0.000070536398900

28 0.00002224 0.000054167809140

29 0.00001451 0.000034602835080

30 0.000009414 | 0.000022042256450

31 0.000006099 | 0.000014026108490

32 0.000003944 | 0.000008914392758

33 0.000002545 | 0.000005658170956

34 0.00000164 0.000003587961957
34.53 | 0.000001293 | 0.000002811774684

35 0.000001055 | 0.000002272725711

36 6.775 x 1077 | 0.000001438060801

37 4.348 x 10°7 | 9.094306345000 x 10~7
38 2.793 x 1077 | 5.752613814000 x 1077
39 1.805 x 107 | 3.649124512400 x 1077
40 1.163 x 1077 | 2.311255038300 x 10~7
41 7.414 x 107% | 1.455888276690 x 10~7
42 4.723 x 1078 | 9.165986698400 x 10~
43 3.011 x 1078 | 5.772159828000 x 108
44 1.932 x 1078 | 3.646972720000 x 10~8
45 1.234 x 1078 | 2.298593136000 x 10~8
46 7.839 x 1079 | 1.444413548000 x 10~8
47 5.026 x 107 | 9.122015082000 x 10~
48 3.19 x 107° | 5.728823911000 x 10~°
49 2.038 x 107 | 3.610909344000 x 10~°
50 1.301 x 1079 | 2.275054363000 x 10~
55 1.481 x 10710 | 2.362787808000 x 10710
60 3.917 x 10711 | 4.708318353000 x 107!
70 2.929 x 107" | 2.935241522273 x 10~
75 2.92 x 1071 | 2.920549670115 x 107!
100 | 2.903 x 107" | 2.903000002745 x 10~

0(x) > B~ (b)x, and ¢g = 1+ 2.7579 x 107°




Table 5.7:

b 1—A= () | 1—-B(b)

3.14 | 0.13417 0.6605518121
3.72 1 0.09398 0.6181170406
4.08 | 0.07763 0.5829609582
4.62 | 0.05158 0.5146714300
4.74 | 0.05158 0.5038872322
5.31 | 0.05158 0.4495323578
5.43 | 0.03236 0.4185993596
5.69 | 0.03236 0.3933218229
5.83 | 0.02506 0.3725668589
6.16 | 0.02506 0.3415901943
6.35 | 0.02130 0.3206005754
6.50 | 0.02130 0.3073652942
6.53 | 0.02130 0.3047595783
7.27 1 0.01292 0.2368833775
7.40 | 0.01292 0.2274258281
7.43 | 0.01292 0.2252864056
7.89 | 0.01172 0.1932948352
7.97 | 0.01172 0.1883211014
8.00 | 0.01172 0.1864845918
8.11 | 0.00998 0.1781432457
8.15 | 0.00773 0.1735440007
8.17 | 0.00763 0.1722795504
8.29 | 0.00763 0.1654340522
8.60 | 0.00670 0.1479142935
8.77 | 0.00670 0.1394637726
8.87 | 0.00670 0.1346991786
8.92 | 0.00657 0.1322429388
9.25 | 0.00657 0.1177948382
9.38 | 0.00514 0.1110881907
9.88 | 0.00357 0.0912436280

0(z) > B~ (b)z, and ¢ = 1 + 2.7571593586 x 10~



Table 5.8:

b 1—A(b) |1—=B(b)

