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Abstract

In 1927, Emil Artin conjectured a product expression for the density of primes p for which
a given non-zero integer a is a primitive root modulo p. The conjectured density was proved
in 1967 by Hooley under the assumption of the Generalized Riemann Hypothesis. In 2014,
Lenstra, Moree, and Stevenhagen introduced a method involving character sums to deduce
the formula for the product in the density for Artin’s conjecture. The method applies in
similar problems such as the density of primes of cyclic reduction for Serre curves. In this
thesis, we introduce a generalization of this method which yields product expressions for a
large family of problems that can be stated by summations involving the orders of certain
finite groups. As a consequence, the product expressions of some Artin type problems, such
as the Titchmarsh Divisor Problem in Kummer families for primes in a given arithmetic

progression, are computed here.

11



Acknowledgments

I would like to thank my esteemed supervisor, Dr. Amir Akbary for his invaluable advice,
continuous support, and patience. I would also like to thank all the members in my Defence
Committee, Dr. Hadi Kharaghani, Dr. Andrew Fiori, and Dr. John Sheriff for their time and
valuable comments. I am deeply and heartily indebted to Azar for her sustained patience
and support. Finally, I wish to express my sincere thanks to my mother, Zahra, and my

sister, Reyhane for their endless support and kindness.

v



Contents

Contents

1 Introduction
1.1 Artin Type Problems . . . . .. ... ... .. ... ... ... .. ...
1.2 Product Expressions of the Constants in Artin Type Problems . . . . . . . .
1.3 ThisThesis . . . . . . . . .

2 Preliminaries
2.1 Topological Groups . . . . . . . . . . ...
2.2 Profinite Groups . . . . . . . . .. e e
23 CharaCters . . . . . . v v v it e e e e e e e
24 ArtinSymbol . . . ...
2.5 EllipticCurves . . . . . . .

3 The Main Theorems
3.1 The First Main Theorem . . . . . . . . . . . . . . . . . . ..
3.2 The Second Main Theorem . . . . . . . . . . . . . . . ... ...

4 Examples and Results
41 KummerFields . . .. ... ... .. .. ... .. ..
4.1.1 The Classical Artin Problem . . . . . ... ... ..........
4.1.2 Titchmarsh Divisor Problem (Kummer Case) . . ... ... .. ..
472 Serre Curves . . . . . . . o e e
4.2.1 The Cyclicity Problem (Serre Curve Case) . . . . ... . ... ..
4.2.2 The Titchmarsh Divisor Problem (Serre Curve Case) . . . . .. ..
4.3 Remarks on the Condition [A: r(G)] =2 . . . . . . . ... ... ... ...

S Generalizations and Results
5.1 The Generalized Artin Problem . . . . . . . ... ... ... ...
5.2 Artin Type Problems in Kummer Family for Primes in Arithmetic Progres-
SIONS . o v v v e e e e e

6 Future Works

Bibliography

11
11
13
19
21
24

27
27
33

58
59

62

79

80



Chapter 1

Introduction

1.1 Artin Type Problems

The study of primes p for which the decimal expansion of 1/p has the longest period
was initiated by Gauss. The period of the decimal expansion of 1/p exists and has an upper
bound p — 1. The largest period occurs if and only if 10 has order p — 1 mod p. This means
10 is a primitive root modulo p. Therefore it is natural to ask for which prime p a given
integer a is a primitive root modulo p, or whether there are infinitely primes p for which a
is a primitive root modulo p.

In 1927, Emil Artin proposed a conjecture for the density of primes p for which a given
integer a is a primitive root modulo p. Let a be a non-zero integer that is not 1. We can
show that the integer « is a primitive root modulo prime p for p t 2a if and only if p does
not split completely in K, = Q({,, /a) for all primes g | p — 1, where the Kummer field K,
is the splitting field of x? — a over QQ (see [26, Page 384]). The initial version of Artin’s
conjecture states that for a given integer a, not O and not £1, the density of primes p such

that a is a primitive root modulo p is

A“:qﬂne<1‘[z<q1:@]>‘

Observe that if the integer a is not a perfect power, then the conjectured density is indepen-

dent of the choice of integer a. In fact, if a is not a perfect power, then [K, : Q] = g(g—1)
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for all primes ¢ and thus, A, = A, where

1
A= 1— ~ 0.3739558.
[1 ( q(q— 1))

gprime

The constant A is named Artin’s constant.

In 1957, computer calculations of the density for various values of a, by D. H. Lehmer
and E. Lehmer revealed some discrepancies from the conjectured value A. The reason for
these inconsistencies is the dependency between the splitting conditions in Kummer fields
K,’s. More precisely, if D is the discriminant of K3, then K C Kip|- Thus, if p does
not split completely in K>, then it does not split completely in K|p|. Hence, the splitting
of primes in K, for ¢ | D is not independent of splitting of primes in K>. To deal with
these dependencies, Artin introduced a correction factor. An entanglement correction factor
appears when D = disc(K,/Q) = 1 (mod 4) and hence the conjectured density is A, - E (D),

where

1
E(D) = 1—H(|D|)ql|;£m-

Here u(.) is the Mobius function. This way of writing of the correction factor is due to
Lenstra, Moree and Stevenhagen [15]. The modified conjecture was proved by Hooley in
1967 under the assumption of the Generalized Riemann Hypothesis (GRH) for Kummer
fields K),’s for square-free n’s. More precisely, Hooley proved, under the GRH, that the

density is

i u(n)
= K QL
He then showed that the above sum is equal to the corrected conjectured density A, - E(D).
We call a problem an Artin type problem if we can tackle it by Hooley’s method in-
troduced in [10]. More specifically, such problems can be formulated in terms of splitting
behaviour of primes in extensions of number fields. We next introduce some examples of
Artin type problems.

A problem analogous to Artin’s conjecture for Elliptic curves is the cyclicity problem.

2
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This problem asks for an asymptotic formula for the number of primes p < x for which the
group of rational points E, () of the reduction mod p of a given elliptic curve E over Q
is cyclic. Here F), denotes the finite field of p elements. Let E|n] be the group of n-torsion
points of E. Let Q(E[n]) be the n-th division field associated to E. In 1976, J. P. Serre
established an asymptotic formula for the cyclicity problem under the assumption of the
GRH for division fields Q(E[n]) where n is square-free. Similar to Artin’s conjecture there
exists a connection between the cyclicity problem and the splitting behaviour of primes
in a certain family of number fields. For an elliptic curve E over Q which has a good
reduction modulo p, we have that E,(IF,) is cyclic if and only if p does not split completely
in Q(E|q]) for all primes g # p (see [5, Lemma 2.1]). By employing this fact and following
Hooley’s method, Serre showed that the density of primes for which E,,(F,) is cyclic is
i L (1.1)
it [Q(E[n]) : Q]
Let Q'" be the field obtained by adding all the coordinates of the torsion points of E to
Q. Let G be the Galois group of Q' over Q. The following representation is known for an

elliptic curve E

r: Gal(Q'/Q) — GLy(Z) = limGLo(Z/n),

where Q" = U*_ Q(E[n]) and GL,(Z) is the group of invertible matrices with entries in
the profinite completion of integers 7 (see Section 2.5 for more explanation). An elliptic
curve E is named a Serre curve if [GLy(Z) : r(G)] = 2. Let A be the discriminant of Weier-
strass equation of E. For the family of Serre curves, the authors of [15] show that (1.1) has

the product expression

1 1
1—u(|D]) —) - L)),
(1o T ety ) L (1 )

where K, = Q(E[q]) and D = discg(Q(VA)).
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The work of Titchmarsh on T(p — a), the number of divisors of a shifted prime p —a,

provides another example of an Artin type problem.

Theorem 1.1 (Titchmarsh Divisor Problem (TDP), 1931). Let a be a fixed positive integer.

If we assume the GRH for Dirichlet L-functions, then

) ’c(p—a):H(l—l)n(l—ﬁ>x+0(m), (1.2)

a<p<x p|a p logx
as X —» oo,

The assumption of the GRH in the above theorem was removed by Linnik in 1961. This
theorem can be considered as the Titchmarsh Divisor Problem for family of number fields
{Q(E,) : n > 1}. In this case, the arithmetic function T(p — 1) can be related to counting of
primes that split completely in cyclotomic fields. Observe that when p is an odd prime, then
p=1 mod m if and only if p splits completely in Q(E,,). The prime 2 splits completely in

Q(Gy) if and only if m € {1,2}. Therefore for odd primes p we have

©(p— 1) =#{m; p splits completely in Q((,,)}.

Observe that in this case the constant in the asymptotic formula (1.2) can also be written as

)

1
LG a

As other examples of Artin type problems, we can consider the Titchmarsh Divisor
Problem for different families such as Kummer fields and division fields of a given Serre

curve.

1.2 Product Expressions of the Constants in Artin Type Problems

One of the topics in studying Artin type problems is product expressions for the con-

stants. There are advantages in finding such product expressions. For instance, they help

4
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us in finding the conditions under which the constant becomes zero. Finding these product
expressions is not straightforward, since, similar to Artin’s conjecture, we should deal with
the possible entanglements in the family of number fields. These entanglements lead to
correction factors in Artin type problems.

In [15], Lenstra, Moree, and Stevenhagen introduced an effective method in finding
product expressions in certain Artin type problems. Their method directly studies the
primes that do not split completely in a family of number fields without considering the
summation expressions for the constants. For Artin’s conjecture they consider the family
of Kummer fields and for the cyclicity problem for Serre curves they consider the family
of division fields. Then, they interpret these problems using representations attached to the
Galois groups of these families. Their method can be described as follows.

Assume that K. = U,K,,, where {K,,,n > 1} is the family of Kummer fields. Let G be

the Galois group of K., over Q. Let

R.={xeQ";x" € (a) c Q" for some k € Z-(}

be the group of radicals that generate the field extension K. of Q. The authors of [15]
construct an embedding 7 : G — A, where A = Autg_ngx (R=) is a profinite group such that

A =]],Ap. Then, they establish the existence of a quadratic character
XA =

such that G = kery, where y; is the multiplicative group {£1}. Let S be the family of
“good Frobenius elements” in A corresponding to primes p that do not split completely in
any K, for primes ¢ | p— 1. Then it is shown in [14], that under the assumption of the GRH,

the density of such primes becomes v4(G N S)/v4(G), where v4 is the normalized Haar
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measure attached to the profinite group A. It is proved in [15, Theorem 3.3] that

va(GNS) 1 va(S)
—VA(G) = (1+VA(S) /SxdvA) m. (1.3)

Note that vqy =] pVA, and S =]] » Sp, where v4 » is the normalized Haar measure on A, and

Sp C Ap. The authors of [15] also show that X, =[], X, for certain characters x, : A, — .

Therefore, they conclude that (1.3) has the product form

5o
where for all except finitely many primes p, we have E,, = 1. Thus, the computation of the
integral in (1.3) implies the product expression in Artin’s conjecture. The authors of [15]
applied this method effectively for several Artin type problems such as Artin’s conjecture
for primes in a given arithmetic progression and near primitive roots. They also extend their
method to cover the cyclicity problem for Serre curves. However, their method should be
adjusted to deal with prime powers in some Artin type problems such as the Titchmarsh
Divisor Problem and the Titchmarsh Divisor Problem for primes in a given arithmetic pro-
gression.

The aim of this thesis is to generalize the method introduced in [15] to include the prod-
uct expressions of Artin type problems involving prime powers. Observe that the character
sums method introduced in [15] gives us the product expression of v(GNS)/v(G), where
S is a family of “good Frobenius elements” in A attached to the density of primes in each
Artin type problem. Instead of finding the product expression of v(GNS)/v(G), the gener-
alization introduced in this thesis yields directly the product expression of the summations
appearing in Artin type problems. This helps us to consider a larger family of Artin type
problems. More specifically, we can consider the problems such as the Titchmarsh Divisor
Problem which are not formulated as a density of a subset of primes. Hence, our gener-

alization can be applied to find new explicit product formulas for some problems such as
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the Titchmarsh Divisor Problem in Kummer and division fields and also the Titchmarsh

Divisor Problem for primes in an arithmetic progression in Kummer fields.

1.3 This Thesis

This thesis is organized as follows. After introducing needed preliminaries in Chapter 2,
in Chapter 3, we formulate and prove two main theorems as generalizations of the method
described in [15]. Our generalization has this important advantage that instead of starting
with a density of primes, we can consider any absolutely convergence summation

g(n)
#G(n)’

Y (1.4)

n=1

where g(n) is a multiplicative function and G(n) is a group with the following properties.
Let (G(n))nen and (A(n))nen be inverse systems of finite groups. Moreover, assume

that there are injective maps r,, : G(n) — A(n) for all n > 1. By taking inverse limit over n,

we have an injective map r : G = @G(n) — A =limA(n). Further, suppose A = [],A,,

where A, = @A (p"). Then, if a character  : A — u,, exists such that the sequence
1 5G4 0, —1 (1.5)

is exact, by our Theorem 3.2 and Corollary 3.3, we have a product expression over primes
with a possible correction factor for summation (1.4). Here yj, is the group of m-th roots of
unity in Q. For finding the product expression, we first show that by the normalized Haar
measure on the profinite group G, the summation (1.4) can be written as a summation of
measures of measurable subsets of G. Then, by the injective homomorphism r: G — A, we
interpret the new summation as a summation of measurable subsets of A. Next, the property
A =]],A) together with the properties of the character } given in (1.5) helps us to write
the desired product expression for (1.4) with a possible correction factor. The following

important corollary is a consequence of our Theorem 3.2 and Corollary 3.3, when u,, = 3.
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Corollary 3.4. Let g be a real multiplicative arithmetic function such that

)}

n>1

g(n)]
#G(n) =~

Let
§= Z g(”)lker(pA,n
n>1
be a function from A to R = [—oo, 40|, where Qa1 A — A(n) is the projection map. Let

g =Y 8P ) lkero ,
k>0

be a function from A, to R, where Pt Ap — A( pk) is the projection map, such that § =
[1,8p- Let X : A — wa be the character given in (1.5) and assume that X, = [1,Xp. Then, if
J48dva # 0, we have

> g(n) [ 8xdva /
— (1 2A5AT7A d
,;1 #G, ( + Ag va

This corollary can be considered as a generalization of (1.3).

To state our next main result, we consider a more specific family of groups {G(n) :
n>1}. Let {K,:n> 1} be a family of finite Galois extensions of QQ with the property
that K, contains a quadratic field K and ,, € K,,, where {,, is a primitive n-th root of unity.
Suppose there exist injective homomorphisms G(n) — A(n), where G(n) = Gal(K,/Q). If
both families {G(n);n > 1} and {A(n);n > 1} are inverse systems of finite groups, then
by taking inverse limit we have injective homomorphism r: G = @G(n) —A= @A(n)
Suppose that A =[],A,, where A, = l&nA( p"). Moreover, suppose there exist different
characters

xp:A— (Z/DZ)~ @,uz
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and

ViA—w

such that xp and y are compatible, as defined in (3.15), with the restriction maps G —
Gal(Q(§p)/Q) = (Z/DZ)* and G — Gal(K /Q) respectively, where D = disc K. Then,
we can construct a character ) : A — up such that r(G) C kery. In Theorem 3.5, we explic-
itly construct such character ). The computations in Theorem 3.5 for character ) helps us
to find the possible correction factor in Corollary 3.4 explicitly. As a consequence of this

theorem and Corollary 3.4, we have the following result.

Corollary 3.6. Let A and G be as above. Assume that [A : r(G)] = 2. Let g be a real

multiplicative arithmetic function such that

Assume that

is a function from A to R, where 8p is a function from A, to R and Qi Ap— A(ph) is the

projection map. If {4 ¢ K> and g ¢ Ka, then

(o)

gln) Y0 8(PY) /#A(PY) g(p")
L Gl ~ (1 11 (1 e g(pk>/#A<pk>>> 11 (1 L #A(pk>> ’

n=1 p

where in the product on primes dividing 2D, we have { = 1 for odd primes and for prime 2

we have ¢ =1 if D is odd, ¢ =2 if4 || D, and £ =3 if 8 || D.

Note that by Corollary 3.6, we can find the product expression for problems involving
prime powers such as the Titchmarsh Divisor Problem. Moreover, in the summation (1.4),
instead of u(n) or 1, we can consider any multiplicative function g(n) and any family of

Galois groups that satisfies conditions of Corollary 3.6.
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In Chapter 4, we describe needed properties of two families of fields namely Kummer
fields and division fields of Serre curves for applying the above corollaries. Let a be an
integer such that |a| is not a perfect power. For n > 1, the Kummer field K, = Q(&,, /a) is
the splitting field of x* — a over Q. We will show that the inverse limit of the Galois groups
G(n) of K,/Q is embedded in a profinite group A = limA(n), where A(n) = (}9), with
b€ Z/nZ and d € (Z/nZ)*. Then, we will observe that A satisfies the conditions needed

in Corollary 3.6. Thus, by showing [A : G] = 2, and employing Corollary 3.6, we derive

oo 2%k—1
y s~ <1+H L e )>H<1+Z S ))
n—1 pl2D k>18(P")/p p P o1 P

(1.6)
where in the product on primes dividing 2D, we have ¢ = 1 for odd primes and for prime
2wehave f =1if Disodd, { =2 if 4 || D, and ¢ = 3 if 8 | D. Using similar ideas, we
also find a general product formula for the sum in the left-hand side of (1.6) for the family
of division fields of a Serre curve. In addition, at the end of Chapter 4, we prove necessary
and sufficient conditions under which the important property [A : G] = 2 holds.

In Chapter 5, we generalize Theorem 3.2. This generalization helps us to put more
conditions on the set of primes which we consider. As an application, in Section 5.2, we
find the explicit product of the Titchmarsh Divisor Problem for primes in a given arithmetic
progression for the family of Kummer fields.

There are many directions that one can consider in extending the ideas and methods
described in this thesis. We briefly outline some of these possibilities in the final concluding

chapter of the thesis.

10



Chapter 2

Preliminaries

2.1 Topological Groups

In this section, we briefly introduce topological groups. Moreover, we will present the

Haar measure and its properties on topological groups.

Definition 2.1. We say a group G is a topological group if it is equipped with a topology

such that the maps

GxG—G G—G
and

(81,82) — 8182 g8
are continuous.

Similarly, one can define topological rings and topological fields. The following are

some examples of topological groups.

Example 2.2. (i) The Euclidean n-space R" with the usual topology, coming from the
Euclidean norm, forms a topological group under addition.

(i1) If R is a topological ring, then the group of n X n invertible matrices with entries
from R, denoted by GL,(R), forms a topological group. This topology is implied by the

subspace topology as a subset of the n X n matrices Mat, (R) = R™.
Next, we describe some properties of subgroups of topological groups.

Lemma 2.3. Let G be a topological group. The following assertions hold.

11
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(i) A subgroup H of G is open (closed) if and only if the cosets gH are open (closed) for
all g € G.

(ii) Every open subgroup of G is closed.

(iii) Every closed subgroup of finite index in G is open.

(iv) If G is compact, then a subgroup H is open if and only if it is closed and has finite

index in G.

Proof. (i) For an element g in a topological group G, the maps g’ — g-g’ and g’ — g’ - g are

L. ¢'. Thus, it is an open

continuous. Note that g’ — g- ¢’ has a continuous inverse g’ — g~
map. Therefore, if H is open, then cosets of H are open. A similar argument shows that if
H 1is closed, then its cosets are closed.

(i1) Let H be an open subgroup of G. The group G is the union of cosets of H. On the
other hand, by part (i), each coset is open. Since H is the complement of a union of these
cosets, H is closed.

(iii) If H is closed and of finite index in G, its complement G\H is the finite union of
some left cosets gH’s. Since each gH is closed, then H is open.

(iv) Let H be an open subgroup. Hence, by part (i), any coset of H is open. Thus, if G

is compact, then H has finite index, since the collection of H and its cosets is an open cover

for G. Therefore, parts (ii) and (iii) imply the desired result. ]

By a homomorphism of topological groups we mean a continuous group homomor-
phism. Similarly, an isomorphism of topological groups is a group isomorphism which is
also a homeomorphism of topological spaces.

We call a Borel measure y on a topological space X regular if for every measurable set
A, we have

u(A) = sup{u(B);B C A, B is compact and measurable}.
Finally, we introduce the Haar measure on topological groups.

Definition 2.4. A regular Borel measure u on a topological group G is named Haar measure

12
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if it is translation invariant (i.e., u(gA) = u(A) for any g € G and for any measurable subset

A).

It is known that any locally compact topological group admits a unique Haar measure
up to multiplication by a constant (see [4, Section 9.2]).
In the next section, we will define a specific family of topological groups, named profi-

nite groups.

2.2 Profinite Groups

In this section, we introduce profinite groups which are special example of topological
groups. The ring of p-adic integers may be considered as a motivation for this concept.
Furthermore, the topology on profinite groups attached to Galois groups helps us to obtain
the fundamental theorem of Galois theory for the infinite Galois extensions. At the end of
this section, we introduce a probability measure on profinite groups. In Chapter 3, we will
use this measure to construct and prove our main theorem.

In order to define profinite groups, we need first to introduce inverse systems. An inverse

system is a collection of objects indexed by a directed partially ordered set.

Definition 2.5. A nonempty set I equipped with a partial order relation < is named a di-
rected partially ordered set (a directed poset for short) if every pair of its elements has an

upper bound.
We next define the concept of an inverse system of a collection of groups.

Definition 2.6. An inverse system of groups is a collection of groups (G;);, where [ is a
directed poset, together with a collection of transition maps f;; for any pair (i, j) with i < j.
The maps f;; : G; — G; are group homomorphisms such that f;; = idg, and fijo fix = fik

foralli,j,k e Iwithi < j<k.

We continue with some examples of inverse systems.

13



2.2. PROFINITE GROUPS

Example 2.7. (i) Consider the directed poset (Z, <) such that n < m if and only if n | m.
Then the natural projections

Jom 2 Z/mZ — Z./nZ

are well-defined transitions maps when n | m. Hence (Z/mZ, fun)7 is an inverse system.
(i1) Consider the collection of finite Galois extensions L over a fixed field K. This

collection is a directed poset by inclusion. Note that if L and L’ are two finite extensions of

K, then the compositum of L and L' is a finite extension of K. The set of such L’s equipped

with the restriction maps Gal(L/K) — Gal(L'/K) for L’ C L forms an inverse system.

We next define the inverse systems as a categorical concept. Then we will introduce an

explicit description of them in Lemma 2.11.

Definition 2.8. The inverse limit of the inverse system ((G;)icr, (fij)i,jer) is a group im G;
i<j i€l
together with projection maps p; : @G,- — G; such that f;jo p; = p; and that satisfy the
i€l
following universal property: Suppose Z is a group with projection maps ¢; : Z — G; for

i € I such that f;joq; = g; for any i < j. Then there exists amap g : Z — @Gi such that
i€l
the diagram

commutes.

We will drop the index of inverse limit when the directed poset is specified from the

context.

Definition 2.9. A group which is isomorphic to an inverse limit of an inverse system of

finite groups is called a profinite group.

14



2.2. PROFINITE GROUPS

One may define the profinite ring in a similar way by starting with an inverse system of

finite rings.

Example 2.10. (i) The inverse limit of the inverse system (Z/mZ, f,,) of rings defined in
Example 2.7 (i) is a profinite ring denoted by Z = limZ /mZ.
(i1) The inverse limit Z, = @Z /P"Z is a profinite ring and 711 » Lp. Moreover any

element o € Z), has a unique p-adic expansion

Z aipi7
i=0

with0<ag; < p—1.

(iii) The multiplicative groups of Z and Z,, denoted by Z* and Z., respectively, are
profinite groups. Moreover, Z* = [1,Z;. We note that oo = Y 7, a;p' € Z, if and only if
p1ao.

(iv) Any Galois group Gal(L/K) is a profinite group. More precisely, Gal(L/K) is the

inverse limit of Gal(E /K over the finite intermediate fields E ordered by inclusion.

As a consequence of the universal property of the inverse limit, for an inverse system of
groups G; there exists a unique inverse limit up to isomorphism. An explicit description of

an inverse limit of (Gj, f;j)i jer is given by the next lemma.

Lemma 2.11. Let (Gi, fij)i jer be an inverse system of groups. Then

UmG; = {(gi)ier € [ [ Gi: fij(g)) = &i foralli < j}.

il
Proof. We note that the candidate set on the right side of the above equation, which we
show by §, is a subgroup of the direct product of G;’s since f;;’s are group homomorphisms.
Consider the projection map p; from S to G;. Hence f;jop; = p; for all i < j. Thus, it
remains to show that the universal property of Definition 2.8 holds. Let Z be another group
with maps g; : Z — G; such that f;joq; = g; whenever i < j. Then the map ¢ : Z — []G;

defined by ¢(z) = (¢i(2))ier yields the desired map in the universal property. O

15
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Next we show that profinite groups are equipped with a compact topology. Each finite
group G; (or ring) can be equipped with the discrete topology. Hence we may consider
[1G; with the product topology as a topological group. By Lemma 2.11, we consider
yLHGi as a subset of [] G;. Thus the product topology on [] G; yields a subspace topology
for the profinite group l'glG,- as a subspace of [[G;. Hence, @Gi with this topology is
a topological group. Moreover, the maps f;; and p; are continuous. Note that p;’s are
restrictions of the projection maps of the product topology, and f;;’s are maps between
finite discrete topological groups.

Next, we introduce the profinite group attached to a Galois extension. Let L be an
arbitrary Galois extension of K. Hence L is the union of finite Galois extensions M of K
contained in L. We know that Gal(L/K) = gLnGal(M /K) where the limit is taken over the

collection of intermediate fields
M ={M C L:M/K is a finite Galois extension}.

Therefore Gal(L/K) is equipped with a topology through the profinite topology on
@Gal(M /K). We name this topology Krull topology.

The discrete topology for each G; is compact since G; is finite. Hence the product
topology on []; G; is compact. On the other hand, if (g;); € (I] G,-)\ILmGi then for some
i < jwe have fi;(g;) # gi- Hence the open subgroup U = {(g}); € [1G;; g; =g fori < j}
contains (g;);, and UN I'LIIG,' = @. Thus, the subspace @Gi is closed in []; G;. Therefore
@Gi is a compact topological group. This prove the compactness part of the following

general proposition about the topology of any profinite group.

Proposition 2.12. ([17, Theorem 1.1.12]) A topological group G is profinite if and only if

G is Hausdorff, compact, and totally disconnected.
We next introduce the abelianization of a profinite group G which is denoted by G*.

Definition 2.13. Let G be a profinite group. The commutator subgroup of G is the closure

16



2.2. PROFINITE GROUPS

of

([x,5]5 x,y € G)

in G, where [x,y] = x~ 'y~ lxy is the commutator of x and y. We denote the commutator of

Gby G

We can see that for a closed normal subgroup N of G, the quotient group G/N is abelian
if and only if N contains G'. Therefore, we define abelianization of G to be G* = G/G'.

Finally, we introduce a probability measure in profinite groups.

A profinite group is endowed with a two sided invariant Haar measure (see [9, Propo-
sition 18.2.1]). This measure is implied by the Haar measure on locally compact groups as
described at the end of Section 2.1. Since G is compact, the Haar measure on G is finite
(see [4, Proposition 9.3.3]). Hence, we can consider the normalized Haar measure vg on
the profinite group G, i.e., a measure Vg with vg(G) = 1. This gives a probability measure
on a profinite group.

We have the following lemmas regarding the probability measure Vg on a profinite

group G.
Lemma 2.14. If H is a closed subgroup of a profinite group G, then vg(H) =1/[G : H].

Proof. If [G : H| = n then G is the union of n disjoint cosets g;H (1 < i < n) of H. Hence,

1= VG<G> = VG(giH> = n'VG<H)7

-

i=1

which is the desired result. If H has infinite index, then it is contained in the intersection of

a decreasing sequence of open subgroup H; > H, > ... (see [9, Lemma 1.2.3]). Thus,
0 SVG(H) < hml/[GH,] =0.

i—boo

Therefore, vg(H) =0=1/[G : H]. O
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Consider the product of measurable spaces G and G'. A product measure Vg X Vg on
G x G is defined by

(Vo x v )(H x H') =vg(H)ve (H'),

for all measurable subsets H C G and H C G'.
We have the following property of the normalized Haar measure of products of profinite

groups.