10.10 | 0.00357 0.084145361800
10.38 | 0.00297 0.075269754240
10.39 | 0.00230 0.074319146050
10.68 | 0.00230 0.066604726070
11.00 | 0.00230 0.058983633710
11.01 | 0.00230 0.058759590110
11.02 | 0.00230 0.058536371330
11.16 | 0.00213 0.055326438710
11.17 | 0.00184 0.054825277100
11.40 | 0.00149 0.049829570460
11.48 | 0.00149 0.048305193500
11.54 | 0.00149 0.047191654340
11.96 | 0.00149 0.040067379840
12.08 | 0.00130 0.038043123090
12.35 | 0.00130 0.034213605100
12.63 | 0.0011976 | 0.030542073860
18.43 | 0.001193 0.003640523600
18.44 | 0.0011885 | 0.003625245390
18.45 | 0.0011839 | 0.003609913810
18.50 | 0.0011615 | 0.003534548500
18.70 | 0.0010765 | 0.003248816680
19.00 | 0.00096161 | 0.002863737700
19.50 | 0.00080011 | 0.002323540410
20 0.00061230 | 0.001831498826
21 0.0004072 | 0.001186409263
22 0.0002706 | 0.000767310434
23 0.0001792 | 0.000495085146
24 0.0001183 | 0.000318758495
25 0.00007789 | 0.000204850796
26 0.00005121 | 0.000131476671

0(z) > B~ (b)z, and ¢ = 1 + 2.7571593586 x 10~




Table 5.9:

b 1—A(b) 1— B (b)

27 0.00003368 0.0000843421280000
27.4 | 0.00002841 0.0000705363985807

28 0.00002224 0.0000541678089016

29 0.00001451 0.0000346028349296

30 0.000009414 | 0.0000220422563541

31 0.000006099 | 0.0000140261084296

32 0.000003944 | 0.0000089143927203

33 0.000002545 | 0.0000056581709321

34 0.00000164 0.0000035879619422
34.53 | 0.000001293 | 0.0000028117746725

35 0.000001055 | 0.0000022727257010

36 6.775 x 1077 | 0.0000014380607949

37 4.348 x 10°7 | 9.094306308963 x 1077
38 2.793 x 1077 | 5.752613791776 x 1077
39 1.805 x 1077 | 3.649124498671 x 1077
40 1.163 x 1077 | 2.311255029741 x 1077
41 7.414 x 1078 | 1.455888271392 x 1077
42 4.723 x 1078 | 9.165986665455 x 1078
43 3.011 x 107 | 5.772159806553 x 108
44 1.932 x 1078 | 3.646972706462 x 10~8
45 1.234 x 1078 | 2.298593127459 x 1078
46 7.839 x 1079 | 1.444413542969 x 10~8
47 5.026 x 1079 | 9.122015051276 x 10~
48 3.19 x 107 | 5.728823891751 x 10~°
49 2.038 x 107 | 3.610909331823 x 10~°
50 1.301 x 1079 | 2.275054354867 x 10~
55 1.481 x 10710 | 2.362787800737 x 10710
60 3.917 x 10711 | 4.708318346468 x 107!
70 2.929 x 107" | 2.935241522227 x 10~
75 2.92 x 107" | 2.920549670111 x 10~
100 | 2.903 x 107" | 2.903000002745 x 10~

0(z) > B~ (b)z, and ¢y = 1+ 2.7571593586 x 10~°




Table 5.10:

b 1—A(b) | AT(b/2)—1|1— B (b,3)
6.16 | 0.02506 0.03883 0.16793831
6.35 | 0.02130 0.03883 0.15245829
6.50 | 0.02130 0.03883 0.14377440
6.53 | 0.02130 0.03883 0.14209653
7.27 | 0.01292 0.03883 0.09812400
7.40 | 0.01292 0.03883 0.09293137
7.43 | 0.01292 0.03883 0.09177408
7.89 | 0.01172 0.03883 0.07462449
797 | 0.01172 0.03883 0.07217223
8.00 | 0.01172 0.03883 0.07127551
8.11 | 0.00998 0.03883 0.06635136
8.15 | 0.00773 0.03883 0.06298300
8.17 | 0.00763 0.03883 0.06233155
8.29 | 0.00763 0.03883 0.05912854
8.60 | 0.00670 0.03883 0.05071396
8.77 | 0.00670 0.03883 0.04705486
8.87 | 0.00670 0.03883 0.04503820
8.92 | 0.00657 0.03883 0.04393589
9.25 | 0.00657 0.03383 0.03808045
9.38 | 0.00514 0.03883 0.03459231
9.88 | 0.00357 0.03591 0.02624007
10.10 | 0.00357 0.03591 0.02375610
10.38 | 0.00297 0.03591 0.02037193
10.39 | 0.00230 0.03591 0.01960969
10.68 | 0.00230 0.02728 0.01713145
11.00 | 0.00230 0.02728 0.01479604
11.01 | 0.00230 0.02728 0.01472915