Lemma 2.15. (/9, Proposition 18.4.2]) The normalized Haar measure on the direct product

G x G’ of profinite groups G and G' coincides with Vg X Vg.

We also need to define the direct limit of a direct system of groups. We first introduce a

direct system of groups.

Definition 2.16. Let / be a directed partially ordered set. Let (G;);c; be a family of groups
together with homomorphisms f;; : G; — G| forall i < j € I. We name this family a directed

system over I, if f;; =1dg, and fy = fjro fijforalli < j<ke€l.

Note that if i < j, then in an inverse system the maps f;; are defined from G; to G; and
in a directed system the maps f;; are defined from G; to G;.
Example 2.17. The family of additive groups (%Z) /Z with homomorphisms f, : (%Z) /Z—
(LZ)/Z for all n | m which sends a+Z to % +Z, where m = cn. Hence, this family is a

direct system.
Finally, we define the direct limit of a direct system of groups.

Definition 2.18. The direct limit of a directed system of groups (G;);c; is the disjoint union

of G;’s modulo an equivalence relation ~, denoted

HmG; = <|_|Gi> /~

where g; ~ g;, for g; € G; and g; € G, if and only if there is k € I with i, j < k such that
fix(8i) = fix(8;)-

18
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As an example, we have @(%Z/Z) = Q/Z.

2.3 Characters

In this section, we introduce characters of a group G. Specifically, we consider the
quadratic Dirichlet character associated to the Kronecker symbol ¥ p, where D is a funda-

mental discriminant.

Definition 2.19. A multiplicative character on a group G is a group homomorphism
x:G— C*.

If the group G is a topological group, we shall require % to be a continuous homomor-
phism. A character X : G — up is named a quadratic character, where uy is the multiplica-
tive group {+1}.

Next, we introduce some basic facts about Dirichlet characters.

Definition 2.20. For k € Z, consider a multiplicative homomorphism
x: (Z/kZ)* — C*.

We extend this map on Z by defining y(n) = 0, when gcd(k,n) # 1. A Dirichlet character

mod £ is the extended homomorphism
xX:7— C*.

The conductor of a Dirichlet character y mod k is the smallest integer f | k, such that
there is a Dirichlet character ' mod f for which y(n) =/(n) for (n,k) = 1. We denote the

conductor of ) by f. A character is also named even if }(—1) = 1 and odd otherwise.

Example 2.21. Let ¢ be the character mod 8 such that (x) = 1 for x € {1,5}, and ¥ (x) =
—1 for x € {3,7}. We have y(x+4) = x(x). Since 4 is the smallest n such that y can be
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defined mod n then f, = 4. Furthermore, since ) (—1) = —1, the character ) is odd. Also %,

is a quadratic character since it maps to yp = {£1}.

Next, we introduce the Kronecker symbol which is an important example of a Dirichlet

character. To define this character first we need to define the Legendre symbol.

Definition 2.22. The Legendre symbol <%> for odd primes p is defined as
(
0 ifpla
a
» =31 if x> = a (mod p) has a nonzero solution,
—1 if x> = a (mod p) has no solutions.

\

For odd primes p and g, we have the relation

(8) =75 ()

known as the law of quadratic reciprocity (see [16, Thorem 1.8.6]). Next, we extend the

definition of the Legendre symbol.

Definition 2.23. Set (§) =0, (

—IQ

) =1, (%) =sign(a), and

0 if2 | a,

(f) =4 if a=+1(mod8),

—1 if a=+3 (mod8).

For integer b = sign(b)p]' ... p;*, the Kronecker symbol (%) is defined by

)= (o) ) ()

Let D be a fundamental discriminant. Then, it is known that the Kronecker symbol (Q)

is a Dirichlet character mod |D| (see [7, Chapter 5]). We denote this Dirichlet character by
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Xp- By using the law of quadratic reciprocity, we can show that the Kronecker symbol cor-
responding to a fundamental discriminant D is the product of Legendre symbols of primes

p | D and a Dirichlet character mod 8.

Proposition 2.24. Let D be a fundamental discriminant. If D = +2'py ... py with { €

{0, 2, 3}, then, for any integer a, we have

xp(a) = <§) :XD,z(a)fI ( . > ;

i=1 \Pi

where (1%) is the Legendre symbol and Yp > is one of the four Dirichlet characters mod 8.
More precisely, if D is odd, then Yp» =1, if 4 || D, then yp2 = (_—4) is the unique Dirichlet
character mod 8 of conductor 4, and if 8 || D, then Yp, = (ﬁ) is one of the two Dirichlet
characters mod 8 of conductor 8. More precisely, for the case 8 || D, if D > 0 and the
number of 1 <i <k with p; =3 (mod 4) is even, or D < 0 and the number of 1 <i <k with

pi =3 (mod 4) is odd, then xp, = (2). Otherwise, we have yp, = (=2).

Proof. See [7, Chapter 5]. [

2.4 Artin Symbol

In this section, we define the Artin symbol associated to a prime ideal in a Galois ex-
tension of a number field. Then, we will see the relation between the Artin and Kronecker
symbols which is one of the most important tools for us in Chapter 3.

We denote the ring of integers of a number field K (a finite extension of Q) by Ok. Let
L/K be an extension of number fields. Let p be a prime ideal of Og. Then, pOy, (the ideal
generated by p in Op) is an ideal of Op. Since O is a Dedekind domain, p Oy, has a prime
factorization

€g

pOL: Tl... g

in Or, where *3;’s are the distinct primes of Oy, containing p. We say p is unramified in L if
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e; =1for 1 <i<g. Otherwise, we say p ramifies in L. If L/K is a Galois extensions, then
the e;’s are all equal (see [12, Corollary 1.7.2]) and we name ey , = ¢; (for 1 <i < g) the

ramification index of p. For a fixed prime I3 of O lying over p, the subgroup

Dy ={c € Gal(L/K); o(B) = B}

of Gal(L/K) is named the decomposition group of 3. Let G be the Galois group of the
residue field extension (O/B)/(Ok/p). We define the natural map 6 — & from Dy to
G, where &(o+B) = () +*B for o € Op. It can be shown that this map is a surjective

homomorphism. We denote the kernel of this homomorphism by
Iy = {0 € Dyp; 6(a) = oo mod*P forall v € O }

and we call it the inertia group of B. It is known that |Ip| = ez, (see [6, Proposition 5.10]).
Therefore, if p is unramified in L, then we have Dy = G. On the other hand, since G is
the Galois group of an extension of finite fields, then G is a cyclic group generated by the

Frobenius automorphism Frobgy : x — x?, where g = | Og /1.

Definition 2.25. Let p be unramified in L. Let 6 € Dy be the unique element that maps to
the Frobenius automorphism Frobg; through the isomorphism Dyy — G. The element G is

named Artin symbol of 3 in the extension L/K, and is denoted by (%) .

If L/K is an abelian extension, then the Artin symbol of 3's are the same for all prime
B’s above p, i.e., all primes B in factorization of p into prime ideals in Oy (see [6, Corollary
5.21]). In this case, we denote the Artin symbol of any *J3 above p by ( L/TK)

Let L/K be an abelian extension of number fields. We generalize the Artin symbol to

any fractional ideal a = [[;p;’ C Ok, coprime to ramified primes of L/K, multiplicatively

SPRICHE
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Example 2.26 (Cyclotomic extensions). Let Q({,)/Q be the cyclotomic extension ob-
tained by adjoining a primitive n-th root of unity {, to Q. Then, an element 6 € Gal(Q(,)/Q)
is correspond to the Artin symbol (M) , where 6((,,) = C% with ged(a,n) = 1 (see [12,
Example, Page 199])

Next, we observe that the Artin symbol of a quadratic extension K/Q coincides with

the Kronecker symbol of the discriminant of K /Q.

Proposition 2.27. Let Q(\/a) be a quadratic field of discriminant Dgy /z). The prime p in

Z ramifies in Q(v/a) if and only if p | Dq/a)- For primes p that are unramified in Q(va),

we have
Q(va)/Q
( (\/_)/ (\/a) — Q(\/a) \/a
p p
Proof. For a proof see [6, Proposition 5.16 and Corollary 5.17]. [

We next describe an application of Proposition 2.27 which will be used in Chapter 3.

Let {K, : n > 1} be a family of finite Galois extensions of Q with the property that {,, €
K, where , is a primitive n-th root of unity. Let K,, C K,, if n | m. Hence, we have restric-
tion maps res,, : G(m) — G(n) for all n | m. Thus, the family (G(n) = Gal(K,/Q),resu,)
is an inverse system of finite groups with respect to division order, i.e., n < m if and only if

n | m. Assume that K, contains a quadratic field K of discriminant D. There are restriction

homomorphisms
G == Gal(Qq/Q) = 2% and G — Gal(Q(gp))/Q),

where Qg = U,~2 Q(E,) is the maximal abelian extension of Q. Considering Example
2.26, we have the following proposition which plays a crucial rule in Theorem 3.5 in the

next chapter.
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Proposition 2.28. With the notations described above, the diagram

Gal(Q(p)/Q) —=— Gal(K/Q)

res
res

()

Gal(Quy/Q) = 2% ——— 11

is a commutative diagram, where (Q) is the Kronecker symbol mod D.

Proof. The diagram is commutative because of Proposition 2.27 and the fact that the restric-

tion map Gal(Q(|p|)/Q) — Gal(K/Q) sends (Q(C“j‘)/(@> to (K£Q> (see [13, Property A2,
Page 198]). [

2.5 Elliptic Curves

In this section, we will introduce division fields associated to an elliptic curve. The
Galois group attached to the family of division fields of an elliptic curve forms a profinite
group. We will describe the representation of this profinite group on the p-torsion points of
the elliptic curve. At the end, we introduce the family of Serre curves. We begin with the

definition of an elliptic curve.

Definition 2.29. An elliptic curve E defined over QQ is a non-singular curve which is defined
by an equation

y2 +aixy+azy= X -l-azx2 +agx + ae,
where a1, as, a3, a4, ag € Q with a point O at infinity.

Let E be an elliptic curve defined over Q. The discriminant of E is a polynomial in the
a; which is non-zero if and only if E is non-singular. The set of points of the elliptic curve
E with rational coordinates forms an abelian group, in which O = (0,1,0) (in projective

coordinates) is the identity element. We denote the subgroup of all n-torsion points of E
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with coordinates in Q by E[n]. We assume that E is given by a global minimal Weierstrass
equation y2 +aixy+azy = X3 + arx? + asx + ag, where a; € Z (see [24, Section VIIL8]).
For a prime p { A, the reduction modulo p of the elliptic curve E is the elliptic curve E,
given by

Ep:y? +aixy +asy = x° +apx* +dgx + a,

where a; denotes a; modulo p. We say E is cyclic modulo p if the group of points of E),

with coordinates in I, (the finite field of p elements) is cyclic.

Definition 2.30. The extension field Q(E[n]) over Q which is generated by the x and y-

coordinates of all points in E[n] is named the n-division field of E.

Recall that the set of n-torsion points E[n] forms a subgroup of the group of points of

E. The following assertion describes the structure of this subgroup.

Lemma 2.31. If E is an elliptic curve over Q, for any integer n > 2, we have
E[n| = Z/nZ x Z/nZ.

Proof. See [24, Corollary I11.6.4b]. [

We can show that the n-division fields of E over Q are Galois extensions (see [25,
Proposition 6.5]). We introduce representations for the Galois groups attached to such
extensions. Each ¢ € Gal(Q(E[n])/Q) acts on E[n] and thus yields an automorphism on
E[n]. By fixing two generators of E[n|, we can correspond a matrix in GL,(Z/nZ) for
each . This yields a representation of Gal(Q(E[n])/Q) to GLy(Z/nZ). Note that for

n = [],e|, p°, we have

IGLy(Z/nZ)| = T p* (P> - 1)(p—1). 2.1)
pelln
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Theorem 2.32. Let E be an elliptic curve over Q and let n > 2. Then the map
rn - Gal(Q(E[n])/Q) — Aut(E[n]) = GL,(Z/nZ)

described above is an injective homomorphism.

Proof. See [25, Theorem 6.7] for a proof. L]
By taking the inverse limit on r,, in Theorem 2.32 over all positive integer n, we have

the injective homomorphism

r: Gal(Q/Q) — GLy(Z) = limGL(Z/nZ), (2.2)

where Q" = U Q(E[n]). It can be shown that this representation is never surjective. An
elliptic curve is called non-CM if its ring of endomorphisms is isomorphic to integers Z.
In [23], Serre shows that for a non-CM elliptic curve E, the image of r has finite index in

GL, (7).

Definition 2.33. An elliptic curve E defined over Q is called a Serre curve if [GLy(Z) :
r(Gal(Q"/Q))] =2.

It is proved in [11] that almost all elliptic curves over Q are Serre curves.
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Chapter 3
The Main Theorems

Throughout this section, let (G(n)),cn and (A(n)),c be inverse systems of finite groups.
Moreover, assume that there is an injective map r,, : G(n) — A(n) for all n > 1. This yields
an injective map r : G — A by taking inverse limit over n. Further, suppose A = [],A,,

where A, = @A(pi).

3.1 The First Main Theorem

In the following, we introduce the expected value of a measurable function.

Definition 3.1. Let M be a G-algebra on a set M and let v be a measure on (M, M). Let
f: M — R be any v-measurable function where R = [—oo, 4-0] is the extended real line.

For N € M, we define the expected value of f over N by

fo- 1ndv
E =
N(f) fM lNdV )
where
1 ifaeN,
1N(OC) =
0 otherwise,

is the characteristic function of N.
Let A be the profinite group defined in the beginning of this chapter. Note that since A is
a profinite group, it is equipped by a probability measure V4, which is introduced at the end

of Section 2.2. Let  be a character of A. Considering a measurable function f: A — R, we
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denote the expected value of f over kery by Ey(f), i.e.,

_ fA f-lkerdeA
fA 1ker)(dVA .

Ey(f)

Let u,,, be the multiplicative group of the complex m-th roots of unity equipped with the
discrete topology.

The following theorem is the first main theorem of this thesis.

Theorem 3.2. Let (G(n))uen, (A(n))nen, (rn)nen, G, A, and r be as the beginning of this

chapter. Suppose there exists an exact sequence
15GHAS 4, — 1 (3.1)

of continuous homomorphisms. Let g be a real arithmetic function such that

y sl
= #G(n)
Consider the natural projections Qa , : A — A(n) and assume that
g= Z g(”) 1ker(p,4’,, (3.2)
n>1

defines a function from A to R. Then,

n m—1 )
#gG((,z) :Ex(g) = ZZO /AgXZdVA-

n>1

Moreover, if [, §dva # 0, then

g(n) Y [y axidva /
=1+ A dvy.
n>1 #G(n) ( Jagdva A s
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Proof. We start by writing the summation

g(n)
#G(n)

n>1

in terms of measures of certain measurable subgroups of G. For this purpose, let ®,, : G —
G(n) be the projection map for each n > 1. Then, G/ker®, = G(n) and [G : ker®,| =
#G(n). Hence, by Lemma 2.14, vg(ker®,) = 1/#G(n), where vg is the normalized Haar

measure on G. Thus,

Zl igj =Y g(n)ve(ker®,). (3.3)

n>1

Observe that the number of cosets of the set A/r(ker®,) divided by the number of
cosets of the group G/ker®, = r(G)/r(ker®,) is equal to |A/r(G)|. Hence, by Lemma

2.14, we have
va(r(ker®,))

vg(ker®,) = Va(r(@)

(3.4)

where V4 is the normalized Haar measure on A (note that r(G) is closed in A and r(ker ®,,)

is closed in r(G) and thus it is closed subgroup of A). Hence, by (3.4), we have

B va(r(ker®,))
’;8(”)V6(kerq’n> = r;g(’l)m
] (3.5)
=—— Z g(n)va(r(kerdy,)).

~ va(kery) =

Next, we show that r(ker ®,) =ker(@a ,) Nkery, where @4 , : A — A(n) is the projection
map for n > 1. We denote the identity of a group H by ey. To prove this claim, we note

that the following diagram commutes:

G —— G(n)
lr [ (3.6)
A 2 An)

If 6 € ker®,, then r,(P,(0)) = ru(eg(n)) = ea(n)- Hence, by commutative diagram (3.6),
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we have r(c) € ker(@4 ). Moreover, by the exact sequence (3.1), we have r(c) € r(G) =
kery. Therefore, r(ker®,) C ker(@, ,) Nkery. On the other hand, if o € ker(@a ,) Nkery C
kery = r(G), then there exists a ¢ € G such that 7(c) = o.. Moreover, r(c) € ker(@4 )
means @4 ,(r(0)) = ea(n). Hence, r,(Pn(0)) = e4(y) since (3.6) is commutative. Thus,

o € ker®, since ry, is injective. This shows that ker(@4 ,) Nkery C r(ker®,). Therefore,

r(ker®,) = ker(@a ,) Nkery. (3.7
By (3.7), we have
Z g(n)va(r(kerd,)) = Z g(n)va(ker@y , Nkery)
n>1 n>1
= Z g / 1ker(pA nﬂkerdeA
n>1
(3.8)
= Z g / 1kerq)An 1kerdeA
n>1

:/ (Z g(n)lker(pA‘n> 1ker)(dVA-
A n>1 '

We note that the last equality holds because of the following fact. Observe that

m

Z 1ker(pA ankery

< Z |g ‘1ker(pA7,,ﬂkerx-
n>1

By the assumption Y.~ [g(n)|/#G(n) converges. Hence, Yi>1[g(n)|lkergy ,nkery 18 inte-
grable. Thus, by the Lebesgue’s dominated convergence theorem (see [19, Chapter 11,

16]), we can interchange the sum and the integrals to get

/1ker(pnﬂkerdeA—/ Zg 1ker(pAnﬂkerdeA

n_ n>1
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Now from (3.3), (3.5), and (3.8), we have

y 8(n) _ Ja&lkerydva

= Ey ().

Note that the character ¥ in (3.1) induces the character ¥’ : A/r(G) — w, by ¥’ (@) =
x (o). More precisely ¥ is the lift of X' to A. Thus, ¥’ sends a generator of A/r(G) to a
generator of u,,. Hence, )¢’ is a generator of the group of characters of A/r(G) denoted by

A/r(G).
For o € A/r(G), by [21, Chapter VI, Proposition 4], we have

_omzl i m if =1,
Y e@=Y ()@=
gcA/G =0 0 if a#1.

Therefore, since o = 1 means o € kery, we have

m—1 m if o € kery,
i=0 0  if o¢ kery.
This implies Y7 /() = m - Iyery (@t). Thus,

il dva _ [ugE vy
fA lxery dVa an lxerydVa .

Ey (&) (3.10)

Furthermore, by (3.1), we have [A : kery| = [A : r(G)] = m. Hence, v4(kery) = 1 /m. Thus,

by (3.10),
m—1
Ey(8) :/Ag Y x'dva. (3.11)
i=0
The desired result holds by considering (3.9) and (3.11). [

Next we consider the special case that A =[],A, and X =[], Xp, where A, = l'&nA(p’)
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andXp’s (Xp : Ap — um) are characters of A,’s. Then, by Lemma 2.15, we have v4 =[], va,.
since V4,’s are probability measures. The following corollary considers this special case of

Theorem 3.2.

Corollary 3.3. In Theorem 3.2, suppose that g is a real multiplicative arithmetic function.
In addition, assume that A=],Ap, where A, = @A(pi), andy,= 1, Xp, where Y, :Ap —
Um 1S a character of Ap. Let

g =) 8(P")lkero (3.12)
k>0

be a function from A, to R, where Pt Ap — A(pX) is the projection map, such that § =

[1,8p If [4gdva # O, then

- 8(n) ot Ja, 8XpdVa, / _
=1+ . gpdva
r; #Gy, < ; I[j[ pr gPdVAP Il:I Ap g !
Proof. By Theorem 3.2, we have
g(n) m_l/ s
;#G(n) IZ:’) A

Since g(n) is multiplicative, A = [1,Ap, va =I1pVa,, X =I1pXp, and § =[], &), then,

from (3.13), we have

gln) & / 5 i
= EoX,dva. .
,;#G(n) ,Zél,_,l a, PP
Thus, the desired result holds since [, §dva =11, /, 4,8 pdva, # 0. O

Next, we consider the case that [A : r(G)] = 2 which plays a crucial role in the Artin

type problems we consider in this thesis.

Corollary 3.4. In Corollary 3.3, if [A : r(G)] =2, then

(1) 1 s,
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3.2 The Second Main Theorem

In this section, we introduce a family of Galois groups for which we apply the results
of Section 3.1. We fix the following notations and conditions throughout this section.

Let {K, : n > 1} be a family of finite Galois extensions of Q with the property that
€, € K;,, where C, is a primitive n-th root of unity. Suppose that K, C K, if n | m. Let res,,, :
G(m) — G(n) be restriction maps for n | m. Thus, the family (G(n) = Gal(K,,/Q),res,)
is an inverse system of finite groups with respect to division order, i.e., n < m if and only
if n | m. Assume that K, contains a quadratic field K. Let (A(n), f,») be an inverse system
of finite groups with respect to division order. Assume that for any n > 1, there exists an
injective homomorphism

rn: Gal(K,/Q) — A(n)

such that the diagram

IC€Snm

G(m) —= G(n)

lrm l

A(m) —s A(n)

commutes. Hence, we have an injective homomorphism of profinite groups
r:G= l'glGal(Kn/@) — A =lmA(n).

Note that since Q(,) C K, (for all n > 1) and K C K3, then the restriction maps G —
Gal(Q/Q) = 7> and G — Gal(K/Q) are well-defined (Recall that Q,, is the maximal

abelian extension of Q). In addition, assume that there are profinite homomorphisms

LN 2%

A— 7 and A— o (3.14)

such that vy is induced by taking the inverse limit of maps ¥, : A(n) — (Z/nZ)* and the
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diagrams
G » Gal(K/Q)
G —— Gal(Qu/Q) /| J-
l lg and A v 1y (3.15)
A —1 57~ \ /
A(2)

commute, where A — A(2) is the projection map. Note that Y and y are surjective since
the restriction maps G — Gal(Q,,/Q) and G — Gal(K/Q) are surjective. Moreover, let
A=TI,Ap. where A, = limA(p").

In the next theorem, we construct a quadratic character on A and we show how this

character helps us to study the index [A : r(G)].

Theorem 3.5. With the above notations and assumptions, there exists a non-trivial quadratic
character X, : A — o for which the following statements hold:
(i) r(G) C kery.
(ii) The character X, = [],Xp, where each X is a certain quadratic character of Aj, de-
scribed in the proof.

In addition, let @ : Ap — A( pk) be the projection map, and D be the discriminant of
the quadratic field K. Then, the following assertions are true:
(iii) For odd primes p 1D, X = 14,
(iv) If p | D and p is odd, then X, # la, and Xp‘ker(ppk = 1ker(|>,,k forall k > 1.
(v) If D is odd, then X3 # 14, and X2|ker(p2k = 1ker(p2k forall k> 1.
(vi) If4 || D and C4 =i ¢ K, then Y2 # 14,, X2|ker(p2 # lkerg,, and X2|ker(p2k = 1ker(p2k for
all k > 2.
(vii) If 8 || D and Cg & Ka, then Yo 7 14, Xolierq,, 7 liergy Jor k=1,2, and Yolierq,, =

lker%k forall k > 3.
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Proof. We start by describing the construction of the quadratic character . Let ¥ be as

defined in (3.14). Consider the sequence of continuous homomorphisms

. D
AL 2 2 (7/D7)* sz,

where the second map is projection and the last map is the Kronecker symbol mod D(=

discg(K)). Hence, the composition of the lift of the Kronecker symbol mod D to 7% with

Y gives the quadratic character

XD A = .

On the other hand, let

l|IZA—>A(2)—>,uz

be the character on A defined in (3.14).
Define the character = %p - Y. We claim that the character ) is non-trivial. If xp =y
on A, then xp splits via A(2) as y does. Moreover, since Xp factors via 7% then each

component A(n) factors via (Z/nZ)*. Thus, we have the commutative diagram:

A XD s

\ / )[ (3.16)

AQ) 2 (z)27)< = {1}

Therefore, since the above diagram is commutative, Xp is the trivial character on A. On
the other hand, ¥p is the composition of the lift of the Kronecker symbol and y. Since 7y
is surjective (see the left diagram in (3.15)), then y(p is surjective. This is a contradiction
with the claim }p = y. Therefore, the characters xp and y are not the same on A. Thus,
X = Xp -V is non-trivial on A.

We now prove the other assertions.
(i) By Proposition 2.28, we know that the characters yp and y are the same on r(G). Thus,

X =Xp -V is trivial on r(G), i.e., r(G) C kery.
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(ii) Next we show that )}, =[], %, for certain quadratic characters y, of A,. The character

Xp is the lift of the Kronecker symbol (2) to A via
AL 27 Pz D7)~

Note that D is a fundamental discriminant. Thus, D = +2%p; ... px, where p;’s are odd
primes and ¢ € {0, 2, 3}. Hence, xp = Hp|DXD,P’ where Xp , is the Legendre symbol
modulo p for odd p, and for D even, ¥p is one of the non-trivial Dirichlet characters mod
8 (see Proposition 2.24). On the other hand, since y factors via A(2), then it factors via
Aj. Let Yy : A — up be the corresponding homomorphism obtained from factorization of
y via As. Let X, = Xp,p for odd primes p | D and for prime 2 let Yo = Xp - Y2 if 2 | D and
X2 = 2 if 21 D. For odd primes p 1 D, let x, = 1. Therefore, we have the decomposition
X = I1,Xp- This complete the proof of (i1).

Next we describe the action of x, on A), for all p. First of all note that ker @« C ker@,,
for all primes p and for any k > 7. Thus, if a character is trivial on ker@,, then it is trivial
on ker (o for any k > t. We now consider assertions (iii)-(vii).

(iii) If p is odd and p { D, then Y, is trivial. Thus, the desired result holds.

(iv) For odd primes p | D, the character y, is the Legendre symbol mod p. Since the map
Yp: Ap — Z, is surjective as ¥: [[,A, £ A — 7% = [1,Z is surjective, then ¥, is non-
trivial on A,. Moreover, X, is trivial on ker@,, since we can factor A, — (Z/pZ)* via

A(p), i.e., the diagram
Ap » (Z/pZ)*

commutes, where A, — (Z/pZ)* is the composition of y, with the projective map Z,; —
(Z/pZ)*. Hence, elements of ker @, maps to 1 mod p.
Next consider p = 2. Since Xp # W on A(2), then X2 = Xp2 - Y2 is not trivial on A;.

Moreover, since y; factors via A(2), the character y; is trivial on ker@,. Hence, the char-
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acter ) is the same as {p > on ker @,« for k > 1.

(v) If D is odd, then y» = y,. Hence, the character y factors via A(2), i.e.,

X2
Ar > 2

~N

AQ2)

The factorization comes from commutative diagram 3.15 corresponding to Y. Thus, it is
non-trivial on A; and trivial on ker ;.

(vi) If 4 || D, then xp_ is the lift of the unique non-trivial Dirichlet character mod 8 of
conductor 4. In the following, we describe the action of this character on ker@,«. In this

case, since the conductor of X p» is 4, for k > 1, we have the following map

4

Ap2: Ay 25 A2 = (2)2°2) — (2,47 (=) 0,

where A(2%) — (Z/2%Z)* is the map corresponding to component 2X of Y2 : Ay — Z5, and
(Z.)2*7)* — (Z/4Z)* is the natural map coming from reducing to modulo 4. Hence, for
o € ker @y, we have @y () = 1 if k > 1. Thus, )2 is trivial on ker @, for k > 1. For the
case k =1, let (B;); € G be such that B4 : {4 — Ci. If (B;); maps to o via G — A — Ay,
then xp2(a) = (%4) = —1. On the other hand, since B4 : {4 — Qi and {4 ¢ K;, we have
B = [34‘1{2 = idk,. Hence, rn(B2) = la(2). Thus, o € ker@z. Thus, xp > is non-trivial on
ker@;. Therefore, if 4 || D, the character  is non-trivial on A, and ker @, and trivial on
ker @,« for k > 1.