0(z) > B~ (b,3)x for > €” with ¢y = 1 + 2.7571593586 x 1077



Table 5.11:

b 1—A(b) | AT(b/2)—1|1— DB (b3)
11.02 | 0.00230 0.02728 0.01466260
11.16 | 0.00213 0.02728 0.01359660
11.17 | 0.00184 0.02728 0.01324508
11.40 | 0.00149 0.02117 0.01156568
11.48 | 0.00149 0.02117 0.01113973
11.54 | 0.00149 0.02117 0.01083186
11.96 | 0.00149 0.02117 0.00893017
12.08 | 0.00130 0.02117 0.00827036
12.35 | 0.00130 0.01802 0.00731718
12.63 | 0.0011976 | 0.01802 0.00636170
18.43 | 0.001193 0.00517 0.00140136
18.44 | 0.0011885 | 0.00517 0.00139570
18.45 | 0.0011839 | 0.00517 0.00138996
18.50 | 0.0011615 | 0.00517 0.00136192
18.70 | 0.0010765 | 0.00458 0.00125586
19.00 | 0.00096161 | 0.00458 0.00111348
19.50 | 0.00080011 | 0.00458 0.00091522
20 0.00061230 | 0.00458 0.00069958
21 0.0004072 | 0.00297 0.00045744
22 0.0002706 | 0.00291 0.00029958
23 0.0001792 | 0.00153 0.00019595
24 0.0001183 | 0.00121 0.00012801
25 0.00007789 | 0.0011976 0.00008353
26 0.00005121 | 0.0011976 0.00005450
27 0.00003368 | 0.0011976 0.00003560
27.4 | 0.00002841 | 0.0011976 0.00002996
28 0.00002224 | 0.0011976 0.00002337

0(z) > B~ (b,3)x for > €” with ¢y = 1 + 2.7571593586 x 1077



Table 5.12:

b 1—A(b) AT(b/2)—1|1—B(b,3)

29 0.00001451 0.0011976 0.00001518

30 0.000009414 | 0.0011976 0.00000981

31 0.000006099 | 0.0011976 0.00000633

32 3.944 x 1079 | 0.0011976 | 4.079992 x 1076

33 2.545 x 1076 | 0.0011976 2.625702 x 10~°

34 1.64 x 1075 | 0.0011976 1.687997 x 1076

34.53 | 1.293 x 107% | 0.0011976 1.329472 x 1076

35 1.055 x 1075 | 0.0011976 1.083604 x 1076

36 6.775 x 10~7 | 0.0011976 6.945780 x 1077

37 4.348 x 1077 | 0.0011839 | 4.450150 x 1077

38 2.793 x 10~7 | 0.0010765 2.854187 x 1077

39 1.805 x 1077 | 0.00096161 | 1.841706 x 1077

40 1.163 x 1077 | 0.00080011 | 1.185048 x 10~ 7

41 7.414 x 1078 | 0.0006123 7.546581 x 1078

42 4.723 x 1078 | 0.0006123 | 4.802811 x 10~

43 3.011 x 107% | 0.0004072 3.059088 x 1078

44 1.932 x 1078 | 0.0004072 1.960998 x 1078

45 1.234 x 10~% | 0.0002706 1.251499 x 1078

46 7.839 x 107 | 0.0002706 7.944666 x 107°

47 5.026 x 1079 | 0.0001792 5.089842 x 107

48 3.19 x 1072 | 0.0001792 3.228592 x 107

49 2.038 x 1079 | 0.0001183 2.061339 x 107°

50 1.301 x 1072 | 0.0001183 1.315120 x 10~*

55 1.481 x 1071° | 0.00002841 | 1.492492 x 1010

60 3.917 x 10~ | 0.00001451 | 3.926394 x 10~!*

70 2.929 x 10~ | 0.000001293 | 2.9290631100000000 x 10~
75 2.92 x 107" | 4.348.1077 | 2.9200051775870000 x 10~!*
100 | 2.903 x 107 | 2.038.107% | 2.9030000000192877 x 10~