(vii) If 8 || D, then xp is the lift of one of the two characters modulo 8 of conductor 8.
Similar to part (vi), if 8 || D, we observe that }p 5 is trivial on @, for k > 2 since Xp2

factors via (Z/8Z)* and we have

Ap2: Ay 2 AN = (2)2°2) — (2,/82) (=) 0,

37



3.2. THE SECOND MAIN THEOREM

for k > 2, where A(2%) — (Z/2*Z)* is the map corresponding to component 2X of 7y, :
Ay — 75, and (Z/2K7)* — (Z,/8Z)* is the natural map coming from reducing to modulo
8. For the case k = 2, an argument similar to the one given in the proof of (vi) works for
element (B3;); € G such that Bg : {3 — Cg in G(8). Thus, if (B;); maps to o via G — A — Ay,
then xp2(0t) = (%8) = —1. On the other hand, since (g ¢ K4, we have B4 = idg, and
hence r4(Ps) = 1 A(4)- Thus, since o € ker @4, we have Y p > 1s non-trivial on ker@4. Since

kerys C ker)o, we have )p > is non-trivial on ker ¢,. Therefore, if 8 || D, the character X,

is non-trivial on Aj, ker @, and ker @4, and it is trivial on ker @« for k > 2. O

Next, we have the following corollary which unifies the product forms of several Artin

type problems, such as Cyclicity problem and the Titchmarsh Divisor Problem.

Corollary 3.6. Let A and G be as described in the beginning of this section. Assume that

[A:r(G)] =2. Let g be a real multiplicative arithmetic function such that

lsm)] _
,; #G(n) ~

Assume that (3.2) defines a function g from A to R. Let &p defined in (3.12) be the function

from A, to R such that § = [1,8p Then, if G4 ¢ K>, Cg & Ky, and [, §dva # 0, we have

)

where in the product on primes dividing 2D, we have { = 1 for odd primes and for prime 2

o og(n) Lio08(P") #A(PY) g(P")
n; #G(n) (1 +,,I;) 1 +Zk21g(p")/#A(p")) 11 <1 tL #A(pF)

p k>1

we have ¢ =1 if D isodd, ¢ =2 if4 || D, and £ =3 if 8 || D.

Proof. By Theorem 3.5, there exists a non-trivial character X : A — wp, where ¥ =[], %p,
such that r(G) C keryx. Hence, since [A : r(G)] = [A : kery] = 2, we have r(G) = ker.
Thus, the sequence

1G4, —1 (3.17)
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is exact. Therefore, by Corollary 3.4,

(H / Zpdva, )( HIA”g”X”dVA ) (3.18)

LG

fA gpdva,

Recall that by Lemma 2.14, we have v4, (ker @) = 1 /#A( pk). Observe that

/ gpdva, = / a,+ ) g(p lker(p | dva,
Ap Ap k>1

k>1
+Y .

k>1

#A

Next, by part (iii) of Theorem 3.5, for p 1 2D, the character p 1s trivial on A,,. Hence,

Ja, 8oXpdVa, - Ja, &pXpdVa,
HA”” = T e e (3.20)
fA §pdva, 2D fA,, §pdva,
In addition, by part (iv) of Theorem 3.5, for odd primes p | D,
/4 ngpdVA,, = A <1A,,Xp +g(p) 1ker(prp + e +g(pk) 1ker(pkap +.. ) dVA,,
4
—0+Zg A, (ker @) (3.21)
k>1
B DZI #A )
For prime 2, by parts (v), (vi), and (vii) of Theorem 3.5,
/A g2x2dVA2 = /A <1A2Xp +g(2) lker(p2X2 +--- +g(2k) lker(pszZ +.. ) dVAg
2 2
_ k
= 0—|—kz>:€g(2 )VA2 (ker(sz> (322)
_y 8 g(2")
k>0 #A(25)
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where ¢ =2 if 4 || D, ¢ =3 if 8 || D, and ¢ = 1 otherwise.
Therefore, (3.18), (3.19), (3.20), (3.21) and (3.22) imply

)

where in the product on primes dividing 2D, we have ¢ = 1 for odd primes and for prime 2

= g(n) Yise8(PF) #A(pY) g(p")
LG (1 H11 +zk21g<pk>/#A<pk>) 11 (1 ey

p k>1

wehave /= 1if Disodd, ¢ =2 if4 | D,and / =3 if 8 || D. O
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Chapter 4

Examples and Results

4.1 Kummer Fields

In this section, for n > 1, the field K, is the splitting field of x* —a over QQ, where |d|
is not a perfect power. We will show that the inverse limit of the Galois groups of K,,/Q is
embedded in a profinite group A, where A satisfies the conditions described at the beginning
of Section 3.2.

Let G(n) be the Galois group of K, = Q(&,, /a) over Q. Let a'/" be a fixed root of
X" —a=0. Then each 6 € G(n) is determined uniquely by its action on a'/* and a primitive
root of unity &,. For such 6, we have 6(a'/") = {%a'/" and ({,) = ¢4, where b € Z/nZ
and d € (Z/nZ)*. Therefore, each 6 € G(n) is determined by a pair (b,d), with b € Z/nZ

and d € (Z/nZ)*. Thus, there exists an injective homomorphism
rn:G(n) = A(n), 4.1)

where A(n) is the group of matrices of the form (} 9) with multiplication, where b € Z/n’Z
and d € (Z/nZ)* (see [13, Chapter VI, Section 9, Example 2] for details). Taking the

inverse limit on both sides of (4.1), we have an injective homomorphism of profinite groups

r:G—A, (4.2)
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where

1 0 . .
A= sbeZanddeZ™ ;. 4.3)

b d

Note that A = ],A,. On the other hand, G = Gal(K./Q), where Ko = U,>1K,. Let
Um (L) be the group of all m-th roots of unity in L. Note that K., contains the group g =
Up>1tm(Q) of all roots of unity in Q.

Therefore, A and G satisfy conditions of Theorem 3.5. Let the map v, introduced in
(3.14), be the determinant map A det 7% and y:A — A(2) = up be the projection map.

Consider the surjective map det: A — 7%. Let H be

1 0 .
H = ker(det) = bel . 4.4)
b 1
Thus, the sequence
15 H-5AS 2% 51 (4.5)

is exact, where i is the inclusion map.

Next note that since (Q,, is the maximal abelian extension over (Q, the exact sequence
1 — Gal(Kw/Qup) — G — Gal(Qu/Q) — 1

shows that Gal(Kw./Q,p) = G', where G’ is the commutator of G. Note that r(G') CA’ C H.
Hence, r maps G’ to H, i.e., we have the homomorphism 1 = r}G/ : G’ — H. Hence, the

diagram

1 , G = Gal(Qu/Q) —— 1

> G
ln l B (4.6)
. > A

l A
1 s H —2 det L ox 1,

7

commutes, where i and i are inclusions.

We claim that [A : 7(G)] = 2. The next three lemmas summarize some facts used in [15]
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that will help us in achieving this goal.

Lemma 4.1. Consider the group Hom(aQ / aZ,,uoo) of all homomorphisms from a® / a” to
oo, where groups a® = {a?;q € Q} and a® = {a*;z € 7} are considered with multiplication.

Then Hom(a@ /a”, u..) = H, where H is defined in (4.4).

Proof. Let fi = r&l‘um. Then, H = . The multiplicative group a®/a? is isomorphic

to the additive group Q/Z. Hence, Hom(a@/a?, p.) = Hom(Q/Z, u.). Thus, since

m(%Z/Z) = Q/Z, we have Hom(a® /a?, pi..) %Hom(@(%Z/Z), Uoo ). On the other hand,
n

n

Hom(lim(;Z/Z), peo) = limHom((Z/Z, pos) =
n n

(see [18, Proposition 5.26]). Therefore, H = Hom(a%/a?, u..). O
Next we consider the injective homomorphism
8 : G’ = Gal(K../Qup) — Hom(a®/a?, u..)
6 +— [ — o(d")/a"].

Note that this map is injective since if ¢ maps to identity, then c(a*) = a* fo all x € Q.
Hence, © is the identity in Gal(Kw./Qgp).

The next lemma provides a description of the image of this injective hopmomorphism.

Lemma 4.2. The image of

8:G' — Hom(a®/d?, u..)
is Hom(a®/a® N QY o).
Proof. For the proof, see [15, Page 494]. U

Note that the composition of § with the isomorphism H =2 Hom(a@/a”, u..) proved in

Lemma 4.1 is the same as M = r|G, :G'—H.
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To understand the intersection a@ N @Zb in Lemma 4.2, we need to know when the

splitting field of x" — a is abelian over Q. The next lemma gives us the answer.

Lemma 4.3 ([20], Theorem 2). Let k > 1 be not divisible by the characteristic of field L.
The splitting field of X — a over L is abelian if and only if a(L) is q k-th power in L, where

#u (L) is the number of k-th roots of unity contained in L.
We are ready to prove our claim regarding [A : r(G)].

Theorem 4.4. With G and A as defined at the beginning of this section, we have
[A:r(G)]=2.

Proof. First, we show that Hom(a®/a®N Q) pe) has index 2 in Hom(a®/a%, ue). To
determine the intersection a2 N Q. we show that k = 2 is the largest integer such that the
splitting field of x* — a is abelian over Q. By Lemma 4.3, such a splitting field is abelian over
Q if and only if a®(Q) is a k-th power in Q. This means a(Q) = pk for some b € Q. Since
a is not a perfect power and #u, (Q) < k, we conclude that k = #u; (Q) = 2. Therefore, a® N
Q)= a2Z. Hence, a@/a%Z >~ (aQ/aZ)/<a% moda”), where (a% moda?) is the unique sub-
group of order 2 of a®/a”. Thus, Hom(a®/a®NQ)}, uw) is of index 2 in Hom(a® /aZ, p..).
Equivalently, by Lemma 4.2, the image of Gal(K./Qq) in Hom(a®/a”, u..) has index 2
in Hom(a®/a”, u..). Hence, the image of G’ in Hom(a®/a”?, u..) has index 2, then by

Lemma 4.1, the image of G’ under the map
¢ Hom(a%/a”, ) — H
has index 2 in H. Note that this map is the same as 1. Therefore, [H : 1(G’)] = 2. Thus,

since the diagram (4.6) is commutative, we have [A : r(G)] = 2. O

Our next goal is to describe a quadratic character of A, which will play an essential role

in computing the correction factors in Artin type problems for Kummer fields.
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As described at the beginning of this section, let the map Y be the determinant map
A 2L 7% and y:A — A(2) = up be the projection map. Note that A(2) = Gal(K,/Q).
Corresponding to 7, consider the quadratic character ¥ p described in the proof of Theorem

3.5 with K = K,. Thus, Xp : A — o is the quadratic character which is the lift of the

Kronecker symbol attached to D = discg(K>). Hence, we have the exact sequence
1 5G-15AL -1, 4.7)

where ¥ = xp - V. This is true since, by Theorem 3.5(i), the character Y is non-trivial on A
with r(G) C kery), and by Theorem 4.4, [A : r(G)] = 2.

We are ready to present a general formula for

o &(n)
Z #G(n)’

n>1

where G(n) = Gal(Q(/a,{,)/Q). Let g be a real multiplicative arithmetic function such

that

o lg(n)|
;#G(n) <o
Let

g= Z g(n)lker(pAJ,
n>1

be a function from A to R, where @A, : A — A(n) is the projection map such that § =[], &p.

Let

g =Y 8(P")lkerg
k>0

be a function from A, to R, where Pt Ap — A( Pk ) is the projection map. Let y : A — up
be the character given in (1.5) and assume that X, = [, X,. Then, if [, & # 0, by Corollary
3.6 and

#A(PY) = pro(p*) = p* 1(p—1),
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where ¢ denotes the Euler phi function,

- gn) L8P/ P (p -
Z#G(n) - <1+I};£1+Zk>1g( /PN >H<1+Z 2 1 )>’

n= p k>1 p
(4.8)

—_

where in the product on primes dividing 2D, we have ¢ = 1 for odd primes and for prime 2
we have /= 1if Disodd, /=2 if4 | D,and ¢ =3 if 8 || D.
Note that the conditions appearing in parts (vi) and (vii) of Theorem 3.5 are not needed

for the family of Kummer fields. In this case, the profinite group A is the group of matrices

given in (4.3). Hence, for part (vi), considering o € A such that o maps to ( (1) g) via projec-
tion to A(4), then o is in ker@,. On the other hand, we have 3x(a) = ¥p2(3) = —1. Thus,

X2 1s non-trivial on ker @;. Therefore, the assertions of part (vi) of Theorem 3.5 hold for .

Similarly, for part (vii), let o map to ( g) via projection to A(8). Then, o is in ker@; and
ker @4. On the other hand, Y2 (a) =%p2 (5) = —1. Therefore, ), is non-trivial on ker ¢, and
ker @4. Hence, in the case of the family of Kummer fields the assertions in part (vii) hold
automatically.

We next employ (4.8) to compute the correction factor in some Artin type problems.

4.1.1 The Classical Artin Problem

In this section, we apply (4.8) to the Artin’s primitive root conjecture. The following

result is proved in [10].

Corollary 4.5 (Artin’s Primitive Root Density). Let a be an integer for which |a| is not a
perfect power. Let d be the density of primes q for which a is a primitive root modulo q. Let

D be the discriminant of Q(v/a). Then, under the Generalized Riemann Hypothesis (GRH)
for Q(C,,Va), n square-free, if D =1 (mod 4),

8_<1+p|1—2£p )

“i

)
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and

s=I1(1- 5 17)

otherwise.

Proof. Tt is known that the integer a is a primitive root modulo ¢ { 2a if and only if for all
primes p | ¢ — 1, the prime ¢ does not split completely in K,, the splitting field of x” —a
(see [26, Page 384]). By the main result of [10], we have, under the GRH, that the density

d is finite and is given by

v un)
_,;[Kn Q

where K, = Q(,,/a) and u(n) is the Mobius function. By (4.8), we have

(4.9)

M) Yiseu(P)/ P (p—1)
n;l K, : Q] <1 +pl|1) L+ Y1 u(pb) /0 (p — )) 1;1 <1 +,§’1 p2k= 1 1))
(4.10)

where ¢ = 1 for odd primes. For prime 2, we have { =1 if D is odd, ¢ =2 if 4 || D, and
¢=3if 8 || D.

If D=1 (mod 4), then ¢ = 1 for all p | 2D. Hence, in this case

o pn) Yiz1u(Ph) /P (p 1)
n;l K, : Q) (HPEJ1+Zk21/1(pk)/p2"‘1(p—1)> rpl (H,(; P 1 ))

= :“(p)/Pz_l(p—l) Lp)
- (1 +1}2101+,U(P)/P2_1(p— 1)) I;I (1 +P2_1(p— 1)> ;

4.11)

which is the desired result. On the other hand, if D is even then for prime 2, we have
¢ > 1. Hence, the first parentheses in (4.11) become 1 since u(2¥) = 0. This completes the

proof. [
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4.1.2 Titchmarsh Divisor Problem (Kummer Case)

Consider a family of Galois extensions ¥ = {F,/Q; m € N}. Let D,, be a union of

conjugacy classes of Gal(F;,/Q). Define

E
Tr(p) =# {m € N; p is unramified in F,,/Q and the Artin symbol < ml{Q) C Dm} :

Recall that the Titchmarsh divisor problem concerns the behaviour of },<,T#(p) as
X —» 0,

For the family of Kummer fields, the following theorem is proved in [8, Theorem 1.6].

Theorem 4.6 (Felix-Murty). Let F be the family of Kummer fields

{Kn = Q(Gura"/"); n> 1},

Then under the GRH for the Dedekind zeta function of Q(C,,/a)/Q for n > 1, we have

Y e (p) ~ (Z%ﬁ) -Ti(x) (4.12)
p<x n> n:

as x — oo, where li(x) = [5 @dt.

Note that unlike Artin’s conjecture, instead of u(n), we have 1 in the numerator of
the summands of the infinite sum in (4.12). Thus, integers that are not square free make
contributions to the constant in (4.12).

1

We next give the product form of the summation )~ Ok The following corollary

is a new result derived from the methods presented in this thesis.

Corollary 4.7. Let a be an integer such that |a| is not a perfect power. Let

(K = Q(Gyya/™), n>1}

48



4.2. SERRE CURVES

be the family of Kummer fields. We have

1 p
,;[Kn: (HCOPI}) —1)(p_1)+p>H<1+(p_1)<p2_1)), (4.13)

where co € {1,1/4,1/16}. More precisely, co =1 if D is odd, co = 1/4 if 4 || D, and

co=1/16if8 || D.

Proof. By (4.8),

- Yise1 /PP (p—1)
%Km@]‘(”,}lunxl/ﬂk1<p—1>>1p1<”,§1p2“ >>’

where in the product on the primes dividing 2D, we have £ = 1 for odd primes and for prime

2,0=1ifDisodd, {=2if4 || D,and £ =3if 8 || D.

Note that
Yis11/p* N p—1) _ P
14+ Y1 1/p?*p—1) (p—1)(P*=1)+p

and we have
1

ZW co- Zzzkl 1)’

k>0 k>1
where co =1if =1, co=1/4if £ =2, and ¢y = 1/16 if £ = 3. Therefore, the desired
result holds. L]

4.2 Serre Curves

Let E be an elliptic curve over Q given by a Weierstrass equation

y2:x3—|—ax+b,
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4.2. SERRE CURVES

where a,b € Q. Let A be the discriminant of x* 4-ax+b. Let K, = Q(E[n]) be the n-division

field of E. By taking the inverse limit of the natural injective maps
rn - Gal(K,/Q) — Aut(E[n]) =2 A(n) = GLy(Z/nZ),
over all n > 1 given in Theorem 2.32, we have an injective profinite homomorphism
r: G = Gal(K../Q) — Aut(E[]) = A = GL, (7).

As a consequence of the Chinese Remainder Theorem, we note that A = GLy(Z) = [1,Ap

where A, = GL,(Z,). For K = Q(+v/A), we have that K C K, = Q(E[2]) since
P P

A= ((x1 —x2)(x1 —x3) (%2 — x3))?, (4.14)

where x;, x», and x3 are roots of x> 4+ ax+ b and thus, they are the x-coordinate of the points
of order 2 of E. Moreover, by the Weil pairing we have that {,, € K, (see [24, Corollary

II1.8.1.1]). Thus, we have the following commutative diagram

1 y G’ i y G L, Gal(Qu/Q) —— 1
l lr l: 4.15)
| — 5 SLa(Z) 25 A=GLy(Z) — % L 2x 1,

where i1 and i are inclusion maps, G’ = Gal(K../Qyy) is the commutator of G, and SLy(Z) =
ker(det) is the subgroup of matrices in GL,(Z) with determinant 1.

In anticipation of applying Theorem 3.2, let ¥ be the determinant map det : A — Z* and
¥, o (2
XD :A— 7" ~5 M2

be the composition of y with the lift of the Kronecker symbol attached to D to Z*. We also
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4.2. SERRE CURVES

note that A(2) = GL,(Z/27) = S3, where S is the symmetric group on three letters. Let

sign

ViAo AQR) XS 28

be the composition of the projection map with the signature character on S3. By (4.14), the

signature map for 6 € Gal(K/Q) is the same as G%Z). Thus, the diagram attached to y in

(3.15) commutes. Therefore, by Theorem 3.2, we have r(G) C kery, where x, =Yp- Y is a
non-trivial character on A. This construction of character y was described by J. P. Serre in
[23].

Recall that we name E a Serre curve if r(G) = ker). The condition r(G) = kery, is

equivalent to [GL,(Z) : r(G)] = 2 since r(G) C kery. Thus, for Serre curve E, the sequence
1—G-5AXm—1 (4.16)

is an exact sequence. Therefore, we can conclude the result of Corollary 3.6 for sums
involving the size of G(n) = Gal(K,,/Q). More precisely, let g be a real multiplicative

arithmetic function such that

g(n)]
n; #G(n) =~
Let

g§= Z g(”)lker(pA,,.
n>1

be a function from A to R, where @A, : A — A(n) is the projection map, such that § =[], &p.

Let

g =Y 8P lkero ,
k>0

be a function from A, to R, where Qe Ap — A(pF) is the projection map. Let 3 : A — uo be

the character given in (1.5) and assume that y =[], X,. Therefore, if [, & # 0, by Corollary
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4.2. SERRE CURVES

3.6, we have

- 8(n)
’Z’I#G(n
Yieeg(PH) /" (0 = 1) (p - g(P")
<1+p2D1+Zk>lg( 9/ p*3(p* =1 (p—1 )I;I<1+/§' p*3(p —1)( 1))’

4.17)

where in the product on primes dividing 2D, we have ¢ = 1 for odd primes and for prime 2
we have f = 1if Disodd, / =2if 4 | D, and ¢ =3 if 8 || D. Here, we used (2.1) that states
#A(P) = p* (PP = D(p—1).

Note that the conditions {4 ¢ K> and {g ¢ K4 are not needed here since the profinite
group A is GLz(Z). Hence, similar to the case of Kummer family using an argument iden-
tical to the one described after formula (4.8), the desired results hold automatically without

conditions {4 € K; and {g € Kj.

4.2.1 The Cyclicity Problem (Serre Curve Case)

In this section, we study the density of primes g for which a given Serre curve E is
cyclic modulo g (Cyclicity Problem). It is known that the reduction of E is cyclic modulo
g if and only if the prime ¢ does not split completely in division fields K, = Q(E|p]), for
any prime p less than ¢ (see [5, Lemma 2.1]). We derive the following as a combination of

Serre’s cyclicity result and our formula (4.17) for g(n) = u(n).

Corollary 4.8 (Cyclic Reduction of Serre Curves). Let E be a Serre curve with discriminant
A. Let d be the density of primes q for which E is cyclic modulo q. Let D be the discriminant
of Q(v/A). Then, under the GRH for the Dedekind zeta function of Q(E[n])/Q for each n,
if D is odd,
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4.2. SERRE CURVES

and

Szr,,l(l‘ )

otherwise.

Proof. Under the assumption of the GRH for the Dedekind zeta function of Q(E|n])/Q for

square-free n, in [22], Serre proved that the density in the Cyclicity Problem is

o un)
5= L %,:q

n=1
Hence, by (4.17), we have
o H(n)
,;#G(n)
Yo eu(P)/ p* P (p* =) (p—1) u(p)
(HI})HZ;{N# )/ p*3(p? —1)(p—1))l;1< *,; pH*=3(p )(p—1)>’

(4.18)

where in the product on primes dividing 2D, we have ¢ = 1 for odd primes and for prime 2
we have / = 1if Disodd, =2 if4 | D,and ¢ =3 if 8 || D.

If D= 1mod4, then ¢ = 1 for all p | 2D. Hence, in this case

o () (p)/P*>(P* = D)(p—1) H(p)
Z#G(n <1+H p)/p*3 (P 1)(p—1)>H(1+p43( 2—1)(1?—1))’

n=1 p\2D 14

which is the desired result for odd D. On the other hand, if D is even then for prime 2 in
(4.18), we have ¢ > 1. Hence, the first parentheses in the right-hand side of the identity

(4.18) becomes 1. This completes the proof. 0

4.2.2 The Titchmarsh Divisor Problem (Serre Curve Case)

In this section, we study the elliptic curve analogue of the Titchmarsh Divisor Problem

studied in Section 4.1.2. Let F be the family of fields {K,, = Q(E|[n]),n > 1}, where E is a
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Serre curve. Let T#(p) be as described in Section 4.1.2. The following result was proven

in [1, Theorem 1.2].

Theorem 4.9 (Akbary-Ghioca). Let E be an elliptic curve defined over Q. Then under the

GRH for the Dedekind zeta function of Q(E|[n])/Q for each n > 1, we have

= m; Jilx /6 (10ex)2/3
Y. w7 (p) (Z[Q(E[n]):(@ﬂ li(x) +0 (x¥(log)*/%) .

p<x n=1

An application of (4.17) with g(n) = 1 provides the following result regarding the con-

stant in the asymptotic formula of Theorem 4.9.

Corollary 4.10. For the family of fields {K, = Q(E|[n]),n > 1}, where E is a Serre curve,

we have

1/p%3(p*—1)(p—1 1
:<1+lek>€ /lp 4k£f 2 )ip )1 H 1+Z 4k—3(p2 _ | 1 ’
pI2D + X1 1/ p* P (pr=D(p—1) ) 5, S =Dp-1)
where in the product on primes dividing 2D, we have { = 1 for odd primes and for prime 2
we have ¢ =1 if D is odd, ¢ =2 if4 || D, and £ =3 if 8 || D.
Proof. By Theorem 4.9 and (4.17), where g(n) = 1, the result holds. O

The above corollary is proved in [2, Theorem 5] by another method.

4.3 Remarks on the Condition [A : r(G)] =2

It is evident that the condition [A : 7(G)] = 2 in Corollary 3.6 plays a crucial rule in
our computation of the constants in the Artin type problems. This condition holds in Serre
curves as part of the definition of a Serre curve. The proof of this condition for the Kummer

family was one of our major tasks in Section 4.1. We end this chapter by stating necessary
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and sufficient assertions for which the condition [A : 7(G)] = 2 in Corollary 3.6 holds. Recall

that, we denote the commutator of a group G by G'.

Proposition 4.11. Let A and G be the profinite groups described in the beginning of Section
3.2 with injective homomorphism r : G — A. Let ¥, =[[,Xp : A — w be the quadratic
character defined in Theorem 3.5. If A% =2 7" x o, where A% = A /A is the abelianization

of A, then |[A : r(G)| =2 if and only if G = A

Proof. Observe that G/G' is the Galois group of maximal the abelian extension over Q

which is contained in K. = Uy,>1K,. Thus, since Qg is contained in K., we have G/G’ =

Gal(Qu/Q) = 2.
Assume [A : 7(G)] = 2. Hence, [A/A": r(G) /r(G')] = [2* x up : Z¥] = [A: r(G)]. Thus,
since r is injective and r(G') C A’, we have G’ = A’.

Conversely, if G' = A’, we get
A/r(G = AJA =2 7% x .
Therefore, since r(G)/r(G') = G/G' = 7%, we have [A/r(G) : r(G)/r(G')] = 2. Thus,

[A:r(G)]=2. O

For the family of Kummer fields in Section 4.1, we are able to prove that one of the

conditions of Proposition 4.11 holds.
Proposition 4.12. With the above notation, we have A% = 7. x .

Proof. Consider the surjective map det : A — Z%. Let H be

1 0 .
H = ker(det) = sbel
b 1
Thus, the sequence
15 H A% 27 o (4.19)
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is exact, where i is the inclusion map. Since A/H =2 7% is abelian, we have A’ C H, where
A’ is the commutator of A.

Next, we find the index of A’ in H. Observe that if o0 = ( [1) 2) and f = ( ,}/ g,) are in A,

then
1 0
apa B! = . (4.20)
b(1—-d)+b(1—-d) 1
Hence,
1 0 . A
Al = iby€Zand dy € 1

We claim that

A/

€H;c=(c;))eZandc; =0 € Z/27Z

First, we show A’ C {(19) € H; ¢ = (¢;) € Zand ¢; = 0}. If ¢ = (¢;) € Z has the form

Y bk

(1 —d;) with by € Z and dy € 7%, then ¢ = 0 since (Z/27)* = {1}. Thus, A’ C
( ) €EH;c=(c) € Z and c; = 0}. On the other hand, if i is odd, then we can consider

(1—(—1)), since both —1 and 2 are invertible in Z /iZ. If i # 2 is even, then we have

71
2¢;=c}(1—(—1)) for some ¢} € Z/iZ and —1 € (Z/iZ)*. Therefore, {(1 ) € H; c =

!/ __
l
(¢;) € Zand ¢; = 0} C A’. Thus, we showed that
A= €H;c=(c;)€Zandc, =0€ Z/27

From description of H and A’ we conclude that H /A" = u,. Hence, (4.5) implies

b _AJA = A/HxH/A" 27" X u.
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Note that A’ <H <A and thus A/A’ 2 A/H x H/A'. O

We note that in view of Propositions 4.11 and 4.12 for the family of Kummer fields,
if we can prove in a straightforward way that A’ = G’, then we have another proof of the
important fact [A : r(G)] = 2 for the Kummer family. In addition, we observe that the
assertion [A : r(G)] = 2 for the Kummer family implies that A’ = G’. This is true since
G' C A" and by the commutative diagram (4.6) and the proof of Proposition 4.12, we have
[H : A’} = [H : G'] = 2. Therefore for the Kummer family the condition [A : r(G)] =2 is
equivalent to G’ = A’

We finally provide a characterization of Serre curves using the idea described in this

section.