0(z) > B~ (b,3)x for > €® with ¢y = 1 + 2.7571593586 x 1077




Table 5.13:

b 1—A(b) | AT(b/2) —1 | AT(b/3)—1 | 1— B (b,4)
6.16 | 0.02506 0.03883 0.03883 0.13563550
6.35 | 0.02130 0.03883 0.03883 0.12169854
6.50 | 0.02130 0.03883 0.03883 0.11425836
6.53 | 0.02130 0.03883 0.03883 0.11283079
7.27 | 0.01292 0.03883 0.03883 0.07496668
7.40 | 0.01292 0.03883 0.03383 0.07080003
7.43 | 0.01292 0.03883 0.03883 0.06987640
7.89 | 0.01172 0.03883 0.03883 0.05614184
797 | 0.01172 0.03883 0.03883 0.05424841
8.00 | 0.01172 0.03883 0.03383 0.05355841
8.11 | 0.00998 0.03883 0.03883 0.04937870
8.15 | 0.00773 0.03883 0.03883 0.04627573
8.17 | 0.00763 0.03883 0.03883 0.04575591
8.29 | 0.00763 0.03883 0.03883 0.04332757
8.60 | 0.00670 0.03883 0.03883 0.03679340
8.77 | 0.00670 0.03883 0.03883 0.03409150
8.87 | 0.00670 0.03883 0.03883 0.03261366
8.92 | 0.00657 0.03883 0.03883 0.03177408
9.25 | 0.00657 0.03883 0.03883 0.02754352
9.38 | 0.00514 0.03883 0.03883 0.02464478
9.88 | 0.00357 0.03591 0.03883 0.01830895
10.10 | 0.00357 0.03591 0.03883 0.01659456
10.38 | 0.00297 0.03591 0.03883 0.01409502
10.39 | 0.00230 0.03591 0.03883 0.01336251
10.68 | 0.00230 0.02728 0.03883 0.01169377
11.00 | 0.00230 0.02728 0.03883 0.01014143
11.01 | 0.00230 0.02728 0.03883 0.01009728

0(z) > B~ (b,4)z for > €® with ¢y = 1 + 2.7571593586 x 1077




Table 5.14:

b 1—A(b) AT(b/2) =1 | AT(b/3)—1 | 1— B (b,4)
11.02 | 0.00230 0.02728 0.03883 0.01005337
11.16 | 0.00213 0.02728 0.03883 0.00929392
11.17 | 0.00184 0.02728 0.03883 0.00896357
11.40 | 0.00149 0.02117 0.03883 0.00774560
11.48 | 0.00149 0.02117 0.03883 0.00746915
11.54 | 0.00149 0.02117 0.03883 0.00726986
11.96 | 0.00149 0.02117 0.03883 0.00604905
12.08 | 0.00130 0.02117 0.03883 0.00556034
12.35 | 0.00130 0.01802 0.03883 0.00495807
12.63 | 0.0011976 0.01802 0.03883 0.00432124
18.43 | 0.001193 0.00517 0.02117 0.00131959
18.44 | 0.0011885 0.00517 0.02117 0.00131441
18.45 | 0.0011839 0.00517 0.02117 0.00130913
18.50 | 0.0011615 0.00517 0.01802 0.00128340
18.70 | 0.0010765 0.00458 0.01802 0.00118596
19.00 | 0.00096161 | 0.00458 0.01802 0.00105478
19.50 | 0.00080011 | 0.00458 0.01802 0.00087141
20 0.00061230 | 0.00458 0.01364 0.00066693
21 0.0004072 0.00297 0.01364 0.00043937
22 0.0002706 0.00291 0.01364 0.00028963
23 0.0001792 0.00153 0.00990 0.00019050
24 0.0001183 0.00121 0.00744 0.00012503
25 0.00007789 | 0.0011976 0.00649 0.00008191
26 0.00005121 | 0.0011976 0.00649 0.00005362
27 0.00003368 | 0.0011976 0.00517 0.00003513
27.4 | 0.00002841 | 0.0011976 0.00517 0.00002959
28 0.00002224 | 0.0011976 0.00458 0.00002311
29 0.00001451 | 0.0011976 0.00458 0.00001504
30 0.000009414 | 0.0011976 0.00458 0.00000973
31 0.000006099 | 0.0011976 0.00297 0.00000629

0(x) > B~ (b, 4)x for x > e’ with ¢y = 1 + 2.7571593586 x 10~°




Table 5.15:

b 1—A(b) AT(b/2) =1 | AT(b/3)—1|1— B (b,4)

32 3.944 x 107 | 0.0011976 0.00297 4.058674 x 107°

33 2.545 x 107% | 0.0011976 0.00291 2.614315 x 107°

34 1.64 x 1076 0.0011976 0.00157 1.681924 x 10~°

34.53 | 1.293 x 1075 | 0.0011976 0.00153 1.325123 x 1076

35 1.055 x 107¢ | 0.0011976 0.00144 1.080370 x 10~

36 6.775 x 1077 | 0.0011976 0.00121 6.928583 x 1077

37 4.348 x 1077 | 0.0011839 0.00121 4.441010 x 1077

38 2.793 x 1077 | 0.0010765 0.0011976 2.849343 x 1077

39 1.805 x 1077 | 0.00096161 0.0011976 1.839139 x 1077

40 1.163 x 10~7 | 0.00080011 0.0011976 1.183689 x 1077

41 7.414 x 1078 | 0.0006123 0.0011976 7.539398 x 1078

42 4.723 x 1078 | 0.0006123 0.0011976 4.799016 x 1078

43 3.011 x 1078 | 0.0004072 0.0011976 3.057085 x 107®

44 1.932 x 1078 | 0.0004072 0.0011976 1.959942 x 1078

45 1.234 x 107% | 0.0002706 0.0011976 1.250943 x 1078

46 7.839 x 107 | 0.0002706 0.0011976 7.941735 x 107?

47 5.026 x 1072 | 0.0001792 0.0011976 5.0882992 x 107

48 3.19 x 107 0.0001792 0.0011976 3.2277801 x 107

49 2.038 x 1072 | 0.0001183 0.0011976 2.0609120 x 107?

20 1.301 x 107 | 0.0001183 0.0011976 1.3148960 x 107

25 1.481 x 1071 | 0.00002841 0.0011976 1.4924023 x 10719

60 3.917 x 10~ | 0.00001451 0.00080011 | 3.9263590 x 10~

70 2.929 x 10~ | 0.000001293 | 0.0001792 2.9290630600000000 x 10~
75 2.92 x 1071 | 4.348 x 1077 | 0.0001183 2.9200051755810000 x 10~
100 2.903 x 10711 | 2.038 x 1072 | 0.000002545 | 2.9030000000192875 x 10~

0(x) > B~ (b, 4)x for x > e’ with ¢y = 1 + 2.7571593586 x 10~°




Table 5.16:
b 1—A() | 1—-B (b
3.14 | 0.86583 0.5626112
3.72 1 0.09398 0.3956690
4.08 | 0.07763 0.3208603
4.62 | 0.05158 0.2282260
4.74 | 0.05158 0.2161899
5.31 | 0.05158 0.1695963
5.43 | 0.03236 0.1424471
5.69 | 0.03236 0.1271021
5.83 | 0.02506 0.1124738
6.16 | 0.02506 0.0974278
6.35 | 0.02130 0.0862456
6.50 | 0.02130 0.0809440
6.53 | 0.02130 0.0799384
7.27 | 0.01292 0.0515832
7.40 | 0.01292 0.0488752
7.43 | 0.01292 0.0482785
7.89 | 0.01172 0.0391046
7.97 | 0.01172 0.0379192
8.00 | 0.01172 0.0374884
8.11 | 0.00998 0.0342301
8.15 | 0.00773 0.0314511
8.17 | 0.00763 0.0310911
8.29 | 0.00763 0.0295911
8.60 | 0.00670 0.0252255
8.77 | 0.00670 0.0235808
8.87 | 0.00670 0.0226842
8.92 | 0.00657 0.0221243
9.25 | 0.00657 0.0195691
9.38 | 0.00514 0.0172545
9.88 | 0.00357 0.0127973

O(x) > B~ (b)x.