Proposition 4.13. Let E be an elliptic curve defined over Q. With notation of diagram

(4.15), we have that E is a Serre curve if and only if G = A’.

Proof. First of all we note that A% =2 7% % . This is true since in [27, Lemma 4.11],
Zywina proves that the commutator GL5(Z) has index 2 inside SL;(Z). More precisely, he
shows that [SLy(Z,) : GL)(Z2)] = 2 and SLy(Z,,) = GL5(Z,,) for odd primes. Hence, con-
sidering the second row of the commutative diagram (4.15), we have GLy(Z)/GL,(Z) =
7% % . Thus, A% = 7% x .

Now by Proposition 4.11, the desired result holds. [
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Chapter 5

Generalizations and Results

In this section, we generalize the idea of using the maps @4 , : A — A(n) in Theorem 3.2.
Let B = @B(n) be a profinite group together with a homomorphism from A to B. Let
B =T],B), where B, = @B(pk). We consider the homomorphisms @4, : A — B(n) for
n > 1. Then we have the following assertion that generalizes parts of Theorem 3.2 and

Corollary 3.4.

Theorem 5.1. Let A = IL ) and B = grllB ) be as described above. Let g be an
arithmetic function. Let )}, : A — u,, be a surjective continuous homomorphism. For a fixed
subset H C B, let ¢} (H(n)) be the inverse image of H(n) via Q,, where H(n) is the

projection of H in B(n). Suppose

Y 18(n)[va(®y ), (H(n)) Nkery) <

n>1

and g =Y ,>18(n)l 93 (H(n) defines a function from A to R. Then

m—1
n)Va(Q, ,(H(n)) Nkery) = /gx"dvA.
kerx g’ A iZ() A

Furthermore, if g is real multiplicative, A = T],Ap, X =1, Xp» & =1, &p, [A : kery] =2,
and [, §dva # 0, then

fA,, EpXpdva,
fA gpdva, '

kerx Zg n)Va (pAn H(n))Nkery) = (H/ gpdvA>< H

n>1
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Here, we assume that §, = Y ;> g(pk)l o (H(pH)) defines a function from A, to R, where
P

the functions @ : Ap — B( pk) are projections.

Proof. The proof follows steps indicated in the proofs of Theorem 3.2 and Corollary 3.3.

We have, by an application of dominant convergence theorem,

1 o fA glkerdeA

—_— va(o; ! (H(n) Nkery) = .
VA (kerx) r;g(n) A((PAJl( (n) X) fA lkeerVA

Now using the character relations described in the proof of Theorem 3.2, we get

nglkerdeA m_l i
AT R —E,(8) = / x'dva.
olhegdva 1= 1 8

The rest of the proof is similar to the proof of Corollary 3.3, which uses the multiplicativity

Ofg’ A g HpAp, VA - HPVAP’ X = prp’ g = Hpgp’ and [A : kerX] = 2 D

5.1 The Generalized Artin Problem

Artin’s conjecture predicts the density of primes p such that p does not split completely
in any K, for all primes g < p. In another words, this is the density of primes p such that
<quﬂ> = id for any prime g < p.

We have the following theorem related to the density in a generalization of Artin’s

conjecture.

Theorem 5.2. For a fixed integer a where |a| is not a perfect power, let

{Kn - @(\"/E,Cn),n > 1}

be the family of Kummer fields with Galois groups G(n) over Q. Let D = discg(K3). Let

G= lgnG(n) and let C be a conjugacy class in G. Let C(n) be the image of C under
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projection (restriction map) ®, : G — G(n). Assume that

P (nyC(n)
P T

Then, we have

p#CH) (. #C(p) _ #C(p)
L& @ ‘(1 “(D)H[Kp:@]—#c<p>)l,1<l %)

n>1 p|2D P
_(_ #C(p) _ #C(p)
- (1 “(D)plg)pz—p—#c(p)ﬁ;l(l pz—p)'
Proof. We first show that
vo(@; ! (Cm)) = 40 6.

Since V¢ is translation invariant, we have

vg(aker®,) = vg(ker®) =

#G(n)
Note that G = U | (a;ker ®,), where G(n) = {®,(a1),...,P,(am)}. Hence,

1 k

va(®, ' (C(n))) = v6(U biker®,) =) #G(n)  #G(n)’

i=1

where k = #C(n).

By (3.4), we have vg(ker®,) = v4(r(ker®,))/va(r(G)). Hence,

va(r(G)) (5.2)
Va(r(Ush;ker®,))

va(kery)
_ va(r(@”'(C(n))))
va(kery) '
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Let H = r(C) and H(n) be the image of H under the projection map @4, : A — A(n).

We claim that

r(®,'(C(n))) = @, ,(H(n)) Nkery. (5.3)
To prove the claim, note that we have the commutative diagram:

P

G —— G(n)
lr l,n (5.4)
A2 An)

Note that 7(C) = H and so r,(C(n)) = H(n). Let o € r(®, ' (C(n))). Hence, o € kery, and
there exists 6 € ®, ! (C(n)) such that r(c) = . Thus, ®,(c) € C(n). Hence, r,(®,(0)) €
H(n). On the other hand by commutative diagram (5.4), @4 ,(a) € H(n). Thus, o €
(p;;l(H (n)). Therefore, r(®, 1 (C(n))) C (pgjl(H (n)) Nkery. On the other hand, let o €
¢, ' (H(n)) Nkery. Hence, there exists ¢ € G such that 7(c) = a. Since r(c) € (p;jl (H(n)),
we have @4 ,(r(0)) € H(n). Note that r,(C(n)) = H(n). Thus, since r, is injective and the
diagram commutes, we have ®,(c) € C(n). Therefore, 6 € ®, (C(n)). This proves the
claim.

Now by (5.1), (5.2), and (5.3), we have

T = St LA @34 Nkerz)

n>1

Thus, by Theorem 5.1 for B=A and H = r(C), we have

L~ )G <H /. gpdwxp) <1+HfA gPXPdVA”>, (5.5)

Ja, &pdVa

where g, = (14, +Zk21:u(pk)1(p*k1 (H(p"))) = (la, — 1@51([1(1?))). By an argument similar to
P

the proof of (5.1), we have
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Note that r,,(C(n)) = H(n) and r, is injective, thus #H (p) = #C(p). Therefore, the compu-

tation of the integrals is (5.5) implies the result. [

Similarly, we can consider the following generalization of the Cyclicity Problem for

Serre curves.
Let C be a conjugacy class in G = Gal(Q(E™")/Q), where E is a Serre curve. Let C(n)

be the image of C under the projection (restriction map) ®, : G — G(n). Assume that

)
r; K, : Q] =

Then, we have

u(n)#C(n) B #C(p) _ #C(p)
L7kQ (1 uD ] [KP:Q]—#C(p))l;I(l [K,,:@])’
where [K, : Q] = p(p* —1)(p— 1).

5.2 Artin Type Problems in Kummer Family for Primes in Arithmetic

Progressions

In this section, we consider extensions of the results of Section 4.1 to the case of primes
in a given arithmetic progression. The definitions of the notations that are not defined here
are as Section 4.1.

Let f > 1 be a fixed positive integer and ¢ be a positive integer coprime to f. We let

o, € Gal(Q(Cr)/Q) be the automorphism sending  to C? For integer n > 1, let

1 o L =idg, ,
co(n) = ‘K,,ﬂ(@(gf) K,NQ(Cr) (5.6)

0 otherwise.
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We are interested in finding a product formula for the summation

8(n)-co(n)
n; [Ka(Cr) - Q) (5.7)

where g is a real multiplicative function. As we will see, such sums appear naturally when
we study some Artin type problems for primes in arithmetic progressions.

In order to study the above sum, for any n > 1, we consider the homomorphisms

@, : G — G(n) x Gal(Q(Zy)/Q)

such that ®, maps 6 € G to the pair of its projection in G(n) and its restriction on Q({y)
via its projection on G(f). We note that the homomorphism ®,, factors via Gal(K,({r)/Q),

i.e., the diagram

G : » G(n) x Gal(Q(y)/Q)
\ /

Gal(K,(5r)/Q)

commutes. Here T; is the composition of the projection map to G(nf) with the restriction
to Gal(K,(r)/Q), and 7, is the restriction map on each of its components. Hence, ®, =
01 and @, (idg(,),0¢) =T, 0T ' (idg(n), O¢). By [14, Section 2], if 6| o) = id

then we have T, ! (idG(n),0¢) = {o} for a unique 6 € Gal(K,(Ss)/Q). Thus,
v (@, (idg(n),00)) =V (t; ' (0)) = vg(gkert)) = vg(kert) (5.8)

for some g € G such that 7;(g) = ©. Therefore, by Theorem 2.14, we have

1
va (@, (idG(n),00)) = [Kn(Sp):Q

0 otherwise.

Otlk,n(ey) = id,
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Hence, the summation in (5.7) is equal to

Y g(n o (idg(n),00)).- (5.9)

n>1

LetA={(}9);b € Zandd € Z*} be the profinite group described in Section 4.1. We
claim that
Va(r(®, ! (idg(s), 00)))
va(r(G)) '

v (@, (idg (), 00)) = (5.10)

To prove the claim note that if Gg‘ KN QL ;é id, then both sides are equal to zero. Hence,
let Gg‘[( na) = = id. In this case, by (5. 8) we have vg(®, (1dG( ),0¢)) = vg(kerty) and
v (r(®; ! (idG(n):0¢))) = va(r(gkerti)) = va(r(g)r(kerty)), where 11(g) = ©. Since v, is

translation invariant, then the claimed identity is equivalent to

va(r(kerty))

V(;(ker’tl) = VA(I’(G))

This identity holds since the left-hand side is 1/[G : kert;] and the right-hand side is
(1/2[r(G) : r(kerty)])/1/2. This proves the desired identity (5.10).

For each n, next define the homomorphism
Qan:A—An) x (Z/f7)",

where A — A(n) is the projection map and A — (Z/ f7)* is the composition of det with the
projection map Z* — (Z/f7)*. Consider the subset H(n) = {(hx2(Z/nZ),)} C A(n) x
(Z]fZ7)*, where Lx»(Z/nZ) is the identity matrix and / is the image of £ in (Z/fZ)*. We
claim that

r(®, ' (idg(n), 0¢)) = @4 (H(n)) Nkery. (5.11)

To prove the claimed identity, let 6 € ®;,! (idG(n),0¢). Hence, r(c) € kery = r(G). Also, as
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G maps to idg(,), the first component of @4 ,(r(0)) becomes Lx2(Z/nZ) since the diagram

commutes. Note that 6, maps to  via the isomorphism Gal(Q({r)/Q) = (Z/fZ)*. Hence,

the second component of @4 ,(r(c)) is £ since the diagram

G — Gal(Q(&y)/Q)

I

— (Z/f2)"
commutes. Thus, r(®, ! (idg(,),0¢)) C (p;;(H(n)) Nkery.

Next let a € (p;,}q (H(n)) Nkery. Then, since o € kery, there exists 6 € G such that
r(o) = . By the above commutative diagram, since r(c) = o € ([)27}1((12X2(Z/ n7),t)),
the first component of @, () is idg(,) as ry 1s injective. The second component is Gy since
we have Gal(Q((r)/Q) = (Z/fZ)*. Thus, (p;;l(H(n)) Nkery C r(@;l(idG(n),Gg». This
proves the claimed identity (5.11).

Now, by (5.10) and (5.11), we have

Y s(n)ve(®, ' (idg (), 00)) Z n)Va(@, ,(H(n)) Nkery).

n>1 n>1

Note that A =[], Ap and v4 =[], Va,. Suppose

Y. 1g(n)[va (@, (H (n)) Nkery) <

n>1

Let

Ppi 2 Ap = A(PY) X (L L),
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where the first component is the projection and the second component is the composition of
the determinant with the map sending to modulo f. Let g and g, be as defined in Theorem
5.1. Thus, if [, gdva # 0, then by applying Theorem 5.1 for B = A x (Z/f7)*, H =

{(Lx2(Z), 0)}, and H(n) = {(Iax2(Z/nZ),?)}, we have

Sp pd p
Y s(n)ve(®, ' (idg (H/ Zpdva, ) (1+HM>. (5.12)

n>1

In order to evaluate the above integral, we first need to find the measure vy, ((P;"l (H(p")))
for all £ > 0. We consider cases.
Case (a): If p1 f, then (Z,/fZ;)* = {1}. Hence, in this case @« : Ap — A(p Fyx {1} =
A(pY). Thus, by Theorem 2.14, VAP((p;k (H(p"))) = 1/#A(pY).

Case (b): If p¢ || f and ¢ # 1 mod p, then for o € (P;"l (H(p")) with k > 0, the commutative

diagram
Ay det > L
A(Pk> (Zp/pr)X = (Z/pz)”
ldet l
(Z/p*7)* » (Z/pZL)*

sends o to 1 mod p and at the same time sends o to £ Z 1 mod p which is a contradiction.

Thus, we have vy, ((p;k1 (H(p*))) =0if k > 0. For k = 0, we have

Q0 Ap = A(p®) x (Zp/ fZp)* = {1} x (Z/p°Z)".

Hence, we only need to check the condition on (Z,/fZ,)*. Thus, in this case

Va, (@9 (H(p"))) = Va, (U ker(A, = (Z/p°L)*)) = Va, (ker(A, — (Z/p°L) ) = 1/0(p%),
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where ¢’ is a preimage of ¢ via A, — (Z/p°Z)*.
Case (c): If p¢ || f and p' || £ — 1, then we have several cases which we study here. If

0 < k < min(e,t), then we have the following commutative diagram:

/ " § o
A(Pk) (Zp/fzp)X = (Z/p°Z)
det /
(Z/p*2)

Hence, if 0 < k < min(e,?), then

Note that v4, is a probability measure. Thus, using the conditional probability for o € A,
that maps to I2(Z/p*Z) and £ mod(Z/p°Z)*, we get V4, ((p;"l (H(p"))) = 1/p~ A (p*)
which is the same as the above formula. More precisely, assume that the condition on £ in
(Z/p°Z)* is given. Hence, we need matrices of the form ( )16 %) such that x = 0 (mod p¥)
to satisfy the identity condition on A(pX). Thus, the probability of the identity condition on
A(p*) given the condition on £ in (Z/p¢Z)* is 1/p*.