Table 5.17:

b 1—A" () |[1—-B (b
10.10 | 0.00357 0.0117680
10.38 | 0.00297 0.0100255
10.39 | 0.00230 0.0093178
10.68 | 0.00230 0.0082692
11.00 | 0.00230 0.0073337
11.01 | 0.00230 0.0073067
11.02 | 0.00230 0.0072804
11.16 | 0.00213 0.0067534
11.17 | 0.00184 0.0064389
11.40 | 0.00149 0.0055404
11.48 | 0.00149 0.0053724
11.54 | 0.00149 0.0052511
11.96 | 0.00149 0.0045030
12.08 | 0.00130 0.0041284
12.35 | 0.00130 0.0037475
12.63 | 0.0011976 | 0.0033107
18.43 | 0.001193 | 0.0012982
18.44 | 0.0011885 | 0.0012932
18.45 | 0.0011839 | 0.0012881
18.50 | 0.0011615 | 0.0012623
18.70 | 0.0010765 | 0.0011682
19.00 | 0.00096161 | 0.0010403
19.50 | 0.00080011 | 8.61147120 x 1074
20 0.00061230 | 6.59666455 x 104
21 0.0004072 | 4.35713633 x 104
22 0.0002706 | 2.87806650 x 10~*
23 0.0001792 | 1.89577557 x 10~*
24 0.0001183 | 1.24569772 x 10~*
25 0.00007789 | 8.16814039 x 10~
26 0.00005121 | 5.35038530 x 10~

0(xz) > B~ (b)x




[able 5.18:

b 1—A(b) 1— B (b)

27 0.00003368 3.50683372 x 107°
27.4 | 0.00002841 2.95458300 x 107°
28 0.00002224 2.30805718 x 107°
29 0.00001451 1.50190705 x 10~°
30 0.000009414 | 9.72237782 x 107°
31 0.000006099 | 6.28583999 x 10~°
32 0.000003944 | 4.05722264 x 107°
33 0.000002545 | 2.61362101 x 10~¢
34 0.00000164 1.68159396 x 1076
34.53 | 0.000001293 | 1.32491000 x 10~°
35 0.000001055 | 1.08021440 x 10~¢
36 6.775 x 1077 | 6.92786332 x 1077
37 4.348 x 1077 | 4.44067934 x 1077
38 2.793 x 1077 | 2.84918855 x 1077
39 1.805 x 1077 | 1.83906681 x 1077
40 1.163 x 1077 | 1.18365442 x 1077
41 7.414 x 1078 | 7.53922725 x 1078
42 4.723 x 1078 | 4.79894152 x 1078
43 3.011 x 1078 | 3.05704494 x 10~8
44 1.932 x 1078 | 1.95992434 x 10~
45 1.234 x 1078 | 1.25093295 x 10~8
46 7.839 x 1079 | 7.94169478 x 107°
47 5.026 x 1079 | 5.08827735 x 10~°
48 3.19 x 107° | 3.22777082 x 10~
49 2.038 x 107 | 2.06090658 x 10~
50 1.301 x 1072 | 1.31489294 x 10~
55 1.481 x 10710 | 1.49240144 x 10710
60 3.917 x 1071 | 3.92635820 x 10~
70 2.929 x 10~ | 2.929063052000000000 x 10~
75 2.92 x 10~ | 2.920005175577000000 x 10~
100 | 2.903 x 107! | 2.903000000019287499 x 10~!*

0(z) > B~ (b)x
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