If e <t and e < k, then we have the commutative diagram:

/ b ) o
A(p*) }p/fzp)X = (Z/p°L)*
det
(Z/p*z)*

Hence, if o € A, maps to rx2(Z/p*Z), then it maps to £ = 1 mod p® by the above commu-
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tative diagram. Thus, if e <t and e < k, then

For two remaining cases, i.e.,f < k < e and < e < k, the conditions are not compatible on

(Z/p*Z)* . Hence, for the other cases, we have vAp((p;k1 (H(p"))) =o.

Using the above information on v4, ((pp

f, Z s g ey = L v, 0, ((240)

p k>0

iy £

k>1#A(1’ )

If p¢ || fand pt¢—1, then

/A Moty = L 80Va, (9, (H(PY)))
4 k>0 p

k>0
1
o(p¢)
If p¢ || fand p' || £—1 with 1 <e <t, then
| X 8 gy = X P a, (0, (H ()
Ap k>0 pe 1) k>0 e
_ i g(Po(rt) y g(r")
=0 0(p)#A(PY) [ #A(PY)
If p¢ || fand p' || £— 1 with 1 <7 < e, then
[T 0y ) = X 8 v, (0 ()
Apk>0 k>0

v g(p")¢(p")
=0 0(p)HA(PY)

~L(H(p"))), we conclude that if p 1 f, then

(5.13)

(5.14)

(5.15)

(5.16)

We now summarize the above observations. For p | f, letting e to be the largest exponent
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of p dividing f and for p | ged(f,¢— 1), letting 7 to be the largest exponent of p dividing
{—1, we get, by (5.13), (5.14), (5.15), and (5.16),

g, dv
1, e

_ 9 o (PNo(p) g(pb) 1
_I}< *;#Am),,'chI (; o(pe)# <k>”§#A<pk> }}lwpe)’
7
(5.17)

where r = 1 if e <t and r = 0 otherwise.

Next, we need to study the correction factor

pr ngpdVAp
Ja, 8pdVa,

Recall that D is the discriminant of K. If p { 2D, then by Theorem 3.5.(iii), X, is trivial,

fA EpXpdva )
P P ~
pr Zpdva, becomes one. Hence, we need to find | A, gpXpdva, for each prime p |

e 1 .
2D. We note that if ? (H(p")) is empty, then 1 (p;kI (H(pk)) Xp = 0- Moreover, elements of
(p[:k1 (H(p*)) map to ¢ mod f viaA, — (Z,/fZ,)* = (Z/p°Z)*. Thus, for odd p, ), is the
constant map (ﬁ) on (p;k1 (H(p")) since the diagram

(5)

Ap —— (Z/pL)" —=

e/
p)ﬂ

(Z/pZ)*

(5.18)

commutes for odd prime p.
Let p | 2D. We consider cases.

Case (1): If p1 f, then (Z,/fZ,)* = {1} is trivial. Hence, similar to Corollary 3.6, we
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have

] g(ph)
vy = , 5.19

where ¢ = 1 if p is odd and for prime 2, we have c = 1 if Dis odd, c =2if 4 || D, and c =3
if 8 || D.

Case (2): If p| f and p1/¢—1, then p is odd since f and ¢ are coprime. Hence, by (5.14)
and (5.18), we have

(5.20)
A,

- <1£;> ¢<Le>'

Case (3): If pis odd, p° || f,and p' || £ — 1, then by (5.15), (5.16), and (5.18), we have

0N (MG g (phyo(ph) g(p")
4 575 = (1_9) ( g‘o oA T kA | 62D

k>e

where r = 1 if e <t and r = 0 otherwise.

Case (4): Let 2¢ || fand 2" || £— 1. If D is odd then %, = W, and for any k > 1 the diagram

PRECURIT

l /

commutes. Hence, ) is trivial on I(P—kl (H(24)) for k > 1. For k =0, we have @1 : Ay —
2

{1} x(Z/)2°Z)*. If e = 1, then (pl_l(H(l)) = A,. Hence, )7 is non-trivial on (pz_o1 (H(2%)).
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If e > 2, then the diagram

A2 det > (Zz) X

l |

A2) —— (L) fZ2)* =(Z/2°Z)"

|

A(Z) =

commutes. Note that both (; 7) and (| 9) map to £. Thus, X2 is non-trivial on ¢, L(H(29)).

07)
Hence, in Case (4), if D is odd, by (5.15) and (5.16), we have

/A Ftadva, = ¥ 2(2)vay (95 (H(29))

2 k>1

min(e,t 2k) (5.22)
kzl #A(Zk )

oy 829
* kg #A(2F)"

where r = 1 if e <t and r = 0 otherwise.
If 4 || D and e > 2, then X = 2 - p,2, Where Xp > is the non-trivial character mod 8 of
conductor 4. Thus, similar to the previous case, ) is non-trivial on (p;)1 (H(2°)). Moreover,

for k > 1, similar to (5.18), we have the commutative diagram:

—4
Ay —— (Z/AZ)* &), 10

ze/ /

Z/zez

Hence, > is the constant map (=) on (p;(1 (H(2K)) for k > 1. Thus, by (5.15) and (5.16),

we have :
= (M (2992 g(2")
/Azgzm = ( ) < kg,] (2 A +r1§e#A(2k) : (5.23)

where r = 1 if e <t and r = 0 otherwise. If e = 1, then (Zy/fZ;)* = (Z/27Z)*. Hence,
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05! (H(24)) = ker(Az — A(2Y)). Thus,

/§2X2dVA2 /(Zg 171 )))XZdVA2
42 k>0

(Z g 1ker Az%A(Zﬂ)) X2dVa,.

k>0

Therefore, by the proof of Corollary 3.6, similar to Case (1), we have

k
/A axdva, = Y 8(2) (5.24)

Hence, ¥, is the constant map (%8) on (p;f (H (2")) for k > 1. Moreover, for k = 0, Y3 is

non-trivial on (p;)1 (H(2°)). Thus, by (5.15) and (5.16), we have

+8) (ML g(29)9(2%) g(2")
&2X2 = (—) =47 , (5.25)
/Az 14 < /; O(29)#A(2%) kg’e #A(2F)
where r = 1 if e <t and r = 0 otherwise. If ¢ = 1, similar to the case 4 || D and e = 1, we
have
) g(2")
§2%2dVa, = . (5.26)
/A2 ? ,{; #A(2K)

Finally, if e = 2, we will show that 7, is non-trivial on (p;{1 (H(2%)) for k=0, 1,2, and it is
trivial on (p;k1 (H(2%)) otherwise. Let k = 0. If =1 (mod 4), then both (} ) and (} )

in A(8) map to ¢ which shows Y is non-trivial. Similarly, if # = 3 (mod 4), then both
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(1 0) and (llJ (7)) in A(8) map to £ which shows Y, is non-trivial. Thus, > is non-trivial on
¢, (H (2)). For k = 1, the same matrices as above with b = 0 show that y5 is non-trivial
on @, '(H(2)). For k = 2, the same matrices as above with b = 0 show that ), is non-trivial
on @, ' (H(4)) if £ = 1. Since Ay — (Z/4Z)* factors via A(4), if £ # 1, then ¢, ' (H(4))
becomes empty.

For k > 3, if = 1, then q);k1 (H(2%)) is empty. Since if o € (p;c1 (H(2F)), then by the

commutative diagram
A

RN

A(2) > (Z/47)"

o maps to 1 (mod 4) which is a contradiction with ¢ = 1. Otherwise the identity condition
on A(2%) implies the condition on ¢ in (Z/47)*. Thus, ¥y is trivial on CD;} (H(2K) =

ker(A; — A(2%)). Therefore, in the case that 8 || D and e = 2, if # > 1, then

k
/A Bxodva, = ¥ 2 @) (5.27)

and [ 4, §2X2dVa, = 0 otherwise.

We now summarize the above observations. For p | f, letting e to be the largest exponent
of p dividing f and for p | ged(f,¢— 1), letting 7 to be the largest exponent of p dividing
{—1, we get, by (5.19), (5.20), (5.21), (5.22), (5.23), (5.24), (5.25), (5.26), and (5.27),

L g(r") (({) 1 ) .
z%/f‘ﬂgpxp ,E(k;#f‘(ﬁk)) pl;) ) o(p) H roG28)
ptf plf, pte—1 plgcd(f,l—1)

where for odd primes p, we have

AV G g(ph)
= <13) ( L arach) kA )

k=0 k>e

where r =1 if e <t and r = 0 otherwise. For prime 2, we have the following cases by
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applications of Case (4):

Case (i): If D is odd, then

M) g(24)0(24) g(2")
=L Ly

where r = 1 if e <t and r = 0 otherwise.

Case (ii): If 4 || D and e > 2, then

4 min(z,e) g(zk)(l)(2k) g<2k)
C2:<7>< L sl ma@ )

k=1 k>e

where r = 1 if e <t and r = 0 otherwise.

Case (iii): If 4 | D and e = 1, then

Case (iv): If 8 || D and e > 3, then

+8) (M) g(2k)o(2%) g(2")
c:= 6>< L oAt e )

k=1 k>

where r = 1 if e <t and r = 0 otherwise.

Case (v): If 8 || D and e = 1, then

Case (vi): If 8 || D,e =2, and t > 1, then
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Case (vii): If 8 || D, e =2, and t = 1, then
G, =0.

We summarize the above results in the following theorem.

Theorem 5.3. Under the notations and assumptions of this section we have

g(n)-ce(n)
Yl g A e

where

min(z,e) k k
g(p") g(p")
A= H<”Z >> 1 )<k0 Al #A(pk)) 1150

pif k>1 pleed(f,0~1 k>e

withr =1 ife <t and r = 0 otherwise, and

B Yi18(P") /#A(p
_g(1+2k>1g( “)/#A(p )g) "

ptf plf
where
2= (3)
"o \p
if p is odd, and for E; we have the following cases:
Case (i): If D is odd, then

min(z,e
Zk 1 ) qf(ée)%k +er>e #A(Zk)

min(z,e)
Zk 0 q)é(,ée))k +r2k>e #A(25)

where r =1 if e <t and r = 0 otherwise.
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Case (ii): If4 | D and e > 2, then

min(z,e 2k 2k
E (—4) Zk:l(l ) % + er>e #8174((213)
2 p—

min(t,e) g(2k (2K ’
¢ Zk:() ¢§2€);k + er>e #%4(2"))
where r =1 if e <t and r = 0 otherwise.
Case (iii): If 4 || D and e = 1, then
g(25)

Li>2 3a (b

E, =

T omin(te) g(2k 26) 7
Yi—o ﬁ + 7 Lkse %

where r =1 if e <t and r = 0 otherwise.

Case (iv): If 8 || D and e > 3, then

min(t,e) g(2k 2k
E (:I:S) Zk: 1(t ¢§(e);k + r2k>e #%4((21«))
2= e

¢ Z;{n:ir(l)(ne) 2(2%) + Y e 8(2%)

$(2¢)2k #A(2K)

where r =1 if e <t and r = 0 otherwise.

Case (v): If 8 || D and e = 1, then

k
Yi>3 %

E, =

T omin(t,e) g(2k 2k 7
Zk:() ﬁ +r e %

where r =1 if e <t and r = 0 otherwise.

Case (vi): If 8 || D, e =2, and t > 1, then
g2k
Zkz:’) #A(pk)

in(z,e 2k 2L
Zzlzr(l)( ) % +IYise %

E =

where r =1 if e <t and r = 0 otherwise.
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Case (vii): If 8 || D, e =2, and t = 1, then
E, =0.

Proof. By (5.9), (5.12), (5.17) and (5.28), the desired result holds. L]

Recall the arithmetic function T4 (p) associated to a family F of Galois extensions of
@ as defined at the beginning of Section 4.1.2. Following the method of Hooley and its
extension by Felix and Murty to the Titchmarsh Divisor Problem for Kummer fields, we

expect to establish for Kummer family #, under the assumption of GRH, that

v ) x
2w (; [K'n@f):@']) e

p<x
p={ (mod f)

as x — oo, where ¢;(n) is defined in (5.6). The following corollary of Theorem 5.3 provides

a product expression for this expected density.

Corollary 5.4. Assume the notations of Theorem 5.3. Recall thatr =1 ife <t and r =0,

otherwise. We have

cen)
L)@ A UrE:

n>1 L0
where
B H (1 . Z 1 > H (min(t,e) 1 . Z 1 ) H 1
= r [
pIf kzl#A(pk) plecd(f,t—1) k=0 (I)(pe)pk k>e #A(pk) ﬁ'flq)(pe)
pH—
and
B Y1 1/#A(p
g)<1+):k>11/#A g) b
pif plf
where
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if p is odd, and E; is the same as the value of E; in Theorem 5.3 for g(n) = 1.

78



Chapter 6

Future Works

In this chapter, we outline a few directions for future research in topics related to this thesis.

In Chapter 4, for the Kummer fields, we fixed an integer a for which |a| was not a
perfect power. We can eliminate this restriction on a by considering the profinite group A
introduced in [15, Section 2]. In order to extend our results to all integers a (# 0,%1), we
need to deal with the case that —a is a perfect square. Following [15], we name this case as
the twisted case. In the twisted case, the quadratic field K associated to the character y( is
not a subset of K>. We can modify our Theorem 3.5 by considering the condition K C Ko
for an integer m > 1 instead of K C K. We are optimistic that with such modification, we
will be able to extend our results of Section 4.1 to integers a (# 0,+1).

In Chapter 5, we computed the product expression of the Titchmarsh Divisor Problem
for primes in an arithmetic progression for the Kummer family. For family of division
fields attached to a Serre curve the product expression of the cyclicity problem for primes
in an arithmetic progression is computed in [3, Proposition 2.6.3]. To obtain an analog of
Theorem 5.3 for Serre curves we need to know which roots of unity are in each division
field Q(E|n]).

Finally, we can also consider Artin type problems related to near primitive roots, higher
rank primitive roots, simultaneous cyclicity of several Serre curves, etc. We can investigate
the possibility of applications of our general theorems in finding product expressions of

asymptotic constants in such problems.
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